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INTRODUCTION

The theory of fuzzy differential equation is very important topic. Therefore, it is studied by
many researchers. For example, in population models (Buckley et al., 2002) and growth model
(Mondal at al., 2013).

Zadeh first introduced fuzzy number and fuzzy arithmetic (Zadeh, 1965). There are different
approaches to solve the fuzzy differential equation. The first approach is Hukuhara derivative (Puri
and Ralescu, 1983; Giiltekin and Altimigik, 2014) or generalized Hukuhara derivative (Stefanini and
Bede 2008; Ceylan and Altinisik, 2018; Giiltekin Citil, 2018). But in Hukuhara derivative, the solution
becomes uncertain as time goes on. Thus, generalized Hukuhara derivative was introduced (Bede at
al., 2007). The second approach is extension principle (Zadeh, 1975). The third approach is differential
inclusion (Hiillermeier, 1997).

Fuzzy Laplace transform is important topic to solve fuzzy differential equation. Also, it gives
solution satisfying the initial values of fuzzy differential equation directly. Firstly, it was introduced by
Allahviranloo and Barchordary Ahmadi (2010). They solved first order fuzzy initial value problem by
fuzzy Laplace transform. In many areas, many researchers used fuzzy Laplace transform (Ramazannia
Tolouti and Barchordary Ahmadi, 2010; Ahmad at al., 2012; Mondal and Roy, 2015).

In this paper, a fuzzy problem with variable coefficient is investigated by fuzzy Laplace
transform. The concept of generalized differentiability, the properties of fuzzy Laplace transform,
fuzzy arithmetic, Hukuhara difference are used. It is searched whether the solutions are valid fuzzy
functions or not. Examples are solved.

In section 2, it is given definitions and theorems that we will use in our study. In section 3, the
considered problem is introduced and the problem is solved by fuzzy Laplace transform, several
theorems are given and examples are solved. In section 4, conclusion is given.

MATERIALS AND METHODS

Definition 1. A fuzzy number is a mapping u: R — [0,1] where,

{x € Rlu(x) > 0} is compact, u is convex fuzzy set, normal, upper semi-continuous on R
(Liu, 2011).
Let's show the set of all fuzzy numbers with R.

Definition 2. u € R, [u]® = {x € Rlu(x) = a} = [ug, Us] , 0 < @ < 1is the a-level set of u.

If @ =0, [u]® = {suppu} = {x € Rlu(x) > 0} (Khastan and Nieto, 2010).

Definition 3. The parametric form [ga,ﬂa] of A fuzzy number satisfty the following requirements:
The lower part u, is left-continuous bounded non-decreasing on (0,1], also it is right-
continuous for a = 0,
The upper part u, is left-continuous bounded non-increasing on (0,1], also it is right-
continuous for a = 0,

Uy < Uy, 0 < a <1 (Salahshour and Allahviranloo, 2013).
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Definition 4. [B]* = [Q+ (EZ;Q) a,b— (ET_Q) a] is the a—level set of B, which is a symmetric
triangular fuzzy number with support [b, b] (Liu, 2011).

Definition 5. The metric is defined by

Dwv) =, Tl [v]),
A([u)®, (7)) = max{|ue — val, i~ Tel)

on Ry (Fatullayev at al., 2013).

Definition 6. Let u, v € Rg. If there exists w € Ry such that u = v + w, w is Hukuhara difference of

uand v, w = u © v (Puri and Ralescu, 1983).

Definition 7. Let f:[a,b] — R and x, € [a, b]. If there exists f'(x,) € Ry such that for all h > 0
sufficiently small, 3f (x, + h) © f(xo), f(x0) © f(xo, — h) and the limits hold

li fxo +h) © f(xo) . fx0) © f(xo—h)
im = lim -

h—0 h h—0
f is Hukuhara differentiable at x, (Bede, 2008).

= f'(xo),

Definition 8. Let f:[a,b] — Ry and x, € [a, b]. If there exists f'(x,) € Rr such that for all h > 0

sufficiently small, 3f (x, + h) © f(xg), f(x9) © f(xo — h) and the limits hold

im fxo +h) © f(xo) f(xo) © f(xo—h)
h

iy = i =G

f is (1)-differentiable at x,. If there exists f'(x,) € Ry such that for all h > 0 sufficiently small,

3£ (x4) © fxo + h), fxo — k) © f(x,) and the limits hold

lim fE) O fCot+h) _ lim f(xo—h) © f(x0) = F ()
h—0 —h _h—>0 h = o))

f is (2)-differentiable at x,. (Khastan and Nieto, 2010).

Theorem 1. Let f: [a, b] — Ry be a function and denote [f(t)]* = [ﬁx(t),fa(t)] for each a € [0,1].
1. If the function f is (1)-differentiable, the lower function E[(t) and the upper function 7a(t)
are differentiable,
01 = [f®,F,©®)]
2. If the function £ is (2)-differentiable, the lower function f,(¢) and the upper function j_”a(t)

are differentiable,

[F' @)1 = [£, (0. fi(®)] (Knastan atal., 2009).
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Definition 9. Let f: [a, b] — Ry be a fuzzy function. The fuzzy Laplace transform of f is

oo p p _
F(s)=L(f®)) = fo e StF(t)dt = L}ll_rgofo e_Stz(t)dt'pIE%JO e‘“f(t)dtl.
F(s,@) = LIFOID = [ (£0).L (F,©)],

L (}_fa(t)) = fowe_“]_‘a(t)dt = pli_r)r}m fope_“]_ix(t)dt,
L (7a(t)) = foooe‘“ f, (Odt = plgr(l)o fop e~St f ()dt (Patel and Desai, 2017).

Theorem 2. Let f'(t) be an integrable fuzzy function, f(t) is primitive of f'(t) on (0, oo]. If f is (1)-
differentiable,

L(f'(®) = sL(f () © £(0),

if fis (2)-differentiable,

L(Fr®) =(-fm)o (—sL(f(t))) (Allahviranloo and Barchordari Ahmadi, 2010).

Theorem 3. Let be f(x), g(x) continuous fuzzy functions and c;, ¢, constants, then
L ((c1®f(x))ea(c2®g(x))) = (c1®L(f(x))) ® (c2®L(g(x))) (Allahviranloo and  Barchordari
Ahmadi, 2010).

Theorem 4. Let f"(t) be an integrable fuzzy function and £ (t), f'(t) are primitive of f'(t), f''(t) on
(0,0]. Then, if f and f' are (1)-differentiable,

L(f"(®) = s*L(f(t)) © sf(0) © f'(0),

if fand f' are (2)-differentiable,

L(f"(®) = s*L(f(t)) © sf(0) — '(0),

if f is (1)-differentiable and f' is (2)-differentiable,

L(f"(®)) =0 (=s»L(f®)) — sf(0) - f'(0)

if f is (2)-differentiable and f' is (1)-differentiable,

L(f"() =0 (=s®)L(f(£)) — sf(0) © f'(0) (Patel and Desai, 2017).

Theorem 5. Let f(t) satisfies the condition of existence theorem of Laplace transform and
L(f(©)) = F(s),
then
L(tf(©)) = =F'(s).
If f'(t) satisfies the condition of existence theorem of Laplace transform, then
L(tf' () = —sF'(s) = F(s),
similarly for f"'(t)
L(tf"(t)) = —s?F'(s) — 2sF(s) + f(0) (Patel and Desai, 2017).
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RESULTS AND DISCUSSION

Consider fuzzy problem with variable coefficient
ty" +y" =[A]*, y(0) =[B]* t >0 (1)

by fuzzy Laplace transform, where 4 < 0,

= ) = (52 o= (552
o = B =+ (5] o~ (5%)

are symmetric triangular fuzzy numbers with the supports [a, @|, [b, b], respectively.

Firstly, taking the Laplace transform of fuzzy differential equation (1), we have

Lty" + 4y") = L([A]"). )
Using the properties of fuzzy Laplace transform,

L(ty") + AL(y") = L([A]®). ®)
Using the Theorem 4 and Theorem 5, we obtain

—s2Y'(s,a) — 2sY(s,a) — (G) v(0, a)) + A(SY(S, a) © y(0, a)): L([A]%). 4)

Using the Hukuhara difference, fuzzy arithmetic and the properties of fuzzy Laplace transform,

the equations

—s2Y'(s,a) = 25Y (s5,@) + y(0,) + As¥ (s, @) = Ay(0,@) =22, (5)
—527,(5, a) —2sY(s, @) + y(0,a) + AsY (s, a) — 17(0,a) = és—“ (6)
are obtained. The equation (5) gives the equation
! 2-1 Zo.' (1-)By
Y(sa)+—Y(sa)=-F+—/F (")
Using the integral multiplier
2-21
u(s) = el = 522, (8)
_ Ag -)By
s27 Y (s, @) = f(— sf""l + %) ds 9)
is obtained. From this, we have
Ag 1 1 1
Z(S, a) = 75_2+§a;+ CSZ—A' (10)

Taking the inverse Laplace transform of (10), the lower solution of the problem (1) is obtained

as

y(ta) = i—“t + B, + C,t*4, (11)
Similarly, the upper solution of the problem (1) is obtained as

¥(t, @) =25t + B, + C.t'72 (12)
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Consequently, the solution of the problem (1) is

y(®)° = [yt )5t @) (13)
by fuzzy Laplace transform.
Now let's investigate whether the solution is a valid fuzzy function or not.

Theorem 1. The solution [y(t)]* = [X(t' a),y(t, a)] of the problem (1) is a valid a-level set.

Proof. As
WD o, TED oyt a) < F(t, @)
da ) da ) X ,a y , ),

the solution of the problem (1) is a valid a-level set. According to this, it must be

-5+ (50>
That is,

A(b-b)

(a-a)’
Since b — b>0, a—a>0and A<0, thisequality is provided. The proof is completed.

t>

Theorem 2. The solution [y(t)]* = [X(t' a),y(t, a)] of the problem (1) is symmetric triangular fuzzy

number for any t > 0 time.

Proof. Since

t(a b+b _ _
y(6 D =3(5%)+ () + o =5 )
and

6D -yta) = (1-a) (("2;9) -3 (%)) =y(t) - ¥(t,D),
the solution of the problem (1) is symmetric triangular fuzzy number for any t > 0 time .

Example 1. We consider the fuzzy problem
ty" —y' =[0]%,y(0) = [1]* (14)
by the fuzzy Laplace transform, where [0]* = [-1+ a,1 — a], [1]* = [a, 2 — a].

Solving the fuzzy problem (14), the solution is obtained as

y(ta) =a+ (a—1Dt+Ct? (15)
y(ta)=2—-a)+ (1 —a)t+C,.t? (16)
@) = |yt @), 5 ). (17)

The solution (15)-(17) of the problem (14) is a valid a-level set since t > —1 and the solution

Is symmetric triangular fuzzy number for any t > 0 time.
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Example 2. Consider the problem
ty" =2y’ =[1]%,y(0) = [2]* (18)
where [1]* = [a,2 — ], [2]* =[1+ a,3 — «a].

Solving the problem (18) by fuzzy Laplace transform, we obtain

y(t,a)=(1+a)+ (% — 1) t + C.t2, (19)
y(ta) =@ —a) -t +Ct?, (20)
@) = |yt @), 5t ). (21)

The solution (19)-(21) of the problem (18) is a valid a-level set since t > —2 and the solution

is symmetric triangular fuzzy number for any t > 0 time.

CONCLUSION

In this paper, a fuzzy problem with variable coefficient and symmetric triangular fuzzy number
initial value is searched by fuzzy Laplace transform. It is used the concept of generalized
differentiability. It is found that the solution is a valid a-level set. Also, it is found that the solution is
symmetric triangular fuzzy number for any ¢t > 0 time. Different problems can be investigated and
different conclusions can be found. This topic is important and it will be useful for other
mathematicians.
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