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Abstract

In this paper Jacobsthal, Jacobsthal Lucas and generalized Jacobsthal sequences are denoted by
aid of first or second type of Chebyshev polynomials by different equalities. Then using these
equalities a relation is obtained between Jacobsthal and generalized Jacobsthal numbers.
Moreever, the nth powers of some special matrices are found by using Jacobsthal numbers or
Chebyshev polynomials. Some connections among Jacobsthal, Jacobsthal Lucas are revealed
by using the determinant of the power of some special matrices. Then, the properties of
Jacobsthal, Jacobsthal Lucas numbers are obtained by using the identities of Chebyshev
polynomials.
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1. INTRODUCTION

For any n > 2 integers, a,b;p,q are integers,
Horadam sequence was defined by Horadam in
1965, denoted by {W,},>0, by the following
recursive relation

W, = Wn(alb;p' CI) =pWy_1 — qWh_o,
WO =aq, Wl S b.

where p? —4q # 0. For special choices of
a, b; p, q, special integer sequences are obtained.
For example,

* Corresponding Author: suygun@gantep.edu.tr

W, (0,1;1,—1) = F, classic Fibonacci sequence
W,(2,1;1,—1) = L,, classic Lucas sequence

W,(0,1;p,—q) = E, Fibonacci

sequence

generalized

W, (0,1;1,—2) = j, classic Jacobsthal sequence

W,(a,b;1,-2) =],
sequence

generalized Jacobsthal

W,(2,1;1,—-2) =, classic Jacobsthal Lucas
sequence

W, (0,1; 2,—1) = B, classic Pell sequence
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W, (2,2;2,—1) = Q, classic Pell Lucas sequence

W,(1,x;2x,1) =T, first kind Chebyshev
polynomials

W, (1,2x;2x,1) = U, second kind Chebyshev
polynomials.

The humankind encountered special integer
sequences with Fibonacci in 1202. The
importance of Fibonacci sequence was not
understood in that century. But now, because of
applications of special sequences, there are too
many studies on it. For example, the Golden
Ratio, the ratio of two consecutive Fibonacci
numbers is used in Physics, Art, Architecture,
Engineering. We can also encounter Golden Ratio
so many areas in nature, human body. Horadam
sequence is very important since we can obtain
almost most of other special integer sequences by
using Horadam sequence. Horadam sequence was
studied by Horadam, Carlitz, Riordan and other
some mathematicians. Horadam intended to write
the first paper which contains the properties of
Horadam sequences in [1,2]. In 1969, the relations
between Chebyshev functions and Horadam
sequences were investigated in [3]. In [6], Udrea
found important relations with Horadam sequence
and Chebyshev polynomials. In [7], Mansour
found a formula for the generating functions of
powers of Horadam sequence. Horzum and Koger
studied the properties of Horadam polynomial
sequences in [8]. The authors established
identities involving sums of products of binomial
coefficients that satisfy the general second order
linear recurrence in [9]. In [10], the authors
obtained Horadam numbers with positive and
negative indices by using determinants of some
special tridiagonal matrices. In [11], the authors
established formulas for odd and even sums of
generalized Fibonacci numbers by matrix
methods. In [12], some properties of the
generalized Fibonacci sequence were obtained by
matrix methods. One of important special integer
sequences is Jacobsthal sequence because of its
application in computer science. In [4,13,14,15],
you can find some properties and generalizations
of Jacobsthal sequence.
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2. MAIN RESULTS

Definition 1. Let n > 2 integer, the Jacobsthal
{Un}n>0, the Jacobsthal Lucas {c,},>o and

generalized Jacobsthal {J,},->o sequences are
defined by

Jn=Jn-1+2jn—2, Jjo=0, j1 =1,

Cn =Cp-1t2Chp ¢=2, ¢=1,

Jn=Jn-1+ 22 Jo=a Ji=Db.
respectively.

Definition 2. Let n > 2 integer, the first kind
{T\}n>0, and second kind {U,,},,~9, Chebyshev
polynomial sequences are defined by the
following recurrence relations

TTl = 2xTn_1 - Tn_z, TO = 1, T1 = X,

UTl = szTl—l - Un_z, UO S 1, Ul S 2x,
respectively.

The Binet formula for the Horadam sequence is
given by

Xr{t —=Yr}

Tonm-n
where X = b —ar,, Y =>b—ary; 1, 1, being
the roots of the associated characteristic equation
of the Horadam sequence {W}, },,~¢. It is obtained
the quadratic characteristic equation for {I, },>0,
as 2 — pr + q = 0, withroots r;, 7, defined by

po= PH/PE4q

_ p=Vp?-4q
1 2 :

y 12 2

The summation, difference and product of the
roots are given as

n+rn=p n-—r=4p*—4q nr=q

The Binet formulas for the Jacobsthal, Jacobsthal
Lucas and generalized Jacobsthal sequences are
given by respectively

2t (-1)"

jn 3
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n = 2" + (_1)71,
A2"—B(-1)"
=T

where A=b+a, B=b-2a.

We define E,, = —XY = pab — qa® — b? for
Horadam sequence {W,},,~o. Similarly, for the
first kind Chebyshev polynomials E; = —XY =
pab — qa* — b?> = x?> — 1, and for the second
kind Chebyshev polynomials E;; = —1. For the
Jacobsthal, Jacobsthal Lucas, generalized
Jacobsthal numbers, we have E; = ab + 2a? —
b% E;=-1, E.=9.

Chebyshev polynomials are also defined by

sinng
sing ’

T,,(cosp) = cosng, U,(cose) =

n € Z*,sing # 0.

Proposition 3. Jacobsthal, Jacobsthal Lucas,
generalized Jacobsthal numbers are obtained by
using Chebyshev polynomials as

jn = @)'T U, (2\1@_),

¢, = 2(2i2)7T, (ZL@)

In

= a(2i%)7T, ( \/_l)

N (2b — a)2(2L2) 7 U (Zjii)

= (212)2

gt () oo )

Proof: The roots of characteristic equation for

p+yp2-4q

2

Horadam sequence are 1, =

rr2=

— 24
PP are demonstrated by

Sakarya University Journal of Science 24(6), 1162-1170, 2020

= \/E(COSB + isinf)

where cosf = = By De Moivre formula it is
2Jq

obtained that
n
r* = q2(cosnb + isinn®),

n
r)t = q2(cosnf — isinn@).

We know that for p=1, g=-2, Horadam sequence
turns out Jacobsthal and Jacobsthal Lucas
sequences. Hence

=1y

Wh(0,1;1,-2) = ju = ——
1 2

n
q2[(cosO + isinf)™ — (cosO —
2\/_isin9
_ \/—n 1 sinn6

smB
2l n_l(cose)

2i2n 1Un_1 <L>
2V/2i

isind)"]

W,(2,1;1,-2) =c, =1 + 1)

n n
= +/2i? 2cosnf = 2+/2i? T,(cosB)
n 1
~oya, (L)
"\2v2i
ByA=b+a, B=b—2a,wehave

Ar'—Brlt
W,(a,b;1,-2)=], =——=2==
r1—T2
n
q2[A(cosO+isind)"—B(cosO—isind)"™]
2/qisind -
n n
q2[cosnB(A-B)+isinn6(A+B)] q2cosnf(A—B)
— = +
2+/qisinf 3

q 2 sinn® (A+B)
2sinf

(212)2T (cosB) +
n-1
—a)(2i2) Z
(2b-a)(2i )22 Up—1(cos6) a(212) T, (2\/_) n
n-1

(2b-a)(2i?) 2 1
2 Un-1 (zﬁi)'
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By using the well- known property of Chebyshev
polynomials as T, (x) = xU,_1(x) — U,_,(x), it
is easily seen that

2\}2 Un-a (ZL\/Z)

—alU,_, (ZL\/Z)

Jn = 2%)% |

- (2i»)? [% Uy s (2%@)
1
—al,_, (2—@)]

Corollary 4. Jacobsthal, Jacobsthal Lucas,
generalized Jacobsthal numbers can also be
demonstrated by using Chebyshev polynomials as

n [
Jn+1 = ZzignUn <_)'

2V2
n+23n i
ch=221 T(—),
n n 2\/2
n
J o= aZZT(—i>
Tl_l 3 n 2\/§
n-1
+(2b—a)22 U <—l)
Proof:
@"F Vs (=
= (22T U ( )
]Tl n-—1 2\/51
o ()
=22 1 |—=
n—-1 2\/§

n—1

=22 (3n-3y 1 <L)
n 2\/5

(z)n 1 n+2n —1i
¢, = (2i ET( ):ZTiT(_>
n n2\/§l 77.2\/?

Fo (1)

=221 E—

le\/i
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n
.n |a22 1

I = 5T (57) +

n-1
(2b—-a)2 2

2i Un-1 (2;\/5)] -
ey, ()
n-—1

v (58]

Theorem 5. Generalized Jacobsthal numbers are
denoted by using the first kind Chebyshev
polynomials as

2\7
Jn = Z\/E#Tn <cos (9 - %)),

n

X-Y
where cosp = E

Proof: It is easily seen that

VX Y2+ (X +Y)?=2/E. By using
this equality and the third part of the proof of
Proposition 3, it is obtained that

Jn = (Ziz)i. [(X —Y)cosnB + i(X + Y)sinn6]
rn—-r

B (ZiZ)% (X —Y)cosn8
’ \/(X ~V)2+ (i(X + V)’

i(X +Y)sinn6 ]
J(X —¥)2 + (i(X + Y))ZJ
-J(X -2+ (iX +1))°
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B (ZiZ)%Z\/E [(X —Y)cosn6

3 2VE
i(X+ Y)sinn@l

2VE
_ (2i)22VE

.[cospcosnb
+ i(X + Y)singsinn6]

n
_ @*)22VE

3 cos(nd — ).

Theorem 6. Let n,r,s € N. The following
relation between generalized Jacobsthal numbers
and Jacobsthal numbers is satisfied

JnJnsres = Jnsrdnes = —(=2)""pjs.

Proof: By using Theorem 5, it is obtained that

n
2,/E;(2i%)2
JoJntres = \/_7(:05(716
2\/?(2 2)n+r+s
i 2
- @) ! 3 cos((n+r
+5)6 — )
2n+r+s
4E;(2i%) 2
Jn+rSnts = cos((n+1)6

9
—@)cos((n+s)0 — @)

By substracting the equalities,

2n+r+s

4E;(2i*) 2
5 .

JiJnsres = JnarJnes =

cos((Zn +r+5s5)0— 2(p) + cos(r + s)0 ]
I—cos((Zn +7r+5)0 —2¢) —cos(r — S)HI

| : |
3 4E](2i2)% [cos(r +5)8 — cos(r — s)Hl

9 2
2n+r+s

4E,(2i%) 2
= — )(20) [sinr 6 sin s6]

9
2n+r+s

4E;(2i%) 2 [sinr 0 sin s8
9

-2
= —sin~“0 - -
sin @ sin 0
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2n+r+s
_, 4E;(2i*)" 2 sinrsins6
= —sin“0 =

9 sin @ sin 6
= (cos?8
2n+r+s
4E;(2i*)" 2
-1) 3 U,_,(cosB)U,_,(cos0)
1 \2
- [(2\/2'>

2n+r+s
4E;(2i%)" 2 1 1
s 0 () 0 ()
9 2+/2i 22i

2n+r+s-2 1 1
o ()
r—1 2\/§l s—1 2\/?[

For the other side of the equality,
Proposition 3, it is obtained that

from

r—1 1
E,(2i®)*").j, = E 2i22"2iZTU_< )
]( ) Jrls ]( ) ( ) r—1 2\/?1:

@)U, (Zi@)

The equality of the results is proved the theorem.

The applications of Theorem 6 for Jacobsthal
sequence

Jnn+r+s — In+rin+s

=" () v (5
= =(=)""jrds

The applications of theorem for Jacobsthal Lucas
sequence

CnCn+r+s — Cn+rCn+s

9( 2)2n+r+s—2 1 1
o () ()

" vzi) T vz
= 9(=)*"rJs

Lemma 7. It is well-known that if

A= [‘C‘ Z] € M,(C), then

An
n n n-1 n-1
X1 — X3 X1 T T X2
A — det(4) L, x1 # x,
=) X1 X X1 — X3

nx 1A — (n— 1) det(A)xI 21, x =x,
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x; and x, being the roots of the associated
characteristic equation of the matrix A:

x? —(a+d)x + det(4) = 0.

Corollary 8. If A= [Ccl Z] € M,(C) whose

trace is a + d = 1 and determinant is det(A4) =
—2, then

At = JnA = jn-alz .

Proof: We know that the quadratic characteristic
equation for the Jacobsthal sequence is r*r-2=0
with roots x; =2, x, = —1. If a 2x2 square
matrix is chosen whose trace is a +d =1 and
determinant is det(4) = —2, then we will get

-1 _ xﬁ‘"l

n xn
2 1

A—det(A) —————1I,
X1 — X3 X1 — X3

= JnA — jun-alz

an Xy —x

Because the determinant of the matrix is equal the
product of the eigenvalues of the matrix. The trace
is equal the sum of the eigenvalues.

Theorem9.If A = [Ccl 2] € M, (C) whose trace

isa+d=1 and determinant is det(4) = —2,
then another relation with Jacobsthal sequence
and Chebyshev polynomials is established by
using the matrix of A4 as

n—1

An = (202) T [Un_l (ZL@,)A

- % Un_s (2%@) L]

n z)n—l 1 1
An = (2i T[U_ (—)(A——I)
n—-1 2\/51 \/El 2
1 1
+_Tn<_>lz]
V2i " \2v2i
Proof: We know that
I e
W.(0,1;1,-2)=j, =
( ) = Jn ——
-1
= @) T Uy (57)
2+/2i

Sakarya University Journal of Science 24(6), 1162-1170, 2020

By Corollary 8,
A= juA = jusly = @2E U (5757) A -
U2 (7))

By using the property between Chebyshev
polynomials

T,,(x) = xU,,_;(x) — U,,_,(x), it is obtained that

n ( 2)n—l 1
A= @' U (=) 4
n—1 2\/51
1 1 1
- )
V2i zlx/ii 2V/2i
-1 (575) ")
n 2\/?[ 2
n—-1 1 1
A = ZiZT[U_ (—)(A——I)
( ) n—1 2\/21' \/El 2
+ =T (57=)
V2i "\oy2i) A
/2 3/2
Example 10. Let A = [3/2 1/2 , then
13" 13
2 2| _ 2 2 . 1 _
3 1] Tnfs 1 ‘J"-l[o 1=
2 2 2 2
n . 311.
J?_]n—l %
3jn n .
é J?_]n—l

By the equality of the determinant of matrices, we
get a property of Jacobsthal sequence

(_Z)n = _2].7% +j721—1 — JnJn-1-

Example 11. Let A = [g ﬂ, then

0o 11" _ .0 11 . 1 0
2 1] ~Inlp 1]__]"‘1 0 1]
=[_]n—1 In ]

Zjn 2jn—2 '

By the equality of the determinant of matrices, we
get

(_Z)n_l = ]r% + jn—2Jjn-1-
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Example 12. Let A = B (1)], then
[1 1" _ . [1 _ [1
2 0 ]TL ]TL 1 0
[Zln 2 Jn ]
2]n _jn—l .

By the equality of the determinant of matrices, we
get the same result with the previous example.

Theorem 13. By using the properties of
Chebyshev polynomials in [16], we get some
properties of Jacobsthal and Jacobsthal Lucas
sequences as

a) Cpyn + (_Z)ncm—n = CnCn»
b)jnsiins2rs1 + (_2)n+1jr2 = j721+r+1

) CnCnyor = (_2)7” [2C721+r - 9].7?];

Jr(=2)kn=1/2 Sm(cos_1<( z)n/Z),
e)c2=2(=2)"+ cyp,
f) CTZl —Cn-1Cn41 = _9(_2)71—1'
g) ci — 9j% = (-2)™*2.
Proof: a) Let x = \/_ By using this property
( 2)n—l 1
= (22 T U, ( )
]Tl n-1 2\/51
@i2)%T, (—
¢, = 2(2i)2T, ( ),
n n 2\/?[
it is obtained that
Tmin + Tin-n = 2T Ty,
Cm+n Cm-n  _ 2 Cm n
mn m=n = m m
2(2i2) 2 2(2i?) 2 2(2i%)2 2(2i?)2
m-n m+n
(212) 2 Cm+n + (Ziz) 2 Cm—n _ Cmcn
(2i2)m (ZiZ)mTJrn

Cman T+ (_z)ncm—n = CmCn

Sakarya University Journal of Science 24(6), 1162-1170, 2020

b) Similarly

UnUntar + Urg—l = Ufyr
jn+1 jn+2r+1 + jr _ j721+r+1
(—2)"/2 (_2)(n+2r)/2 (_2)(7‘—1) - (_2)n+r

Jn+tns2re1 + (_2)n+1jr2 = j721+r+1

) TyTnior — (X% — 1)U7?—1 = Tiisr

(ZVFH) "+2r(2v”') C__

- Uz, (Zi@) =T (o)

2 2
Cncn+2r 9]r Crn+r

+ =
n+2r i2\n—1 i2\n

P2 2
CnCn+or 9]r Cntr

4(2i2)r 4 2

Ung—1(x)
Ug-1(x)
and the equality of the results we prove the
statement. For the first part of the equality, we get

Un-1(Ti(x)) = Up—q (IZ(CW)
sinn(cos™? <(_2—’)‘n/2)

sin(cos™? (

d) By using this property U,,_; (T}, (x)) =

And for the second part of the equality, we get

( jnkk_1>
Unk—l(x)_ (—Z)T _ jnk

Up_(x) - ] - ] k(n-1)"
et <%) Jr(=2)" 2
-2z

e) 2T2 = 1+ Ty,

)2—1+ Con
S 2=

c
2§—JL—

2(—2)n/2
Crzl = 2(_2)71 + o

f)T n+1Tn 1_1_x
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( Cn )2 _ Cn+1 Cn-1
—o\n/2 n+i n—1
2(=2) 2(-2) 7 2(-2) 2
-1-(-5)
B 8
CTZl — Cp—1Cpy1 = _9(_2)71—1

T —(?-DU7 =1

2
(ea) - (5~ gyt
2~ 9j2 = (2™

3. CONCLUSION

In this study, it is aimed to develop some
properties of Jacobsthal and Jacobsthal Lucas
sequences by using Chebyshev polynomials. It is
denoted that the entries of nth power of some
special matrices are the elements of Jacobsthal
numbers.  Jacobsthal,  Jacobsthal Lucas,
generalized Jacobsthal numbers are obtained by
using Chebyshev polynomials.
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