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Abstract

In the present paper we study pointwise bi-slant submersions from almost Hermitian manifolds onto
Riemannian manifolds as a generalization of anti-invariant, semi-invariant, slant, bi-slant, pointwise semi-
slant, pointwise slant, pointwise hemi-slant submersions. We mainly focus on pointwise bi-slant
submersions from Kaehler manifolds onto Riemannian manifolds. We give some characterizations for
such maps. We obtain necessary and sufficient conditions for the totally geodesicness of the distributions
D1 and D2 mentioned in the definition of the pointwise bi-slant submersions. Also we investigate the
geometry of vertical and horizontal distributions. Then we give necessary and sufficient conditions for
pointwise bi-slant submersions to be totally geodesic.
Keywords: Almost Hermitian manifold, Pointwise bi-slant submersion.

1. Introduction

Given M and N C*-Riemannian manifold of dimension
m and n respectively. A surjective C*-map m:M - N
is a C*-submersion if it has maximal rank at any point
of M. According to the conditions on the map m, we
have several types the following: Riemannian
submersion [9, 13], slant and semi-slant submersions
[10, 11, 14, 17], anti-invariant and semi-invariant
Riemannian submersions [1, 15, 16], pointwise slant
submersions [4, 12], hemi-slant submersions [2, 19],
Lagrangian submersions [20], generic submersions [18]
etc.

The study of Riemannian submersion between
Riemannian manifolds was initiated by O’Neill [13] and
Gray [9] in 1960s. Later such submersions were
considered by Watson [22] under the name of almost
Hermitian submersions between almost Hermitian
manifolds. The notions of anti-invariant Riemannian
submersions and semi-invariant submersions were
introduced by B. Sahin. Also, Sahin investigated slant
submersion from almost Hermitian manifold and
obtained some characterizations. Pointwise slant
submersions which extend slant submersion were
studied by J.W. Lee and B. Sahin. They examined the
relation between slant submanifolds and pointwise slant
submanifolds and found some important results.

On the other hand, as a generalization of CR-
submanifolds, slant and semi-slant submanifolds, bi-
slant submanifolds in almost contact metric manifolds
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defined by Cabrerizo et al. [6]. In Carriazo [7] studied
bi-slant immersions in almost Hermitian manifolds.
Uddin et al. [21] studied warped product bi-slant
immersions in Kaehler manifolds and obtained some

results. Also Algahtani et al. [3] investigate geometric
properties warped product bi-slant submanifolds of
cosymplectic manifolds and gave an example for
warped product pseudo-slant submanifolds.

In purpose of the present paper is to examine pointwise
bi-slant submersions from almost Hermitian manifolds
onto Riemannian manifolds. In section 2, we review and
collect some basic properties about almost Hermitian
manifolds and Riemannian submersions. In section 3 we
define pointwise bi-slant submersions and investigate
the geometry of leaves of distributions and we a need
and sufficient condition to be geodesic of such
submersions.

2. Preliminaries

In this section we recall some information about almost
Hermitian manifolds and Riemannian submersions. A
2n-dimensional smooth manifold M is called an almost
Hermitian manifold with a tensor field J of type (1,1)
and a Riemannian metric g such that

J?2=-I and g(X,Y)=g(X,JY).

An almost Hermitian manifold is said to be Kahler
manifold if

(Vx))Y =0, VX,Y € [(TM)
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where V is the Levi-Civita connection on M.

Let m:M - N be a C*-map between (M,gy) and
(N, gn) C”-Riemannian manifolds of dimension m and
n respectively. A C*-submersion m: M — N is called a
Riemannian submersion if at each point p of M, m,,
preserves the length of the horizontal vectors [8].

For each q € N, 71(q) is an (m — n)-dimensional
submanifold of M called fiber. If a vector field on M is
always tangent (or orthogonal) to fibers then it is said to
be vertical (or horizontal) [13]. A vector field X on M is
called basic if it is horizontal and TXp = X, (p) for
X, €I(TN) all p e M. We will show the projection
morphisms on the distributions (kerm,) and (kerm,)*
by V and H, respectively.

A Riemannian submersion m: M — N determines two
(1,2) tensor fields " and A on M. These tensor fields
are called the fundamental tensor fields or the invariants
of . For X,Y € I'(TM), these tensor fields can be given

by the formulae
IY = HVypx VY + VVy HY
AxY = VVyxHY + HVyx VY

@2.1)
(2.2)

where V is the Levi-Civita connection of (M, g, ). On
the other hand for U,V € I'(kerm,) and ¢&,n €
I'((kerm,)') the tensor fields satisfy the following

equations
Tuv = Tvu
1
Agn = —Ay§ = VIS, 1].

Note that a Riemannian submersion m:M — N has
totally geodesic fibers if and only if T wvanishes
identically.

(2.3)
2.4)

We now remember the following lemma.

Lemma 2.1. (f13]) Let m:M — N be a Riemannian
submersion between Riemannian manifolds and
suppose that & and n are basic vector fields of M 7-
related to &, and n, on N. Then

Lo gu(m =gnEon.)eom,
ii. [§,m]" is a basic vector field,

iil. [V, €] is vertical for any vector field V of (kerm,),

iv. (V?n)}[ is the basic vector field i.e.

m. ((v¥n)") = vin..

where VM and V¥ are the Levi-Civita connection on M
and N, respectively.

Furthermore from (2.1) and (2.2) we have
VUV = Tuv + VUV
Vy$ =HVyé +Tyé

(255)
(2.6)
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(2.7)
2.8)

for &,n €T((kerm,)) and U,V € I'(kerm,), where
VyV =VV,V. Moreover, if & is basic then HV,& =
AgU.

Let (M, gy) and (N, gy) be Riemannian manifolds and
Y:M — N is a smooth mapping between them. The
second fundamental form of ¢ is given by

Vi, (X,Y) = Vo, (V) — . (VYY)

for X,Y € I'(TM), where V¥ is the pullback connection.
The smoooth map ¥ is said to be harmonic if
traceVi, = 0 and ¥ is called a totally geodesic map if
(V) X, Y) =0forX,Y e [(TM) [5].

2.9)

3. Pointwise Bi-slant submersions from Almost
Hermitian Manifolds

Definition 3.1. Let (M, g,,J) be an almost Hermitian
manifold and (N,gy) a Riemannian manifold. A
Riemannian submersion m:M — N is called a
pointwise bi-slant submersion if for i = 1,2 the angles
6; between JU; and a pair of orthogonal distributions D;,
respectively, are independent of the choice of the
nonzero vector U; € I'(kerm,) such that kerm, = D, @
D, and JD; L D; for j = 1,2. Then the angle 6, is called
the slant function of the pointwise slant submersion.

Let m: (M,gum,J) » (N,gy) be a pointwise bi-slant
submersion. For U € I'(kerm,), we can write
U=PU+QU

where PU € T'(D,) and QU € T'(D,).
Also, for U € I'(kerm,), we obtain
JU = ¢U + wlU
where ¢pU € T'(kerr,) and wU € T'(kerm,)*.
For & € T'(kerm,)*, we have
J§ =BS+ (¢
where B¢ € T'(kerm,) and C¢ € I'(kerm,)*.

3.1)

(3.2)

(3.3)

The horizontal distribution (kerm,)* is decompesed as

(kerm)t = wD; @ wD, D u

where p is the complementary distribution to wD; @
wD, in (kerm,)*.Using (3.2) and (3.3) we arrive

¢D, = D,,¢D, = D,,BwD; = D;,BwD, =D,
Thus we can give the following result.
Theorem 3.1. Let m be a Riemannian submersion from

an almost Hermitian manifold (M, gy,/) onto a
Riemannian manifold (N, gy). Then & is a pointwise bi-
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slant submersion if and only if there exist bi-slant
function 6; defined on D; such that

¢? = —(cos?8))I, i = 1,2.

Proof. The proof of this theorem is the same as slant
submersions [17].

Theorem 3.2. Let m be a pointwise bi-slant submersion
from Kaehlerian manifold (M, gy, /) onto a Riemannian
manifold (N, gy) with bi-slant functions 6,,8,. Then
the distribution D; defines a totally geodesic foliation if
and only if

sin®6, gy ([U, €1, V) = sin26,¢[6,]1gu (U, V) +
Iu(AswpU, V) — gy (AU, dV) —
Iu(HVewlU, wV)

and gy (TywV, dW) + gy (HVywV,wW) =0
where U,V € D;, W € D, and & € I'((kerm,)%).
Proof. Forany U,V € D, and ¢ € D, we can write

Igu(VyV, &) = —gu([U,¢1,V) — gM(V$U: V)
= —gu([U,&1,V) — gu(VepU,JV)
— gu(VewU,JV)
= —gu([U,&1,V) + gu(Ved?U,V)
+ gu(VewdU, V) — gy (VewU,JV).
From Theorem 3.1, the above equation takes the form
sin®0; gu (VyV,§) = —sin®0, gy ([U, €], V)

+9u(VeweU,V) — gy (Vewl,JV)
+sin?0,X[6,1g9y, (U, V).

Thus using (2.8) we have

sin?0, gy (VyV,§) = —sin®0, gy ([U, €1, V)
+gu(AswpU, V) — gy (AU, V)
+ sin?8,X[6,19n (U, V)
—dum (}[Vga)U, wV).

Furthermore, for W € T'(D,)
Iu(VyV, W) = gu(VydV,JW) + gu(VywV,JW)

= —gu(Vyd?V, W) + gy (VywV,JW)
From the equation (2.6) and Theorem 3.1 we arrive at
sin?01gy (VyV, W) = gu(TywV, W)

+gu(HVy 0V, oW).

Theorem 3.3. Let  be a pointwise bi-slant submersion
from Kaehlerian manifold (M, g, J) onto a Riemannian
manifold (N, gy) with bi-slant functions 6,,8,. Then

the distribution D, defines a totally geodesic foliation if
and only if

sin?0,gy (W, €], Z) = sin260,£[6,1gy (W, Z) +
gu(AswpW,2) — gy(As oW, pZ) —
Iu(HVewW, wZ)
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and

where U € D;, W,Z € D, and & € I'((kerm,)1).

Proof. By using similar method in Theorem 3.2 the
proof of this theorem can be easily made.

Theorem 3.4. Let m be a pointwise bi-slant submersion
from Kaehlerian manifold (M, gy, /]) onto a Riemannian
manifold (N, gy) with bi-slant functions 6,,6,. Then
the distribution (kerm,)! defines a totally geodesic
foliation on M if and only if

gM(}[an, wd)U) = (cos?6, — coszez)gM(Afn, QU)
+gu(wAsn, wU) + gy(CHVen, wU).

where &, € T'(kerm,)* and U € (kerm,).

Proof. Suppose that &,17 € I'(kerm,)* and U € (kerm,).
So we can write

Iu(Ven, U) = —gu(Ven, 92PU) + gy (JVen, wl)
—gu(Ven, wpU) — gy (Ven, $2QU).

From Theorem 3.1 we obtain

gu(Ven, U) = cos26, gy (Ven, PU) — gy (Ven, wgpU)
+gM(]V§17, wU) + cosZBZgM(an, QU).

Using the equations (2.8) and PU = U — QU we have

sin291gM(an, U) = —gM(.‘van,wd)U) +
Iu(wAen, 0U) + gy (CHen, wU) + (cos?6, —

cos?0,)gu(Aen, QU).

Considering above equation we have the desired
equation.

Theorem 3.5. Let m be a pointwise bi-slant submersion
from Kaehler manifold (M, gy, /) onto a Riemannian
manifold (N, gy) with bi-slant functions 6,,68,. Then
the distribution (kerm,) defines a totally geodesic
foliation on M if and only if

gu(AgwU, ¢V) = —sin®6:g, ((U,€],V) +
sin26,&[0,1gy (PU, PV)— gy (HV:wlU, V) +
sin26,¢[6,19u(QU, QV) — gy (AV:wpU,V)
+(cos?0; — cos?0,) gy (VVeU,V)

where & € I'(kermr,)t and U,V € (kerm,).

Proof. Given & € I'(kerm,)t and U,V € (kerm,). Then
we derive

gM(VUVl E) = _gM([U! f]! V) - gM(]val]V)
~gu([U,§1,V) — gu(V:¢*PU,V)
—gu(Ve92QU,V) + gu(VewpU, V)
—gu(VewU,JV).

By using Theorem 3.1 we have

gu(VyV, &) = sin260,¢[0,]1gy (PU, PV)
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—-gu([U,&],V) — C052929M(VUQV' $)

+gu(VewU,V) — cos?6, gy (VePV, §)
+sin26,§[0,194 (QU, QV)
—gu(VewU,JV)

Making use of equations (2,7), (2.8) and PU = U — QU

we arrive

sin?0; gy (VyV, &) = (cos?8, — cos?0,)g(VV:QU,V)
=sin?61 9y ([U, 1, V) —gu (AswU, ¢V)
+gu(AswdpU, V) — gy (HVewU, wV)
+(sin26,)¢[01]1gm (PU, PV)
+(sin26,)¢[0;]191, (QU, QV)

Using above equation we obtain the desired equation.

Theorem 3.6. Let m be a pointwise bi-slant submersion

from Kachler manifold (M, gy, /) onto a Riemannian

manifold (N, gy) with bi-slant functions 6,, 6,. Then
is totally geodesic if and only if

c0s26,T;PV + c0s26,7,QV = CHV 0V + oTywV
and

05?0, A PU + 05?0, A: QU = —CHV:wV — wA;wV
where £ € I'(kerm,)* and U,V € (kerm,).

Proof. Firstly since m is a Riemannian submersion for
&,n € I'(kerm,)* we have

(V) () = 0.

Therefore for &, € I'(kerm,)! and U,V € (kerm,) it is
enough to show that (Vm,)(U,V)=0 and
(Vm,)(&,U) = 0. So we can write

Then using the equation (2.6) and (2.7), we obtain

(VT[*)(U' V) = _T[*(VUV) = _T[*UVU(l)V +]VUwV)
= —m.(Vy@2PV + YV, $2QV +
JVywV).

From Theorem 3.1 we find

(Vr,)(U,V) = —m,(—cos?8,V, PV — cos?0,V,QV
+ JVywV)

m,(cos?8,(TyPV + V,PV) +
c0s26,(T,QV + V,0V)—] T, 0wV —
JHV V).

Therefore we arrive at the first equation of Theorem 3.6.
On the other hand, we have

(V) V) = —m.(VeU).
Then using the equation (2.7) and (2.8), we arrive

(V) (¢, U) = m.(cos?6, (AsPU + VV:PU)
+ 0520, (A QU + VVeQU)—] A wlU
— JHV:0U).
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This concludes the proof.
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