Techno-Science 3:1,8-14 (2020)

Original

&= Techno-Science i

Scientific Journal of Mehmet Akif Ersoy University L
: ; / JournalPark
www.dergipark.gov.tr/sjmakeu

A Note on Hermite-Based Milne Thomson Type Polynomials Involving
Chebyshev Polynomials and Other Polynomials

Neslihan Kilar?* and Yilmaz Simsek!

1Deparment of Mathematics, Faculty of Science, Akdeniz University, Antalya, Turkey.

ARTICLE INFO ABSTRACT

Article History The aim of this paper is to investigate and survey some relations between new families of
Received 1 24/02/2020 polynomials including r-parametric Hermite-based Milne Thomson type polynomials and
Revised 1 26/02/2020 other special numbers, the Bernoulli numbers, the Euler numbers, and the Chebyshev
Accepted 1 26/02/2020 polynomials. By using generating functions and their functional equations of these
Available online  : 26/02/2020 polynomials are presented. Moreover, using Wolfram Mathematica 12.0 version, some plots
Keywords and surface of these polynomials under the special conditions are shown. Finally, some
Euler numbers and polynomials remarks, comments and observations for these numbers and polynomials are given.

Bernoulli numbers and polynomials

Chebyshev polynomials

Hermite-based Milne Thomson type

polynomials

Generating function

1. INTRODUCTION

We use the following notations and definitions throughout of this paper.

Let N, Z, R, and C denote the set of positive integers, the set of integers, the set of real numbers, and the set of
complex numbers, respectively. Let No=NU{0}, and also
e*t = exp(xt).

The Chebyshev polynomials of the first kind T,,(x) and the Chebyshev polynomials of the second kind U,,(x) are

defined by following generating functions, respectively:

1-—xt = n
P60 = T ™ ), Tt M
n=0
and
1 C .
Fy(t; x) =m=Z)Un(x)t (2)
n=

see[1,4,5,6,7,8,9].
The cosine-Euler polynomials E,(lc)(x,y) and the sine-Euler polynomials Eif)(x, y) are defined by following

generating functions, respectively:
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[oe]

tn
Fee(tx,y) = ] exp(xt)cos(yt) = Z E©(x, y)ﬁ )
n=0 !
and
Frs(t; = i _ ) t"
es(Ex,y) = et 1 exp(xt)sin(yt) = E;)’ (x, y)a @
n=0

see [10,12,15].
By using (3), we have
E\(x,0) = E,(®),

which denotes the Euler polynomials [12]. When x = 0, E,,(0) = E,, are called the Euler numbers [1-20].

The cosine-Bernoulli polynomials B,(f)(x,y) and the sine-Bernoulli polynomials B,(f)(x,y) are defined by

following generating functions, respectively:

(o0} tn
Fpc(t;x,y) = —— exp(xt)cos(yt) = Z B (x,y) - 5)
n=0
and
[ee] tn
Fas(t:x,y) = < exp(xt)sin(yt) = > B (x,y) — ©
n=0

see [10, 12, 15].
By using (5), we have
BEIC) (x' 0) = Bn (.X'),

which denotes the Bernoulli polynomials [12]. When x = 0, B,,(0) = B,, are called the Bernoulli numbers
[1-20].

The polynomials C,,(x, y) and the polynomials S, (x, y) are defined by following generating functions, respectively:

[oe] tn
Fc(t;x,y) = exp(xt)cos(yt) = Z C,(x,y) = )
n=0 ’
and
fee) tn
Fg(t; x,y) = exp(xt)sin(yt) = z S, (%, ) - -
n=0 ’
see [11, 12, 14, 15, 20, ].
By using (3), (6), (7), and (8), we have the following indentities:
n
n
E;C)(x' y) = Z (]) Ci(x,y)E,_;j 9
j=0
and
n
n
BY (x,y) = Z ( ]-) S;(x,¥)B,_ 10
j=0
see [12].
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By using (1), (2), (7), and (8), we have the following indentities:

T,(x)=C, (x, V1-— xz)

(11)
and
Sa(x, V1 —x2)
Up-1(x) = (xl = xzx (12)
see [11].

Using Euler's formula, in [11], we defined two new families which are called r-parametric Hermite-based Milne
Thomson type polynomials.

Firstly, we defined the following a new family of polynomials:

B(t,x,y,z,u,r,a,b) = Z(b + f(¢, a))zexp(xt)M4(t, y,u,r)

- - (13)
= Z b1 (n,x,y.z;ﬂ,r,a,b)—I
— n!
where
< c "
M,(t,y,u,r) = exp Z w;t! | cos(yt) = Z C(Uy;m)— (14)
j=1 n=0 n
and f(t, @) denotes an analytic function or a meromorphic function, a, b € N. Observe that, whenr = 1,
(14) reduces to the (7) see [11].
Secondly, we defined the following a new family of polynomials:
By(t,x,y,zur,a,b) =2(b+ f(t, a))zexp(xt)Ms(t, y,U,71)
- o (15)
= Z b, (n,x,y,zur ab)—
i n!
where
T - (o] tn
Ms(t,y,u,r) = exp Z wit) |sin(yt) = z S,(d,y;1) ot (16)
j=1 n=0 '

Observe that, when r = 1, (16) reduces to the (8) see [11].
2. IDENTITIES AND RELATIONS

In this section, by using generating functions in Equation (1)-Equation (16), we obtain some identities, relations and
integral representations including the r-parametric Hermite-based Milne Thomson type polynomials, the Chebyshev
polynomials, the Euler numbers, the Bernoulli numbers, and other special polynomials. Moreover, using Wolfram

Mathematica 12.0 version, we present some plots of the under the special conditions for aforementioned polynomials.

Theorem 2.1. Let n € N. Then we have

n

by (n +1,x+J1—x2,1;0,1, —1, 0) =—(n+1) Z (7) T;(x)E,_;. (17)
j=0

t

vy b =0,u = 0and z = 1into (13), then using (3), we have

Proof. Substituting f(t,—1) =

10
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n ©
hi(nx,y,1;0,1r,—1,0) = —nE_ " (x,y).
( ) n-1 (18)

Substituting y = V1 — x2 into (18), then using (9) and (11), yields the assertion of the theorem.

Theorem 2.2. Let n € N. Then we have

b, (nxV1-22,1,0,1,1,0) =2/1 -« zn: (7) Uj_1(X)Bn_. (19)

j=1

t
exp(t)—1

Proof. Substituting f(t,1) = ,b=01uU= Oand z = 1into (15), then using (6), we have

ho(n %y, 10,11, 0) = 2B (x, ).
(20)

Substituting y = V1 — x2 into (20), then using (10) and (12), yields the assertion of the theorem.

Let's give different plots of the polynomials h,(n,x,y,z;u,r,a,b) and the polynomials h,(n,x,y,z;U,r,a,b)

under some special conditions.

Fig. 1.is obtained by n € {0,1,2,3,4,5} using (17) for x € [—1,1].

— 1

1-2x

———— 3+3x-6x2

"(YI N o P T412x412:2-16 53
/ — — -5(1+7x-8x"-8x"+8x%)

— =3(=11+10 x+50 x* - 40 x> - 40 »* + 32 x°)

Fig. 1. Plots of the polynomials b, (n +1,x,Vv1 —x2,1; 6, T, —1,0) for varing x values and n € {0,1,2,3,4,5}.

Fig. 2.is obtained by n € {0,1,2,3,4,5} using (19) for x € [—-1, 1].
1o} — 0
24 1-%

2(-1+2x)V1-%

V1-x* (-1-6x+8x%)
a1 (1-x-4x+4x)

3V 1= (5460 x-32 X" - 120 x* + 96 x°)

Fig. 2. Plots of the polynomials b,(n, x, V1 — x2,1; 0,7, 1,0) for varing x values and n € {0,1,2,3,4,5}.

Fig. 3. s obtained by n € {0,1,2,3,4,5} using (18) for x € [-15,15] and y € [—10,10].

1
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(a) Surface obtained by varying x and y (b) Surface obtained by varying x and y values
values for n = 0. forn=1.

(c) Surface obtained by varying x and y (d) Surface obtained by varying x and y values
values forn = 2. forn=3.

(e) Surface obtained by varying x and y (f) Surface obtained by varying x and y values
values for n = 4. forn=5.

Fig. 3. Surface figures of the polynomials §; (n, x,v,1; 6, T, —1,0) forn € {0,1,2,3,4,5,6}.

Fig. 4.is obtained by n € {0,1,2,3,4,5} using (20) for x € [-15,15] and y € [—10,10].

12
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10 0 10 10
(a) Surface obtained by varying x and y (b) Surface obtained by varying x and y

values for n = 0. values for n = 1.

10 0 10 7
(c) Surface obtained by varying x and y (d) Surface obtained by varying x and y

values for n = 2. values for n = 3.

(e) Surface obtained by varying x and y (f) Surface obtained by varying x and y
values for n = 4. values for n = 5.

Fig. 4. Surface figures of the polynomials ), (n, x,v,1; 6, T, 1,0) forn € {0,1,2,3,4,5,6}.

3. CONCLUSIONS

Special numbers, special polynomials and their generating functions, and their functional equations have very
important role in mathematics, mathematical physics, probability and statistics, engineering and other related science and
social sciences. For instance, the Hermite polynomials and the Chebyshev polynomials and their applications are useful in

many physics and engineering problems, which are also used to solve different real world problems such as heat equation.
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Thus, the results of this article have potential to motivate many researchers for future research on these aforementioned
numbers and polynomials. Consequently, the results of this article may be potentially used in mathematics, in

mathematical physics, in engineering, in social sciences.
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