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Abstract
In this paper, we introduce concepts of generalized (a, ) — Geraghty contraction type mappings in modular
metric spaces via (a, 8) — admissible pair in modular metric spaces are essentially weaker than the class of
a — Geraghty contraction type mappings. We establish some fixed point and periodic point results for such
contractions. Consequently, the obtained results encompass various generalizations of the Banach contraction
principle.
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Common Fixed Point Results for a Class of (a, B) —Geraghty Contraction Type Mappings in Modular
Metric Spaces

Oz

Bu makalede a — Geraghty daraltan tipi doniigimlerin smifindan daha zayif olan (a, ) —uygun cgifti

araciligtyla genellestirilmis (@, f) — Geraghty daraltan tipi doniisiim kavrami Modiiler metrik uzaylarda
tanitildi. Bu tarz doniisiimler icin bazi sabit nokta ve periyodik nokta sonuglari verildi. Sonug olarak elde

edilen sonuglar Banach daraltan ilkesinin gesitli genellestirmelerini kapsar.

Anahtar Kelimeler: Sabit nokta, modiiler metrik, Geraghty daraltan déntistimler

1. Introduction

It is well known that the Banach’s
contraction principle (Banach 1922), which
is a useful tool in the study of many branches
of mathematics and mathematical sciences, is
one of the earlier and main results in fixed
point theory. Geraghty (1973) proved an
interesting  generalization of Banach’s
contraction principle in the setting of
complete metric spaces by considering an
auxiliary function. Later, Amini-Harandi and
Emami (2010) characterized the result of
Geraghty in the context of a partially ordered

*Corresponding Author: merve.ozkan@atauni.edu.tr

complete metric space, and Caballero et al.
(2012) gave some results. Gordji et al. (2012)
defined the notion of y-Geraghty type
contraction and Cho et al. (2013) gave some
results for alpha-Geraghty contraction type
maps. Also Karapinar and Samet (2014)
proved that the results of Gordji et al. [14]
and all results inspired by the paper of Gordji
et al. (2012) are equivalent to existing results
in the literature.

On the other hand, to deal with the problems
of description of superposition operators,
Chistyakov (2010) introduced the notion of
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modular metric spaces and gave some
fundamental results on this topic, whereas
some authors introduced the analog of the
Banach contraction theorem in modular
metric spaces and described the important
aspects of applications of fixed point of
mappings in modular metric spaces. Some
recent results in this direction can be found in
(Azadifar, 2013; Chaipunya et al., 2012;

2. Material and Methods

Throughout this paper N, R* and R will
denote the set of natural numbers, positive
real numbers, and real numbers, respectively.
For this purpose, we remind the class of F all
functions f:[0,0) — 0,1) which satisfies
the condition: B(t,) — 1 implies ¢,, — 0.

Let ¥ denote the class of functions y: RT —
R* satisfying the following conditions:

« 1 is strictly increasing,

« 1 is continuous,

«y(t)=0ifand only if t = 0.

Now, we give some basic concepts and
definitions about modular metric spaces.

Definition 2.1 (Chistyakov, 2010) Let X be a
nonempty set. A function w:(0,0) X X X
X — 0,00] is said to be a metric modular on
X if satisfying, for all x,y,z€ X the
following conditions hold:

1. wy(x,y)=0forallA>0,x =y,
2. wy(x,y) = wy(x,y) forall A > 0,

3. W Y) < wp(x,y) + w,(x,y) for
all A > 0.

If instead of (i), we have only the condition

1. wy(x,x) =0forall A > 0, then w is said
to be a (metric) pseudomodular on X.

Hussain et al., 2015; Kuaket and Kumam
2011; Kumam, 2004; Padcharoen, 2016).

In this paper, we prove the existence and
uniqueness of a fixed and common fixed
point of generalized (a,f) —Geraghty
contraction type maps via (a, ) —admissible
and generalized (a,f) —admissible pair of
mappings in the context of a complete
modular metric space.

For any x,, the set

X,(xo) ={x€ X:/{imw,l(x,xo) = 0}

is called a modular metric space generated by
X, and induced by w. X, is independent of
generators, we write X, instead of X, (x)
and w;(x,y) = w(4,x,y), forall A > 0.

The main property of a metric modular w on
a set X is the following: given x,y € X, the
function 0 <A wy(x,y) €0,00] is
nonincreasing on (0,0). In fact, if 0 < u <
A, then

wa(x,¥) < Wy (%, X) + wyu(x,y)
= wy (x,y).

Obviously, a metric modular w on a set X is
nonincreasing with respect to 4 > 0.

Chaipunya et al. (2012) changed the notion
of convergent and Cauchy sequences in
modular metric spaces under the direction of
Mongkolkeha et al. (2011).

Definition 2.2 (Chaipunya et al., 2012; Cho
et al., 2013) Let X, be a modular metric
space and {x, } be a sequence in X,,.

1. A point x € X, is called a limit of {x,,}
if, for each 4, ¢ > 0, there exists n, € N such
that w,(x,,x)<e for all n=n, A
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sequence that has a limit is said to be
convergent (or converges to x), which is
written as lim,,_,, X, = X.

2. A sequence {x,} in X, is said to be a
Cauchy sequence if, for each A,& > 0, there
exists ny € N such that w,(x,,x,) < & for
alln,m = n,,.

3. Let X, be a modular metric space. If
every Cauchy sequences in X, converges,
X, is said to be complete.

Definition 2.3 (Chistyakov, 2011) A modular
w on X, is said to satisfy the 4, —condition
if for a sequence {x,} c X, and x in X,
there exists a number A >0, possibly
depending on {x,} and x, such that
lim,, 0wy (X5, x) = 0, then

lim,,ewa(x,,x) = 0. This implies that
2

lim,, 0wy (x,,x) = 0forall A > 0.

Henceforwards, in this paper we assume that
w is a modular on X, and satisfy in the
A, —conditionon X,,.

3. Results

Samet et al. (2012) gave the definition of
a —admissible and later Aydi (2015)
gereneralized this definition. Also, Chandok
(2015) introduced (a, B) —Geraghty type—I
rational contractive mapping and
(a, ) —admissible mapping. Regarding this,
Chandok (2015) gave some results in
complete metric spaces. Now we give the
definition of (a, ) —admissible pair in
modular metric spaces.

Definition 3.1 Let X, be a modular metric
space and T:X, - X, be a map and
a: X, x X, - R* be a function. Then

1. T is said to be «a —admissible if
a(x,y) =1 implies a(Tx,Ty) =1 for all
x,y € X.

2. A self mapping T on X, is said to be
triangular a —admissible if:

(@) T is @« —admissible,

(b) a(x,z) =1 and a(z,y) =1 imply
alx,y) = 1.

3. LetT:X, = X, beamapand a:X, X
X, — R* be a function. Then T is said to be
a —orbital admissible if a(x,Tx) >1
implies a(Tx, T?x) > 1.

Definition 3.2 Let X, be a modular metric
space and T,S:X, — X, be maps and
a,B:X, x X, - R* be two functions. Then

1. (T,S) is said to be (a, ) —admissible if
a(x,y) =1 and Blx,y) =1 implies
a(Tx,Sy) =1, a(Sx,Ty) > 1 and
B(Tx,Sy) =1, B(Sx,Ty) =1 forall x,y €
X.

2. T is said to be (a,B) —admissible if
a(x,y)=1and Blxy) =1 implies
a(Tx,Ty) =1 and B(Tx,Ty) =1 for all
x,y € X.

3. X, is (a,p)—regular if {x,} is a
sequence in X, such that x, - x €X,,
a(xy, xpe1) =1, B(xpy,x41) = 1, for all n,
there exists a subsequence {x,, } of {x,} such
that a(xnk,xnk+1) >1, ﬁ(xnk,xnk+1) >1
forall k e N and a(x,Tx) > 1, a(x,Sx) =
1,and B(x,Tx) = 1, B(x,Sx) = 1.

4. Self mappings T and S on X, are said
to be triangular (a, ) —admissible if:

(@) (T,S) is (a, f) —admissible,

(b) a(x,z) =1 and a(z,y) =1 imply
a(x,y) =1 and B(x,z) =1 and B(z,v) =
1imply B(x,y) = 1forallx,y,z € X,,.
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Definition 3.3 Let T:X, — X, be a map
and a: X, X X, » R* be a function. Then T
is said to be triangular a —orbital
admissible if T is a —orbital admissible and

alx,y) =1 and a(y,Ty)=1 imply
alx, Ty) = 1.
Obviously, every (a, ) —admissible

mapping is an a —admissible mapping. For
examples, see (Samet et al., 2012 and Aydi,
2015) and for farther detail see (Arshad et al.,
2016) and cited therein.

Lemma 3.4 Let T: X, - X, be a triangular
a —admissible mapping. Assume that there
exists x; € X such that a(xq, Tx,) = 1.
Define a sequence {x,} by x,.; =Tx,.
Then, we have a(x,,x,,) =1 for all m,n €
N withn < m.

Proof Since T is triangular a —admissible
and  a(xy,Txy) =1, we deduce that
a(xy,x,) = a(Txy,Sx,) = 1. By continuing
this process, we get a(x,,x,+,) = 1 for all
n = 0. Assume that a(x,, x,,) = 1. We shall
prove that a(x,,X,+1) = 1, where m > n.
Since T is triangular a —admissible and
(X, Xma1) = 1, we get that a(x,, Xpme1) =
1. Therefore, we obtained that a(x,,x,,) =
1 for all m,n € N withn < m.

Samet et al. (2012) gave generalized
a —Geraghty contraction type map. Later
Arshad et al. (2016) give some
generalizations in metric spaces.

Now, we give the definition of generalized
(a, B) —Geraghty contraction type mappings
in modular metric spaces.

Definition 3.5 Let X, be a complete modular
metric  space, a,B:X, XX, > R* be
functions, and two maps T,S:X, — X, IS
called a pair of generalized
(a, B) —Geraghty contraction type mappings

if there exists y € F such that for all x,y €
X

a(x, y)B(x, y)P(w1(Tx,Sy))

<y M7 sC, )P (Mrs(x, ),

where

Mz g (x,y)
= max{w; (x,y), w; (x, Tx), w; (¥, Sy),
Wy (x.Sy)Jerz(y.Tx)}_ (3.1)

Theorem 3.6 Let X,, be a complete modular
metric  space, «,B:X,, XX, - Rt be
functions, and let T, S be self-mappings on
X, satisfying the following conditions:

1. (T,S) is a pair of generalized
(a, B) —geraghty contraction type mappings,

2. (T,S) is triangular (a, ) —admissible
pair,

3. There exists x,€ X, such that

a(xq, Txy) = 1 and B(xy, Txo) =1,
4. T and S are continuous.

Then (T, S) has a common fixed point.

Proof From the hypothesis (3) of Theorem
3.6, there exists a point x, € X,, such
that a(xy, Txy) = 1. Let x; = Tx, and x, =
Sx,. Define a sequence {x,} by x,,,, =
Sxyp+1 aNd X541 = Tx,, forall n > 0. First
of all, we show that a(x,,x,+;) =1 and

a(xpe1, %) =1 for all n = 0.
Since a(xg, Txy) = 1, we have a(xy, x1) =
1. Since (T,S) is a generalized

(a, B) —admissible pair of mappings, we
have

a(xqy,x,) = a(Txgy, Sxq) =1,
and
a(xs,x,) = a(Tx,, Sxqy) = 1.

By induction, we get
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a(xn;xn+1) = 1; (32)

for all n > 0. Similarly,

B(Xn, Xn41) = 1, (3.3)

for all n > 0. Since y € 0,1) and from (3.2)
and (3.3), we have

¢(w1 (x2n+1fx2n+2))
< a(xn, X2n4+1) B Xan, Xon+1)
Y(w1(Tx2n, Sx2041))

Sy WMy (X205 x2n+1)))l/)(MT,s (X2ns X2n+1))

(3.4)

where

Mz s (20, X2n41) = max{w; (Xzn, X2n41),
w1 (X200, TX2n), W1 (X2n41, SXon41)
Wy (X2, SXon1) + Wa (Xons1, TX2p)
2
= max{w; (X2p, X2n41), W1 (X2n41, X242,
W2 (X2n) X2n42)
> }
< max{w; (Xzn, X2n+1), W1 (X2n41, X242,
w1 (X2p, Xan+1) + 01 (X2ns1, Xone2)

}

2
= max{w; (X5, Xon+1), W1 Kant+1, Xan+2)}:
(3.5)
If MT,S(xZn»xZnﬂ) = w1 (X2n41, X2n+2),
then we have

Y (w1 (X2n41, X2n+2))

< YW@ Mrs(Xon X2ne )W (M7, (X200, X2041))

r = 0. To the contrary, assume that r > 0.

Then, we have

lp(wl (Xn+1, xn+2))
Y (MT,S (Xn, xn+1))
< V(¢(MT(xn:xn+1))

< 1. (3.6)
On taking the Ilimit in (3.6), we get

limy, ooy (W(M7 (xp, Xn41))) = 1. Since y €
F, we get

lim (4 (M (e, X41)) = 0, (3.7)
which implies that
r = lim w,(xp, Xpeq) = 0.
n—>oo

This is a contradiction. Next, we shall show
that {x, } is a Cauchy sequence. Assume that,
{x,} is not a Cauchy sequence. Then there
exists € > 0 such that, for all k > 1, there

exists m(k) >n(k) >k with
wz(xn(k),xm(k)) > e Since
®1 (Xngiy Xm@iey) = W2 (Xngry Xmay),  then

we have w; (X, Xm) = €. Let m(k) be
the smallest number satisfying the conditions
above. Hence, we have w; (X k) Xmeey-1) <
€. Using the property (3) of modular metric,
we have

<
< V(l/)(MT,S(XZn'x2n+1)))lp(w1(x2n+1ix2n+2))g - wz(xn(k)'xm(k))

< PY(w1 (X2n41) X2n42))-

Since V) is strictly increasing,

01 (Xon41, X2nt2) < 01 (Xont1, Xons2),
which is a contradiction, and this implies that
Mz s(Xon, X2n11) = 01 (2n, X2p41)-
Therefore, we get w; (X1, Xn42) <
w,(xy, Xneq).  Further, the  sequence
w4 (X, Xn41) IS positive and nonincreasing.
Hence, there exists r >0 such that
lim,,_, o w; (X, x,41) = 7. Let us show that

< wl(xn(k):xm(k)—l) + wq (xm(k)—lixm(k))

<&+ a)l(xm(k)_l,xm(k)). (38)

On taking the limit in (3.8) as k — oo, we
have

Jim w, (Xngiey Xma) =& (3.9)

Since
|a)1(xn(k), xm(k)—l) — W2 (xn(k)' xm(k))|

< wy (xm(k)' xm(k)—l)r
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we have
Jim w, (%ngiey Xmeiy-1) = €. (3.10)

Similarly, we obtain
lli_)rgwl(xm(k)' Xn(i)-1)
= 111_{10100)1 (xn(k)—l'xm(k)—l)

(3.11)
obtain

=&.
From Lemma 3.4,

(w1 (Xngoy 41 Xmy+2)) =
(@1 (TXn k) SXmcry+1))
< a(Xngiy, Xma 1) B (Xny Xm@i 1)
Y (wl(Txn(k)' Sxm(k)+1))
<y@ (M 1.5 (Xngo)» xm(k)+1))
V(M s (Xntey Xm@y+1))»

we

where

Mz s(Xnty Xm@ey+1)
= max{w; (Xneiy Xmiey+1)» @1 (Xngiey Txngi))»

W1 (Xm@y+1, SXmiy+1)>

2 (Xn(k)ySXm(k)+1) w2 (xm(k)+1'Txn(k))}
2

= max{w, (xn(k): xm(k)+1): wq (xn(k)l xn(k)+1):

wq (xm(k)+1: xm(k)+2):

w2 (xn(k)rxm(k)+2)+w2 (xm(k)+1:xn(k)+1)}
> .

From (3.9), (3.10) and (3.11), we make an
inference that

Ili_{(r}oMT(xn(k)—l'xm(k)—l) =& (312)

Hence, we have

(w1 (Xngky+1r Xm+2))

Y(Mrs(Xni) Xmey+1))
<y@ (MT,S(xn(k)' xm(k)+1))
<1 (3.13)

On taking the limit in (3.13) as k — oo, we
have

Ili_{?o)’(l.b (MT,S(xn(k)rxm(k)+1)) =1,(3.14)
which implies that

Ili_)noloMT,S(xn(k)rxm(k)+1) = 0. (3.15)

From (3.12) and (3.15), we have ¢ = 0. This
is a contradiction. Thus, we obtain that {x,}
is a Cauchy sequence. In a similar way,
obviously for other cases {x,} is a Cauchy
sequence. Since X, is a complete modular
metric space, it follows that there exists x, €
X, such that lim,,_,,, w; (x, x,) = 0. Finally,
we shall show that x, is a common fixed
point of T and S. Since lim,,_,,w; (X, x,) =

0, then we have lim,,w;(xy,,x) =

lim, o w1 (X2p41,%,) = 0. By the

continuty of T and S, we get

rlli_r){}ow1 (X241, TX) = rlli—{Io]owl (Tx2n, Tx,)
=0

and

rlli_l;gowl(xZn+2'5xL) = Tlli_)n.}ow1(5x2n+1’5xl)
=0

Hence, x, = Tx, = Sx,, it follows that (T, S)

has common fixed point.

Theorem 3.7 Let X,, be a complete modular
metric space, a,pf:X,, XX, - R* be two
functions, and let T, S be self-mappings on
X, satisfying the following conditions:

1. (T,S) is a pair of generalized
(a, B) —Geraghty contraction type
mappings,

2. (T,S) is triangular (a, ) —admissible
pair,

3. There exists x,€ X, such that

a(xy, Txg) = 1 and B(xq, Txg) = 1,

4. If {x,} is a sequence in X,, such that
a(x,, Xne1) = 1 and B(x,, x,41) = 1 for all
n and x,, - x, € X, as n — oo, then there
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exists a subsequence {x, } of {x,} such that
a(xy,,x,) = 1 and B(xp,, x,) = 1 for all k.

Then (T, S) have a common fixed point.

Proof Similar to the proof of Theorem 3.6,
we define a sequence x,p42 = SXyp4q and
Xon+1 = T'x,y, for all n > 0. This sequence
converges to x, € X,,. By the hypothesis (4)
of Theorem 3.7, there exists a subsequence
{2} of {x,} such that a(x,,,x,) =1 and
B(xy,,x,) = 1 for all k. From the hypothesis
(4) of Theorem 3.7, we have

Y (w, (xan+1f Txt)) = P(w, (Sxan, TXL))
< (Z(Xan, xt).B(xan' xt)zl)(wl(Sxan, Txl))
<y (MT,S (xan' xt)) Y(Mr s (xan, xl))l

where

Mz s (xan» xt) = max{w, (xan: xl)l

(1.)1 (xan' Txan): (1)1 (xu Sx[)l

which is a contradiction. Thus we obtain that
w;(x,Sx,)=0. Similarly, we have
w;(x,Tx,) = 0. Thus, x, = Sx, = Tx,. That
is, (T,S) have common fixed point. Finally,
we shall show that, (T,S) have a unique
common fixed point. To the contrary, assume
that x, and y, are two common fixed point of
(T,S) and x, # y,. Using the similar process
of (3.4) and (3.5), we get

lnl)((“)l(xu yl))
<y@ (MT,S(nyL)) Y(Mrs(x, ),

where

MT,S(xu yL)
= max{wl (xu yL)’ wq (xu Txl)’ w1 (yu Syl)'
w,(x, Sy,) + w,(y, Txl)}
5 .

Thus,

(w1 (x,¥))

a)z(xznk,SxL)+wz(xL,sznk)}. (316) < )/(l/) (MT,S(xuyL)) 7,[)((1)1 (xt,yl)).

2
Taking the limit in (3.16) as k — oo, we get
MT,S(xan'xt) = w1 (x,, Sx,).

Since w4 (x,, Sx,) > 0 for enough large k, we
have

MTIS(xan,xl) > 0.
Since y € (0,1), we get
Y (M5 (Xzm, %)) < (M5 (xzn,,x.)).
So we get
W, (xan,le) < MT,S(xan,xl). (3.17)

Letting k — oo in (3.17), we obtain

wq (xu le) < w1 (xu le);

w, (x,y,) = 0 if not, this is a contradiction.
Therefore (T,S) have a unique common
fixed point.

If S =T in Theorem 3.6, then we have
MT (x, Y) = max{wl (X', }’), c")1 (x, TX'),

W7 (x,Ty)‘I'wz (lex)}
2 .

w,(y, Ty),

We have the following corollary.

Corollary 3.8 Let X,, be a complete modular
metric  space, a,f:X,, XX, - Rt be
functions, and let T be a self-mapping on X,
satisfying the following conditions:

1. T is a generalized (a,f) —Geraghty
contraction type mapping,

2. T
mapping,

is triangular (a, ) —admissible
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3. There exists x, € X, such that

a(xg, Txg) = 1 and B(xq, Txg) = 1,

4. If {x,} Is a sequence in X,, such that
a(x,, Xpe1) = 1 and B(x,, x,41) = 1 for all
n and x, = x, € X,, as n — oo, then there
exists a subsequence {x, } of {x,} such that

a(xnk,xl) > 1and ﬁ(xnk,xt) > 1forall k.

Then T has a fixed point x, € X,, and
{T™x,} converges to x,.

Corollary 3.8 generalize results of [12] and
[2]. T is continuous instead of the hypothesis
(4) of Corollary 3.8, then, T has a fixed point.

If T =S and

a(x, y)wi (Tx, Ty) <y (M7 (x,y))M7(x,y),
where

My (x,y) = max{w; (x,y), w;(x, Tx),

w2 (x,Ty)+w; (y,Tx)}
2

w,(y, Ty),

)

Then we get the following corollary.

Corollary 3.9 Let X,, be a complete modular
metric space, a:X, XX, > R* be a
function, and T be a self-mapping on X,
satisfying the following conditions:

1. T is a generalized a —Geraghty
contraction type mapping,

2. T is a triangular a — admissible
mapping,

3. there exists
a(xy, Txy) =1,

Xo € X,, such that

4. if {x,} is a sequence in X, such that
a(x,, Xpeq) = 1 for all n and x, - x, € X,,
as n — oo, then there exists a subsequence
{2} Of {x,,} such that a(x,,, x,) > 1 for all
k. Then T has a fixed point x, € X,, and
{T™x,} converges to x,

IfS=T,M(x,y) =
max{w, (x,y), w,(x,Tx),w,(y,Ty)}

and f(x,y) = 1 forall x,y € X,, in Theorem
3.6, then we get the following corollary.

Corollary 3.10 Let X, be a complete
modular metric space, a:X,, X X,, » R* be
a function, and T be a self-mapping on X,,
satisfying the following conditions:

1. T is a a —Geraghty contraction type
mapping,

2. T is a triangular o« —admissible
mapping,
3. There exists x,€ X, such that

a(xy, Txy) =1,

4. If {x,} is a sequence in X,, such that
a(x,, Xpeq) = 1 for all n and x, - x, € X,,
as n — oo, then there exists a subsequence
{%n,.} Of {x,} such that a(x,,,x,) > 1 for all
k.

Then T has a fixed point x, € X,, and {T™x,}
converges to x,.

The corollary is similar when T is assumed to
be continuous in Corollary 3.9 and Corollary
3.10, and so T has a fixed point.

Example 3.11 Let X, = [0,00), w,(x,y) =
lx —yl, wi(x,y)= %Ix —y|. Define the

mappings «, 8: X,, X X,, = R*, and consider
the mappings T, S: X, — X, v € F, such that
y(0) =0, y(t) =£ for all t>0 and let

Y(t) = % Forall x,y € X,

X
. {g' xe[01]
0, otherwise
X
o = {E’ x € [0,1]
2x —1, otherwise
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and

~ _{1 (y)e[01]
a(x,y) =px,y) = {0, otherwise

Now, we show that (T,S) is an
(a, ) —admissible mapping. X, = [0,1] isa
complete modular metric space. Let x,y €
X, alx,y)=1 and B(x,y) =1, x,y€
0,1]. For all x € 0,1], we have Tx < 1 and
Sx < 1. Then a(Tx,Sy) =1, a(Sx,Ty) = 1
and B(Tx,Sy) =1, B(Sx,Ty) = 1. For x, =
0, we have a(xq, Txy) =1 and B(xq, Txg) =
1. Therefore, the assertions hold. T and S are
not continuous mappings. Let {x,} is a
sequence in X, such that a(x,, x,.1) =1
and B(x,,x,4+1) =1 forall nand x,, - x, €
X, as then there exists a
subsequence  {x, } of {x,} such that
a(xnk,xl) >1and ,B(xnk,xl) > 1 for all k.
Later, we show that (T,S) is a pair of
generalized (a, ) —Geraghty contraction
type mapping. For all x,y € 0,1],

n — oo,

M7 s(x,y) = max{w;(x,y), w,(x, Tx),
w,(x,Sy) + w,(y, Tx)

w1 (y,Sy), >
lx-yl, 0<y<%
= )ax x
?, E < y <1

and

a(x, )8 (¢, y)P(w, (Tx, Sy))
_ (E__)_EE_X
B 5 2072 2

Therefore, (T, S) holds (3.1), and so, (T, S) is
a pair of generalized (a,fB)—Geraghty
contraction type mapping. Obviously, a
common fixed point of (T,S) is x, = 0.

Periodic Point Results

In this section we prove some periodic point
results for self-mappings on a complete

modular metric space. It is an obvious fact
that, if x is a fixed point of T (i.e. Fix(T):=
{x € X:Tx = x}), then x is also a fixed point
of T™ for every n € N. Now, we give the
following definition.

Definition 4.1 (Jeong and Rhoades, 2005) A
mapping T: X — X is said to have property
(P) if Fix(T™) = Fix(T) for every n € N.

For further details on these property, we refer
to (Jeong and Rhoades, 2005). Now, we use
the property (P) in modular metric spaces.

Theorem 4.2 Let X,, be a complete modular
metric space, and T be self-mappings on X,,
satisfying the following conditions:

1. there exists 7 > 0 and a function ¢ € F
and a,B:X, x X, - R* be two functions
such that

a(x, Tx)B(x, Tx)(w, (Tx, T?x))
<vy (lp(MT (x, Tx))) Y(My(x,Tx)),

where

} M, (x, Tx) = max{w,(x, Tx),w,(x, Tx),

w2 (%,T%x)+w, (Tx,Tx)

wy(Tx,T?x), . 1,

holds for all x € X, with, w,(Tx,T?x) > 0,

2. There exists such that

a(xy, Txy) =1,

Xo € Xy

3. T is atriangular a« —admissible mapping,

4. If {x,} is a sequence in X, such that
a(x,, X)) =1 for all neN and
w,(xy,x) = 0, as n — oo, then
w,(Tx,,,Tx) » 0asn — oo,

5 If t € Fix(T™) and t ¢ Fix(T), then
a(T™1t, T"t) > 1.

Then T has property (P).
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Proof Let x, € X,, such that a(x,, Txy) =
1. Define a sequence {x,} by x,, = T"x,, =
Tx,_,. By the hypothesis (2) of the Theorem
4.2 and using (3.2), we obtain

a(xy, xpe1) =1,

for all n € N. If there exists n, € N such that
Xny = Xng+1 = TXn, then x, s a fixed
point of T and the proof is finished.
Therefore, we suppose x, # X,41 OF
wy(Txy_1,T?x,_1) >0 for all n€N. In
view of (3.2) and (3.3), we have

1/)((1)1 (xn»xn+1)) <
Y@My (1, T 1)) Y (Mr (Xp—1, TXp—1))

By using a similar reasoning as in the proof
of Theorem 3.6, we get that the sequence
{x,} is a w —Cauchy sequence. Hence, the
w —completeness of X, ensures that there
exists x, € X, such that x,, » x, as n — oo.
The hypothesis (4) of Theorem 4.2, we get
w1 (xp41,Tx) = 0w, (Tx,,Tx) >0 as n -
oo, that is x, = Tx,. Hence, T has a fixed
point and Fix(T™) = Fix(T) is true for n =
1. Let n> 1 and assume that t € Fix(T™)
and t & Fix(T) such that w;(t,Tt) > 0.
From the hypothesis (1) of Theorem 4.2, we
get

Y(w,(t, Tt))

= Y(w, (T(T™ 1), T2(T" 1))

< a(T™ 1, T(T" 1)) B(T™ 1t, T(T™ 't))
Y(w(T(T™11), T?(T"11)))

<y (w (Mr(rm1t, T(T"-lt)))>
Y(Mp (T 1t, T(T™ 1)),

where

M (T™ 1, T(T™ 1))
= max{w, (T”‘lt, T(T"‘lt)),
w, (T 1t, T(T™ 1t)),

wq (T(T”_lt), TZ(T”_lt)),
wz(T"—lt,TZ(T"—lt))+w2(T(T"—lt),T(T"—lt))}
> .

= max{w; (T"_lt, T(T"_lt)),

w, (T(T™ 1), T2(T™ 1))}

Fory € F, and if

max{a)l(T"‘lt, T(T"‘lt)),
w, (T(T™ 1), T*(T" 1))} = w,(t, Tt),

then, we obtain

V(w, (£, Tt))
< y@(Mp (T2, T(T™16) ) (w4 (¢, T)),

which is a contradiction. Thus, we deduce
that w, (¢, Tt) = 0. If

max{wl(T"‘lt, T(T"'lt)),
w1 (T(T™1), T(T™ 1))}
= w,(T™" 1, T(T" t)),
then, we write

l/’(w1 (t,Tt))
<y (lp (Mr (11, T(T"‘lt))))

Y(w, (T 1, T(T™ 1))
< Y(w, (T 1, T(T™ 11))).

Since ¥ is strictly increasing, we have
w, (T(T™1t), T2(T™1t))

< w, (T2, T(T™11)).
Thus, w,(T(T™ 1t),T?>(T" 1t)) is positive
and nonincreasing. So, there exists r >
0 such that lim,_,w,(T™ ¢, T(T" 1t)) =
r. Let us show that » = 0. To the contrary,
assume that » > 0. Using the similar process
of (3.6) and (3.7, we have that
lim,, oy (M7 (Tt T(T™ 1)) = 1.
Since y € F, we obtain

lim (M7 (Tt T(T"71))) = 0.
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In the sequel, we obtain r=
lim,_,,w, (T™1t, T(T" 1t)) = 0, and so,

lim w, (T(T™"1t), T2(T™1t)) = 0,
n—oo

which is a contradiction. Thus, we make an
inference that w, (t, Tt) = 0. Therefore,

Fix(T™) = Fix(T) for all n€ N and T has
property (P).
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