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ABSTRACT

The original “Steiner point” introduced in 1838 by the Swiss mathematician Jakob Steiner (1796-
1863), also known as the “Steiner curvature centroid”, is the geometric centroid of the system
obtained by placing a mass equal to the magnitude of the exterior angle at each vertex of a triangle.
Steiner points have been studied and applied to networks, combinatorics, computational geometry
and even in game theory.

In this article, we extend the notion of Steiner points to the notion of g-Steiner points for
bounded Euclidean submanifolds with arbitrary codimension. In this article, we also introduce the
notions of co-Steiner and normal points for bounded Euclidean submanifolds. We prove several
fundamental properties for such points. Furthermore, we establish some links between g-Steiner,
co-Steiner and normal points.
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1. Introduction

The name of "Steiner point" was named after Swiss mathematician Jakob Steiner (1796-1863). The Steiner
point, also known as the Steiner curvature centroid, is originally defined to be the geometric centroid of the
system obtained by placing a mass equal to the magnitude of the exterior angle at each vertex of a triangle (cf.
[19, 20]). Since then Steiner points have been studied and applied to networks, combinatorics, computational
geometry and game theory (cf. e.g., [12, 13, 15, 16, 17]).

Throughout this article, by a bounded manifold we mean a compact manifold with or without smooth
boundary. By a closed manifold we mean a bounded manifold without boundary.

For an even-dimensional convex closed hypersurface M" in a Euclidean (n + 1)-space E"*!, H. Flanders
proved in [11] that the Steiner point of /" can be defined as

s(M™) = 1/€M" xK (p)duv, (1.1)

Cn
where x denotes the position vector field of M™ in E"*1, dv is the volume element of M™, and K (p) denotes the
Gauss-Kronecker curvature of M™ at a point p € M".

It is known that the Steiner point defined by (1.1) satisfies the following properties (cf. [17, 18]):

s(aM™) = as(M™) for any similar transformation q;

s(M™ + ¢) = s(M™) + ¢ for a constant vector ¢ € E"+1;

s(M™) is a continuous function of M";

If dim M™ is positive, then s(M™) is a relative interior point of M™.

In this article, we extend the notion of Steiner points to the notion of g-Steiner points for bounded Euclidean
submanifolds with arbitrary codimension. We also introduce the notions of co-Steiner and normal points for
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bounded Euclidean submanifolds via the notion of G-total curvatures introduced in [4, 7]. In this article, we
also prove several fundamental properties for such points. Furthermore, we establish some links between
g-Steiner, co-Steiner and normal points.

2. Preliminaries

In this article, we follow the notations from [7, 8, 9, 10].

Let M™ be a bounded manifold of dimension n and let ¢ : M™ — E™ be an immersion of M" into an oriented
Euclidean space E™ of dimension m. By a frame {p,ei,...,e,} in the space E™, we mean a point p € E™
together with an ordered set of mutually perpendicular unit vectors e, ..., e, whose orientation is coherent
with that of the Euclidean space E™. In the following, we shall identify e; with its image ¢.(e;) under the
differential map . of the immersion .

Let 7(E™) be the set of all frames on the Euclidean m-space space E™. We let 7(M"™) denote the set of all
orthonormal frames in M™ (with respect to the induced metric on M") such that ey, ..., e, are tangent to M™
and hence ¢, 11, ..., e, are normal to M".

Let us denote by B () the bundle space of unit normal vectors of ¢(M™) so that a point in B;(y) is a pair
(p,e), where e is a unit normal vector of M"™ at ¢(p). Then B;(y) forms a principal bundle of (m —n — 1)-
dimensional unit-spheres S;*~"~" at p € M™. Clearly, B;(y) is a manifold of dimension m — 1. Let B(y) denote
the set consists of all b = (p, ey, ..., en) such that (p,e1,...,en) € F(M™) and (p(p),e1,...,em) € F(E™). Then
the natural projection B(yp) — M™ can be regarded as a principal bundle with fiber O(n) x SO(m —n), and
¢ : B(p) — F(E™) is naturally defined by ¢(b) = (¢(p), €1, ..., em).

To avoid confusion, we shall use Einstein’s convention on summation and also use the following ranges of
indices:

1<i,5,k...<n; n+1<rst...<m; ABC...,...<m

throughout this article, unless otherwise stated.
On F(E™), we introduce the 1-forms 84, 6% defined by

dp=>Y 0%, dea=) 0fep, 05 =-03 2.1)
Since d? = 0, it follows from (2.1) that
A=D"08n05, dog=-> 024 N0%, (2.2)

where /\ denotes the exterior product.
Let w” and w4 denote the restrictions of the 1-forms 64 and 4 to M™ via the immersion . Then we have
w” = 0. Thus, we find from (2.1) and (2.2) that

m—1

d(p:ZHiei, dep, ZwAeA7 (2.3)
dwi:Zo.)j/\o.);-7 Zwk/\w +Zw A w3, (2.4)

It was well-known that w',...,w" are linearly independent 1-forms on M" and the volume element of M" is
givenby dv =wq A ... A wp.
Since 0 = dw” = ) w' A wf, Cartan’s lemma implies that

wi =Y hwl, kI =hj, (2.5)

where h[; are called the coefficients of the second fundamental form h. The eigenvalues x1(p, e.), ..., kn(p, er)

of the symmetric matrix (h};) via the second fundamental form are called the principal curvatures of M™ ata

point (p, ,) € B ().
From (2.4) and (2.5) we obtain

dw —Zw A wy +Z (hixhle — hiy ;k)w Awt, (2.6)
r,k, 0
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The ¢-th mean curvature K,(p, e,) at (p, e,) is defined by the elementary symmetric functions such that

<Z>Kf(p’e7‘)Zﬁl(pver)”'ﬁf(pver)a 6:17"'7713 (27)

where (Z) =n!/(£!(n — £)!) denotes the binomial coefficients (cf. [1, 8, 9, 10, 14]). In particular, the n-th mean
curvature K, (p, e) is well-known as the Lipschitz-Killing curvature at (p, e).
Consider the principal bundle B; () — M™ with fiber 5;"~"~'. Then

— m m
do=w ' 1 N ANwpyy

is a differential form of degree (m —n — 1) on By(y) such that its restriction to the fiber 5]"~"~! of B (yp) at
a point p € M™ is the volume element of 5" "~'. Therefore, dv A do is the volume element of the principal
bundle B () (cf. [5, 10]).

Also, it follows from (2.5) and (2.7) that we have

WA Awyt = Ky (p, em)dv. (2.8)

Note that, for a hypersurface M" in E"**, the fiber SJ at a point p € M™ consists of two unit vectors at p; namely
the unit outward normal vector and unit inner normal vector at ¢(p). Also, note that the /-th mean curvature
satisfies

Ki(p, —e) = (1) Ke(p, ) (2.9)
for{=0,1,...,n.

3. G-total curvatures, g-Steiner, co-Steiner and normal points

Now, we recall the notion of G-total curvatures from [4, 7]. For a given immersion ¢ : M"™ — E™ of a bounded
n-manifold M™ into E™, let n : B1(p) — E” be a E"-valued function on the principal bundle B; (). In particular,
if r = 1, then 7 is nothing but a real-value function on B (y).

For ¢ €{0,1,2,...} and k > 0, the integral

Gilown) = [ e (Kilpe)) o (31)
ecop

is called the ¢-th G-total curvature of rank k at the point p € M™ with respect to the function 7 if the right-hand-side
of (3.1) exists (cf. [4, 7]).

An immersion ¢ : M™ — E™ is called pseudo-flat if G,,(¢,p,1,1) =0 for all p € M™ (cf. [4]). It follows from
(2.9) that every immersion ¢ : M™ — E™ of M™ is always pseudo-flat whenever n = dim M™ is odd.

The integral

1
Ten k)= —— [ Glepmido= [ ppoKilp.e))do ndo (32)
Cm—1 Jpemn (p,e)€B()
is called the ¢-th G-total curvature with resect to 1 if the right-hand-side of (3.2) exists (cf. [4, 7]).
For some special cases of G-total curvatures, we have the following.

Ty(p,n,0) is the ordinary E™-valued integral over By (¢);

Ty(p,1,0) is the volume of B;(y), where 1 denotes the constant function 1 on By (¢);

To(p, ¢, 0) is the center of mass of M™ in E™;

If M™ is a closed manifold, then T),(¢,1,1) = X(M™), where X(M™) denotes the Euler characteristic of
M™ (see [7, Proposition 6.4]);

e If m =n+1and niseven, then 1G,(¢,p,1,1) is the Gauss-Kronecker curvature of the hypersurface M"
in En*L (cf. [2, 6]).

For simplicity, we put
T(p) =Talp,1,1) and T(p,n) = Talp,n,1). (33)

For an immersion ¢ : M™ — E™ and for (p, e) € B1(p), we define g-Steiner points, co-Steiner points and normal
points of ¢ via (3.2) and (3.3) as follows:

www.iejgeo.com


http://www.iej.geo.com

g-Steiner, co-Steiner and normal points

* gs(p) = T @, ) is called the g-Steiner point of ¢;
* ¢s(p) =T (o, (p,e)e)is called the co-Steiner point of p;
* n(p) =T(p,e) is called the normal point of ¢,

A/—\

where (p, e) denotes the inner product for the E™-valued functions ¢ and the unit normal vector e on M".
Now, we prove the following two lemmas.

Lemma 3.1. If ¢ : M™ — E™ is an immersion of a bounded manifold M™ in E™, then the g-Steiner point gs(¢) of ¢ is
given by

1
aste) = [ G A AW, (3.4)
Cm—1J(p,em)€B1()
Proof. Follows easily from the definition of g-Steiner point and Egs. (2.8), (3.1) and (3.2). O

Lemma 3.2. For an immersion ¢ : M™ — E"*1 of an even-dimensional closed convex hypersurface M™ in E"*1, the
g-Steiner point gs(p) of ¢ and the Steiner point s(M™) of M™ defined by (1.1) are related by gs(p) = 2s(M™).

Proof. Let ¢ : M™ — E"*! be the immersion of a closed convex hypersurface. Denote by x the position vector
field of M™ in E"*1. Then it follows from Egs. (3.1), (3.2) and the definition of the g-Steiner point gs(¢) of ¢ that

1 n n
gS(SO) = —/ Spw1+1 .. /\wn+1
En J(p,eny1)EBi(p)

1 @ K, (p,e)do  dv (3.5)
Cn Jpemn e€S?

= — xK(p)dv
Cp, peEM™

where K(p) is the Gauss-Kronecker curvature of M™ at a point p € M", K,(p,e) is the Lipschitz-Killing
curvature at (p, e) € Bi(p) and x is the position vector field of ¢ : M™ — E"*!. Therefore, after comparing (3.5)
with (1.1), we obtain gs(¢) = 2s(M™).

The next lemma is direct to verify.

Lemma 3.3. If o : M™ — E™ is an immersion of a bounded manifold M™ in E™ and + : E™ < E™ is an inclusion map,
then we have gs(p) = gs(p) with g = 1) o .

4. Some properties of g-Steiner and co-Steiner points

For g-Steiner points, we have the following.

Theorem 4.1. For a given immersion ¢ : M™ — E™ of a bounded n-manifold M™ into E™, the g-Steiner point gs(p) of
o satisfies the following properties:

(@) If a is a positive number and @ = a is the similarity transformation of ¢ given by (ap)(p) = a(¢(p)), p € M™,
then we have gs(ay) = a(gs(p));
(b) For a constant vector ¢ € E™, we have

9s(pc) = gs(p) + T(p)c,

where p. = ¢ + c is the parallel translation of ¢ given by p.(p) = ¢(p) + ¢, and T (i) is the total Lipschitz-Killing
curvature of M™ defined by (3.3), i.e.,

1
T(p) = / WA AW (4.1)
(p,em)EB1(p)

Cm—1

(c) If o : M™ — E™ is a pseudo-flat immersion, then gs(¢) = 0. In particular, we have gs(p) = 0 whenever M™ is of
odd dimension;
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(d) Ifo: M™ — E™and ¢ : M™ — E™ are immersions of even-dimensional bounded manifolds M™ and M™ into E™
and E™ respectively, then we have

95(p x @) = (T()gs(), T()g5(9)), (4.2)
where ¢ x @ is the product immersion of ¢ and p given by M™ x M™ > (p,p) — (p(p), (p)) € E™ x E™,

Proof. (a) Let ap be a similarity transformation of ¢. Then, the definition of B;(y) yields By (ag) = Bi(p). For a
given point (p,e1,...,en) € B(ayp), we put

d(aSO) = Zwieiv Wy = <dem7 6A> )
and let w’, w’} denote the corresponding forms on B(y). Then we obtain
OMA- AT =W A Aw™ (4.3)

— m—1-

Consequently, we obtain from the definition of g-Steiner points and Lemma 3.1 that

1 —m om
gs(ap) = / (ap)ar A= Ay
Cm—1 (p,em )EB1(ayp)
__a / QW A Aw™_
Cm—1 (pyem )EB1(p)
= a(gs(p)).

(b) For a given vector ¢ € E™, we have B;(¢) = Bi(¢.). Thus, if we denote by @ the form for ¢. corresponding
to a form w for ¢, then we obtain (4.3) as well. Therefore

1 _ ~
g5(pe) = / (o OB A ATy
Cm—1 J(p,em)€B1(p+c)
1
= / WA AW+ < / Wit A Awpy g
Cm—1 J(p,em)EB1(p) Cm—1 J(p,em)EBi(p)
C
— gs(p) + / WA AWy
Cm—1 J(p,em)EB1(p)

= gs(p) + T(p)c,

where T'(p) is defined by (4.1).

(c) The first part of statement (c) follows from Eq. (2.8) and Lemma 3.2. And the second part of statement (c)
follows from (2.9).

(d) Let ¢ : M™ — E™ and ¢ : M" — E™ be immersions of bounded manifolds M" and M™ into E™ and
E™ respectively. According to Lemma 3.3, to prove statement (d), without loss of generality, we may assume
m and m are both odd.

Let B(p x @) be the bundle space over M™ x M™ consisting of

((p7ﬁ)a617"'7en7éla"'aéﬁaen+17"'7emvéﬁ+17"-ae’rﬁ)

such that (p,e1,...,e,) € B(p) and (p,é1,...,€éx) € B(p). Let us consider the following two unit normal vector

fields of M"™ x M™in E™ x E™ given by
Emtm—1 = —sinfe,, + cos0ey, Epmim = cosbe,, + sinbeéy (4.4)

over M™ x M™. Then we have

dépim = cosOde,, + sin0déz + Enam_1d0. (4.5)
If @2 (o, 3 = 1,...,m + m) denote the connection forms associated with the frame
((pa]j)aela 2 él» ) é’ﬁm En+1y-++36m—1,Cm4+m—1, é'ﬁ+17 ey ém,]_, ém+n—'7,>7
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then we find

Q"™ = cos Ow]", (Z)%”"'m =sinfw, i=1,...,n; i=1,...,n (4.6)
Ot = cos O, Wl =cosOw, r=n+1,....m—1; F=n+1,...,m—1; 4.7)
~m-+m —

Opngm—1 = A0 (4.8)

Now, it follows from (4.6), (4.7) and (4.8) that

doANde = oA AT

m+m—1
= (cos )™ (sin 0)™ L K, (p, em) Kn (P, €m) 4.9)
XdvAdDAW A Awi g Awi g A Awl_y Adf.
Consequently,
— 1 =\ ~m+m ~m—+m
gs(p x @) = / (o x @)@ A AT
Cmtm—1 Jen,ym€B1(pxp)
1 _ m— i

-—— (9 x @)(cos™ " 6) (sin™ " 6) (@.10)

Cmtm—1 Je,imeBi(oXP)

X Ky (p, em) Kn(p, €m)dv A do A do A da A df
= (T(9)gs(#), T()g5(9)),
where we have used (cf. Formula (4.6) of [9, page 135])

2I((1 +p)/2)0((1 +q)/2)
I'((2+p+9)/2)

/ (cos? @sin? 0)df =
Sl

for even integers p, ¢ > 0 and
(n + 1)rn+1)/2
Cp = =t
T'((n+3)/2)
O

The next three corollaries follow from Theorem 4.1 and the fact that the total Gauss-Kronecker curvature of
o satisfies T'(¢) = ¢yp—1 X (M™) (cf. [7, Proposition 6.4]).

Corollary 4.1. Let ¢ : M™ — E™ be an immersion of an even-dimensional closed oriented manifold M™ into E™. Then
the Euler characteristic of M™ satisfies X (M™) = 0 if and only if the g-Steiner point of ¢ is invariant under translations.

Corollary 4.2. Let o : M™ — E™ and @ : M™ — E™ be immersions of even-dimensional closed oriented manifolds M™
and M"™ into E™ and E™ respectively. If X (M"™) = X(M™) = 0, then gs(¢ x @) = 0.

Corollary 4.3. Let M™ be an oriented closed manifold with X (M™) # 0. If M™ is immersible into E™, then for any
c € E™, there exists an immersion of ¢ : M™ — E™ such that gs(¢) = c.

We have the following properties for co-Steiner points.

Theorem 4.2. For a given immersion ¢ : M™ — E™ of a bounded n-manifold M™ into E™, the co-Steiner point cs(y)
of ¢ satisfies the following properties:

(@) If a is a positive number, then we have cs(ap) = a(cs(y));
(b) For a constant vector ¢ € E™, the translation ¢, of ¢ satisfies

cs(pe) = cs(p) + T(p (e, e)e), (4.11)
where T'(p, c) is the n-th G-total curvature of M™ defined by
1

Cm—1

T(p,(c,e)e) =

/ (c,e)ew™ A Awi_1,  €=em; (4.12)
(p,e)E€B1(%)

(c) If dim M™ is odd, then cs(p) = 0.

Since this theorem can be proved in similar way as Theorem 4.1, so we omit its proof.
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5. Some properties of normal points

Let vy,...,vm—1,v be m vector in E™ and let v; X --- X v,,—1 denote the vector product of vy, ..., vm—1. Then
we get
v (v X X Umo1) = (=)™ Yo, 01, U, (5.1)
where |v,v1, -, v;,—1| denotes the determinant of v, vy, ..., vy, —1. From (5.1) we find
€1 X X €q X - X ey = (=1)"T %, (5.2)

where the roof © means the omitted term.

Let ¢ : M™ — E™ be an immersion of a bounded n-manifold M™ into E™. As before, we denote by B(y)
the bundle space consists of all (p,e1,...,en) over M™ defined as in Section 2. Now, we define a E™-valued
(m — 1)-form Q given by
-1

Q= AN ANOT A Awir_)eq. (5.3

m
m—1)em—1 bt

Proposition 5.1. For a given immersion ¢ : M™ — E™ of a bounded n-manifold M™ into E™, the normal point n(yp) of
o satisfies

ne) = [ e 64
9B1(p)
where OB () denotes the boundary of By ().

Proof. For a given immersion ¢ : M™ — E™ of a bounded n-manifold M™ into E™, let [-,..., -] denote the
combining operation of the vector product of E™ with the exterior product.
If we denote e,,, by e, then we have

m—2 times

7ﬂ m
[de, ..., de,é] Zwaleal,.. Zwam L Cam_21 €
:(fl)meZﬁ/\~~~/\wg"‘m_Q[eal,...,6am_2,e]
m—1
=(-1)"( Zwl e ANOTA AW [e1y ey €y BT, €
m—1
—OY (D)W A AT A AW e
a=1

Combining this with (5.3) gives

m—2 times
1 e
0= [de,....dee]. (5.5)
(m — 1)!Cm71

Since
m—2 times m—1 times

— —
d([de, ... ,de,e]) = (=1)"[de,...,de],
it follows from (5.5) that

m—1 times

—1)m —
(1) de,...,de

[CES 1
1 m 7
T [Zwaieaw St ]

= — 'c ; E wal/\ am ) [eaw...,eam_l]
m—

= (ew™ A+ ANwp_q).
Cm—1

Q) =

(5.6)
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Consequently, after applying Stokes’ theorem we obtain

n(e) = ——T(p.c)

1
= / eK,(p,e)dv A do
Cm=1J(p,e)€Bi(p)

1 (5.7)
= / ew" A Awpr_q
Cm—1J(p.e)€Bi(¢)
= / Q) = / Q,
Bi(y) 9B1(p)
which proves the Proposition. O

For the normal point n(¢) of ¢, we have the following.

Theorem 5.1. For a given immersion ¢ : M™ — E™ of a bounded n-manifold M™ into E™, the normal point of ¢ satisfies
the following three properties:

(@) The normal point is invariant under similarity transformations;
(b) The normal point is invariant under translations;
(c) If M™ is of even dimension or M™ is a closed manifold, then we have n(p) = 0.

Proof. Since statements (a) and (b) can be proved in similar ways as the proofs of statements (a) and (b) of
Theorem 4.1, so we omit them.

(c) First, if dim M™ is even, then the Lipschitz-Killing curvature satisfies K (p,e) = K(p, —e), Thus, by the
definition of the normal point n(¢) and the symmetry of the fiber 5]"~! over p, we easily see that the G-total
curvature G, (¢, p, e, 1) = 0 for each p € M". Hence we get n(y) = 0.

Second, if M™ is a closed manifold, then statement (c) follows from Proposition 5.1. O

6. A link between g-Steiner and co-Steiner points

The next theorem provides a link between g-Steiner and co-Steiner points.

Theorem 6.1. Let p : M™ — E™ be an immersion of a closed manifold M™ into E™. Then the g-Steiner and co-Steiner
points of o are related by gs(p) = m(cs(p)).

Proof. For an immersion ¢ : M"™ — E™ of a closed manifold M™ into E™, let Q be defined as (5.3). Then it
follows from (2.3) and (5.5) that

d((p, em) Q) = (d(p,em)) AQ+ (p, en) dQ
= ({¢,dem)) AN+ (@, e,) dS

m—1 m—1
1
=—— (p, eq)wn’ A (=1)P (WM A A WE' A ANwp_q)eg
(m—1)cm—1
m— 51
+ (p, em) dQ (6.1)
1 m—1
= e 2 () Calwl A A+ () D2
1

=TT (P () ) A AW + () d2

After combining (6.1) with (5.6) we find
1 m m
m(so —{p,e)e) (W A Aw™_ ) + —

1 m m m m
= (m—Dem 1 {m(<%€> e)wi' A Awp g — (Wit A /\qu)} ;

d((p,€) Q) = — (g ey )™ A+ Aw

(6.2)

with e = e,,. Consequently, after applying Stokes’” theorem we obtain sg(y) = m(cs(y)) since M is a closed
manifold. O
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Corollary 6.1. Let o : M™ — E™ and ¢ : M™ — E™ be two immersions of two even-dimensional closed manifolds M™
and M"™ into E™ and E™, respectively. Then we have

_ 1 _ _
eslp x @) = = (T(@)gs(). T()gs(p)). (6.3)
where ¢ x ¢ is the product immersion of ¢ and @
Proof. Follows from Theorem 6.1 and statement (d) of Theorem 4.1. O

7. g-Steiner and co-Steiner points of higher order

Let o : M™ — E™ be an immersion of a bounded n-manifold M™ into E™. For k = 1,2, ...,n, let us introduce
the following notion of Steiner point of order k of .

Definition 7.1. The point gs*(¢) = T(¢, (¢, e)* ! o) is called the g-Steiner point of order k.

Similarly, we make the following.

Definition 7.2. The point cs*(p) = T(¢p, (¢, e)* "1 e) is called the co-Steiner point of order k.

Clearly, the g-Steiner (respectively, co-Steiner) point of order 1 is nothing but the g-Steiner (respectively,
co-Steiner) point defined in Section 3.
The g-Steiner and co-Steiner points of higher order are related by the following.

Theorem 7.1. Let ¢ : M™ — E™ be an immersion of a bounded n-manifold M™ into E™. Then we have:

k(gs () = (m+k — 1)es® (@) + Cm171 /83( : (e, e)k Q. (7.1)

Proof. For an immersion ¢ : M™ — E™ of a bounded manifold M" into E™, let 2 be defined as in (5.3). Then it
follows from (2.3) and (5.5) that
d((p,em)* Q) = (d (2, em)") A Q2+ (p,e)" A
= k((¢, dem>k_1) AQ+ (e, €m>k dQ
k <9076m>k71 =y

m—1
= = Dony 2 (el e A D (CPA A e ABE A A )es
m— o B=1

+ (i, em)* a2 7.2)

kg, em) ™ "=

= T m—Dem_t Z (0rea) eaWl® A Aw™_ 1) + (p, em)” dQ

k <SD7 em>k71 m m k
= e P~ Prembem)@it A AWl + (o em) "

After combining (7.2) with (5.6) we obtain

b k(o em) ! N N )
d({p,e)" Q) = —WW— (p,e) )W A--- Aw™_ )+ (p,e)* dQ.
k—1
= _M(QO —(p,e)e)(Wl* A Awp_q) + p— (¢, €>k W A AWl (7.3)
(,em) !

= i {(m+k—1)((p,e) ewi A Awl_y — kp(W" A~ Awl_ )},

with e = e,,,. Consequently, after applying Stokes’ theorem to (7.3) we obtain (7.1). O
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The next corollary is an immediate consequence of Theorem 7.1.

Corollary 7.1. Let ¢ : M™ — E™ be an immersion of a closed manifold M™ into E™. Then the g-Steiner and co-Steiner
points of order k are related by

m+k—1
g5"(p) = et ()

fork=2,...,n
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