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Abstract

In this study, we define the Smarandache curves depending upon the Salkowski curve with a spacelike principal
normal according to Frenet frame. Firstly, the curvature, the torsion and Frenet vectors of the Smarandache
curves are calculated. Later, we draw graphic of the obtained Smarandache curves and some related results are
given.

Keywords: Minkowski space, spacelike Salkowski curve, spacelike Smarandache curve, Frenet frame.

Frenet Catisina Gore Spacelike Normalli Spacelike Salkowski Egrisinden Elde Edilen Smarandache
Egrileri
Oz
Bu calismada ilk olarak spacelike normalli spacelike Salkowski egrisinin Frenet vektorlerinden elde edilen
regiiler Smarandache egrileri tanimlandi. Daha sonra her bir Smarandache egrisinin Frenet vektorleri, egrilik ve

torsiyonu hesaplandi. Son olarak elde edilen egrilerin Frenet elemanlar1 spacelike Salkowski egrisinin Frenet
elemanlar1 cinsinden yazilarak grafikleri ¢izildi.

Anahtar Kelimeler: Minkowski uzayi, spacelike Salkowski egri, spacelike Smarandache egri, Frenet ¢ati.

Monterde and he showed that the principal
normal vector of this curve makes a constant

1. Introduction

In the years 1844-1923, Salkowski curves are
defined as family of curves with constant
curvature and non-constant torsion by E.
Salkowski [Salkowski, 1909]. In literature,
this curve is known as Salkowski curves. The
equation of Salkowski curve is given by J.

angle with a constant direction [Monterde,
2009]. M. Turgut, and S.Yilmaz, described
the Smarandache curves in Minkowski space
[Turgut and Yilmaz, 2008; Turgut and
Yilmaz, 2008]. Later, according to the
Darboux frame, Bishop frame and Sabban
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frame, some features of the Smarandache
curves are investigated by [Senyut and Sivas,
2013; Bektas and Yiice 2013; Cetin, Tuncer
and Karacan, 2014; Taskoprii and Tosun,
2014; Ali, 2010; Caliskan and Senyurt, 2015].
The definition of timelike and spacelike
Salkowski curve have given by Ali Ahmet T
[Ali, 2010; Ali, 2009; Ali, 2011]. Senyurt S.
and Eren K. also studied the Smarandache
curves obtained from the Frenet vectors of the
timelike Salkowski curve [Senyurt and Eren,
2019; Senyurt and Eren, 2019].

In this study, we are define the Smarandache
CUIVeS ¥y, Ve Vne and ype are drawn by

unit vector which is obtained from the linear
combination of T, N and B vectors of the
spacelike Salkowski curve with a spacelike
principal normal. The Frenet apparatus of
each curve are calculated and the graph of the
Smarandache curves is given.

2. Preliminaries

The Minkowski 3-space R} has Lorentzian
inner product given by

(,)=—dx? +dx; +dx}

where, X =(x,X,,%,)€R®. Also, the vector
product of any vectors X =(x;,X,,x,) and

Y =(¥1. Y5, ¥5) in R} is defined by

- j k
XAY ==X X, X
Yi Y2 Y3

For an arbitrary vector X eR’, if (X,X)>0

or X=0 then X is spacelike vector, if
(X,X)<0, then X s timelike vector, if

(X,X)=0, X0, then X is lightlike (or
null) vector. The norm of an arbitrary vector

X eR? is [X]=[(X,X)| [ONeill, 1983].
The Frenet vectors, the curvatures and the
Frenet formula of the spacelike curve y(t) are

T() = y'(t) B(t) = AVLYA V)

Iy ©l 7O A0
N =BO AT,
ey O~ @Y
/')
L VO 0.7 0)

l7© Ay @
T'=xkN, N'=—«T +7B, B'=7zN, (2.2

respectively where T and N are spacelike
vectors and B is timelike vector [Ali, 2009].

Definition 2.1. For an arbitrary me R and
m > 1, let us define the space curve

1+n
2cosh(t) -——cosh ((L-2n)t)
1-2n

1-n
———cosh((L+2n)t),
n 1+2n (2 3)

1+n |
2cosh(t) -——sinh ((1-2n)t)
1-2n

1- 1
= sinh ((L+2n)t),—cosh(2nt)
1+2n m

where n= . This curve is called the

m* -1
spacelike Salkowski curve y, (t). (Figure 1).
The curvature and the torsion of the spacelike
Salkowski curve is k()=1 and

7(t) =tanh(nt) . In the study [Ali, 2009] the

Frenet frame of the spacelike Salkowski curve
is given as following
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ncosh(t)sinh(nt) —sinh(t) cosh(nt),
T(t) =| nsinh(t)sinh(nt) —cosh(t) cosh(nt), |,

n .
—sinh(nt
msm (nt)

N(t) = %(cosh(t), sinh(t), m), (2.4)

sinh(t) sinh(nt) —ncosh(t) cosh(nt),
B(t) =| cosh(t)sinh(nt) —nsinh(t) cosh(nt),

n
——cosh(nt
005 (nt)

After this definition, the equation (2.2)

becomes

T'=N, N'=-T+7B, B'=7zN (2.5

003
002
0o

401

002

003
0

Figure 1. m={3,5,8,16} and t €[-5,5] for spacelike Salkowski curve

3. Smarandache Curves of Spacelike
Salkowski Curve with a Spacelike
Principal Normal According to Frenet
Frame

In this section, we describe the Smarandache
curves of the spacelike Salkowski curve and
we calculate Frenet apparatus of the
Smarandache curves

Definition 3.1. Let y,(t) be a spacelike

Salkowski curve. The Smarandache curve
yo (t) of the Salkowski curve is defined by

frame vectors as follows:

7o (©) :%(T(t)-i- N(t)) (3.1)

where, T and N are spacelike vector (Figure
2). Substituting the vectors T and N into the

equation (3.1), we get the curve yq(t) as

following:
n cosh(t) sinh(nt)
_sinh(t) cosh(nt) + - cosh(t),
m
yo (1) = % nsinh(t) sinh(nt) — (3.2)
cosh(t) cosh(nt) + — sinh(t),
m
n .
—sinh(nt) +n
m
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Figure 2. m = {3,5,8,16} and t [-5,5] for ;,, — Smarandache curve

Theorem 3.1. The Frenet  frame
{Tn: Nqy, Bry } of the curve y (t) is given

L TTeNrB g
2~

(12 - Tf'—Z)T + (—TA +3 ot - 2) N
+(—r3 +2r+ 2r') B

™~ - il
\/|2—12|(r3—21—f') +r'2—(2—12)

(13 —27—1')2 +77 —(2—72)2

N

|2—fz| 0

-2c-7)T-eN+(2-7")B
B. =

™ ; il
\/(13—21—1') +z"z—(2—2'z)‘

(73—21—1’)2—|—T'2—(2—12)2 #0

Proof: Substituting the equation (2.5) into
derivative equation of the equation (3.1), we

obtain

Yo )= %(—T +N+7B) (3.3)

If we take the norm in the equation (3.3), then

we get

0= 5l

(3.4)

From the equations (3.3)and (3.4), the
tangent vector of the curve y, (t) is found as

1
[2-7]

T = (-T+N+7B), z=+/2 (3.5)

If we take derivative of the equation (3.3),
then we get

n 1 !
o () = ﬁ(—T +(r2 —1) N+(c+7 )B) (3.6)
From the equations (3.3) and (3.6), we find

as

(13 -2r— T’)T

’ " _E
v (O Ay (1) = 2[r'|\| +(272)B] 3.7)

If we take the norm of the equation (3.7), we

get

" 1
||7/'I"N (ORYZA (t)” = E

From the equations (3.7) and (3.8), the

binormal vector of the curve y, (t) is given
by

10
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(13—21—1,)T—1'N +(2—12)B

B Z 2!
\/(13—21—1') +r'2—(2—rz)

(13—27—T')2+r'2—(2—r2)2 #0.

(3.9)

From the equations (3.5) and (3.9), the
principal normal vector of the curve y (t) is
obtained

(rz—ff/—Z)T+(—14+312+ﬂ'—2)N

+(—13 +2r+ 27’) B

N 2 2
\/‘2—12‘(13—21—7') +f'2—(2—72)

(IS—Zr—r')z +7° —(2—r2)2

Ny

(3.10)

p-rﬂ 0,

Theorem 3.2. The curvature and the torsion
of the curve y,, (t) are

(73—21—1')2 +7' —(2—72)2

o=y

~ \/E(—rzf' +7%0" =3 =27 - 22'”) (311)

™ (73 —21—1')2 +77° —(2—72)2

(13—27—1')2+f'2—(2—12)2‘:&0, Ti\/i,

respectively.

Proof: From the expressions (2.1), the
curvature xy, of the curve y. (t) can be

written

(13 —21—1')2 +77 —(2—12)2

=i

T2

KN =

If we take the derivative of the equation (3.6)
, It becomes

(1-7%)T
o (@) = % +(r2 + 377’ —1) N

+(r3—f+r’+f”)B

(3.12)

From the equations(2.1) (3.3), (3.6), (3.8)
and (3.12), we get the torsion z, of the
Smarandahce curve y,, (t) as

~ \/E(—Tzr' +7%" 30?27 - 21'")
(13—2T—r’)2+f'2 —(2—12)

TN = 2

(73—21—r’)2+r'2—(2—1’2)2‘7&0.

Definition 3.2. Let y,(t) be a spacelike

Salkowski curve. The Smarandache curve

7.5 (t) Of the spacelike Salkowski curve is

defined by frame vectors as follows:

T(t)+B(t)) (3.13)

77s(t) :%(

where, T is spacelike vector B is timelike
vector (Figure 3). Substituting the vectors T

and B into the equation (2.4), we get the

curve y,5(t) as following:

n cosh(t).sinh(nt) — sinh(t) cosh(nt)

+sinh(t) sinh(nt) — n cosh(t) cosh(nt),
7o) = L nsinh(t)sinh(nt) - cosh(t) cosh(nt) | (3.14)
+cosh(t).sinh(nt) — nsinh(t) cosh(nt),

ﬂ(—cosh(nt) +sinh(nt))
m

11
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Figure.3. m={3,5,8,16} and t €[-5,5] for »,, —Smarandache curve

Theorem 3.3. The Frenet  frame
{Tre: Nig, Big } of the curve y,(t) is given

Te =N, N =

d
2
i

(T—TB), T#1l,

Proof: Substituting the equation (2.5) into
derivative equation of the equation (3.13), we

find as

1+7)N. (3.15)

s =5

If we take the norm of the equation (3.15),

then it becomes

174 ()] = %(1”). (3.16)

From the equations (3.15) and (3.16), the

tangent vector of curve y,,(t) is found as
Tw=N. (3.17)

If we take derivate of the equation(3.15), it

becomes
" 1 ' 2
7 (®) zﬁ((—l—r)T +N+(r+7°)B) (3.18)

From the equations (3.15)and (3.18), we find

A (D :%(—r(lﬂ')zT +(1+)'B).(39)

If we take the norm of the equation (3.19),
this equation becomes

[7in © A 7 O] = %(1+r)2 Je-1. (3.20)

From the equations (3.19) and (3.20), the

binormal vector of curve y(t) is found as

(3.21)

‘ (—TT+B), T #=*1.
P

Also, from the equations (3.17) and (3.21),
the principal normal vector of curve y,(t) is
found as

(T—z’B), £+l (3.22)

Theorem 3.4. The curvature and the torsion
of the curve y,,(t) are

A

[1+7|

J2r

_|1+r|(1+z'2)

Krg =

(3.23)

and 7,5 = , T#—1,

respectively.
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Proof: From the expressions (2.1), the
curvature x;; of the curve p.(t) can be

written

L

If we take derivative of the equation(3.18), it

becomes
27T
1 3 2
"t)=—2| +(°+7°—7-1+7")N | (3.24
VTB() \/E ( ) ( )
+(z"+3n')B

From the equations (3.15), (3.18), (3.20)
and (3.24), the torsion of the curve y,(t) is

Definition 3.3. Let y,(t) be a spacelike

Salkowski curve. The Smarandache curve

7ys(t) Of the spacelike Salkowski curve is

defined by frame vectors as follows:

e (1) = %( N(t)+B(t)), (3.25)

where, N is spacelike vector and B is
timelike vector (Figure 4). Substituting the
vectors N and B into the equation (2.4), we

get the curve y,,(t) as following:

sinh(t) sinh(nt)

n
—n cosh(t) cosh(nt) + — cosh(t),
m

got 7. @) L | cosh(tysinh(nty (3.26)
2
/ . n .
Trg =— \/ET T -1 —nsinh(t) cosh(nt)+asmh(t),
L+ (1+ T )
n
n——cosh(nt)
m
Figure 4. m ={3,5,8,16} and t [-5,5] for y,, — Smarandache curve
Theorem 3.5, The Frenet frame —T-7'N+(1-7)B

{Tues Nys. Byg } Of the curve . (t) is

Ty =-T+7N+7B,

1 fT—(f2+r'—l)N
N, =—F—— '
NB ‘T2+2T’—1‘ —(TZ+T')B

NB

\/‘rz + 27’ —1‘
°+27' -1 #0.
Proof: if we take derivative of the equation

(3.25), we get

-T+7N +rB). (3.27)

7/r'\|B(t) :%(

13
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The norm of this equation is found as

el =7 (3.28)

From the equations (3.27) and (3.28), the

tangent vector of the curve y, (t) is
Twe=-T+zN+7B (3.29)

If we take derivative of the equation (3.27),
it becomes

7e() = %(—ﬂ +(r2 +r'—1) N +(r'+72) B) (3.30)

From the equations (3.27) and (3.30), we
found

VA (1) = %(-TT N +(1-7)B) (3:31)

The norm of the equation (3.31) is

247 —(1—1”)2 )

Fia®70l=3
(3.32)

From the equations (3.31) and (3.32), the

binormal vector of the curve y,,(t) is found
as

~T-7'N+(1-7)B
BNB: 2 ,
\/r +27'-1)

+27 -1 0.

(3.33)

From the equations (3.29) and (3.33), the

principal normal vector of the curve y,,(t) is

T —(rz+r'—1)N —(z’z+r/)B
\/‘12+21’—1‘

2 +2r'-1#0.

N =

NB

(3.34)

Theorem 3.6. The curvature and the torsion
of the curves y,,(t) are

Ky = \/5\/12 +7? - (1-7)

and

,(3.35)
\/E(z'— 't —r")

’Z'NB: 2 ) T2+27'_1¢0,
72+T'2—(1—r')

respectively.

Proof: From the equations (2.1), (3.28) and
(3.32) the curvature of the curve y,(t) is
found as

247 —(1— T')z

ke =2,

If we take derivative of the equation (3.30),

this equation is found as

(—rz —21’)T
g @) = % +(r3 —7+3r7'+ r”) N |. (3.36)

+(’[3 —7+3c7'+ r") B

From the equations (3.27), (3.30), (3.32)
and (3.36), the torsion of the curve y,,(t) is
got

x/E(T—T'T—T")

Ty = 5T % +27'-1#0.
!

Definition 3.4. Let y,(t) be a spacelike

Salkowski curve. The Smarandache curve

7me Of the Salkowski curve is defined by

frame vectors as follows:
_1
Yong (8) = \/§(T () +N@®)+B(t)) (3.37)

14
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where T is spacelike vector, N is spacelike

vector and B is timelike vector (Figure 5). ncosh(t) sinh(nt) —sinh(t) cosh(nt)
Substituting the vectors T, N and B into the +sinh(t) sinh(nt) — n cosh(t) cosh(nt)
equation (2.4), we get the curve y, () as 2 oshit),
following: 1] "
7 (t) = —=| nsinh(t)sinh(nt) - cosh(t) cosh(nt) | (3.38)
2 + cosh(t) sinh(nt) — nsinh(t) cosh(nt)
n
+—sinh(t),
m

n . n
—sinh(nt) ——cosh(nt) + n

$ 882

Figure 5. m={3,5,8,16} and t€[-5,5] for y,, —Smarandache curve

Theorem  3.7. The Frenet frame Proof: If we take derivative of the equation
{True» Nina» Brys | OF the Smarandache curve  (3.37), then we get

7TNe (1) is

1
me(®) =—=(-T+(1+7)N+7zB). (3.39
_ —T+(1+7)N+17B g V3( (LHeIN+s ) (3%9)

" 22

, T# -1,
If we take the norm of this equation, we find

(2r +4r+2—1)T +(—3r -2 +2r+2-1r —r)N ”yTrNB(t)”:% ,|2+21-| . (3-40)

—(273 +47 441+ 21') B

NTNB -
\/|2 +21]

|2+ 21| (—Zr2 - 21—1')2 +17 - (21+2—r')2 #

(—21Z -2r- f')2 +77 - (21 +2- z")Z

From the equations (3.39) and (3.40), the

0 tangent vector of the Smarandache curve
T (1) 1S

~(2r +2+7)T-e'N+(2r+2-7')B

TNB > ; 1
\/‘(—22’2 -27- r') +7% - (27 +2- z") ‘

T -
" e+

If we take derivative of the equation (3.39),

B

(-T+(1+7)N+7B), r=-1. (3.42)

‘(—212 -2r— r')z +7% - (2r+2- r')z‘ #0.

we get

15
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(—1—2’)T
14 1 !’
e () = NG +(r2 -1+7 ) N

=

+(12+T+r')B

(3.42)

From the equations (3.39) and (3.42), we
have

1 [(—21’2 -2r— r')T

YW A7) == (3.43)
e e 3| —z'N +(2r+2—r')BJ

The norm of the equation (3.43)is

(—21’2 -2z —T')Z (3.44)

’ 14 1
||7/TNB (t) A yTNB (t)” = 5\/

From the equations (3.43) and (3.44),

the binormal vector of the curve y,(t) is

+z" —(2r+ 2—1")2

—<2r2 +2r+ z'/)T -7'N +(22’+2—z") B

TNB = ) )
\/‘(—212 -2r— r') +1° —(2r +2- r')

ksAS)

‘(—212 -2r- r')z +7° —(21 +2- r')z #0.

From the equations (3.41) and (3.45), we

obtain the principal normal vector of the curve
e (1) as following:

. . B -+ 2 2 4+ 21
(2 +dr42-7)T+ N - B

2-1' -7 +or' + 20

™
\/|2 +21]

(—21Z -2r- r')z +7° - (2r+2- r')z

(—272 -2r- r')z +7° - (2r+2- 7')2

|2+21] 20,

(3.46)

Theorem 3.8. The curvature and the torsion
of the curve y.,,(t) are

\/g\/‘(—Zrz -2r —T')2 +0 - (2r+2- T')2
KTNB = E '
2

(|2+22])

4 2 1 ! ” ' "” "n
) \/5(—1 -2t —drr +3r -1 -2t - 211 >, (3.47)

‘(—252 -2r- r')Z +7% - (27 +2- f')z

z.TNB

‘(—272 —27—1')2 +7"° —(21+ 2—1/)2 #0,7#-],

respectively.

Proof: From the equations (2.1), (3.40) and

(3.44)
Smarandache curve y,(t) as

we get the curvature of the

\/§\/‘(—212 —21—1')2 +7° —(21+2—T')2
Kg = , T#-1.

(p+24ﬁ

The derivate of the equation (3.42) is

(l—r2 - 21')T
rm ()= % +(13 +78—7-1+3r7'+ z'") N |(3.48)

+(T3—7+3n'+r'+1”)8

From the equations (3.39),(3.42),(3.44)

and (3.48) ,we obtain the torsion of the curve

Ve (1) -

Corollary 3.1. The Smarandache curves of
spacelike Salkowski curve are spacelike
curves with a timelike principal normal.

Corollary 3.2. y;; —Smarandache curve is
evolute of spacelike Salkowski curve.

16
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Proof: From the equations (2.4) and (3.17),
we get (T,T,5)=(T,N)=0. In that case, we
call that y;; —Smarandache curve is evolute
of spacelike Salkowski curve.
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