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Geodesics and Torsion Tensor according to g-lift of Riemannian Connection on Cotangent
Bundle
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ABSTRACT: In this study, the geodesics and torsion tensor according to g-lift of Riemannian
connection Von cotangent bundle T*M are investigated. Firstly, using the components of g-lift of
Riemannian connection V on cotangent bundle T*M the components of torsion tensor according to g-
lift of Riemannian connection V are obtained. So the torsion tensor according to g-lift of Riemannian
connection Vare determined. Finally, geodesics on cotangent bundle T*M according to g-lift of
Riemannian connection V are studied.
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Kotanjant Demette Riemann Konneksiyonun g-liftine gore Burulma Tensorii ve Geodezikler

OZET: Bu ¢alismada, T*M kotanjant demette Riemann konneksiyonun g-liftine gore burulma tensérii
ve geodezikler incelenir. ilk olarak, T*M kotanjant demet {izerindeki Riemann konneksiyonun g-liftinin
bilesenleri kullanilarak V Riemann konneksiyonun g-liftine gore burulma tensor bilesenleri elde edilir.
Boylece V Riemann konneksiyonun g-liftine gére burulma tensorii belirlenir. Son olarak, V Riemann
konneksiyonun g-liftine gére T*M kotanjant demet {izerindeki geodezikler ¢alisilir.
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INTRODUCTION

Let M be a smooth manifold and T"M be its cotangent bundle. The various problems of the
cotangent bundle are studied by many authors (Mok, 1977; Druta Romaniuc, 2012; Kurek and Mikulski,
2013; Cayir 2019a; Cayir 2019b;). One of basic differential geometric structures on a smooth manifold
Is geodesic. A geodesic is a curve representing the shortest path between two points in a surface, or more
generally in a manifold. The shortest path between two given points in a smooth manifold can defined
by using the equation for the length of a curve and then minimizing this length between the points using
the calculus variations. The problems of geodesics are studied on the different type tensor bundle of a

manifold by some authors. The geodesics in tensor bundle of type (1,q) have been investigated
according to the Levi-Civita connection of diagonal lift of g metric (Cengiz and Salimov, 2002). The
geodesics in tensor bundle of type (p,q), p+q >0, have been investigated according to complete lifts

of affine connections (Magden and Salimov, 2004).

On a smooth manifold endowed with an affine connection, torsion and curvature compose the two basic
invariants of the connection. In differential geometry, the notion of torsion is a manner of characterizing
a twist or screw of a moving frame around a curve. Torsion can be described concretely as a tensor, or
as a vector valued two form on the manifold. If V is an affine connection on a smooth manifold, then
the torsion tensor is defined

T(X,Y)=VXY -V, X —[X,Y]
where X,Y are vector field and [X ,Y] is the Lie bracket of vector fields. The torsion tensors are studied
on cotangent bundle of a manifold by many authors (Yano and Patterson, 1967; Mok, 1977).

MATERIALS AND METHODS

Let M be n— dimensional differentiable manifold. Let TM be the tangent bundle of M . The
local coordinateson TM are (xi,xi) = (x‘, yi) where (x‘) are local coordinates on M and(yi) are vector
space coordinates according to the basis 9/éx' . Let T'M be the cotangent bundle of M . The local
coordinateson T'M are (x‘,x‘):(x‘, pi) where (x‘) are local coordinateson M and (p;) are vector

space coordinates according to the basis dx'. In this paper manifolds, mappings and connection are
assumed to be differentiable of class C”. The indices i, j,k,... have range in {1,...,n} and indices

i,j,k,... havearangein {n+1...,2n}.
Let g be a pseudo Riemannian metric. g*:T'M —TM is the musical isomorphism associated with g
pseudo Riemannian metric with inverse given by g°:TM — T M . Then the musical isomorphisms g*
and g are given by

g ix" :(xm,xm)z(xm, Py ) > X’ =(xj,x7):(5nixm,yj =9""p,) (1.1)
and

g’ =X’ :<xj,x]):(xj,yj)—>xM =(xm,xm):(5;“xj, P =0my’) (1.2)
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where g*g, = &; is the Kronecker symbol. The Jacobian matrices of g” and g” are given, respectively,
by (Cakan et. al., 2016)

(g£)=A=(A§”)= Az Al {ﬂ}{y 5 Oj (L.3)

Aj A]m aXJ 56jgms gmj
and
A A (o sl 0
(gf):A:(A\i‘): - _ | = i = is jm . (14)
A:] Ar% OX psamg g

The complete lift on cotangent bundle has been defined and applied to connection in manifold
(Yano and Patterson, 1967). The g — lifts of some tensor fields on the cotangent bundle have been

defined via musical isomorphism and the g — lifts have been applied to problems of some tensor fields
(Salimov and Cakan, 2017). The g — lifts of affine connection and curvature tensor on cotangent bundle
have been studied (Cakan and Kemer, 2019). In this paper, we investigate the geodesics and torsion
tensor according to the g — lift of the Riemannian connection on cotangent bundle T"M .

RESULTS AND DISCUSSION

Let M be an differentiable manifold and V be symmetric affine connection on M . Let °V be

complete lift of symmetric affine connection on cotangent bundle T°"M . The non-zero components
°r S of °V isgiven
Sy k Crk j Cr-k i
F ij: FI] f F ii: _Fljk y F i]: _F:(]
* (1.5)
°T = p, (0,5 -5 -0, + 2T L)
according to where 1,J,...=1,...,2n (Yano and Ishihara, 1973).
Theorem 1 Let M be a n— dimensional pseudo Riemannian manifold with pseudo Riemannian metric

g . Let °V and °V be complete lifts of V affine connection to TM and T"M , respectively. Then the
differential of “V by g, i.e.a g— lift ©V in the cotangent bundle T"M , coincides with the complete

lift v in the cotangent bundle T'M if V is a Riemannian connection which is a metric connection
with vanishing torsion. And the g - lift ®V has components (Cakan and Kemer, 2019)
°ro=rg, °re=0, °ri=0, °r&=0

ab?

c- ab cr— ab

°T 5=, (8.1 —8,Th — 0T + 2T T, ) (1.6)

Gprc _ b Gprc _ a G*E_
ré=-Ty, °Ti=-T§, °rg=0.

ac’

Let V be a Riemannian connection and T be torsion tensor of Riemannian connection V on M . Let

T be torsion tensor of the g —lift ©V on cotangent bundle T'M . Using the components °T" ¢, of °V

in (1.6) the components T ¢ of T are obtained with the equation

-F(A:B: °r CAB_ °r gA (1-7)
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according to the induced coordinates (xh, ph). So we obtain
fgb:GI: ;b_G liga :cmab _Fga :F:b _ngzo

To =°T5-C°TE =0

T =or o Gliga =0

o c or o =T —(-T5)=-T%+Ig =—T5+I5=0

-F = Gl" EB_ GF ga - _FZC _(_rtc)a) = _FZC +ch)a = _Fga +chJa =0

ab a

ab b
_ * *
G G
T%BZ FEB_ FE =0

T ;b =°T ;b_G I tc)a
=P (a I - aal—‘;c - abl_fu: + Zrztrfab ) - P (acrza - 8bl—‘zsalc - aal—‘;c + ZF(S:tFLa)

c” ab

= psa ; psaarls)c - psabrzc + P 21—‘ztl—‘tab - psacrts)a + psabrzc + psaaréc - P Zrztréa

ctab
= psacFZb - psﬁcrts)a + P Zrztrgb - P ZFtS:tFLa
= psac asab - psacr;b +2 psrztr;b -2 psrztrgb =0 .

*

Corollary 1 The torsion tensor according to g — lift °©V of Riemannian connection V is equal to zero.
Let C:[0,1] > T M be acurve on cotangent bundle T°M . And we suppose that C is expressed locally
by x®=x°(t), ie, x*=x°(t), x*=x°(t)=p,(t) according to induced coordinates (xi, pi) on
cotangent bundle T"M . t is a parameter.

A curve C on cotangent bundle T"M is a geodesic according to g — lift ®V of a Riemannian connection
V, when it satisfies the differential equation
d?x® o 5o dx? dx®
—t =0 1.8
dt? P odt dt (1.8)

according to the induced coordinates (X°, XE) = (x°, pc).

Using the components of g —lift °V we obtain following equations from (1.8):

d2° or A dx® i A dx® o n dxdx’ g1, dx? dx®
ot Tt Ty P - E
dt dt dt dt dt @ dt dt @ dt dt
di?  ®dt dt

(1.9)

and
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2,,C * a b * a b * a b * _ a b
O efe O O o fc 0 B0 o 0 0F o ait o
dt dt dt dt dt A dt dt o dt dt
)dxa dx® _ra dp, dx”

dt dt  ® dt dt

d’p
=4 p, (0,15 — 0,5 — 0,15 + 205y,

dt2 ct ab
I dx*® dpb
“ dt dt
d2p0+pa sd_Xadi_p Sd_xad_xb_p S%d_xb
dt? T ® dt dt T dt dt " * dt dt

dx® dx” e b, dx” o O dp, _

+2rctrgb cb ac
dt dt dt dt dt dt

dp, dfp ) OX) g AR X e XA
©odtodt * *T"™ dt dt

dt?>  dt| *° dt
dx® dx® dx?® dx® dx?® dx®
ors — —-po.r: ) [
+ps ¢ ab d dt ps a” cb d dt ps cm™ ab dt dt
o oax? dx®

_ps am cb dt dt
a b a
d [dpc_rs o, X ]_F:{dps_rmp dijdx

dtl dt ~ *° dt dt ™" dt | dt
dx?® dx"
+p,RS, ——=
ps cab dt dt

a a b
i(é‘pcj_rzcgdei"'ps cﬁabdidizo
dt\ dt dt dt dt dt

(1.10)

°pe , s OX* O
dt> " % gt dt

where 5p, =dp, —I;, p,dx®. After expressions (1.9) and (1.10) we have

Theorem 2 Let C be a geodesic on cotangent bundle T°"M according to the g — lift ®V of Riemannian

connection V on M . The geodesic C has equations
d?x® . dx® dx°
2 + ab =Y
dt dt dt

5°p, . Ox? dx’
dt? S gt dt

according to the induced coordinates (x°, pc) on cotangent bundle T'M .

CONCLUSION
In this paper, The torsion tensor and geodesic are studied according to g — lift of Riemannian
connection to the cotangent bundle T"M . The torsion tensor components and geodesic equations are
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obtained by using components of g — lift of Riemannian connection V . So the torsion tensor and
geodesic according to g — lift of Riemannian connection V are determined on cotangent bundle T"M
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