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where the initial values x_5, x_1, xo are real numbers.
We show that every admissible solution for the first equation converges to zero. For the
other equation, we show that every admissible solution is periodic with prime period six.
Finally we give some illustrative examples.

1. Introduction

In [11], the author determined the forbidden sets and discussed the global behaviors of solutions of the two difference equations

XnXn—1
Xntl = n:0717'“7
Xn —Xp-2
and
XnXn—1
Xn+1 :7’17 n:0717"'7
—Xp +Xp—2

where the initial values x_;, x_1, xo are real numbers.
In [2], the author determined the forbidden sets and discussed the global behaviors of solutions of the two difference equations

aXpXp—1

—, n=0,1,..,
+bx,—1 +cxp—2

Xn+1 =
where a, b, ¢ are positive real numbers and the initial conditions x_;,x_1,x are real numbers.
Elsayed in [19] studied the behavior of solutions of the nonlinear difference equation

bxnXy—1

Xp1 = aXp—1 + ) l’l:O,17...7

cxp+dx,_o

where a, b, c,d are positive real constants and the initial conditions x_5,x_1,xq are arbitrary positive real numbers. For more on difference
equations (See [1,3-10, 12-18,20-28]) and the references therein.

In this paper, we study the two difference equations

XnXp—2
Xpp1=———, n=0,1,.., (1.1)
Xp—1 —Xn-2
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and
XnXn—2

Xpt] = n=0,1,...

b
—Xp—1+Xp—2

where the initial values x_;, x_1, xo are real numbers.

XnXpn—2
Xn—1—"Xn-2

2. The difference equation x, | =

During this section, we suppose that

/l,:%f? anler:%Jr?.
2.1. Solution of Equation (1.1)
The transformation

n = x,),; , withy_j = %7 Yo = xx;ol

reduces Equation (1.1) into the difference equation

Yapi = ———1,n=0,1,...
Y

n—1

By solving Equation (2.2) and after some calculations, the solution of Equation (1.1) can be obtained.

Theorem 2.1. Let {x,};;__, be an admissible solution of Equation (1.1). Then

_ v _
(x()fn;zl_x—lf%)(x—lf%_x—szd)7 n=13,..,
n=2,4,..,

Xy = I

\4
oSy —x—1fo )01 fo—x-2fn )’
where V = xox_1x_p and f, is the solution of the difference equation
fn+2:fn+fn+]a f0:07 f] = 17 n:O717""

Proof. We can write the solution formula (2.3) as
\

O T o f =X 1 St ) (1 fs 1 — %2 fm12)
and
B v
B e ot — % 1 f12) 1 fort 1 — X2 fmt2)
When m =0,
_ v
T T Rofo—x 1) fi —x 2 f2)
_ \% _ Xpx—2
Txo(xop—xl2)  x_p—x_op
Similarly
_ v
2= (xoft —x_1f2)(x_1fi —x_2f2)
v XX

T (xo—x_1)(x_1 —x_2)  xp—x_1
Suppose that the solution formula (2.4) is true for m > 0. Then

v v
X2m+1X2m—1 ( (X0 fn=X_1fm1) (X1 fnt1 =X 2 fins2) ) (X0 fn—1=X—1fm) -1 frn—X—2fms1) )
= v

Xom — X v +
2m — X2m—1 0 for =X 1 i) 1 S22 fms1) " oSt =X 1 So) X1 fn—X 2 frns1)
v

 (%0fmet = X1 fn) =1 fnt —X2fmt2) + (K0 fim — X1 font1) (=1 frng1t —X—2fmi2)
\%

(x—lfm—H _X—me+2)(x0(fm—l +fm) —X_1 (fm +fm+1))

v
(1St = X2 fmy2) (K0 fins1 — X1 fms2)

= X2m+2-

Similarly we can show that
X2m+2X2m Xomis
- L — m+3-

axym+1 + bxom

This completes the proof.

(1.2)

2.1

2.2)

(2.3)

(2.4)
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It is clear for Equation (1.1) that if we start with the point (xg,x_j,x_3) € R3, we have the following:

If xp =0 and x_x_; # 0, then x3 is undefined.

If x_; =0 and xgx_; # 0, then x5 is undefined.

If x_p = 0 and xpx_; # 0, then x4 is undefined.

Therefore, any point (xg,x_1,x_7) € R with xgx_x_» = 0 belongs to the forbidden set of Equation (1.1).
The following result provides the forbidden set of Equation (1.1).

Theorem 2.2. The forbidden set of equation (1.1) is

B 1
{(Mo,ufl,ufz) € R3: U_j= O}U U {(uo,ufl,ufz) € R3 Uy = Mflfmi}u
m

~
Il
o

i=0 m=1 f
- 1
U {(ug,u_y,u_y) R :u_y = u,zf"” }.
m=1 ﬁﬂ
Proof. The proof is clear using the arguments after Theorem (2.1) and formula (2.3). O

2.2. Global behavior of equation (1.1)

In this section, we shall give two invariant sets for Equation (1.1) and a result concerns the global behavior of the solutions of Equation (1.1).
Consider the set

_ 3. % Yy
Dy ={(x,y,z) eR’: e 7}
and
D, = R3: 2 ) _ .
2 {(X,y,Z) € 1//1_‘2_ 1/1_4_ Z}

Theorem 2.3. The two sets D1 and D, are invariant sets for Equation (1.1).

Proof. Let (xg,x_1,x_2) € D1. We show that (x,,,x,_1,X,—2) € D for each n € N. The proof is by induction on n. The point (xg,x_1,x_3) €
D implies
X0 X_q

A2 T T 1jA-

X_2.

Now for n = 1, we have

_ XpX-2 _ (l/l,)x,ll,x,l _ x;l
Y —x T xaAAx Az

Then we have
X1 X0

122" 1At

This implies that (x1,x9,x_1) € Dj.
Suppose now that (x,,x,_1,%,—2) € Dy. This means that

Xn Xn—1

122 1A
Then

XnXp—2 (I/A—)xn—lk—xn—l _ Xn—1

Xp—1 —Xn-2 Xp—1 4+ A X1 /'LE

Xn+1 =

This implies that (x,1,%,,X,—1) € D;. Therefore, Dy is an invariant set for Equation (1.1).
By similar way, we can show that Dj is an invariant set for Equation (1.1).
This completes the proof. O

Theorem 2.4. Every admissible solution of Equation (1.1) converges to zero.
Proof. Suppose that {x,}>__, is an admissible solution of Equation (1.1).
Using Formula (2.4), we can write

\%

X0 fin = X 1S t1) -1 fm1 — X 2fm12)
\% 2.5)

fmfm+1(xo —X_1 f;};l )(x,l —x72§m+2 )

m+1

X2m+1 = _(

But

@%/’uandfm%ooasmﬁoo.
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This implies that
Xom+1 — 0 as m — oo,

Similarly, we can show that x5,,,4» — 0, as m — oo,
Therefore, x, — 0 as n — co. This completes the proof.

Example (1)
Figure (2.1) shows that a solution {x,, }__, of equation (1.1) with x_» =2, x_; = —0.2 and xy = 1 converges to zero.
Example (2)
Figure (2.2) shows that a solution {x,};__, of equation (1.1) with x_» = —1, x_; = —0.2 and xy = —1.8 converges to zero.
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Figure 2.1: x| = xni”le;}iz Figure 2.2: x,,| = x,:':ﬁ';:,z

XnXn—2

3. The difference equation x, | = T
n— n—

In this section, we study the difference equation (1.2).

3.1. Solution of Equation (1.2)

The transformation (2.1) reduces Equation (1.2) into the difference equation

Y41 = — +1,n=0,1,....
Y

n—1
By solving Equation (3.1) and after some calculations, the solution of Equation (1.2) can be obtained.

Theorem 3.1. Let {x,};__, be an admissible solution of Equation (1.2). Then

u —
(=Sl RN CEOL = —e =13,
(0 cos === —Py sin == ) (@_1 cos "= —f_1 sin —5"=)
2 n=24..,

Xn =

-2)m (n—2)m (n-2)m

(aocos("T Bosin =) (ar_1 cos *— /3,1sin@)7

where [L = xox_1X_3, 0g = —xo+x_1, o = %(xo +x_1), @y =—x_1+xoandB = %(Ll +x_2).

Proof. We can write the given solution (3.2) as

u

B o (m— Dy (m)
and
Xom+2 = Lv
Y (m)y-1(m)
where
W(m) = apcos T — By sin o
3 3
and
Y_1(m) = Oc,lcosm—7r —B_1 sinm—n.
3 3
When m =0,
X = U _ u ‘
W(=1)7-1(0)  (agcos = — Bosin —*)(a-1)
_ M _ H
Lo+ v3Bo)(@ 1) ¥1(—wo i)

X0X—_2
—X_1+x_p

3.1)

(3.2)

(3.3)
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Similarly
Xy = K = K
000)7-1(0) oo,
_ XQX_1X_2
(=xo+x-1)(—x-1 +x_2)
X1X_1
o —xotx_g
Suppose that the solution (3.3) is true for m > 0.
Then
Gom 7 ) 5 )
Xom+1X2m—1 A pm=1)y_1(m) / p(m—2)y-1(m—1)
_ - a 0
e T s A e R e A )

u
Croi(m)(=n(m—2)+p(m—1))

But we can show that

Yo(m—1)—yn(m—2)=y%(m), n=0,1,....
This implies that

X2m+1X2m—1 _ U
—Xom T X2om—1 YO(m)’yfl (m)
= X2m+2-

Similarly we can show that

X2m+2X2m

= X4 3-
axgm+1 +bxoy

This completes the proof.

It is clear for Equation (1.2) that if we start with the point (xg,x_j,x_3) € R3, we have the following:

If xp =0 and x_x_5 # 0, then x3 is undefined.
If x_; = 0 and xgx_, # 0, then x5 is undefined.
If x_p = 0 and xpx_; # 0, then x4 is undefined.

Therefore, any point (xg,x_1,x_7) € R with xgx_;x_» = 0 belongs to the forbidden set of Equation (1.2).

The following result provides the forbidden set of Equation (1.2).
Theorem 3.2. The forbidden set of equation (1.2) is

2
F = U{(u07u_1,u_2) € R3: U_j= O}U{(uo,u_l,u_z) € R3 Uy = Lt_l}U
i=0

{(ug,u—_1,u_p) € R :u_ = u_o}.
3.2. Global Behavior of Equation (1.2)
Theorem 3.3. Every admissible solution for Equation (1.2) is periodic with prime period six.

oo

Proof. Suppose that {x,}__, is an admissible solution for Equation (1.2).
It is clear that both the functions y_j(m) and yp(m) satisfy

Y-1(m+3) = —y-1(m) and Y (m+3) = —y(m).

Then
N _ u
Am DTy (m+2) -1 (m+ 3)
_ u
Y(m—1)y-1(m)
=Xom+1, m=—1,0,....
Similarly
X = ‘u
232 T g (m+3)y 1 (m +3)

Y
Yo(m)y-1(m)

Therefore, the solution {x, };.__, is periodic with prime period six. This completes the proof.
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Example (3)
Figure (3.1) shows that a solution {x,}__, of equation (1.2) with x_» = —3.2, x_; = 2.8 and xy = 0.9 is periodic with prime period six.

Example (4)
Figure (3.2) shows that a solution {x,}>__, of equation (1.2) with x_» = 1.2, x_; = 1.7 and xy = —0.2 is periodic with prime period six.
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