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ABSTRACT. This paper deals with the spectral analysis and symmetries of
the second order difference equations with impulse. We determine a transfer
matrix and this allows us to investigate the locations of eigenvalues and spectral
singularites of the difference operator generated in £2(Z).

1. INTRODUCTION

As is well known, impulsive equations appear as a natural description of the
observed evolution phenomena in several real world problems [115]. The books on
the subject of impulsive equations by Samoilenko [1] summarize and organize the
theories and applications of impulsive equations and have a great contribution to
the theory. In recent years, impulsive points have been a subject of both theoretical
and experimental research and we observe an increasing interest about this area.
Theory of impulsive differential equations has been motivated by a number of ap-
plied problems (control theory, population dynamics, chemotherapeutic treatment
in medicine and some physics problems). Besides, impulsive difference equations
are basic tools to do investigations in numerical analysis having applications in
economics, social sciences, biology, engineering, etc... For the mathematical the-
ory of impulsive difference equations, we refer to [618]. The spectral analysis of
self-adjoint (Hermitian) and non—selfadjoint (non—-Hermitian) difference operators
were investigated in detail by several authors [9-12]. But the theory of impulsive
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difference equations is a new and important branch of operator theory which is
interesting and useful.

In spectral theory, the concept of a spectral singularity of a second—order linear
differential operator has been known since the pioneering work of Naimark [13]
and recently studied by Guseinov [14]. It was proved that the spectral singular-
ities are the spectral points of continuous spectrum and they spoil the complete-
ness of the eigenfunctions of certain non-Hermitian operators. Hermitian operators
have no spectral singularities and they have real spectrums. But the reality of the
spectrum of an operator doesn’t necessarily mean that it is Hermitian. A class
of non-Hermitian operators which are called P,7, and P7-symmetric, have real
spectrum [15,/16]. A kind of such operators was studied in the recent years and
the physical meaning and potential applications of spectral singularities were un-
derstood quite recently [14,[17]. In [17], Mostafazadeh considers the second—order
time—independent Schrédinger equation

—"(z) = kK*¢(z), =€ R\{0} (L.1)
with a general point interaction

a

c

+(0)=BV_(0), B= ( Z) , a,bc,deC (1.2)

at a single point x = 0, where

<¢¢(93)>
U,y (z) = , x>0
Yl (x)

introduces the two-component wave function and v _, 1 define respectively the
restrictions of the solution of . His study becomes for us a tool to form the
impulsive difference equation with general point interaction at a single point n = 0.
The aim of present article is to explore the eigenvalues and spectral singularities
depending on the choice of the coupling constants a, b, ¢, d for impulsive difference
point interaction.

2. SPECTRAL SINGULARITIES AND EIGENVALUES OF THE IMPULSIVE DISCRETE
OPERATOR

We consider the second—order difference equation
Yn—1 + Yn+1 = )\yna ne Z\ {_]-7 07 1} (21)

with impulsive condition

S Y e o (2.2)
Ay Vy_1 ’ c d)’ ’
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1 .
where a, b, ¢, d are complex numbers and ) := z + = is a spectral parameter. Also,

z
A denotes the forward difference operator and 17 denotes the backward difference
operator, i.e.

Ayn = Ynt+1 — Yn,
VYn = Yn — Yn—1-

{yn"} and {y, "} be respectively the restrictions of the solution {,} to the sets of
negative and positive integer numbers, i.e.

Y (2) =yn(2), nel",
Y (2) = yn(2), neZr.

Clearly, n = 0 is the interaction (impulsive) point and matrix B is used to continue
the solution from negative integer numbers to the positive integer numbers.

Now, let z € C\{—1,0,1} and take into account this interaction for (2.1)). By the
help of linearly independent solutions of , we can write the general solution as

Yy, (2) =A_2"+B_z"", necl,
yi(z) = Ay2"+ Byz™™, nelZt,

where A4 and B4 are constant coefficients. If we introduce the two-component

wave function
Yn
Uy, ) = |, neZ,
Vy,

Yy
v = (). ez,

we can express the point interaction (2.2) by imposing the matching condition

a b
), a,b,c,d e C.
d

U(y1) =B¥(y-1), B= (c

Using the point interaction given by (2.2]), we obtain

A\ C (A M= (My); i,j=1,2 2.3
B+ - B ) *( ij)7 ,] =1, ()

where

such that

z 271 21 z
Ny = 2 —2 -1’ Ny = -1 -2 2"
24—z zZzT4—=z 2Tt —z Z—z



SPECTRUM AND SYMMETRIES OF THE IMPULSIVE DIFFERENCE EQUATIONS 41

Combining (2.1)-(2.3), we find

Mn(z):ﬁ bz 2+ (a+2b+d)z"t —(a+b+c+d),
Mu(z):m [(a+b)z"t+(b+d)z—(a+2b+c+d)],
My (z) = [—(b+d)z"t—(a+b)z+(a+2b+c+d),

1— 22
43
Moo (2) = = [b22 — (a+2b+d)z+ (a+b+c+d)].
Thus, we obtain
My (271 = Ma(2),
Mlg(zil) = M21(Z).
Now, consider the left- and right-going scattering solutions of ([2.1))-(2.2) that we
denote by 3!, and y", respectively. They are expressed as
n +,—n
z(z)—{ AL="+Bfz", n— oo

ATz + BTz n— —oo,

Yn(z) =

A"+ B z™", n— +o0
AZ2"+BZz™", n— —o0,

where Ai and Bi are complex coefficients. Let L denote the operator generated by
(2.1)-(2.2) in ¢3(Z). By using the definition of the Wronskian of the Jost solutions
of the operator L acting in ¢5(Z), we can give the following theorem [18§]:

Theorem 2.1. The following asymptotics hold:

1
Wiy, ynl(2) = Moy (Z - Z) , M — $00, (2.4)
: M. 1
Wk il() = gy (5= 2) 0 n = 25)

Proof. The left- and right-going scattering solutions are defined in terms of their
asymptotic behaviors
yn(2) = 2", n— +oo,
yr(z) = z7", n— —o0
and so we obtain
AT=B- =1, AZ_=Bf=0. (2.6)
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Next, for the left-going scattering solution using the expression (2.3)), we have

AT At
=M .
Bt B*
Bt det M\ —My, My, 0/

This implies that

So we have
v M2 pe Ma (2.7)
det M det M
Similarly, for the right-going scattering solution, we get
AL = Ms, B, = Mo,. (2.8)

Now, we can express the left- and right-going scattering solutions of (2.1)-(2.2)) as

l z", n — +00
yn(z) - M22 n __ M21 -n n — —oo

det M~ detM”

(2.9)
r Mlgz" + Mggz_n, n — +0oo
Yn(2) =

z7 "™, n — —oo.

Since the Wronskian of linearly independent solutions is independent of n, (2.9)
can be used to perform the Wronskian of the Jost solutions for n — 400 and for
n — —oo.

(1) For n — 400, we get

%% [yimy;] (2) =2" (M122"+1 + Mggz_"_l) — 2" (My2™ 4+ Magz™™)

1
=M22 <—Z)
z

(ii) For n — —o0, we see

M22 M21 M22 M21
l T — n __ -n —n—1 __ n+1l _ —n—1 —n
W lyn:n] (2) (detMZ det M~ > : (detMZ det M~ ) :

= ——z).
det M \ z

Therefore, the proof is completed. O
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The transfer matrix for a piecewise continuous scattering potentials has unit
determinant [17]. For the point interaction (2.2]), we consider

det M = det B = ad — bec = 1. (2.10)

The interactions violating this condition are called anomalous point interactions
[17].

Using Theorem 2.1 and (2.10), we have the following:
Corollary 2.2. The necessary and sufficient condition to investigate the eigenval-

ues and spectral singularities of the operator L is to investigate the zeros of the
function Mas.

Since the spectral singularities and eigenvalues of L correspond to A values for
which Msy(z) = 0, we need to examine the zeros of the function Mss, i.e.,

bz —(a+2b+d)z+ (a+b+c+d)=0. (2.11)

04(L) and oss(L) will denote the eigenvalues and spectral singularities of L,
respectively. Therefore, by the definitions of eigenvalues and spectral singularities
of an operator, we can write [L1}|13],

0ss(L) = {/\:)\erl, 2 € Do, M22(Z)O} (2.12)

z

and )
oq(L) = {)\:A:z—FZ, z € Dy, MQQ(Z):O}, (2.13)

where Dq :={z:0 < |z| <1} and Dy := {2z : |z| = 1}.
In order to examine the zeros of (2.11]), we consider the following cases.

Case 1. b# 0: In this case, (2.11) gives

zig=1+puEN/p?—v,

a+d c

where

vi=
2b b
and therefore, a spectral singularity appears whenever

’1+u:l:\/u271/’:1

and an eigenvalue exists if

0<‘1+ui\/u2—u‘<1.

Case 2. b=0 and a+ d=1trB # 0: In this case, (2.11]) gives
c
a+d
and thus, a spectral singularity appears whenever

la+c+d|l=|a+d

z=1+




44 E. BAIRAMOV, S. CEBESOY, S. SOLMAZ

and an eigenvalue exists if
O<la+c+d <l|a+d.

Case 3. b =0 and a +d = trB = 0: Then the condition of the existence of a
spectral singularity or an eigenvalue, namely Moo = 0, implies that ¢ = 0. In this
case, B = ao3 and M = ao, where

0 1 10
g1 1= 1 0 , 03 1= 0 _1.

In particular, M is independent of A\, Mas vanishes identically, and the interaction
is anomalous for a # =+i.

3. P, T, AND P7-SYMMETRIES

In this section, we examine the consequences of imposing P, 7, and P7-
symmetries on the point interaction (2.2) and their spectral singularities, eigen-
values.

3.1. P-Symmetry.

Definition 3.1. Let P be the parity (reflection) operator acting in the space of
complex sequences y = {yn}, Yn : Z — C. Then for all n € Z, we have

Pyn :=Y—n.
Definition 3.2. The point interaction (2.2) is P invariant (or has P-symmetry) if

Eel)
YAVTHY VY-1

where the action of P on a two-component wave function is defined componentwise.
Hence, it is easy to verify that
PAyYyn==Y-n
P yn=—Ly_p.
Theorem 3.3. The point interaction has P-symmetry if and only if
o3 = BosB. (3.2)

Proof. Assume that the point interaction (2.2)) has P—-symmetry. Since (2.2 can
be expressed as

I [ I S

we get the following by Definition 3.1 :

0'373 v = BO’3P - .
VY-1 Ay
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Using (3.1)), it is easy to write

o | U ) =BosBP [ V).
VY-1 V¥Y-1

This gives a consequence that

g3 = BO’3B.
Now, let (3.2) holds. In exactly the same way, we can prove that the interaction
(2.2) has P-symmetry. O

In terms of the entries of B, we can give that the point interaction (2.2) has
P—-symmetry as the following theorem:

Theorem 3.4. The point interaction (2.2)) has P-symmetry if and only if
ad—bc=1, a=d, a,bc,deC
Proof. Assume that (2.2)) has P-symmetry, we obtain

Pyl -B Py_1
P Ay P y-1

from (3.1). Then it verifies that
B n
AN

()
o ()= 0 )

Therefore, we write
Y-1 -B n 7
VY-1 ANTY

- (1 3)

Since B~! = B, the coefficients of the matrix B satisfy
d b c a

“= wd—be ad—be’ " ad—be’ ad — bc
This completes the proof. O

and

where

Theorem 3.5. If the point interaction (2.2)) has P-symmetry, then we can sum-
marize the conditions for the existence of spectral singularities and eigenvalues as
follows:
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(i) If b #£ 0, then there exists a spectral singularity whenever
la+b+1| =y
and an eigenvalue exists whenever
O<|la+bx1]<]b.
(ii) If b =0, then there exists a spectral singularity whenever
let£2] =2
and an eigenvalue exists whenever
0<]et2] <2
3.2. T-Symmetry.

Definition 3.6. Let 7 be the time-reversal operator acting on the space of complex
sequences Yy = {yn}, yn : Z — C. Then for all n € Z, we have

Tyn = y:”
where “x" denotes the complex conjugate of y.

Definition 3.7. The point interaction (2.2)) is the time-reversal invariant (or has

T—symmetry) if
(" )=B7( "), (3.3)
Ay VY-1

where the action of 7 on a two-component wave function is defined componentwise.

Theorem 3.8. The point interaction (2.2) has T —-symmetry if and only if B is
real matriz.

Proof. Taking account of the definition of 7—symmetry for the point interaction
(2.2), it is easy to see that this relation is equivalent to the requirement that B is
a real matrix, i.e. a, b, c,d must be real. (I

3.3. PT—-Symmetry.
Definition 3.9. The point interaction (2.2)) is P7 invariant (or has P7 -symmetry)

if
pr( " )=Brr (" ). (3.4)
AT} VY-1

Theorem 3.10. The point interaction (2.2) has PT —symmetry if and only if
g3 = B*O'gB (35)
holds.
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Proof. Let the point interaction (2.2]) has P7—-symmetry. By taking complex con-

jugate from (2.2)), we write
y’f* _ g yi*l
Ayi VYL,

() ()
T Ay Ty
It follows from that

o ) ) =6 ) )

0 -1/ \-ATy 0 -1/ \-v7Ty
Hence, we obtain

PTy_, . PTy
78 (PTVy—1) —Be <P7Ay1>

osPT [ V7' | =B osBPT [ ).
VY-1 Ay

Using (3.4)), it implies that

and thus, we get

so that

g3 — B*UgB.
Now, let (3.5) holds. We prove that the point interaction is P7 —invariant in a
similar way. Therefore, this completes the proof. O

Expressing this relation in terms of the entries of B and solving the resulting
equations yield the following theorem:
Theorem 3.11. Let a,b,c and d be the complex numbers as follows

a=ree, b=rye c=r.e? d=rme?.

The point interaction (2.2)) has PT —symmetry if and only if

ca—3
jaxs [ VI eampree €1€aT
B=¢"" ,

€17¢ V14 627””,064"7—5
where o + § = 2nk, k € Z and

< <
e1:=(—1)", meZ, e:= { €, 0<mre<l

1, rpre > 1
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Proof. Let the point interaction (2.2)) has P7-symmetry. Using (3.5]), we have the

following relation
a* b* 1 0 a b 1 0
o d*)\o 1) \e d) \0o -1/

Last equality implies that
a*a=14+bc, a*b—>b*d=0, c'a—d'c=0, d'd=1+c*b
and it is clear from that
la)> = [d? =1+ ¢*b, a*b=0b*d, c*a=d*c.

These relations give us the following cases:

I o = laf R
II. a*b = b*d = rarbe(ﬁfoé)i — Tbr,«de((s*ﬁ)i
0
= B= % +nw, nec
III. d*c=c*a = T-Crde(ef(;)i _ Tarce(oéfg)i
0
= 0= % +mnr, meZ

V. Jaf’=ld°=1+¢b = r2=r=
2 2
a d

and so, we get

d= \/1 + (=1)"mryre®
where m,n € Z. Since ry,r. € [0,+00), we can write
1+ (=1)""™ryr. >0

and so
1

1 1" Mryre >0 = (1) > — .
(1) (1= -

Next, we investigate this relation corresponds to the (n —m) integer.

(I) Let (n —m) be an even number.
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(La)

(ILb)

Let n = 2n; and m = 2my, where ny, m; € Z. Since
L+ (=1)"™rpre = 1+ 1pre,

we obtain
a=T+mre
b= rbeiaTM

c= rceia;ﬂ;

d = T+ ryree®.

Let n =2ns + 1 and m = 2ms + 1 where ny,m; € Z. In this case,

L+ (=1)"""ryre =1+ ryre
and we get similarly

a =T+ rpree’

cats

b= —ryet“z
ia+(5

c=—r.e' 2

d = T F rpree.
Let (n —m) be an odd number.
Let n = 2n; and m = 2mq 4+ 1 where nq,my € Z.
14+ (=1)" ™rpre =1 — rpre.
This implies that
0<rpr. <1

and we obtain

a=+T—=rpree’®

Cats

b = ’r‘bezT
I - )

C= —Tec.e" 2

d= /T —=rpree’.
Let n = 2ns + 1 and m = 2my where ny, mo € Z. We find
1+ (=1)""™rpre =1 —ryre.

so that
0<rpr. <1.

Therefore, we obtain

a =T —ryree’®

cats
b= —rpe2
7;04+6
c=r.e" 2

d = T =Tpreei.

49
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Consequently, we also give the both cases with a single expression such that

a =T+ earpree®

s a+4d
b=crearpe’ 2

s ots (36)
c=¢€1r.e' 2
d= T+ erpree?
where
— (_1\m . €1, Ogrbrcgl
€1 = ( 1) , €2 1= { 1, Fyre > 1
and thus, the transmission matrix B is given as
s [VIT @rpree T €1€2T
B=¢"7 s (3.7)
€17¢ V14 erpree ™tz
where o + § = 27k, k € Z. O

Theorem 3.12. If the point interaction (2.2) has PT -symmetry, then we can
summarize the conditions for the existence of spectral singularities and eigenvalues
as follows:

(i) Suppose that b # 0. Then, we have spectral singularities if
a+c+d=0 or 2a+4b+c+2d=0
and eigenvalues if
L<la+b?<1+b> or  |a+b#1 and |a+2b<1<]|a| .

(ii) Suppose that b = 0 and a +d = trB # 0. Then, we have a spectral
singularity if
la+c+d| = |a+d|
and an eigenvalue if

O<l|a+c+d <l|a+d.
4. CONCLUSIONS

In this paper, we study the spectral analysis of an impulsive difference operator
in ¢2(Z) generated by a second-order difference equation with an impulsive inte-
rior point. In literature, there exist a lot of paper investigating the properties of
eigenvalues and spectral singularities of difference operators (see [9-11]), but this
study differs from the others with some aspects. First of all, none of the difference
equations considered in these studies have a discontinuous point. We handle the
difference equation with one discontinuity given at n = 0. Furthermore, unlike
the well known methods, we determine a transfer matrix which enables us to find
the locations of eigenvalues and spectral singularities by the help of the zeros of a
quadratic polynomial. The rest of paper is devoted to a detailed analysis of certain
symmetries that the impulsive condition possesses. This paper is the first one that
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points up the effects of a single interaction point of an impulsive difference bound-
ary value problem. In further research, one can study the general form of Equation
(2.1) with more interaction points.

(1]
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