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GREEN FUNCTION AND RESOLVENT OPERATOR OF A
SCHRÖDINGER EQUATION WITH GENERAL POINT

INTERACTION

EMEL YILDIRIM

Abstract. In this paper, we investigate the time independent Schrödinger
equation which has complex valued potential function under the general point
interaction. We construct Green function of this problem and we find the
resolvent of the problem in terms of Green function.

1. Introduction

In mathematics, a Green’s function is used to solve inhomogeneous differential
equations under various initial conditions or boundary conditions. The term is also
used in physics, quantum mechanics, engineering and quantum field theory to sig-
nify various types of correlation functions. It has been shown that should be taken
into consideration a perturbation series to an infinite in order to obtain a deep in-
sight not attainable by a finite-order treatment thanks to Green’s functions in many
quantum-mechanical applications. Therefore, these functions are very important in
many disciplines and much work has been done on this theory. Especially, Green’s
functions have been used in investigating the completeness property of the set of
eigenfunctions of self-adjoint operators and in proving the expansion theorem for
an arbitrary function in terms of the complete set obtained from a Sturm-Liouville
operator [9]. Also, it has been obtained by Sakurai that one of the easiest ways
to identify the peculiar feature of a particular quantum mechanics, which contrasts
with classical mechanics, is to convert the action integral for a classical motion
into the form involving the Green’s functions of the Schrödinger equation [15] . As
a result of these studies, many researchers have examined of Green’s functions of
Schrödinger equation with some initial conditions or boundary conditions [20, 16].
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The Green’s functions of the Schrödinger equation for the simplest quantum me-
chanical systems have been investigated in [7]. Sturm Liouville operator with eigen-
parameter dependent boundary conditions and transmission conditions at a finite
number of interior points have been studied and Green’s function has been obtained
for this problem in [12].
Additionally, differential equations with transmission condition has an impor-

tant role for many branches of sciences. In particularly, they are used in quantum
mechanics and atomic physics. Because some of them are considered to represent
many physical systems quantitatively. It is known that there are four parameters
point interactions that can be represent as self-adjoint extensions of the nonrela-
tivistic kinetic energy operator in one-dimensional quantum mechanics [10, 11]. For
the mathematical theory of differential equations with point interaction, we refer to
the monographs[4, 5]. In the literature, many various type of differential equations
have been investigated under the point interaction [1, 2, 3, 8, 14, 19]. In particular,
dissipative boundary value problems with point interaction have been studied in
[6, 17, 18].
In this paper, our aim is to find the Resolvent operator of the Schrödinger equa-

tion under general point interaction by constructing the Green function.

2. Some Properties of Solutions of the Schrödinger Equation on
Whole Axis

Let us consider the time independent Schrödinger equation

− ψ′′ (x) + q(x)ψ(x) = λ2ψ(x), x ∈ R\ {0} (1)

where λ is spectral parameter, q(x) is complex valued function. The equation (1)
has bounded solutions e±(x, λ) which they satisfy following limit conditions.

lim
x→±∞

ψ(x)e∓iλx = 1, λ ∈ C+ = {λ : λ ∈ C, Imλ ≥ 0} . (2)

The solutions e±(x, λ) are called Jost solution of equation (1) and they have the
following representations

e−(x, λ) = e−iλx +

x∫
−∞

K− (x, t) e−iλtdt, λ ∈ C+, −∞ < x < 0 (3)

e+(x, λ) = eiλx +

∞∫
x

K+ (x, t) eiλtdt, λ ∈ C+, 0 < x <∞

under the condition
∞∫
−∞

(1 + |x|) |q(x)| dx <∞. (4)
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K+ (x, t) and K− (x, t) are called Kernel functions and they are defined as follows.

K+ (x, t) =
1

2

∞∫
x+t
2

q(s)ds+
1

2

x+t
2∫
x

t−x+s∫
x+t−s

q(s)K+ (s, r) dsdr

+
1

2

∞∫
x+t
2

t−x+s∫
s

q(s)K+ (s, r) dsdr (5)

K− (x, t) =
1

2

x+t
2∫

−∞

q(s)ds+
1

2

x+t
2∫
x

t−x+s∫
x+t−s

q(s)K− (s, r) dsdr

+
1

2

x+t
2∫

−∞

t−x+s∫
s

q(s)K− (s, r) dsdr

Moreover, these functions are continuously differentiable with respect to their ar-
guments and satisfy the following inequalities:

∣∣K± (x, t)∣∣ ≤ cσ±
(
x+ t

2

)
∣∣∣∣K±x (x, t)± 14

∣∣∣∣q(x+ t2
)∣∣∣∣∣∣∣∣ ≤ cσ±

(
x+ t

2

)
(6)∣∣∣∣K±t (x, t)± 14

∣∣∣∣q(x+ t2
)∣∣∣∣∣∣∣∣ ≤ cσ±

(
x+ t

2

)
where

σ+ (t) =

∞∫
x

|q (t)| dt, σ− (t) =

x∫
−∞

|q (t)| dt

and c > 0 is a constant. Furthermore, ê±(x, λ) are unbounded solutions of equation
(1) which they satisfy

lim
x→±∞

ψ (x) e±iλx = 1 (7)

[13].
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3. Green Function of the Schrödinger Equation with General Point
Interaction

In this section, we shall construct Green function of the Schrödinger equation
(1) with the general point interaction(

ψ+ (0, λ)

ψ′+ (0, λ)

)
=

(
a b
c d

)(
ψ− (0, λ)

ψ′− (0, λ)

)
(8)

where a, b, c, d ∈ R and ad − bc 6= 0 and we shall find the Resolvent operator
of this problem. Green function of the problem (1)-(8) is a solution to following
non-homogeneous differential equation

− ψ′′ (x) + q(x)ψ(x)− λ2ψ(x) = f (x) , x ∈ R\ {0} (9)

To obtain the general solution of this equation, we need to find solutions of equation
(1). The two linear independent solutions of its can be given as:

U(x, λ) =

{
U+ (x, λ) , x > 0
U− (x, λ) , x < 0

=

{
e+ (x, λ) , x > 0

α (λ) e− (x, λ) + β (λ) ê−(x, λ), x < 0
, λ ∈ C (10)

V (x, λ) =

{
V+ (x, λ) , x > 0
V− (x, λ) , x < 0

=

{
α̂ (λ) e+ (x, λ) + β̂ (λ) ê+(x, λ), x < 0

e− (x, λ) , x < 0
, λ ∈ C (11)

where ê± (x, λ) are unbounded solutions and e± (x, λ) are bounded solutions of
equation (1). By using the solutions U(x, λ) and V (x, λ) and the condition (8), we
get

e+(0, λ) = aα (λ) e−(0, λ) + aβ (λ) ê−(0, λ)

+bα (λ) e′−(0, λ) + bβ (λ) ê
′
−(0, λ)

e′+(0, λ) = cα (λ) e−(0, λ) + cβ (λ) ê−(0, λ)

+dα (λ) e′−(0, λ) + dβ (λ) ê
′
−(0, λ)

α̂ (λ) e+(0, λ) + β̂ (λ) ê+(0, λ) = ae−(0, λ) + be
′
−(0, λ)

α̂ (λ) e′+(0, λ) + β̂ (λ) ê
′
+(0, λ) = ce−(0, λ) + de

′
−(0, λ).
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For these equations to be true, α (λ) , β (λ) , α̂ (λ) and β̂ (λ) must be as follows,
respectively.

α (λ) =
1

2iλ(ad− bc)

(
cê−(0, λ)e+(0, λ) + de+(0, λ)ê

′
−(0, λ)

−aê−(0, λ)e′+(0, λ)− be′+(0, λ)ê′−(0, λ)

)

β (λ) =
1

2iλ(ad− bc)

(
ae−(0, λ)e

′
+(0, λ) + be

′
−(0, λ)e

′
+(0, λ)

−ce−(0, λ)− de′−(0, λ)e+(0, λ)

)

α̂ (λ) =
1

2iλ

(
ae−(0, λ)ê

′
+(0, λ) + be

′
−(0, λ)ê

′
+(0, λ)

−ce−(0, λ)ê+(0, λ)− de′−(0, λ)ê+(0, λ)

)

β̂ (λ) =
1

2iλ

(
ce−(0, λ)e

′
+(0, λ)− de′−(0, λ)e+(0, λ)

−ae−(0, λ)e′+(0, λ) + be′−(0, λ)e′+(0, λ)

)
From these equations, it is seen that β̂ (λ) can be written in terms of β (λ) such
that

β̂ (λ) = (ad− bc)β (λ) . (12)

Moreover, since the linear combination of solutions of a differential equation is the
solution of this equation, the general solution of equation (1) can be given by using
solutions U(x, λ) and V (x, λ)

y (x, λ) =

{
y− (x, λ) , x < 0
y+ (x, λ) , x > 0

(13)

=

{
c1U− (x, λ) + c2V− (x, λ) , x < 0
d1U+ (x, λ) + d2V+ (x, λ) , x > 0

where c1, c2, d1 and d2 are constant. If we use the method of variation of
constants, we find the general solution of equation (9) in the form

ỹ (x, λ) =

{
ỹ− (x, λ) , x < 0
ỹ+ (x, λ) , x > 0

(14)

=

{
c1(x)U− (x, λ) + c2(x)V− (x, λ) , x < 0
d1(x)U+ (x, λ) + d2(x)V+ (x, λ) , x > 0

where c1 (x) , c2 (x) and d1 (x) , d2 (x) satisfy the following equation systems

c
′

1 (x)U− (x, λ) + c
′

2 (x)V− (x, λ) = 0

c
′

1 (x)U
′

− (x, λ) + c
′

2 (x)V
′

− (x, λ) = −f (x)
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and

d
′

1 (x)U+ (x, λ) + d
′

2 (x)V+ (x, λ) = 0

d
′

1 (x)U
′

+ (x, λ) + d
′

2 (x)V
′

+ (x, λ) = −f (x) .
When the Cramer Method’s is applied to these equations, the following equations

are obtained.

c
′

1 (x) =
V− (x, λ) f (x)

W [U− (x, λ) , V− (x, λ)]

c
′

2 (x) =
−U− (x, λ) f (x)

W [U− (x, λ) , V− (x, λ)]

d
′

1 (x) =
V+ (x, λ) f (x)

W [U+ (x, λ) , V+ (x, λ)]

d
′

2 (x) =
−U+ (x, λ) f (x)

W [U+ (x, λ) , V+ (x, λ)]

Considering that U+ (x, λ) and V+ (x, λ) are defined on (0,∞) and U− (x, λ) and
V− (x, λ) are defined on (−∞, 0), c1 (x) , c2 (x) , d1 (x) and d2 (x) can be expressed
by the following integral equations;

c1 (x) = α1 +

x∫
−∞

V− (t, λ) f (t)

W [U− (t, λ) , V− (t, λ)]
dt,

c2 (x) = α2 +

0∫
x

−U− (t, λ) f (t)
W [U− (t, λ) , V− (t, λ)]

dt ,

d1 (x) = α3 +

x∫
0

V+ (t, λ) f (t)

W [U+ (t, λ) , V+ (t, λ)]
dt,

d2 (x) = α4 +

∞∫
x

−U+ (t, λ) f (t)
W [U+ (t, λ) , V+ (t, λ)]

dt .

If we consider these equation in (14), the general solution of equation (9) can be
given as

ỹ− (x, λ) = α1U− (x, λ) + U− (x, λ)

x∫
−∞

V− (t, λ) f (t)

W [U− (t, λ) , V− (t, λ)]
dt

+α2V− (x, λ)− V− (x, λ)
0∫
x

U− (t, λ) f (t)

W [U− (t, λ) , V− (t, λ)]
dt.
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ỹ+ (x, λ) = α3U+ (x, λ) + U+ (x, λ)

x∫
0

V+ (t, λ) f (t)

W [U+ (t, λ) , V+ (t, λ)]
dt

+α4V+ (x, λ)− V+ (x, λ)
∞∫
x

U+ (t, λ) f (t)

W [U+ (t, λ) , V+ (t, λ)]
dt.

Since ỹ− (x, λ) ∈ L2 (−∞, 0) and ỹ+ (x, λ) ∈ L2 (0,∞), α1, α2, α3 and α4 must be
equal to zero. Therefore the general solution of non-homogeneous equation (9) has
the following form:

ỹ (x, λ) =



x∫
−∞

V− (t, λ)U− (x, λ) f (t)

W [U− (t, λ) , V− (t, λ)]
dt+

0∫
x

−U− (t, λ)V− (x, λ) f (t)
W [U− (t, λ) , V− (t, λ)]

dt, x < 0

x∫
0

V+ (t, λ)U+ (x, λ) f (t)

W [U+ (t, λ) , V+ (t, λ)]
dt+

∞∫
x

−U+ (t, λ)V+ (x, λ) f (t)
W [U+ (t, λ) , V+ (t, λ)]

dt, x > 0

Moreover, by using the representations of U (x, λ) and V (t, λ), this formula can
be rewritten in the form

ỹ (x, λ) = U (x, λ)

x∫
−∞

V (t, λ) f (t)

W [U (t, λ) , V (t, λ)]
dt− V (x, λ)

∞∫
x

U (t, λ) f (t)

W [U (t, λ) , V (t, λ)]
dt

(15)
Consequently, we can write the Green function of the problem (1)-(8).

G(x, t;λ) =


U (x, λ)V (t, λ)

W [U (x, λ) , V (x, λ)]
, −∞ < x ≤ t, x 6= t 6= 0

V (x, λ)U (t, λ)

W [U (x, λ) , V (x, λ)]
, x ≤ t <∞, x 6= t 6= 0

(16)

The Wronksian of the solutions U (x, λ) and V (x, λ) can be calculated easily by
using the definiton of them. For x>0,

W [U (x, λ) , V (x, λ)] =

∣∣∣∣∣ e+(x, λ) α̂ (λ) e+(x, λ) + β̂ (λ) ê+(x, λ)

e′+(x, λ) α̂ (λ) e′+(x, λ) + β̂ (λ) ê
′

+(x, λ)

∣∣∣∣∣ (17)

= α̂ (λ) e′+(x, λ)e+(x, λ) + β̂ (λ) ê
′

+(x, λ)e+(x, λ)

−α̂ (λ) e+(x, λ)e′+(x, λ)− β̂ (λ) ê+(x, λ)e′+(x, λ)

= β̂ (λ)
(
e+(x, λ)ê

′

+(x, λ)− ê+(x, λ)e′+(x, λ)
)

= −2iλβ̂ (λ)
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and for x<0,

W [U (x, λ) , V (x, λ)] =

∣∣∣∣ α (λ) e−(x, λ) + β (λ) ê−(x, λ), e−(x, λ)

α (λ) e′−(x, λ) + β (λ) ê
′

−(x, λ), e′−(x, λ)

∣∣∣∣
= α (λ) e−(x, λ)e

′
−(x, λ) + β (λ) ê−(x, λ)e

′
−(x, λ)

−α (λ) e′−(x, λ)e−(x, λ)− β (λ) ê
′

−(x, λ)e−(x, λ)

= −β (λ)
(
e−(x, λ)ê

′

−(x, λ)− ê−(x, λ)e′−(x, λ)
)

= −2iλβ (λ) .
In view of (12) and (17), the Wronskian can be arranged.

W [U (x, λ) , V (x, λ)] =

 −2iλ(ad− bc)β (λ) , x > 0

−2iλβ (λ) , x < 0
(18)

Consequently, the Resolvent operator of this problem can be given as follows.

Rλ (f) =

∞∫
−∞

G(x, t;λ)f (t) dt.
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