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Abstract: In this paper, we study skew constacyclic codes over the ring Z,R where R = Zq, + uZq, q = p°
for a prime p and u? = 0. We give the definition of these codes as subsets of the ring Z?RB. Some
structural properties of the skew polynomial ring R[x, ©] are discussed, where © is an automorphism
of R. We describe the generator polynomials of skew constacyclic codes over Zq R, also we determine
their minimal spanning sets and their sizes. Further, by using the Gray images of skew constacyclic
codes over ZqR we obtained some new linear codes over Z4. Finally, we have generalized these codes
to double skew constacyclic codes over ZqR.
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1. Introduction

Codes over finite rings have been known for several decades, but interest in these codes increased
substantially after the discovery that good non-linear binary codes can be constructed from codes over
rings. Several methods have been introduced to produce certain types of linear codes with good algebraic
structures and parameters. Cyclic codes and their various generalizations such as constacyclic codes and
quasi-cyclic (QC) codes have played a key role in this quest. One particularly useful generalization of
cyclic codes has been the class of quasi-twisted (QT) codes that produced hundreds of new codes with
best known parameters [4, 8, 9, 11, 12, 16, 17| recorded in the database [25]. Yet another generalization
of cyclic codes, called skew cyclic codes, were introduced in [15] and they have been the subject of an
increasing research activity over the past decade. This is due to their algebraic structure and their
applications to DNA codes and quantum codes [14, 19, 20]. Skew constacyclic codes over various rings
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have been studied in [1, 2, 5, 13, 21, 23, 26, 30, 32, 33] as a generalization of skew cyclic codes over
finite fields. Recently, P. Li et al. [28] gave the structure of (1 4+ u)-constacyclic codes over the ring
Z2Z2[u] and Aydogdu et al. [6] studied ZyZs[u]-cyclic and constacyclic codes. Further, Jitman et al. [27]
considered the structure of skew constacyclic codes over finite chain rings. More recently A. Sharma and
M. Bhaintwal studied skew cyclic codes over ring Z, + uZ4, where u? = 0.

The aim of this paper is to introduce and study skew constacyclic codes over the ring Zy(Zq + uZ),
where ¢ is a prime power and u? = 0. Some structural properties of the skew polynomial ring R[x, O] are
discussed, where O is an automorphism of R. We describe the generator polynomials of skew constacyclic
codes over R and Z,R. Using Gray images of skew constacyclic codes over Z,R we obtained some new
linear codes over Z4. Further, we generalize these codes to double skew constacyclic codes over Z,R.

The paper is organized as follows. We first give some basic results about the ring R = Z, + uZ,
where ¢ = p®, p is a prime and u? = 0, and linear codes over Z,R, we construct the non-commutative
ring R[z, ©], where the structure of this ring depends on the elements of the commutative ring R and an
automorphism © of R. We give some results on skew constacyclic codes over the ring R. In Section 3, we
study the algebraic structure of skew constacyclic codes over the ring Z,R, section 4 includes the work
on the generator polynomials of these codes, their minimal spanning sets and their sizes. In section 5,
we determine the Gray images of skew constacyclic codes over R and ZyR. These codes are then further
generalized to double skew constacyclic codes in the next section. Finally. In section 7, we use the Gray
images of skew constacyclic codes over Z, R to obtain some new linear codes over Zy.

2. Preliminaries

Let (o, §) denote n = o+ 23 where o and § are positive integers. Consider the ring R = Z, + uZg,
where ¢ = p®, p is a prime and u? = 0. The ring R is isomorphic to the quotient ring Z,[u]/ <u2>. The
ring R is not a chain ring, whereas it is a local ring with the maximal ideal (u,p). Each element r of R
can be expressed uniquely as

r = a + ub, where a,b € Z,.

2.1. Skew polynomial ring over R

In this subsection we construct the non-commutative ring Rz, ©]. The structure of this ring depends
on the elements of the commutative ring R and an automorphism © of R. Note that an automorphism
© in R must fix every element of Z,, hence it satisfies ©(a + ub) = a + 6(u)b. Therefore, it is determined
by its action on u. Let §(u) = k + ud, where k is a non-unit in Z,, k* = 0 mod ¢ and 2kd = 0 mod q.
Then,

O(a +ub) = a+ 6(u)b = (a + kb) + udb, (1)

for all a + ub € R. Further, let © an automorphism of R and let m be its order. The skew polynomial
ring R[x, O] is the set of polynomials over R in which the addition is defined as the usual addition of
polynomials and the multiplication is defined by the rule

za = O(a)x.

The multiplication is extended to all elements in R[z, ©] by associativity and distributivity. The ring
R[z,©)] is called a skew polynomial ring over R and an element in Rz, 0] is called a skew polynomial.
Further, an element g(z) € R[z, ©] is said to be a right divisor (resp. left divisor) of f(z) if there exists
q(z) € Rz, ©] such that

f(x) =q(@)g(z) (resp. f(z) =g(x)q(x)).
In this case, f(x) is called a left multiple (resp. right multiple) of g(z).
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Lemma 2.1. [31, Lemma 1] Let f(x), g(x) € R[z,©] be such that the leading coefficient of g(x) is a
unit. Then there exist q(x), r(x) € R[x, O] such that

f(x) = q(z)g(z) +r(z), where r(z) =0 or deg(r(z)) < deg(g(x)).
Definition 2.2. [31, Definition 3.2] A polynomial f(x) € R[x, O] is said to be a central polynomial if

f(@)r(z) = r(z)f(z)
for all r(z) € Rz, ©)].
Theorem 2.3. The center Z(R[z,0]) of Rlx,0] is R®[x™], where m is the order of © and R® is the
subring of R fized by ©.

Proof. We know R = Z, + uZ, is the fixed ring of ©. Since order of © is m, for any non-negative
integer 7, we have

m,mia _ (@m)i(a)xmi _ awmi
for all @ € R. It gives 2™ € Z(R][x,0)]), and hence all polynomials of the form
f=ao+a1z™ + agx®™ + - + qz'™

with a; € R are in the center.

Conversely, let f = fo+ fiz + fox®> + -+ + fra® € Z(R[z,©]) we have fr = zf which gives that all
fi are fixed by ©, so that f; € R. Further, choose a € R such that ©(a) # a. Then it follows from the
relation af = fa that f; = 0 for all indices 7 not divides m. Thus

(@) = ap + a12™ 4 agz®™ + - + qz'™ € R®[z™).
O

Corollary 2.4. Let f(x) = 2” — 1. Then f(x) € Z(R[x,0)) if and only if m | B. Further, 2” — \ €
Z(R[z,0)) if and only if m | B and X is fized by O.

2.2. Skew constacyclic codes over R

In this section we generalize the structure and properties from [31] to codes over Z, + uZ,. Hence
the proofs of many of the theorems will be omitted.

We start with some structural properties of R[z,©]/(z” — \). The Corollary 2.4, shows that the
polynomial (27 — \) is in the center Z(R[z,0]) of the ring R[z, O], hence generates a two-sided ideal if
and only if m | B and A is fixed by ©. Therefore, in this case R[z,©]/(z” — \) is a well-defined residue
class ring. If m { 3, then the quotient space R[x,©0]/(z”® — \) which is not necessarily a ring is a left
R[z, ©]-module with multiplication defined by

r(@)(f(x) + (&7 = X)) = r(@)f(2) + (&7 = N),
for any r(z), f(z) € Rz, ©].

Next we define the skew A—constacyclic codes over the ring R. A code of length 8 over R is a
nonempty subset of R?. A code C is said to be linear if it is a submodule of the R—module R”. In this
paper, all codes are assumed to be linear unless otherwise stated.

Given an automorphism © of R and a unit A in R, a code C' is said to be skew constacyclic, or
specifically, © — A—constacyclic if C' is closed under the ® — A\—constacyclic shift:

po.x: R’B — RB

o)
~
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defined by

p@7>\((a0, A1y..., aﬁ_l)) = (/\@((1/3_1), @(CLQ), ey @(ag_Q)). (2)

In particular, such codes are called skew cyclic and skew negacyclic codes when X is 1 and —1, respectively.

When © is the identity automorphism, he become classical constacyclic and we denote p) the constacyclic
shift.

In the rest of paper, we restrict our study to the case where the length 8 of codes is a multiple of
the order of © and \ is a unit in R®, where R® denotes the subring of R fixed by ©.

The proofs of the next theorems are analogous to the proofs of [31] given for the ring Z4 + uZy,
therefore we omit them.

Theorem 2.5. [31, Theorem 3] A code Cg of length 3 in Rg = R[z,0]/(zf —\) is a © — A\—constacyclic
code if and only if Cg is a left R[x, ©]—submodule of the left R[xz, ©]—module Rg.

Corollary 2.6. [31, Corollary 2] A code C of length 8 over R is © — A—constacyclic code if and only if
the skew polynomial representation of C' is a left ideal in R[z,©]/{x” — ).

The following theorem is the generalization of the Theorems 4 and 5 of [31].

Theorem 2.7. Let Cg be a skew contacyclic code of length 5 over R. Then, Cs is a free principally
generated skew constayclic code if and only if there exists a minimal degree polynomial gg(x) € Cp having
its leading coefficient a unit such that Cs = (gg(z)) and gs(x) | 2° — X\. Moreover, Cyg has a basis

{95(x), 2g3(), ..., 2P ~dealsa@) =1} and |Cy| = | R|P—destan(z)),

In this next, we study duals of © — A—constacyclic codes over R. Further, the Euclidean inner product
defined by

B—1
<UI7 w,> = Z U;wga
=0

for v" = (vg,vy,.. ., v5_ ) and W' = (wg, wi, ..., wh_,) in RP.
Definition 2.8. Let C3 be a © — A—constacyclic code of length B over R. Then its dual Cé‘ is defined as
Cy ={v' € R%; (v/,w') =0 for all w' € Cp}

Lemma 2.9. Let Cg be a code of length 8 over R, where 3 is a multiple of the order of the automorphism
© and A is fized by ©. Then Cg is © — A—constacyclic if and only if Cé‘ is © — A\~ —constacyclic. In

particular, if \> = 1, then Cp is © — A—constacyclic if and only if Cé- is © — A—constacyclic.

Proof. Note that, for each unit A in R, A € R® if and only if A=! € R®, since A € R®, so is A™!. Let
v = (vg,v1,...,05_1) € Cg and w' = (wg,wi,...,wh_,) € Cé be two arbitrary elements. Since Cjp is
© — A—constacyclic code,

P (v') = (0771 (), 071 (Ah), ..., 09 L (M), 0771 (1)) € C.
Then, we have
0 = <pg_)\1 (UI)7w/>
{ L0771 (), O (), O (0), (W w )
L0 (), ., O (v _y), O (AT ), (wg, - - ws_y))

p—1
= A @ﬂ_l()\_lv{))w%_l + '21 @ﬂ_l(v;)wg-_l
j:
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As B is a multiple of the order of © and A\~! is fixed by O, it follows that
B—1
0=0(0) = 6O T (A typ)wl_y + X O (W)w)_y)
j=1

B—1
= Mg\ wj_y) + 3 vjO(w)_y))
j=1
= Mper-1(w'),v").

This implies that, pg -1 (w') € C’é‘. In addition, assume that A2 = 1. Then A = A~!. Therefore Cgisa
O — A—constacyclic code.

The converse follows from the fact that (Cg )+ = Cs. O

3. ZyR—linear skew constacyclic codes

In this section, we study skew A—constacyclic codes over the ring Z,R.

We known that the ring Z, is a subring of the ring R. We construct the ring
ZsR ={(e,7); e € Zy,r € R}.

The ring Z4R is not an R—module under the operation of standard multiplication. To make Z,R an
R—module, we follow the approach in [2] and define the map

n:R—7Z,
a+ ub— a.

It is clear that the mapping 7 is a ring homomorphism. Now, for any d € R, we define the multiplication
* by

dx* (e,r) = (n(d)e,dr).

This multiplication can be naturally generalized to the ring Z;“RB as follows.
For any d € R and v = (eg, €1,...,€0-1,70,T1,---,73-1) € Zg‘RB define

dv = (n(d)eg,n(d)ex, ... ,n(d)eq—1,dro,dr1, ... ,drg_1),

where (eg,€1,...,€q—1) € Zy and (ro,71,...,75-1) € RA.
The following results are analogous to the ones obtained in [2, 5] for the ring Zo(Zs + uZs).

Lemma 3.1. The ring Z;“Rﬂ is an R-module under the above definition.

The above Lemma allows us to give the next definition.
Definition 3.2. A non-empty subset C of anR'B is called o ZgR-linear code if it is an R—submodule of
7o RP.
q

We note that the ring R is isomorphic to Z, as an additive group. Hence, for some positive integers
ko, k1 and ko, any ZgR-linear code C' is isomorphic to a group of the form

ko 2k21 k}g
Zq X Zq X Zq .

Definition 3.3. If C' C Z;‘RB is a ZqR-linear code, group isomorphic to Z’;” X ngl X Z’;Z, then C is
called a ZqyR-additive code of type («, B, ko, k1, k2), where ko, ki, and ko are as defined above.
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The following results and definitions are analogous to the ones obtained in [6].

Let C be a ZgR-linear code and let C,, (respectively Cjg) be the canonical projection of C' on the
first a (respectively on the last ) coordinates. Since the canonical projection is a linear map, C, and
Cjs are linear codes over Z, and over R of length o and §3, respectively. A code C is called separable if
C is the direct product of C, and Cj, i.e.,

C = Ca X Cﬂ.
We introduce an inner product on ZZ‘Rﬂ. For any two vectors

_ / / _ / / o
V= (00, ,Va—1,V0;-->V5_1), W= (Wo, ..., Wa—1,Wp, .-, Ws_1) € ZLg x RS

let

a—1 Bs—1

(v,w) =u Z viw; + Z 010,

i=0 §=0

Let C be a ZyR-linear code. The dual of C is defined by
Ct={weZ xR’ (v,w) =0, e C}.
If C = C, x Cjp is separable, then
CH=Cy xCy. (3)

Now we are ready to define the skew constacyclic codes over Zg‘Rﬁ . We start by the following Lemma.

Lemma 3.4. Let R = Z, + uZq, where Zq 1s a subring of R. Then an element X\ is unit in R if and only
if n(A) is unit in Z,.

Proof. Assume that X is unit in R; where A = A\; + uAg and Ay, A2 € Zg, then we have Av =v.A =1
and since 7 is a ring homomorphism, then we have n(A.v) = n(v.A) = n(1) thus n(A).v" = v'.n(A\) =1
which means that n(\) is unit in Z,, where v’ = n(v) € Zq.

Conversely, suppose that n(A) = Ay is unit in Z, we should prove that A\ = A\ + Ay is unit in
R. The fact that X is unit in R means that AA~! = 1, therefore AA™! = (A1 + uda)(A1 + ud2) ™! =

(A1 4 ud) AT+ uds) = MAT +u(AAT! 4 A1 As), then we denote A3 = **;?1_1 = —X2(A71)? and since

A1 is unit in Zg, then )\1)\1_1 = 1 which implies that A.A~! =1, so X is unit in R. O

Definition 3.5. Let © be an automorphism of R. A linear code C' over Z;‘RB is called skew constacyclic
code if C satisfies the following two conditions.

(i) C is an R—submodule of ZSRP,
(i1)
(n(N)O(ea=1),0(ep),...,0(eq—2), A\O(rg_1),0(r¢),...,0(rg_2)) € C
whenever

(60,61,...,ea_l,’f‘o,Tl,...,Tg_l) eC

Remark 3.6. O(e;) =e; for0<i<a—1, as e; € Zy (the fized ring of ©).
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In polynomial representation, each codeword ¢ = (eg,e1,...,€q—1,70,71,---,73—1) of a skew consta-
cyclic code can be represented by a pair of polynomials

cz)=(eot+ex+ - +es 12 Lrg+ma+-+rgaf )
= (e(x),r(x)) € Zglx]/ (@™ —n(N)) x Rz, 0]/(z” = A).

Let h(x) = ho+hiz+- - +hiat € R [z,0] and let (f(x), g(x)) € Zg[x]/{x* —n(N\)) x Rz, ©]/(x® — ).
The multiplication is defined by the basic rule

h(z)(f(x),g9(x)) = (n(h(z)) f(z), h(z)g(x)),
where n(h(z)) = n(ho) + n(h1)x + - - - + n(hy)z".

Lemma 3.7. A code C of length (o, B) over ZyR is a © — A—constacyclic code if and only if C is left
Rz, ©]—submodule of Z,[x]/{z* — n(\)) x R[z,0]/(x® — \).

Proof. Assume that C is a skew constacyclic code and let ¢ € C. We denote by ¢(x) = (e(z), r(x)) the
associated polynomial of ¢. As xc(x) is a skew constacyclic shift of ¢, x¢(x) € C. Then, by linearity of C,
r(z)c(z) € C for any r(x) € Rz, O]. Thus C is left R[z, ©]—submodule of Z,[z]/{z*—n()\)) x Rz, ©] /(x® —
A). Conversely, suppose that C is a left R[z, ©]—submodule of Z,[z]/(z® —n()\)) x R[z,0]/(z” — \), then
we have that zc(z) € C. Thus, C is a © — A—constacyclic code.

The converse is straightforward. O

Theorem 3.8. Let C be a linear code over ZyR of length (o, 8), and let C = Cy, x Cg, where Cy, is linear
code over Zq of length oo and Cg s linear code over R of length 3. Then C' is a skew A—constacyclic code
if and only if Cy is a n(X)—constacyclic code over Z, and Cg is a skew A—constacyclic code over R.

Proof. Let (e, e1,...,eq—1) € Cy andlet (r,71,...,75-1) € Cg. If C = C, x Cp is a skew constacyclic
code, then

(n(A)O(ea=1),0(eg), ..., 0(ea—2), AO(15-1),O(rg),...,0(rg—2)) € C,
which implies that

(n(N)O(ea=1),0(eq),--.,0(ea—2)) € Cy
as O is fixed by Z,, then
(M(A\)ea—1,€0;---,€a—2) € Cy
and
(AO(rp-1),0O(10),...,0(rg_2)) € Cp.

Hence, C, is a constacyclic code over Z, and Cp is a © — A—constacyclic code over R.

On the other hand, suppose that C, is a constacyclic code over Z, and Cj3 is a © — A—constacyclic
code over R. Note that

(n(N)ea—1,€0,---,a—2) € Cq
and
(AO(rg—1),0(ro),...,0(rg_2)) € Cs.
Since C' = C,, x Cp and O(e;) = e;, then
(M(A)O(ea=1),0(eo), ..., 0(ea—2), AO(rg-1),O(rg),...,0(rg—2)) € C,

so C is a skew constacyclic code over Z,R. O

91
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Corollary 3.9. Let C' = C, x Cg be a skew A—constacyclic code over ZyR, where 8 is a multiple of the
order © and A\~ is fived by ©. Then the dual code C+ = C- x C’é of C is a skew \~!-constacyclic code
over ZqR.

Proof. From Equation (3), we have C+ = OF x C’f;. Clearly, if C, is a constacyclic code over Z,
then C is also a constacyclic code over Z,. Moreover, from Lemma (2.9), we have C’é is a skew
A—constacyclic code over R. Hence the dual code C* is skew A~!—constacyclic over Z,R. O

4. The generators and the spanning sets for Z,R—skew consta-
cyclic codes

In this section, we find a set of generators for Z,R—skew constacyclic codes as a left
R[x, ©]—submodules of Z,[z](z® — n()\)) x R[z,0]/(z” — \). Let C be a Z,R—skew constacyclic codes,
C and R[z,0]/(z® — \) are R[x,©]—modules and w define the following mapping:

U :C — R[z,0]/(x" - \)
where
U(f1(x), f2(7)) = fo(m).

It is clear that ¥ is a module homomorphism whose image is a R[z, ©]—submodule of R[x,0]/(z” — \)
and ker (%) is a submodule of C.

Proposition 4.1. Let C be a skew constacyclic code of length n over ZqR. Then
C = {((f(),0), (l(x), a(x) + ug(z))),
where f(x) ] (z* —n(X)) and g(z) | a(z) | (2 = N).

Proof. Assume that g is a positive integer coprime to the characteristic of R, by similarly theory of
cyclic codes over ZoZy (see. [3]) we have that

U(C) = (a(x) + ug(x)) with a(z), g(z) € R[z,0] and g(z) | a(z) | (27 = \).
Note that:
ker(W) = {(f(x),0) € C: f(x) € Zg[z]/(z™ = n(N)}.
Define the set I to be
I'={f(z) € Zg[z]/{x® = n(N)) : (f(2),0) € ker(¥)}.

Clearly, I is an ideal of Z,[z]/(xz® — n(A)). Therefore, there exist a polynomial f(x) € Z4[z]/(z* — n(N)),
such that I = (f(z)). Now, for any element (c1(z),0) € ker(¥), we have ¢i1(xz) € I = (f(x)) and
there exists some polynomials m(z) € Z,[x]/(x™ — n(\)) such that ¢;(xz) = m(z)f(x). Thus (c1(z),0) =
m(z) * (f(z),0), which implies that ker(¥) is a left submodule of C' generated by one element of the form
(f(x),0) where f(z) | (z* —n(\)). Thus, by the first isomorphism theorem, we have

C/ker(¥) = (a(z) + ug(x)).
Let (I(x),a(x) + ug(z)) € C, with

(), a(x) + ug(z)) = {a(z) + ug(z))).
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Then any Z,R—skew constacyclic code of length («, 3) can be generated as left R[z,®]—submodule of
Zylz]/(x* —n(\)) x R[z,0]/(zP — \) by two elements of the form (f(x),0) and (I(z),a(z) + ug(z)), in
other word, any element in the code C can be described as

di(z) * (f(x),0) + da(z) * (I(x), a(z) + ug(x)),

where d;(z) and da(z) are polynomials in the ring Rz, ©]. In fact, the element d;(z) can be restricted
to be an element in the ring Z,[x]. We will write this as:

C = {(f(2),0), (l(x), a(x) + ug(x))),
where, f(z) | (z® —n()\)) and g(z) | a(z) | (z® = N). O

)
Lemma 4.2. If C = ((f(2),0), ((z),a(z) + ug(x))) is a ZyR—skew constacyclic code, then we may
assume that deg (I(z)) < deg (f(z)).

Proof. Suppose that deg (I(x)) > deg (f(x)) with deg (I(x)) = 4. Consider an other Z,R—skew con-
stacyclic code of length («, 8) with generators of the form

D = {(f(x),0), (i(z), a(z) + ug(x)) + z* * (f(x),0))
= ((f(2),0), (l(z) + 2" f(x), a(z) + ug(x)))-

Clearly, D C C. However, we also have that:
(Ux), a(z) + ug(x)) = (I(z) + 2" f(2), a(z) + ug(z)) — 2" = (f(2),0),
which implies that (I(x), a(x) + ug(z)) € C. Therefore, C C D implying C' = D. O

Lemma 4.3. If C = ((f(2),0), ({(z),a(z) + ug(x))) is a ZyR—skew constacyclic code, then we may
assume that f(x) z® )‘l( ).

Proof. Smce =24 (I(z), a(z)+ug(z)) = (

g( )
Therefore, (£=21(z),0) € ker(¥) C C and f(

g(w)

Ai(x),0), it follow that U(Z=x(I(z), a(z)+ug(x))) = 0.
|<‘ =2)i(x).

The above Lemma shows that if the ZqR—skeW constacyclic code C has only one generator of the

form C = (I(z), a(z) + ug(z)) then, (z* —n(X)) | £ (;))‘l( x) with g(x) | a(x) | (#® — X). Thus from this

discussion and Lemma 4.2 and 4.3, we have the following results.

Theorem 4.4. Let C be a skew constacyclic code of length n over ZqR. Then C can be identified uniquely
as

C = ((f(z),0), ((z), a(x) + ug(x))),
where f(x) | (z* —n(A 2 and g(x) | a(z) | (2 — N). and [(x) is a skew polynomial satisfying deg (I(z)) <
deg (f(x)) and f(x) | £ (@).

Proof. Following from Proposition 4.1, Lemma 4.2 and 4.3, we can easily see that C' = ((f(x),0), (I(x),
a(x) + ug(x))),where the polynomials f(x),l(x),a(x) and g(x) are stated in the theorem. Now, we will
prove the uniqueness of the generators. Since (f(x)) and (a(z) + ug(x)) are skew constacyclic codes over
Z4 and R respectively, then, the skew polynomials f(x),a(z) and g(x) are unique. Now, suppose that

C = ((f(2),0), (h(x), a(z) + ug(z)))
= ((f(2),0), (la(2), a(x) + ug(x))),

93
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then, we have

which implies that

h(z) —la(z) = f(2)j (@),

for some skew polynomial j(z), and since deg (I;(x) — l2(z)) < deg (I1(x)) < deg (f(x)) then j(z) =0
and Iy (z) = la(z). O

Definition 4.5. Let A be an R—module. A linearly independent subset B of A that spans A is called a
basis of A. If an R—module has a basis, then it is called a free R—module.

Note that if C' is a Z;R—skew constacyclic code of the form

C = ((f(x),0), (I(z), a(z) + ug(z))),

with g(z) # 0, then C is a free R—module. If C is not of this form then it is not a free R—module. But
we still present a minimal spanning set for the code. The following theorem gives us a spanning minimal
set for Z,R—skew constacyclic codes.

Theorem 4.6. Let C be a skew constacyclic code of length n over ZyR, where f(x),

l(x),a(x) and g(x)
are as in Theorem 4.4 and f(z)hs(x) = 2% — n(A), a(z)he(x) = 2% — X, a(z) = g(z)m(z

). Let

deg (hy)—1

Si= U o'+ (f@).0)),

1=0

deg (hg)—1
So= |J o' *(U(2),a(x) + ug(w))},
=0
and
deg (m)—1 4
Se= | &' (n(ha(2)l(2), uha(2)g(x))}.

=0

Then

S =5US8USs,

forms a minimal spanning set for C and C has g9 (hs) g2ded (ha) gdeg (M) codewords.

Proof. Let C(x) = 1(d())(f(2),0) + e(z)(I(z), a(z) + ug(x)) € Zy[z]/(x* = n(N)) x Rlz,0]/(z" - \)

be a codeword in C where d(x) and e(x) are skew polynomials in R[z,0]. Now, if deg (n(d(x))) <

deg (hy(x)) — 1, then n(d(x))(f(x),0) € Span(Si). Otherwise, by using right division algorithm we have
n(d(x)) = hy(@)n(qu()) +n(ri(z)),

where ¢1(x),71(x) € R[z,©] and n(ri(z)) = 0 or deg (n(r1(z))) < deg (hy(z)) — 1. Therefore,

n(d(@))(f(2),0) = (hy(@)n(q(x)) + n(r1(2)))(f(2),0)

= n(ri(x))(f(2),0).
Hence, we can assume that n(d(z))(f(z),0) € Span(S;).
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Now, if deg (n(e(z))) < deg (ha(z)) — 1, then n(e(z))((z), a(x
again by the right division algorithm, we get polynomials ¢o(z) and

e(x) = q2(v)ha(x) + r2(2),
where ro(z) = 0 or deg (rz2(x)) < deg (hq(z)) — 1. So, we have
e(@)(U(x), a(z) + ug(x)) = (q2(x)ha(z) + r2(2)) (1), a(z) + ug(z))

= q2(x)(n(ha(2))l(2), uha(z)g(x)) + r2(2)(I(2), alz) + ug(x)).

Sincgdrg(x) = 0 or deg (ro(x)) < deg (he(x)) — 1, then ro(x)(l(x),a(x) + ug(x)) € Span(Ss). Let us

) + ug(z)) € Span(Sz). Otherwise,
ro(x) such that:

22(2)(n(ha(2))l(z), uha(x)g(x)) € Span(S),
we know that 27 — A = a(x)h.(x) = g(z)m(x)he(x) and also we have f(z) | 27 =X Al(z). Therefore,

g(x)
Z5M(@) = f(2)k(x). Again, if deg (g2(7)) < deg (m(x)) — 1 then ga()(n(ha(2))l(x), uha(x)g(x)) €
Span(Ss). Otherwise, ¢a2(z) = >‘ qg(m) r3(z) with r3(z) =0 or deg (r3(z)) < deg (m(x)) — 1. So,

2() (n(ha(2))l(z), uha(2)g())

P — A P — )\
= <MQ3(I)U(ha(93))l(I), WQS(I)Uha(x)g(m)>
+73(x)(n(ha(2))l(2), uha(z)g(z))

P — A
_ (ha B @) o) T ra(@) (e (2)1(2), uha(2)g ().

Since £ (I) Al(z) = f(z)k(z), then (%qg(x)n(ha(m))l(x)ﬁ) € Span(S1) and hence
r3(2) (n(ha(x))l(2), uha(x)g(x)) € Span(Ss).
Consequently, S = 57 U Sy U S3 forms a minimal spanning set for C. O

5. Gray images of skew constacyclic codes over Z R

In this section, we define a Gray map on Z,R, and then extend it to ZgRB . We discuss the Gray
images of Z,R—skew constacyclic codes where A is fixed by ©. We start by recall some results which we
will need its in the next.

From [24, Definition 2] we have the following definition

Definition 5.1. Let Cs be a linear code over R of length § = N{ and let A be unit in R. If for any
codeword

€0,0,€0,15---5,€0—1,€1,0,C1,15---5C1 0—15---, c Cﬁ
CN—1,0)CN—1,15-+-,CN—1,6—1 ’
then

AO(en-1,0); AO(en=1,1);---, AO(eN-1,0-1),O(c0,0),O(c0,1),---,O(co,0=1);-- -, cC
O(cn-2,0),0(cN-2,1)s-.-,O(cN-2,-1) A

Then we say that Cg is a © — A—quasi-twisted code of length 3. If € is the least positive integer satisfies
that 8 = N, then Cg is said to be a © — A—quasi-twisted code with index {. Furthermore, if © is the
identity map, we call Cg o quasi-twisted code of index | over R.
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According to [31], we define a Gray map ¢ over R by

¢: R® — 72
¢(a +ub) = (b,a+b),

where a,b € Zqﬁ
Furthermore, for r = a + ub € R, we define a map
®:ZyR — L]
by
Dle,r) = (e,0(r)) = (e,b,a+b)
and it can be extended componentwise Zg‘R’B to Zy as
D(eg,€1,--.5€0-1,T0,T1,---,75-1) = (€0, €1,...,a—1,0(T0), d(r1),...,d(rg—1)),

for all (eg,e1,...,eq-1) € Zg and (ro,r1,...,75-1) € RP, where n = o + 26. ® is known as the Gray
map on Z;"Rﬂ.

Let a € Z2F with a = (ag,a1) = (a9 | W), oV € ZF, for i = 0,1. Let ¢®? be a map from Z2* to
2 .
Zqﬁ given by
09%(a) = (oa(a!”) | oa(a)),
where o) is a constacyclic shift from Zg to Zg given by
J)\(a(i)) = ()\ai’ﬁ_l, a0 a(i’B_Q)),

for every a(® = (a9 oV .. a1 where a(*9) € Z,, for j = 0,1,...,3 — 1. A linear code Cj of
length 23 over Z, is said to be a quasi-twisted of index 2 if 0®?(Cj) = Cj.

In addition, for each © € Aut(R), let Tg : R® — R” be a linear transformation given by
T@(a(), aj ... 70,571) = ((9(0,0)7 @(al) ey 6(@5,1)).
Remark 5.2. Cg is a skew constacyclic code if and only if Te o px(C) = Cjs.

Proposition 5.3. With the previous notation, we have Tg o ¢ o py = %2 0 ¢.

Proof. Let r; = a; + ub; be the elements of R for ¢ = 0,1,...,8 — 1, we have px(ro,r1,...,78-1) =
(Arg_1,70,71,-..,73—2). If we apply ¢, we have

d(pa(r)) = ¢(Arg—1,70, ..., T5-2)

= ()\bﬂ_h bo, ceey bﬁ_g, )\(ag_l =+ bﬂ_l), ag + bo, c,a8-2 + bB_Q).
where ¢;(r) = (b;, a; + ub;), now we apply To in the above equation we get,
To o ¢(pa(r)) = Te(Abg—1,bo, - - ., bg—2, A(ag—1 + bg—1),a0 + bo, . .. ,ag—2 + bg—_2)
_ ( ©(Abs-1),0(bo), ..., O(bg—2), AO(ag—1 + bs-1),
@(ao—‘rbo),...,@(agfg +bﬁ,2) ’

since A is fixed by © and by (1), for any a € Z,, we have ©(a) = a. So, we have

_ )\bﬁ—lybOa"'ab,@—27)‘(aB—1 +bﬂ—1)7
T@OQ/)OPA(T)* < (ao+bo),...,(a,3_2—|—b@_2) .
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For the other direction,

0’®2(¢(7’)) = 0’®2(b()7 bi,... ,b[-},hao +bg,a1 + by, .. ,a3-1 + bgfl)
_ )\bﬁfl,bo,...,bﬂ727)\(aﬁ71 —l—bﬁ,l),
(a0 +bo), ..., (ag—2 +bg—2) ’

and the result follows. O

As a consequence of the above Proposition, we have the following theorem.

Theorem 5.4. Let Cg be a code of length § over R. Then Cg is a skew A—constacyclic code of length
B over R if and only if $(Cp) is a quasi-twisted code of length 23 over Z, of index 2.

Proof. The necessary part follows from Proposition 5.3, i.e.,

%% 0 ¢(Cp) = To 0 ¢ 0 pr(Cp) = ¢(Cp).

For the sufficient part, assume that ¢(Cj3) is a quasi-twisted code of index 2, then

$(Cp) = 0?0 ¢(Cs) = To 0 ¢ 0 pr(Cp).
The injectivity of ¢ implies that T (pr(Cp)) = Cp, i.e., Cs is a skew constacyclic code over R. O
Theorem 5.5. Let C = C, x Cg be © — A—constacyclic code of length n = « + 28 over Zg[z]/{x* —
n(A) x Rlz, ©]/(z” — A).
(i) If a« = B, then ®(C) is a quasi-twisted code of index 3 and length 3c.
(i1) If a # B and X =1, then ®(C) is a generalized quasi cyclic code of index 3.

Proof. Assume that C' = C, x Cg is a skew A—constacyclic code over Z;R then by Theorem 3.8, we
have that C, is a constacyclic codes over Z, and Cpg is skew constacyclic codes over R. Further, from
Theorem 5.4, we have that, if Cg is skew constacyclic code over R then ¢(Cj) is a quasi twisted code of
length 23 over Z, of index 2. Which implies that

<I>(e 7’) _ )\604,1,60,...,GQ,Q,)\bﬁfl,bo,...,bQ,Q,
’ Mag-1+bg-1), (a0 +bo),...,(ap-2+bs-2) )’

for any (e, e1,...,€q—1,70,71,...,73—1) € C. Therefore,

1. if & = 3, then ®(C) is a quasi-twisted code of length 3o over Z, of index 3.

2. if @ # B and A = 1, then according to [22], ®(C) is a generalized quasi-cyclic code of index 3.

6. Double skew constacyclic codes over Z,R

In this subsection, we study double skew constacyclic codes over Z,R. Let 11 = 0'4+2B and i = &4—23
be integers such that n = 7 4+ n. We consider a partition of the set of the n coordinates into two subsets

of 7 and 7 coordinates, respectively, so that C' is a subset of ZS‘RB X Zg‘RB .

Definition 6.1. A linear code C' of length n over Z4R is called a double skew constacyclic code if C
satisfies the following conditions.
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(1) C is an R—submodule of Zq‘”‘iRB-ﬁ-ﬁ.

(’LZ) (n()‘)@(éd—l)a G(éO)a ) @(éd—Z)a A@(fﬂfl)’ 6(7:0)7 LR G(fﬁ72) |

NNOE;_1),0(b), .-, O(4_,), AO(F;_).O(Fo),....O(F;_,)) € C.

whenever

,
7

(éO»'“;édfl;";Ow"va_l | éo""’eoi—l’fO""’fé,l) e C.
Remark 6.2. O(¢;) =¢; and 6(62) =4 for0<i<a-—1, as éi,éi € Zq (the fized ring of ©).

Denote by %aﬂaﬁ the ring:

Zylz)/(@% — n(\)) x Rlz,0]/(z? — A) x Z,[a] /(& — n(\)) x Rlz,0]/(zf — A).

In polynomial representation, each codeword

’
7

c= (607617"'16027177.07"'7T/§_1 | 6()7617"'76&_177'0’"'77.’3;71)

of a skew constacyclic code can be represented by four polynomials

. , , $—1
o térx+--+és12%

Fo a4 oo 2P .
)= | i gt a it gir | = () | da) ) €
. B

Y

7‘0+7‘1x+-~-+7‘ﬁ: 1.’[:6_1

Let
h(z) = ho + hiz + -+ hya' € R [, 0]

and let
(), () | Flo) g €, . o

3

We define the multiplication of h(x) and (f(x), () | f(:r), §(z)) by

h@)(f(x), d(x) | F(2),4(2) = (h(@) f@), hz)d(@) | n(h@) f(@), h(@)§(z)),

where n(h(x)) = n(ho) + n(h1)z + - - + n(h)z'. This gives us the following Theorem. But before that,
we need to give the following Remark.

Remark 6.3. If c(z) = (é(z),7(z) | é(x),7(x)) represents the code word c, then mc(x) represents the
nn—skew constacyclic shift of c.

Theorem 6.4. A linear code C' is a double skew constacyclic code if and only if it is a left R[x, ©]—sub

-module of the left-module iRd 844"

Proof. Assume that C' is a double skew constacyclic code. Let ¢ € C, and let the associated polynomial
of ¢be ¢(x) = (é(x),7(x) | é(x),7(x)). Since xc(x) is an fin—skew constacyclic shift of ¢. (See Remark 6.3),

then zc(z) € C. Further, by the linearity of C, it follows that h(z)c(z) € C, for any h(xz) € Rz, ©)].

Therefore C' is a left R[z, ©]—submodule of R, 5Gf Converse is straightforward. O
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7. New linear codes over Zy4

Codes over Z4, sometimes called quaternary codes as well, have a special place in coding theory.
Due to their importance, a database of quaternary codes was introduced in [7] and it is available online
[18]. Hence we consider the case ¢ = 4 to possibly obtain quaternary codes with good parameters. We
conducted a computer search using Magma software [29] to find skew cyclic codes over Z4(Z4 + uZ4)
whose Gray images are quaternary linear codes with better parameters than the currently best known
codes. We have found ten such codes which are listed in the table below.

The automorphism of R = Z4 + uZ4 that we used is O(a + bu) = a + 3bu = a — bu. In addition to
the Gray map given in Section 4.1, there are many other possible linear maps from Z, + uZ4 to Z for
various values of . For example, the following map was used in [10]| a + bu — (b, 2a + 3b,a + 3b) which
triples the length of the code. We used both of these Gray maps in our computations, and obtained new
codes from each map.

We first chose a cyclic code C, over Z, generated by g.(z). The coefficients of this polynomial is
given in ascending order of the terms in the table. Therefore, the entry 31212201, for example, represents
the polynomial 3 + = + 222 + 23 + 22* + 22° + 27. Then we searched for divisors of 7 — 1 in the skew
polynomial ring R[z, ©] where R = Zy + uZ, and O(a + bu) = a — bu. For each such divisor gg(z) we
constructed the skew cyclic code over ZyR generated by (g (z),g9s(z)) and its Z4-images under each
Gray map described above. As a result of the search, we obtained ten new linear codes over Z,. They
are now added to the database ([18]) of quaternary codes. In the table below, which Gray map is used
to obtain each new code is not explicitly stated, but it can be inferred from the values of «, 8 and n, the
length of the Z4 image. If n = a + 2/, then it is the map given in section 4.1 and if n = a + 35 it is the
map described in this section. For example, the second code in the table has length 57 = 15 + 3 - 14.
This means that the Gray map that triples the length of a code over R is used to obtain this code.

When 2z — 1 = g(z)h(z) we can use either the generator polynomial g(x) or the parity check
polynomial h(z) to define the skew cyclic code over R. For the codes given in the table below we used
the parity check polynomial because it has smaller degree. In general a linear code C over Z4 has
parameters [n, 4k12k2], and when ko = 0, C is a free code. In this case C has a basis with k vectors just
like a linear code over a field. All of the codes in the table below are free codes, hence we will simply
denote their parameters by [n, k, d] where d is the Lee weight over Z,.

Our computational results suggest that considering skew cyclic and skew constacyclic codes over
Zy(Zg + uZy) is promising to obtain codes with good parameters over Z,.

Table 1. New quaternary codes

al| B ga g3 Z4 Parameters
15| 14 | 31212201 o+ (u+ D2 + 22 + Bu+2)z +3u+3 [43,8, 26]
15| 14 | 31212201 o+ (u+ D)2 + 22 + Bu+2)z +3u+3 [57,8, 38]
15| 14 3021310231 2% 4 2uz® + (3u+ 3)z + 2u+3 [43, 6, 30]
15| 14 [3021310231 2% 4 32% + (Bu+ 2)x + 1 [57,6,42]
7114 3121 24+ Bu+3)2® + 322 + (u+2)x +3u+3 (35,8, 20
71|14 3121 |2* 4+ (u+3)2®* + (u+ D2® + (u+2)z +3u+3 49,8, 32
714 12311 2% + (2u+ 1)2® + 3uz 4+ 3u + 3 [35,6,22]
7114 | 12311 23+ 2u+1)2® +uz +u+1 35, 6,24]
7014| 12311 22 +ur? + Bu+3)x+1 [49, 6, 35]
7114 | 12311 B4+ (w2 +r+1 49, 6, 36]
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