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1. Introduction

The purpose of this paper is to study the following Steklov problem involving the p(x)-Laplacian,

- div(a(x)|Vu| p(X)_ZVU)+|U| P2y = f(xu)xeQ

Ay ®

p(x)-2 ou _
ov

where Q< R™ (N >2) is a bounded with smooth boundary, p is continuous functions on Qsuch
that p~:=inf p(x)>1, qis continuous functions on &Qsuch thatq :=inf g(x)>1, and

xeQ XeoQ

p(x)= q(y)foranyx e Qy € 82, A U = div([Vu| p(X)_ZVU) denotes the p(x)— Laplace operator,

|u|(‘(x)72u, X € 6Q

G . I ,
f :OXR — Ris a Carathéodory function, % is the outer unit normal derivative on 6Qand a(x) is a
v

function which satisfies the conditions 0 < a, < a(x) < a,where a,and a, are positive constants.
The study of differential equations and variational problems with p(X)— growth conditions is

a new and interesting topic in the last few years. The interest in studying such problems was stimulated
by their application in mathematical physics, more precisely in elastic mechanics [25],
electrorheological fluids and stationary thermo-rheological viscous flows of non-Newtonian fluids,
image processing [8,12,19,20] and the mathematical description of the processes filtration of an idea
barotropic gas through a porous medium [3,7]. Many results have been obtained on this kind of
problems, for instance, we here cite [1,4,10,13,14,16,18,21,22].

Problems of type (P) has been intensively studied by many authors [2,4,5,6,9,17]. In [24], the
authors investigated the existence and multiple results by using a variation of the Mountain Pass the
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following p(X) —Laplacian with nonlinear boundary conditions in bounded domain Q

|- c:.'":"p'|.c;rl'_x_'l|"?a |‘x UVul+ EJ|I_1’_I||E,: |'x T =Af [x.z).x 20
b fo pix=1 O
| crIJrﬂT?&|" T

o L

| u+melxu)x e 80

= ¢l x lu

T

where f and g functions satisfies the Ambrosetti-Rabinowitz type condition. We also mention that the
authors [11] studied de existence result for following class of Steklov boundary value problems
involving p(x) — Laplacian

A()u+ax)|u u=f(xu)xeQ

p(x)-2 8u (

Vul U)X € 60

Using the variational method, under suitable conditions a, f and g, they obtained results on the

existence of solutions.
This paper is organized as follows. In Section 2, we present some necessary preliminary

knowledge on variable exponent Lebesgue and Sobolev spaces. In Section 3, using Mountain Pass

theorem and the variational method we show the existence nontrivial weak solutions of problem (P).

2.Preliminaries

In this section, we recall in what follows some definitions and basic properties of variable exponent
Lebesgue-Sobolev spaces LP* (€2), W** (©2) and W,"**(Q2) [22,16,15].

Set C,(Q) ={p;p(x)e C, (Q), inf p(x) >1,forall x € O}.
Forany p(x) e C, (Q), we denote

1< p-=inf,, p(x)< p* =sUp,, P(X) <o
Define the variable exponent Lebesgue space L") (2) by
LP®(Q) = {uju: @ — R is measurable, such that Ig|u(x)|p(x)dx <o |

We define a norm, the so-called Luxemburg norm, on this space by the formula

) p(x)
ul o |nf{/1>0 J.

dx<1 }
and (Lp(x) (Q),|ul 0 )becomes a Banach space.

Let a:0Q — Rbe measurable. Define the weighted variable exponent Lebesgue space
L) (602) = {u|u :0Q — Ris measurable andLQ|a(x]|u|p(X)dx < +oo},

With the norm
p(x)
— do<1
K

. u
U peya00) = 0 {’f >0; Lg|a(x)|
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Where do is the measure on the boundary. Then ngg(aﬂ)is a Banach space. In particular,
aeL”(6Q), L2 (6Q) = L") (602).

Proposition 2.1[14,21] If p(x) € L, the conjugate space LP™(Q)is L”™ (Q)where
1 1

——+——~=1.Forany ueL’®(Q)andv e L"®(Q2), we have
() P'(x) @ .

o

The modular of the L"(X)(Q)space, which is the mapping Pox) - Lp(")(Q)—> R defined by
Poco(U) = IQIUIp(X)dx, Yu e LW (Q).

Proposition 2.2 [15,24] If u,u, € L"™(Q) (n=1,2,..)and p* <, we have

M) |l <U=1>1) e pyu)<i=1>1),

(i) mm(|u|p(x) |u|z(x,j Pa(U)<m [|U|p(x) ju |S(x)j’

(i) Ju, Ul ) = O(=> ) & oy Uy —U) > 0(=> ).

Proposition 2.3 [24] Denote p,,, (u :J‘ |u|p(x)d0' vu e L (8Q). Then

(i) |u|L"(X)(BQ) >2le |u|LP( (o) — 'OLN”(@Q ) |u|LP< ) (002)
(i) |u|LP< ) (002) <1<:> |U|LP( (o) — pr( ) (a02) ( ) |u|LP< ) (602)
Remark 2.4. It is noted that since L™ (Q2) — L%, _(€2) i.e., for any compact subset K — Qthere exists

a constantC, >0 such that||fX |, <C,||f|. So every function in LP®(Q)has a distributional

(weak) derivative, and variable exponent Sobolev space is well defined on L™ (Q)
The variable exponent Sobolev space W *P® (Q) is denined by
WH(Q) = {u e LPY(Q):[Vu| e LW (Q)}

Vu_(x) M p(x)
A A

and equipped with the norm,

uf| = inf {

For u e W"P®(Q),if we define
I LT T
Jull, = inf {}t >0: IQ a(x){ > + L b(x — <1}.

In view of assumptions a(x) of and b(x) (b(x) is a function which satisfies the conditions

p(x)

+l,

dx<1 }.

0 <h, <b(x)<b,where b and b,are positive constants ), it is easy to see that |u]_is an equivalent
norm onW *P®(Q).
Proposition 2.5 [24] Denote I'(u)= .[39 (a(x]Vu|p(X) +|u|p(x))ja, Yu e WP (8Q2). Then
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0  TU)21=gful” <TU)<es,|ul”

i) TU)<i= gl <TU)<efu”
where ¢,,¢,,&;and ¢, are positive constants independent of u .
spaceW, "™ (Q2) is denoted as the closure of C(€2) inW "™ (Q2) with respect to the norm

lul, .Foru eW,"*™(©), we can define an equivalent norm|juf| = [Vul () - Since Poincaré inequality

1,p(x)
holds [16], i.e. there exists a positive constant C > 0 such that

Jul < Clvy] , for all u eW,"" (),

Proposition 2.6 [16,24]
(i) If 1< p~ < p* <oothen the spaces LP®(Q), W*P®(Q2) and W,""™(Q2)are
separable, reflexive and uniformly convex Banach spaces,
(i)  1f q(x)eC,(Q) and q(x)< p*(x) for all x € Q then the embedding
WPM(Q) — L9 () is compact and continuous,
(iiy  If g(x)eC,(8Q) q(x) < p°(x)and for all x € &Q then the trace embedding
W PP (Q) — L9 (8Q2) is compact and continuous.

We define,
Np(X) if N p( ) (l:l\];)p()()’if N> plx)
() = _x’l > PIX an (x) = —(X)
p*(x) Noo’p()if N < bl d p°(x) oo,p it N < p(x)

Definition 2.7 [23] Let X be Banach spaces and the function | € C*(X,R). We say that | satisfies
Palais-Smale condition (PS) in X if any sequence {u,}in X such that I(u, )is bounded and

I'(u,)— 0in X *as n — oohas a convergent subsequence.

Lemma 2.8 8 (Mountain Pass Theorem) [23] Let X be a Banach space and the function
| e C*(X, R)satisfies Palais-Smale condition. Assume that | (0)=0and

(i)  There exist two positive real numbers 7 and I such that 1(u)> rwith |u|=r,
(i)  Thereexists U, € X such that ||u1|| >r,and 1(u)<0.

Put G={peC(01]X):0(0)=0,p)=u, } set B =inf{maxep([0.1]):9€G } Then
f=rand [ isacritical value of I.
Throughout this paper, the following hypotheses are assumed.

(f1) f :OXR — Ris Carathéodory condition such that
[F(t]<c +6["™ , v(xt)e xR,

wherec,,c, >0, a(x)eC+(§_2) andex(x) < p*(x),
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(f2) f(x,t)=o(|t|p+l),t—>0 ;forallxeQ,

(AR): Ambrosetti-Rabinowitz's condition; there exist t* >0and & > p*such that

0<OF(x,t)< f(x L [t} >t", forall xeQ

where F(x,t)= J.; f(x,s)Msand g~ < q(x)< p(x)forallg(x) e C(6Q).

Theorem 2.9. Assume that conditions (f1), (f2), (AR), g~ >0, ,p"and «~ > p " are satisfied, then
problem (P )has at least one nontrivial weak solution.

3. Main Results

Let X denote the variable exponent Sobolev spaceW "™ (Q) We say that U € X /{0} Is a weak
solution of (P) if

p(x)-2 p
J'Q a(xfvul Vqudx+jQ|u|

(x)-2 (x)-2

uvdx — .[Q|u|q uvdo —_[Q f(x,updx =0

forallve X .
The energy functional corresponding to the problem (P) isdefinedas | =X —>R

P(x) p(x)
I(u):J.a(x]Vu| +|ul J.m|u| daj ( u)ix

Q p(X) q

where F(x,u) = _[Ou f(x,s)ds and do is the measure on the boundary.

Proposition 3.1 [24] If one denotes

p(x) p(x)
J(u)=j aCJvul™” + dx, ¥x e X.
2 p(x)

Then J e C*(X,R)and the derivative operator of J , denoted by J, is
' p(x)-2 p(x)-2
(I'(u)v)= J;Z a(xvul™" " vuvvdx + J.Q|u| uvdx, Yu,ve X,

and one has:

(1 J': X — X"is a continuous, bounded, and strictly monotone operator,

(i) J'is a mapping of (S+) type, that is, if u, — U (weak convergent) in X and

lim sup,,..(3'(u,)—3"(u),u, —u) <0, then u, —> u (strongly convergent) in X ,

(iiiy  J': X — X"is a homeomorphism.

Proposition 3.2 [5,24] If one denotes

dO',VUEX,

I 0 4(x)

where g(x)e C, (6Q) and g(x)< p*(x ) for any x € Q, then @ € C*(X, R)and the derivative
operator of ¢, denoted by @', is
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(p'(u)v)= J'ﬁQ|u|Q(X)_2uvda, Yu,ve X,
andone has ¢ : X — Rand ¢': X — X "are sequentially weak- strongly continuous, bounded,

namely, u, — u (weakly continuous ) implies (p'(un ) - go’(u) (strongly continuous) .

Therefore, from the assumption (f1), Proposition 2.6, Proposition 3.1 and Proposition 3.2, it is easy to
see that ( )e C (X R)and the critical points | are weak solutions of(P). Moreover, the derivate of

| is the mapping 1': X — X~
(1'(u)v) = IQ (a(x]Vu| Vqu+|u uv}i _[ |u UVd(T—IQ f (x, u jdx

forany u,v e X [6].
Lemma 3.3 Suppose that (f1), (f2), (AR) and q~ > @ are satisfied, then | satisfies the (PS) condition.

Proof. Assume that {un } < X isasequence which satisfies the properties:
I(u,)—>Cand 1'(u,)—>0in X* asn —> oo, (3.1)

where X " is dual space of X andC is a positive constant. We prove that {un }possesses a convergent
subsequence. First, we show that {U, }is bounded in X. We assume by contradiction |u, [ — oo as

n— oo Using (AR)q™ > @, (3.1), Proposition 2.2, Proposition 2.3 and considering u, | >1, for n
large enough, we can write

[

C +[u, > Hu, )= (1"(u,).u, )
- IV e e~ ] P,
—5([9 a(x)vu, | +Ju,|** )1x—LQ|un|q " da—j'Q f(X,un),ludX)

Z( &, 1]”Un“p
pr 0

where ¢, > Ois constant. Since # > p* we obtain that {u, }is bounded in X. Next, we show the strong

converges to u, X in. Since it {un}is bounded in X, there existsu in X such that, upto a
subsequence, U, converges weakly tou in X . Taking into account (3.1), we have

(1"(u, ),u, —u) — 0. So, we have
(1'(u, )u, —u)
:I (a x)|Vu |p(x)'2Vu (Vu, = vu)+]u, " ?u, (u, —u))ix
—LQ| U, —udo - j f(x,u, Nu, —u)dx

Using (f1) and Proposition 2.1, it follows
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1 = s,

< c1L2|un —uldx+c, |un|”‘(x)fl

a'(X)|un - u|a(X)
where ¢, > 0 is constant. Because a(x)< p*(x) (Proposition 2.6 (ii)), there exists U such that u,,
converges weakly to U in X. Thanks to the compact embedding X — L“(X)(Q), we get

u, — u(strongly )in L*
u, »>uaexeQ
So,

jQ f(x,u, Xu, —u)dx — 0.
Similarly, by Proposition 2.1, Proposition 2.6 (iii) and Proposition 3.2, we have
q(x)-2
J.@Q|un| u,(u, —ude — 0.
Thus,
IQ (a(x)Vun|p(x)_2Vun(Vun —Vu)+|un|p(x)'2un(un - u))jx —0.

Finally, from Proposition 3.1, we deduce thatu, converges strongly to U X in. Therefore, | it
satisfies the (PS) condition.

Lemma 3.4 Assume that conditions (f1), (f2), g~ > p",a and a~ > p™are fulfilled. Then, there
exist two positive real numbers o and rsuch that 1(u)2 rwith|u| = p.

Proof: For |u]| <1, by Proposition 2.5, we have
& 1 a(x)
I(U)Zp_i”u”p —q—_JaQ|u| da—LF(x,t)dx

where C; is constant. Since we have the continuous embeddings X — L‘“”(@Q) X = L”(Q), and
X — L“(")(Q) (Proposition 2.6), there existC, , C, andC, positive constants such that for allu € X
p+

<ol |u" < cqful andjul,,,, <ol (3.2)

|u|q(x),aQ
Choose € > 0 small enough such that (fscep+ + cgc7”‘7 )< 26—4+ Using (f1) and (f2), we have
Y

F(xt)<elt]® +c. ]t foran(xt)e QxR (33)

Thus, using (3.2) and (3.3) for ||u|| <1, we get

S R -
)2 ;‘i Iol™ ==l - o ol - .o Jul”

Fad + C - . + _ +
>l = T - e ol -, ol

& + C -
> el -
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q &,

+

Choosec; < . It follows that there existr > 0s and p > 0 such that 1(u)> r with ||U|| =p.The

proof of Lemma 3.4 is completed.

Lemma 3.5 If (f1), (2) and (AR) hold, there exists ¢ € X such that |#| > 77 and 1(t¢)< 0 for t > 0.

Proof. Thanks to (AR), we obtain |F(x,t) > CB|t|9 forall(x,t) e Qx R . Moreover, when t >1 is
large enough, from Proposition 2.2, we obtain that

) a(x)|Vt¢| p(x) +|t¢| p(x) |t¢|Q(X)
1(tg)= | o0 dx—[ 10 do— | F(xtg)ix

) e

#"do —ct” | |ofdx

Since 6 > p” we conclude that I(t¢) — —o0 t — ooas. The proof is completed.

Proof of Theorem 2.9. From Lemma 3.3, Lemma 3.4, Lemma 3.5 andI(O):O, | satisfies all
statements of Lemma 2.8. Therefore, | has at least one nontrivial critical point, i.e., problem (P) has a
nontrivial weak solution. The proof is completed.
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