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Abstract

In the realms of theoretical computer science and approximation theory, asymetric normed
spaces play an important role. In this paper, by combining asymmetric norm and cone norm,
it is defined asymmetric cone normed spaces. Also, it is introduced and studied some
topological concepts in asymmetric cone normed spaces.
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Simetrik olmayan konik normlu uzaylar {izerine bir ¢alisma

Oz

Teorik bilgisayar bilimi ve yaklasim teorisi alanlarinda asimetrik normlu uzaylar onemli bir
rol oynamaktadir. Bu ¢alismada asimetrik norm ve konik norm birlestirilerek asimetrik konik
normlu uzaylar tamimlanmaktadir. Ayrica asimetrik konik normlu uzaylarda bazi topolojik
kavramlar tamitilmakta ve calisiimaktadir.
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1. Introduction and preliminaries

In [1], the authors introduced the cone metric spaces by means of a partial ordering on a
Banach space with a cone. By defining convergence and completeness in these spaces, they
prove some fixed point theorems to generalize the corresponding ones in metric spaces.
Later, the authors of [2] gave some generalized topological concepts and definitions in cone
metric spaces and proved that every cone metric space is a topological space.

As a generalization of a norm, a cone norm is defined in [3,4] by replacing the set of real
numbers with an ordered real Banach space. A real vector space with a cone norm is called a
cone normed space. Cone normed spaces play an important role in fixed point theory,
computer science and some other research areas of functional analysis.

Before giving the formal definition of a cone norm, we give some basic notions and results
related to the topic.

Definition 1. [5] Let P be a subset of a real Banach space E. Then P is called a cone if the
following conditions hold:

P isclosed, P # {6} and P # @,

a,fFER, a,f =20 and x,yEP = ax+ By €EP,

x€P and —x € P = x = 6, where 85 denotes the zero vector of the real vector space
E.

Example 1. [5]

1.Let E =R™ Then P = {(xq,...,x,) € E:x; = 0foralli =1,...,n} isaconeon E.
2.Let E =Cl[a,b].Then P={f €E:f(x) =2 0forallx € [a,b]} isaconeon E.

3.Let E=¢, (1<p<).Then P = {(x,) €EE:x, = 0foralln € N} isaconeon E.

Let P be acone on areal Banach space E.Forany x,y € E, we mean
1. x<yey—x€P,

2. x<yeoy—x€P,x+y,

3. x<<y& y—xe€ IntP,where IntP denotes the interior of P.

It is easy to see that < defines a partial ordering on E with respectto P. The cone P is
called normal if there isa number K > 0 suchthatforall x,y €E, 0<x <y = [[x <
K Il y I, where K is called the normal constant of P. P is called minihedral cone if for any
x,y € E, sup{x,y} exists, or equivalently inf{x,y} exists.

Lemma 1. [2] Let P beacone onareal Banach space E. Forevery c € E with 6; <<,
there exists § > 0 such that u << ¢ whenever u € E with || u <.

Lemma 2. [2] Let P beacone on areal Banach space E. Forevery c;,c, € E with 0z <
< ¢, Cy, there exists ¢ € E with 6z << ¢ suchthat ¢ << ¢4, 5.

Lemma 3. [6] Let P be a cone on a real Banach space E. If 8; < u << c forevery c €
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E with 65 << ¢, then u = 6.

In our proofs, we use the following two facts:

AERAZ0,xy=>Ax < Ay. (1)
A€R,A> 0= AntP c IntP. (2)

Throughout the study, (E,Il. 1) is a real Banach space and P isacone on E with IntP #
0}

Definition 2. [3,4] A cone norm on a real vector space X isamapping Il.ll.;:X — E such
that

O <l x I,

Il xll.= 0 © x = 0y

Il ax .= |a| Il x Il
lx+ylc2lxlle+lyle

hold forall x,y € X and a € R, where 8y denotes the zero vector of X. The ordered pair
(X, II.1l,) is called a cone normed space.

The study of asymmetric metrics goes back to Wilson [7] and then it became a subject of
intensive research in the context of topology and theoretical computer science. Following his
terminology, asymmetric metric is often called quasi metric. In the realms of pure and
applied mathematics and materials science, there are many applications of asymmetric
metric spaces.

An asymmetric norm is a positive definite sublinear functional on a real vector space. The
definition is as follows:

Definition 3. [8] An asymmetric norm on real vector space X isa mapping p: X — R such
that

p(x) =0
p(x) =p(—x) =0 & x = by
p(ax) = ap(x)

p(x+y) <p)+p)
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hold for all x,y € X and a > 0. The ordered pair (X,p) is called an asymmetric normed
space.

On the contrary to a norm, since the scalar multiplication is not continuous, an asymmetric
norm does not induce a vector topology. An asymmetric norm defines an asymmetric metric
which does not satisfy the symmetry condition of a metric. Hence one can obtain a topology
induced by the asymmetric norm which is not necessarily Hausdorff. This innocent
modification changes the whole theory, mainly related to completeness, compactness and
totally boundedness. For instance, sequentially compactness and compactness are not the
same notions contrary to the case of a normed space. Many authors have investigated the
topological properties of asymmetric metric and related structures. We refer to [9-15] and
references therein.

In this study, we give the definition of an asymmetric cone normed space as a generalization

of the asymmetric normed space. Also, we introduce some topological concepts with basic
results on asymmetric cone normed spaces.

2. Main results

In this section, we define asymmetric cone normed spaces and give some new results related
to these spaces.

An asymmetric cone norm on a real vector space X isamapping p.: X — E satisfying the
following conditions:

0p < pc(x)

Pc(x) =pc(=x) = 0 & x = bx
pe(ax) = ape(x)

Pc(x +¥) 2 pc(x) +pc(y)

forall x,y € X and a = 0. The ordered pair (X,p.) is called an asymmetric cone normed
space.

The mapping p.: X = E defined by p.(x) = p.(—x) forall x € X isanasymmetric cone
norm on X and called as the conjugate of asymmetric cone norm p,.

Lemma 4. If P is a minihedral cone on E, then the mapping ps: X — E defined by
pe (x) = sup{p.(x), p.(x)} isacone normon X.

Proof. Clearly, 6; < p.(x), p:(x) < pi(x) holds for every x € X.

It can be easily seen that pi(x) = 05 © p.(x) = p.(—x) = 6y © x = Oy.
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Firstly, let « = 0. By (1), we obtain ap.(x), ap.(x) < api(x) and so p.(ax), p.(ax) <
aps(x). This means that

pe(ax) = ape(x). (3)

Now, let a < 0. Itis clear that p(—ax) = sup{p.(—ax), p.(—ax)} = p:(ax). From (3),
we obtain pi(—ax) < —api(x) = |a|ps(x) or equivalently, pJ(ax) < |a|ps(x).

Hence, for a#0 , we have |a|pi(x)= |a|p§(%ax) < |a||%|p§(ax) =ps(ax) .
Consequently, it follows that pZ(ax) = |a|pi(x) forall @ € R.

We have for all x,y € X, p.(x +y) X p.(x) + p.(y) = pi(x) + pi(y) and p.(x +y) =
pc(x) + pc(y) = pi(x) + pi(y) which imply together that pg(x +y) < pZ(x) + p2(¥).

For x € X and c € E with 6; << ¢, we define the open and closed balls by:
By (x,¢) ={y € X:p.(y — x) << c}

and

By [x,c] ={y € X:p.(y —x) = c},
respectively.

For an asymmetric cone norm p,, one can define an asymmetric cone metric g, by the
formula q,_(x,y) = p.(y — x) (x,y € X). Hence, a topology 7,,_ on X generated by the
collection

{Bp.(x,c):x € X,c € E with 6 << c}

can be defined. That is, aset U in an asymmetric cone normed space X is open with respect
to the topology 7, if for all x € U there exists c, € E with 65 <<c, such that
By (x,cx) c U.

In the same way, another topology 7,;. on X generated by the collection

{Bs.(x,c):x € X, c € E with 85 << c}

can be defined. U is open with respect to t,;_if for all x € U there exists ¢, € E with
O << ¢y suchthat B; (x,cy) c U.

Remark 1. The topology t,,_ is not necessarily T;.

Example 2. Let X =R, E =R? P ={(x,y) € E:x,y > 0} and p,: X - E defined by
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_ ((x,x), ifx>0
Pe(x) = {(0,0), ifx < 0.

Then, the topology 7, is not T;. In fact, given any (cq,c;) € E with ¢4,c, > 0, we have
1€ B, (2,(c1,¢3)) = (—»,¢), where ¢ = min{c; + 2,¢c, + 2}. That is, there exists no
neighbourhood of 2 with respect to 7, which does not contain 1. Hence, 7, cannot be
T;.

Theorem 1. Let (X,p.) be an asymmetric cone normed space. The topology t,,_is T; if
and only if 8 << p.(x) forevery x € X, x # 6.

Proof. = Let 7,  be T;. Then, given any x € X with x # 0y, there exist c,,c € E with
O << ¢y, ¢ such that 8y & B, (x,cy) and x & By, (0x,¢); that is, g << ¢x < pc(—x)
and 0 << ¢ < p.(x).

< By hypothesis, we have 0; << p.(y —x) and 65 << p.(x —y) for every x,y € X
with x # y. Then, we obtain that y € B, _(x,c,) and x & By,_(,cy), where ¢, = p.(y —
x) and ¢, = p.(x — y), respectively. Hence, we conclude that 7,,_is T;.

Lemmab. B, (x,c) isopen with respectto 7,,_.

Proof. Let y € B,_(x,c). Then, we have p.(y —x) <<c.Put ¢, =c—p.(y —x). If z €
B, (y,cy), we obtain

Pe(z—=x)2p(z—y)+p.(y—x)<<¢c, +p(y—x)=c

which means z € B, (x,c). Hence, we conclude that B, (x,c) is open with respect to ,,_
since given any y € B, (x,c) the inclusion B, (y,c,) < B, (x,c) holds for some ¢, € E
with 8 << ¢,,.

Lemma6. B, [x,c] isclosed with respectto 7.

Proof. Let y € X\B,_[x,c]. Then, we have ¢ << p.(y —x). Put ¢, = p.(y —x) —c. If
z € By _(y,cy), we obtain

Py — %) 2 pc(y — 2) + pc(z — x) << ¢y + pc(z — x)

which implies ¢ =p.(y —x) — ¢y, <<p.(z—x) and so z€ X\B, [x,c] . Hence,
X\B,_[x,c] is open with respect to 7, ; thatis B, _[x, c] is closed with respect to 7; .

Lemma 7. In an asymmetric cone normed space (X,p.), By (x,c) = x+ll ¢ | B, (0, €)
and By [x,c] = x+ll ¢ Il By [0, e] hold for every x € X and ¢ € E with 6y << ¢, where
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=<
€= er
Proof. Let y € B, (x,c). Then, we have p.(y —x) <<c. From (2), we obtain
pc(i (y — x)) << — which means that i(y —x) € B, (0g,e) and so y € x+l c |

licll licll licll

B, (0g, e), where e = "CT" Hence, we conclude that B, (x,c) € x+Il ¢ Il B, (0, e).

For the reverse inclusion, let y € x+ll ¢ Il B, (6, e) (e = ﬁ). Then, we write y = x+]|

c |l z for z € E with p(z) << ﬁ It follows that p(y — x) =ll ¢ | p(z) << c and s0 y €
B, (x, ¢). Consequently, the inclusion x+Il ¢ Il B, (6g,e) © By, (x,c) holds.

Theorem 2. The mapping p. is upper semi continuous and lower semi continuous with
respect to the topologies 7, and 7, respectively.

Proof. Let A ={x € X:p.(x) << u} for any u € E. Choose x € A and put c =u —
pc(x) which satisfies 85 << c. For z € B, (x, c), we have

Pc(2) 2 pc(z —x) +pc(x) << c+p:(x) =u

which means z € A. Hence, the inclusion B, (x,c) < A holds. We conclude that A is
Tp,~Open and so p, is upper semi continuous with respect to 7, .

Let B={x € X:u << p.(x)} for any u € E. Choose x € B and put c'=p.(x) —u
which satisfies 8y << c'. For z € By_(x,c"), we have

Pe(x) 2 pc(x —2) +pc(2) =pc(z—x) +pc(2) << c"+p(2)
and therefore
U =p(x) —c'<<pc(2)

which means z € B. Hence, the inclusion B, (x,c¢) € B holds. We conclude that B is
Tp.-open and so p. is lower semi continuous with respect to 7 .

Definition 4. A sequence (x,) in an asymmetric cone normed space (X, p.) is said to be
left (right) p.-convergent to x € X if for every ¢ € E with 8; << c, there exists n. € N

. l
such that p.(x, — x) << ¢ (p.(x — x,) << c) for all n > n,.. We denote it by x,, — x
(ot — ).

Remark 2. A sequence (x,) in (X,p.) is convergent to x € X with respect to the cone
norm p; if and only if it is left p.-convergent and right p.-convergent to x.

Lemma 8. Let (x,,) be asequence in an asymmetric cone normed space (X,p.).
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1. If (x,) is left p.-convergent to x € X and right p.-convergent to y € X, then p.(y —
X) == BE'

2. If (x;) is left p.-convergent to x € X and p.(x —y) = 6, then (x,) is also left
pc-convergentto y € X.

Proof. By hypothesis, given any c € E with 8z << c there exists n, € N such that
c c -
Pc(x, — x) << 3 and p.(y — x,,) << P for all n > n.. Hence, we obtain

QE = pc(y - x) = pc(y - xn) + pc(xn - x) <<c.
From Lemma 3, we conclude that p.(y — x) = 6.

By hypothesis, given any ¢ € E with 85 << c, there exists n. € N such that

pc(xn - Y) = pc(xn - x) + pc(x —_'V) <<c¢
for all n > n, which means that (x,,) is left p.-convergent to y.

Remark 3. As a result, it is clear that if a sequence (x;) in an asymmetric cone normed
space (X,p.) is left p.-convergentto x € X, then x is not unique unlike in a cone normed
space.

Lemma 9. Let (X,p.) be an asymmetric cone normed space with a normal cone P on E
and (x,) be a sequence in X. (x,) is left p.-convergent to x € X if and only if
pe(x, —x) = 0 as n - oo,

l . .
Proof. = Let x,, — x. Given any € > 0, choose c € E with 8y << ¢ such that K || c Il
< &, where K > 0 is a normal constant. Then, there is n, € N satisfying || p.(x, — x) I<
K |l c lI< € forall n = ny which means p.(x,, — x) — 6.

< Suppose that p.(x, — x) = 8. From Lemma 1, for ¢ € E with 6; << c, there exists
& > 0 such that a << ¢ whenever || a lI< §. For this § > 0, there is n, € N satisfying ||
pc(xp —x) lI< 6 for all n = ny. It follows that p.(x, — x) << ¢ for all n > ny and so
(xy) is left p.-convergentto x.

Example 3. Let X =R, E = R? P ={(x,y) € E:x,y = 0} and p.: X — E defined by
_ {(x, x), ifx>0
Pe() = (0,0, ifr < 0.

The sequence ((—1)™) is left p.-convergent to 1. Indeed, given any (cy,c;) € E with
(0,0) << (cq,¢2), we have p.((—1)™ — 1) = (0,0) for all n € N. (Clearly, this sequence
is not only left p.-convergent to 1 but also left p.-convergent to all x > 1.) Also, this
sequence is right p.-convergent to —1 since p.(—1 — (—1)") = (0,0) for all n € N. By
using Lemma 9, we conclude that it is not convergent with respect to the cone norm p; since
we have
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pe((=D" =x) = (I=D" = x|, |(=1)" = x]) » (0,0)
forany x € X.

Definition 5. A sequence (x,) in an asymmetric cone normed space (X, p.) is said to be
1. ps-Cauchy if for every ¢ € E with 65 << ¢ there exists n. € N such that p.(x, —
Xm) << c forall n,m > n,

2. left (right) K-Cauchy if for every c € E with 6; << c there exists n, € N such that
Pc(xn — xm) << ¢ (pc(xy, — x,) << c¢) forall n >m = n,,

3. weakly left (right) K-Cauchy if for every c € E with 6; << c there exists n, € N
such that p.(xp, — xn,) << ¢ (Pc(xn, — xn) << ¢) forall n = n,,

4. left (right) p.-Cauchy if for every ¢ € E with 6z << c there exist n, € N and x € X
such that p.(x, —x) << c¢ (p.(x — x,) <<c¢) forall n = n,.

Remark 4. A sequence (x,) in (X,p.) is pz-Cauchy if and only if it is left K-Cauchy and
right K-Cauchy.

Remark 5. The following relations hold:
ps -Cauchy = left (right) K-Cauchy = weakly left (right) K-Cauchy = left (right)
p.-Cauchy

Example 4. Let X =R, E =R? P ={(x,y) € E:x,y > 0} and p.: X — E defined by

(D), ifx>0
Pe(x) = {(0,0), ifr < 0.

The sequence (x,) = (1,0,1,0,...) is weakly left K-Cauchy. Indeed, given any (cy,c;) €
E with (0,0) << (cq,¢2), we have p.(x, —x1) = (0,0) << (c4,¢c;) forall n > 1. But, it
is not left K-Cauchy due to the fact that for n > m, we have p.(x, — x) = (1,1) <<
(%,%), where n isodd and m is even.

Definition 6. Let (X, p.) be an asymmetric cone normed space.

1. If every left p.-Cauchy sequence in X is left p.-convergent, then X is called left
pc-sequentially complete asymmetric cone normed space.

2. If every weakly left K-Cauchy sequence in X is left p.-convergent, then X is called
weakly left K-sequentially complete asymmetric cone normed space.

3. If every left K-Cauchy sequence in X is left p.-convergent, then X is called left
K-sequentially complete asymmetric cone normed space.

4. If every p; -Cauchy sequence in X is left p.-convergent, then X is called
pc-sequentially complete asymmetric cone normed space.

Theorem 3. Let (x,) be a left K-Cauchy sequence in an asymmetric cone normed space

(X, pc)-
1. If (x,) has a left p.-convergent subsequence, then (x,) is left p.-convergent to the
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same point.
2. If (x,) hasaright p.-convergent subsequence, then (x,,) is right p.-convergent to the
same point.

Proof. 1. Suppose that (x,) is a left K-Cauchy sequence in (X,p.) and the subsequence
(xn,) is left p.-convergent to x € X. Then, given any c € E with 85 << c¢ there exists

ne € N such that p.(x, — x,,) << % forall n > m > n,. Choose ko € N such that n;, >
n. and p,(xn, — x) << % for all k > k. It follows that

Pe(Xn — X) X pc(y — xnko) + pc(xnko —x)<<c
for n = ny,.

2. Now, suppose that the subsequence (xy,) is right p.-convergent to x € X. Choose
ko € N suchthat n, =n = n, and p.(x — x,,) << % forall k > ky. Then, we have

pc(x - xn) = pc(x - xnk) + pc(xnk - xn) <<<c.

Corollary 1. If (x,) is a left K-Cauchy sequence in an asymmetric cone normed space
(X,p.) and the subsequence (x,,) is convergent to x € X with respect to the cone norm

ps, then (x;,) is convergentto x € X with respect to the cone norm p;.

Proof. Let (x,) be a left K-Cauchy sequence in (X,p.). Suppose that there is a
subsequence (x,,) of (x,) such that (x,, ) is convergent to x € X with respect to the

l r . .
cone norm pZ. By Remark 2, we have x, — x and x, — x. The last theorem implies

l . : ,
that x,, — x and x, 5 x Again by Remark 2, it follows that (x,) is convergent to x
with respect to p;.

Theorem 4. Let (x,) be a sequence in an asymmetric cone normed space (X,p.). If

D peCnar = ) 1<
n=1

holds, then (x;,) is a left K-Cauchy sequence in X.

Proof. Let ¢ € E with 8z << ¢. From Lemma 1, we can find a § > 0 such that a << ¢
holds for every a € E with || a lI< §. By hypothesis, for this § > 0, there exists n, € N
such that

I pc(xn0+i+1 - xn0+i) < é.

=0
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Hence, we have

k-1
I PeCnrk = 2) IS D 1 PeCEnsiss = i) 1< 8

=0

which implies that p.(x,+x — x,) << ¢ for all n = n, and k € N. This means that (x,)
is a left K-Cauchy sequence in X.

Theorem 5. Let P be a normal cone with normal constant K. The asymmetric cone normed
space (X,p.) is left K-sequentially complete if and only if the sequence (X,) = (x; +
Xy+...+x,) is left p.-convergent in X whenever (x,) is a sequence in X such that

Yn=1 I pe(a) II< o0,

Proof.(=) Suppose that X is left K-sequentially complete. Given any ¢ € E with 85 <<

c, choose § > 0 as in the proof of the previous theorem. If (x;,) is a sequence in X such

that Y5-; I pc(x,) lI< oo  holds, then there exists mny €N  satisfying
izo I pc(xny+i) 1< 6. Hence, we have

k
I PeCne = Xa) 1S ) 1 Petnsn) 1< 8

=1

which implies that p.(X,,.x — X,) << ¢ for all n > ny, and k € N. This means that (X,,)
is a left K-Cauchy sequence in X. By left K-sequentially completeness of X, the sequence
(X,) is left p.-convergentin X.

(&) Take a left K-Cauchy sequence (x;,) in X. Then, for e € IntP with || e |[= 1, there
exists n,; € N such that p.(x, — x,;,) <<§ for all n > m > n,;. Choose n, € N such that

n, >n,; and p.(x, — xX;,) <<232 for all n > m > n,. Continuing in this manner, we
obtain an increasing sequence of natural numbers n, <n, <... satisfying p.(x,,, —

Xn,) <<% for all i € N. Hence, we obtain Y7, Il po(xn,, —xn) IS K <. By
hypothesis, the sequence ((xn, — Xn,) + (Xn, — X )+ o +(Xnyy, — X0, )) = (Xny,, —
xn,) is left p.-convergent to some y € X which implies that the subsequence (x, ) is left
pc-convergent to y + x,, . From Theorem 3, (x;) is also left p.-convergent to y + x,,

and so X is left K-sequentially complete.

Theorem 6. An asymmetric cone normed space (X,p.) is weakly left K-sequentially
complete if and only if it is left K-sequentially complete.

Proof. (=) Since a left K-Cauchy sequence is also a weakly left K-Cauchy sequence, then

it is obvious that weakly left K -sequentially completeness of X implies its left
K-sequentially completeness.
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(<) Now, suppose that X is left K-sequentially complete asymmetric cone normed space.
Let (x,) be a weakly left K-Cauchy sequence in X. For e € IntP with || e |= 1, choose
the smallest natural number n, satisfying p.(x, —x,,) <<e for all n=n, . If

1 .
D (X — xn,) = 0 forall n = n,, then we have x,, — x,,, which completes the proof.

If 6 << pc(xm, — xp,) for some m; > n,, then from Lemma 2 there exists k, € N such
that

e
P << pc(xm1 - xnl) <<e.
2

Let n, be the smallest natural number satisfying p.(x, — xp,) << ki for all n>n,.
2

Similarly, suppose that 8g << p.(xp,, — x,) for some m; > n,, then from Lemma 2
there exists k3 € N such that

e e
= << pc(xm2 — xnz) << o
3 2

By continuing the same process, we obtain increasing sequences of natural numbers 1 =
ky <k <...and ny <n, <...such that p.(x, — xn,) <<£ for all n >n; and i € N.
l

The subsequence (x,,) constructed in this way is a left K-Cauchy sequence. In fact, given
any c € E with 8z << ¢, we can find i, € N such that ki << c and so p.(xp, — Xn,) <

io
<c forall i =j =i,.Since X isleft K-sequentially complete, (xy,) is left p.-convergent
to some x € X. Also,

pc(xn - x) = pc(xn - xni) + pc(xni - x) <<c¢

holds for sufficiently large i € N. Hence, we conclude that given any weakly left K-Cauchy
sequence in X is left p.-convergent which means X is weakly left K -sequentially
complete.
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