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Abstract

This paper deals with a higher-order viscoelastic wave equation with logarithmic source term. We prove, for

suitable conditions, the exponential growth of solutions.

Keywords: Higher-order equation, Growth, Logarithmic nonlinearity.

Logaritmik Kaynak Terimli Yiiksek Mertebeden Viskoelastik Dalga Denkleminin Coziimlerinin Ustel
Biiyiimesi

Ozet

Bu calisma logaritmik kaynak terimli yiiksek mertebeden viskoelastik dalga denklemi ile ilgilidir. Uygun

kosullar altinda ¢oziimlerin iistel biiylimesini ispatladik.

Anahtar Kelimeler: Yiiksek mertebeden denklem, Biiyiime, Logaritmik terim.

1. Introduction

In this paper, we deal with the exponential
growth of solutions of the following higher-
order viscoelastic wave equation with
logarithmic term.

U + A%upy + (A" u+u
- fotg(t —5) (=A)™uds = kuln|u|, x € 2 x(0,T),
u(x,0) = uy(x), u(x,0) =u,(x), x€N,
k u(x, t) = ;—;u(x, t)=0, i=12,.m—-1,x€dn x(0,7T),
@

where 2 c R?® is a bounded domain with
smooth boundary 0£2, v is the unit outer

*Corresponding Author:nazliirkil@gmail.com

normal, k is nonnegative constants to be
chosen later and P = (-a)™,(m € N). The
kernel g has some conditions to be specified
later.

The logarithmic nonlinear source term is
related with many branches of physics. Cause
of this is interest in it occures naturally in
inflation cosmology and supersymmetric field
theories, quantum mechanics, nuclear physics
(Bialynicki-Birula et al.,1975; Buljan et al.,
2003;Martino et al., 2003; Gorka, 2009). A lot
of authors studied hyperbolic type equation
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with logarithmic term. (see; Bartkowski et al.,
2008; Han, 2013; Messaoudi et al., 2017a and
2017b, Piskin et al. 2019a and 2019b).

In 1970, the working of Dafermos with
viscoelastic term provide a basis to the
different papers (Dafermos, 1970). The
importance of the viscoelastic properties of
materials has been realized because of the
rapid developments in rubber and plastic
industry. Additionally, viscoelasticity
influence part on working of biological
phenomena. The other important property of
viscoelastic material that return back to its
original size after a impact force cut off
(Cavalcanti, 2002).

When m =2, problem (1) becomes the
following

|ut|putt + Azutt + Azu +u
- fotg(t —5) A%uds = kuln|u]| (2)

Al-Gharabli et al. investigated the local
existence, global existence and stability for
problem (2) (Al-Gharabli et al,). Later, they
proved the existence and decay results of
problem (2) for p = 0 and absence A?u,term
(Al-Gharabli et al., 2019).

Peyravi consider
Uy — Au+u— fotg(t —s) Auds
+h(u)u, + [ul?u = ulnlul® 3)

in 2 cR® with h(s) =ko+ kq|s|™?
(Peyravi 2018). He studied decay estimate and
exponential growth of solutions for problem

@3).

Motivated by the above studies, we asked
that what results will be obtained if one
revises the Laplace operator by other high
order viscoelastic term. Additionally, to the

best of our knowledge, the growth of solution
for the higher-order viscoelastic wave
equation with logarithmic source term have
not been well studied. Then, we established
the exponential growth of the solution for
problem (3).

The rest of our work is organized as
follows. In section 2, we gave some notations
and lemmas which will be used throughout
this paper. In section 3, we get suitable
conditions for growth of the solutions the
problem.

2. Preliminaries

In this part, we present some notations and
lemmas which will be used throughout this
paper. We denote |||l = |[|.]| and ||.]|, the
usual L?(2) norm and LP(2) norm,
respectively. We take by C and C; (i =
1,2,...) various positive constants.

Now, we give some important lemmas:

Lemma 1. (Gross,1975) (Logarithmic
Sobolev Inequality). Let u be any functionu €
H}(2),2 c R? be a bounded smooth domain
and a > 0 be any number. Then,

[, Il wzdx < (2in%2) full?

B
a 2 2
+ 7 IVull® + I flull ]

Corollary 2. Let u be any function u €
HJ*(2),2 c R? be a bounded smooth domain
and a > 0 be any number and where c,is the
smallest positive number satisfying

* vue HI(Q).

1
I7ull® < ¢p |[P2u

Then, we obtain
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fﬂ Inju| u2dx < Gln%a) Mk
cpa  pl oo 2
+ = IPzull® + In lull]fu]] (4)
Now, we present following assumptions:

(A1) g:R* > R* is a C* nonincreasing
function satisfying

9() =0, g(s)ds <o, 1— [ g(s)ds =1,>0, (5)

Lemma 3. The energy functional E(t) is
decreasing with respect to t. Where

1 1
E() = 2 lhuel12 + 2 1A |12

1 2
Pzu

1 1 k+2 1
+-goPru+—= [l —;fﬂ In|ul*u?dx. (6)

+%( 1-— fotg(s)ds) |

Proof. We multiply both sides of (1) by u, and
then integrating over 2, we have

1 1

fQ uttutdx+fQ AttAutdx+fQ PzuPzu,dx
-y fotg(t =) (=0)™uds + [, uu.dx
= fﬂ Inlul*uu,dx ,
4a(1 2y 4 (1 2
£ )+ & )

1 2
P5u| ]

+2 (2o pru)+ 2 (X2 u)2)

de at\ 4

+2 l(1— fotg(s)ds) |

dat |2

— % G fﬂ lnlul"uzdx)

1
Pzu

i ©

i, 2
2o erhu-gt0]

1
Pzu

|2] <0 ®)

E'(t) = % [g’ o Pau — g(®) |

Next, we define the following functional on
Hg' (1),

12 1
P2u| + go P2u

10)=(1- [} g(s)ds) |
T llull? - f, inlulu?dx,

J@© =l +31(0)

E(t) = 2 lluell? + 5 ldwe 12 + ) (£) )

where

t

1
gerbu= ot
0

2

1 1
P2u(t) — P2u(s)|| dt.

3. Exponential Growth

In this part, we will prove exponential growth
of solutions to problem (1). Now, we
introduce the following

C=1->In (4:))’ =, = S0 (10
Firstly we suppose that

3k+4

(A2)o<a< min{%,ieT}and k= 1.
Theorem 4. Suppose that (Al), (A2) hold.
Assume further [u(x,0)|l,>y* and 0 < E(0) <
E;. Then the solution (1) grow up as an
exponential function when t - .

Now, we give following two lemmas
needed our proof for the theorem.

Lemma 5. Suppose that 1(t) <0 for all ¢t > o.
Then |ju(x,t)|]; > y* for all t > 0.

Proof. By using of (9) and Logarithmic
Sobolev inequality, we obtain
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1 2
Pzu |

J@ 2 1) 2 (1= [; g(s)ds) |

+ |lull? - fQ In|ul*u?dx

> (1o = =) [|Pou

_ (1 ~ L klnIIuII) lullz. @y

1 2
Pzu

Using the condition in (A2) and definition of
Co in (10), we get

I1(t) > (Co — kln llul) [Jull (12)

By the negativity of I(t) and using again (A2)
we have

Co 2Co—k
lu(x,t)||> >ex >e k =y*,Vt=0.

Lemma 6. Suppose that |u(x,0)], >y* and
0 <E(0)<E.ThenI(t) <oforallt>o.

Proof. We will use contradiction method in
our proof. Firstly our aim to see that 1(0) < 0.
If not suppose that 1(0) > 0. Then

E(0) =2 J(0) = % |lull® +31(0) =2 ()2 = Ey,
(13)

which is impossible. Now suppose that t, =
inf{r > 0:1(7) = 0}. Hence t, > 0. So, I(t) <0
over (0, to) and by continuity I(t,) = 0. Then,
by Lemma 5 we have hence we have
llu(x, t)||. > y* forall 0 < t < t, and from the
continuity of  t - |Ju(x,t)||3we  have
llu(x, t)I> = y*. Using of (9) we have

E(to) = 5 lhue (x, to)lI? + 3 lAw (x, £0) 12+ (to)
k
> = Jlux, o)1 +51(to)
k *
= " (V )2 =E,

(14)

this is a contradiction.

Remark 7. By Lemma 5 and Lemma 6 we
infered that if |Ju(x,0)||, > y* and 0 < E(0) <
E; then ||u(x, t)||? > y* for all t > 0.

Now, we can state proof of the Theorem 4.
Proof. Let us to define
L(t) = E, + eH(t), (15)
and

H(t) = 2 [, w(Ou@®dx+2 [, A*u,(0)du(t)dx, (16)

where € > 0 is a sufficiently small number to
be determined later.

By differentiating with respect to t, we obtain
H'(t) =2 fﬂ (upu + u)dx + 2 fﬂ (A%u,u+A*u,u,)dx,
=2 fﬂ (—Azun — Pu — fotg(t — s)Puds —u + kulnlul)udx

+2 [, Augu +20ugl|® + 2[|Au||*

2

1
= 2w ll? + 2[1Au,|? = 2(lull? - 2 || P2u

-2, Pru fotg(t - s)piuds +2k [, u?lnjuldx. (17)

By the using of Young's inequality for all ¢ > 0,

1 2
PZu(t)

1 1
fQ P2y f(:g(t - s)PEuds < g

1 1 2
Pau(t) — Pru(s)| dsdx,

+([Fgds) [, [Latt-s)

<$ p%umHZ +5(f9@ads) gePru@.  (18)

Insert (18) into (17), we have
H'(t) 2 2|lucll* = 2[1Paull® = 2[ull® + 2| du, |I?

s ||Pruo)|| (¢ 9(s)ds) g Pru®

+2k fﬂ u?in|u|dx.
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= 2wl + 2|1 Aw |I* = (2 + ) [|Paul* = 2[|ull?
1/t L 2
_E(fo g(s)ds) g o Pau(t) + 2k [, vwinfuldx.  (19)

Adding and subtracting nI(t) into (19), we
have

H'(t) = 2(lull* + 2[law,|” + (77 SHINIOLD ) g o Pau(t)
+n = 2lull* + k(2 —n) [, u?inluldx.

+In(1— [ g(s)ds) — (2 + ONPzull = ni(2), (20)

where n > 2. For estimating the fifth term
(20), we use Corollary 2, we obtain

[, Wluluzdx < (2in22) flull?
2P + llullful? (2D)
By the combining (20) and (21) we have
H'() = 2llue|I? + 21l du 12
+(n=2(J g(s)ds) ) g o Pru(t) — ni (1)
(@ =) [ (2020 ol + 2 P2l + I Yl
+n = 2lull? + [1(1 - [ gs)ds) - 2+ O] [IPaull?
> 2l I + 208w 12 + (n + 2~ 2)g o Pru(e)
+@ - |[(ZEm* + kinllull) - 1] a3
[lo = (2 + 8) + k(2 = ) 2] |P2ull? — ni (t).

(22)

Using the condition in (A2) and definition of
C, in (10), we can select n large so that

lo—1 8-8k+48
n > max{2,~—,———
§ 4log—kcpa

}

Consequently because of Lemma 6, for some
¢; > 0.(i=0,1,2..), we can write (22)

H'(t) = 2[|ucll® + 2| Aug || + collul|?
1 1
+c1(g © P2u)(t) + cz||P2ul|?. (23)
Thus, we have

L'(t) = eH'(t) > 0.

Hence, L is an increasing function on (0, o)
and taking e small enough such that L(0) > 0
sothat L(t) > 0 forall t = 0.

On the other hand, by using the Holder,
Young inequalities and Poincare inequalities
in (15) and then by Remark 7 and (23) we
obtain

L(t) <2 (v)? + 2ellull?

Felluc|? + 2¢l|dull® + ell A, ||
< lull? + 2ellull® + ellu |12
+2¢||du||? + e||Au,||?
< (5+2¢) ull? + ellu, 11

1
+2¢||Pzul|* + £||Au,||?

< I(e, k)L' (). (24)
Integrate (24), yields

t

L(t) > e9GRL(0).

This completes the our proof.
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