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ABSTRACT

In this work, scattering fields of the constant impedance sphere is investigated by using series
expansion of the incident and the scattering fields for different frequencies and radii of the impedance
sphere. Unknown coefficients in the scattering fields are found by using impedance boundary

condition. We consider the impedance sphere is

illuminated by plane wave that travel along z

direction. The general expressions of the scattered fields are obtained and calculated on the z=2.5 m
plane (3 mx 3 m) for different frequencies and radii of the impedance sphere.
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I. INTRODUCTION

Due to the appearance of non-uniform electrical
structures in our environment, the scattering of
electromagnetic waves by spherical bodies
becomes an important issue in microwave
communication systems and circuits. In the case
that the relative permittivity or permeability of a
scatterer is large or perfect electric conductor
coated by some isolator such as paint, an
approximate impedance boundary condition
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(IBC) can be used to simplify the problem
formulation. Impedance boundary condition
which has to be satisfied on the surfaces of
scattering bodies plays an important role for
forward and inverse scattering problems. When
impedance boundary condition is used
electromagnetic waves can not penetrate to the
object.

In todays technology, reduction of the radar cross
section of platforms by covering them by some
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proper isolator become an important topic. In this
case, platform’s surface can be modeled by IBC
and its impedance is depended on the
electromagnetic parameters of the isolator.
Although the topic is important, it has not yet
been thoroughly discussed in the literature
because it yields extremely  difficult
mathematical problems. Some of the work was
done about the scattering of the impedance
cylinder. Mei and Van Bladel formulated the
scattering of the cylinder in terms of an integral
equation and then solved it numerically [1].
Later, Burnside ef al. treated the same problem
by using the geometrical theory of diffraction
combined with the moment method [2]. In
practice, mostly one is not interested in these
works that are related to perfectly conducting
bodies because these are highly idealized
structures. So same problem was investigated by
Erdem Topsakal, Alinur Biiyiikaksoy and Mithat
Idemen by using Wiener Hopf equation for
rectangular cylinder whose each wall has
different impedance value [3]. Calculation of
scattering matrix for impedance sphere was
found by Necmi Serkan Tezel and Serkan
Simsek [4].

The aim of this study is to consider this problem
for a sphere with constant impedance using
series expansion of the incident and scattering
fields. In our problem, the time dependence exp(-
imt) will be suppressed.

The geometry of the problem is shown in Fig.1.
A sphere with constant impedance is illuminated
by plane wave travel along z direction. The
sphere is characterized by its surface impedance
Z and radius a. Because of the symmetry, it is
convenient to use the scattering plane
orthonormal system to express the scattering
amplitudes.

In next section, the problem is first formulated as
a boundary value problem. By using the series
expansion of scattering fields, unknown
coefficients which satisfy impedance boundary
condition on the surface of the sphere is
determined and then using asymptotic value of
the spherical functions, bistatic radar cross-
section of the object can be found.
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Figure 1. Geometry of the Problem
2. FORMULATION OF THE

PROBLEM

Consider the impedance sphere in Fig .1. The
incident plane wave has polarization ¢; and
propagation direction lgi =e, and can be

expressed by using spherical wave functions
defined in [5] as,

E,:giékzz_izin;;Zig{w@{mw]

¢.B_,,(00)
;&8 (00)

n=l m=11

Re[N,,, (kr,0. ¢)]} (1)

mn

and B

harmonics given below:

~ im d ;
C,.(0.9)= é,—— P (cof)—é,— P (cod) &™ (2
mn( ¢) |:e€ sind) n (CO ) e¢ 40 n (CO ) ( )

where C_, are spherical vector

n —mn

Byu(0.4)=¢,%xC,,(0,4) 3)

and regular vector spherical waves, Rg[an]

and Rglﬁ . |» are defined as

Rg[an (kr’ 0’ ¢)] = 7mnjn (kr)émn (6’ ¢) (4)
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Here j,(kr) is spherical Bessel and

P,"(cos@) is associated Legendre functions
and

P, (0,6)=¢ P, (cos@)e™? (7)

To solve the boundary value problem, we let the
scattered field to have the form,

o S (2n+1) i —mn(o 0)
Es - ;m;u n(n+1)|: - n mn(kre ¢)
+iManﬁm (kr, 0, ) } (®)
Y mn

The vector spherical waves M ,, and N,, are

the same of Rg[an] and Rg[ﬁmn], except

Bessel function is replaced by Hankel function of
the first kind.

The IBC is satisfied on the surface of the sphere
(r=a).IBC is defined [6] as;

Z OF

E-iZ = )=0 9
x( lkﬂ 6‘) ©)
where
E=E*+E' (10)

substituting (10) into (9) , one gets,

. Z aEé -. Z O
- = = ) (11
) x(E' lkn' Gr) ( )

ES
x( e

plugging (1) and (8) into (11) gives an equation
with unknown coefficients «, and b,. These
coefficients are then solved by equating the
known terms of the spherical harmonics in the
right hand and left hand side of equation (11).
After some mathematical operations,
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are found. When one substitutes the derivatives
of Bessel and Hankel functions in (12) and (13),
a, and b, are obtained as
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Total scattered field is expressed in terms of a,
and b, as:
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7m,(cosd) and 7,(cosd) are related to

associated Legendre functions and defined as

7, (cosf) = —P,,1 (cosb) (17)
1
z’n(cose):—w (18)

We assume x-polarization of incident wave, then
the co-polarized (x component) and cross-
polarized (y component) of the scattered fields
are found as

ikr
ES =il (2n+1) osOcos’ fla, t,,(cosd)+ b, (cosd))|
: kr ='n(n+1)

+sin? ¢[anﬂn(coy9)+bnfn(coy9)]} (19)
- _ii’" N (2n+1)
Yk Sin(n+1)
{cos900s¢sin ¢[a,,rn (cos@)+b,r, (cosé’)]
—sing cos qﬁ[a,/rn (cos@)+b,t,(cos 0)]}(20)

3. NUMERICAL RESULTS

All of the numerical results are obtained for
Z=50+i50 and z=2.5 m plane (3 m x 3 m). It is
assumed that the magnitude of incident electric
field plane wave is 1 (mV/m).

In Figs 2, 3, and 4 ; |E;|, the magnitude of co-

polarized scattered electric field is plotted for
frequencies =100 MHz, for three different radii.

In Figs 5, 6, and 7 ; |E:|, the magnitude of co-

polarized scattered electric field is plotted for
frequencies f=1 GHz, for three different radii.
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Figure 2. The magnitude of the co-polarized
scattered field for f=100 MHz and a=5 cm.

Uy
3 ‘ \\\\
3 i
EQ p. & X “ ‘\\‘\\;\\\
3 o N
il A TN B T
RN e Rt
oty l""‘“l‘ ‘\\ (B ”“‘\ L
15 e T
0s SRS

¥ (m) RE-E

Figure 3. The magnitude of the co-polarized
scattered field for f=100 MHz and a=15 cm.
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Figure 4. The magnitude of the co-polarized
scattered field for f=100 MHz and a=40 cm.

In Figs 8, 9, and 10 ; ‘E; , the magnitude of

cross-polarized scattered electric field is plotted
for frequencies =100 MHz, for three different
radii.
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Figure 5. The magnitude of the co-polarized
scattered field for f=1 GHz and a=5 cm.
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Figure 6. The magnitude of the co-polarized
scattered field for f=1 GHz and a=15 cm.
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Figure 7. The magnitude of the co-polarized
scattered field for f=1 GHz and a=40 cm.

In Figs 11,12, and 13 ; ‘E; , the magnitude of

cross-polarized scattered electric field is plotted
for frequencies =1 GHz, for three different radii.
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Figure 8. The magnitude of the cross-polarized
scattered field for f=100 MHz and a=5 cm.
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Figure 9. The magnitude of the cross-polarized
scattered field for f=100 MHz and a=15 cm.
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Figure 10. The magnitude of the cross-polarized
scattered field for f=100 MHz and a=40 cm.

4. CONCLUSIONS

It is observed that the magnitude of the co-
polarized scattered electric field has a local
maximum at the origin, (x=0,y=0). The
magnitude of cross-polarized electric field has
four maxima which take place on the lines
y=%Fx. In addition, these maxima are
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symmetrical with respect to the axes Ox and
Oy.
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Figure 11. The magnitude of the cross-polarized
scattered field for f=1 GHz and a=5 cm.
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Figure 12. The magnitude of the cross-polarized
scattered field for f=1 GHz and a=15 cm.
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Figure 13. The magnitude of the cross-polarized
scattered field for f=1 GHz and a=40 cm.

In table 1, the maximum values of the magnitude
of the cross-polarized electric fields for the
frequencies and radii mentioned above are
tabulated. It is determined that the bigger radius
correspond to the higher magnitudes.
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Table I. Maximum values of the magnitude
of the cross-polarized electric fields (uV/m).

radius a=5cm |a=15 a=40

frequency cm cm

f=100 MHz |1310° [4510° |5.75

f=1 GHz 1.6 62.5 125
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