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Abstract 

The main purpose of this paper is to establish connections between various 

subclasses of harmonic univalent functions by applying certain convolution operator 

involving hypergeometric functions. We investigate such connections with Goodman-

Salagean-Type harmonic univalent functions in the open unit disc U. 

Keywords: Univalent function; Uniformly convex; Linear operator; Hadamard product. 

Hipergeometrik Fonksiyonu İçeren Harmonik Tek Değerlikli Fonksiyonların 

Altsınıflarının Bir Uygulaması 

Öz 

Bu makalenin amacı, hipergeometrik fonksiyonları içeren belirli konvolusyon operatörünü 

uygulayarak harmonik univalent fonksiyonların çeşitli altsınıfları arasında bağlantılar kurmaktır. 
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Bu tür bağlantılar açık birim disk U da Goodman-Salagean tipli harmonik univalent fonksiyonları 

ile araştırılmıştır. 

Anahtar Kelimeler: Univalent fonksiyon; Düzgün konveks; Lineer operatör; Hadamard 

çarpımı. 

1. Introduction 

Let 𝐴 denote the class of analytic functions of the form: 

												𝑓(𝑧) = 𝑧 +)𝑎!𝑧!
"

!#$

, (	𝑎! 	≥ 0	, k	𝜖𝑁	),																																																																																	(1) 

which is  univalent in the open unit disc  U={𝑧	𝜖	𝐶 :|𝑧|< 1}. Hohlov [1] introduced the convolution 

operator  𝐻(𝑎, 𝑏; 𝑐): 𝐴 → 𝐴	defined by   

 𝐻(𝑎, 𝑏; 𝑐)𝑓(𝑧) = 𝑧𝐹(𝑎, 𝑏; 𝑐; 𝑧) ∗ 𝑓(𝑧), 

where  𝐹(𝑎, 𝑏; 𝑐; 𝑧) is a well-known Gaussian hypergeometric function and defined by 

												𝐹(𝑎, 𝑏; 𝑐; 𝑧) = )
(𝑎)!(𝑏)!
(𝑐)!(1)!

"

!#%

𝑧! 		, 

where  𝑎, 𝑏, 𝑐  are complex numbers such that 𝑐 ≠ 0,−1,−2,…  . 

A hypergeometric function 𝐹(𝑎, 𝑏; 𝑐; 𝑧) is analytic in U and plays an important role in 

Geometric Function Theory. See the studies by Branges [2], Ahuja [3], Carleson and Shaffer [4], 

Owa and Srivastava [5], Miller and Mocanu [6], Ruscheweyh and Singh [7], Srivastava and 

Manocha [8], and Swaminathan [9]. 

For a function 𝑓 ∈ 𝐴	given by Eqn. (1) and 𝑔 ∈ 𝐴	defined by   

											𝑔(𝑧) = 𝑧 +)𝑏!𝑧!
"

!#$

	,																																													 

we define the Hadamard product of 𝑓 and 𝑔 by         

												(𝑓 ∗ 𝑔)(𝑧) = 𝑧 +)𝑎!𝑏!𝑧!
"

!#$

													,				𝑧 ∈ 𝑈	.																																																																							(2) 

Let	𝐸	be the family of all harmonic functions f = ℎ + 𝑔, where  

													ℎ(𝑧) = 𝑧 +(𝐴!𝑧!
"

!#$

				,													𝑔(𝑧) =(𝐵!𝑧!
"

!#%

		,								|𝐵1|< 1	, 𝑧 ∈ 𝑈																											(3) 
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are in the class	𝐴. For complex parameters 𝑎&, 𝑏&, 𝑐&, 𝑎$, 𝑏$, 𝑐$	(𝑐&, 𝑐$ ≠ 0,−1,−2,… ), we define 

the functions 𝛷& = 𝑧𝐹(𝑎&, 𝑏&; 𝑐&; 𝑧) and 𝛷$ = 𝑧𝐹(𝑎$, 𝑏$; 𝑐$; 𝑧)	. 

Corresponding to these functions, we consider the following convolution operator  

												𝛺 ≡ 𝛺 I
𝑎&,			𝑏&,			𝑐&
𝑎$,			𝑏$,			𝑐$

J ∶ 𝐸 → 𝐸	, 

defined by  

												𝛺 I
𝑎&,			𝑏&,			𝑐&
𝑎$,			𝑏$,			𝑐$

J 𝑓 = 𝑓 ∗ L𝛷& +𝛷$M = ℎ ∗ 𝛷& + 𝑔 ∗ 𝛷$ 

for any function 	𝑓 = ℎ + 𝑔 in 𝐸. Letting  

												𝛺 I
𝑎&,			𝑏&,			𝑐&
𝑎$,			𝑏$,			𝑐$

J 𝐹(𝑧) = 𝐻(𝑧) + 𝐺(𝑧)	, 

we have  

												𝐻(𝑧) = 𝑧 +)
(𝑎&)!'&(𝑏&)!'&
(𝑐&)!'&(1)!'&

"

!#$

𝐴!𝑧! 	,						 

												𝐺(𝑧) = )
(𝑎$)!'&(𝑏$)!'&
(𝑐$)!'&(1)!'&

"

!#&

𝐵!𝑧! .																																																																																													(4) 

We observe that  

												𝛺 I
𝑎&,			1, 𝑎&
𝑎$,			1,			𝑎$

J 𝑓(𝑧) = 𝑓(𝑧) = 𝑓(𝑧) ∗ Q
𝑧

1 − 𝑧
+

𝑧
1 − 𝑧

R, 

is the identity mapping. 

This convolution operator 𝛺 were defined and studied by the author in [10]. Denote by 𝑆( 

the subclass of 𝐸 that are univalent and sense-preserving in U. 

Note that  )'*!)
&'|*!|"

∈ 	𝑆( whenever f	∈ 𝑆(. We also let the subclass 𝑆(%	𝑜𝑓	𝑆( 

										𝑆(% = {𝑓 = ℎ + 𝑔 ∈ 	𝑆( ∶ 𝑔,(0) = 𝐵& = 0}	. 
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The classes 𝑆(% and 𝑆( were first studied in [11]. Also, we let 𝐾(%, 	𝑆(
∗,% and 𝐶(% denote the 

subclasses of 𝑆(% of harmonic functions which are, respectively, convex, starlike and close-to-

convex in U. For definitions and properties of these classes, one may refer to ([11,12 ]) or [13]. 

For  0 ≤ 𝛼 < 1	,  and  let 

												𝑁((𝛼) = [𝑓 ∈ 𝐸 ∶ 	𝑅𝑒
𝑓,(𝑧)
𝑧,

≥ 𝛼, 𝑧 = 𝑟𝑒/0 ∈ 𝑈_	, 

											𝐺((𝛼) = [𝑓 ∈ 𝐸 ∶ 	𝑅𝑒 [L1 + 𝜌𝑒/1M
𝐷2𝑓(𝑧)
𝐷3𝑓(𝑧)

− 𝜌𝑒/1_ ≥ 𝛼, 𝛾 ∈ 𝑅, 𝑧 ∈ 𝑈_	, 

where 	𝑧, = 4
40
L𝑧 = 𝑟𝑒/0M, 𝑓,(𝑧) = 4

40
𝑓L𝑟𝑒/0M. 

Define 𝑇𝑁((𝛼) = 𝑁((𝛼) ∩ 𝑇 and 	𝑇𝐺((𝛼) = 𝐺((𝛼) ∩ 𝑇	, where T consists of the 

functions 𝑓 = ℎ + 𝑔 in 	𝑆( so that ℎ and 𝑔 are of the form  

												ℎ(𝑧) = 𝑧 −)|𝐴!|𝑧!
"

!#$

				,													𝑔(𝑧) = )|𝐵!|𝑧!
"

!#&

		.																																																											(5) 

The classes  𝑁((𝛼) and 𝐺((𝛼) were initially introduced and studied, respectively, in [14, 

15]. A function in 𝐺((𝛼) is called Goodman-Salagean-type harmonic univalent function in U. 

In this paper, we will frequently use the notations 

												𝛺(𝑓) = 𝛺 I
𝑎&,			𝑏&,			𝑐&
𝑎$,			𝑏$,			𝑐$

J 𝑓	, 

												𝐷!'& =
(|𝑎&|)!'&(|𝑏&|)!'&	
(|𝑐&|)!'&(1)!'&

					,							𝐸!'& =
(|𝑎$|)!'&(|𝑏$|)!'&
(|𝑐$|)!'&(1)!'&

		, 

and a well-known formula 

											𝐹(𝑎, 𝑏; 𝑐; 1) =
𝛤(𝑐 − 𝑎 − 𝑏)𝛤(𝑐)
𝛤(𝑐 − 𝑎)𝛤(𝑐 − 𝑏)

	, 𝑅𝑒(𝑐 − 𝑎 − 𝑏) > 0. 

In this paper the main object is to establish some important connections between the classes  

𝐾(%, 	𝑆(
∗,% , 	𝐶(%	, 	𝑁((𝛼) and 	𝐺((𝛼) by applying the convolution operator. 

2. Connections with Goodman-Salagean-type Harmonic Univalent Functions 

NmÎ ,...}1,0{0 =ÎNn
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In order to establish connections between harmonic convex functions, we need following 

results in Lemma 1 [11], Lemma 2 [15] and Lemma 4 [10]. 

Lemma 1. If 𝑓 = ℎ + 𝑔 ∈ 𝐾(%  where ℎ and 𝑔 are given by Eqn. (3) with 𝐵& = 0, then 

										|𝐴3| ≤
𝑛 + 1
2

					,						 |𝐵3| ≤
𝑛 − 1
2

		. 

Lemma 2. Let 𝑓 = ℎ + 𝑔 be given by Eqn. (3). If 

										)i[(1 + 𝜌)𝑘2 − 𝑘3(𝛼 + 𝜌)]|𝑎!| + [(1 + 𝜌)𝑘2 − (−1)2'3𝑘3(𝛼 + 𝜌)]|𝑏!|m
"

!#$

		 

																									≤ 1 − 𝛼	,																																																																																																																														(6) 

then 𝑓 is sense-preserving, Goodman-Salagean-type harmonic univalent functions in U and 𝑓 ∈

	𝐺((𝛼). 

Remark 3. In [15], it is also shown that 𝑓 = ℎ + 𝑔 given by Eqn. (5) is in the family 

𝑇𝐺((𝛼), if and only if the coefficient condition (6) holds. Moreover, if 𝑓 ∈ 𝑇𝐺((𝛼), then 

											|𝐴!| ≤
1 − 𝛼

(1 + 𝜌)𝑘2 − 𝑘3(𝛼 + 𝜌)
				 , 𝑘 ≥ 2, 

											|𝐵!| ≤
1 − 𝛼

(1 + 𝜌)𝑘2 − (−1)2'3𝑘3(𝛼 + 𝜌)
				 , 𝑘 ≥ 1. 

Lemma 4. If 𝑎, 𝑏, 𝑐 > 0 , then  

(i) 𝐹(𝑎 + 𝑛, 𝑏 + 𝑛; 𝑐 + 𝑛; 1) = (6)#
(6'8'9'3)#

𝐹(𝑎, 𝑏; 𝑐; 1)		, 

for	𝑛 = 0, 1, 2, 3, … 	,			𝑖𝑓	𝑐 > 𝑎 + 𝑏 + n. 

(ii) ∑ (𝑘 − 1) (8)$%!(9)$%!
(6)$%!(&)$%!

"
!#$ = 89

6'8'9'&
	𝐹(𝑎, 𝑏; 𝑐; 1) , 𝑖𝑓	𝑐 > 𝑎 + 𝑏 +1. 

(iii) ∑ (𝑘 − 1)$ (8)$%!(9)$%!
(6)$%!(&)$%!

"
!#$ = r (8)"(9)"

(6'8'9'$)"
+ 89

6'8'9'&
s 	𝐹(𝑎, 𝑏; 𝑐; 1) ,  

if 𝑐 > 𝑎 + 𝑏 +2. 

(iv) ∑ (𝑘 − 1): (8)$%!(9)$%!(6)$%!(&)$%!
"
!#$ 	= r (8)&(9)&

(6'8'9':)&
+ :(8)"(9)"

(6'8'9'$)"
+ 89

6'8'9'&
s 	𝐹(𝑎, 𝑏; 𝑐; 1), 

if	𝑐 > 𝑎 + 𝑏 +3. 

Theorem 5. Let 𝑎/ , 𝑏/ ∈ 𝐶\{0}, 𝑐/ ∈ 𝑅 and 𝑐/ > |𝑎/| + |𝑏/| + 2 for 𝑖 = 1, 2. If for some 

𝜌(0 ≤ 𝜌 ≤ 1) and 𝛼(0 ≤ 𝛼 < 1), when 𝑚 = 1, 𝑛 = 0 the inequality  



Atshan et al. (2020) ADYU J SCI, 10(2), 595-607 
 

 

 600 

												𝑄&𝐹(|𝑎&|, |𝑏&|; 𝑐&; 1) + 𝑅&𝐹(|𝑎$|, |𝑏$|; 𝑐$; 1) ≤ 4(1 − 𝛼), 

is satisfied, then 	𝛺(𝐾(%) ⊂ 	𝐺((𝛼), where 

 𝑄& = (1 + 𝜌) (|8!|)"(|9!|)"
(6!'|8!|'|9!|'$)"

− (3 + 2𝜌 − 𝛼) |8!9!|
(6!'|8!|'|9!|'&)

+ 2(1 − 𝛼) 

 𝑅& = (1 + 𝜌) (|8"|)"(|9"|)"
(6"'|8"|'|9"|'$)"

+ (1 + 2𝜌 + 𝛼) |8"9"|
(6"'|8"|'|9"|'&)

			. 

Proof. Let 𝑓 = ℎ + 𝑔 ∈ 𝐾(% where ℎ and 𝑔 are of the form Eqn. (3) with 𝐵& = 0. We need 

to show that 𝛺(𝑓) = 𝐻 + 𝐺 ∈ 𝐺((𝛼), where 𝐻 and 𝐺 defined by Eqn. (4) are analytic functions 

in U. In view of Lemma 2, we need to prove that	𝑃& ≤ 1 − 𝛼 where 

 𝑃& = ∑ [(1 + 𝜌)𝑘2 − 𝑘3(𝛼 + 𝜌)] y(8!)$%!(9!)$%!(6!)$%!(&)$%!
𝐴!y"

!#$  

											+∑ [(1 + 𝜌)𝑘2−(−1)2'3𝑘3(𝛼 + 𝜌)]"
!#$ y(8")$%!(9")$%!

(6")$%!(&)$%!
𝐵!y. 

In view of Lemma 1 and Lemma 4, it follows that  

													𝑃& ≤
1
2
)(𝑘 + 1)[(1 + 𝜌)𝑘2 − 𝑘3(𝛼 + 𝜌)]𝐷!'&

"

!#$

+
1
2
)(𝑘 − 1)[(1 + 𝜌)𝑘2 − (−1)2'3𝑘3(𝛼 + 𝜌)]
"

!#$

𝐸!'& 

																	=
1
2
)[(1 + 𝜌)(𝑘 − 1)$ − (3 + 2𝜌 − 𝛼)(𝑘 − 1) + 2(1 − 𝛼)]𝐷!'&

"

!#$

+
1
2
)[(1 + 𝜌)(𝑘 − 1)$ + (1 + 2𝜌 + 𝛼)(𝑘 − 1)]
"

!#$

𝐸!'& 

							= &
$
𝑄&𝐹(|𝑎&|, |𝑏&|; 𝑐&; 1) +

&
$
𝑅&𝐹(|𝑎$|, |𝑏$|; 𝑐$; 1) − (1 − 𝛼) . 

Hence	𝑃& ≤ 1 − 𝛼 follows from the given condition. 

In order to determine connection between 𝑇𝑁((𝛽) and 𝐺((𝛼), we need the following 

results in Lemma 6 [14] and Lemma 8 [3] . 
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Lemma 6. Let 𝑓 = ℎ + 𝑔 where ℎ and 𝑔 are given by Eqn. (5) with 𝐵& = 0, and suppose 

that  0 ≤ 𝛽 < 1. Then 

											𝑓 ∈ 𝑇𝑁((𝛽) ⇔)𝑘|𝐴!| +
"

!#$

)𝑘|𝐵!| ≤ 1 − 𝛽
"

!#$

. 

Remark 7. If 𝑓 ∈ 𝑇𝑁((𝛽), then  

											|𝐴!| ≤
1 − 𝛽
𝑘

				 , 𝑘 ≥ 2			, |𝐵!| ≤
1 − 𝛽
𝑘

				 , 𝑘 ≥ 1. 

Lemma 8. Let 𝑎, 𝑏 ∈ 𝐶\{0}, 𝑎 ≠ 1, 𝑏 ≠ 1, 𝑐 ∈ (0,1) ∪ (1,∞) and 𝑐 > max{0, |𝑎| + |𝑏| −

1}. Then  

												)
1
𝑘
(|𝑎|)!'&(|𝑏|)!'&
(𝑐)!'&(1)!'&

"

!#&

=
(𝑐 − |𝑎| − |𝑏|)

(|𝑎| − 1)(|𝑏| − 1)
	𝐹(|𝑎|, |𝑏|; 𝑐; 1) −

(𝑐 − 1)
(|𝑎| − 1)(|𝑏| − 1)

		. 

Theorem 9. Let 𝑎/ , 𝑏/ ∈ 𝐶\{0}, 𝑎/ ≠ 1, 𝑏/ ≠ 1, 𝑐/ ∈ 𝑅 and 𝑐/ > max{0, |𝑎/| + |𝑏/| − 1} for 

𝑖 = 1, 2. If for some 𝛽(0 ≤ 𝛽 < 1) and 𝛼(0 ≤ 𝛼 < 1), when 𝑚 = 1, 𝑛 = 0 and 𝑚 = 2, 𝑛 = 0 

and 𝑚 = 2, 𝑛 = 1 the inequality 

										𝑄$𝐹(|𝑎&|, |𝑏&|; 𝑐&; 1) + 𝑅$𝐹(|𝑎$|, |𝑏$|; 𝑐$; 1) ≤
(1 − 𝛼)(2 − 𝛽)

(1 − 𝛽)
 

																																																																																−((𝛼 + 𝜌)) r (6!'&)
(|8!|'&)(|9!|'&)

− (6"'&)
(|8"|'&)(|9"|'&)

s  

is satisfied, then 𝛺(𝑇𝑁((𝛽)) ⊂ 𝐺((𝛼), where 

											𝑄$ = (1 + 𝜌) − (𝛼 + 𝜌)
(𝑐& − |𝑎&| − |𝑏&|)
(|𝑎&| − 1)(|𝑏&| − 1)

, 

											𝑅$ = (1 + 𝜌) + (𝛼 + 𝜌)
(𝑐$ − |𝑎$| − |𝑏$|)
(|𝑎$| − 1)(|𝑏$| − 1)

		. 

Proof. Let 𝑓 = ℎ + 𝑔 ∈ 𝑇𝑁((𝛽) where ℎ and 𝑔 are given by Eqn. (5). In view of Lemma 

2, it is enough to show that 𝑃$ ≤ 1 − 𝛼  and  

												𝑃$ =)[(1 + 𝜌)𝑘2 − 𝑘3(𝛼 + 𝜌)] �
(𝑎&)!'&(𝑏&)!'&
(𝑐&)!'&(1)!'&

𝐴!�
"

!#$
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+)[(1 + 𝜌)𝑘2 − (−1)2'3𝑘3(𝛼 + 𝜌)]
"

!#&

�
(𝑎$)!'&(𝑏$)!'&
(𝑐$)!'&(1)!'&

𝐵!�	. 

Using Remark 7 and Lemma 8 if 𝑚 = 1, 𝑛 = 0. Then 

												𝑃$ ≤ (1 − 𝛽)�) �(1 + 𝜌) −
(𝛼 + 𝜌)

𝑘
�𝐷!'&

"

!#$

+)�(1 + 𝜌) +
(𝛼 + 𝜌)

𝑘
�

"

!#&

𝐸!'&� 

																		= (1 − 𝛽)	�
𝑄$𝐹(|𝑎&|, |𝑏&|; 𝑐&; 1) + 𝑅$𝐹(|𝑎$|, |𝑏$|; 𝑐$; 1)

−(1 − 𝛼) +
(𝛼 + 𝜌)(𝑐& − 1)

(|𝑎&| − 1)(|𝑏&| − 1)
−

(𝛼 + 𝜌)(𝑐$ − 1)
(|𝑎$| − 1)(|𝑏$| − 1)

� 

						≤ (1 − 𝛼)    

by the given hypothesis. 

Now, if 𝑚 = 2, 𝑛 = 0, then 

												𝑃$ ≤ (1 − 𝛽)�) �(1 + 𝜌)𝑘 −
(𝛼 + 𝜌)

𝑘
�𝐷!'&

"

!#$

+) �(1 + 𝜌)𝑘 −
(𝛼 + 𝜌)

𝑘
�

"

!#&

𝐸!'&� 

																			= (1 − 𝛽) �) �(1 + 𝜌)(𝑘 − 1) + (1 + 𝜌) −
(𝛼 + 𝜌)

𝑘
�𝐷!'&

"

!#$

+) �(1 + 𝜌)(𝑘 − 1) + (1 + 𝜌) −
(𝛼 + 𝜌)

𝑘
�

"

!#&

𝐸!'&� 

																		= (1 − 𝛽)	�
𝑄$𝐹(|𝑎&|, |𝑏&|; 𝑐&; 1) + 𝑅$𝐹(|𝑎$|, |𝑏$|; 𝑐$; 1)

−(1 − 𝛼) +
(𝛼 + 𝜌)(𝑐& − 1)

(|𝑎&| − 1)(|𝑏&| − 1)
−

(𝛼 + 𝜌)(𝑐$ − 1)
(|𝑎$| − 1)(|𝑏$| − 1)

� 

      ≤ (1 − 𝛼)   

and  

											𝑄$ = (1 + 𝜌)
|𝑎&𝑏&|

(𝑐& − |𝑎&| − |𝑏&| − 1)
+ (1 + 𝜌)

|𝑎&𝑏&|
(𝑐& − |𝑎&| − |𝑏&| − 1)

 

																												+(𝛼 + 𝜌)
(𝑐& − |𝑎&| − |𝑏&|)
(|𝑎&| − 1)(|𝑏&| − 1)

 

										𝑅$ = (1 + 𝜌)
|𝑎$𝑏$|

(𝑐$ − |𝑎$| − |𝑏$| − 1)
+ (1 + 𝜌)

|𝑎&𝑏&|
(𝑐& − |𝑎&| − |𝑏&| − 1)
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															+(𝛼 + 𝜌) (6"'|8"|'|9"|)
(|8"|'&)(|9"|'&)

. 

 Finally, if 𝑚 = 2, 𝑛 = 1, then 

											𝑃$ ≤ (1 − 𝛽)�)[(1 + 𝜌)𝑘 − (𝛼 + 𝜌)]𝐷!'&

"

!#$

+)[(1 + 𝜌)𝑘 + (𝛼 + 𝜌)]
"

!#&

𝐸!'&� 

																		= (1 − 𝛽)�)[(1 + 𝜌)(𝑘 − 1) − (1 − 𝛼)]𝐷!'&

"

!#$

+)[(1 + 𝜌)(𝑘 − 1) + (1 + 2𝜌 + 𝛼)]
"

!#&

𝐸!'&� 

																		= (1 − 𝛽)	L𝑄$𝐹(|𝑎&|, |𝑏&|; 𝑐&; 1) + 𝑅$𝐹(|𝑎$|, |𝑏$|; 𝑐$; 1) − (1 − 𝛼)M 

							≤ (1 − 𝛼)   

and  

												𝑄$ = (1 + 𝜌)
|𝑎&𝑏&|

(𝑐& − |𝑎&| − |𝑏&| − 1)
− (1 − 𝛼), 

 𝑅$ = (1 + 𝜌) |8"9"|
(6"'|8"|'|9"|'&)

+ (1 + 2𝜌 + 𝛼)		. 

We next find connections of the classes	𝑆(
∗,%, 𝐶(% and 	𝑇(% with 	𝐺((𝛼). However, we first 

need the following result which may be found in [11, 12] or [16] . 

Lemma 10. If 𝑓 = ℎ + 𝑔 ∈ 𝐶(%(	𝑆(
∗,%, 	𝑇(%)  where ℎ and 𝑔 are given by Eqn. (3) with 𝐵& =

0, then 

												|𝐴!| ≤
(2𝑘 + 1)(𝑘 + 1)

6
					,						 |𝐵!| ≤

(2𝑘 − 1)(𝑘 − 1)
6

		. 

Theorem 11. Let 𝑎/ , 𝑏/ ∈ 𝐶\{0}, 𝑐/ ∈ 𝑅 and 𝑐/ > |𝑎/| + |𝑏/| +3 for 𝑖 = 1, 2. If for some 

𝜌(0 ≤ 𝜌 ≤ 1) and 𝛼(0 ≤ 𝛼 < 1), when 𝑚 = 1, 𝑛 = 0 the inequality  

												𝑄:𝐹(|𝑎&|, |𝑏&|; 𝑐&; 1) + 𝑅:𝐹(|𝑎$|, |𝑏$|; 𝑐$; 1) ≤ 12(1 − 𝛼), 

is satisfied, then 	𝛺(𝐶(%) ⊂ 	𝐺((𝛼), 	𝛺L	𝑆(
∗,%M ⊂ 	𝐺((𝛼), 𝛺(	𝑇(%) ⊂ 	𝐺((𝛼), where 

𝑄: = 2(1 + 𝜌)
(|𝑎&|):(|𝑏&|):

(𝑐& − |𝑎&| − |𝑏&| − 3):
+ (9 + 7𝜌 − 2𝛼)

(|𝑎&|)$(|𝑏&|)$
(𝑐& − |𝑎&| − |𝑏&| − 2)$
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																					+(13 + 6𝜌 − 7𝛼) |8!9!|
(6!'|8!|'|9!|'&)

+ 6(1 − 𝛼) , 

𝑅: = 2(1 + 𝜌)
(|𝑎$|):(|𝑏$|):

(𝑐$ − |𝑎$| − |𝑏$| − 3):
+ (3 + 𝜌 − 2𝛼)

(|𝑎$|)$(|𝑏$|)$
(𝑐$ − |𝑎$| − |𝑏$| − 2)$

 

																						+(1 − 𝛼) |8"9"|
(6"'|8"|'|9"|'&)

		.  

Proof. Let 𝑓 = ℎ + 𝑔 ∈ 𝐶(%(	𝑆(
∗,%, 	𝑇(%)  where ℎ and 𝑔 are of the form Eqn. (3) with        

𝐵& = 0. We need to prove that 𝛺(𝑓) = 𝐻 + 𝐺 ∈ 𝐺((𝛼), where 𝐻 and 𝐺 defined by Eqn. (4) are 

analytic functions in U. In view of Lemma 2, we need to show that 	𝑃: ≤ 1 − 𝛼 where 

												𝑃: =)[(1 + 𝜌)𝑘2 − 𝑘3(𝛼 + 𝜌)] �
(𝑎&)!'&(𝑏&)!'&
(𝑐&)!'&(1)!'&

𝐴!�
"

!#$

+)[(1 + 𝜌)𝑘2 − (−1)2'3𝑘3(𝛼 + 𝜌)]
"

!#$

�
(𝑎$)!'&(𝑏$)!'&
(𝑐$)!'&(1)!'&

𝐵!�	. 

In view of Lemma 4 and Lemma 10, it follows that  

													𝑃: ≤
1
6
)(2𝑘 + 1)(𝑘 + 1)[(1 + 𝜌)𝑘 − (𝛼 + 𝜌)]𝐷!'&

"

!#$

+
1
6
)(2𝑘 − 1)(𝑘 − 1)[(1 + 𝜌)𝑘 + (𝛼 + 𝜌)]
"

!#$

𝐸!'& 

																		=
1
6
)�2

(1 + 𝜌)(𝑘 − 1): + (9 + 7𝜌 − 2𝛼)(𝑘 − 1)$
+(13 + 6𝜌 − 7𝛼)(𝑘 − 1) + 6(1 − 𝛼) �𝐷!'&

"

!#$

+
1
6
)[2(1 + 𝜌)(𝑘 − 1): + (3 + 𝜌 − 2𝛼)(𝑘 − 1)$ + (1 − 𝛼)(𝑘 − 1)]
"

!#$

𝐸!'& 

																	=
1
6
𝑄:𝐹(|𝑎&|, |𝑏&|; 𝑐&; 1) +

1
6
𝑅:𝐹(|𝑎$|, |𝑏$|; 𝑐$; 1) − (1 − 𝛼). 

Hence 	𝑃: ≤ 1 − 𝛼  follows from the given condition. 

In the next theorem, we establish connections between 𝑇𝐺((𝛼) and 𝐺((𝛼) . 

Theorem 12. Let 𝑎/ , 𝑏/ ∈ 𝐶\{0}, 𝑐/ ∈ 𝑅 and 𝑐/ > |𝑎/| + |𝑏/| for 𝑖 = 1,2. If for some         

𝛼(0 ≤ 𝛼 < 1), when 𝑚 = 1, 𝑛 = 0 the inequality  

											𝐹(|𝑎&|, |𝑏&|; 𝑐&; 1) + 𝐹(|𝑎$|, |𝑏$|; 𝑐$; 1) ≤ 2	, 
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is satisfied, then 	𝛺(𝑇𝐺((𝛼)) ⊂ 	𝐺((𝛼). 

Proof. By using Lemma 2 and the definition of 𝑃$	 in Theorem 9, we need to prove that  

𝑃$ ≤ 1 − 𝛼. 

By Remark 3, it follows that  

												𝑃$ =)[(1 + 𝜌)𝑘2 − 𝑘3(𝛼 + 𝜌)] �
(𝑎&)!'&(𝑏&)!'&
(𝑐&)!'&(1)!'&

𝐴!�
"

!#$

+)[(1 + 𝜌)𝑘2 − (−1)2'3𝑘3(𝛼 + 𝜌)]
"

!#&

�
(𝑎$)!'&(𝑏$)!'&
(𝑐$)!'&(1)!'&

𝐵!� 

																		≤ (1 − 𝛼)�)𝐷!'&

"

!#$

+)𝐸!'&

"

!#&

� 

							= (1 − 𝛼)	(𝐹(|𝑎&|, |𝑏&|; 𝑐&; 1) + 𝐹(|𝑎$|, |𝑏$|; 𝑐$; 1) − 1)  

							≤ (1 − 𝛼). 

By the given condition, the proof is completed.  

   In the next results, we establish connections between 𝑇𝐺((𝛼) and 𝐺((𝛼). By diluting the 

restrictions on the complex coefficients of Theorem 12. 

Theorem 13. Let	𝑎&𝑏& < 0	, 𝑎&, 𝑏& > −1	, 𝑐& > max	{0, 𝑎&+𝑏&}	, 	𝑎$, 𝑏$ ∈ 𝐶\{0}	 and 

		𝑐$ > |𝑎$| + |𝑏$|, then a sufficient condition for 𝛺(𝑇𝐺((𝛼)) ⊂ 	𝐺((𝛼) is that 

												𝐹(|𝑎&|, |𝑏&|; 𝑐&; 1) − 𝐹(|𝑎$|, |𝑏$|; 𝑐$; 1) ≥ 0	, 

for any 𝜌(0 ≤ 𝜌 ≤ 1) and 𝛼(0 ≤ 𝛼 < 1), when 𝑚 = 1, 𝑛 = 0.  

Proof. Let  𝑓 = ℎ + 𝑔 ∈ 𝑇𝐺((𝛼) where ℎ and 𝑔 are of the form Eqn. (5). Then  

											𝛺(𝑓) = 𝑧 −)
(𝑎&)!'&(𝑏&)!'&
(𝑐&)!'&(1)!'&

"

!#$

|𝐴!|𝑧! +)
(𝑎$)!'&(𝑏$)!'&
(𝑐$)!'&(1)!'&

"

!#&

|𝐵!|𝑧! 		.			 

This function can be rewritten as  

												𝛺(𝑓) = 𝑧 +
|𝑎&𝑏&|
𝑐&

)
(𝑎& + 1)!'$(𝑏& + 1)!'$
(𝑐& + 1)!'$(1)!'&

"

!#$

|𝐴!|𝑧! +)
(𝑎$)!'&(𝑏$)!'&
(𝑐$)!'&(1)!'&

"

!#&

|𝐵!|𝑧! 		.			 
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In view of Lemma 2, we need to show that	𝑃< ≤ 1 where  

												𝑃< =
|𝑎&𝑏&|
𝑐&

)�
(1 + 𝜌)𝑘 − (𝛼 + 𝜌)

1 − 𝛼
�
(𝑎& + 1)!'$(𝑏& + 1)!'$
(𝑐& + 1)!'$(1)!'&

"

!#$

|𝐴!|

+) �
(1 + 𝜌)𝑘 + (𝛼 + 𝜌)

1 − 𝛼
�
(𝑎$)!'&(𝑏$)!'&
(𝑐$)!'&(1)!'&

"

!#&

|𝐵!| 

																			≤
	|𝑎&𝑏&|
𝑐&

)
(𝑎& + 1)!'$(𝑏& + 1)!'$
(𝑐& + 1)!'$(1)!'&

"

!#$

|𝐴!| +)𝐸!'&

"

!#&

	 

																			=
|𝑎&𝑏&|
𝑎&𝑏&

)
(𝑎&)!(𝑏&)!
(𝑐&)!(1)!'&

"

!#&

|𝐴!| +)𝐸!'&

"

!#&

 

																			= 	−𝐹(|𝑎&|, |𝑏&|; 𝑐&; 1) + 𝐹(|𝑎$|, |𝑏$|; 𝑐$; 1) + 1	 ≤ 1	, 

by the given condition. 

     In the next theorem, we present condition on the parameters 𝑎&, 𝑎$, 𝑏&, 𝑏$, 𝑐&, 𝑐$ and 

obtain a characterization for operator 𝛺 which maps 𝑇𝐺((𝛼) onto itself.  

Theorem 14. Let		𝑎/ , 𝑏/ > 0	, 𝑐/ > 𝑎/+𝑏/ 	(𝑖 = 1,2),  𝜌(0 ≤ 𝜌 ≤ 1) and 𝛼(0 ≤ 𝛼 < 1) 

when 𝑚 = 1, 𝑛 = 0 then 𝛺(𝑇𝐺((𝛼)) ⊂ 𝑇𝐺((𝜌, 𝛼) if and only if  

											𝐹(|𝑎&|, |𝑏&|; 𝑐&; 1) + 𝐹(|𝑎$|, |𝑏$|; 𝑐$; 1) ≤ 2.	 

Proof. Let  𝑓 = ℎ + 𝑔 ∈ 𝑇𝐺((𝜌, 𝛼)  where ℎ and 𝑔 are of the form Eqn. (5). We need to 

prove that 𝛺(𝑓) = 𝐻 + 𝐺 ∈ 𝑇𝐺((𝜌, 𝛼), where 𝐻 and 𝐺 defined by Eqn. (4)	𝑃< ≤ 1, where 

												𝑃< = )�
(1 + 𝜌)𝑘 − (𝛼 + 𝜌)

1 − 𝛼
� �
(𝑎&)!'&(𝑏&)!'&
(𝑐&)!'&(1)!'&

𝐴!�
"

!#$

+) �
(1 + 𝜌)𝑘 + (𝛼 + 𝜌)

1 − 𝛼
�

"

!#&

�
(𝑎$)!'&(𝑏$)!'&
(𝑐$)!'&(1)!'&

𝐵!�. 

By using Remark 3, we obtain  

											𝑃< ≤ )𝐷! +)𝐸!

"

!#%

"

!#&

≤ 𝐹(|𝑎&|, |𝑏&|; 𝑐&; 1) + 𝑅:𝐹(|𝑎$|, |𝑏$|; 𝑐$; 1) − 1. 

Hence 	𝑃< ≤ 1 follows from the given condition. 
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