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Abstract. In the present paper, we give an approach for null Cartan helices by using the null Cartan magnetic
trajectories related to the Killing magnetic vector field. Additionally, we determine the Bishop curvatures and the
explicit parametric equation of these curves by using Bishop curvatures. Finally, we give various examples and
draw their images.
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1. Introduction

In Lorentzian 3-space, there exist three types of curves according to their causal characters. These curves are called a
spacelike curve, timelike curve, and null(lightlike) curve. The null curves are different from the timelike and spacelike
curves associated with the induced metric on these curves. Therefore, null curves are often more appropriate to explain
physical phenomena (see [7–9, 11–13, 19, 20]).

On the other hand, a helix defined as a curve whose tangent vector makes a constant angle with a fixed direction. In
nature, DNA, carbon nanotube, screws, springs, etc. have helical shapes. Moreover, the helix has various applications
to natural scientists, mathematics, fractal geometry, computer-aided design, computer graphics, physics, etc.

In this work, we investigate the null Cartan helices with the help of the null Cartan magnetic trajectories in
Lorentzian 3-space, E3

1. We investigate that when does the null Cartan magnetic curve be a null Cartan helix. Then, we
determine the Bishop curvatures and parametric representations of all null Cartan helical trajectories. Furthermore, we
give some related examples.
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2. Preliminaries

A non-degenerate metric tensor g on the Lorentzian manifold (z, g) is defined by

g(α, β) = −α1β1 + α2β2 + α3β3,

for all α = (α1, α2, α3), β = (β1, β2, β3) ∈ χ(z).
A Lorentzian (semi-Riemannian) curvature tensor Λ on the Lorentzian manifold (z, g) is given by

Λ(α, β)δ = −∇α∇βδ + ∇β∇αδ + ∇[α,β]δ.

Then, the sectional curvature is defined by

K(u, v) =
g(Λ(α, β)α, β)

g(α, α)g(β, β) − g(α, β)2 .

If the sectional curvature on the Lorentzian manifold (z, g) is constant then the Lorentzian manifold is called Lorentzian
space form and denoted by (z(C), g), here C is the constant sectional curvature. In this situation, the Lorentzian
curvature tensor reduces to the following equation

Λ(α, β)δ = C{g(δ, α)β − g(δ, β)α}.

Let γ be a curve in the Lorentzian space form (z(C), g) then γ is called as a null (lightlike or isotropic) curve if the
tangent vector to γ at any point is a null vector. A null curve γ is called a null Cartan curve, if it is parameterized by
the pseudo-arc function s defined by

s(t) =

t∫
0

g(γ′′(t), γ′′(t))dt.

The null Cartan curve γ has the unique Cartan frame {t,n,b} which satisfies

t′ = κn,
n′ = −κt + τb,
b′ = −τb,

where κ, τ are the first curvature and second curvature of the curve γ, respectively. Also we have κ(s) = 1 and τ(s)
is an arbitrary function in pseudo-arc parameter s along the curve γ. If τ(s) = 0, the null Cartan curve is called a null
Cartan cubic. The Cartan frame vectors satisfy the following relations

g(t, t) = g(b,b) = 0, g(n,n) = 1,
g(t,n) = g(n,b) = 0, g(t,b) = −1

and the cross product satisfy
t × n = −t, n × b = −b, b × t = n,

[6].

Theorem 2.1. Let γ be a null Cartan curve in Lorentzian manifold (z, g) parameterized by pseudo-arc s. Then the
Bishop frame {t1,n1,n2} and the Cartan frame {t,n,b} of the null Cartan curve γ have the relation: t1

n1
n2

 =


1 0 0
−k2 1 0

k2
2
2 −k2 1


 t

n
b

 .
Then the null Cartan Bishop frame equations of the curve γ are given by t′1

n′1
n′2

 =

 k2 k1 0
0 0 k1
0 0 −k2


 t1

n1
n2

 ,
where k1, k2 are called first Bishop curvature and second Bishop curvature of the curve γ, respectively. The first Bishop
curvature k1(s) = 1 and the second Bishop curvature k2 satisfies the following Riccati differential equation

k′2(s) +
1
2

k2
2(s) + τ(s) = 0.
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The Bishop frame {t1,n1,n2} satisfies

g(t1, t1) = g(n2,n2) = 0, g(n1,n1) = 1,
g(t1,n1) = g(n1,n2) = 0, g(t1,n2) = −1,

[10].

The cross products of the Bishop vectors {t1,n1,n2} are obtained as

t1×n1= −t1, n1×n2= −n2, n2×t1= n1,

[10].

Proposition 2.2. Let γ : I ⊂ R → z be a null Cartan curve in Lorentzian 3-manifold (z, g) and V be a Killing vector
field along the null Cartan curve γ.Then, the variation of the speed function v(s, u), and the Bishop curvature functions
k1(s, u) and k2(s, u) at u = 0 satisfy the following conditions:
i. g(∇t1 V, t1) = 0,
ii. g(∇2

t1
V,n1) − k2g(∇t1 V,n1) = 0,

iii. g((k1 − 1)∇2
t1

V − k2∇t1 V + k1k2∇T1 V,N2) + C(k1 − 1) = 0.

In the following section we investigate that when does the charged particle follow the null Cartan helical magnetic
trajectory in the three dimensional Lorentzian space forms.

3. The Relation of TheMagnetic Curves and Null Cartan Helices

The Lie derivative of a Killing vector field is zero on three-dimensional manifolds, that is, `Vg = 0. This gives the
Killing vector field on (z, g) is divergence free. Thus, every Killing vector field on three-dimensional manifolds defines
a magnetic field (for details, see [1]). If we denote that V is a Killing magnetic vector field then we have a magnetic
force Ψ corresponding to the magnetic field V. The Ψ is a closed 2-form and has the notion ΨV = ivdvg, here i denotes
the inner product and dvg denotes a volume on z which satisfies dvg(α, β,w) = g(α × β,w), for all α, β,w ∈ χ(z).
Besides, we have a force called as Lorentz force associated with the magnetic field ΨV = ivdvg. The Lorentz force φ
associated with the magnetic field Ψ is a skew-symmetric operator on z and it is computed by

g(φ(α), β) = Ψ(α, β) = (ivdvg)(α, β) = dvg(V, α, β) = g(V × α, β),

for all α, β ∈ χ(z).
This equation leads to the Lorentz force φ satisfies

φ(α) = V × α.

When a charged particle enters a magnetic field as defined above, it is affected by the field and as a result of this, the
particle begins to follow a trajectory called the magnetic trajectory. This trajectory is calculated from the following
equation

φ(t) = V × t = ∇tt,

where ∇ is the Levi-Civita connection of the manifold M [1]. This trajectories are defined in the following articles
[1, 2, 4, 5, 15, 16, 18].

Definition 3.1. Let γ be a null Cartan curve with the Bishop frame {t1,n1,n2} in Lorentzian 3-space. If there exist a
Killing vector field along the curve γ such that φ(t1) = V × t1 = ∇tt, φ(n1) = V ×n1 = ∇tn1, and φ(n2) = V ×n2 = ∇tn2
then the curve γ is called as the first kind of null Cartan magnetic trajectory, second kind of null Cartan magnetic
trajectory, and third kind of null Cartan magnetic trajectory, respectively.

Definition 3.2. Let γ be a null Cartan curve with the Bishop frame {t1,n1,n2} in Lorentzian 3-space. If there exist a
constant Killing vector field along the curve γ such that g(V, t1) = const. then the curve γ is called as a null Cartan
general helix.
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Proposition 3.3. Let {t1,n1,n2, k1, k2} be the Bishop frame apparatus of the null Cartan curve γ. Then, the Lorentz
force of the Bishop frame fields for the first kind of null Cartan magnetic trajectory γ is computed as φ(t1)

φ(n1)
φ(n2)

 =

 k2 k1 0
−σ 0 k1
0 −σ −k2


 t1

n1
n2

 ,
[17].

Proposition 3.4. Let γ be a curve with the Bishop frame apparatus {t1,n1,n2, k1, k2} in the Lorentzian 3-manifold
(z, g). Then γ is a first kind of null Cartan magnetic trajectory of a magnetic field V if and only if V can be written
along γ as

V(s) = σt1 − k2n1 + n2,

where the σ(s) is an arbitrary function associated with each magnetic curve associated with the magnetic field V [17].

Remark 3.5. Under the pseudo-arc parameterization, generalized null cubics are represented as null helices of zero
lightlike curvature. Moreover, such curves are unique up to Lorentz transformation. Null helices of zero lightlike
curvature are cubic curves with respect to the pseudo-arc. Null helices of zero lightlike curvature called as null cubics
[14].

Theorem 3.6. Let γ be a null Cartan curve and V be a Killing vector field on a simply connected Lorentzian space
form (z(C), g). If the curve γ is one of the first kind of null Cartan magnetic trajectory of (z(C), g; V) , then γ is a null
Cartan cubics with second Bishop curvature k2 vanishes [17].

Proposition 3.7. Let γ be a null Cartan curve with the Bishop frame apparatus {t1,n1,n2, k1, k2} in the Lorentzian
3-manifold (z, g). Then, the Lorentz force of the Bishop frame fields for the second kind of null Cartan magnetic curve
γ is calculated as  φ(t1)

φ(n1)
φ(n2)

 =

 −ς 1 0
0 0 1
0 0 ς


 t1

n1
n2

 ,
where the function ς(s) is an arbitrary function associated with each magnetic trajectory of V.

Proof. Let γ be a second kind of null Cartan magnetic trajectory on the Lorentzian manifold (z, g) with the Bishop
apparatus {t1,n1,n2, k1, k2}. From the definition of the second kind of magnetic trajectory we have

φ(n1) = ∇t1 n1 = n2.

Since φ(t1) ∈ span {t1,n1,n2} we can write

φ(t1) = λ1t1 + µ1n1 + ζ1n2.

This gives

λ1 = −g(φ(t1),n2) = −ς,

µ1 = g(φ(t1),n1) = −g(φ(n1), t1) = 1,
ζ1 = g(φ(t1), t1) = 0.

As a consequence the vector field φ(t1) calculated as follows

φ(T1) = −ςt1 − k2n1.

A similar computation leads to
φ(n2) = ςn2.

�

Proposition 3.8. Let γ be a null Cartan curve with the Bishop frame apparatus {t1,n1,n2, k1, k2} in the Lorentzian
3-manifold (z, g). Then γ is a second kind of magnetic trajectory of a magnetic field V if and only if V can be written
along γ as

V(s) = −ςn1 + n2.
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Proof. Let γ be a second kind of null Cartan magnetic trajectory of the Killing magnetic field V . Then, V can be
written as

V(s) = η1t1 + η2n1 + η3n2, (3.1)

where ηi, i = 1, 2, 3 are certain functions along a trajectory of V and assume V does not vanish on γ. From the
Proposition 3.8 we calculate η1 = 0, η2 = −ς and η3 = 1. Conversely, if we assume that eq.(3.1) holds then we obtain
V × t1 = φ(t1). This gives that γ is a second kind of magnetic trajectory of the Killing magnetic vector field V . �

Theorem 3.9. Let γ be a second kind of null Cartan magnetic trajectory of the Killing magnetic field V on a simply
connected space form (z(C), g). If the curve γ is one of the second kind of null Cartan magnetic trajectory of (z(C), g; V)
, then γ has the following curvatures

k2(s) = −A or k2(s) = −
√

2c1 tanh
√

2c1

2
(s + c2) ,

where c1, c2, A are some constants.

Proof. Let γ be a second kind of null Cartan magnetic trajectory of the Killing magnetic field V on a simply connected
space form (z(C), g). Then V may be written as

V(s) = −ςn1 + n2. (3.2)

By differentiating eq.(3.2) with respect to s, we have

∇t1 V = −ς′n1 + (−ς − k2)n2. (3.3)

From the first equation of the Proposition 2.2 we calculate

k2(s) = −ς. (3.4)

Then, using the derivative of the eq.(3.3) we get

∇2
t1

V = −ς′′n1 − ς
′n2.

After then, we calculate the Lorentzian curvature tensor satisfies

Λ(V, t1)t1 = −Ct1. (3.5)

Considering the eq.(3.3), eq.(3.4), and eq.(3.5) with second equation in the Proposition 2.2, we obtain the following
second order non-linear differential equation

ς′′ + ςς′ = 0.

The solutions of the differential equation are computed as

ς(s) = A or ς(s) =
√

2c1 tanh
√

2c1

2
(s + c2).

These imply

k2(s) = −A or k2(s) = −
√

2c1 tanh
√

2c1

2
(s + c2) .

In these cases, the last equation in the Proposition 2.2 is provided automatically. �

Corollary 3.10. Let γ be a second kind of null Cartan magnetic trajectory of the Killing magnetic field V on a
simply connected space form (z(C), g). Then the ratio of the curvature and torsion of the curve γ is constant, namely,
κ
τ

= const.

Corollary 3.11. Let γ be a second kind of null Cartan magnetic trajectory of the Killing magnetic field V on a simply
connected space form (z(C), g). Then γ follows the helical trajectory if and only if γ has the following curvatures and
parametric representation

k1(s) = 1 and k2(s) = −A, or k2 = 0,

γ(s) = b1 + b2s +
b3

A2 e
√

A2 s +
b4

A2 e−
√

A2 s or γ is a null cubic,

where A is a non-zero constant and bi ∈ E
3
1, i = 1, 2, 3, 4.
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Proof. Let γ be a second kind of null Cartan magnetic trajectory of the Killing magnetic field V on a simply connected
space form (z(C), g). Then the curve γ has the following curvatures

k2(s) = −A or k2(s) = −
√

2c1 tanh
√

2c1

2
(s + c2).

Since we want to a helical trajectory with the axis V the Killing vector field V must satisfies g(V,V) = const. This
condition is satisfied when the second kind null Cartan magnetic curve equal to k2(s) = −A or k2 = 0 (c1 = 0). In this
situation we obtain that the null Cartan helices have the constant torsion and the position vector of the helices satisfy
the following higher-order linear ordinary differential equation:

γ(4) + 2τγ′′ = 0, τ = −k′2 −
1
2

k2
2.

The solution of the differential equation give that the helical trajectory is null cubic or has following parametric repre-
sentation

γ(s) = b1 + b2s +
b3

A2 e
√

A2 s +
b4

A2 e−
√

A2 s, τ = −
A2

2
< 0,

where bi ∈ E
3
1, i = 1, 2, 3, 4. �

Remark 3.12. A second kind of magnetic trajectory that has the second Bishop curvature
k2(s) = −

√
2c1 tanh

√
2c1
2 (s + c2) is a helix but the Killing vector field V does not the axis of this helix.

Proposition 3.13. Let {t1,n1,n2, k1, k2} be the Bishop frame apparatus of the null Cartan curve γ. Then, the Lorentz
force of the Bishop frame fields for the third kind of null Cartan magnetic trajectory γ is calculated as φ(t1)

φ(n1)
φ(n2)

 =

 k2 % 0
0 0 %
0 0 −k2


 t1

n1
n2

 .
Proof. Let γ be a second kind of null Cartan magnetic trajectory on the Lorentzian manifold (z, g) with the Bishop
apparatus {t1,n1,n2, k1, k2}. From the definition of the third kind of magnetic trajectory we have

φ(n2) = ∇t1 n2 = −k2n2. (3.6)

Since φ(n1) ∈ span{t1,n1,n2} we may write

φ(n1) = λ2t1 + µ2n1 + ζ2n2. (3.7)

Then, we obtain λ2 = 0, µ2 = 0, ζ2 = % these gives that the vector field φ(n1) is obtained as

φ(n1) = %n2. (3.8)

Finally, the similar computations give
φ(t1) = k2t1 + %n2. (3.9)

�

Proposition 3.14. Let γ be a null Cartan curve with the Bishop frame apparatus {t1,n1,n2, k1, k2} in the Lorentzian
3-manifold (z, g). Then γ is a third kind of magnetic trajectory of a magnetic field V if and only if V can be written
along γ as

V(s) = k2n1 + %n2.

Proof. Let γ be a second kind of null Cartan magnetic trajectory of the Killing magnetic field V . Then, V can be
written as

V(s) = ς1t1 + ς2n1 + ς3n2, (3.10)

where ςi, i = 1, 2, 3 are certain functions along a trajectory of V and assume V does not vanish on γ. From the
eqs. (3.6)-(3.9) we calculate ς1 = 0, ς2 = k2, and ς3 = %. Conversely, we assume that eq.(3.10) holds then we get
V × t1 = φ(t1). Therefore, the curve γ is a null Cartan magnetic trajectory of the magnetic vector field V . �
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Theorem 3.15. Let γ be a second kind of null Cartan magnetic trajectory of the Killing magnetic field V on a simply
connected space form (z(C), g). If the curve γ is one of the second kind of null Cartan magnetic trajectory of (z(C), g; V)
, then γ has the following curvatures

k2 = B, k2(s) =
√

2c3 tan
√

2c3

2
(s + c4),

where c3, c4, B are constants.

Proof. Let γ be a second kind of null Cartan magnetic trajectory of the Killing magnetic field V on a simply connected
space form (z(C), g). Then V have the form in eq.(3.10). If we differentiate the eq.(3.10) we have

∇t1 V = k′2n1 + (k2 + %′ − k2%)n2. (3.11)

Using the first equation in the Proposition 2.2 we compute

k2 + %′ − k2% = 0.

Then, the differentiation of eq.(3.11) gives
∇2

t1
V = k′′2 n1 + k′2n2. (3.12)

Since γ is a third kind of null Cartan magnetic trajectory we compute the Lorentzian curvature tensor Λ as follows

Λ(V, t1)t1 = −C%t1. (3.13)

Considering the eq.(3.11), eq.(3.12) and eq.(3.13) with second equation in Proposition 2.2, we have the following
second order non-linear differential equation

k′′2 − k2k′2 = 0.
The solutions of the differential equation calculated as

k2 = B, k2(s) =
√

2c3 tan
√

2c3

2
(s + c4).

In these cases, the last equation in Proposition 2.2 is provided automatically. �

Corollary 3.16. Let γ be a third kind of null Cartan magnetic trajectory of the Killing magnetic field V on a simply
connected space form (z(C), g). Then the ratio of the curvature and torsion of the curve γ is constant, namely, κ

τ
=

const.

Corollary 3.17. Let γ be a second kind of null Cartan magnetic trajectory of the Killing magnetic field V on a simply
connected space form (z(C), g). Then γ follows the helical trajectory if and only if γ has the following curvatures and
parametric representations

k1(s) = 1 and k2 = 0 or k2(s) = B,

γ(s) = b1 + b2s +
b3

B2 e
√

B2 s +
b4

B2 e−
√

B2 s or γ is a null cubic,

where B is a non-zero constant and bi ∈ E
3
1, i = 1, 2, 3, 4.

Proof. Let γ be a third kind of null Cartan magnetic trajectory of the Killing magnetic field V on a simply connected
space form (z(C), g). Then the curve γ has the following curvatures

k2(s) = B or k2(s) =
√

2c3 tanh
√

2c3

2
(s + c4).

Since we want to a helical trajectory with the axis V the Killing vector field V must satisfies g(V,V) = const. This
condition is satisfied when the second kind null Cartan magnetic curve equal to k2(s) = B. In this situation we obtain
that the null Cartan helices have the constant torsion and the position vector of the helices satisfy the following higher-
order linear ordinary differential equation:

γ(4) − B2γ′′ = 0.
The solution of the differential equation give that the helical trajectory is a null cubic or has the following parametric
representation

γ(s) = d1 + d2s +
d3

B2 e
√

B2 s +
d4

B2 e−
√

B2 s, τ = −
B2

2
< 0,

where di ∈ E
3
1, i = 1, 2, 3, 4. �
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Remark 3.18. A third kind of magnetic trajectory that has the second Bishop curvature
k2(s) = −

√
2c1 tanh

√
2c1
2 (s + c2) is a helix but the Killing vector field V does not the axis of this helix.

Example 3.19. We consider a null helices which is a null Cartan magnetic curve in Lorentzian 3-space defined by

γ(s) = (s3 +
s

12
,

s2

2
, s3 −

s
12

).

The curve has the following Bishop curvatures:

k1(s) = 1, k2(s) = 0.

Then we can easily calculate that σ = 0, and so γ is a null Cartan helical magnetic trajectory with the null Killing axis

V(s) = (−6, 0, 6).

The image of this trajectory is rendered in Figure 1.

Figure 1. The helical trajectory of a charged particle in the null killing magnetic field.

Example 3.20. Using the appropriate coefficient selections, the following second (third) types of helical magnetic
trajectory is determined

γ(s) = (
es

2
−

e−s

2
, s,

es

2
+

e−s

2
).

The curve has the following curvatures and axis, respectively,

k1 = 1 and k2 = ±1,

V(s) = (−
es

4
−

e−s

4
,−

3
2
,−

es

4
+

e−s

4
)

The image of the trajectory is plotted in Figure 2.
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Figure 2. The helical trajectory of a charged particle in the spacelike Killing magnetic field.

4. Conclusions

From the Theorem 3.6, Theorem 3.9, and Theorem 3.15 we obtain that when a charged particle enter in a Killing
magnetic field it follows a helical trajectory that has the Killing axis V if and only if γ has the form illustrated in Table
1.

Helix type Parametric representation Curvature Axis
First kind γ(s) = a1+a2s + a3s2+a4s3 k2= 0 V = σt1+n2

Second kind γ(s) =b1+b2s+ b3
A2 e

√
A2 s+ b4

A2 e−
√

A2 s k2= −A V = −An1+n2 .

Third kind γ(s) =d1+d2s+ d3
B2 e

√
B2 s+ d4

B2 e−
√

B2 s k2= B V = −Bn1+n2 .

Table 1. Trajectories according to different types of helices.

We can see the helical trajectory with the null Killing axis in the structure of black holes. The rays coming out of
the black hole shown in Figure 3 are the lines that consist of null points. The trajectory in Figure 3 is a null Cartan
helix that accepts these lines as axes. If we consider null curves as the path of light in space, such helices are null.
Therefore, null curves with the Killing axis can match this structure. That is, if a charged particle enters a magnetic
field such that the magnetic vector field and velocity vector field makes a constant angle, it follows a trajectory in the
form of a helical curve. In the photo below, the simulation of the image of a star resulting from the gravitational force
of a black hole is given (see [21]). We show the null Cartan helical trajectory in Figure 3.

Figure 3. The relation Black hole and Null Cartan helical trajectory.
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