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N-SPACES

ATILLA AKPINAR

ABSTRACT. In this paper, we introduce n-spaces constructed over an local ring
with the maximal ideal (of non-unit elements). So, we give the example of an
octonion n-space. Finally, we give two collineations of quaternion n-space.

1. INTRODUCTION AND PRELIMINARIES

In the early 1930s, P. Jordan, who is a physicist, has began to study with Jordan
algebras. The algebra H (Og) is firstly used by Jordan, to define an octonion
plane (over real octonion division algebra) [I0]. Freudenthal, in [§], gave the same
construction in [I0]. Later, Springer, in [I2], extended the construction given by
Jordan and Freudenthal to the octonion (or Cayley) division algebras defined over
a field whose characteristic is different from 2 and 3.

In [3], Bix deals with J = H (O3,J7), the set of 3 by 3 matrices with entries
in an octonion algebra O defined over a local ring R with the maximal ideal I (of
non-unit elements), that are symmetric with respect to the canonical involution

Jy: X — "y’lyt’y where the v, are elements of R\ I and 7 :=diag{vy, 72,73}
Hence, any element X of J is of the form
Qi Y203 Y302
X=| mas a2 7za1 for a; € R and a; € O.
Y102 Y201 O3

If it is defined a cubic form N such that N(X) := det X, a quadratic mapping
X — X*:=adjoint of X, and a basepoint C' := I3 on J are defined, then the triple
(J,N,C) is a quadratic (exceptional) Jordan algebra under the operator UxY =

a1 Yo03 Y302
T(X,Y)X —2(X*xY) [1I]. Then, for X = | v,a3 a2 7sa; | and Y =
Y162 Y201 O3
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BL Yabs  v3ba
v1bs By ysb1 | € J, we can give the similar results to those given in [IT,

Yib2  vb1 B3
3, [7]:

N(X) = Q123 —Q17YY3N (al)—a27371n (az)—azy,79n (a3)+7172'y32t ((a1a2) a3),

XP = (Xij)ays for Xi = ajar—y,v,n (a:) , @5 = v vp0i0;—7;0na, and Xj; = X5,

Zij = % [Oéjﬂk + Bk — 2v;7,n (ai, bz)} )

Y= i)y for { 2ij =3 (%‘ [’Wc(aibj + biag) — (abr + 5kak)]) ) Zji = Zij

T(X,Y) = a1y + 2B +asfz+27y73m (a1, b1) + 273710 (az, b2) +27172m (a3, b3)
where (i,7, k) is a cyclic permutation of (1,2,3), n (defined by n(z) := z7) is the
norm (quadratic) form over O, ¢ (defined by t(z) := }(z + T)) is the trace (linear)
form over O and finally n (z,y) (defined by n (z,y) := % [n(z +y) — n(z) — n(y)])
is symmetric bilinear norm w.r.t. n.

Let II denote the set of elements of rank 1 in J. Then,

M={X|[XeJ\IJand X x X =X*=0}.

Note that, if X € IT and « is an element in R\ I, then aX € II. For X € II, let
X, and X* be two copies of the set {aX |a € R\ 1}
Now, it is time to give the definition of an octonion plane P(J) from [3] [6].

Definition 1. The octonion plane P(J) =(P,L,|,=) consists of the incidence
structure (P,L,|) (points, lines, and incidence), and the connection relation is
defined as follows:

P={X.|Xell}, L={X*|X €I},

X |Y*, X, is on Y*, if Vy x = 0, that is, Vy x = {1XY} = {X1Y} =
{XY1} =X Y =0 where X - Y = 5 (XY +YX) (Jordan multiplication).

X, 2Y,, X, is connected to Y, if X xY € 1J,

X*2Y* X* is connected to Y* if X xY € 1J,

X2 Y*, X, is connected (or near) to Y* if T(X,Y) € I.

Now, we recall some informations on projective Klingenberg and Moufang-Klingenberg
planes from [2].

Definition 2. Let M = (P, L, €', ~') consist of an incidence structure (P, L, €') (points,
lines, incidence) and an equivalence relation ‘~'’ (neighbour relation) on P and on
L. Then M is called a projective Klingenberg plane (PK-plane), if it satisfies the
following azioms:

(PK1) If P,Q are non-neighbour points, then there is a unique line PQ through
P and Q.

(PK2) If g,h are non-neighbour lines, then there is a unique point g A h on
both g and h.
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(PK3) There is a projective plane M* = (P*,L*, €’) and incidence structure
epimorphism ¥ : M — M*, such that the conditions

U(P)=¥(Q) =P~ Q, ¥(g)=V(h) < g~'h
hold for all P,Q € P, g,h € L.

A point P €' P is called near a line g €’ L iff there exists a line h such that
P €’ h for some line h ~' g.

An incidence structure automorphism preserving and reflecting the neighbour
relation is called a collineation of M.

A Moufang-Klingenberg plane (MK-plane) is a PK-plane M that generalizes a
Moufang plane, and for which M* is a Moufang plane (for the details see [2]).

In [9, Chapter I11.2, Theorem 1], Jacobson showed that the fact that (D,,,J7)
is a Jordan algebra implies that D is associative if n > 4 but alternative with its
symmetric elements in the nucleus if n = 3. Therefore, in [I], in the case of n > 4
we were able to study the elements of the quaternion division algebra Q over a
field F', which is associative. For this reason, we could not continue studying by
elements of an octonion algebra. But, without the need for Jordan matrix algebras,
the obtained results in [I] show the existence of the following two possibilities:
either the definition of the octonion plane (octonion 2-space) may be extended to
an (octonion) n—space or a new geometric structure may be obtained. We need
to recall some results in the case n = 4 from [I] for better understanding of the
construction of the new structure which we call n-space.

Consider A := Q+Qe with componentwise addition and multiplication as follows:

(a1 + age) (b1 + bae) = arby + (a1ba + agby)e, (a;,b; €Q, i =1,2)

Then A is a (not commutative) local ring with the maximal ideal I = Qe of non-
units.
J =H (A4,J7), the set of 4 by 4 matrices, with entries from A, that are

symmetric with respect to the canonical involution Jvy : X — 'yflyt'y where the
7, are non-zero elements of F' and v :=diag{~y;, V4, Vs, Vv4}. Hence, any element X
of J' is of the form
Q1 Y2012 Y3A13 Y4014
X = [zi] = V1G22 Y3023 Y4024
Y1013 Y2023 as Y40Q34
Y1Q14 V9G24 Y3034 (671
If we take a quartic form N such that N(X) := det X, a cubic mapping X —
X* :=adjoint of X, and a basepoint C' := I, on J, then: it is clear that

for a; € F and a; € A.

T(X,Y) = ai1f)+ afy+azfs+asfy
+27172m (@12, b12) + 271737 (@13, b13) + 271747 (@14, b14)
+275773n (a3, b23) + 275747 (a4, b2a) + 2737747 (a4, b34)
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asT(X,Y) :=T(X-Y) =trace(X-Y)). Moreover, X xY := ¢ [(X + Y)# - X# -Y#

because of X x X = X#,
So, it is obtained the following results for the quaternion 3-space P(J/) =(P,L,| ,x)

where J’ is the 56—dimensional special Jordan matrix algebra:
The set of points P consists of the following four classes (which we call as points
of types 1,2,3 and 4, respectively):

1 -1 — -1 — -1, = t
Y] 7272 Y1 Y373 Y1 Y4Ta 1
z2 vy van(z Y1 V3T2®3 Y, YaT2Ta x
P = L en@a) s L AT2TE T2 ged U
3 M 1’Y2753ﬂ”2 Y1 173"(933) 7117413904 3
— — —_ — — X
T4 Yy Y2ma®z Yy Y3%TaTz vy van(zy) 4
-1 -1 — -1 _ .
Yo yin(zy) w1 v, Y3TITE Yy Y4¥1T z1
S T 1 S 1373 S ' vaTI 1
Py = T3 ML J3 7% LR - |z1€1, 3, 24€A U
Yo Y1®3TT  x3 v v3n(zg) Y2 V4¥3Ta 3
- — - N — T
Vo Y1TATT T4 Y5 Y3T4T3 V5 van(wy) 4
-1 -1 — -1 7 :
Y5 _yin(zy) Y3 Y2TIT2 @1 Yy V4T1T z1
2 ToT] 2 n(x xo 2 ToT4 x
py— | 78_7172®1 73 72n(®o) V3 _Yaw2® — 2 z1, 2561, 2,€A $U
Y3 Y171 Y3 V2T2 1 Y3 YaTa
— — _ — — €T
Y3 V1T4TT V3 Y2%aTz  ®a vz van(zy) 4
-1 -1 7 -1 _ .
Yy vin(zy) v Y2®1T2 Y4 V3T1T3 21 z1
Py = Y4 Y1T2T1 vy ven(Tg)  vq vzT2®3 w2 | _ | @2 | o€l
- - — — i - = i )
Y4 Y1T3T1 Yy Y2x3Tz vy vsn(zz)  z3 9613
Ya MTT Vi v2T2 Y4 V3T3 1

the set of lines L consists of the following four classes (which we call as lines of
types 1,2,3 and 4, respectively):

1 —mo —msg —my 1 t
[ Ppp— —1 -1 -1
L= | T2 mT2 7 vin(msg) T2 MTRME Yy Yimama | | mo | miet b U
—Y3 Y1™M3 Y3 vimamz  v3 vin(mg) vg yimamg m3 K
=4 YiMa Yy vimamez vy yimams g yin(my) ma
—1 —1 —_— —1 —_— —1 —_— t
vy ven(my) =y o™iy yoTmim3 ¥y Yomimg m1
—mq 1 —ms —my 1
o = 1 1 1 3 _1 =: | mpe A, mgz,my€l U
Y3 Yemami  —7v3 yaMm3 vz vYan(mg) vz Y2Mm3ma ms3
Vi YoMl =7y ye™a vy vYoTmamsz vy Yan(my) m4
—1 —1 R —1 — —1 JR— t
vy van(my) g L8TIme Sy YT Yy YT my
ly=| 72 vsmami g ysnlma) =y v Yp sTam4 | | 2| e A myel b U
—mq —mao 1 —my 1
Pk — -1, -1 -1 my
Yy YsTmaAmi Yy ygmama  —7vy yama v, van(my)
—1 —1 —_— —1 —_— —1 —_— t
Y1 van(my) ] ygmime Y] ygmima =y Y4 m
ly=| Y2 vamEma v vanlma) vy vaTEIM3 —vp a2 | M2 mie A
V3 Yamami  yg Ygmama vz van(mg)  —vgz V4T3 13
—mq —ma —ms3 1
The incidence relation "|", equivalent to X - Y = 0, is obtained as follows:
[1,k2, k3, ka] = { (k2 + kays + kaya, 1, y3,94)| y3,y4 € A} U

{(kQZQ + k3 + kqza4, 22, 1,z4)\ zo €124 € A} @]
{(kata + k3t + ka,ta2,t3,1)| t2,t3 € I},

[l1,1,13,la] = {(1,l1 +l3z3 + laxs, T3, 24)| 23,24 € A} U
{(21,l121 + 13 + la24,1,24)| 21 €1,24 € A} U
{(t1,lits + lsts + la, 3, 1)| t1,t3 € I},
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(1,22, m1 + max2 + maxy, x4)| 2,24 € A} U
(y1,1,m1y1 +ma +mays,ya)ly1 € Lys € A} U

[m1,m2,1,mq] = {
{
{(t1,t2, mits + mata + ma,1)|t1,t2 € I},
{

[nl,ng,ng,l} = (1,x2,x3,n1 +n2x2+n3x3,)|12,x3 EA}U

{(y1,1,y3,n1y1 + n2 + n3ys3,)|y1 € L,ys € A} U
{(z1,22,1,n121 + noza + n3)| 21,22 € I}.

Finally; the connection relation "=", equivalent to X x Y € IJ, is obtained as

follows:
($1,l’2,l’3,$4) = (y17y2ay37y4)<:>xi_yi61f0ri:172a3a45
[k17k2,k3,/€4] bl [n17n27n37n4]@ki—nieIfori=1,2,374.
Besides, from types of points on lines, it is clear that a point and a line of same type
is not connected (near). Moreover, the result is equivalent to T'(X,Y) ¢ I = {0}
for a point (or line) X and a line (or point) Y, respectively. In the other cases, we

say that they are connected (near).
Now, we are ready to construct the n-space.

2. n-SPACES

Let R be a local ring with the maximal ideal I (of non-unit elements). Then
S,(R) = (P,L, €,~) is the incidence structure with neighbour relation defined as
follows.

The set of points P consists of the following n+ 1 points (which we call as points
of types 1,2,3,..., n + 1; respectively):

P={P = (21,..,zi1,1,%1,.., Tny1) | T1,.,zi-1 € Tand z441,..., 20401 € R}.
The set of lines L consists of the following n + 1 lines (which we call as lines of

types 1,2,3,..., n + 1; respectively):

L= {Ml = [ml, ey M1, l,mi+1, ...,mn+1] ‘ my,....,m;_1 € R and Mit1y ..y My € I} .

The incidence relation "€" is defined as follows:

My = [l,m2,m3,m4, M5, ..., Mp—1, M, Mp41]
= {(m2+m3ayz+- - +Mnr1Unt1, 1,43, Ynt1)| Y3, ynt1 € R}U
(maza +m3 +maza + -+ + Mny12n+1,22,1, 24, covy Znt1)| U
z2 €L24,..;2n41 €ER

(mat2 + m3at3 +mg +msts + -+ - + Muy1tnyi, t2,t3, L, ts, . tny1)| U
ta,t3 € ILts,....,th+1 €ER

(make + -+ mp_1kn—1+mn +mpy1kny1, k2, k3, kn1,1, kny1)| U
k2,...;kn—1 €I, knt1 €ER

{(mala + m3lz3 + -+ -+ mnln + mpy1,02,03,la,...,ln,1)| l2,...,ln €I},
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My = [m1,1,m3, mg,ms,..Mp—1,Mp, Mp41]
{(,m1 +m3ays + - + Mt 1Ynt1,Y35 s Yn+1)| U3, Unt1 € R}U

(z1,m1z1 +m3 +maza+ -+ Mni12ns1,1, 24, .y Zng1)| U
z1 €L 2z4,...,2n11 €ER

(t1,mit1 +matz +ma +msts + - + Mpp1tnt1,t3, 1,5, s tnyt)| U
t1,t3 €L, t5,...,th+1 ER

(k1,m1k1 +msks + -+ mp_1kn—1 + mn + Mmnyi1knt1,k3, ..., kn—1,1, knt1)| U
k1,k3,....kn—1 €L, knt1 €R

{1, mily +m3l3 + - + mplpn + mpy1,13,1a, .., 00, 1)| 11,13, ..., 10 €1},

Myt1 = [mi1,m2,m3,m4, ... Mn—1,Mn, 1]
{(L,y2,93, -, yn,m1 + may2 + - - - + Mnyn)| y2,...,yn € R}U

(21,1,23, 24, ..., Zn, M121 + M2 +M323 + -+ - + Mpzn)| U
z1€1,23,...,2n €R

(t1,t2,1,t4, ..., tn, m1t1 + mata + m3 + mats + - - - + mnty)| U
t1,t2 € Ltg,....tn €ER

ki,k2,....kn—2€l, kn €R
{12, b1, L, mily +mala + - - + mp_1lp—1 + mn)| l1,l2,...,ln—1 €I}.

{ (k17k27 ey kn—Za 1, k'rumlkl + -+ mpokp—2+mup_1+ mnkn)‘ } U

The connection relation "~" is defined as follows:

P = (SU1, ey Li—1, Tiy Tit1, ~~,$n+1) ~ (yl, o Yi—1,Yis Yit+1, ~°7yn+1) =Q
— -y €l (1<i<n+1)VPQcP;
g = [m1>--~,mi—17mi7mi+1, -"amn—i-l] ~ [ph~-~7pi—17pi7pi+17~-~7pn+1] =h

= mi—p el (1<i<n+1)VgheL.

If we more closely examine the case n = 2, then Se(R) = (P, L, €, ~) is obtained
as follows:

The set of points P consists of the following three points (which we call as points
of types 1,2,3; respectively):

P = {P =(1,22,13)| 23,23 € R}U
{Pr=(x1,1,23) | 21 €L,z3 € R} U
{Ps = (x1,22,1) | z1,22 € I}.
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The set of lines L consists of the following three lines (which we call as lines of
types 1,2,3; respectively):
L = {M;=][l,mq,m3]| ma,mgecl}U
{Ms =[my,1,ms,] | m1 € R,mz €1}
{ M5 = [my1,mq,1] | mi,ms € R}.

The incidence relation "€" is as follows:

My = [1,mg, m3] = { (ma +m3ys, 1,y3)| y3 € R} U{(maz2 +ma3,29,1)| 22 €1},

M,y = [ml,l,mg] = {(1,m1 +m3y3,y5)\ Y3 € R} U {(zl,mlzl —l—m5,1)| zZ1 € I},

M3 = [ml,mg,l] = {(l,yg,’n’h +m2y2)‘ Y2 € R} U {(Z1,1,T)’L1Z1 +m2)| zZ1 € I}

The connection relation "~" is as follows:

P = (x1,29,23) ~ (Y1,92,y3) =Q < x;—y; €1 (i=1,2,3) VP,Q € P;
g = [m17m27m3]N[plap27p3]:h<:>mi*pi€]: (Z:].,?,?))),Vg,hEL

So, we have obtained a PK-plane (2-space), isomorphic to the PK-plane given
in [2], in the case n = 2.

If we take R :=0 + Qe where O is the Cayley division algebra over a field F’
and e ¢ O, then So(R) is an octonion plane and also the MK-plane, introduced by
Blunck in [4]. Moreover, for n > 2, S,(R) is the example of n-space (or octonion
n-space). Note that the (quaternion) n-space S,(Q + Qe) is a subspace of the
(octonion) n-space S,,(0+Q¢). Besides, it is well-known that there is no a projective
space constructed over non-associative division rings, and therefore a epimorphism
onto an ordinary projective n-space can not exist. This means that the space
S, (0 + Q¢) for n > 2 is not a PK structure. For this reason, we tend to construct
some collineations of the space S, (Q + Qe).

Finally, we would like to complete this paper by giving two collineations of the
quaternion n-space S, (Q + Qe).

for as € Q,
— (l,z24+a2,z3+0,...,2, + 0,241 +0),
(1,1, 23 — (x302) T1, ..., Tpg1 — (Tpg102) 1),

— (21,20 + asw1, 1,4, 0y Tppy Tiug1) s

Ta,.0,...,0,0

(1,.13‘2,.133, ...,l‘n,$n+1)
(xla 17.’1,'3, '”7$n+1)

)

(1,22, 1, @4, oy Tpyy Tpt1

1

(x17x27m37"'xn71717$n+1) - (m17x2+a2x17x37“'7xn71717xn+1)7
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(xlax2a7"'xn—laxnal) - (1‘1,1‘2+a21’1,$37~-~7xn_1,$n,1),

[mlvaa"'amnvl] - [ml _m2a25m27"'7mna1]
[m17m27'“7]~7mn+1] - [ml _m2a27m27"‘717mn+1]
[m1,ma, L,my, cco, My, Mpy1]  —  [M1 — Mmaag, ma, 1, My, ooy My, My 11

[m1717m37°'-7mn7mn+1] - [ml +a2717m37“‘7mn7mn+1]

[1,mo, mg, ..oy My, Mpp1]  —  [1, M2, M3, ooy My, My 11
Similarly, the transformation T 4;,0,....0 can be defined in the following way: for
any a3 € Q,

(1,z2,23,24, ..., xnt1) — (1,22 40,23+ a3, z4a+0,...,2n4+1 +0)
(z1,1,23, 24, ...y Tny1) — (x1,1,23 +a3x1,T4,...,Tn+1),
(z1,22,1, 24, ..., xnt1) — (x1,22 — (x203) 21,1, 24 — (T4a3) 1, ey Tnt1 — (Tny103) 1),
(z1,22,23,...Tn-1,1,n+1) — (T1,%2,23+ a31,%4,...,Tn—1,1,Tn+1),
(z1,22,,..,Tn-1,Tn,1) — (@1,22,23 + a3x1,24, ..., Tn—1,%n, 1),

[m1,m2,...,mn,1] — [m1 —m3az, ma,...,mn,1],
[m1,m2,...,mp_1,1,mny1] — [m1—m3za3z,ma,....Mmn_1,1,Mpnt1],
[m1,m2,1,m4,...;mn, mpy1] — [m1+a3,ma,1,mg,....mn, Mny1],

[ml,l,mg,...,mn,anrl] — [m1 —m3a3,1,m3,...,mn,mn+1],

[1,m2,m3, ... mp,mpt1] — [1,m2,m3,...,mn, Mny1].
And, continuing on like this, finally, the transformation To,....0,4,,,, can be defined
in the following manner: for any a,+1 € Q,

(LanmBa“'axnaxn—H) - (1ax2+O’x3+07-“7xn+07$n+1+an+l)
(m1715x37"'axn7$n+1) - (x1717x37~-~7xn7xn+1 +an+1x1)?
($1,$2,17$4,...,$n,$n+1> - ($17x2a17x4,~-~7$n;$n+1 +an+lx1)7
(x17x27x3a-~'axn—1717$n+1) — ($17$2,$3,-.-,-Tn_l,l,xn_;,_l +G;n+1$1),
(T1,%2,, s Tn, 1) — (21,22 — (T2an41) T1, s T — (Tnany1) 71, 1),

[m1,ma,....mn, 1] —  [m1 + any1, ma,...,my, 1],



N-SPACES 439

[m1,ma, ... 1,mu41] —  [M1 —Mpg16p41, M2, .y 1, Mpt1],

[my,ma, L,my, ooy My, Mpy1]  —  [M1— Mpy1Gpp1, Mo, 1, my, oo, my, mp 1],
[ml,l,mg,...,mn,mnﬂ} - [ml _m'rl+1an+171;m37"'7m7l7mn+1]7

[1am27m3a"'amn7mn+1} - [17m2am3a~-~7mnamn+l]~

So, in this case, we have the translation transformation T4, ;... of

S, (Q + Qe). The other transformation F, is defined as follows:

3 An—1,0n,An41

F. for a ¢ Qe,
(1, 29,@3, ooy Ty Tpy1) — (1, amaa, 30, ..., Tpn@, Tpy1a)
(xlalaz&“'axnaxn—i—l) - (ailxlailalaxﬁlaila"'5$na71,xn+la71)

-1
(1,29, 1,24, ey Ty Tpy1) — (a xl,azQ,l,u,...,xn,an)

!

-1
(z1, 22,23, ... Tp—1, 1, Tpy1) (a xl,axz,xg,...:En,l,l,:cnﬂ)

(xlax2ax37"'7xn7]—) - (ailxlaax%x&“wxnal)

1

[m1, ma, m3,...,mp, 1] — [mla,mga_,mg,...,mn,l]

—1
[m17m27m37"'7m’n71717mn+1] - [mla,mQCL 7m37"'7mn71717mn+1]

—1
[mlum2717m47“'7mn7mn+1] - [mlaamQG 717m47~-~7mn7mn+1]

[m1717m3,"',mnamn+1] - [amlaalaam37"‘7amnaamn+1]

—1 -1 -1 —1 —1
[17m27m37"'7mn7mn+1] - []—704 maea ,a "M3,..., 4 "Mp,a mn+1]

To show that the transformations T, 0,...0,0,0» T0,a3....0,0,0, T0,0,....0,an41 (and as
a result, To, as,....an_1,an,ans, Which is the combination of the all above transfor-
mations) and F, are collineations of S,,(Q + Qg), it is basically enough to prove
Lemma 3 given in [5]. And also, we will often need the two results that Q 4+ Qe is
associative and that multiplication of any elements in the ideal I = Qe is equal to
zero. Hence, we obtain that it is possible to study in the spaces by means of the
collineations, analogous of the collineations given for showing 4-transitivity on the
class of MK-plane in [5].
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