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ABSTRACT 
 

In this study mode matching technique is used to obtain scattering parameter representations of 
waveguides loaded inhomogeneously with lossless dielectrics in the cross-sectional direction. The 
accuracy of our numerical solutions are assessed by comparing our results both with measured 
data and also, whenever available, with the results reported in the literature. Numerical results are 
presented to display the dependence of the scattering parameters on the electrical properties and 
geometrical dimensions of such structures. 
 
Keywords: Propagation, scattering parameters, inhomogeneous waveguides 
 
 
 
I. INTRODUCTION 
 
Propagation in waveguides which are 
inhomogeneously loaded in transverse direction 
has been of interest for many years, since they 
find   application in a variety of microwave 
components, including phase changers, matching 
transformers and quarter wave plates [1]. The 
propagation characteristics in inhomogeneously 
loaded rectangular waveguides (ILRW) are 
investigated for lossless dielectric loads for 

match-terminated symmetric and asymmetrical  
structures in  [2-5].  ILRW are also used for 
determining relative complex permeability and 
permittivity of a rectangular post material [6-9].  
Analysis of rectangular and circular dielectric 
posts  are presented in [10,11] and [12,13], 
respectively. Scattering parameters are obtained 
for only lossless and symmetric rectangular posts 
in [10,11]. Frequency behaviour of ILRW are 
presented for symmetric and lossless structures 
in [10, 13], and for asymmetrical structures in 
[14]. However, the dependence of scattering 
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parameters on several parameters has not yet 
been throughly discussed in the literature. 
 
In this study we address this problem using the 
mode matching technique and show that this 
approach yields a computationally efficient 
representation capable of producing accurate 
results under quite general loading conditions. 
 
 
II. FORMULATION OF THE 
PROBLEM 
 
A rectangular waveguide is considered which is 
inhomogeneously loaded with finite length 
dielectric strata placed along a direction 
perpendicular to the larger side wall of the 
waveguide. It is assumed that the dielectrics 
extend along the entire length of the narrower 
wall of the guide and that unloaded waveguide 
sections are dimensioned in such a way as to 
support the propagation of the dominant TE10   
mode only.  
 
Geometry of  problem is shown in Fig. 1. 
Waveguide is inhomogeneously loaded along x 
direction. It is assumed that waveguide is excited 
by the dominant TE10 mode from the left and 
terminated by matched load from on the right. 
High order modes are created due to 
discontinuities. Under these conditions it 
sufficies to use mode matching technique 
involving only the TEm0 type modes in both 
loaded II ( dz ≤≤0 ) and unloaded regions  I, III 
( 0≤z , dz ≥ ).  
 

 
Figure 1. Inhomogeneously loaded rectangular 
waveguide. 
 
 

yE  field components for regions I, III and II are 
written as  
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1k  and 2k  are separation constants which are 
evaluated numerically by solving  the 
transcendental eigenvalue equation  for region II,  
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β  is propagation constant and    1, 2ri iε =  
relative dielectric constants of the dielectric 
layers ( 0 x t≤ ≤ , t x a≤ ≤ ) in region II. As an 
example variation of   0/ kβ  in WR90 the X-
band waveguide is shown in Fig. 2 for 

1 2.56rε = , 2 1rε =  and for various values  of  t 
(see Fig. 2).  

Figure  2. Variation of 0/ kβ with frequency. 
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It is clear from Fig. 2 that the waveguide 
supports only two modes for 4/at = , 

2/at = , 4/3at = , and three modes for 
at 99.0=  in the frequency band    8.2-12.4 GHz. 

In each region yE  and xH  fields are expressed 
in terms of modal components as 

Region I: ( 0≤z ) 
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Region II: ( dz ≤≤0 ) 

∑+∑=
∞

=

−−∞

=

+

11
2

m

z
mm

z
m

m
my

mm efEefEE αα   (9)                                                                              

∑−∑=
∞

=

−−∞

=

+

11
2

m

z
mmm

z
mm

m
mx

mm eYfEeYfEH αα  (10)                                                                              

 

Region III: ( dz ≥ ) 
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Here, R , -
mE , ±

mE  ve +
mE  are expansion 

coefficients,  f and f  are yE  component in 
regions I, III and  II, respectively. m mode index,  
α , Y  and  α ,Y  are attenuation constants and 
wave admittances for regions I, III and  II 
respectively. β , α  and Y   are defined as  
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α  are Y  found from β  via as  
 

mm jβα =      (17) 

ωµ
αm

m jY −=              (18)                              

 
We now expand the total electric fields at z=0 
( 1aE ) and z=d ( 2aE ) planes in terms of a 
superposition over the modes in the dielectric 
loaded region; involving N modes,  
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Invoking continuity of tangential field 
components at z=0 and z=d planes one can 
obtain the expansion coefficients C and D in 
(19), (20) as   
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The elements of the matrices in the above 
equations are defined as,  
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where 〉〈 ff ,  denotes integration over the cross 
section of the guide, and P in (24) stands for a 
suitably chosen upper limit. The sought after S 
parameter representation for the structure 
referred to planes z=0 and z=d are then obtained 
as  
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III. NUMERICAL CALCULATIONS  
 
It should be noted that the S parameter 
representations given above are exact except for 
the truncation of the series representations of 
suitably chosen upper limits N and P. Clearly 
increasing the number of modes included into the 
representations will improve the accuracy of the 
calculated results at the expense of increasing the 
required computational time and resources. In 
Table 1 we have listed the magnitudes of  S 
parameters  using different number of modes 
(N=P)  in the calculations. As can be seen from 
this table, 10 modes are sufficient to obtain 
excellent accuracy. 
 

Table 1.  Convergence of  S parameters 
(t=a/4, 1 2.56rε = ,  2 1rε = , f=12.1 GHz, d=1 cm). 

 
Mode 

number 
|S11| 

 
|S21| 

1 0.2289 0.9375 
2 0.8576 0.5144 
3 0.9859 0.1676 
4 0.9963 0.0865 
5 0.9972 0.0753 
6 0.9972 0.0752 
7 0.9972 0.0747 
8 0.9973 0.0740 
9 0.9973 0.0737 

  10 0.9973 0.0735 
20 0.9973 0.0735 
30 0.9973 0.0735 

 
 
Our numerical results are then compared with the 
data given in [11] for the problem defined  in the 
caption of Fig. 3. The variation of  the 
amplitudes of 11S  and 21S  with rε  as calculated 
from our model are shown in Fig. 3. They are in 
perfect agreement with the results reported in 
[11], so that the differences can not be discerned 
in the scale of the figure.  
 
Frequency behaviour of ILRW and dependence 
of this behaviour on several parameters are given 
in Fig. 4, and Fig. 5. 

     

 
Figure 3.  11S and 21S  for  a rectangular post placed 

adjacent to a side  wall ( / 2t a= , 2/ad = , 2 1rε = , 

11 6rε< < ,  a4.1=λ ).  
 

 
Figure 4. Amplitude of 11S  for  a rectangular post 

placed adjacent to a side wall for / 4t a= , 

1 2.56rε = , 2 1rε = . 
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Figure 5.  Amplitude of 21S  for  a rectangular post 

placed adjacent to a side wall for / 4t a= , 

1 2.56rε = , 2 1rε = . 
 
 
IV. EXPERIMENTAL RESULTS 
 
Relative dielectric constant of sample material 
(polypropylene) which completely fills the cross-
section and extends over a length εl  along the 
guide axis is measured using the setup given in 
Fig. 6. 
 

 
 
Figure 6. Dielectric measurement setup 
 
Using two points method [15] rε  is measured as 
2.21 at f=11 GHz. We then measured the S 
parameters for two rectangular posts 
( / 4t a= , cmd 1= ) and ( / 4t a= , 2d cm= ) over 
the entire X band region (8.2-12.4 GHz). The 
measured results are shown in Fig. 7, Fig. 8, Fig. 9 
and Fig. 10 together with the theoretical values 
obtained via (26) and (27) using 10 modes in the 

expansions and the measured value of rε  as 
input. 

 
Figure 7.  Measured (stars) and calculated (continuous 
curve) values of 11S  for / 4t a= , 2 1rε = , 

1 2.21rε = , cmd 1= .  
 

 
Figure 8.  Measured (stars) and calculated (continuous 
curve) values of 21S  for / 4t a= , 2 1rε = , 

1 2.21rε = , cmd 1= .   
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Figure 9.   Measured (stars) and calculated 
(continuous curve) values of 11S  for / 4t a= , 

2 1rε = , 1 2.21rε = , cmd 2= . 

 
Figure 10.  Measured (stars) and calculated 
(continuous curve) values of 21S  for / 4t a= , 

2 1rε = , 1 2.21rε = , cmd 2= . 
 
As can be seen from these Figures the 
aggreement between measured and computed 
results are quite good and our error analysis 
reveals that the minor differences between them 
can be attributed to measurement errors. 
 
CONCLUSIONS 
 
The numerical solutions have shown that as the 
signal frequency is increased, more than one 

mode starts to propagate in the loaded waveguide 
and hence due to interference between these 
modes the field distribution at any cross-section 
exhibits a rapidly oscillating character as one 
proceeds along axial direction. Recalling that 
only dominant TE10 mode can propagate in the 
unloaded waveguide sections we deduce that the 
power transfer function of this device should also 
be a rapidly varying function of frequency. Our 
numerical results confirm these expectations.  
 
When the frequency behaviour of  S parameters 
of dielectric posts loaded waveguide is 
investigated as a function of the parameters 
( t , 1rε , 2rε , d ) following general comments can 
be made: 
 

• Increasing post dimensions both in 
transverse directions and also in the 
axial directions tends to increase the 
reflection coefficient. 

 
• When the length (d) of the post along z 

direction is increased transmission 
bandwidth and resonance frequency 
decreases and the insertion loss 
increases. 

 
The mode-matching approach reported in this 
work can be used to investigate the propagation 
characteristics of rectangular waveguides loaded 
with dielectric posts as a function of frequency. 
Moreover, the proposed method is quite versatile 
and yields accurate results within few CPU 
minutes on modest PC platforms. We believe 
that this method may effectively be used in 
aiding the design of microwave devices 
involving dielectric post loaded waveguides.  
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