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The Relation Between Chebyshev Polynomials and Jacobsthal and Jacobsthal 
Lucas Sequences 

 

Şükran UYGUN*1 

 

 

Abstract 

In this paper Jacobsthal, Jacobsthal Lucas and generalized Jacobsthal sequences are denoted by 
aid of first or second type of Chebyshev polynomials by different equalities. Then using these 
equalities a relation is obtained between Jacobsthal and generalized Jacobsthal numbers. 
Moreever, the nth powers of some special matrices are found by using Jacobsthal numbers or 
Chebyshev polynomials. Some connections among Jacobsthal, Jacobsthal Lucas are revealed 
by using the determinant of the power of some special matrices. Then, the properties of 
Jacobsthal, Jacobsthal Lucas numbers are obtained by using the identities of Chebyshev 
polynomials. 

Keywords:  Chebhshev polynomials, Jacobsthal Sequences, Jacobsthal Lucas Sequences  

 

1. INTRODUCTION 

For any 𝑛 ≥ 2 integers, 𝑎, 𝑏; 𝑝, 𝑞 are integers, 
Horadam sequence was defined by Horadam in 
1965, denoted by {𝑊௡}௡வ଴, by the following 
recursive relation                         

𝑊௡ = 𝑊௡(𝑎, 𝑏; 𝑝, 𝑞) = 𝑝𝑊௡ିଵ − 𝑞𝑊௡ିଶ,   

𝑊଴ = 𝑎,   𝑊ଵ = 𝑏.  

where 𝑝ଶ − 4𝑞 ≠ 0. For special choices of 
𝑎, 𝑏; 𝑝, 𝑞, special integer sequences are obtained. 
For example, 

                                                 
* Corresponding Author: suygun@gantep.edu.tr 
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𝑊௡(0,1; 1, −1) = 𝐹௡ classic Fibonacci sequence 

𝑊௡(2,1; 1, −1) = 𝐿௡  classic Lucas sequence 

𝑊௡(0,1; 𝑝, −𝑞) = 𝐹௡
෩  generalized Fibonacci 

sequence 

𝑊௡(0,1; 1, −2) = 𝑗௡ classic Jacobsthal sequence 

𝑊௡(𝑎, 𝑏; 1, −2) = 𝐽௡  generalized Jacobsthal 
sequence 

𝑊௡(2,1; 1, −2) = 𝑐௡  classic Jacobsthal Lucas 
sequence 

𝑊௡(0,1; 2, −1) = 𝑃௡ classic Pell sequence 
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𝑊௡(2,2; 2, −1) = 𝑄௡ classic Pell Lucas sequence 

𝑊௡(1, 𝑥; 2𝑥, 1) = 𝑇௡ first kind Chebyshev 
polynomials 

𝑊௡(1,2𝑥; 2𝑥, 1) = 𝑈௡ second kind Chebyshev 
polynomials. 

The humankind encountered special integer 
sequences with Fibonacci in 1202. The 
importance of Fibonacci sequence was not 
understood in that century. But now, because of 
applications of special sequences, there are too 
many studies on it. For example, the Golden 
Ratio, the ratio of two consecutive Fibonacci 
numbers is used in Physics, Art, Architecture, 
Engineering. We can also encounter Golden Ratio 
so many areas in nature, human body. Horadam 
sequence is very important since we can obtain 
almost most of other special integer sequences by 
using Horadam sequence. Horadam sequence was 
studied by Horadam, Carlitz, Riordan and other 
some mathematicians. Horadam intended to write 
the first paper which contains the properties of 
Horadam sequences in [1,2]. In 1969, the relations 
between Chebyshev functions and Horadam 
sequences were investigated in [3].  In [6], Udrea 
found important relations with Horadam sequence 
and Chebyshev polynomials. In [7], Mansour 
found a formula for the generating functions of 
powers of Horadam sequence. Horzum and Koçer 
studied the properties of Horadam polynomial 
sequences in [8]. The authors established 
identities involving sums of products of binomial 
coefficients that satisfy the general second order 
linear recurrence in [9]. In [10], the authors 
obtained Horadam numbers with positive and 
negative indices by using determinants of some 
special tridiagonal matrices. In [11], the authors 
established formulas for odd and even sums of 
generalized Fibonacci numbers by matrix 
methods. In [12], some properties of the 
generalized Fibonacci sequence were obtained by 
matrix methods. One of important special integer 
sequences is Jacobsthal sequence because of its 
application in computer science. In [4,13,14,15], 
you can find some properties and generalizations 
of Jacobsthal sequence. 

2. MAIN RESULTS 

Definition 1. Let 𝑛 ≥ 2 integer, the Jacobsthal 
{𝑗௡}௡வ଴,  the Jacobsthal Lucas {𝑐௡}௡வ଴ and 
generalized Jacobsthal {𝐽௡}௡வ଴ sequences are 
defined by 

𝑗௡ = 𝑗௡ିଵ + 2𝑗௡ିଶ,      𝑗଴ = 0,    𝑗ଵ = 1, 

𝑐௡ = 𝑐௡ିଵ + 2𝑐௡ିଶ,      𝑐଴ = 2,    𝑐ଵ = 1, 

𝐽௡ = 𝐽௡ିଵ + 2𝐽௡ିଶ,      𝐽଴ = 𝑎,    𝐽ଵ = 𝑏. 

respectively. 

Definition 2. Let 𝑛 ≥ 2  integer, the first kind 
{𝑇௡}௡வ଴,   and second kind {𝑈௡}௡வ଴,  Chebyshev 
polynomial sequences are defined by the 
following recurrence relations 

𝑇௡ = 2𝑥𝑇௡ିଵ − 𝑇௡ିଶ,      𝑇଴ = 1,    𝑇ଵ = 𝑥, 

𝑈௡ = 2𝑥𝑈௡ିଵ − 𝑈௡ିଶ,     𝑈଴ = 1,    𝑈ଵ = 2𝑥, 

respectively. 

The Binet formula for the Horadam sequence is 
given by 

𝑊௡ =
𝑋𝑟ଵ

௡ − 𝑌𝑟ଶ
௡

𝑟ଵ − 𝑟ଶ
, 

where 𝑋 = 𝑏 − 𝑎𝑟ଶ,    𝑌 = 𝑏 − 𝑎𝑟ଵ;  𝑟ଵ, 𝑟ଶ being 
the roots of the associated characteristic equation 
of the Horadam sequence {𝑊௡}௡வ଴. It is obtained 
the quadratic characteristic equation for {𝑊௡}௡வ଴,  
as  𝑟ଶ − 𝑝𝑟 + 𝑞 = 0,   with roots 𝑟ଵ, 𝑟ଶ defined by 

𝑟ଵ =
௣ାඥ௣మିସ௤

ଶ
, 𝑟ଶ =

௣ିඥ௣మିସ௤

ଶ
 .      

The summation, difference and product of the 
roots are given as 

𝑟ଵ + 𝑟ଶ = 𝑝,    𝑟ଵ − 𝑟ଶ = ඥ𝑝ଶ − 4𝑞,   𝑟ଵ𝑟ଶ = 𝑞. 

The Binet formulas for the Jacobsthal, Jacobsthal 
Lucas and generalized Jacobsthal sequences are 
given by respectively 

𝑗௡ =
2௡ − (−1)௡

3
, 
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𝑐௡ = 2௡ + (−1)௡, 

𝐽௡ =
஺ଶ೙ି஻(ିଵ)೙

ଷ
,  

where 𝐴 = 𝑏 + 𝑎,    𝐵 = 𝑏 − 2𝑎. 

We define 𝐸௪ = −𝑋𝑌 = 𝑝𝑎𝑏 − 𝑞𝑎ଶ − 𝑏ଶ  for 
Horadam sequence {𝑊௡}௡வ଴. Similarly, for the 
first kind Chebyshev polynomials 𝐸் = −𝑋𝑌 =
𝑝𝑎𝑏 − 𝑞𝑎ଶ − 𝑏ଶ = 𝑥ଶ − 1, and for the second 
kind Chebyshev polynomials 𝐸௎ = −1. For the 
Jacobsthal, Jacobsthal Lucas, generalized 
Jacobsthal numbers, we have 𝐸௃ = 𝑎𝑏 + 2𝑎ଶ −

𝑏ଶ, 𝐸௝ = −1,    𝐸௖ = 9.  

Chebyshev polynomials are also defined by 

𝑇௡(𝑐𝑜𝑠𝜑) = 𝑐𝑜𝑠𝑛𝜑,   𝑈௡(𝑐𝑜𝑠𝜑) =
𝑠𝑖𝑛𝑛𝜑

𝑠𝑖𝑛𝜑
,  

𝑛 ∈ 𝑍ା, 𝑠𝑖𝑛𝜑 ≠ 0. 

Proposition 3. Jacobsthal, Jacobsthal Lucas, 
generalized Jacobsthal numbers are obtained by 
using Chebyshev polynomials as 

𝑗௡ = (2𝑖ଶ)
௡ିଵ

ଶ 𝑈௡ିଵ ൬
1

2√2𝑖
൰, 

𝑐௡ = 2(2𝑖ଶ)
௡
ଶ𝑇௡ ൬

1

2√2𝑖
൰, 

𝐽௡

= 𝑎(2𝑖ଶ)
௡
ଶ𝑇௡ ൬

1

2√2𝑖
൰

+
(2𝑏 − 𝑎)(2𝑖ଶ)

௡ିଵ
ଶ

2
𝑈௡ିଵ ൬

1

2√2𝑖
൰

= (2𝑖ଶ)
௡
ଶ ൤

𝑏

√2𝑖
𝑈௡ିଵ ൬

1

2√2𝑖
൰ − 𝑎𝑈௡ିଶ ൬

1

2√2𝑖
൰൨. 

 

Proof: The roots of characteristic equation for 

Horadam sequence are 𝑟ଵ =
௣ାඥ௣మିସ௤

ଶ
, 𝑟ଶ =

௣ିඥ௣మିସ௤

ଶ
   are demonstrated by 

𝑟ଵ, 𝑟ଶ = ඥ𝑞 ቌ
𝑝

2ඥ𝑞
± ඨቆ

𝑝

2ඥ𝑞
ቇ

ଶ

− 1ቍ

= ඥ𝑞(𝑐𝑜𝑠𝜃 ± 𝑖𝑠𝑖𝑛𝜃) 

where 𝑐𝑜𝑠𝜃 =
௣

ଶ√௤
. By De Moivre formula it is 

obtained that 

𝑟ଵ
௡ = 𝑞

௡
ଶ(𝑐𝑜𝑠𝑛𝜃 + 𝑖𝑠𝑖𝑛𝑛𝜃), 

𝑟ଶ
௡ = 𝑞

௡
ଶ(𝑐𝑜𝑠𝑛𝜃 − 𝑖𝑠𝑖𝑛𝑛𝜃). 

We know that for p=1, q=-2, Horadam sequence 
turns out Jacobsthal and Jacobsthal Lucas 
sequences. Hence 

𝑊௡(0,1; 1, −2) = 𝑗௡ =
𝑟ଵ

௡ − 𝑟ଶ
௡

𝑟ଵ − 𝑟ଶ
 

=
𝑞

௡
ଶ[(𝑐𝑜𝑠𝜃 + 𝑖𝑠𝑖𝑛𝜃)௡ − (𝑐𝑜𝑠𝜃 − 𝑖𝑠𝑖𝑛𝜃)௡]

2ඥ𝑞𝑖𝑠𝑖𝑛𝜃

= ඥ2𝑖ଶ
௡ିଵ 𝑠𝑖𝑛𝑛𝜃

𝑠𝑖𝑛𝜃

= ඥ2𝑖ଶ
௡ିଵ

𝑈௡ିଵ(𝑐𝑜𝑠𝜃)

= ඥ2𝑖ଶ
௡ିଵ

𝑈௡ିଵ ൬
1

2√2𝑖
൰. 

𝑊௡(2,1; 1, −2) = 𝑐௡ = 𝑟ଵ
௡ + 𝑟ଶ

௡ 

= ඥ2𝑖ଶ
௡

2𝑐𝑜𝑠𝑛𝜃 = 2ඥ2𝑖ଶ
௡

𝑇௡(𝑐𝑜𝑠𝜃)

= 2ඥ2𝑖ଶ
௡

𝑇௡ ൬
1

2√2𝑖
൰. 

By 𝐴 = 𝑏 + 𝑎,    𝐵 = 𝑏 − 2𝑎, we have 

𝑊௡(𝑎, 𝑏; 1, −2) = 𝐽௡ =
஺௥భ

೙ି஻௥మ
೙

௥భି௥మ
==

௤
೙
మ[஺(௖௢௦ఏା௜௦௜௡ఏ)೙ି஻(௖௢௦ఏି௜௦௜௡ఏ)೙]

ଶ√௤௜௦௜௡ఏ
=

௤
೙
మ[௖௢௦௡ఏ(஺ି஻)ା௜௦௜௡௡ఏ(஺ା஻)]

ଶ√௤௜௦௜௡ఏ
=

௤
೙
మ௖௢௦௡ఏ(஺ି஻)

ଷ
+

௤
೙షభ

మ ௦௜௡௡ఏ(஺ା஻)

ଶ௦௜௡ఏ
= 𝑎(2𝑖ଶ)

೙

మ𝑇௡(𝑐𝑜𝑠𝜃) +

(ଶ௕ି௔)൫ଶ௜మ൯
೙షభ

మ ௎೙షభ(௖௢௦ఏ)

ଶ
= 𝑎(2𝑖ଶ)

೙

మ𝑇௡ ቀ
ଵ

ଶ√ଶ௜
ቁ +

(ଶ௕ି௔)൫ଶ௜మ൯
೙షభ

మ

ଶ
𝑈௡ିଵ ቀ

ଵ

ଶ√ଶ௜
ቁ. 
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By using the well- known property of Chebyshev 
polynomials as 𝑇௡(𝑥) = 𝑥𝑈௡ିଵ(𝑥) − 𝑈௡ିଶ(𝑥), it 
is easily seen that 

𝐽௡ = (2𝑖ଶ)
௡
ଶ ൤𝑎

1

2√2𝑖
𝑈௡ିଵ ൬

1

2√2𝑖
൰

− 𝑎𝑈௡ିଶ ൬
1

2√2𝑖
൰

+
2𝑏 − 𝑎

2√2𝑖
𝑈௡ିଵ ൬

1

2√2𝑖
൰൨

= (2𝑖ଶ)
௡
ଶ ൤

𝑏

√2𝑖
𝑈௡ିଵ ൬

1

2√2𝑖
൰

− 𝑎𝑈௡ିଶ ൬
1

2√2𝑖
൰൨. 

Corollary 4. Jacobsthal, Jacobsthal Lucas, 
generalized Jacobsthal numbers can also be 
demonstrated by using Chebyshev polynomials as 

𝑗௡ାଵ = 2
௡
ଶ𝑖ଷ௡𝑈௡ ൬

𝑖

2√2
൰, 

𝑐௡ = 2
௡ାଶ

ଶ 𝑖ଷ௡𝑇௡ ൬
𝑖

2√2
൰, 

𝐽௡ = 𝑖௡ ቎
𝑎2

௡
ଶ

3
𝑇௡ ൬

−𝑖

2√2
൰

+
(2𝑏 − 𝑎)2

௡ିଵ
ଶ

2𝑖
𝑈௡ିଵ ൬

−𝑖

2√2
൰቏. 

Proof:  

𝑗௡ = (2𝑖ଶ)
௡ିଵ

ଶ 𝑈௡ିଵ ൬
1

2√2𝑖
൰

= 2
௡ିଵ

ଶ 𝑖௡ିଵ𝑈௡ିଵ ൬
−𝑖

2√2
൰

= 2
௡ିଵ

ଶ 𝑖ଷ௡ିଷ𝑈௡ିଵ ൬
𝑖

2√2
൰ 

 

𝑐௡ = (2𝑖ଶ)
௡
ଶ𝑇௡ ൬

1

2√2𝑖
൰ = 2

௡ାଶ
ଶ 𝑖௡𝑇௡ ൬

−𝑖

2√2
൰

= 2
௡ାଶ

ଶ 𝑖ଷ௡𝑇௡ ൬
𝑖

2√2
൰ 

 

𝐽௡ = 𝑖௡ ቈ
௔ଶ

೙
మ

ଷ
𝑇௡ ቀ

ଵ

ଶ√ଶ௜
ቁ +

(ଶ௕ି௔)ଶ
೙షభ

మ

ଶ௜
𝑈௡ିଵ ቀ

ଵ

ଶ√ଶ௜
ቁ቉ =

𝑖௡ ቈ
௔ଶ

೙
మ(ିଵ)೙

ଷ
𝑇௡ ቀ

௜

ଶ√ଶ
ቁ +

(ଶ௕ି௔)ଶ
೙షభ

మ (ିଵ)೙

ଶ௜
𝑈௡ିଵ ቀ

௜

ଶ√ଶ
ቁ቉ = 𝑖௡ ቈ

௔ଶ
೙
మ

ଷ
𝑇௡ ቀ

ି௜

ଶ√ଶ
ቁ +

(ଶ௕ି௔)ଶ
೙షభ

మ

ଶ௜
𝑈௡ିଵ ቀ

ି௜

ଶ√ଶ
ቁ቉. 

Theorem 5. Generalized Jacobsthal numbers are 
denoted by using the first kind Chebyshev 
polynomials as 

𝐽௡ =
2ඥ𝐸௃(2𝑖ଶ)

௡
ଶ

3
𝑇௡ ቆ𝑐𝑜𝑠 ቀ𝜃 −

𝜑

𝑛
ቁቇ, 

where 𝑐𝑜𝑠𝜑 =
௑ି௒

ଶ√ா.
. 

Proof: It is easily seen that 

ඥ(𝑋 − 𝑌)ଶ + (𝑖(𝑋 + 𝑌))ଶ = 2ඥ𝐸௃.  By using 
this equality and the third part of the proof of 
Proposition 3, it is obtained that 

𝐽௡ =
(2𝑖ଶ)

௡
ଶ

𝑟ଵ − 𝑟ଶ
. [(𝑋 − 𝑌)𝑐𝑜𝑠𝑛𝜃 + 𝑖(𝑋 + 𝑌)𝑠𝑖𝑛𝑛𝜃]

=
(2𝑖ଶ)

௡
ଶ

3
.

⎣
⎢
⎢
⎡

(𝑋 − 𝑌)𝑐𝑜𝑠𝑛𝜃

ට(𝑋 − 𝑌)ଶ + ൫𝑖(𝑋 + 𝑌)൯
ଶ

+
𝑖(𝑋 + 𝑌)𝑠𝑖𝑛𝑛𝜃

ට(𝑋 − 𝑌)ଶ + ൫𝑖(𝑋 + 𝑌)൯
ଶ

⎦
⎥
⎥
⎤

∙ ට(𝑋 − 𝑌)ଶ + ൫𝑖(𝑋 + 𝑌)൯
ଶ
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=
(2𝑖ଶ)

௡
ଶ2√𝐸

3
. ቈ

(𝑋 − 𝑌)𝑐𝑜𝑠𝑛𝜃

2√𝐸

+
𝑖(𝑋 + 𝑌)𝑠𝑖𝑛𝑛𝜃

2√𝐸
቉

=
(2𝑖ଶ)

௡
ଶ2√𝐸

3
. [𝑐𝑜𝑠𝜑𝑐𝑜𝑠𝑛𝜃

+ 𝑖(𝑋 + 𝑌)𝑠𝑖𝑛𝜑𝑠𝑖𝑛𝑛𝜃]

=
(2𝑖ଶ)

௡
ଶ2√𝐸

3
cos(𝑛𝜃 − 𝜑). 

Theorem 6. Let 𝑛, 𝑟, 𝑠 ∈ 𝑁. The following 
relation between generalized Jacobsthal numbers 
and Jacobsthal numbers is satisfied 

𝐽௡𝐽௡ା௥ା௦ − 𝐽௡ା௥𝐽௡ା௦ = −(−2)ଶ௡𝑗௥𝑗௦. 

Proof: By using Theorem 5, it is obtained that 

𝐽௡𝐽௡ା௥ା௦ =
2ඥ𝐸௃(2𝑖ଶ)

௡
ଶ

3
cos(𝑛𝜃

− 𝜑)
2ඥ𝐸௃(2𝑖ଶ)

௡ା௥ା௦
ଶ

3
cos((𝑛 + 𝑟

+ 𝑠)𝜃 − 𝜑) 

𝐽௡ା௥𝐽௡ା௦ =
4𝐸௃(2𝑖ଶ)

ଶ௡ା௥ା௦
ଶ

9
cos((𝑛 + 𝑟)𝜃

− 𝜑) cos((𝑛 + 𝑠)𝜃 − 𝜑)
 

By substracting the equalities, 

𝐽௡𝐽௡ା௥ା௦ − 𝐽௡ା௥𝐽௡ା௦ =
4𝐸௃(2𝑖ଶ)

ଶ௡ା௥ା௦
ଶ

9
. 

⎣
⎢
⎢
⎢
⎡

𝑐𝑜𝑠൫(2𝑛 + 𝑟 + 𝑠)𝜃 − 2𝜑൯ + cos(𝑟 + 𝑠)𝜃

−cos((2𝑛 + 𝑟 + 𝑠)𝜃 − 2𝜑) − cos(𝑟 − 𝑠)𝜃

2

⎦
⎥
⎥
⎥
⎤

 

=
4𝐸௃(2𝑖ଶ)

ଶ௡ା௥ା௦
ଶ

9
ቈ
cos(𝑟 + 𝑠)𝜃 − cos(𝑟 − 𝑠)𝜃

2
቉

= −
4𝐸௃(2𝑖ଶ)

ଶ௡ା௥ା௦
ଶ

9
[sinr 𝜃 sin 𝑠𝜃]

= −𝑠𝑖𝑛ଶ𝜃
4𝐸௃(2𝑖ଶ)

ଶ௡ା௥ା௦
ଶ

9
൤
sinr 𝜃 sin 𝑠𝜃

sin 𝜃 sin 𝜃
൨ 

= −𝑠𝑖𝑛ଶ𝜃
4𝐸௃(2𝑖ଶ)

ଶ௡ା௥ା௦
ଶ

9

sinr 𝜃 sin 𝑠𝜃

sin 𝜃 sin 𝜃
=

= (𝑐𝑜𝑠ଶ𝜃

− 1)
4𝐸௃(2𝑖ଶ)

ଶ௡ା௥ା௦
ଶ

9
𝑈௥ିଵ(𝑐𝑜𝑠𝜃)𝑈௦ିଵ(𝑐𝑜𝑠𝜃)

= ቈ൬
1

2√2𝑖
൰

ଶ

− 1቉
4𝐸௃(2𝑖ଶ)

ଶ௡ା௥ା௦
ଶ

9
𝑈௥ିଵ ൬

1

2√2𝑖
൰ 𝑈௦ିଵ ൬

1

2√2𝑖
൰

= 𝐸௃(2𝑖ଶ)
ଶ௡ା௥ା௦ିଶ

ଶ 𝑈௥ିଵ ൬
1

2√2𝑖
൰ 𝑈௦ିଵ ൬

1

2√2𝑖
൰. 

For the other side of the equality, from 
Proposition 3, it is obtained that 

𝐸௃(2𝑖ଶ)ଶ௡𝑗௥𝑗௦ = 𝐸௃(2𝑖ଶ)ଶ௡(2𝑖ଶ)
௥ିଵ

ଶ 𝑈௥ିଵ ൬
1

2√2𝑖
൰

∙ (2𝑖ଶ)
௦ିଵ

ଶ 𝑈௦ିଵ ൬
1

2√2𝑖
൰. 

The equality of the results is proved the theorem. 

The applications of Theorem 6 for Jacobsthal 
sequence 

𝑗௡𝑗௡ା௥ା௦ − 𝑗௡ା௥𝑗௡ା௦

= −(−2)
ଶ௡ା௥ା௦ିଶ

ଶ 𝑈௥ିଵ ൬
1

2√2𝑖
൰ 𝑈௦ିଵ ൬

1

2√2𝑖
൰

= −(−)ଶ௡𝑗௥𝑗௦ 

The applications of theorem for Jacobsthal Lucas 
sequence 
𝑐௡𝑐௡ା௥ା௦ − 𝑐௡ା௥𝑐௡ା௦

= 9(−2)
ଶ௡ା௥ା௦ିଶ

ଶ 𝑈௥ିଵ ൬
1

2√2𝑖
൰ 𝑈௦ିଵ ൬

1

2√2𝑖
൰

= 9(−)ଶ௡𝑗௥𝑗௦ 

Lemma 7. It is well-known that if  

𝐴 = ቂ
𝑎 𝑏
𝑐 𝑑

ቃ ∈ 𝑀ଶ(𝐶),  then 

𝐴௡

= ቐ

𝑥ଵ
௡ − 𝑥ଶ

௡

𝑥ଵ − 𝑥ଶ
𝐴 − det(𝐴)

𝑥ଵ
௡ିଵ − 𝑥ଶ

௡ିଵ

𝑥ଵ − 𝑥ଶ
𝐼ଶ,   𝑥ଵ ≠ 𝑥ଶ

𝑛𝑥ଵ
௡ିଵ𝐴 − (𝑛 − 1) det(𝐴)𝑥ଵ

௡ିଶ 𝐼ଶ,   𝑥ଵ = 𝑥ଶ
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𝑥ଵ and 𝑥ଶ being the roots of the associated 
characteristic equation of the matrix 𝐴: 

𝑥ଶ − (𝑎 + 𝑑)𝑥 + det(𝐴) = 0.  

Corollary 8. If  𝐴 = ቂ
𝑎 𝑏
𝑐 𝑑

ቃ ∈ 𝑀ଶ(𝐶) whose 

trace is 𝑎 + 𝑑 = 1  and determinant is det(𝐴) =
−2, then 

𝐴௡ = 𝑗௡𝐴 − 𝑗௡ିଵ𝐼ଶ . 

Proof: We know that the quadratic characteristic 
equation for the Jacobsthal sequence is r²-r-2=0 
with roots 𝑥ଵ = 2,   𝑥ଶ = −1.  If a 2x2 square 
matrix is chosen whose trace is 𝑎 + 𝑑 = 1  and 
determinant is det(𝐴) = −2, then we will get 

𝐴௡ =
𝑥ଵ

௡ − 𝑥ଶ
௡

𝑥ଵ − 𝑥ଶ
𝐴 − det(𝐴)

𝑥ଵ
௡ିଵ − 𝑥ଶ

௡ିଵ

𝑥ଵ − 𝑥ଶ
𝐼ଶ

= 𝑗௡𝐴 − 𝑗௡ିଵ𝐼ଶ 

Because the determinant of the matrix is equal the 
product of the eigenvalues of the matrix. The trace 
is equal the sum of the eigenvalues. 

Theorem 9. If  𝐴 = ቂ
𝑎 𝑏
𝑐 𝑑

ቃ ∈ 𝑀ଶ(𝐶) whose trace 

is 𝑎 + 𝑑 = 1  and determinant is det(𝐴) = −2, 
then another relation with Jacobsthal sequence 
and Chebyshev polynomials is established by 
using the matrix of 𝐴 as 

𝐴௡ = (2𝑖ଶ)
௡ିଵ

ଶ ൤𝑈௡ିଵ ൬
1

2√2𝑖
൰ 𝐴

−
1

√2𝑖
𝑈௡ିଶ ൬

1

2√2𝑖
൰ 𝐼ଶ൨ 

𝐴௡ = (2𝑖ଶ)
௡ିଵ

ଶ ൤𝑈௡ିଵ ൬
1

2√2𝑖
൰ ൬𝐴 −

1

√2𝑖
𝐼ଶ൰

+
1

√2𝑖
𝑇௡ ൬

1

2√2𝑖
൰ 𝐼ଶ൨. 

Proof: We know that 

𝑊௡(0,1; 1, −2) = 𝑗௡ =
𝑟ଵ

௡ − 𝑟ଶ
௡

𝑟ଵ − 𝑟ଶ

= (2𝑖ଶ)
௡ିଵ

ଶ 𝑈௡ିଵ ൬
1

2√2𝑖
൰. 

 

By Corollary 8,  

𝐴௡ = 𝑗௡𝐴 − 𝑗௡ିଵ𝐼ଶ = (2𝑖ଶ)
೙షభ

మ ቂ𝑈௡ିଵ ቀ
ଵ

ଶ√ଶ௜
ቁ 𝐴 −

ଵ

√ଶ௜
𝑈௡ିଶ ቀ

ଵ

ଶ√ଶ௜
ቁ 𝐼ଶቃ.  

By using the property between Chebyshev 
polynomials 

𝑇௡(𝑥) = 𝑥𝑈௡ିଵ(𝑥) − 𝑈௡ିଶ(𝑥), it is obtained that 

𝐴௡ = (2𝑖ଶ)
௡ିଵ

ଶ ൤𝑈௡ିଵ ൬
1

2√2𝑖
൰ 𝐴

−
1

√2𝑖
൬

1

2√2𝑖
𝑈௡ିଵ ൬

1

2√2𝑖
൰ 𝐼ଶ

− 𝑇௡ ൬
1

2√2𝑖
൰ 𝐼ଶ൰൨ 

𝐴௡ = (2𝑖ଶ)
௡ିଵ

ଶ ൤𝑈௡ିଵ ൬
1

2√2𝑖
൰ ൬𝐴 −

1

√2𝑖
𝐼ଶ൰

+
1

√2𝑖
𝑇௡ ൬

1

2√2𝑖
൰ 𝐼ଶ൨. 

Example 10. Let 𝐴 = ൤
1/2 3/2
3/2 1/2

൨, then
 

቎

ଵ

ଶ

ଷ

ଶ
ଷ

ଶ

ଵ

ଶ

቏

௡

= 𝑗௡ ቎

ଵ

ଶ

ଷ

ଶ
ଷ

ଶ

ଵ

ଶ

቏ − 𝑗௡ିଵ ቂ
1 0
0 1

ቃ =

቎

௝೙

ଶ
− 𝑗௡ିଵ

ଷ௝೙

ଶ
ଷ௝೙

ଶ

௝೙

ଶ
− 𝑗௡ିଵ

቏  

By the equality of the determinant of matrices, we 
get a property of Jacobsthal sequence 

(−2)௡ = −2𝑗௡
ଶ + 𝑗௡ିଵ

ଶ − 𝑗௡𝑗௡ିଵ.  

Example 11. Let  𝐴 = ቂ
0 1
2 1

ቃ, then 

ቂ
0 1
2 1

ቃ
௡

= 𝑗௡ ቂ
0 1
2 1

ቃ − 𝑗௡ିଵ ቂ
1 0
0 1

ቃ

= ൤
−𝑗௡ିଵ 𝑗௡

2𝑗௡ 2𝑗௡ିଶ
൨.

 

By the equality of the determinant of matrices, we 
get 

(−2)௡ିଵ = 𝑗௡
ଶ + 𝑗௡ିଶ𝑗௡ିଵ. 
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Example 12. Let  𝐴 = ቂ
1 1
2 0

ቃ, then 

ቂ
1 1
2 0

ቃ
௡

= 𝑗௡ ቂ
1 1
2 0

ቃ − 𝑗௡ିଵ ቂ
1 0
0 1

ቃ

= ൤
2𝑗௡ିଶ 𝑗௡

2𝑗௡ −𝑗௡ିଵ
൨.

 

By the equality of the determinant of matrices, we  
get the same result with  the previous example. 

Theorem 13. By using the properties of 
Chebyshev polynomials in [16], we get some 
properties of Jacobsthal and Jacobsthal Lucas 
sequences as 

a) 𝑐௠ା௡ + (−2)௡𝑐௠ି௡ = 𝑐௠𝑐௡,  

b)𝑗௡ାଵ𝑗௡ାଶ௥ାଵ + (−2)௡ାଵ𝑗௥
ଶ = 𝑗௡ା௥ାଵ

ଶ  

c) 𝑐௡𝑐௡ାଶ௥ = (−2)௥[2𝑐௡ା௥
ଶ − 9𝑗௥

ଶ],  

d) 
௝೙ೖ

௝ೖ(ିଶ)ೖ(೙షభ)/మ
=

௦௜௡௡(௖௢௦షభ൬
೎೙

(షమ)೙/మ
൰

௦௜௡(௖௢௦షభ൬
೎೙

(షమ)೙/మ
൰

,  

e) 𝑐௡
ଶ = 2(−2)௡ + 𝑐ଶ௡,  

f) 𝑐௡
ଶ − 𝑐௡ିଵ𝑐௡ାଵ = −9(−2)௡ିଵ,  

g) 𝑐௡
ଶ − 9𝑗௥

ଶ = (−2)௡ାଶ.  

Proof: a) Let 𝑥 =
ଵ

ଶ√ଶ௜
.  By using this property  

𝑗௡ = (2𝑖ଶ)
௡ିଵ

ଶ 𝑈௡ିଵ ൬
1

2√2𝑖
൰, 

𝑐௡ = 2(2𝑖ଶ)
௡
ଶ𝑇௡ ൬

1

2√2𝑖
൰, 

it is obtained that 

𝑇௠ା௡ + 𝑇௠ି௡ = 2𝑇௠𝑇௡ 

𝑐௠ା௡

2(2𝑖ଶ)
௠ା௡

ଶ

+
𝑐௠ି௡

2(2𝑖ଶ)
௠ି௡

ଶ

= 2
𝑐௠

2(2𝑖ଶ)
௠
ଶ

𝑐௡

2(2𝑖ଶ)
௡
ଶ

 

(2𝑖ଶ)
௠ି௡

ଶ 𝑐௠ା௡ + (2𝑖ଶ)
௠ା௡

ଶ 𝑐௠ି௡

(2𝑖ଶ)௠
=

𝑐௠𝑐௡

(2𝑖ଶ)
௠ା௡

ଶ

 

𝑐௠ା௡ + (−2)௡𝑐௠ି௡ = 𝑐௠𝑐௡  

b) Similarly 

𝑈௡𝑈௡ାଶ௥ + 𝑈௥ିଵ
ଶ = 𝑈௡ା௥

ଶ  

𝑗௡ାଵ

(−2)௡/ଶ

𝑗௡ାଶ௥ାଵ

(−2)(௡ାଶ௥)/ଶ
+

𝑗௥
ଶ

(−2)(௥ିଵ)
=

𝑗௡ା௥ାଵ
ଶ

(−2)௡ା௥
 

𝑗௡ାଵ𝑗௡ାଶ௥ାଵ + (−2)௡ାଵ𝑗௥
ଶ = 𝑗௡ା௥ାଵ

ଶ  

c)  𝑇௡𝑇௡ାଶ௥ − (𝑥ଶ − 1)𝑈௥ିଵ
ଶ = 𝑇௡ା௥

ଶ  

𝑇௡ ൬
1

2√2𝑖
൰ 𝑇௡ାଶ௥ ൬

1

2√2𝑖
൰ − (

−1

8

− 1)𝑈௥ିଵ
ଶ ൬

1

2√2𝑖
൰ = 𝑇௡ା௥

ଶ ൬
1

2√2𝑖
൰ 

𝑐௡𝑐௡ାଶ௥

2(2𝑖ଶ)
௡
ଶ2(2𝑖ଶ)

௡ାଶ௥
ଶ

+
9𝑗௥

ଶ

8(2𝑖ଶ)௡ିଵ
=

𝑐௡ା௥
ଶ

2(2𝑖ଶ)௡
 

𝑐௡𝑐௡ାଶ௥

4(2𝑖ଶ)௥
+

9𝑗௥
ଶ

4
=

𝑐௡ା௥
ଶ

2
 

d) By using this property 𝑈௡ିଵ(𝑇௞(𝑥)) =
௎೙ೖషభ(௫)

௎ೖషభ(௫)
 

and the equality of the results we prove the 
statement. For the first part of the equality, we get 

𝑈௡ିଵ(𝑇௞(𝑥)) = 𝑈௡ିଵ ൬
𝑐௡

2(−2)௡/ଶ
൰

=
𝑠𝑖𝑛𝑛(𝑐𝑜𝑠ିଵ ൬

𝑐௡

(−2)௡/ଶ൰

𝑠𝑖𝑛(𝑐𝑜𝑠ିଵ ൬
𝑐௡

(−2)௡/ଶ൰
 

And for the second part of the equality, we get 

𝑈௡௞ିଵ(𝑥)

𝑈௞ିଵ(𝑥)
=

൭
𝑗௡௞

(−2)
௡௞ିଵ

ଶ

൱

൭
𝑗௞

(−2)
௞ିଵ

ଶ

൱

=
𝑗௡௞

𝑗௞(−2)
௞(௡ିଵ)

ଶ

. 

e) 2𝑇௡
ଶ = 1 + 𝑇ଶ௡ 

2 ൬
𝑐௡

2(−2)௡/ଶ
൰

ଶ

= 1 +
𝑐ଶ௡

2(−2)௡
 

𝑐௡
ଶ = 2(−2)௡ + 𝑐ଶ௡ 

f)  𝑇௡
ଶ − 𝑇௡ାଵ𝑇௡ିଵ = 1 − 𝑥ଶ 
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൬
𝑐௡

2(−2)௡/ଶ
൰

ଶ

−
𝑐௡ାଵ

2(−2)
௡ାଵ

ଶ

𝑐௡ିଵ

2(−2)
௡ିଵ

ଶ

= 1 − ൬−
1

8
൰ 

𝑐௡
ଶ − 𝑐௡ିଵ𝑐௡ାଵ = −9(−2)௡ିଵ 

g) 𝑇௡
ଶ − (𝑥ଶ − 1)𝑈௡ିଵ

ଶ = 1 

൬
𝑐௡

2(−2)௡/ଶ
൰

ଶ

− ൬−
1

8
− 1൰

𝑗௡
ଶ

(−2)௡ିଵ
= 1 

 𝑐௡
ଶ − 9𝑗௥

ଶ = (−2)௡ାଶ. 

3. CONCLUSION 

In this study, it is aimed to develop some 
properties of Jacobsthal and Jacobsthal Lucas 
sequences by using Chebyshev polynomials. It is 
denoted that the entries of nth power of some 
special matrices are the elements of Jacobsthal 
numbers. Jacobsthal, Jacobsthal Lucas, 
generalized Jacobsthal numbers are obtained by 
using Chebyshev polynomials. 
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