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A New Asymptotic Series and Estimates Related to Euler
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ABSTRACT. In thisarticle, we give a new asymptotic series for a sequence (g, ) that converges to Euler-Mascheroni’s
constant with the convergence speed as n~%. We present and prove a theorem about how to get the sequence (g»).
Using this asymptotic series, we establish the lower and upper bounds for the sequence (gn).
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1. INTRODUCTION

One of the famous constants in mathematics is the Euler-Mascheroni’s constant
v =0,57721566490153286... . It is defined as the limit of the sequence:
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in honor of the Swiss mathematician Leonhard Euler (1707-1783) and the Italian mathemati-
cian Lorenzo Mascheroni (1750-1800), who studied the Euler-Mascheroni’s constant . The se-
quence (v, )n>1 and the constant v have many applications in several branches of mathematics
as probability, analysis, special functions and number theory. The sequence (7, ),>1 converges
very slowly to the constant v, with the convergence speed as n'. In the beginning, Tims and
Tyrell [18], and then Young [19] got the lower and upper bounds for the sequence (v,)n>1 as
the following:
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with the convergence speed as n~ L Many authors [2,3,6,7,10,12-17] interested in obtaining
sequences that converge very fast to the limit . One of them is DeTemple [6], who introduced
the sequence
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that converges to the limit v as n~2. Then Mortici [12] has introduced the sequence
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in order to obtain a faster convergence to the limit v with the convergence speed as n~* and

the following limit:
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Then, Cristea [4] has showed in 2014, the following double inequality
11 29 11
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for all integers n > 1 and has got the following asymptotic series for the sequence (¢,,) given in

(1.1)
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Cristea and Mortici [5] have introduced the sequence

1 1 13 5
(1.2) sn=1+§—|—...—|—n_2—|—12(n_1)+m—lnn
that converges to the limit v with the convergence speed as n~® and have demonstrated the
following double inequality
1 11 1 13
1203 12008 =7 S Ton3 T 1200
Then, X. Hu, D. Lu, X. Wang [9] have presented the following sequence:

or
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Bo=1+-+..+——-ln—-In{l4+—->
’ 2 n 2 n — 3n+1
that converges to the limit v with the convergence speed as n~*, with the following approxi-
mation:
I SRS O
180 (n + 1)* ™27 180nt
The aim of the paper is to introduce a new sequence (¢, ) that converges very fast to the limit
v and to establish the lower and upper bounds for this sequence. Motivated by Mortici [12]
and Hu [9], we introduce new sequence

1 1 an+b 1
1.3 n(a,be) =14+ =+ ... — —1In(n? ;
(1.3) anlabie) =14 g4t Sg H oy~ g ()
where a, b, c are real parameters and for a = 3,b = — 3, ¢ = 1 the new sequence given by

27 1274 2 n—2 12(n—-1)  12n 3 4

converges to the limit  with the convergence speed as n~*. We will show the following double
inequality

3 5 1 1 1 13 5 1 1
(1.4) In = an(5, Y=1+=+..+ + +—ln<n3+)

11 1 181 11 1 182
12007 " 1205 201608 ~ 77" 12001 T 12075 T 201600
for all integers n > 2 in the left side inequality and for all integers n > 225 in the right side
inequality. We will also construct the asymptotic series
11 1 181 1
I =0 12007 T 1205 T 201605 T 1207
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for the sequence (g,,) (1.4).

2. THE RESULTS

We consider the sequence (g,,(a,b,c)) given by (1.3). To obtain the best real parameters
a, b, ¢, for which the sequence (g, (a,b, c)) converges to v with the highest convergence speed,
we prove the following theorem:

Theorem 2.1. (i) If a # 3,b # —2 and c # % then the sequence (g, (a, b, ¢)) > has the convergence

speed as n™".

(ii) If a = 3,b # —15 and ¢ # 1 then the sequence (g, (a,b,c)),,~, has the convergence speed as
—2
n=2.
(iii) If a = 3,b = —F5 and ¢ #  then the sequence (qn(a, b, c)), >, has the convergence speed as
-3
n=s.
(i) If a = 3,b = —5 and ¢ = § then the sequence (qn(a, b, c)), >, has the convergence speed as
—a
n

We will use the following;:
Lemma 2.1. If the sequence (x,),,~, converges to x and if there exists the limit
lim n* (xp —xpt1) =1 ER
n— 00

with k > 1, then there exists the limit

l
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For the proof see [11]. This lemma is a form of Cesaro-Stolz’s lemma. We utilize it in the
construction of the asymptotics series and in order to estimate the convergence speed.

Proof. We compute the difference

an+b 1 an+a+b
n 7b7 — Un 7b7 = - -
an(a:,€) = ans1(a;b,¢) nn—1) n—-1 nn+1)

1, 1 ;
fgln(n +c)+§ln((n+l) Jrc).

Using a computer program as Maple, we get

3\ 1 2\ 1 5\ 1
qn(aab,c)f(JHle(aabac): (a2> ﬁ‘i’ <(Z+2b3) $+ <QC4> A

2.5) +(a+2b+2c—4>1+0(1>.

5) nd nb

(i) Ifa— 2 #0, then

lim 1 (ga(a,0,¢) = gn11(a,b,)) = (“ B 3) 70

n—o0

and Lemma 2.1 says that

nh_)rrolon (gn(a,b,c) —7) (a - 2) # 0.
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We get that the sequence (qn(a b,c)),>, has the convergence speed as n".

(i) If @ =32,b+# —75 and ¢ # ; then the relation (2.5) is written as

5\ 1 1 1
gn(a,b,¢) — qna1(a, b, c) = <2b—|— 6> o + <4 — c) -y

7 1 1
2. 20+ 2 — .
(2.6) +(10—|- b+ c) n5+0(n6>

If b # — 3, then from the relation (2.6), we get

lim ’fl3 (qn(aa b7 C) - Qn+1(a, b7 C)) = <2b + 5) 7é 0

n—oo 6

and Lemma 2.1 says that
_1
. 2 .

We obtain that the sequence (qn( 2,b,¢)), -, has the convergence speed as n 2.

(iii) If a = ,b = — and ¢ #  then the relatlon (2.5) is written as
1 1 2 1 1
(27) Q7L(a7b7 C) - qn+1(a'7 b7 C) = (4 - C) — ( 15 + 26) E +0 (TL6> :

Then from the relation (2.7), we get

lim n* (¢ (a,b,¢) — gnii(a,b,c)) = (1 — c) #0

n— 00 4

and Lemma 2.1 says that

1/1
. 3 _ N
nlgnC:n (qn(a’a b, C) ’Y) - 3 <4 C) 7& 0.

We get that the sequence (4n (3. —73,¢)) >, has the convergence speed as n=".

(iv)Ifa=32b= and ¢ = 1 then the relation (2.5) is written as

12’

11 1
(2.8) qn(a,b,¢) = gny1(a,b,c) = 3005 T O (nﬁ)
and Lemma 2.1 says that
11
nlbm nt (gnla,b,c) — ) = 120"
We get that the sequence (¢, (3, —15, §)), -, has the convergence speed as n~*. O
We notice that (2.8) gives us the approximation
~ L —
Gn =7 N 50,7 AN 0.

We give the following theorem related to the estimates of (g¢,,) given in (1.4):
Theorem 2.2. We have the following double inequality for all integers n > 2 in the left side inequality
and for all integers n > 225 in the right side inequality:

o1 s RN B
1200t " 1205 201608 T 7S 1200t T 1205 T 201600
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Proof. We consider the following sequences

¢ ) o, o1 s
Gn = n =7 120n% 1205 201616
and
by (g (L, L, 12
n = n = 120nt 1205 2016n°

that converges to zero. To prove that a, > 0 and b, < 0, it suffices to show that (a,),~,
is strictly decreasing and (b,,),,>, is strictly increasing. Let fi(n) = ant1 — a, and fo(n) =
bp+1 — bn, where

8 5 1 1 1\ 1 1
= — - “In(2%+-) -1 1)+ =
=) r  2@il) 12@-1) 3 n<x +4> 3 n<(x+ ) +4)

B 11 o) 1 1) 181 181
120 (z + 1)*  1202* 12(z4+1)° 1225 2016 (z +1)° 201626

and
8 5 1 1 1\ 1 1
= — - Sn(2%+ =) —=1 1%+ =
f2(@) 2z T 2@1 D 12(x—1)+3n<x +4) 3n<(x+ ) +4>
B 11 o) 1 1) 182 182
120 (z + 1)*  120a* 12(z+1)° 1225 2016 (z +1)° 201626 |
We get

B P(x—-2)
1680 (z +1)7 (z — 1)? (423 + 1)" (122 + 1222 + 423 + 5)" 25

>0

2.9) fiz)

for all real numbers z > 2 and

Q (z — 225)

- 7 2 2 3 143 7 <V
120(z4+1)" (z —1)° (120 + 1222 + 423 + 5) (de3 + 1) =

(2.10) fala) =

for all real numbers x > 225, where

P(z) = 8615781393 + 48322358 535z + 124 45177088422 + 1950887653002
4207843366162z + 1590182833862 + 8993280343025 + 3808259454527
+120788046292% + 28349127522° + 478671564210 + 5507112811
4386982422 4 125440213
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and

Q(r) = 22876 348962124636919596278035200
+156125891834161825105090 815353280z
+8964689205792820697567513156375x>
12382989135830296264858888250032°
4-38740019392290853952996609132*
+429535098002548661658099752.°
+3429542980886586835373312°
4202851374032512781609327
189992142959018019732°
+299438938338826522”
+73805584698144x "
+1309817217122"
+158491784z "
+1172002:"°
+40z'

are two polynomials with positive integers coefficients for all real numbers z > 2 and re-
spectively for all real numbers « > 225. Then, from (2.9), we have f; is strictly increasing
on [2,00) and from (2.10), we have fs is strictly decreasing on [225, c0). It follows that from
f1(00) = f2(00) = 0, we have f; < 0on [2,00) and f > 0 on [225,00). Thus, (ay,),,~, is strictly
decreasing and (by,),,~ 405 is strictly increasing. This concludes the proof. O

We can get the asymptotic series of the sequence (g,,) , using the sequence (h,,)

I S S B
" 2 7 n—-2 n—-1 n

harmonic sum in terms of digamma function
1
I =W+E+¢(n),

with the digamma function defined by

¥(o) = 1 () = .

See, e.g., [1, p. 258, Rel. 6.3.2]. We have the following asymptotic expansion for the digamma
function ¢ that

o0

1 By,
= 1 _— =
v (@) =Inz 2z ; 2kax2k’

where B; is the jth Bernoulli numbers given by

We will demonstrate the following theorem related to the asymptotic expansion of ¢, :
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Theorem 2.3. We get the following asymptotic expansion of (g,,) as n — oo :

kl sz
n =" +12nn—1 Zk{?, 3 gkpak n%}‘

Proof. We get

1 1 5 1 . 1
w = hp——F-——-t——In(nd+=
q + + oo 3n(n +4)

1 5 1 1
= - 34 =
(AR vy T 3n<” +4)

1 5 1 1
v —lnt 50T 1, 3n< +4n5>
1 1 5 N By 1 1

— - -4 2 (14—

7+12(n—1) o " 12n ~ 2kn?F 3 < +4n3)

k 1

_ Boy,
- er12n n—1) Zk{?) 43k 2n2k}

Using the binomial theorem given in [8], we get
1 1 ! 1 1 1

2n(n—1) 1202 (1_1) 1202 1208 1207 1205

We get an explicite form as

(2.11) =v+ 11 + ! + 181 + ! +
' I =TT 12008 T 1205 T 201606 ' 1207
We notice that the three terms of the asymptotic series (2.11) were used for the estimate of ¢,,.

We give the table with the above sequences:

n ltn — 1l |sn — 1l 2 =7l |gn — |
250  1.30935 x 10717 4.26667 x 10712 2.25298 x 10~* 2.03175 x 1018
500 2.04586 x 107'? 2.66667 x 10713 7.07570 x 10716 3.1746 x 1072°
1000 3.19665 x 10721 1.66667 x 10~1* 2.21668 x 10~17  4.96032 x 10~22
10000 3.19665 x 10727 1.66667 x 10718  2.22167 x 10722 4.96032 x 10~28

50000 2.04586 x 10731 2.66667 x 10721 7.11076 x 10726  3.1746 x 1032

Using the values from the above table, we conclude the superiority of the sequence (¢,),,5 995

over Mortici’s sequence (t,),,59,5, Lu’s sequence (r3 2)n>225, Cristea and Mortici’s sequence

(sn)nzz%- g
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