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Abstract: In this study, we introduce the space bvz, give its some algebraic and topological properties, and also characterize
some matrix operators defined on that space. Also we extend some well known results.
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1 Introduction

Let w be the set of all complex sequences, ¢}, and c be the sets of k-absolutely convergent series and convergent sequences, respectively. By bv
we denote the space of all sequences of bounded variation, i.e.,

bv={zew: Az € l}.

Let U and V be subspaces of w and A = (any) be an arbitrary infinite matrix of complex numbers. By A(z) = (A (x)), we denote the
A-transform of the sequence = = (xv), i.e.,

00
An (55) = Z AnuvTu,
v=0

provided that the series is convergent for n > 0. Then, we say that A defines a matrix transformation from U into V, and denote it by A €
(U, V) if the sequence A(z) = (An(z)) € V for every sequence = € U, also the sets UP = {e = (&4 : Sy, converges forall z € U}
and

Ug={zew: Ax) e U} )

are called the 8 dual of U and the domain of a matrix A in U. Further, U C w is said to be a B K -space if it is a Banach space with continuous
coordinates pn : U — C defined by pp (z) = zp for n > 0. The sequence (ey) is called a Schauder base (or briefly base) for a normed
sequence space U if for each = € U there exist unique scalar coefficients () such that

m
T — E Tyey

v=0

lim
m— o0

=0,

and we write
oo
T = E Tyey.
v=0

An infinite matrix A = (anv) is called a triangle if ann 7# 0 and any = 0 for all v > n for all n, v [1].
We define the notations I'¢, I'ao and I's for v = 1, 2, ..., as follows:

m
Te= {8 = (gy): 121112 €y exists forr = 1,2, } ,

V=T

m

T'eo = {s = (gv) : sup ZEU

< 00, 7"—1,2,...},

m,r v=r
and
m m k*
I's = sz(sv):supz 9;1/]6*261, < ooy,
m r=1 v=r

where k*is the conjugate of k, thatis, 1/k + 1/k* = 1,and 1/k* = 0fork = 1.
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More recently some new sequence spaces by means of the matrix domain of a particular limitation method or absolute summability methods
have been defined and studied by several authors in many research papers (see, for instance [2—8]). In this study, we introduce the space bvz,
give its some algebraic and topological properties and characterize some matrix operators defined on that space. Also we extend some well
known results.

The following lemmas are needed in proving our theorems.

Lemma 1. Let 1 < k < co. Then, A € (¢, ¢,) if and only if

o0
sup Y |any|" < oo,

v
n=0

[9].

Lemma 2.
a-)

A€ (L,c) < (1) limany exists for each v, and (ii) sup |any| < co.
n n,v

b-)Let1 < k < co.Then A € (¢, c) < (i) holds and
ot *
sup Z |am,|k < o0
" v=0
[10].

2  The space bv! and matrix operators

In this section we introduce the space bvz as
bl = {x = (z) €Ew: (9,11/k* Amn) € Ek} ,

where (0r) is a sequence of nonnegative terms, 1 < k < oo and Azy = xn — 2 —1 for all n. Note that it includes some known spaces. For

example, it is reduced to b for 6,, = 1 for all n and bvf = bv, which have been studied by Malkowsky et al [11] and Jarrah and Malkowsky
[6]. Moreover, recently, Basar et al [3] have defined the sequence space bv (u, p) and proved that this space is linearly isomorphic to the space
£(p) of Maddox [12] as generalized to paranormed space.

It is redefined as bvz = (¢)) 4 with the notation (1) , where the matrix A is defined by

76,1/’6 ,v=n—1,
_ 1/k*
Gny = en/kv UZn?
0, v#mn,n—1.

Further,

Ng‘ = (bvz) and |Cq |, = (bvz) where A and B are Cesaro and Norlund means of series Xxy, (see [8],[5, 13]).
k A B

Now we begin with topological properties of bvz, which also can be deduced from [3] .

Lemma 3. Let 1 < k < oo and (65, ) be a sequence of nonnegative numbers. Then,
a-) The space bvz is a BK -space and norm isomorphic to the space ¢y, i.e., bvz ~ l.

B
b-) (va) —TenTsforl < k < ooand (bv)? = e N oo for k = 1.
c-) Define the sequence b)) = (bslj)) such that, for j,n > 0,

. —-1/k* .
b7(~3) — { 9] / y N Z Js
0, n<j.

Then, the sequence b9) = (bS{ )) is the base of bvz.

Proof: a-) Since /), is a BK -space with respect to its usual norm and A is a triangle matrix, Theorem 4.3.2 of Wilansky [1, p. 61] gives the fact
that bvz isa BK-space for 1 < k < oco. Now, consider 71" : bvz — Ly, defined by y = T'(x) = (Q}L/k Axn) forallx € bvg . Then, it is clear

that 7" is a linear operator, and surjective since, if y = (yn) € g, then x = (zy) = (Z;-L:OQJ-_U k yj) € bvz, and also one to one. Further, it

preserves the norm, since

oo

1/k
k— k
IT @), = (Z 651 | Al ) = [zl

n=0

which completes the proof.
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b-) This part can be proved together with Lemma 2.

oo

c-) Since the sequence e is a base of l., where el = (653 )) 0 is the sequence whose only non-zero term is 1 in the nth place for
n=

each n € N, it is clear that the sequence b(7) is the base of bvz. In fact, we first note that 71 (e(j )) =), Now, if z € bvg, then there exists
y € £y, such that y = T'(x), and so it follows from (a) that

m m
m—ijb(]) = y—Zyje(]) — 0asm — oo,
3=0 3=0

bv? M

and it is easy to see that the representation = = Z;io z; b is unique. (|

Theorem 1. Let A = (anv) be an infinite matrix of complex numbers for all n,v > 0, (6n) be a sequence of nonnegative numbers and
1<k <oo.Then, A€ (bv,bvz) if and only if

(oo}
lim ayj exists for each v, 2)
n—00 4
j=v
(oo}
sup ani| < 0o 3
U > anj 3)
j=v
and
k
oo Lk o0
sup Z 0., Z (anj — an_l,j) < 00. @)
Y n=0 j=v

Proof: A € (bv, va) iff (anj)]oio € bv” and A (z) € bvz for every « € bv, and also, by Lemma 3, (anj);io € bv? iff (2) and (3) hold.
Now, to prove necessity and sufficiency of the condition (4), consider the operators B : bv — £ and B’ : bvz — ¢}, defined by

By (z) = Azq, B,Il(m) = 0711/1(‘ Axp,

respectively. As in Lemma 3, these operators are bijection and the matrices corresponding to these operators are triangles. Further, let x € bv
be given. Then, B (z) =y € Liff x = S (y), where S is the inverse of B and it is given by

. 1,0<v<n,
Sy = 0, v>n.

On the other hand, if any matrix R = (rnv) € (¢, c), then, the series Ry, (z) = Xrpyxy is convergent uniformly in n, since, by Lemma 2, the
remaining term tends to zero uniformly in n, that is,

oo o0
Z TnoTo| < <sup|7’m|> Z |zv| — 0as m — oo,
v=m n,v v=m
and so
o0
lim R (z) = ) lim rnyay. )
v=0

Now, it is easily seen from (2) and (3) that H = (h,ﬁr)) € (¢, c¢), which gives us, by (5) , that

m o0 o0
)=t 3 =3 ( ) "
r= v=r

r=0

converges for all n > 0,where, forr,m = 0,1, ...,

h(") _ va:r anvsvr, 0 <r <m,
mr 0,7 > m.

This shows that the mapping sequence A(z) = (An(x)) exists. On the other hand, since S is the infinite triangle matrix, it is clear that
A(z) = A(S(y)) € bv}, for every € bv iff B' (A(S(y))) € U, ie., (B'0oAoS) (y) € £ , which implies that D = B'0A0S : £ — .
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Therefore, it can be written that A : bv — bvz iff D: ¢ — {,andalso D = B ’og, where A = AoS. Now, a few calculations reveal that

00 oo
any = E AnjSjv = § Anj
Jj=v Jj=v

and so

n oo
~ 1/k*
dny = Z b/njajv = en/ Z (anj - an—l,j)
J=0 Jj=v
Now, let us apply Lemma 1 with the matrix D. Then, it can be easily obtained from the definition of the matrix D that D : ¢ — ¢}, iff condition
(4) holds. This completes the proof.

|

If A is an infinite triangle matrix in Theorem 1, then (2) and (3) hold, and so it reduces to the following result.

Corollary 1. If A is an infinite triangle matrix of complex numbers for all n,v > 0 and 1 < k < oo, then, A € (bv7 va) if and only if

k

sup Z 1/k* Z (anj — an—l,j) < o0.

j v

Acknowledgement

This study is supported by Pamukkale University Scientific Research Projects Coordinatorship (Grant No. 2019KRM004-029).

3 References

[11 A. Wilansky, Summability Through Functional Analysis, North-Holland Mathematical Studies, 85, Elsevier Science Publisher, 1984.
[21 A.M. Akhmedov, F. Basar, The fine spectra of the difference operator /A over the sequence space bvy,, (1 < p < co), Acta Math. Sin. (Engl. Ser.), 23(10) (2007), 1757-1768.
[3] F Bagar, B. Altay, M. Mursaleen, Some generalizations of the space bvp of p-bounded variation sequences, Nonlinear Analysis 68(2) (2008), 273-287.
[4] G.C.H. Giileg, Compact Matrix Operators on Absolute Cesaro Spaces, Numer. Funct. Anal. Optim., 2019. DOI: 10.1080/01630563.2019.1633665
[S] G. C. Hazar, M.A. Sarigol, On absolute Norlund spaces and matrix operators, Acta Math. Sin. (Engl. Ser.), 34(5) (2018), 812-826.
[6] A.M. Jarrah, E. Malkowsky, BK spaces, bases and linear operators, Rend. Circ. Mat. Palermo II, 52 (1998), 177-191.
[7] E.E.Kara, M. Ilkhan, Some properties of generalized Fibonacci sequence spaces, Linear and Multilinear Algebra 64 (2016), 2208-2223.
[8] M. A. Sangdl, Spaces of Series Summable by Absolute Cesaro and Matrix Operators, Comm. Math Appl. 7(1) (2016), 11-22.
[9]1 L J.Maddox, Elements of functinal analysis, Cambridge University Press, London, New York, (1970).
[10] M. Stieglitz, H. Tietz, Matrixtransformationen von Folgenraumen Eine Ergebnisiiberischt, Math Z 154 (1977), 1-16.
[11] E.Malkowsky, V. Rakocevic, S. Zivkovi¢, Matrix transformations between the sequence space bv* and certain BK spaces, Bull. Cl. Sci. Math. Nat. Sci. Math. 123(27) (2002),
33-46.
[12] 1.J. Maddox, Spaces of strongly summable sequences, Quart. J. Math. Oxford 18(2) (1967), 345-355.
[13] M. F. Mears, Absolute Regularity and the Norlund Mean, Annals of Math., 38(3) (1937), 594-601.

172 © CPOST 2019



