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1. Introduction

In this paper, we introduce the generalized sixth order Pell sequences and we investigate, in detail,
three special cases which we call them sixth order Pell, sixth order Pell-Lucas and modified sixth order Pell
sequences. First we recall the definition of a generalized Hexanacci sequence.

A generalized Hexanacci sequence {W), } >0 = {W,,(Wo, W1, Wa, W5, Wy, Ws;11,72,73,74,75,76) }n>0 1S

defined by the sixth-order recurrence relations
(1.1) Wn = riWaa+reWh o+rmW, 3+1m4Wy g +1rsWi5 +16Whis,
Wo = a,Wi=bWr=cWs=dWy=eW5=f
where the initial values Wy, Wy, Wy, W3, Wy, W5 are arbitrary complex (or real) numbers and r1, 79, 73, 74,75, 7'
are real numbers.
The sequence {W,, },,>0 can be extended to negative subscripts by defining
Ts Ta T3 T2 T1 1
Wp=—W_ oy — —W_ oy —W_(h 3y — —W_(,_gy — —W_(_ —W_(n_
n =l ey T e W2y = LWy W) T W nes) W (-6

for n =1,2,3,.... Therefore, recurrence (1.1) holds for all integer n.
It is well-known that the Pell sequence (OEIS: A000129, [13]) { P, } is defined recursively by the equation,

forn>0

Prz+2 = 2Pn+1 + Pn

in which Py = 0 and P; = 1. Next, we present the first few values of Pell numbers with positive and negative

subscripts:
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Table 1. The first few values of the Pell numbers with positive and negative subscripts.
n 01 2 3 4 5 6 7 8 9 10 11 12 13 14

P, 01 2 5 12 29 70 169 408 985 2378 5741 13860 33461 80782

P, 01 -2 5 —-12 29 -—-70 169 -—408 985 —2378 5741 —13860 33461 —80782
Pell sequence has been studied by many authors and more detail can be found in the extensive literature

dedicated to these sequences, see for example, [1,2,3,4,6,8,11,12,19]. For higher order Pell sequences, see
[9,10,16,17,18].

In this paper we consider the case rqy = 2, ro = r3 = r4 = r5 = 16 = 1 and in this case we write
Vi = W,,. A generalized sixth order Pell sequence {V;,}n>0 = {Vi(Vo, V1, Va, V5, Vi, V5) } >0 is defined by the

sixth-order recurrence relations
(1.2) Vo =2Vh1+Vao+ Vi 3+ Voa+ Vs + Ve

with the initial values Vg = co, Vi = ¢1, Vo = co, V3 = ¢3, V4 = ¢4, V5 = ¢5 not all being zero.

The sequence {V,,}n>0 can be extended to negative subscripts by defining
Vo=V )y = Vem—2) = Vemez) = Vo) = 2V_(n—5) + V_(n—s)

for n =1,2,3,.... Therefore, recurrence (1.2) holds for all integer n.

As {V,,} is a sixth order recurrence sequence (difference equation), it’s characteristic equation is
(1.3) 28— 2% — gt —ad — P —x—1=0.

The approximate value of the roots 61, 05,053,804, 05 and 0 of Equation (1.3) are given by

01 = 2.6143662721144504208

0, = —0.76286141326240044899

03 = 0.45907924801189877223 — 0.76572377800211887372¢
0, = 0.45907924801189877223 + 0.765723778002118873724
05 = —0.38483167743792375813 — 0.69350597836224613636¢
s = —0.38483167743792375813 + 0.69350597836224613636¢

Note that we have the following identities:

01 +024+03+04+05+06 = 2,

010203040505 = —1.

The first few generalized sixth order Pell numbers with positive subscript and negative subscript are

given in the following Table 2.
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Table 2. A few generalized sixth order Pell numbers

n Vo Vo,

0 Vo Vo

1 Vi “Vo-Vi—-Va=V3-2xV,+V;
2 Vs Vs +3Vy - Vs

3 Vs —Vi+3Vs - Vs

4 Vi V3 +31, -1,

5 Vs Vo431 =V

6 Vs + Vi + Vs + Vo + Vi + 1)) Vs +2Vi+ Vs + Vo +41

7 5Vs + 3Vy + 3V5 + 3V + 3V4 + 2V} 4V — 9V, — 2V3 — 3Vh — 3V; — 4V}
8 13Vs + 8V + 8V3 + 8Va + 7V4 + 514 —AVs + 12V — 5V + 2V + VI + 1
9 34Vs 4 21Vy + 21V5 + 20V; + 18V, + 13V} Vs —6Vy + 11V — 6Va + V3

10 89Vs + 55V + 54Vs + 52Vi + 47V, + 34V} Vi —6Vs 4+ 11V, — 6V; + Vg

Now we define three special case of the sequence {V,}. Sixth-order Pell sequence {P,(L6)}n20, sixth-order
Pell-Lucas sequence {Q%ﬁ)}nzo and modified sixth-order Pell sequence {ET(LG)},LZO are defined, respectively,
by the sixth-order recurrence relations
(1.4)

PO = PO 12P® + PO, 1 PO, + PO 1+ PO P =0,P® =1,P9 =2, P =5 P =13, P = 34

and

(1.5)

Qe = Q) +2QY +Q)+Q ), +QL +Q9, Q) = 4,0V = 2,0Y = 6,0 = 17,0} = 46,Q)" =122
and

(1.6)

E® s = EY) 2B +EO v EC 4 E® +E®, EY =0,E® =1,EY =1,E" =3,E{¥ =8 EY =21

n

The sequences {P,§6)}n20, {Q;G)}nzo and {EﬁG)}nZO can be extended to negative subscripts by defining

(6) _ _ p(6) _ p(©) (6) _ p©) _ op(6) (6)
(1.7) P = P,(n 1) P (n—2) Pi(n73) Pi( 1) 2P  (n—5) + P (n—6)
and

(6) (6) (6) (6) (6) (6) (6)
(18) Q_n Q (n—1) Q (n—2) Q (n—3) Q—(n—4) Q (n— 5)+Q (n—6)
and

6) _ _ p(6) _ p®©) (6) (6) _om(6) (6)
(1.9) Efn - E—(n—l) E—(n—2) E —(n—3) E—(n—4) 2E‘—(n—5) + E—(n—ﬁ)

for n =1,2,3,... respectively. Therefore, recurrences (1.7), (1.8) and (1.9) hold for all integer n.
In the rest of the paper, for easy writing, we drop the superscripts and write P,, @Q,, and E,, for PT(LG), 516 )

and E7(16) , respectively.

Journal of Scientific Perspectives, Volume:4, Issue:1, Year:2020 51



SOYKAN / On Generalized Sixth-Order Pell Sequences

Note that P,,Q, and E, sequences are’t in the database of http://oeis.org [13], yet.
Next, we present the first few values of the sixth-order Pell, sixth-order Pell-Lucas and modified sixth-
order Pell numbers with positive and negative subscripts:

Table 3. The first few values of the special sixth-order numbers with positive and negative subscripts.

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13
P, 0 1 2 5 13 34 89 233 609 1592 4162 10881 28447 74371
P, 0 0 0 0 O 1 -1 0 0 0 -1 4 —4 1
Qn 6 2 6 17 46 122 321 835 2182 5705 14916 38997 101953 266541
Q-, 6 -1 -1 -1 -1 -6 17 -8 -1 -1 4 —34 65 —40
E, 0 1 1 3 8 21 55 144 376 983 2570 6719 17566 45924
rE, 0 0 0 O -1 2 -1 0 0 1 -3 8 ) 1

2. Generating Functions

o0
Next, we give the ordinary generating function Y. V, 2™ of the sequence V,.
n=0

o0
LEMMA 1. Suppose that fv, (x) = Y V,a™ is the ordinary generating function of the generalized sixzth-

n=0

order Pell sequence {V,}n>0. Then, > V,a™ is given by

n=0

Vo+ (Vi —2Vo)z + (Vo — 2V — Vo)a? + (Vs — 2Va — V) — Vp)z®

>0 +(Va—2Vs = Vo = Vi = Vg)at + (Vs — 2Vy — V3 — Vo — V) — Vp)a®
(2.1) Zvnx”: 2 3 4 5 6 :
o 1—-2z—z?—a3—a*—2°—7

Proof.
Using the definition of generalized sixth-order Pell numbers and substracting = f (), 22 f (z), 2% f (z), 2* f (), 2° f ()
and 2% f(x) from f(z) we obtain (note the shift in the index n in the third line)

(1 -2z —a2? — 2% — a2t — 2% — 2% fy, (2)

oo oo oo oo oo oo oo
= g V,xz"™ — 2z E V,z" — z? g V" — 3 E Vya" — z* E V,z" — z° g V,a" — 28 E V,z"
n=0 n=0 n=0 n=0 n=0 n=0 n=0
oo oo oo oo oo oo oo
— E ‘/"xn o 2 E ‘/7an+1 o E ann+2 . E Vn$n+5 o § ‘/"xn+4 o § Vnmn+5 o E Vnz’nJrG
n=0 n=0 n=0 n=0 n=0 n=0 n=0

oo oo oo oo o o o
= g Vo™ — 2 g Va—12™ — g Vo—oz™ — § Vo—gz™ — 5 Vo—az™ — E Va—sz™ — E Vi—ex™
n=0 n=1 n=2 n=3 n=4 n=>5 n=6
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and then
(1—2x—a2? —2® —a* — 25 — 2% fy (2)
= (Vo + Viz + Vaz? + Vaz® 4+ Vi + Viz®) — 2(Vox + Viz? + Vo + Vaat + Viz®)
—(Voz® + Vid® + Vo + Vaz®) — (Vor® + Vi + Vaa®) — (Voz* + Viz®) — Voz®
+ i(‘/n Va1 = Voo = Va3 = Via = Vs — Vipg)2"
n=6
= Vot (Vi —2Vo)z + (Vo = 2Vi = Vo)a? + (V3 — 2Va — Vi — V)2

+(Vy =2V = Vo = Vi — Vo)at + (Vs — 2Vy — Vi — Vo — V; — V).

Rearranging the above equation, we get (2.1).

The previous Lemma gives the following results as particular examples.

COROLLARY 2. Generated functions of sixth-order Pell, Pell-Lucas and modified Pell numbers are

= x
E Px™ =
— " 1—20— 22— 23 — 2% — 25 — 26’
and
o0
ZQ ,  6—10z — 42 — 323 — 22% — 2P
T =
. " 1—2z— 22 — 23—t — 25 — 26’
n—
and
s 2
B T —x
nzfo " 1—20— 22 — 23 — 2% — 25 — 26’
respectively.

3. Obtaning Binet Formula From Generating Function

We next find Binet formula of generalized sixth order Pell numbers {V,} by the use of generating function

for V,,.

THEOREM 3. (Binet formula of generalized sizth order Pell numbers)

6
di07
(3.1) Vp=) ——k
k=1 H (9k - 91)
j=1
ki
where
dy = Vol + (Vi —2V0)0} + (Vo — 2Vi — V)03 + (Vs — 2V — Vi — V;)03

F(Va—=2V3 = Vo= Vi = V)b + (V5 = 2Vy = Vs = Vo = V1 — V)

for each 1 < k <6.
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Proof. Let

h(z)=1-2z — 2% — 23 — 2% — 2° — 2b.
Then for some 01, 05,03,04,05 and O we write
h(z) = (1 = 012)(1 — 022)(1 — 052)(1 — 042)(1 — O52)(1 — Ogx)
ie.,

(3.2) 1 -2z —a2? — 2% —2* —2° — 2% = (1 = 012)(1 — Oa2) (1 — O32) (1 — 042)(1 — O52) (1 — Og2)

Hence 7595095 95 95 V€ é are the roots of h(x). This gives 01, 62,603,604, 05 and 05 as the roots of

This implies 2° — 25 — 2% — 2% — 222 — 2 — 1 = 0. Now, by (2.1) and (3.2), it follows that

Vo+ (Vi —2Vo)z + (Vo —2V4 — Vo)a? + (Vs — 2Va — Vi — V)23

ad . +(Va =2V = Vo = Vi = Vg)at + (Vs — 2Vy — V3 — Vo — Vi — Vp)a®
;V"I - (1= 012)(1 — 022)(1 — 032)(1 — 042)(1 — O52) (1 — Oga)

Then we write

- n __ Al A2 A3 A4 A5 AG
(3:3) ;)V"x T 0—6)  (U—6z) T (1—bs)  (1—6a2) T (1—0s2)  (1—6g2)

So

Vo+ (Vi —2Vo)a + (Vo — 2V4 — Vo) + (Vs — 2V — Vi — Vp)a®
+(Vi—2V3 = Vo= Vi = Vo)t + (Vs —2Va — V3 — Vo — Vi — Vp)a®

= Ai(1—02)(1 —032)(1 —042)(1 — O52)(1 — Osz) + Az(1 — 012)(1 — O32)(1 — Oax)(1 — O52)(1 — Ogx)
+A3(1 — 012) (1 — Oa2) (1 — 042) (1 — O52) (1 — Opz) + Ag(1 — 012) (1 — Oa2)(1 — O32) (1 — O52)(1 — Op)

+A5(1 — 915(})(1 — 92.’17)(1 - 93.’1))(1 — 9426)(1 — 96.’1}) + Aﬁ(l — 9116)(1 — 921‘)(1 — 93.%')(1 — 04.’1))(1 — 05.’13)

If we consider z = -, we get
01 4

1 1 1
Vo+(V1—2Vo)(71+(Vz—2V1—Vo)€—2+(V3—2V2—V1—VO);3
1 1

1 1
+(V4—2V3—V2—%—Vo)aj+(V5—2V4—V3—V2—V1—Vo)a—s
1 1

02 03 04 05 06

= A== 0= gHa -0 - g,
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This gives

01 (Vo + (Vi = 2Vo) g + (V2 = 2Vi = Vo) gz + (V3 = 2V2 = Vi = V)5
+(Va—2V3 = Vo= Vi = Vo)gr + (V5 — 2V = V5 — Vo = Vi — Vi) g
(01 — 02)(01 — 03)(01 — 04)(01 — 05)(01 — 0O6)
dy
(01— 02)(01 — 03)(61 — 04)(61 — 05)(01 — bs)

1
3
07
7)

A =

Similarly, we obtain

4 = & ,
(02 = 61)(02 — 03)(02 — 04)(02 — 05) (62 — )

Ay = ds
’ (03 — 01)(03 — 02)(03 — 04) (05 — 05)(03 — 06)

Ay = da
(04 = 61)(04 — 02) (04 — 03)(04 — 05) (64 — b5)

As = ds
(05 — 01)(05 — 02)(05 — 03)(05 — 04)(05 — O6)

A; = de

(05 — 01)(05 — 02) (05 — 03) (05 — 04) (05 — 05)
Thus (3.3) can be written as

D Vaa" = Ay(1—012) 7" + Ag(1—02) ' + Ag(1—037) "+ Ay (1—04z) ' + A5 (1—052) '+ Ag(1—O6z) "
n=0

This gives

> Vaa" Alzélx +A2292m +A3293x +A4204x +A5295:c +A629
n=0

n=0

S (AT + Asly + A3 + Ash + AsOE + Aghl)z"

n=0

Therefore, comparing coeflicients on both sides of the above equality, we obtain
V, = Alé’? + AQQ; + Ag@? + A492 + Ag,@? + Aﬁeg

and then we get (3.1).

Next, using Theorem 3, we present the Binet formulas of sixth-order Pell, Pell-Lucas and modified Pell

sequences.

COROLLARY 4. Binet formulas of sixzth-order Pell, Pell-Lucas and modified Pell sequences are

6 0n+4
L
=1 [T 0k — 6;)
j=1
kot

and

6
= 0p =07 + 05 + 0% + 0} + 0% + 05,
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and
6 n+3
(61 — 10"
En = Z 6
k=1 1 (0x — 0;)
j=1
k]
respectively.

Note that Binet formula of generalized sixth order Pell numbers can be represented as

6
Z:: (207 + 20} + 303 + 402 + 50, + 6)

(3.4) v, = Ordi O
k=1

which can be derived from a result ((4.20) in page 25) of Hanusa [5]. When we compare (3.1) and (3.4), we

see the following identities:

1 01

(01— 02)(01 — 03) (01 — 04)(61 — 05)(61 — 06) 2607 + 20% + 367 + 407 + 560, + 6
1 B 02

(02 — 61)(02 — 03)(02 — 04)(62 — 05)(02 — 06) 203 + 205 + 3603 + 402 + 50, + 6
1 B 05

(03 — 61)(03 — 02)(03 — 04)(03 — 05)(03 — 0s) 203 + 203 + 305 + 403 + 505 + 6
1 . 04

(04— 01)(04 — 02) (01 — 03)(0s — 05)(04 — 06) 267 + 202 + 365 + 402 + 50, + 6
1 . 05

(05 — 01)(05 — 02)(05 — 03)(05 — 04)(05 — 06) 262 + 201 + 362 + 462 + 505 + 6
1 B 0

(06 — 01)(06 — 02)(05 — 03)(0 — 04)(06 — O5) 203 + 20, + 302 + 462 + 505 + 6

Using the above identities, we can give the Binet formulas of sixth-order Pell, Pell-Lucas and modified Pell

sequences in the following form: Binet formulas of sixth-order Pell, Pell-Lucas and modified Pell sequences

are
6 9n+5
P, = . k
; (205, + 20, + 303 + 4607 + 50, + 6)
and
Qn =07 + 05 + 05 + 04 + 05 + 0,
and
E, = 26: (6 — O™
= (207, + 20, + 30} + 467 + 50, + 6)
respectively.
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4. Simson Formulas

There is a well-known Simson Identity (formula) for Fibonacci sequence {F, }, namely,

Fn+1Fn71 - Fg = (_1)71

which was derived first by R. Simson in 1753 and it is now called as Cassini Identity (formula) as well. This

can be written in the form

The following Theorem gives generalization of this result to the generalized Hexanacci sequence {W),, }.

THEOREM 5 (Simson Formula of Generalized Hexanacci Numbers). For all integers n we have

(4.1)
Wiis Wipa Wiis Wigo Wiapr Wy Ws Wy Wi W Wi W
Wiis Wiis Wiis Wit  Wn Wi We Wy W Wi W, W,
Woges Wigo Wiupn W, Wit Wiho 1y Ws Wo Wi Wy, W_1 W_,
Wiye Wipr  Woo Wiy Wio Wiog Wy Wi Wy Woi W, W_g
Wpeyr W, Woy Wyuo W3 W,_y4 Wi, Wy W_1 W_o W_3 W_4
Wn Wno1 Whoo Wyh_s Wiy W5 Wo W_1 W_o W_3 W_, W_g

Proof. (4.1) is given in Soykan [14], see also [15].
A special case of the above theorem is the following Theorem which gives Simson formula of the gener-

alized sixth-order Pell sequence {V,,}.

THEOREM 6 (Simson Formula of Generalized Sixth-Order Pell Numbers). For all integers n we have

Vits Viga Vags Vagpo Vg Wy Vs Vi V3 Vo Vi W
Vida Vays Vagpo Vapr o Vi Vi Vo V3 Vo Vi Vo Vo,
Vits Varz Varr Voo Voo Voo | (—1)" Vsso Voo Vi Vo Vg Voo
Vate Va1 Voo Vaer Vo Vs Voo Vi Vo Vo Voo Vg
Vier Voo Vi Vo Vg Vg Vi Vo Vou Voo Vg Voy
Voo Va1 Vis Vios Viuy Vs Vo Vo1 Vo Vg Vo, Vg

The previous Theorem gives the following results as particular examples.
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COROLLARY 7. Simson formula of sixth-order Pell, Pell-Lucas and modified Pell numbers are given as

Poys Pnya Pnys Poyo Popr By

Pois Pois Puyo Phpia P, P,
Pois Ppyo Poyi P, Poo1 Phoo
P2 Poywn P, Po1w Poo Pogs
Py Py Py Poo Pyug Phy

Qnts Qnia Qnis Qniz Qny1r Qn
Qn+a Qn+s Qni2 Qi1 @Qn  Qnoa
Qn+3 Qn+2 Qn+1 @n  Qno1 Qno2
Qntz Qny1 Qn  Qn-1 Qu-2 Qn-gz
Qn+i1 @n  Qno1 @Qn—2 Qn-3 @n-s
Qn  Qn-1 Qn-2 @n-s Qn-a CQns

Enis Enya Enys Epp2 Enpn By
E.yy Enys Enyo Enyn B, Ena
Envs Enyo Enyn En En1 By oo
Epio Enii En  Enoi Eno En_s
Env1 E, E,1 E, 2 E,3 E,4

= —884552(—1)" = 884552(—1)"*1,

5. Some Identities

In this section, we obtain some identities of sixth order Pell, sixth order Pell-Lucas and modified sixth

order Pell numbers. First, we can give a few basic relations between {P,} and {Q,,}.

LEMMA 8. The following equalities are true:

(5.1) Qn = —06P,g+11Py 5+ 7Ppia+8Pi3+ 9P+ 17Pyy1,
Qn = —Puis+Poia+2P,13+3P 0+ 11P,41 —6P,,
Qn = —Puis+Puis+2P, 0+ 10P, 41 — 7P, — Py_1,
Q. = —-P,3+P,0+9P,1 —8P, —2P, 1 — P,_»,
Q. = —Pui2+8P,11—9P, —3P,_1—2P, 52— P,_3,
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442276P, = —39853Qni6 + 96245Q 15 + 14588Qp1a + 15965Qn 15 + 14650Q, 12 + 10285Q 41,
442276P, = 16539Qp45 — 25265Qu 4 — 23888Q 45 — 25203Q 12 — 29568Qy 41 — 39853Q.,,
442276P, = T813Qnia — T349Qn 45 — 8664Qn 2 — 13029Q, 1 — 23314Q,, + 16539Q,,_1,
442276P, = 8277Qni3 — 851Qn4s — 5216Qn 11 — 15501Q,, + 24352Q,_1 + T813Q,_o,
442276P, = 15703Qnio + 3061Qu41 — 7224Q, + 32629Q._1 + 16090Q,_2 + 8277Qn_3.

Proof. Note that all the identities hold for all integers n. We prove (5.1). To show (5.1), writing

Qn:aXPn+5+b><Pn+4+c><Pn+3+d><Pn+2

and solving the system of equations

Qo
@1
Q2
Qs
Q4
Qs

aXPs+bXPs+cexPi+dxPs+ex P+ fxX Py
aXPr+bXxPs+cxPs+dxPi+ex Py3+ fxPy
aXPs+bxXxPr+cxXxPs+dxPs+ex Pi+ fx Py
aXPy+bx Ps+ecxPr+dxPs+ex Ps+ fxPy
aXPpog+bXPy+cxPs+dxPr+ex Pg+ fxPs

(IXP11+b><P10+CXP9—|—dXP8+€XP7+fXP6

we find that a = —6,b=11,c¢=7,d =8,e =9, f = 17. The other equalities can be proved similarly.

and

Note that all the identities in the above Lemma can be proved by induction as well.

Secondly, we present a few basic relations between {P,} and {E,}.

LEMMA 9. The following equalities are true:

6P,
6P,
6P,
6P,

6P,

= 2P7L+6_5Pn+5_Pn+3_Pn+2_Pn+17
- - n+5+2Pn+4+Pn+3+Pn+2+Pn+1+2Pna

= Pn*Pn—l,

Ente — Enis —2En14 —3E,43 —4En 190 — 5E, 41,
Epis — Epsd — 2Eps — 3Enss — 4En 1 + En,
Bria— Enis —2Enso — 3Ens1 + 2B, + En_1,
Euis — Enso — 2B i1 + 3B, + 2B,y + En_o,

En+2 - En+1 +4E, +3E, 1 +2E, o+ E, 3.
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Thirdly, we give a few basic relations between {Q,} and {E, }.

LemMA 10. The following equalities are true:

3Q, = b5En+6—8E,45 —10E,14 —9F,+3 —5En42 +23E,41,

3Qn, = 2FE,i5—5FE 14 —4F,13+28 X E,11 +5F,,

3Q, = —E,i4—2F,43+2FE,,9+ 308,41+ 7E, +2E,_4,

3Q, = —A4FE,i3+ Epi0+29E, 1 +6FE,+ E,_1 — E,_9,

3Qn, = —TE,i2+25E,1+2E, —3E,_ 1 —5E,_ 2 —4E,_3,

and

221138E,, = —25069Q,+6 + 78334Q 15 — 35686Q 44 + 5831Q 43 + 4485Q 42 + 2960Q 41,
221138F,, = 28196Q,+5 — 60755Q, 14 — 19238Q 43 — 20584Q 12 — 22109Q),, 11 — 25069Q),,,
221138FE,, = —4363Qn+4 +8958Qn+3 + 7612Q 42 + 6087Q, 11 + 3127Q), + 28196Q),,—1,
221138E, = 232Qn4+3 +3249Q 12 + 1724Q 41 — 1236Q, + 23833Q,,—1 — 4363Q—2,
221138E,, = 3713Qn42 + 1956Q),+1 — 1004Q),, + 24065Q),,—1 — 4131Qp—2 + 232Qp—3.

We now present a few special identities for the modified sixth order Pell sequence {E,,}.

THEOREM 11. (Catalan’s identity) For all natural numbers n and m, the following identity holds
EnerEnfm - Ei = (Pner - Pnerfl)(Pnfm - Pnfmfl) - (Pn - —Pnfl)2

Proof. We use the identity
E,=PFP,— P, 1.
Note that for m = 1 in Catalan’s identity, we get the Cassini identity for the modified sixth order Pell

sequence.
COROLLARY 12. (Cassini’s identity) For all natural numbers n and m, the following identity holds
EnJrlEnfl - E»?L = (Pn+1 - Pn)(Pnfl - Pn72) - (Pn - Pnfl)Q'

The d’Ocagne’s, Gelin-Cesaro’s and Melham’ identities can also be obtained by using E, = P, —
P,,_1.The next theorem presents d’Ocagne’s, Gelin-Cesaro’s and Melham’ identities of modified sixth order

Pell sequence {E,}.

THEOREM 13. Let n and m be any integers. Then the following identities are true:

(a): (d’Ocagne’s identity)

Em+1En - EmEnJrl = (Perl - Pm)(Pn - Pnfl) - (Pm - mel)(PnJrl - Pn)
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(b): (Gelin-Cesaro’s identity)
En+2En+1En71En72 - E;IL = (Pn+2 - Pn+1)(Pn+1 - Pn)(Pnfl - Pn72)(Pn72 - Pn73) - (Pn - Pn71)4
(c): (Melham’s identity)

En+1En+2En+6 - E’?]r‘r?) = (Pn+1 - Pn)(Pn+2 - Pn+1)(Pn+6 - Pn+5) - (Pn+3 - Pn+2)3

Proof. Use the identity FE, = P, — P,,_1.

6. Linear Sums

The following Theorem presents summing formulas of generalized sixth order Pell numbers.

THEOREM 14. For n > 0 we have the following formulas:

(a): (Sum of the generalized sizth order Pell numbers)

n
1
> Vi= 6 (Varts = Vs = 2Vnga = 8Vigs = AVigo — 5Vaga — Vo + Vi £ 2V5 + 3V5 + 4V1 +5Vp).
k=0

(b):

()

= 1
> Var1 = 5 (2Vanta + Vang + 2Van + Vana = Vans + Vs — AV +4V3 — 3V5 + 5V1 — 21p).
k=0

Proof.

(a): Using the recurrence relation
V=2V, 1+ Vot Vo s+ Vaa+tVis+Vis

i.e.

‘/71—6 = Vn - 2‘/n—1 - ‘/71—2 - ‘/71,—3 - ‘/n—4 - ‘/n—5
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we obtain

Vo = Ve—=2Vs-Vy=-Vs-Vo—-V;

Vi = Vi=2Vs-Vs-Vi-V3-V,

Voo = =2V =Ve—-V5-Vi—V;
Ve = V=2V = Voo = Vi3 =Vhu— Vs
Vs = Vag1 =2V, = Vi1 — Vo = Vs — Vg
Viea = Vago =2V = Voo = Vouor = Vipo = Vi
Vacs = Vags =2V = Vo1 = Vo = Voot = Vi
Ve = Vapa =2Vags = Vio = Vot = Viu = Voo
Vier = Vags = 2Vopa = Vas = Vapo = Vo1 = Vi

Vi = Vaye = 2Vnys = Vaga — Vi = Vo — Vi

If we add the equations by side by, we get

n

ZVk = Vhes+Vars+Voga+ Vs + Vo + Vo1 — Vs —Vu - Vs -1 = 1) —W)+ZVk)
k=0 k=0

n
—2(Voss + Vora+ Vags + Vogo A Va1 = Va = Vs = Va = Vi = Vo + 3 _ Vi)
k=0

~(Vaga+ Vors + Voso + Vot — Vs = Va = Vi = Vo + > _ Vi)
k=0

~(Vags + Vo2 + Ve = Vo= Vi = Vo + > _ Vi)
k=0

_(Vn+2 + Vn+1 - Vl - ‘/0 + Z Vk)
k=0

(Vo1 = Vo + > Vi)
k=0

Then, solving the above equality we obtain
Zn: Vi = %(Vn% —Vois — 2Viya — 3Vpis — 4Viypo — 5V — Vs + Vi + 2V3 4 314 + 4V; 4+ 51%).
k=0
(b) and (c): Using the recurrence relation
V=2V, 1+ Voot Vo s+ VoatVos+Vis

i.e.

2Vn—1 = Vn - ‘/n—Q - ‘/71—3 - ‘/71,—4 - ‘/n—5 - ‘/n—6
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we obtain

2V = Vu—=Voa-Vi=Vo-V_1 -V,

Vs = Vo—Va—-Vs-Vo=Vi = Vj

2V = V=V -V =Vy—-V3-V

2V = Vig—Vs—=Vi=Ve=V5 -V}
2Vop—1 = Von —Van—2 = Vopg — Van—a — Vo5 — Van—s
2Vont1 = Vongo = Von = Vano1 = Vapoo — Va3 — Vop4
2Vants = Vanta — Vanyo — Va1 — Van — Va1 — Van 2
2Vonys = Vonte — Vonta — Vonys — Vonyo — Va1 — Vg

Now, if we add the above equations by side by, we get

(6.1) 2(=Vi + Z Vart1) = (Vapiz —Va—VWo + Z Var) — (=Vo + Z Vak)
k=0 k=0 k=0

n n
_(_‘/2”-{-1 + Z %k-&-l) - (_‘/Q’n + Z Vv2k) - (_‘/Qn—i-l - ‘/Q’n—l + V—l
k=0 k=0

+> Vargr) = (—Van = Vona + Voo + > Vag).
k=0 k=0

Similarly, using the recurrence relation
V=2V 1+ Vao+Vaa3+ Vi y+Vis+ Vs

ie.
2Vn—1 = Vn - ‘/n—Q - ‘/71—3 - ‘/71,—4 - ‘/n—5 - ‘/n—6
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we write the following obvious equations;

Wy = Ve Vi—Vo—V.4—V.o—Vy

2Vy = Vs—-Vs—-Vo-Vi1 =V —-V_4

Ve = Vi=Vs-Vyi-V5-V1, -V

2V = Vo—-Vei—Ve—-Vs-Vyi—Vj3
2Von—2 = Van—1—Vop—g — Van—a — Vans5 — Van—6 — Va7

2V = Vapg1 — Va1 — Voo — Va3 — Van—a — Vans

2Vont2 = Vangs — Vanyr — Von — Vapo1 — Voo — Vau3
2Vopta = Vopys — Vongs — Vango — Vapgr — Vap — Vo
2Vonts = Vongr = Vanys — Vonra — Vongs — Vango — Vo

Now, if we add the above equations by side by, we obtain

n

(6.2) 2(=Vp + Z Vor) = (=Vi+ Z Vart1) — (—Vant1 + Z Vakt1) — (—Van + Z Vak)
k=0 k=0 k=0 k=0

~(~Vant1 = Vano1 + Voo + Y Varpa) = (—Van = Vanoa + Voo + Y Vag)
k=0 k=0

—(—Vopt1 = Vano1 = Vops + Vog + Vo1 + Z Vokt1)-

k=0
Then, solving the system (6.1)-(6.2) using
Voe = (-Vo—-Vi—Va—V3—2Vi+V5)
Voo = (=Vs+3Vyi—V3)
Vog = (=Va+3V3—Va)

the required result of (b) and (c) follow.

As special cases of above Theorem, we have the following three Corollaries. First one presents some

summing formulas of sixth order Pell numbers.

COROLLARY 15. For n > 0 we have the following formulas:

(a): (Sum of the siath order Pell numbers)
S 1
Z Py = 6(P7L+6 - P7L+5 - 2PIL+4 - 3Pn+3 - 4Pn+2 - 5Pn+1 - 1)
k=0

(b): Y 4o Por = $(—Pang2 + 4Pony1 + 2P2y 4+ 3Pay—1 + Pan—g + 2Psy—3 — 2).
(e): >iioPok1 = é(2P2n+2 + Popt1 + 2Py + Popo — Py 3+ 1).
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Second one presents some summing formulas of sixth order Pell-Lucas numbers.

COROLLARY 16. For n > 0 we have the following formulas:

(a): (Sum of the siath order Pell-Lucas numbers)

n

Z Qn+6 - QnJro - 2Qn+4 - 3Qn+3 - 4Qn+2 - 5Qn+1 + 14)

k=0

(b): > i Qa2 = §(—Q2nt2 + 4Q2n+1 + 2Q2p 4 3Q2n—1 + Q2n—2 + 2Q2n—3 + 28).
(€): Yoo Qor+1 = §(2Q2n+2 + Q2nt1 + 2Q2n + Q2n—2 — Q2n—3 — 14).

Last one presents some summing formulas of modified fourth order Pell numbers.

COROLLARY 17. For n > 0 we have the following formulas:

(a): (Sum of the modified sixth order Pell numbers)

Z = n+6 En+5 - 2En+4 - 3En+3 - 4En+2 - 5En+1)-
k=0

(b): >i o Bar = %(_E2n+2 +4F2, 41+ 2E2, + 3E2,1 + Eap_2 + 2E5,_3 — 3).
(€): Yo Bokt1 = §(2E2n42 + Eapi1 + 2E2y, + Eay—a — Fop—3 + 3).

7. Matrices Related with Generalized Sixth-Order Pell numbers

Matrix formulation of W,, can be given as

Wi+s rT T9 T3 T4 T Tg Wy

Wita 1 0 0 0 0 O Wy

(71) Wits _ 0 1.0 0 0 O W3
Wit 0 01 0 0 O Ws

Wit 0 0 0 1 0 O Wi

W 0 0 0 0 1 O Wo

For matrix formulation (7.1), see [7]. In fact, Kalman give the formula in the following form

n

Wi 0O 1 0 O 0 O Wo
Wit 0 0 1 0 0 0 Wi
W42 B 0O 0 0 1 0 O Wo
Was | [0 0 0 0 1 o0 Wi
Wia 0 0 0 0 0 1 W,
Wits L Te T3 T4 Ts5 T Ws
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We define the square matrix A of order 6 as:

2 1 1 111
1 00000
01 0000
A =
0 01 00O
000100
000010
such that det M = —1. From (1.2) we have
Viss 2111 1 1 Visa
Vit 100000 Vi+s
Vi 01 0 00O Va
(7.2) +3 | _ +2
Vito 001000 Vot
Vit 0001 00 Vn
Va 000010 V-1
and from (7.1) (or using (7.2) and induction) we have
Viss 2 1 1 1 1 1 Vv
Vita 1 00000 Vi
Viers 010000 Vs
Vn-&-2 001 0 0 O ‘/2
Vi1 000100 Vi
Vi 0 00 01O Vo
If we take V = P in (7.2) we have
Pots 2 111 1 1 Poia
Pois 10000 0 Poys
P, 01 00 0O P,
(7.3) nts | 1+2
Py 001 00O P
Proin 000100 P,
P, 000010 P,
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We also define

4 3 2 1
Pn+1 ZPnfkr anfk ZPnfk anfkr Pn
k=0 k=0 k=0 k=0
5 4 3 2
Pn anfkr Z—Pnfk ZPnfk anfkr Pnfl
k=1 k=1 k=1 k=1
6 5 4 3
Pnfl Z Pnfkr Z Pnfk Z Pnfk Z Pnfkr Pn72
B’I’L — k?Q k§2 k?2 kj?
Pn72 Z Pnfkr Z Pnfk Z Pnfk Z Pnfkr Pnf?)
k=3 k=3 k=3 k=3
8 7 6 5
Pn—3 Z Pn—k Z Pn—k Z Pn—k Z Pn—k: Pn—4
k=4 k=4 k=4 k=4
9 8 7 6
Pn—4 Z Pn—k Z Pn—k Z Pn—k Z Pn—k Pn—5
k=5 k=5 k=5 k=5
and
4 3 2 1
Vn+1 Z ank Z ank Z ank Z ank Vn
kEO kjo k§0 k§0
Vn Z ank Z ank Z ank Z ank: anl
kzl kgl k‘jl kgl
anl Z ank Z ank Z ank Z ank Vn72
Cn — k?Q k§2 kEZ k‘zQ
Vn72 Z ank Z ank Z ank Z ank: an?)
k=3 k=3 k=3 k=3
8 7 6 5
Vn—3 Z Vn—k Z Vn—k Z Vn—k Z Vn—k Vn—4
k=4 k=4 k=4 k=4
9 8 7 6
Vn—4 Z Vn—k Z Vn—k Z Vn—k Z Vn—k Vn—5
k=5 k=5 k=5 k=5

THEOREM 18. For all integer m,n > 0, we have
(a): B, = A"
(b): C1A™ = A"C,
(c): Chym = CpBy, = By, Ch.

Proof.

(a): By expanding the vectors on the both sides of (7.3) to 6-colums and multiplying the obtained
on the right-hand side by A, we get

B, = AB'rL—1~
By induction argument, from the last equation, we obtain
B, = A" 'B,.

But B; = A. It follows that B,, = A™.
(b): Using (a) and definition of Cy, (b) follows.
(c): We have AC,,_; = Cy, i.e. C,, = AC,_1. From the last equation, using induction we obtain

Cn = A”_lCl. Now

Crpm = AMT71C = AVTA™C = AVICLA™ = Gy By,
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and similarly

CTL-‘rT)’L - Bm Cn .

Some properties of A™ matris can be given as

A" = 2An71 +An72+An73+An74+An75 _’_AnfG

and

for all integer m and n.

THEOREM 19. For m,n > 0 we have

(7.4) Viem = VaPma1 +Vao1(Pn+ Pyt + Pi—o + Pz + Pr—4)
+Vno(Pp + P11+ Prio 4 Pry—3) + Vo _3(P + Pt
+Pp—2) + Via(Pr + Pr1) + V5P,

= VaPoi1+ ProaVia + Pt (Vier + Vo + Vg + Vi)
+Pm—2 (Va1 + Voo +Vi3) + P (Vo1 + Vi2)

+Pm (Vn—l + Vn—2 + Vn—3 + Vn—4 + Vn—5)

Proof. From the equation C,,,, = C,,B,;, = B,,C,, we see that an element of C,4,, is the product of

row C), and a column B,,. From the last equation we say that an element of C,,4,, is the product of a row

C,, and column B,,.We just compare the linear combination of the 2nd row and 1st column entries of the

matrices Cy, 4, and Cy, B,,. This completes the proof.

REMARK 20. By induction, it can be proved that for all integers m,n < 0, (7.4) holds. So, for all

integers m,m (7.4) is true.
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Pn+m

Qn+m

En+m
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. For all integers m,n, we have

= PoPpui1+ Po1(Pon+ Poo1+ P2 + Pz + Prea)
+P,_o(Pp+ Pp—1+ P2+ Pp—3) + P_3(Pry + Pru—1 + Pri—2)
+P,_4(Pm+ Ppn-1) + Po_5Pn,

= QuPrnt1+Qu-1(Pn+ Pu-1+ P2+ Pp3+ Pn4)
+Qn—2(Pm + Pr—1 + P2 + Pn—3) + Qn-3(Pp + P1 + Pr2)
+Qn—-a(Pm + Pr-1) + Qu-5Pm,

= E,Ppii+E, 1(Py+Puo1+Py2+Py_s+ Pn_4)
+E,_o(Pyn+ P11+ Pp—g + Pr—3) + Ey_3(Py, + Pru—1 + Pri—2)

+En—4(Pm + Pm—l) + E7L—5Pm~
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