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Abstract: Let (¢,) be a non-decreasing sequence of positive numbers such that n¢,+1 < (n+ 1) ¢, for all n € N. The class
of all sequences (¢r,) is denoted by ®. The sequence space m (¢) was introduced by Sargent [1] and he studied some of its
properties and obtained some relations with the space ¢,,. Later on it was investigated by Tripathy and Sen [2] and Tripathy and
Mahanta [3]. In this work, using the generalized difference operator A7,, we generalize the sequence space m (¢) to sequence
space m (¢, p) (Ar,) , give some topological properties about this space and show that the space m (¢, p) (A7) is a BK —space
by a suitable norm. The results obtained are generalizes some known results.
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1 Introduction

By w, we denote the space of all complex (or real) sequences. If € w, then we simply write x = (xy,) instead of z = (z1,);—. We shall
write {0, ¢ and cg for the sequence spaces of all bounded, convergent and null sequences, respectively. Also by ¢1 and £; we denote the spaces
of all absolutely summable and p—absolutely summable sequences, respectively.

Let z € w and S(z) denotes the set of all permutation of the elements zn, i.e. S(z) = {(#r,,) : ™ (n) is a permutation on N}. A sequence
space F is said to be symmetric if S(z) C E forallz € E.
A sequence space FE is said to be solid (normal) if (yn) € E, whenever (z,,) € E and |yn| < |zn| foralln € N.

A sequence space E is said to be sequence algebra if .y € E, whenever x,y € E.
A sequence space F is said to be perfect if £ = F*“.
It is well known that if E is perfect then E is normal.

A sequence space F with a linear topology is called a K —space provided each of the maps p; : E — C defined by p; (z) = x; is continuous
for each ¢ € N, where C denotes the complex field. A K —space E is called an F' K —space provided E is a complete linear metric space. An
F K —space whose topology is normable is called a B K —space.

The notion of difference sequence spaces was introduced by Kizmaz [4] and it was generalized by Et and Colak [5] for X = o, ¢, cg as
follows:

Let n be a non-negative integer, then
A™(X) = {w = (ok) : (A"ay) € X},
where A"z, = A" gy — A"y forall k € Nand so Az = S0 (—1)" (") k4. Bt and Colak [5] showed that the sequence
spaces A" (cg), A™(c) and A™(¢o) are BK —spaces with the norm

n

zlla1 = Z || + [|A™ ]| -
i=1

After then, using a new difference operator Ay}, , Tripathy et al. ([6], [7], [8]) have defined a new type difference sequence space A7, (X) such
as

An(X) = {z = (zg) : (Amay) € X},

wherem,n € N,AQx = o, ALz = (2, — Tpgm), Az = (AR zy) = (A%flxk - Af{lxk+m) andso Al = > 0o (=1)" () ktmo-
and give some topological properties about this space and show that the spaces A, (X) are BK —spaces by the norm

mn
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for X = ¢, c and cq. Recently, difference sequences have been studied in ([9],[10],[11],[12],[13],[14],[15],[16],[17],[18]) and many others.

2 Main results

In this section, we introduce a new class m (¢, p) (A7),) of sequences , establish some inclusion relations and some topological properties. The
obtained results are more general than those of Colak and Et [19], Sargent [1] and Tripathy and Sen [2] .

The notation ¢, denotes the class of all subsets of N, those do not contain more than s elements. Let (¢, ) be a non-decreasing sequence of
positive numbers such that n¢,4+1 < (n + 1) ¢y, for all n € N. The class of all sequences (¢, ) is denoted by .

The sequence spaces m (¢) and m (¢, p) were introduced by Sargent [1], Tripathy and Sen [2] as follows, respectively

1
m(6)= (e =) €wilal = _sw o> lerl <ot
521, 0€ps ¥ peo

Sl

S k| <o

m((b?p) = T = (Ik) cw: ||‘r||m(¢7p) = a1 Sup
keo

o€ps ¢’s

Letm,n € Nand 1 < p < co. Now we define the sequence space m (¢, p) (A7) as

1
Al = = . : A P
m(¢,p) (A) =S = = (zx) € w Lo %%\ mag|” < oo

From this definition it is clear that m (¢, p) (A?n) =m (¢,p) and m (¢, 1) (A?n) = m (¢) . Incase of m = 1, we shall write m (¢, p) (A™)

instead of m (¢, p) (A},) and in case of p = 1, we shall write m (¢) (A},) instead of m (¢, p) (A},) . The sequence space m (¢, p) (A%,)
contains some unbounded sequences for m,n > 1. For example, the sequence (zy) = (k") is an element of m (¢, p) (Ay,) form = 1, but is
not an element of {c.

Theorem 1. The space m (¢, p) (A},) is a Banach space with the norm

=

.

1

lzllan = lzil+ sup  — (D |Ahal"| . 1<p<oo, M
m i—1 s>1, o€ps ¢8 keo

where r = mn form > 1,n > 1.

Proof. 1t is a routine verification that m (¢, p) (A}y,) is a normed linear space normed by (1) for 1 < p < oco. Let (:vl) be a Cauchy sequence

inm (¢,p) (A%, where 2! = (2})%2, = (xll, b, ) € m (¢, p) (Am,), for each I € N. Then given ¢ > 0 there exists ng € N such that

=

l t
T; — T

4+  sup Z ’A" (wk - xk)’ <e ?2)

.

| =o', =

r — X =
N s>1, o€, ¢s

for all [, > ng. Hence we obtain

‘x% —x};) —0asl,t — oo, foreach k € N.

Therefore (mé)}ﬁl = (mi, m% ) is a Cauchy sequence in C. Since C is complete, it is convergent, that is,
lim 2
im ), =,

for each k € N. Using these infinite limits x1, 2, x3, ... let us define the sequence x = (xy,) . We should show that € m (¢, p) (A7) and
(ml) — x. Taking limit as ¢ — oo in (2) , we get

=

-
Hml — xHAn = Z xi —x;|+ sup qbi Z ‘A?n (acéc — xk)‘p <e 3)

i=1 s>1, 0€ps ¥s ko
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for all [ > ng. This shows that (a:l) — x as | — oco. From (3) we also have

p

1 P
sup % Z ’A% (x%c — xk)’ <e
S

s>1, o€ps keo

for all [ > ng. Hence 2! — z = (azff — mk>k e m(¢,p) (AR,). Since z! — z, 2! € m (¢, p) (AL,) and m (¢, p) (ALL,) is a linear space, we
have z = 2! — (xl - x) € m (¢, p) (A%,) . Therefore m (¢, p) (AR,) is complete.

Theorem 2. The space m (¢, p) (A},) is a BK —space.

Proof. Omitted.

Theorem 3. [2] i) The space m (¢, p) is a symmetric space,
ii) The space m (¢, p) is a normal space.

Theorem 4. The sequence space m (¢, p) (Aq,) is not sequence algebra, is not solid and is not symmetric, for m, n,p > 1.

Proof. For the proof of the Theorem, consider the following examples:

Example 1. It is obvious that, if z = (k"iQ) , Y= (k”fQ) and m =1, then z,y € m (¢, p) (A},), but z.y & m (¢, p) (A},). Hence
m (¢, p) (A7) is not a sequence algebra.

Example 2. It is obvious that, if z = (k”fl) and m = 1, then € m (¢, p) (A,), but (agzy) & m (¢, p) (Ay,) for (ay) = ((—l)k)
Hence m (¢, p) (A}y,) is not solid.

Example 3. Let us consider the sequence = = (knfl). Then = € m (¢, p) (A7) for m = 1. Let (yg) be a rearrangement of () which is
defined as follows:

yr = {21, 72, T4, 73, T9, T5, T16, T6, T25, T7, T36, T8, T49, T10; -+ -
Theny ¢ m (¢, p) (A,) . Hence m (¢, p) (A7) is not symmetric.

The following result is a consequence of Theorem 4.
Corollary 1. The sequence space m (¢, p) (A7) is not perfect, for m, n,p > 1.
Theorem 5. m (¢) (A},) C m (¢, p) (A},) foreach m,n,p > 1.

Proof. Omitted.

Theorem 6. m. (¢, p) (A%,) C m (v, p) (AZ,) if and only if sup (%) < co.
s>1 s

Proof. Suppose that sup (%) < 00. Then ¢s < K15 for every s and for some positive number K. If z € m (¢, p) (A7) , then,
s>1

s

1
L An ) P .
szﬁuapegas s Z ’ ml'k‘ < o0

keo
Now, we have
1 %% 1 %
p n p
sup = — Al T <sup(K) sup — AT < o0.
s>1, ocps Vs Z [Ama] s>1 s>1 ke, Ps Z | A

k€o keo

Hence z € m (¢, p) (A},) .
Conversely let m (¢,p) (Ay,) C m (¥, p) (Ary,) and suppose that sup,s; (%) = 0o. Then, there exists a sequence (s;) of natural

numbers such that lim (is ) = o0. Then, for z € m (¢, p) (A}y,) we have
1

i
S

1

1 ; 1
sup % Z ‘A%mk’p > sup (z?) sup E Z }A%xkv) = oo.

s>1, o€ps ko 121 121, 0€ps; kco

B =

Therefore = ¢ m (¢, p) (A7,). This contradict to m (¢, p) (Ap,) C m (1, p) (A7) - Hence supg>q (%) < 0.
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From Theorem 6, we get the following result.
Corollary 2. m (¢,p) (A7) = m (¥, p) (AR,) if and only if 0 < infg>q (i ) < supg>q (%) < 00.
Theorem 7. m (¢, p) (Aﬁfl) C m(¢,p) (Ay,) and the inclusion is strict.

ProofLetz € m (¢, p) (A%_l) . Itis well known that, for 1 < p < oo, |a + b|” < 2P (|a|” + [b|") . Hence, for 1 < p < co, we have

(;mexky?g%’ Z‘Am xkl +— Z’Am xk_H’

s keo
Hence z € m (¢, p) (A}) .

To show the inclusion is strict consider the following example.
Example 4. Let ¢, = 1, foralln e N,m = land z = (k"_l) ,then z € £p (AW) \lp (AZL_I) .
Theorem 8. We have £, (A7,) C m (¢,p) (An) C loo (AT) -

Proof. Since m (¢, p) (A,) = €p (A},) for ¢, = 1, forall n € N, then £y, (A},) C m (¢, p) (Al,) . Now assume that z € m (¢, p) (A,) .
Then we have

sup Z|A 2|’ | < ooandso |Ahzk| < Ko,
s>1, fr@p5 keo

for all k& € N and for some positive number K. Thus, z € {oo (A7, .
Theorem 9. If 0 < p < q, then m (¢, p) (A) C m (9, q) (A%) .

Proof. Proof follows from the following inequality

n 1 ’
Dolwel) <D lmfP) . (0<p<aq).
k=1 k=1
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