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ABSTRACT 
 

In this study it is shown that the orthogonal wavelet functions will be able to got for the space 
sequence which gives the multiresolution spesifications in the weighted spaces for exponantial kind 
weighted function. 
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1. INTRODUCTION  
Wavelets are a powerful tool for signal 
processing application. Essentially their 
properties are ; compact support,vanishing 
moments, smooth, fast transform, so that they are 
localized in space and frequency and wavelet 
coefficients of a function decay rapidly.  
In this study it is shown that there is orthonormal 
wavelet basis function in the weighted spaces 

)(,2 RL α  with exponantial weight function xeα . 

Our aim is to find equations depence on 
weighted parameter α  . It is constructed 
multiresolution analysis for weighted spaces so 
that it can be obtained wavelet basis  for 
weighted orthogonal complementary spaces. We 
used algebric method for construction . 
 

2. MULTIRESOLUTION ANALYSIS 
IN WEIGHTED SPACES 
It was shown that there is mu ltiresolution 
analysis for certain function spaces and weighted 
spaces [1],[2],[3],[4]. 
Let )(,2 RL α  is space of measurable functions f 

where 

∞<





= ∫

∞

∞−

2
1

2)( dxexff xα . 

We define a multiresolution analysis in the space 
)(,2 RL α  as a sequence of closed subspaces 

{ }
ziiV

∈α,    

 
 LL ααααα ,2,1,0,1,2 −− ⊂⊂⊂⊂ VVVVV   (1) 
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)(,2, RLV
Zi

i αα =
∈
U               (2) 

{ }I
Zi

iV
∈

= 0,α                   (3) 

αα ,1, )2(,)( −∈∈ ii VxfVxf              (4) 

ZnVnxfVxf ii ∈∈−∈ ,)(,)( ,, αα    (5) 

This implies there is a scaling function 
{ } ααφ ,0,,0 )( Vx

Znn ∈
∈

 and it is element of   

 

α,0V and it is Riesz basis set of α,0V  and  

)2(2)( 2
,, nxx i

i

ni −= −−

αα φφ , Zni ∈,  are 

basis of α,iV . The scaling function )(xαφ  is 

element of both α,oV  and α,1−V  so that it is 

written refinement equation 

∑
∞

−∞=
− −=

n
n nxhx )()( ,1, ααα φφ   

      

∑ −=
n

n nxhx )2(2)( , ααα φφ           (6) 

where 

αααα φφ
,2,,1, , Lnnh >=< −  

∫
∞

∞−

−= dxenxxh x
n

α
ααα φφ )2()(2,        (7) 

The Fourier transform of right and left sides are 

∑ ∫ −−=
n

xj
n dxenxh ω

ααα φωφ )2(2)(ˆ
,  

∑ ∫
−−

=
n

u
jnj

n dueueh 22
, )(

2
1)(ˆ ω

α

ω

αα φωφ     (8) 

with 

∑ −=
n

nj
n ehm ω

αα ω ,,0 2
1)(          (9) 

and 










=

2
ˆ

2
)(ˆ

,0
ωφωωφ ααα m         (10) 

is obtained. )(,0 ωαm  is  π2 -periodic. The 

basis functions that is obtained by translating are 
orthonormal to each other in the weighted space 

)(,2 RL α  so that 

 

ααα φφδ
,2

)(),(0, Lk kxx >−=<  

dxekxx x
k

α
αα φφδ ∫ −= )()(0,  

dxekxex
xx

k
22

0, )()(
α

α

α

α φφδ ∫ −=  

∫ ∫ −














 += dxekxdej

xxj
k

2
0, )(

2
ˆ

2
1 α

α
ω

α φω
α

ωφ
π

δ

  

∫ ∫








−




 += ωφ

π
αωφδ ω

α

αα ddxeekxj xjx

k
)2

0, )(
2
1

2
ˆ

 

∫ ∫













 += ++

ωφ
π

αωφδ ω
α

αα ddxeeuj kujku

k
)()(

2
0, )(

2
1

2
ˆ

 

∫ ∫

















 +=







 +−

ωφ
π

αωφδ
αω

αα
ω

α

ddxeujee
jju

kjk

k
22

0, )(
2
1

2
ˆ

 

∫ 




 +





 += ω

α
ωφ

α
ωφδ αα

ω
α

djjee kjk

k 2
ˆ

2
ˆ2

0,

 

  ∫ 





 += ω

α
ωφδ α

ω
α

djee kjk

k

2

2
0, 2

ˆ  (11) 

we have  for 0≠k   

∫ =





 + 0

2
ˆ

2

ω
α

ωωφα
ω dje kj           (12) 

and for 0=k   

∫ =




 + 1

2
ˆ

2

ω
α

ωφα dj        (13) 

For k=0 ; integral is splitted into π2 -length 
sequences as  

12
2

ˆ
2

0

2

=




 ++∫∑

π

α ωπ
α

ωφ dlj
l

  (14) 

so that 

π
π

α
ωφα 2

12
2

ˆ
2

=




 ++∑

l

lj          

 (15) 
Substituting (10) into (15) 
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π

π
αω

φπ
αω

αα 2
1

42
ˆ

42

22

,0 =




 ++





 ++∑

l

ljljm  (16) 

is obtained. In this summation, we split into even 
and odd index, using periodicity of 

)(, ωαfm and )(,0 ωαm , using  equation (15)  

 1
4242

2

,0

2

,0 =




 +++





 + π

αωαω
αα jmjm     (17) 

 
is obtained.  Equation 17 is  simplyfied as 

1
44

2

,0

2

,0 =




 +++





 + π

α
τ

α
τ αα jmjm    (18) 

where 
2
ω

τ = . 

 
3. WEIGHTED ORTHOGONAL 
DIFFERENCE SPACE AND 
WEIGHTED WAVELET BASIS 
FUNCTIONS 
Let’s consider orthogonal complemantary space 
sequence of space sequence { }

ziiV
∈α,  

For a space in this space sequence  

ααα ,0,0,1 WVV ⊕=−              19) 

is obtained by direct sum. For a function f which 
elements of difference space 

ααα ,0,1,0 ,, VfVfWf ⊥∈∈ −  

so that f is represented with basis function of 

α,1−V  

∑ −=
n

nnff ααφ ,,1,           (20) 

The coefficient α,nf is obtained with weighted 

inner product as 

ααα φ
,2,,1, , Lnn ff >=< −    

      

∫ −= dxenxff x
n

α
α φ )2(2,          (21) 

The Fourier transform of the double side of 
equation is  
 

∑ ∫ −−=
n

xj
n dxenxff ω

α φω )2(2)(ˆ
,  






= ∑

−

2
ˆ

2
1)(ˆ 2

,
ω

φω α

ω

α
n

nj

n eff     (22) 

We define 

∑ −=
n

nj
nf efm ω

αα ,, 2
1

 

and 












=

2
ˆ

2
)(ˆ

,
ωφωω ααfmf        (23) 

is obtained. )(, ωαfm is  π2 -periodic. 

α,0Vf⊥  so that f  is orthogonal to basis function 

of  α,0Vf⊥ . 

)(, xf kαφ⊥  

0,
,2, =><
ααφ Lkf            (24) 

0)()( =−∫ dxekxxf xα
αφ              (25)

  

0)()( 22 =−∫ dxekxexf
xx

α

α

α

φ           (26) 

Using equation (26)  

0)(
2

ˆ
2
1 2 =−















 +∫ ∫ dxekxdejf

xxj
α

α
ω φω

α
ω

π
 

0)(
2
1

2
ˆ )2 =









−




 +∫ ∫ ωφ

π
αω ω

α

α ddxeekxjf xjx

 
is obtained and conclusion 

0
2

ˆ
2

ˆ =




 +





 +∫ ω

α
ωφ

α
ω α

ω djjfe kj  (27) 

is obtained. This equation is splitted π2 -length  
 

02
2

ˆ2
2

ˆ
2

0

=




 ++





 ++∫ ∑

π

α
ω ωπ

α
ωφπ

α
ω dljljfe

l

kj  

02
2

ˆ2
2

ˆ =





 ++






 ++∑

l

ljljf π
α

ωφπ
α

ω α  (28) 

  
substituting  (10) and (23) into (28)  

0
4

ˆ
42

4
ˆ

42

,

,

=




 ++





 ++

+





 ++






 ++∑

ljljm

ljljm

o

l
f

π
α

ωφπ
αω

π
α

ωφπ
αω

αα

αα

  (29) 
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is obtained. We split the summation into odd and 
even index and using periodicity of  )(, ωαfm  

and )(,0 ωαm  and using equation (15) 

0
2242

2242

,0,

,0,

=




 ++





 ++

+





 +






 +

π
αω

π
αω

αωαω

αα

αα

jmjm

jmjm

f

f

        (30) 

 

is obtained and with
2
ω

τ =   

0
24

24

,0,

,0,

=




 ++





 ++

+





 +






 +

π
α

τπ
α

τ

α
τ

α
τ

αα

αα

jmjm

jmjm

f

f

 (31) 

 
is obtained . For this equation, we can find a 
function )(τλ  with π2 -periodic as 

 )
4

()()
4

( ,0, π
α

ττλ
α

τ αα ++=+ jmjmf  (32) 

and we substituting  )(τλ   
 

0)
4

()
4

()(

)
4

()
4

()(

,0,0

,0,0

=++++

++++

π
α

τ
α

τπτλ

α
τπ

α
ττλ

αα

αα

jmjm

jmjm
 (33) 

 

[ ] 0)()(

)
4

()
4

( ,0,0

=++

+++

πτλτλ

π
α

τ
α

τ αα jmjm
 (34) 

 
and )(τλ satis fies  

0)()( =++ πτλτλ        (35) 

 )(τλ  is  choosen as  

)2()( τγτλ τje=        (36) 
substituting (32) and (36) into (23)  












 +





 −=

2
ˆ

22
)(ˆ ,0

42 ω
φπ

ωα
ωγω αα

αω

mjeef
j

    (37) 

is obtained. In this formula we define  















 +=

2
ˆ

2
)(ˆ ,0

42 ω
φπ

ω
ωψ αα

αω

α mee
j

    (38) 

and we rewrite )(ˆ ωf  as 

)(ˆ
2

)(ˆ ωψαωγω α




 −= jf       (39) 

where  

∑






 −−

=−
k

jjk

ekj 2)()
2

(
α

ω

γ
α

ωγ     (40) 

Hence 

)(ˆ)()(ˆ 2 ωψγω α

α
ω











= ∑







 −−

k

jjk

ekf     (41) 

∑






 −−

=
k

jjk

ekf 2)(ˆ)()(ˆ
αω

α ωψγω    (42) 

and using inverse Fourier transform ,we obtain 
)(xf  with weighted wavelet basis functions 

∫∑
−−= dxeeekxf xj

k

kjk ω
α

ψ
α ωψγ

π
2)(ˆ)(

2
1)(

 

∫∑ −−
= dxeekxf kxj

k

k )(2 )(ˆ
2
1)()( ω

α

α

ωψ
π

γ  

2)()()(
α

αψγ
k

k

ekxkxf
−

−= ∑           (43) 

this implies that a function  )(xf which is 

element of α,0W  is represented with )(xαψ .  

 
 
4. ORTHOGONAL WAVELET 
BASIS FUNCTIONS 
Analysing orthonormalty of wavelet, we have 

ω
α

ωψψψ α
ω

α

αα α
djeekxx kjk

L

2

2

2
ˆ)(),(

,2 ∫ 





 +=>−<

 

∫ ∑ 





 ++

=>−<
π

α
ω

α

αα

ωπ
α

ωψ

ψψ
α

2

0

2

2 2
2

ˆ

)(),(
,2

l

kjk

L

dljee

kxx

 (44) 

substituting  (38)  
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∫ ∑ 




 ++





 +++

=>−<

+
π

αα

π
ω

ω
α

αα

ωπ
αω

φππ
αω

ψψ
α

2

0

2

,0
22

42
ˆ

42

)(),(
,2

l

ljkjk

L

dljljmeee

kxx

 

∫ ∑ 




 ++





 +++=

π

αα
ω

α

ωπαωφππαω2

0

22

,0
2

42
ˆ

42l

kjk
dljljmee

 

∫ ∑ 




 ++





 +++=

π

αα
ω

α

ωπ
αω

φππ
αω2

0

22

,0
2

42
ˆ

42l

kj
k

dljljmee   (45) 

splitting sum into odd and even index and using 
periodicity of  )(, ωαfm  and )(,0 ωαm  fand 

using equation  (17)  

0,,2
)(),( kLkxx δψψ

ααα =>−<  

is obtained. Hence we show that we  obtain 
orthonormal weighted wavelet basis function for 
weighted spaces which satify condition of  
weighted multiresolution  with  weight xeα . 
 
5.    CONCLUSION  
In this study it is shown that the orthogonal 
wavelet functions will be able to got for the 

space sequence which gives the multiresolution 
spesifications in the weighted spaces for 
exponantial kind weighted function. The 
weighted wavelet functions can be used for the 
rapid numerical solution of certain integral 
equation and degenerate differential equations 
with boundary conditions. 
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