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Abstract

In this study, we compute the value of the various norms of the Toeplitz matrices whose elements are
Jacobsthal numbers, Jacobsthal Lucas numbers and upper and lower bounds for the spectral norms of
these matrices. Also, the Euclidean norm of Kronecker product of Toeplitz matrices with Jacobsthal and
the Jacobsthal Lucas numbers are denoted. Finally, the upper bound for the spectral norm of Hadamard
product mentioned above matrices are demonstrated.
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1. Introduction and preliminaries

Jacobsthal and Jacobsthal Lucas numbers are famous special integer sequences. Therefore,
there have been many studies about their generalizations in recent years. For example, in [2],
by using two parameters, a new generalization of these numbers were studied. In [1], the
Jacobsthal sequence {j,}nen, and the Jacobsthal Lucas sequence {c,}neny are defined,
respectively, by

Jn=Jn-1t+ 2jn—2, Jo=0, ji =1, nz=2,
Cn = Cpq1+ 2¢u_5. =2, ¢ =1, n=2.

The first some Jacobsthal numbers are 0, 1, 1, 3, 5, 11 ... and the first some Jacobsthal Lucas
numbersare 2, 1,5, 7,17, 31...

These recurrences involve the characteristic equation
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x2—x—-2=0
with roots
a=2, f=-1.

There have been several papers on the norms of special matrices [6-11]. In [6], Solak and
Bozkurt have studied the spectral norms of Cauchy-Toeplitz and Cauchy-Hankel matrices.
Solak [7] has given some bounds for the circulant matrices whose elements are Fibonacci and
Lucas numbers concerned with the spectral and Euclidean norms. In [11], Akbulak and Bozkurt
have studied the norms of Toeplitz matrices involving Fibonacci and Lucas numbers. Shen [10]
has given upper and lower bounds for the spectral norms of Toeplitz matrices involving k-
Fibonacci and k-Lucas numbers. In [9], Dasdemir demonstrated the norms of Toeplitz matrices
with the Pell, Pell-Lucas and modified Pell numbers. In this paper, different norms of Toeplitz
matrices with the Jacobsthal and the Jacobsthal Lucas numbers are obtained. Then the lower
and upper bounds for the spectral norms of Toeplitz matrices A = T (j j1, .--»jn—1) @nd B =
T(co,cq) - » Cn—1) are investigated.

Binet’s formulas for Jacobsthal and Jacobsthal Lucas numbers are denoted, respectively, by

a — ﬁn

A 1
JTL a— B ( )
and
c, =a + " (2)
Jacobsthal and Jacobsthal Lucas numbers with negative indices are computed as

(-t (="

-n = “on  Jw Cn= omn Cn- 3)
A matrix T = [t;;] € M,,(C) is called a Toeplitz matrix if it is of the form ¢;; = t;_; for
I,j=1,2,...n

to tg t - tg
ty to tg t2-n
TTl = tz tl tO b t3_n . (4)
th-1 th—z2 -3 - o

Forany A = [aij]eMmln(C), the maximum absolute column sum (1-norm) and the maximum
absolute row sum (co-norm) are given, respectively, by

m
Al = max > [ay],
i=1
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n
lAll = max ]yl
j=1

For any A = [a;;|eM,, »(C), the Frobenious (or Euclidean) norm of matrix A is

14l = iilaul . (5)

i=1 j=1

and the spectral norm of matrix A is

14]l, = J max| 1 (AH 2)| ©)

where A" is defined as the conjugate transpose of matrix 4 and 4; (A" A) is eigenvalue of A7 A.

The maximum column length norm ¢, (4A) and the maximum row length norm r; (A) of matrix
of order n x n are defined as

e, (4) = m]ax‘/z?zllai,-lz,
r(4) = ml_ax /27=1|aij|2.

For any A, BeM,, ,,(C) the Hadamard product of A, B is defined by [4,5]
Ao B = (aibiy),
and have the following properties
l40B|l < 11 (A)c1(B),  [lAoBl| < [IAlllIBII. (7)
Let AeM,,,(C), BeM,,(C) be given, then the Kronecker product of A, B is defined by

allB alnB
AQ®B = :

amB - amnB
and have the following property [12]
IA®BIlz = llAllzlIBll: - ®)

For any AeM,,,(C) then the inequality holds [3]

1
— Al < ll1All; < ||AllE. 9
\/ﬁll e < lAllz < llAllg )
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2. Some sum formulas for Jacobsthal numbers and Jacobsthal Lucas
numbers

The summation formulas for the Jacobsthal and Jacobsthal Lucas sequences are

jn+1 + zjn -1

k=0
- 1
C —
Z G =" (11)
k=0

The summation formulas for the Jacobsthal sequence with different indices are

- . 4’j2n_2 - Tl + 1

ZJZR = 3 ) (12)
k=1

=3 16jyyp —n + 1

Z]2k+2 = 3 . (13)

The summation of the squares of Jacobsthal sequence and Jacobsthal sequence with negative
indices are denoted by using Jacobsthal numbers as the following:

n
D =5 lans + 21" g #0411, (14)
k=1
Y AR j

. k
Y0t = 2 (5 =5+ 25 +n) as)
k=1 k=1

The summation of the squares of Jacobsthal Lucas sequence and Jacobsthal Lucas sequence
with negative indices are demonstrated by using Jacobsthal numbers as the following:

n-1
k= jon — 2(=D)"j, +n, (16)
k=0
n
2 Jon In
Zc_k—zﬁ—Zz—n+ (17)
k=1

For the alternating sums of the Jacobsthal sequence, the following equalities hold:

n-1
4= —n+1
N 1)y = T AL (18)
k=1
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= 2=, —n+1
P G e (19)
k=1

The different summation formulas of the Jacobsthal sequence are demonstrated by using
Jacobsthal numbers as the following:

n—-1

j2k 1 j2n—2

=3 (n-1-5%) 20)
k=1
n-1 i

f_k=l(n-1+f”-1) (21)
£i2K "3 2n-1)°

3. Lower and Upper Bounds of Toeplitz Matrices involving Jacobsthal
numbers and Jacobsthal Lucas numbers

Theorem 3.1 Let A =T (jy, j1, - »jn_1) be a Toeplitz matrix, then the maximum absolute
column sum norm (1-norm) and the maximum absolute row sum norm (co-norm) of matrix A
are

Jn+2jpo1—1
l4ll; = lAll, == ; :

Proof. Clearly, the explicit form of Toeplitz matrix is as follows:

[ Jo Jo1 o J-2 v jl—n]

i Jo -1 Jaen

A=1 ] J1 Jo r J3-nl (22)
jn—l jn—2 jn—3 fo

By the definitions of 1-norm and co-norm, and (10), it is easily seen:

\ \ < in+ 2j 1
. _J Jn-1—
14ll, = m}axZ|aij| = Zlaill = ij a— ,
i=1 i=1 k=0
n n n—-1 ) +2 1
. Jn-1—
”A”mzml-aXZ|aU| :Z|anj| :Z]k: n ;‘ .
=1 j=1 k=0

Theorem 3.2 Let A =Ty, ji, - ,jn—1) be a Toeplitz matrix, then the Frobenious (or
Euclidean) norm of matrix A is

Allg == + +n%—1. (23)

1 |16jp—2 +8(—=1)"jp—4 _ Jan—2 Jn-1
3 3 3.22n-2 ° 3 )n-2
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Proof. Let Abeanxn matrix as in (22). Then by (5), (14), (15)

n n-1 n—1
14l* = D Y ad = njo? + ) (= kit + ) (n = K)jy”
j=1 k=1 k=1
k n—1

wM:ﬁ'M
=ﬂa = s

j=1
-1

M)

n—
1
[]2k+2+2( 1)k+1]k+1+k+1 62 ﬁ+2—+k]
k=1

\Dlr—\
HM

and then by using the sum formulas (13), (18), (20), (21) the following result is obtained:

1116j,,_, —n+1 4(-D"%,_,—n+1 n—1)n
||AI|E2=§[ ]Zn 23 +2 ( )]n31 +( 2 ) +n_1
1)1 Jan—2 2 Jn—1 (n—1n
+§l§<”_1_22n—2)+§("_1+2n—1)+ 2
1[16jn-2 +8(—1)"n—1  Jon—2 Jn-1
B 5[ 3 “3pmztagmzth T 1]'

Theorem 3.3 Let A = T (jy, j1, - »jn—1) b€ @ Toeplitz matrix, then the lower and upper bounds
for the spectral norm of A are obtained as

1 [16jy— +8(—1)"jp—4 Jon-2 Jn-1 n?—1
_ — <||A
3] 3n 3n.2n2 T3pgnz T < llll;

IAll, < 9\/(/2n 2+ 21" Y + 1) (an + 2(=D%, +n).
Proof. From (23), we get

3 “3omzTzgmzt 1)

1116jp-2 + 8(—1)"jpn— 1 Jan—2 Jn-1
14l =5

Then by using the property (9), the left-hand side of the inequality is completed. The explicit
form of this matrix is as follows:

1 (16203 + 8(-1"jn-1  Jjon- na o1 1
2 [Pz # N ner Jenz | Jnn MLy, < 14l
3n 3.2 3n.2 n n

. _
On the other hand, let A = B o C whereas

{bl] = 1, ] = 1,

B=bhy= bij = ji-j, j#1,
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_ _ (Cij :ji—j, j=1,
C_Cij_{cij:]., ]-'ptl

The explicit form of this matrix is as follows:

[1 J-1 J-2 jl—n] [ Jo 11 1]

1 Jo J-1 v Ja-n J1 11 1

B=|1 jl jO j3—n|1 C=| jz 1 1 1|.
1 Jn—2 Jn-z Jo J [jn_1 1 1 - 1J

Then, by using the sum formula (14) and the definition of the maximum column length norm
and the maximum row length norm, the following equalities hold:

2 2
ri(B) = max Zlbul = Z|bnj| =

n-2

1
ZJkZ +1= §\/j2n—2 +2(=D" 1,1 +n

n
ei(©) = max > ey|* = Z|c,1| ka Ao ¥ 20D, 4
i=1

By using the property (7), the right-hand side of the inequality is completed as

1
r(B)c;(C) = 5\/(]271—2 +2(-D" Y1 + M) (on + 21D, + 1),

Theorem 3.4 Let the elements of the Toeplitz matrix be Jacobsthal Lucas numbers, A =
T(cy, €y, - »Cn—1) then 1-norm, co-norm of A are

[« -1
1Al = 1Al = 22

Proof. Clearly, the explicit form of this matrix as follows:

[ Co C-1 €2 " Cin
| Co €1 = Caon

=| G €1 Co * C3-nl. (26)
Ln—l Cn—2 Cpn-3 = ©Co J

By the definitions of 1-norm and co-norm, and (11), it is easily seen:

n—-1

1
||A||1—max2|al,|—2|au| D=

=0

=
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Cnyp — 1
5

M3

1Al = maxZ|al,| = ZI =

Theorem 3.5 Let A =T(cy,cq,...,Cn_1) be a Toeplitz matrix with Jacobsthal Lucas
numbers, then the Frobenious (or Euclidean) norm of matrix 4 is

k=0

1/ . , Jan—2 ]
Al = jg <16]2n_2 +8(-1)Y,_q — % 2’; T +13—Tn+ 3n2> (27)
Proof. Let A be an n x n matrix as in (26). Then by (5), (16), (17)
n n n— n-1
ZZa z n—k)ck2+2(n—k)c_k2
k=1

i=1 j=1 k
n— -1 k
2
G Z 20
=1i=

. J2k Ji
(Uzk+z + 2(=1)* Yy + k= 3] + 52k 257 K + k.

4]l

1

n+z

k=1 l

I
N
AM” A

Il

N

S
=

=1

Then by using the sum formulas (13), (19), (20), (21) the following result is obtained:

L. 2 _ n(n—1)

IAllz* = 4n + 3 (16j2p—2 —n+ 1) + 5(4(_1)n]n—1 -n+1)+ ————3n

1 J2n—2 2 Jn-1 n(n—1)
+3+§(n—1—22n_2)—§<n—1+2n L)+

1 . . Jon-2  Jn-1
= §(16]2n_2 +8(=1D)Y,q — # 2" +13 - 7n+ 3n )

Theorem 3.6 LetA = T(cy, ¢y, ... ,Cn—1) be a Toeplitz matrix, then the lower and upper
bounds for the spectral norm of A are obtained as

1 , . j2n—2 jn—l
\/%(16]2n—2 +8(=1)"jp_1 — 2zn—2 _ yn-z n + 3n2) < [I4ll,

”A"Z < \/(iZn—Z + 4’(_1)n_1jn—1 + n)(iZn - 2(_1)n 'n + n)-

Proof. From (27), we get
LYo . Jon—2 ]
”A”E2 = §(16]2n—2 +8(=1D)"p-1 — % 2?1 12 +13—-7n+3n )
Then by using the property (9), the left-hand side of the inequality is completed as

1 . . j2n—2 jn—l 1
\/% (16]2n_2 +8(—=D)"j,_1 — Sz~ gnz ) =5 IAllz = [IAll.
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On the other hand, let A = B o C where B, C are

bi' =1 ] = 1,
B = (b)) = { g ,
(biy) bij = ¢i—j j#1
_ _(Cij = Ci—j j=1
C_(Cij)_{cijzl ]-'/:1
The explicit form of this matrix is as follows:
1 C—l C—Z Cl—n CO 1 1 1
[1 Co c_q4 cz_n] { ¢ 1 1 1}
B=Il1 ¢ ¢ = czpl, C=lc, 1 1 1.
1 CTL—Z Cn_3 ce CO Cn—l 1 1 b 1J

Then, by using the sum formula (16) and the definition of the maximum column length norm
and the maximum row length norm, the following equalities hold:

m n
2 2
11 (B) = max Zlbijl = Zlbnjl =
j=1 j=1

n-—2

Z CI% +1= \/jZn—Z - 2(_1)n_1jn—1 + n,

k=0

(€ = max [T eyl = [Ziilenl” = VET0 0 = Von — 2D ¥

1<isn

By using the property (7), the right-hand side of the inequality is completed as

11(B) ¢;(€) = 4an—z + 41" Yy + n+ D(Ajs, + 41", + ).

Corollary 3.7 Let A = C(jo,j1, - »jn—1) and B = C(cy, ¢y, ... ,Cn—1) be Toeplitz matrices
with Jacobsthal and the Jacobsthal Lucas numbers, then the Euclidean norm of Kronecker
product of these matrices is

1A® Bl =3 3 T3 Tzt

1\/16j2n—2 +8(—1D)"n—1  Jon—2 Jn-1
3

1 . . j2n—2 jn—l
X §<16]2n_2 +8(—1)"oq1 — yonz " gn2 +13-7n+ 3n2>.

Proof. By using (8), (23), (27), the proof is easily seen.
Theorem 3.8 Let A = C(jy, j1, -+»Jn—1) @Nd B = C(cy, ¢4, ..., Cn—1) be Toeplitz matrices with

Jacobsthal and the Jacobsthal Lucas numbers, then the upper bound for any norm of Hadamard
product of these matrices is
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o < — — 2
14 B llp <3 3 3.2m-z T3z T 1

1 j1612n_2+8(—1)njn_1 jonce

22n-2  9gn-2

1 ones  Jne
X \/§<16j2n_2 L8, — 22 _Inl s gny 3n2>.

Proof. The proof is seen easily by using ||A o B || < ||A ||||B || and (23), (27).
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