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A GENERALIZATION OF THE PARETIAN LIBERAL PARADOX

Dr. Ahmet KARA

Fatih Universitesi, I.1.B.F., Iktisat Béliimii, Yardimct Dogent

Ozet. Bu makale, Paretian Liberal Paradoksu’nu
gecisken olmayan tercihleri kapsayacak sekilde genellestirmekte
ve genellestirilmis paradoksun ortadan kalkacagi bazt kosullart
belirlemektedir. :

I. INTRODUCTION

A. Sen [1] has presented a startling impossibility
theorem that seeks to gstablish a paradoxical conflict
between the Pareto principle and liberalism. Sen's theorem
is intended to show that liberal values that assign minimal
rights to individuals in a society cannot possibly be
combined with the condition of Pareto efficiency, given an
unrestricted domain of individual preferences. If a society
wants to maintain the Pareto principle and an unrestricted
domain, then it cannot permit even minimal liberalism. That
is, it cannot, for example, let more than one individual be
free to read what she likes, sleep the way she prefers, dress
as she cares to, etc., irrespective of the preferences of others
in the community (Sen, [1}: 157).

There are a considerable number of works on Sen's
paradox that have discussed its implications and explored
possible ways to avoid it. Among these are Ng [2], Gibbard
[3]. Aldrich [4], Breyer [5], Pressler [6], Kelsey [7],
Suzumara [8] and Kara [9],{10]. All of them (except Kara
[9],[10]) deal with Sen's paradox under the assumption that
all individual preferences are transitive in all social
contexts. But whether individuals consistently possess
transitive preferences has been the center of an ongoing
controversy in the economic literature. Many researchers
have called into question the axiomatic validity of the
transitivity condition. Tversky [11]] has demonstrated
systematic and predictable intransitivities under certain
experimental conditions. May [12], McCrimmon and
Larson [13], Fishburn [14] and Steedman and Krause [15]
have indicated cases of consistent violations of transitivity
in multidimensional choice contexts where the orderings of
alternatives with respect to conflicting criteria often result
in circularities in choices. Weinstein [16], Tversky [11] and
Bar-Hillel and Margalit 17] have referred to the possibility
of intransitivity as an ‘instance’ of bounded rationality.
Epistemic and cognitive limits of human beings — such as
limitations concerning information processing or imperfect
sensitivity to the differences among some alternatives —
could conceivably generate intransitivities in preference

patterns. The more complex the choice situation, the more
difficult it is to order alternatives transitively, and therefore
the higher the information processing cost of obtaining an
overall preference ordering.

How does the possibility of intransitivities in the
preference patterns of individuals affect the presence or
absence of a conflict between the Pareto principle and
Liberalism in a social choice context? This paper seeks to
provide an answer to this question- by introducing
intransitive individual preferences into the current
formulation of Sen's paradox. The following section
presents a general framework for the analysis of intransitive
preference relations. The third section attempts to determine
whether and under what conditions the conflict between the
Pareto principle and Liberalism that plagues a society of
individuals with transitive preferences continues (or ceases)
to exist in social choice contexts with intransitive individual
preferences. Our analysis in this third section will enable us
to theorize about the comparative roles of rational
(transitive) and irrational (intransitive) individual
preferences in generating a conflict between Pareto
efficiency and individual rights that induce irrational social
choices. To undertake a comparative analysis of rational
and irrational preferences in social choice processes, we will
attempt to provide answers, in the context of Sen's paradox,
to the following three questions:

(i) Are there social choice contexts where a group of
irrational individuals (i.e., individuals with intransitive
preferences) can make rational social choices?

(ii) Are there social choice contexts where a group
of irrational individuals can make rational social choices
better than a group of rational individuals?

(iii) Are there domain restrictions on individual
preferences that eliminate irrational social choices in social
choice contexts involving transitive and intransitive
individual preferences?

The concluding section summarizes the main results
of the paper. '
II. THE GENERAL FRAMEWORK -

Let £ be the set 6f a finite number of individuals
forming a society, and let Z be the set of mutually exclusive
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social alter natives. Assume that the cardinalities of £ and Z,
denoted by, respectively, |E| and |Z , are finite, and
|L| =R Z]/Z. Each individual i in the society has a
preference relation RY, which is a binary relation on Z such
that Rici(x.y): x, yare in Z and x, y are distinct]), and
i=1.....n Fora 1ny X, y in Z, xRly will be inter preted as *x is
preferred to v’ by individual i. Define strict preference (P
and indifference (/1) relations on {x,y} as follows:

xPhy if and only if xRy and not VRIx,
xIv if and only if xRy and yRIx.

Given distinct x, y in Z, exactly one of the following
four possibilities holds: \P’} )PI\ \I’ 5, and none of these.
As such a preference relation can be specified by specifying
Piand /7: specifically. xRy if and only ifxPly or xIly. Thus.
we will often employ a particular specification of R such
that RY over an m-set in Z is u set. the elements of which are
preferences over the pairs in that m-sei. For example, R =
[XPh vPiz xpis J/is a possible preference relation over a
riple /vnz/cV (e, an m-sel. where m=3), which
iltustrates the particular specification proposed here.

A preference relation RU on Z is said 10 be complete
if und only if xPiv or vPix or Xl for all x, v in Z such that
= Rlion 7 s | incomplete if'it is not complete. R on 7 is
transitive if and only if for all distinct x, v, = in Z, (\/”\ and

VP implies xPi=). und (I and yii= implies x1i=). Rl on Z
is intransitive if' it is not transitive. R on Z is acvelical over
an m-set [x [ Xyt oin Z00f and only if the Jollowing
condition holds: For all xj....xp in Z. if [\//”\7 and
NP3 and..and Xpe //”\m] then x [Rix,,. RUis evelical
over ain m=set [xj..xpl i for xp. \VIRUA x Py and
2Py and...and N 1Py and xlixy.

Though we will relax the conventional requirement
that individual preferences be transitive or acvelical. we will
continue (o assume that they are complere.

Let h be a collective choice rule, that is, a mapping
Srom the set of preference relations Rind ’(l\/ ..... R Ri
is an individual preference relation on Z, i = 1.1} info a
set of preference relations RSOC = JR: R s o
preference relation on Z) such that for anv configuration of
indivichal preference relations RY ... R, one and only one
social  preference relation R is determined. ie.. h:
R SRSOC sych thar R = WRI...R". The social
preference relation R is a binary relation vwhose strict
preference and indifference parts are P and 1.

social

Over any triple /x,v,z/cZ, there are. with respect to
any R, 27 possible relational outcomes that are complete.
Of these. 13 are transitive and are referred to as orderi ings.
The remaining 14 violate either the transilivity of strict
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preference or the transitivity of indifference. These are
called non-orderings. Let 7 and S respectively denote the
sets of orderings and non-orderings tor some R’. Hence. the
set of all logically possible complete preference relations
over a triple, written U, is:

U=TCS.
The elements of U are listed as follows:

(i) The eclements of T (transitive preference
relations):

RI = {xPly, yPlz, xPiz}
R2 = {yP’-:, =Ply, P fw\‘f
R3 = {zPlx, xPly, zPly)
RY = /_rPiz, :P’:V. -\"m:"/'
R3 = =Ply, vPIx, zPix}
RG = {yPlx, xPlz, yPiz}
R7 = {xPly, yliz, xPiz}
RS = {xlly, yPiz, xPlz}

RO = {vPiz. z[ix, ypPiy}

RIO = [vliz, zPlx, yPix}
RIT = {zPix. x[iy, zPiy}
RI2 = [zlix, xPly, zPly)
RI13 = \xIlv, vilz, xfiz}

(it) The
relations)

elements of S (intransitive preference

RI4 = {xPly, yPiz, =piy)
RI5 = [xPiz, =Py, yPIx}
RI6 = {xPly, yPlz, z[iy}
RI7 = [xPly, yliz, =PI}
RIS = {xI%y, yPiz, =piy)
RI9 = {xPlz, =Ply, ylix}

R20 = \xPiz. =1ly, yPix}
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R21 = {xIiz, zPly, yPix}
R22.= {xPy, ylz, zI'x}

R23 = {xlly, yPiz, z[ix}

R24 = {xIly, yliz, zPix}
R25 = {xPlz, zlly, ylix}
R26 = {xIiz, zPly, ylix}
R27 = {xliz, zlly, yPix}

A preference relation R over a triple {x,y,z)cZ is
said to be strongly strict if it has strict preference over every
pair in {xy.z}). It is said to be weakly strict if it has
indifference over at least one pair in {x,y,z}. Of the elements
of U above, 6 -orderings (R/ through R6) and 2 non-
orderings (R/4 and R13) are strongly strict, and 7 orderings
(R7 through R13) and 12 non-orderings (R/6 through R27)
are weakly strict.

The degree to which these preference relations
represent, across individuals, compatible or incompatible
orderings of alternatives will turn out to be crucial in our
analysis of social choice paradoxes. Hence, we will define
a few concepts to capture the ‘relations of compatibility’
among different preference relations: 4 pair of preference
relations R' and R for any i and j are said to be
incompatible (or in conflict) over a pair of alternatives {x,y}
iff xPiv and yPlx. For any i and j, Rt and R/ are said to be

compatible over (x,v) if they are not incompatible over
" {x.y}. Define a conflict index C Lifx,y) such that

Clitx,y) = 1 if Ri and R/ are incompatible over {x,y}
= () otherwise

With RI and Rl defined over m alternatives of Z,
there are m(m-1 )/2 pairwise comparisons in an m-sel. Let
Cya(RER)) be the sum of Cli(x, y)s over all alternatives {x,y}
for preference relations Rl and R over an m-set. Cm(R!, R))
will be called the pairwise degree of conflict between Riand
R ovér an m-set. The value of Cjy, (R, Ri) depends on how
conflicted plefelence relations are and on the number of
alternatives over which they are defined. For instance, over
a triple, the maximum and minimum values of C3(RLR)) are
respectively 3 and 0.

‘The concept of pairwise degree of conflict can be
used to analyze the relations of compatibility within a set of
preference relations. 4 pair of preference relations R and
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R/ will be called harmonic over an m-set if Cyp(RLRI)=0
over that m-set. Rl and R will be said 10 be diverse over an
m-set if Cyp(RLR))# 0 over that m-set. A set of preference
relations will be-called harmonic if the pairwise degree of
conflict between every pair of preference relations in the set
is zero. It is clear by inspection of the above list that the set
S of intransitive preference relations over a triple can be
decomposed into two disjoint harmonic subsets, say S; and
S, such that

Sy ={RI4,RI6,RI7.RIS8.R22,R23,R24}

S2 ={RI5RI9,R20,R21,R25,R26,R27}

where S;jSy = S.

A close examination of S; and S» reveals certain
relationships that exist between the preference relations in
them. To formalize these relationships, let N7 and N be
respectively the sets that contain those elements of
preference relations in S; and Sp that involve strict
preference, that is,

Np = {xPly, yPiz, zPix}

N2

[yPlx, xPlz, zPly)
Clearly, NynNp = &

Again by inspection of the above lists, any
preference relation Ri in U that has a non-empty intersection
with N; and an empty intersection with N2 is in Sy,

i.e., f RinN] = D and RiNN) = &, thenRzeS]

Similarly, any preference relation Ri in U that has a
non-empty intersection with &2 and an empty intersection
with N is in S,

i.e., If RiNNy = T and RiNN| = &, then RieS).-

On the other hand, for every preference relation Ri
in Sy, RinNy = & Thus, any preference relation in U that
has a non-empty intersection with N2 is not in S;.

e, if RiNNy =, then Ri£S].

Similarly, for every preference relation Ri in S2,

RinNN| = & Therefore, any preference relation in U that
has a non-empty intersection with ¥ is not in S2,

i.e., if RINN| =&, then Ri&S).
141
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Using these relationships, Kara [9] proves a lemma
that establishes a connection between the transitivity of a
preference relation and Nj and N>: :

Lemma 2.1: 4 complete preference relation R! over
any arbitrary triple {x,y,z}cZ is transitive if and only if:

either RIAN| # & and RIAN7 # &
or RiANj = D and RiNNy = &

The importance of these relationships and lemma
will become clear in some of the proofs presented below.

III. THE PARETIAN LIBERAL PARADOX

Sen's theorem establishing a conflict between the
Pareto principle and Liberalism involves two central
concepts, which we will define as follows (For reasons of
convenience, we will rephrase some of the definitions and
conditions of Sen‘s theorem without changing their
. substantive contents):

Definition: An individual i is decisive for an ordered

pair (x,y) if xPly implies xPy. The individual i is said to
have a right over {x,y} if she has strict preference over {x, v}
and is decisive for (x,y) and (y,x).

The formal conditions of Sen's theorem are:

Condition U (Unrestricted Domain): Every
logically possible combination of individual orderings is
included in the domain of the collective choice rule.

Condition P (Pareto Efficiency): Let {x,y} be any
pair contained in Z. If for every i in E xPly, then ' xPy. If for
everyiinE xR’y and for some i in E xP, then xPy. If for
every i in E xI%y, then xIy.

Condition L (Liberalism): There are at least two
individuals in E, each of whom has a right over at least one
pair of alternatives.

Sen proves that given Condition U, Condition P and
Condition L are incompatible, i.e., together they imply the
possibility of cyclical social preferences. His theorem is
based on the assumption that individuals possess transitive
preference relations. We will relax this assumption and
introduce the possibility of intransitive preferences. But,
before undertaking a reformulation of Sen's theorem in the
context of intransitive preferences, we will present five
definitions, the first four of which characterize certain
relations between rights of individuals, while the fifth
formalizes the idea of a conflict between Pareto efﬂc1ency
and individual rlghts (liberalism).
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‘Definition: Two distinct pairs of alternatives are
said to be connected if they share a common: alternative,
eg, {xy} and {y,z} are connected pairs while {x,y} and .
{z,w} are not.

Definition: Two rights assigned to two individuals
are said to be connected if they are over connected pairs.

Definition: Individuals in a society are said to have
interconnected rights if for every individual i in E who has
a right over a pair, say {x,y}, in an arbitrary triple {x,y,z} of
Z, there exists at least one individual j in E, j=i, with a right
over a connected pair in that triple, i.e., over {x,z} or {y,z}.
No two individuals in E are allowed to have rights over the
same pair in Z.

Definition: 4n individual i is said to have a non-
trivial right over a pair {x,y}, if she has a right over that
pair in the presence of some j in E whose preference is
incompatible wzth that of i over {x,y}.

Definition: For a given configuration of individual

preferences, a conflict is said to exist between Condition P
and Condition L with respect to an m-set, m>2, in 7 if the
simultaneous (joint) application of both conditions results
in a social preference relation R that violates acyclicity over
that m-set while the individual application of each condztlon
in the absence of the other does not.

Given an . unrestricted domain of individual
preferences, Sen's theorem implies the existence cf at least
one m-set in Z with respect to which a conflict exists
between Condition P and Condition L. We will first theorize
about the conflict with respect to m-sets, where m=3, and
then deal with the conflict with respect to m-sets, where
m>3.

To clarify the content of this last definition, we will
now give an example of a social choice context in which
Condition L and Condition P together lead to a cyclical
social choice:

Example 3.1: Consider a society of n individuals in
which individuals'1 and 2 have the following preference
relations over {x,y,z}. :

Rl = {xP yPlz xPI

R? = {yP2z, zP2x, yPZx}

Suppose that other individuals in the society have
the same preference relations as individual 2. Let

individuals 1 and 2 have rights, respectively, over {x,} and
{z.x). Thus, Condition L is satlsf ed,
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xP1y implies xPy,

zP2x implies zPx.

Since every individual in the society strictly prefers
y to z, by Condition P, yPz. Thus, the social preference R
over {x,y,z} is:

R = {xPy, yPz, zPx},

which is not acyclical. Hence, for this configuration
of individual preferences, Condition L and Condition P are

in conflict with respect to {x,y,z}.

‘Two features of this example, which also illustrates
Sen's theorem, need to be noted. First, the preferences of all

individuals in the society are transitive. Second, the.

preferences of individuals with rights over the connected
pairs in {x,y,z} have diverse preferences over that triple.
That is to say, with some diversity in individual preferences,
a society of individuals with transitive preferences faces a
conflict between Condition L and Condition P that
generates cyclical social choices.

Does the conflict that plagues a society of
individuals with transitive preferences also exist in a society
of individuals with intransitive preferences? .It is
straightforward to show that with an unrestricted domain of
individual preferences, the conflict in question continues to
exist regardless of whether individual preferences are
intransitive or transitive. However, as shown in Theorem
3.1 below, which is proved in Kara (1999a), there are social
choice contexts where the conflict disappears if individual
preferences are intransitive, and surprisingly, the conditions
that eliminate the conflict between Condition L and
Condition P with respect to triples in Z in such contexts

where individual preferences are intransitive continue to -

pose a conflict when individual preferences are transitive.

Theorem 3.1: /n a society of individuals with
intransitive preferences, where individual rights are
interconnected and individuals with rights over the
connected pairs of any  triple have diverse intransitive
preferences over that triple, there exists no conflict between
Condition L and Condition P with respect to any triple in Z.

For a proof, see Kara (1999a). The following

example illustrates the result presented by Theorem 3.1

Example 3.2: Let individuals | and 2 in E have the
following preference relations over {x,y,z}:

Rl = (xPly, yPlz z11x)}

=T
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R? = {yP2x, xP?z, z1%y},

Suppose that the rest of the individuals in £ hold the
same preference relations as individual 2 over /x,y,z}. Let
individuals 1 and 2 have rights respectively over {x,y} and
{x,z}. Thus, Condition L is satisfied, and

xP1y implies xPy,
xP2z implies xPz.

Since yP!z and every other individual in E is
indifferent between y and z, by Condition P, yPz. Thus, the
social preference R over {x,y,z} is:

R = {xPy, yPz, xPz},
which is transitive.

The conditions stated in Theorem 3.1 guarantee the
absence of a conflict between Condition L and Conditior P
with respect to triples (i.e., m-sets, where m=3) in Z. With
some additional assumptions, we can generalize this result
to m-sets, where m>3. For instance, if we assume the
existence of connected rights over every triple in Z, by
Theorem 3.1, the social preference relation over those
triples, provided that it is complete, will be transitive. Since
a preference relation that is transitive over every triple in Z
is also acyclical over every m-set .in Z, under the
assumptions specified above, there is no conflict between
Condition L and Condition P with respect to any m-set in Z.

Though, in the presence of connected rights over
every triple.in Z, the conditions of Theorem 3.1 eliminate
the conflict between Condition L and Condition P in social
choice contexts where individual preferences are
intransitive, they do not do so in contexts where individual
preferences are transitive. For instance, in Example 3.1,
rights assigned over the pairs in {x,y,z} are connected, and
individuals 1 and 2 with rights, respectively, over {x,y} and-
{y,z} have diverse preferences over {x,y,z}, but the resulting
social preference relation over {x,y,z} is not acyclical, i.e.,
there is a conflict between Condition L and Condition P
with respect to {x,y,z}. Thus, Theorem 3.1, together with the

- additional assumptions specified above, establishes a

surprising result by proving the existence of social choice
contexts in which a society of individuals with intransitive
preferences is not susceptible to the ‘rights-efficiency’
trade-off that plagues a society of individuals with transitive
preferences. In other words, there exist cases where a group
of people with intransitive preferences can better reconcile
individual rights with Pareto efficiency compared to a group
formed by individuals with transitive preferences. If
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transitivity is considered a reasonable condition for
rationality, and individual rights and Pareto efficiency are
desirable conditions for social choice, then the theorem
exemplifies an interesting irony, for it proves the possibility
that in certain contexts a society of irrational individuals can
be more rational than a society of rational individuals.

Theorem 3.1 considers only cases where all
individual preferences are intransitive. However, the joint
presence of transitive and intransitive preferences in social
choice processes is a distinct empirical possibility. In this
more general case. as illustrated in the example below. there

may still exist a conflict between Condition L and Condition
P.

Example 3.3: Let individuals 1 and 2 in E,
respectively. hold transitive and intransitive preference

relations over /x.y,z} such that

R!

I

P! v, vP Iz xpl z}

i

R? {,\'PZ_ V. )2/’2:, :Pz.\‘,‘.

Suppose that xPly for all other i = 3,..n. Let

individuals | and 2 have rights respectively over {y,z! and
g 12y

x.z). Thus. Condition L is satisfied, and
vz im plies yPz,
=P2x implies =Px.

Since ,\‘P’:v for all i = 1,...,n. by Condition P, xPy.
Hence the social preference R over /x,y.z} is:

R = {xPy, yPz, =Px],
which is not acyclical.

Though a conflict between -Condition P and
Condition L continues to exist in social choice contexts
where transitive and intransitive preferences are jointly
present, there are certain conditions under which the
contlict disappears. The following theorem formulates
domain restrictions on individual preferences that eliminate
the conilict between Condition P and Condition L in the
presence of both transitive and intransitive preferences.

Theorem 3.2: Consider a social choice context in
which individual rights are interconnected, and in which
Cindividuals with rights over the connected pairs of any
triple have diverse preferences over that triple. If for any
arkitrary triple {x,v.z} in Z and any ij = 1,....n,

C3(RLRI) =2 when R and R over xv.zt are both
rransitive and

144 .

P -

TORKIYE CUMHURIYETI NIN YEYMISRES YILt

2) C3(RLRI) = 2, when one of Rl and R over xy.z}lis

transitive and one is intransitive, and individuals | and
J have non-trivialrights over the pairs in {x,y,z},

then there exists no conflict between Condition L
and Condition P with respect to {x,y,z}.

Proof: The preferences of individuals who have
rights over the pairs in any given triple can be all
intransitive. all transitive, or some transitive and some
intransitive. If all preferences are intransitive, as proved in
Theorem 3.1, there is no conflict. We will prove, under the
conditions stated in the theorem, the absence of a conflict in
the other two cases.

(i) First suppose individuals with rights over the
pairs in a triple have preferences, one of which is transitive
and one is intransitive. In order for a conflict to exist over
{x.»,z}, Condition L and Condition P have to lead to a
cyclical social preference over {x,y,z}. We will show that if
C3(R.Ri) = 2 over {x,y.z}, where R! is transitive and R/ is
intransitive, Condition L and Condition P are bound to
produce a transitive social preference, ruling out any
conflict between them.

If C3(RLRI) = 2. in {x,y.z}, there is one pair, say
{x.v}. over which R/ and R/ are compatible, and two pairs,
say {3z} and /x,z}, over which they are incompatible. Since
incompatibility is defined in terms of strict preference.
individuals i and j have strict preferences over {y,z} and

Sy =t
{x.z}.

In order for Condition P to be applicable, there must
exist at least one pair over which preferences of all
individuals are compatible. Since /x,y} is the only pair in
{x,y,=} over which R and R/ are compatible, let {x,y} be that
pair. Thus Condition P determines the social choice over
{x.»}. To apply Condition L, let individuals 1 and 2. with
preferences R/ and R?, have non-trivial rights over {x.z}
and {y,z}. Without loss of generality. let R/ be transitive and
R? be intransitive. By Condition L, the social choice over
{v,z} and {x,z} will be determined as follows: Since RZ is
intransitive, it is either in Sy or in Sy. If it is in Sy,
then—since RZ has strict preference over {y,z} and {x,z}—it
must be the case that yP2z and zP2x. Since individual 2 is
decisive over one of these pairs, RN, = & Since R? is
incompatible with R! over {v.z} and /x.z}, it must be the
case that zP/y and xP/z. Since-individual 1 is decisive over
one of these pairs, RN = . Thus, the social preference
R over {x,y.z}, which is complete over that tripte, has a non-
empty intersection with both N; and N), therefore by
Lemma 2.1, R must be transitive. A similar argument
applies if RZ is in S2.

(ii) Now suppose individuals with rights over the
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pairs of a triple have all transitive preferences. If C3(RL R/)
=2 over /x,v,z}, where Rl and R/ are transitive, then it has
the value of either | or 3. Let us examine each case:

(a) C‘3(R".R/‘) = [ over {x,1.z}: In order for Condition
P and Condition L to lead to a conflict over a triple of
alternatives. they need to induce a cyclical social preference
over that triple. We will show that if C3(RI.R/) = I over
{x..=). where R and R/ are both transitive. the simultaneous
application of Condition P and Condition L is bound to
produce a transitive social preference, ruling out any
contlict between them.

Over a triple of alternatives /x.).z/. in order for
Condition P to be applicable. there must exist at least one
pair over which preferences of all individuals are
compatible. Let /v,y be that pair. To apply Condition L.
suppose that two individuals, with preferences R/ and RZ.
have rights over /x,z} and /y.z/. which will determine.
through Condition L. the social preference over those pairs.

Under the condition that C'3(RL.R/) = [ over s/,
we will first establish two properties of social preference
induced by Condition P and Condition L. First, the social
preference relation R over /xy.z} is a strongly strict
preference relation: Since, by inspection of the lists in
Section I1. there exist no two transitive preference relations
Riand R/ in U with C3(RIRI) = 1 over Jx,v.z} which have
indifference over the same pair, if R/ has indifference over
/(x.yi then R? has to have strict prefevence over /x,)t
Hence. the application of Condition P over {x) will
produce strict preference over /x,yt. On the other hand. the
social preference over /v.z} and (.2} will be. by the
definition of Condition L. one of strict preference. Thus. the
social preference relation R induced by Condition P and
Condition L is bound to be a strict preference over all pairs
in/x.vzloiel Rover fvy,z)is a strongly strict preference
relation. Second, the social preference relation is compatible
with either R7 or R2 over all pairs in /x,).z}: Since
C3(RILRI) = | over {x.y.z}, there exist two pairs, say {x,)/
and {v.z}. over which R/ and R? are compatible and one
pair. say /x.z}, over which they are incompatible. By
assumption, Condition P determines the social choice over
{x.y}. To apply Condition L, rights can be assigned, through
Condition L, to individuals | and 2 in two ways: either
individual 1 has a right over {y,z} and individual 2 has a
right over {x,z}, or individual 1 has a right over {x,z} and
individual 2 has a right over {y,z}. If individual 1 has a right
over /xz{, ie. the pair over which her preference is
incompatible with that of individual 2. then the social
preference R will be compatible with R/ over all pairs in
[xy.zt Ifindividual 2 has a right over /x.z}. then the social
preference R will be compatible with 82 over all pairs in
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{xy.z}. In either case, the social preference R will be a
preference relation that is compatible with either R/ or R2
over all pairs in /x,y.z).

A close examination of the preference relations in L
reveals that there exists no intransitive preference relation
that simultaneously satisfies both of the properties of the
social preference relation established above. There are only
two strongly strict intransitive preference relations over
fxy.z}, namely. R/4 and R/35: and neither of thesce
preference relations could be compatible with a transitive
preference relation such as R/ and R? that involves strict
preference over at least two pairs in /x,).z/. Thus. the social
preference relation cannot be intransitive. it must be
transitive. '

(b) (.'3(Ri, Riy 3 over /x.y.z): Since. with this
degree of conflict, there is no pair over which the
preferences of all individuals are compatible, Condition P
is not applicable. Hence. the question of a conflict between
Condition P and Condition L does not arise.

Since the result is proved for any arbitrary triple of
alternatives, the theorem holds true for any triple in the
domain of alternatives that satisfies the restrictions imposed
in the theorem.

QED.

The following examples provide illustrations for the
result contained in the theorem:

Example 3.4: Let individuals | and 2 in £ have the
following transitive preferences that satisfy the condition
that C3(R\,RI) = | over {x,.z}:

Rl = {,\'Ply, _VP/z, xP/:,'

R? = {x12z, :P2y, xXP2y)}.

Suppose the rest of the individuals in £ have the
same preference relations as individual 2. Let individuals |
and 2 have rights respectively over {x,z} and /y,z/. Then,
Condition L is satisfied, and

xP!z implies xPz,

. zP2y implies zPy.
Since every individual in £ strictly prefers x to v, by

Condition P, xPy. Thus, the social preference relation R
over {x,y,z} is
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R = {xPz, zPy, xPy},

which is transitive.

Example 3.5: Let individuals 1 and 2 in E have the
following preferences that satisfy the condition that
C3(R!,R2) = 2 over {xyz}

Rl = {xPly, yP!z xPlz)

R? = {yP2x, xP2z, zP2y},

Then R/ is transitive and R is intransitive. Suppose
that other individuals in £ have the same preferences as
individual 2. Let individuals 1 and 2 have rights respectively
over {x,y} and {y,z}. Then Condition L is satisfied, and

xP/y implies xPy,

zPZy implies zPy.

Since everyone in E strictly prefers x to z, by
Condition P, xPz. Thus, the social preference relation R over
le;y'zll is

R = {xPz, zPy, xPy},

which is transitive.

In Theorems 3.1 and 3.2 we made the assumption
that the individual rights are interconnected. If we relax this
assumption, then the result in Theorem 3.1 does not hold
true.

Theorem 3.3: The possibility of conflict between
Condition P and Condition L is present in a society of
individuals with intransitive preferences, provided that
individual rights are not interconnected.

Proof: To prove the theorem, it suffices to give an
example. Let individuals 1 and 2 in £ have the following
preferences over {x,y,z, w}:

Rl = {xP]y, yP]z, zPlx, xI1w, y[]w, z]lw}

R? = {szx, xPzz, P2 w, 212y, w12y, xlzy}

and suppose that other individuals in £ have the
same preferences as individual 2. Let individuals 1 and 2
have rights respectively over {x,y} and {z,w}. Then
Condition L is satisfied, and

xPly implies xPy,

zP2w implies zPw.
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Over {x,w}, x/w and every other individual in E
strictly prefers w to x. Hence, by Condition P, wPx.

Over {y,z}, yP!z and every other individual in E is
indifferent between y and z. Hence, by Condition P, yPz.

Over {wy}, every individual in E is indifferent
between w and y. Hence, by Condition P, wiy. Thus, the
social preference relation R over {x,y,z,w} is

R = {xPy, yPz, zPw, wPx, wly}

which is not acyclical over {x,,z,w}. Thus, for this
configuration of individual preferences, a conflict exists
between Condition L and Condition P.

QED.

There are domain restrictions on intransitive
individual preferences that eliminate the conflict between
Condition L and Condition P in social choice contexts
where individual rights are not interconnected. In the
remainder of this paper, we will formulate those restrictions.
First, we will introduce two concepts that will be used in the
statement and proof of the relevant results.

Definition: Let R! be a weakly strict preference
relation over an arbitrary triple {x,y,z} of Z. A preference
relation R over {x,y,z} is said to be a diverse complement
of RV if K has strict preference over a pair (or pairs) over
which R! has indifference, and C 3(RLR) 0.

Definition: A set of preference relations over a triple
{xy.z} of Z is said to be iso-conflicted if it contains only
preference relations that are incompatible over the same
pair (or pairs) in {x,y,z}, and the preference relations that
are compatible over every pair in {x,y,z}.

To undertake a formulation of the domain
restrictions in question, we will first consider those cases
where all rights are over non-connected pairs of
alternatives. In order for all rights to be over non-connected
pairs, any triple of Z can have at most one pair with a right
assigned over it, for otherwise at least some rights would be
connected. The following theorem establishes, under the
assumption of non-connected rights, the conditions for
transitive and intransitive preferences under which there is
no conflict between Condition P and Condition L with
respect to an arbitrary triple of Z.
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Theorem 3.4: Let AT be a set of intransitive and
transitive individual preferences RI,...,R" over an arbitrary
triple {x,y,z} of Z. Suppose that there is only one pair in
{x,y,z} with a right assigned over it, and individual k, with
preference relation Rk has a non-trivial right over that
pair. Suppose also that if Rk is intransitive, it is weakly
strict and there exists at least one intransitive R/ in AT that
is a diverse complement of Rk If AIT is an iso-conflicted set
such that C3(Rk RI) €{0,1}, where Rk and R, j=1..n are
in AT, then there is no conflict between Condttton P and
Cona’llmn L with respect to x,z}

Proof: Individual k that has a right over a pair in
{x,y,z} has either intransitive or transitive preferences over
{x,y,z}. Let us examine each case in turn.

(i) Rk over {x,y,z} is intransitive: Without the loss of
generality, let {x,y} be the pair over which individual k has
a right. Since individual k's right over {x,} is non-trivial,
there must exist at least one individual, say j, with
preference relation R/, such that R/ is incompatible with Rk
over {x;y}. Since AT is iso-conflicted such that
C3(Rk Ri)ef0,1} for all j=1,..n, {x,y} is the only pair
over which any two preference relations in 4/7 could be
~ incompatible. All preference relations in 41T have to be
compatible over the other two pairs {3,z and {x,z} in {x,y,z}.

Since individual k has a right over {x,y}, his
preference determines, through Condition L, the social
preference over that pair. Since all preference relations in
AT are compatible over {,z} and {xz}, Condition P
determines the social preference over those pairs. Thus,
social preference R over {x,y,z} is complete.

Since RK is intransitive over {x,y,z}, it is either in Sy
or in S2. Suppose that Rk is in Sy, then it must be the case
that xPKy, which implies, since individual k has a right over
{x,y}, xPy. Thus, RAN| = £ By assumption AIT includes
at least one intransitive preference relation R/ that is a
diverse complement of Rk Since Rkisin S ], and Rk and R/

are diverse, R/ must be in S». Being a diverse complement

of Rk, RJ. has strict preference over at least one pair over
which Rk has indifference. Let {y,z} be that pair. Since R/ is
in S», it must be the case that zPJy. Since all preference
relations in A/T are compatible over {y,z}, none of them is
incompatible with R/ over {y,z}, i.e., each of them either
strictly prefers z to y or is indifferent between z and y. Thus,
by Condition P, zPy. Thus, RNN2 = 7. Therefore the social
preference relation R, which is complete over {x,,z}, has a
non-empty intersection with both N7 and N2. Hence, by
Lemma 2.1, it is transitive. A similar argument applies
when RK is in So.
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(ii) Rk over {x,y,z} is transitive: Assume, as in (i)
above, that {x,y} is the pair over which individual k has a
right. By the same argument as in (i), {x,y} is the only pair
in {x,y,z} over which preference relations in AT could be
incompatible. All preferences in A/ have to be compatible
over the other pairs {y,z} and {x,z}

Since RK is transitive, it is either a strongly strict
preference relation over {x,y,z} or a weakly strict preference
relation that has strict preference over two pairs and
indifference over one pair in {x,y,z}. We will examine each
case in turn. '

(a) Rk is strongly strict: Since individual k has a
right over {x,y}, R is identical to Rk over {x,y}. Since all
preference relatlons in AIT are compatible over {y,z} and

- {x,z} over which Rk has strict preference, by Condition P,

the social preference relation R has the same strict
preference as Rk over {y,z} and {x,z}. Thus, over all three
pairs in {x,y,z}, R is identical to Rk ie., R = Rk. Since Rk
over {x,y,z} is transitive, so.is R. '

(b) Rk is weakly strict: Without loss of generality, let
Rk have strict preference over {x,y} and {xz}, and
indifference over {y,z}. As in (a) above, since individual k
has a right over {x,y}, R is identical to Rk over {x,y}, and, by
Condition P, R is identical to R¥ over {x,z}. Over {y,z}, there
are two possibilities. First, if all preference relations in 477
have indifference over {y,z}, then, by Condition P, R will
have indifference over {y,z}. Thus, over {x,y,z}, R = Rk,
Since Rk over {x,y,z} is transitive, R is too. Second, if at
least one preference relation R in A4/T involves strict
preference over {y,z}, by Condition P, R has the same strict
preference as R/ over {y,z}. Since Rk involves indifference
over {y,z}, it will be compatible with R over that pair. Thus,
R is a strongly strict preference relation over {x,y,z} that is
compatible with Rk over all three pairs in {x,y,z}. Since, by
inspection of the lists in Section II, there exists no strongly
strict intransitive preference relation over {x,y,z} that is fully
compatible with a weakly strict transitive preference
relation, such as RX, with strict preference over two pairs
and indifference over one pair in {x,y,z}, R cannot be
intransitive. It must therefore be transitive.

QED.

If a triple contains no pair over which someone has
a right, then the question of conflict between Condition P
and Condition L does not arise with respect to that triple. If
a triple contains one pair over which a right is assigned,
then, under the conditions ‘imposed in Theorem 3.4, the
social preference R over that triple is transitive. Thus, if all
rights are non-connected, the conditions of Theorem 3.4
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suffice to eliminate the conflict between Condition P and
Condition L with respect to any triple in the entire domain
of alternatives.

Theorem 3.1 and Theorem 3.2 consider cases in
which triples involve only connected rights, while Theorem
3.4 considers cases where there are no connected rights. In
between there are cases in which some triples involve
connected rights, and some do not. In those cases involving
a mixture of triples with connected and non-connected
rights, a proper combination of the conditions imposed in
Theorems 3.1, 3.2, and 3.4 guarantees the absence of a
conflict between Condition P and Condition L with respect
to any triple in Z. For instance, in social choice contexts that
involve both transitive and intransitive individual
preferences, and both connected and non-connected rights,
the conditions of Theorem 3.2 secure the transitivity of
social preference over triples with connected rights, and the
conditions of Theorem 3.4 do likewise for triples involving
non-connected rights. Thus. in such social choice contexts,
the conditions of Theorems 3.2 and 3.4, if jointly imposed,
suffice to eliminate the conflict between Condition P and
Condition L with respect to any triple in Z.

Theorems 3.2 and 3.4 deal with the conflict between
Condition l”"‘and Condition L with respect to triples (i.e., m-
sets. where m=3) in Z. The results of these theorems can be
generalized to m-sets in Z, where m>3. in the same way as
for Theorem 3.1. With proper combinations of the
conditions of these theorems, it is possible to secure the
acyclicity of the social preference relation over such m-sets.
For instance, in social choice contexts with both transitive
and intransitive individual preferences. if there are either
connected or non-connected rights assigned over some pairs
of every triple in Z. the conditions of Theorems 3.2 and 3.4
ensure the transitivity of social preference, respectively,
over triples involving connected and non-connected rights
provided that the social preference relation over those
triples is complete. Thus, if every triple in Z involves either
connected or non-connected rights, under the assumptions
specified above, the social preference R over every triple in
Z is transitive. Since it is obvious that any preference
relation that is transitive over every triple in Z is also
acyclical over every m-set, m>3, in Z, R is acyclical over
every m-set, m>3, in Z. Therefore, there is no conflict
between Condition P and Condition L with respect to any
m-set, m>3, in Z.

IV. CONCLUSION

The four theorems developed in Section 111 answer
the thré¢ questions posed in Section I of the paper. Theorem
3.1 provides answers to the first and second questions by
. proving the existence of social choice contexts in which
irrational individuals make rational social choices by
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reconciling Pareto efficiency with individual rights, and -
they do so better than rational individuals. The class of
social choice contexts for which the result of Theorem 3.1
holds are characterized by a set of assumptions, one of
which is the interconnectedness of rights. If we relax this
assumption, as in Theorem 3.3, and thus assume the
existence of some non-connected rights. the social choice
contexts with intransitive individual preferences also
become susceptible to the conflict between Pareto efficiency
and individual rights. However, there are domain
restrictions on individual preferences that eliminate the
conflict in‘question in a variety of contexts involving non-
connected and/or connected rights. Theorems 3.2 and 3.4
formulate these restrictions, and thus provide an affirmative
answer to the third question posed in Section 1.
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