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Abstract

The basic goal is to investigate general convexity of multidimensional functions and derive several important
inequalities associated with it’s in this paper. For this reason, multidimensional general convex functions were firstly
defined. Afterwards, some properties of these functions were mentioned. Accordingly, the relation of multidimensional
general convex functions with other convex functions was established. Additionally, a generalization of Hermite-
Hadamard type integral inequality was showed for two-dimensional general convex functions. Finally, Hermite-
Hadamard type integral inequality for multidimensional general convex functions was verified and an explanatory
example for this inequality was given in this study.
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Oz

Bu makalede temel amag, ¢ok boyutlu fonksiyonlarin genellestirilmis konveksligini incelemek ve onunla ilgili bazi
onemli esitsizlikler elde etmektir. Bu nedenle ilk olarak ¢ok boyutlu genellestirilmis konveks fonksiyonlar
tammlanmistir. Devaminda bu fonksiyonlarin bazi ézelliklerinden bahsedilmistir. Buna bagh olarak, ¢ok boyutlu
genellestirilmis konveks fonksiyonlar ile diger konveks fonksiyonlarn iligkisi kurulmustur. Ek olarak, iki boyutlu
genellestirilmis konveks fonksiyonlar icin Hermite-Hadamard tipli integral esitsizligi genellestirilmistir. Son olarak bu
calismada, ¢ok boyutlu genellestirilmis konveks i¢cin Hermite-Hadamard tipli integral esitsizligi elde edilmis ve bu
esitsizligi agiklayict bir 6rnek verilmigtir.
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1. Introduction

In the literature, Hermite-Hadamard type integral inequality for convex functions is known as the following
inequality (Hadamard, 1893):

1 S
f<t-gs)§;ft f(x)dxsf(t);f(s).

In this context, many researchers studied on Hermite-Hadamard type integral inequality for ¢- convex
functions (general convex functions) in literature (Martinez-Legaz and Singer, 1998; Syau and Lee, 2005;
Dragomir, 2015; Shaikh et al., 2018; etc.).

For example, E-convexity is defined such that a function f: R™ — R is said to be E-convex on a set M c R™
iff there is a map E: R™ —» R™ such that M is an E-convex set and

FQE@) + 1 -DEP) < Af(E@) + 1 - Df(EB))

for each o, € M and A € [0,1] (Youness, 1999). Youness’s definition is introduced such that a function
f:[t,s]c R - R is called general convex functions on the real number interval [t,s], if the following
inequality holds

f(Ap(@) + (1 = DeB) < f (@) + (1 = Df (9(B)

for all a,p € [t,s], A1€[0,1] and ¢:[t,s] = [t,s], (t) < @(s) is a function (Sarikaya et al., 2015).
Moreover, Hermite-Hadamard type integral inequality for general convex functions is proved as follows
(Cristescu, 2004):

o (s)

o(O) + 9(s) ! Flo®) + F(o())
f( 2 )%(t)—go(s)(p(fo fl@)da < 3 -

Also, the following general convex functions on the coordinates are showed (Set et al., 2014):

Let A= [0y, wq] X [0, w5] € [0,0)%; 9 < wy, ¥y < wy; @;: [9;, w;] = [9;, w;],i = 1,2 be a continuous
function. A function f: A— R is called general convex functions on A, if the following inequality holds

f(/1<P1 (a1) + (1 = De1(az), 2 (B1) + (1 — Do, (ﬂz))
< Af(‘/’1(“1):‘/’2(ﬂ1)) +(1- )l)f(fp1 (az), ¢, (ﬂz))

for all (a4, B1), (a3, B2) € A and A € [0,1]. If the above inequality is reversed then f is said to be ¢-concave
onA.

Other definition of general convex functions is defined as follows (Set et al., 2014):

A function f: A— R is called coordinated ¢-convex on 4, if the following partial mappings f,,,: [91, w{] -
R, fp, @) = f(0,9,) and f, :[9, w,] = R, f, (w) = f(@,,w) are defined @-convex for all ¢, €
[91, w1] and @, € [9,, w,].Then
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01(01) + p1(w1) P2(92) + @2 (w2)
A )

2

)

¢1(wq)

1

= 2001 (01) — 91 (91)
¢1(91)

¢2(w3)

1
2(€02 (w2) — 92(9;))

©2(92)

1

02 (02) + p2(9,)
)

§01(191) + ¢1(w1)
P ) dp

P1(w1) P2(w2)

= 01@1) — 91O @2 (@2) — 92(9))

»(92)
1

4(§01 (w1) — @1 (191))

(CEY)

(P(wz)

f (0191, B) + F (1 (wn), BB

1
4(<P2(w2) — 2 (9, ))

f(a, B)dadp

0101y 92(92)

[f (@, 92 (92)) + f (@, 92 (w2))]da

fl@1(91), ‘P2(192 ) + f((P1 (1), @2 (wz))
+f(<ﬂ1(w1) ©2(92)) + f((P1((U1) (Pz(wz))

Recently, some generalized inequalities about
two-dimensional general convex functions are
verified (Yalgin, 2019). There are many studies on
generalization of convexity of functions.
Hadamard’s inequality for convex functions on
the coordinates in a rectangle from the plane is
obtained (Dragomir, 2001). Hadamard-type
inequalities for h—convex functions on the co-
ordinates are derived (Latif and Alomari, 2009).
Hadamard-type inequalities for p—convex
stochastic processes are obtained (Okur et al.,
2019). Moreover, Hermite-Hadamard type
integral inequality for two-dimensional operator
Harmonically convex functions is extended (Okur
and Yal¢in, 2019).

There are also many studies on multidimensional
convex functions in literature. Hermite-Hadamard

2. Results and Discussion

type integral inequality for multidimensional
convex functions is investigated (De la Cal and
Carcamo, 2006). Hermite-Hadamard type integral

inequality for s- multidimensional convex
functions is studied (Elahi et al., 2015). Hermite-
Hadamard type integral inequality  for

Harmonically multidimensional convex functions
is verified (Viloria and Cortez, 2018). Nowadays,
multidimensional general convexity for stochastic
processes is defined and Hermite-Hadamard type
integral inequality associated with its is obtained
(Okur, 2019).

In the light of such information, we investigated
multidimensional general convexity for functions
in this study.

In this section, we identified multidimensional general convex functions and proved Hermite-Hadamard type
integral inequality for these functions. Let ¢;: [9;, w;] = [9;, w;] be a continuous increasing function and for

i=12,.,n,n=2

K=

1_[7.1_1[191'; w;] € [0,00)";

bf = ;) + @i(w); &7 = @i(w;) — @;(9;) suchthat ¢;(w;) < @;(I);

o(a) = (N1 9k () = (401(051);

243
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Let us give definition of multidimensional general convex functions:
Definition 2.1. Suppose that the function ¢: k™ — k™ is a continuous increasing. Then y: k™ — R is called
multidimensional general convex functions if

Y(0p(@) + (1 -0)e(B)) < oy(p@) + (1 - 0)y(e(B),
for all 6 € [0,1].

By Definition 2.1, we have

(i) general convex functions for n = 1,

(ii) two-dimensional general convex functions for n = 2,

(iif) multidimensional convex functions if ¢ is an identity function,
(iv) convex functions if ¢ is an identity function and for n = 1.

Definition 2.2. ¥: k™ — R is called multidimensional general convex functions on k™ if the following partial
functions ¥, 4! [9i, @] — R are general convex on [9;, w;]

l/)(ipi(ai) (a) = l/)(/\;.(;ll(pk(ak)l a, A2=i+1 Pr (ak)),

forall ¥, () € [0, @), i =12,..,n,n =2

Lemma 2.1. Every general convex functions ¥:x™ — R is general convex on n-coordinates, not the other
way round.

Proof. Let 1:x™ — R be a multidimensional general convex functions. Using the definition of ‘/’fpn(rxn) , We
get

Yl (o (00(@) + (1= 0)p(B))
= (A ok (@), 0p(@) + (1 = 0)p(B), Npcisr 0k (i)
< 0 (NZior (@), (@), ANz 0 (@)
+(1 = Y (ANZh 0w (@), 9 (B), Nizi1 0 (i)
= 0 (a0 (9()) + (1 = O, g, (@(B)).

But then, suppose that :[0,1]" - R;

lp(‘P(“)) = @1 (a)pz(az) ... on ().

This function is clearly a multidimensional general convex functions. But for ¢@(a) = (1,1, ...,0),@(B) =
(0,1,...,1) € [0,1]™, we have

Y(0p(a) + (1 -0)eB) =¥(6,1,1,..,(1-6)) = 0(1 - 6);
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oy(p(@) + (1 —0)Y(p(B) =6.0+(1—6).0=0.

This gives P (g (a) + (1 —0)@(B)) > 0y(p(a)) + (1 — 0)y(e(B)) forall 8 € [0,1], namely, 1 is not
general convex on [0,1]™.

Remark 2.1. If ¥:x™ — R is multidimensional general convex functions, then l‘b(ipn(“n): [¥;, w;] > R is
general convex functions such that

oi(wy)

(1)1 i
ll}‘l’n(“n)( 2 > = (1)_1'_'[(:0-(19-) Yo (an) (a))da;
) , 1)
< R CHCR) BTN N (1)
< > )

Theorem 2.1. Let : k™ — R be a multidimensional general convex functions. Then

= 1 (pl(wl) i .
z _f l/)(pn(ﬁn) (@) + Vg, (wn) (ai)) da;

i=

(2)
n 1 $ ; .
=5 [W(e®) + yY(@w))] + 52[1/130,1(19”) (0:(®)) + l/J;,n(wn)@Pi(wi))]-
i=1

Proof. Using the left hand of (1) by ¥}, s ) (¢:(¥;)) = ¥(e@®) and ¥, (, ; (9i(wy)) = P(@(w)) for
each i =1,...,n, then

1 oi(w;) ;
| E‘L’i(ﬁi) Voo, (@)da; |
< l/);?n(ﬁn) (¢i(79i)) + l/);on(ﬁn) (‘Pi(wi)) < 1/J(‘P('9)) + I/Jf,;n(ﬁn) ((pi(wi)) .
- 2 - 2 '

1 pilw)
FI o) Ve, () (@)de;
1 Yoilv;

< ll)égn(wn) (0: (@) + l/prn(wn) (9i(w) < lpfpn(o)n) (0:®) + ¥(o(w))
< 3 < 5 :

Aggregating of the above inequalities by integrating on [¢; (39;), ¢; (w;)]

1 eilwd ’
cl)_L_J;o(ﬁ) [lpé"n(ﬁn) (ai) + l/J(Lpn(wn) (ai)]dai
_ P(@®) + ¥, 0, (9:@D) + Y@@ + ¥, (9:0)
< ! |

Taking summation from 1 to n, this completes the proof.

Theorem 2.2. Let : x™ — R be a multidimensional general convex functions. Then

n-1
Zw</\ PRCORL MY l+2<pk(ak)) ©
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Qi(wi) ¢+
Z f l+1 i+1 da
d; 0i(9) ¢z+1(an) 2 i

1 @i(wi) Piv1(Wit1) i1
= Z P f f Vera (e @ir1)dai da;
i Yi+1

i=1 Qi) Yeir1(Dit1)
= 1 [eilw) 1
i
= 2(1),‘[ [lp‘ﬂiﬂ(an) (¢(191+1)) + lp(pl+1(an) ((p(wi+1))]dai
i=1 i Yei(9;)

[ 1/’(/\;.(_ 101(), 0 (91), @11 (9i41), Nie= L+2(pk(ak)) ]

< lnzll (A 0k (@), 0 (00, Pis Bigr), Nl 20k (@) |
4 |+¢(/\ 101k (a1), 9 (07), @11 (@i41), A= z+2(Pk(ak))|

l+¢(/\k 1§0k(05k) @i (w;), Piv1(Wir1), Nz z+z<Pk(ak))J

i=

Proof. Using (1) by ¥5t” (). then

141 ¢?-+1 1 Pi+1(wit1)
ll}<Pi+1(0!n) 2 == f ll)(pl.,.l(an) (ai+1)dai+1

B cl)l+1 <Pl+1(19l+1
g:dan)((plﬂwlﬂ)) + ll)(plﬂ(an) (‘Pi+1(wi+1))
< > .

Integrating all of sides of the above inequalities on [¢; (9;), ; (w;)]

1 eilwd ™ &y
cl)_i_ ll)flpi+1(an)< 2 )dai

©i(9;)
1 @i(w;) f¢i+1(wi+1)

. o) ok () @is)daiyda; (4)
i Yi+1 Ji(9;
1 [eilwd

< —
2¢; ©i(9;)

©ir1(0i41)

( Hil(an)(<ﬂl+1(l91+1)) + 1/J<pl+l(an) (‘Pi+1(wi+1))) da;.

Applying Hermite-Hadamard type integral inequality to the left hand of (4) for each i € {1,...,n — 1}

i Pis 1 (eiled i+ i+
o (Mo 2 Ao < o [ i (P )ae ©

i(9;)

and also applying Hermite-Hadamard type integral inequality to the right hand of (4)

(pl(wl 1 @i(w;y) 141
[Cl)l . gol+1(an)((pl+1(191+1))dal o fi(l ¢¢l+1(an)((pi+1(wi+1))dai]
[ Y(NZiow (@), i (00, e Bie1), Nizir 20k (@) 1 (6)

< LN 0@, 0100, 9101 Bia2), Nt i (@) |

4[+¢(A L0k (@), 0080, Pis1 (@i11), Nimis20r (@) J

P (AL ok (), 91 (00), Pisr (@is1), Apeis 20k (k)

for each i € {1, ...,n — 1}. After using the inequalities (5) and (6) in (4) and then taking summation from 1 to
n — 1, we have (3).

Remark 2.2. Using Theorem 2.2 for n = 1, then the classical Hermite-Hadamard type integral inequality for
two-dimensional general convex functions.
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Theorem 2.3. Let y: k™ — R be a multidimensional general convex functions. Then

(8. 0 81)

2T 2
1 f‘ﬂl(wl) j‘ﬁan(wn) ( )
< — Ylaq, ..., ap)da, ...da 7
H?Nb'l%(ﬂo ontn) T ")
<o D B(Ee@®) + (1 - Do)
éeti(n)

where

ti(n) ={eN;:§E<LIEl=n+1—-ii=1,..,n+1};
1§l =& + -+ & EN; Ep(I9):= (f1§01(191): ---:fnfpn(ﬁn)) € Np.

Proof. Using (1), we get the following inequality for w(’;n(an)

(l)n Pn(wn) n
Vou(an < 2 > =% fwnwn) Vouta (1) den (8)
< l/)(pn(an) ((pn(ﬂn)) + 1/12,1(0(,1) ((pn (wn))

2

Also, using the same method in the proof of Theorem 2.2 by the inequality (8), then

(l) (l) 1 Pn-1(wn) Pn(wn)
l/)< 20k (a),——, = = _f j Voo, () (@n)dandan_ 4

= Bnoson Pnc1 () pn(dn)
©)
- l/)(/\;cl;%(l)k(ak) Pn— 1(7-971 1) (pn(ﬂn)) +w(Ak 1(pk,(ak,): (pn—l(wn—l)'(pn(ﬁn))
B 22 +l/)(/\;cl;%(pk(ak)r(pn—l(ﬂn—l): (Pn(wn)) + l/)(/\kc:l(pk(ak)r (pn—l(wn—l)’ (Pn(wn))
Integrating (9) on [y (On_2), Pn—2(@Wn_2)]
1 Pn—2(wn-2) cl)n 1 cl)n
— | w( 2 (), 2t )dan_z
cl)n—z On—2n-2) 2
1 f¢n—2(wn—2) J‘(Pn—l(wn—l) f‘l’n(wn) n ( )
<—— Y ap)dayday,_day,_
H? n 2(1)1 On—20n-2) On-19n-1) Pn(On) onlan) 2 " n T
(10)

[ lp(/\k 1(pk(ak) Pn— 1(19n 1) (pn(ﬁn)) ]
_ 1 f‘Pn 2(@n-2) 1 |+¢(/\ for (@), Pn-1(Wn-1), <pn(19n))|

" Snz Jpyaonn) [+¢ (ARZ20k (@), o1 (Bnm1), o)) | J
P (ARZ3 01 (@1), Pn-1(@n—1), @ (@)

An—2-

Again using the same method in the proof of Theorem 2.2 by the inequality (10), then

cl)n 2 q)n 1 q)n
Y ( ‘Pk( k) > Ty
1 Pn—2(Wn-2) f¢n—1(wn—1) f¢n(wn) n
B P Von(an) (an)daydan_ day_,
H?:n—z (bi Pn—2On-2) On—-1(On-1) On(9)
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[ W(ARZE 0ok (@), Pnez(9n=2), @1 Fn-1), 0 (9)) ]
HP(ARZ3 0 (@), Pr-2(@n—2), Pri—1(On-1), P ()
HY(ARZ3 0k (@), Pr—z (On-2), Pr-1(@n—1), P (@p))
Y (ARZ3 0k (), Pr—z(@Wn—2), Pn—1(Wn—1), @ ()
+(ARZ3 0k (), Prez Dn=2), Pr—1 (On-1), @ (@) |
+P(ARZ3 0k k), Pr—z (Wn—2), @1 (Fn-1), Pn(@n))
+Y(ARZ3 0k k), Prez Dn=2), Pr—1(@Wn—1), Pn (@n))

|+ (AR 0k (@), @z (0n—2), @1 (@p—1), @ (@p))]

IA
| =

So, using inductive method and taking into account g (4 y(@n) = P(ay, ..., an), we get (7).

Remark 2.2. Taking into account Theorem 2.3, under the suitable conditions, then one can obtain Hermite-
Hadamard type integral inequality for the functions in Definition 2.1.

Example 2.1. Let ¥: k3 — R be a multidimensional general convex functions. Then

” <<P1(791) + p1(w1) @2(92) + @2(w2) P3(93) + @3 (a)3))

2 ’ 2 ’ 2
1 f¢1(w1)ffpz(wz) f<P3(w3) ( )
< Y((ay, az,a3))dazdayda,
[Eo—2(@i (@) = 0:@D) Jp, ) Joo060) Ja(9)

[ Y(@1(91), 92(92), 93(93)) + P (@1 (w1), 92(92), 93(93)) ]

| +¥(@1(91), 2(w2), 93(93)) + P (@1 (w1), P2(w2), P3(93)) |

| +P(@1(91), 92(92), 93(w3)) + (@1 (w1), 92(92), P3(ws3)) | '
+P(@1(91), 92(w2), P3(w3)) + P(@1(w1), P2 (w2), P3(w3))

1
<
=733

Surely, according to Theorem 2.3 for n = 3, we get

¢;3(a3)(¢3(a3)) = P(@1(ay), p2(az), p3(as)) = I/J((al; a2, as)):
1;(3) ={§eN}:&<1,18|=4—-i},i=1.234.

Then

T1(3) = {(11111)}' TZ (3) = {(0'1'1) )] (1'0'1); (1;1;0)};
T3(3) = {(01011)1 (0'1'0)' (1'0'0)' }; T4(3) = {(0;0;0)}

Consequently

Y(p1(91), 92(9,), 93(I3))
_ ¢< (1;1;1)((/’1(191)'(/’2(192)' ¥3 (193)) )
+[(1,1,1) = (1,1,D](¢1(w1), 92 (w2), p3(w3))

for (9) = (§01(191).§02(192).§03 (193)), o) = (fp1(0)1)' ©2(w2), @3 (CU3))- Thus

> BER®) + (1 - Do) = h(92(92), 9209, 93(9)).
§eT1(3)

Similarly by 7,(3), t3(3) and t4(3), respectively, we get
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V(EQ®) + (1 — Hp(w)) = P(01(91), 92 (w,), p3(w3))

§E€T,(3)

+¢(§01(191); @2 (wy), 4’3(193)) + 1/’((P1 (91), 92 (92), 3 (003));

YEP®) + (1 - D)) = P(p1(01), 92(w,), p3(93))

§et3(3)

+lll(§01(w1), @2 (9,), §03(a)3)) + 1/’((P1 (91), 92 (w3), @3 (a)3));

YEP®) + (A — Hp(w)) = P(p1(01), 92(wy), p3(w3)).

§€T4(3)

Finally, using all of the above equalities in (7), we obtain the desired result in this example.

3. Conclusions and Recommendations

The main contribution of this study to the
literature is the introduction of general convexity
for multidimensional functions. As a result, some
Hermite-Hadamard type integral inequalities for
these functions were obtained mathematically. We
hope that with the methods used in this study,
original results can be obtained for different
functions.
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