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ABSTRACT

In this paper we introduce a Banach- valued Sobolev-Liouville spaces associated with Banach spaces
E;,E and some parameters and proved continuity and compacness of embedding operators in these
spaces in terms of theory interpolations of Banach spaces uniformly with respect to these parameters
and proved estimate of semigroup operator in weighted spaces. This problem arises in the
investigation of boundary value problems for differential-operator equationswith parameters.Further
we congder certain class of partial differential -operator equation with parametersin Lp spaces and
establish coercive solvability of this problem uniformly with respect to these parameters.

Keywords Banach spaces, Sobolev spaces, positive operators, differential operator equation
embedding theorems, inter polation spaces, semi -group of operators.

1. INTRODUCTION

Embedding theorems in function spaces were
studied in a series of books and papers(see, for
example, [1] , [2] , [3] , [4] , [5] ).In abstract
function spaces embedding theorems have been
considered by Sobolev [6] , Lions-Peetre [7] ,
Y akubov-Shakhmurov ,[8] ,Shakhmurov [9 - 11]
, Lizorkin-Shakhmurov [12] for instance. Lions-
Peetre [7] showed that, if

w e Lo{0.T.Hg) . ut™ € Ls(0.T. H 1,
then

ub) € Lo(0.T,[H,Hy| )., .i=12..m—1,
where Hy , H are Hilbert spaces, Hy is

continuously and densely embedded in H and

Received Date : 5.3.2001
Accepted Date: 5.5.2002

[Ho,H] are interpolation spaces between H, and

H for b st ] Y akubov-Shakhmurov

[8] investigated similar questions in anisotropic
paces  Wi(@HoH) QCR" Lo
Shakhmurov [9 - 11] and Lizorkin-Shakhmurov
[12] considered these questions for the spaces
W (Q.Hy, H)

weighted spaces.

In this paper , we prove theorems on continuity
and compactness of embedding operators in
anisotropic, Banach-valued function spaces

o : \
W i (2. Ey. E). where By and E are
Banach spaces such that E is continuously and

and their  corresponding
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densely embedded in E..Here | = (I3, b, ..l;) and

I, k =1, 2, .. n ae positive numbers
WEQ,Ey. E) . .
I consists of functions
u e L]” (€2, Ep)
such that the derivatives are
Df.i,:, _ oLk - L.(O.E) k=179
pu=-1u€l,(Q.E) k=12.n

du)

79 5 ¥y wasy Ty

Let be nonnegative
numbers, p and g be real numbers,
R Lol
l<pspg =Yy —F=
=1 "
and
Dr=DiD: D=
= ! (i L1 SEG 0 o S .

Lh

Let A be a positive operator on E, then there are
fractional powers of operator A ( see [15]
A0
§1.15.1 ) and for each fractional powers A of
t 1¢
A, let E(4%) denote the space Daet )with
graphical norm. Under certain assumptions to be

stated later, we prove that the operators
— D"u  ae bounded from space

L FE(AY . E
W (Q.EB(A).B) o

T Al—2e

L, (Q, E(A=%)),
i.e
embedding

il oy T AN T~ S ( Al=3))
D'WYHQLE(4).E) c L, (. B (4%)
is continuous.More precisely for
0<p<1—3

_ _ we prove the
estimate

Dy Lyt L] A - .—I.I A O ELAE i Lplth.t

e WH{Q: E(A).E)

owal WE ] o (8 EfA). E) and for
al h 2 0. The constant Qu in the above
equation is independent of
. — _.-’f 0O- (A RE

L < / by y, d

we Wi B(A) L) o e
chooice of h Z U'.Further we prove

compactness of this embedding operator.
Furthermore we consider certain applications of
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this theorems. This kind of embedding theorems
arise in the investigation of boundary value

problems for anisotropic partial differential-
operator equations

1 n '_'l

Y (-1t DfutAn T4 Aya)D =
k=1 a2 e 1 k=1

f

depend on parameters
t = (f’ltfg.ﬂ..f”). where A is a
positive operator on the Banach space

E ; Jﬁlrt (IJ is an operator such that
_-iLE.(;:.')_-4_"1_|”':'J|'I

where

is bounded on E |,

T ST il
= 0,08, | S =Y % =] il

We proof coersive solvdbility of this

differentia-operator equation in the spaces
gl 3

L, (1" E) uniformly ~ with respect to

parameter t .In this direction we should mention

theworks presented in [9 - 11] and [13 - 14] .

2.Notations and Definitons
Let R be the set of real numbers ,C be the set of

complex numbers. Let E and E” be Banach

L(Ey, E)
spaces and ( v ) denotes the spaces of
bounded linear operators acting from Eq toE

For Eo=FE we denote L(E,E) by L(E), |
denotes the identity operator in the Banach space

A4 ¢ A

E.We will sometimes write A+ or £
¢

instead  of A+ for a scaar
¢ (A—ent .
R T will denote the inverse

A _ ¢
operator of the operator A= or the
resolvent of operator A . Let
=6 LeC gt —r <7-ujU{0} N<p <.

Definition 1 A linear operator A is said to be
# 7 positive in a Banach space E, if D(A) is

denseon E and
|(a—en

< L(1+g)
LIy

Veli SHAKHMUROV
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Iy

M

B

with ~ 7" whereL isapositive constant.

Definition 2.

E(A%) ={u,ueD(A%),ully 0, =

||_‘1”'r|||lr_.. + ||l < oc, -.{ Bl e '}.

Let be g = g (X) measurable positive function in
2 ¢ R"®

7 _\
Definition 3 We denote by Lf’ﬁ (2. E) the
space of strongly measurable functions such that

: Qe K :
are defined on - and assume valuesin
E, with the norm

o y LT

Wi, 0. = [l| '|I _n,!|_|..-”-_,..l:| dLpax

o 979 (I =1 we will denote
L,, (2, E) o (G E
Pgoh J by L‘rn (--"E)’ Suppose that

is SciJV\iartzs space of test
—-r'r b T ~ 7 12 1%
functions and S (EJ = ) [\B ’ E/]

is the space of linear continued mapping from S
into E and is caled E valued Schwartzs

welds

distrubutions.For - the Fourier

e

transfoom 7 and inverse Fourier transform

¥ aredefined by therelations

¢ (€)= (Fe) (£ =120)7 [, plz) g

where

The .F-ourier tran &)rmalion and the- inverse
Fourier transformation of $mach valued
. . €S (R" E)
generalized functions Ie LA ) are

defined by the relations.

= Jhkgad L r
a w

ok T TR

577

<fip> means the value of

fe8 (R BE)

where

generalized function on the
o € S (R™).
Definition 4. Let r = (r1, r2, .., m) , ri are

positive integers. The E -values generalized

-

functions D" f is cdled the genraized

derivative in the sense of Schwarts gistri butions
feS (R"E)

of the generalized function - ,
relation

if the

n.' _|I..-_..' s e I-I|r| i llr n.-_:‘._ -

holds
(o J\S“ \7.3 = .\c)

for al It is known for all the
relations

FiI%y = () o (85) "8, 2
|'J;'J":,: = J":.—-:."..-' o |t !
holds. Let A is infinitely differentiable function
with _polinomial structure. Then for
fel& (R"WEY AMf e &5 (R L) is

generalised function defined by therelation

A o= fLA] Tas 5 (R").
By using definition 4 , and relations (2) it proves
that for all /=% " ¥) therelations

) hotds.

We can see that direct generalization of the
definition of the Banach valued generalized
derivative to nonintegral- valued vector (rir2,
..r) is , in genera impossible sincein this
case,the function
L o & L S s
(2€) = {851) "\ 38n) can be even
nondifferentiable .The way out of this situation
consists in considering not the whoule S but his

A(_j{]

subspace which is invariant with respect

to the multiplication by (2€) for any r = (r1,

i2..m), i €10.59) (se4]). Let N be set
of natural numbers and zero.
Let

" AU [
&y = Ay H = 1R RN |, T LT e B gy e
| = nge vl

'-k' Irl: :.|-.'l'_':_l:_____. r i =l
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We denote by 0 = 90 (™)

S0 under a Fourier transformation and by
SULR"EJ and by g“ [\R”EJ

valued conjugate spaces in So and S
respectlvely The Fourier transformation

F: S, (R". E) — H,,[H” E))
defined by therelation

the image

the E

is

{Ffog)=(f.Fg} ¥Yge So(R")
F—I
We denote its inverse also by .For any
= [ TraPos e o (1, »2)
i e & the

e
function "S)" will be defined such that

(1" — (7 T .{L{ |
i Ty =
il Hl E2eendn = 0
where
(it )™ = oxp [re I | -I-.".-':fi. K=l
but
¥ _|{ ‘I"I <. lI.J----'\.l':II ]
3 =y [ < |
For
== [ Py P ) € [0.)
Dro = F (16) 3
we  set 2 ST for
o T
s o (R") r-th Liuville derivative of the
E- valued generalized function = “SU is

defined by therelation

(D" =(F. D"y Noe S,

i 8 7 III i T The
c_

Banach space Eissaidtobe & convex

( see [16] ) ( or convex in the sence of

Burkholder ) if there exists on E x E a symmetric

function { (-“" i') which is convex with

respect to every one of the variables and satisfies

the condition
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tlb|| s Elwp) < "|+ |JJl II"J - 'l.' =1,

It is shown in Burkholders work [17] that Hilbert
operator

fiy)

|]I[I /
|'.l| P J_lf

is bounded in

> LMy i | |
"r‘-"[h'h*' P = I'l'k*"‘forthoseand
only those Bahach spaces E which posses the

(H ) (x) = dy

the space

£— . .
property of > convexity. In literature the

£,

> convex Banach spaces is offen called UMD
spaces. UMD spaces very broad , it contains Lp,
Ip spaces the Lorentz spaces

J'I..(l.. P e (1.0c)

ru )i
L.l. E ) the space of continuously
differentiable functions th order with values in
E .LetE, E are Banach spaces.

for instance. Let

Definition 5. A function

e CVWR" L (E Fy))

caled a

L Jn‘}
there exists a constant

A || e 14

[F=6) Pl gy S € el

— T
U< La“ (R ? E-J * We denote the

L, (R*,E)

is

multiplier from

(R™, E) to Lgy (R, Ey)
M > 0 such that

for all

set of al multipliers from
Ly (R", Ev)y, Mg (E By o
M¢s (B, Ey)

= El1 we denote hy
J[r} E () =

p (L) glz) =
Mg

P, (EEJ.J b

by
we denote

M (E.El)_

note that if
o(y) =0

Example 1.We
5 € C>(R)
y > 0,

with for

al

Veli SHAKHMUROV
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N — EE L

Oq(,u) = 0 ‘ Yl < 5 and
0(=y)==0(4) iy al y , then
c M2 (R).

Let

Hi = {Uy € MY(E, By) b= (bbb € K

be a collection of multipliers  in

MA(E. E
‘hr!’ [‘E El) We say that Hk is a

uniform collection of multipliers if there is a

constant MO > 0, independent of h ek
such that
|I'I--.';'I= Il'.l|'|.l..1 _||" I' _:'-Illln 'Ill |.:I |="I! '-I:
for al
he K and ue ,I'_r_. (R™ F). Let
r= (et | rta= (e ton ), 1= bed)
TR o LT SRR DR S

We also déf_ine

- L I
:{ :.II b, d e 1] Fe=1.3 ny .
- (£, £l B L =T B |
Vo= 6= (Enb. o b) € B™6 2DV = 12, u).

We say that the Banach space E satisfies the
multiplier condition with respect to p and ( or
with respect to p in the case of p = q ) and with
respect to Weighted function g (x) if for al

v __ CAM (b L{E]'I|andfor
Al sel,. and & € Ve .3 Ce Ry
inequality
1T R i
implies

U e MI¥(E).
For 9(*) =1 in similar way we define the
Banach spaces satisfying multiplier condition
with respect to p and g. It iswell known ( see [4]
) that any Hilbert space satisfies the multiplier
condition with respect to any p and g with

L < 1 = 4 < *.There are however Banach
spaces which are not Hilbert spaces but satisify

the multiplier condition , for example < —convex
Banach lattice spaces (see [16 - 18] ). Let E and

579

3 e g :
E, be Banach spaces and By C E. Ey
continuously and densely embeded in Eand | =

(I, lyy vy 1) , 1,1 =1, 2, ..., n positive rea
numbers.
Definition6.
H':'Ill:fr"". Ey={u wech&(R" E} F'(i&) &
e L,(R", E). k=12,..n } |
Let ) '
WEi BB = s WA By LR B BT
= el imi _THJI [;L. |

- '.'."' | R

Let bet = (tg, to, ..., n) , Where ., k=1,2, .., n
are nonnegative parameters. Let us define in the

Wi(R" E1. E)

space with parametrics
norm . ) .

|" WL iR LS = |" Ll B* E T E |r:'l.- '~ '_ i
For -
Qo /Wi By E) =

{u,.ue J'.I..:'.!.JLI.] Joe=0 aein L5ee W (R".E

||“||1'i'l-'_.1,1,j-',_F-'| = irl1ll' ||"’||11'_{.J-:~ Fy )
3.Embedding theorems

In this section we prove that the generalised
derivative operator i gives a continuous

embedding of some Sobolev-Liuville spaces of
vector-functions.

Lemma LLet A be a positive linear operator on
a Banach space E , b be a nonnegative real

number and | T UL T2 e !'“-)
where ke {“- ""'\} Let be
t = (11,2, o tn) where
te, k=12, .. narenonneganveparameters

a = (a1,a0,....04)

= (Lsloses la) o220

such that

e=|lex ) o ] < 1.

Veli SHAKHMUROV
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Let © be a multiplier of the form described in

examplel. For any h>0 and M=p=l—s |
the operator-function
T i =
= HJTI!. if -Il-x-""- .ll;ElI In b T 'I-!]

L k=l
is bounded operator in E uniformly with respect

{ e R*"h>0

and parameters

i.ethere exists a constant Cu such that
“lljﬂ.li.;l (UHLH‘:) E (-\‘fl (7)
6‘ {_— Th

for al - andh> 0.

Proof; Since
E £ -..H' VEL) Ye +,h-l] = ,‘:'[1.*]
=1

foral © [0.7)

then by the definitionl of positive operator

T
A A+ b (8(8) &
=

isinvertiablein the space E. Let

LI il

=07 A+ Y () &)+
k=1
Then

M .

H_

Using the Moment inequality for powers of a
positive operators, we get a constant
' ” I
depending only on such that

I y T - T+ oL

el Y] “ihids

Now , we apply theYoung inequality ,which
L _|_ L]

o

ah <
states that for any
positive real numbers a, b and rl, r2 with
i g L.

7 T

" tothe product

Veli SHAKH
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i T+1 ."'-+-'-
hdul [ | ** [l )i gy hi ol
- 1 ,-. 1
. | l—ae—p* 2 2t
with to get
lII,-:||"I ".I_'_ == |.||
+ 1+ ] Ly ||1:_.- hf 18 |"_ L
Since
%- QT ] - a+r K |
%"':H-l-ﬂl_}f-Fj-"%'l' i xtp
E
there is a constant Mg independent of such
that
=y |x op try
|£l|}:’-|ﬂ ._‘”| H+H 1“r|| lJ_T|
k=1
['—' = ]‘,‘m‘
for al It is clear that
N N |
' < (3 (v)y) | > 5.
for all
Thus
o +r o T - < : 1
G G <My [1+Y (6(6) &)
=1
¢ € R,

for a suitable M; > 0 and Adl
Supstituting this on the inequality (8) and
-
. . . (,u :
absorbing the constant coefficients in
we obtain

F-

|+ ‘T'

vi=l

Substituting the value of u, we get

; |
e | |I 6T+ R

MURQV
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T | Fl
f

il = [.I-.E'I'l.l-T'j-i" Gt A+ @

Ik fukf

Since A is positive operator in the space E

Ha+ EI:' § L] é —-I'-'] =

I—‘}-_L.:II L L‘ + I = |I _-__T“,', 1 14 L
=1 bl
for dl fes Combing those with the
inequality (9) we obtain
|| & f |_El|' Lk=
4+Y wlilla 0 e+ (0
-|E AR —'-'!l| I—E'_ Rl 07 If <

fordl 4 €F ¢ ns o Theinequaity (10)
implise the estimate (7) .

Theorem 1. Let E be a Banach space satisfying
the multiplier condition with respect to p and q,
1l <p < g < .
where L I 22
t = (fl.f_g. ....?L-”) where i k= 1
2, .., n are nonnegative parameters and

Yy = ((11 f (}:__}. &aa (1’:” ) o :(|1’ |2’ —
In) , where Ik nonnegative real numbers such that

Let

581

7 ‘(rr—i—%—%) A <
UE ST 3¢,

and let Assume

further that A is apositive operator on E.Then

DWW, (R" E(4),B) C Ly (R, B (4!

is a continuous embedding, and there is a

Cu >0,
constant depending only on

" such that

)

k=1
—: Ir II.I. d i‘-.:.; .Ilh '- |'II'.. _'I-I- . |II I.I-\. I-II- |l.
- 117l n L
oa LEWL(R".E(A).E) _,,
>0.
Proof. We have
D Lol e EfAi-==py) = ln.,ullr--- e . e '-"', G
for al u such that
'y - ;
| D “'Hf,q{h*ﬂ.f-,-‘f_l'—H—u)jn < oo.
On the other hand in view of generalised
Liouville derivative
900 = R D=
PR By = i Ay, (13

Fu by u

Hence denoting
relations (12) , (13)

we get from

||Jrf"'“||4..,-.n'--.4 (Ar-2e—pyy ”F_I &) 'll_x_"l';"|' Lol F

Similady, in view of definition 6

Veli SHAKHMUROV
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it 1o mpases = 180gimegeay +
- i
= r L EI| .l"- : :I.,.,.-.
for all € W,(R® E(A),E).

Thus pruving the inequality (11) for some
constants Cuis equalent to proving

H.f [P fie® Al

oy —T Y

i¥ =0
Ihgg ) 1 |
L LTI [

for a suitable Qu .Now if _ is a multiplier of the
form described as in examplel, by virtue of
multiplier there is a constant C, > O for each k =

1, 2., n such that
P16 i) <G Figil
{ I fie
.ll |
[ — R”,'
foral S = Thus the inequality (11)

will follow if we prove the following inequality
HI'_;- -'\- |-'¥_- " | {hof

c D NE 1k _;—"}_'r_ T TS el B
L

for a suitable Cu > 0, and for dl
ue W (R".E(A).E). ‘

Let us express the left hand side of (14) as
follows

Embedding Theorems In Banach —Valued Sobolev-Liouville Spaces And Their Applications

(Since A is the positive operator in E so it is
possible ).By virtue of definition of multiplier it
is clear that the inequality (14) will follow
immediately from (15) if we can prove that the
operator-function

i

'I'_ -

) o MI(E) . L :

is a multiplier in "¢ which is uniform
with respect to h > 0 and paremeters. Since E
satisfies the multiplier condition with respect to p
and q, in order to show that

Oy 50 s MY (E).
g = e Y G giffcies to show that
thereisaconstant M > 0 with

<l 1)

for dll g e (,-'_”_ and £ € V, -

see this, we apply lemmal and get a constant M
> 0 depending only on p such that

quﬂ.h.p (UH[”‘ L M;r M_” (17)
for all
o RPandp =1L

P q
This shows that theinequality (16) is satisfied for
— : (). (1}

'*From now we drop the

. _ \
subscripts h, p and we write !

instead of
s
I"-ff--ﬂ-' We next consider (16) for
8= (51,...-0n) where e =1 and

B=0for j#k

Veli SHAKHMUROV
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-" |' A 1313

=3

ok I_||-I-.-

- 10-

el by il .'| -.,
| [ || :‘_. J] !

We get from here by using (17) that

Now , using the fact that A is a positive operator,
we can write

'.'|| e
£ ., LT R

I Al
G DG+ (61515

for a suitable Mu depending only on p .Since
Y (¢ Er| 71,
Dl;r](') (%g‘) {] “--.R‘ we

conclude that the expre55| ninside the bracked is
bounded above by a scalar depending only on p.
Thus, we have a constant M 1 depending only on
M such that

D)

g i
Lw;,'-_.‘

Repeating the above process, we see that there is
aconstant M p > 0 depending only p such that

BRAG RS A Raaan
for dll

gel, £eV,. thus the
operator-function Win i (“{J is a uniform

multiplier with respecttoh>0andti.e
qj o € H:"\ o \[q (EJ K= R-I-'

This completes the proof of the theoreml. It is
possible to state theoreml in a more general
setting . For this, weuse the consept of extension
operator.

Condition 1.Let A be positive operator in
Banach spaces E satisfaying multiplier condition
with respect to p and q .Let be region
Q. C R"

extension

such that there is linear bounded
operator B acting from

L, (E) L4 (R".E)
W

Jt.'l

also from

(0.E(4).E) to W,(R"E(4).E),

forl < p<qg<oo.

il
Remark 1. If ICR is aregion satisfying
the strong I-horn condition ( see[2] ,p.117 ) and |
= (I, ..Ip) , i, 1 =1, 2, ..n are nonnegative
integers numbers, E=RA =1, then
thereislinear bounded extension operator from

W) =W (QRE) to WHR) =W} (R".R.R).

Theorem 2. Let conditionl is holds. Then for

T - 1 15
5 e Z li"‘(ﬂ;, q J E J_
k=1
and
€ g L—it]l EHEF4 8

D*: W (9, E(4),E) C L (&, E(A* )

gives a continuous embedding , and there is a
constant Cp, depending only on ., such that

Ty 0
) il I ||
s [RNLAR AT L ==l LR AR R,

Veli SHAKHMUROV
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for all s I_I p {2, BiA);:B)
h>0.

Proof. It is suffces to prove the estimate (18)
Let B islinear bounded extension operator from

and

0 o (R™ B
LIILH.E\ to LplB", B and from
A (0D
II Ju["'"' ) )to

7l )
W, (R E(A).E). . Ba
" to ().

the restriction operator from

= H - (52 J',.,‘l:-.f;-l-lwe

Then for any
have
1D (g = |””'I:!"'I“|"'|.'_ LKA s
G D B) e wenyy S
< G| |1'j-"|ll'{ kg T | B ':-l"-'ll
< Cpfh |"'|I'_' T R

L LE)|
Result 1 Let al conditions of theorem2 holds.

ue WL (Q E(A).E)

Then for al
we have multiplicative estimate

) Wy, gar-wy S 6 Il '"
Indeed setting
h = [Jul Lp(Q.E) H“HH L(Q,E(A)

in estimate (18) we obtain (19) .

Theorem 3Assume that al conditions of

theorem? are satisfied and let be il ey
positive integer numbers, be bounded in

)71 A—1
R and A be compact operator in the

space E.Then for U= (- l 7 e
embedding
_f }“HjJ (LB (A) By C Ly ({__}: oAl -—u‘J
is compact.

Proof.By the virtue of [9] the embedding

Embedding Theorems In Banach —Valued Sobolev-Liouville Spaces And Their Applications

WL (% E(A),E) C Ly (% E)
is compact.Then by the estimate (19) we obtain
the assertion of theorem3.

Result 2 If h=l=..=1l,=1
then we obtain continiuty of embedding
operators in isotropic class

VL E
W, (2. E(A) B). Remark 2. If E = H and

psg=d =N hzl=u23kL =1
A=A* > cl

then we obtain the result of Lions-Peetre [7] and
even in the one dimensional case the rezult of
Lions-Peetre are improving for in generall

nonselfedjoint positive operators A. If E = R, A
then we obtain embedding theorems

D"H S e
proved in [2] for
. Wi(Q).
numerical Sobolev spaces P Let be
v (z) measurable function in
c R 1=y, b)) .
n-tuples integer
numbers and
W IE(A) By = fu ne L (R E(A) . Dhue L (0 E)

T

Using similar techniques as in theorem2 we
PrQVE;

Theorem 4 Let the following conditions be
satisfied;

1) v ("}-J is positive measurable function in
{) ( E)H
,such that
J" ~1 (r)dr < oc;

0

2) E is aBanach space satisfying the multiplier
condition with respect to p and q,where

L= p £ L% g with respect to
weighted function (z).

3
”--n.\) -[ = (IJ_' [‘.-_}' A3 ZH)

a = (aq, g, ...
are n-tuples of nonnegative integer numbers such
that

x:_ll-rl I :__ .-I..l:ll —
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o)

4 A is ‘?"’_-positive operator in E for
pe(0.7]:

5) 9 is region such that there exists linear
bounded extension operator acting from

L, (; E) toL, ., (R™; E)

585

(.

Let il be denote aclosure of region
From [19] we obtain

Theorem 6. Let the following conditions be

hold:
1) E is Banach space;

also from 2) T

17 ST I ikt :

H’f:» (LE(4),E)to U;,)q- (R™E(A),E). a=(ag,00 0,0 = (1, byl 2= u—lfd. [<pLo:
Then the embedding a k=1
.I'J'"H I (LE(A).E)C o |k__,,|' 1“3)‘“:.% "R is region satisfying I-horn
is contluous and there exists a positive constant conditions, 7 J

xr

CHSUCh that | 4) Let be ' positive mesurable function
[} I 1 "_l’ i 1] | [P 2o T

B : in $2 ang

ueWwt.

for ll P " andall

h>0.

Theorem 5. Suppose all conditions of theorem 4

are satisfied and suppose £ is bounded region
P}J A~ 1

] ,u”il—-,

_is compact operator in E.then for

theembedding

D*W,, (LE(4).E) C Ly, (R E (A |‘

is compact.

Proof. Indeed putting in preceding inequality
lloslls ), oy

h = S

Nellywt  cornmiai e .
We HEALE) e obtain

multiplicativei nequal ity
i, ¥al =g
D “‘HLPI?LH:J?) <Oy

By virtue [9] embedding

W, (& E(A),E) €L, (O E)

is compact Then from this embedding theorem
and preceding multiplicative inequality we
obtain assertion of theorem 5. A region

e A -
- satifies thorn cond_ltlons (se€[2]

p.117 ) i.ethere exists domains 2, and Gk k
=1,2,.,NforsomeN such that

Y

B O] Bpaki8

I-— =1

I+ Gy

A
|y T (z) dz < o0;
(2
5) there eX|sts constant C > 0 such that

[ J C 7 {;I- + 'U} ,ae. foral
r e o
ye G  k=1,2,..,N.
Then the embedd| ng
D”ﬂ*j, (G E)cC(GE)

is contiuous and there exists a positive constant
M such that

.”“ '!.‘ |1kE -I'Ir -I-il_l. g '|' W E l ;
{bk) — ol Lo lEE
Theorem 7Let be E Banach space and A be a
linear operator in E of type
p,p € (0,7 ].
oy k Moreover let m be
a A positive _integer,
M+ 5 Lwt 0 <~ < 2pm.
1
- o .,." — F 2
Then for 7 = 5(p) the operator A
4
(;._"1)“‘ 2 o
generates a semigroup which is

golomorphic for x > 0 and strongly continuous
forx>0.
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Moreover there exist constant C > 0 such that for

every [ ] [Boetalfade) =
ue(E.E(A™)a_ 14, % b
i 2pm P [~ ) : i O | o o | T ;
| T | I.I'llll—fl | 1 uit|| 2 |
and 0 ik i TR / [g =
}l" C L}l {}‘ |::L'rg)"| E ;'-"} . |:|||l . "",I' B+iil ::|-":|:.|£51';—|j._':| mi _r'..',ll <
Iu_" | _||
i —xA? p " a fcll = ) ) | ; \F
:l fii i | il < | ||l e At s A i "I:h I.l.._| :_.L'zl'u'—ll"":l |"":I:.'J:|'|'—||"":| bl s Il ¢
I o
For the proof of this theorem we need some P s
|a'nm$ ) II(J | | I.--! W41 I'I-i.“:;_l.h-l'l 'IIJ | IJ 4
Lemmal.Let B be positive operator of type ' CE /
e withep e (Z,7 Y Y gy A Y
# (2' ) in the space . [ K W e o (1UE ik ':| ':| <
E.Moreover let | be a positive integer and 2 :
= (?%"H_ ;7) and let 0 <~ < 2pl.  eata| [[] ] e =5 B+ -J -—J 4
1 n
o b, gl b it 1
Then for every ue€ kb such that | J fer e (B ] ' } I| t=
o ] P Rl T 4
[ |BoeBul a7~ 1dr < oc
} ) i { A 1 '_.I \ ¥
we have clted ([ (077 |7 (BB+r) of 2a) 2) 4
5 N Ly AP Wb I |
II IIJ:‘ i _:'I?'! ;I '-!.u'i :.I':-T | IIZ:'H —J.[I--Ill 1 fibs {fx ,'.ll T BT I _||I .:"I: .'|'%'
: " VIVECd T R
Proof.By virtue of [7] and[8] we have [URY E Ly
—r Ml-1)! _
HBIH =B H ———7& H. Thefunction
e T|Cu- | Yy __HL 4 _"L |
ot 2 (2 ee). [0 )
) == |cos ¢ ) 0 E
; is multiplicative convolution with respet to the
Thereforefor ' < Esuch that dt

Haar measure of the group : of the functions
{
r‘.—>H1‘ (B(B+th) u

Wehave f_\,f——lﬁt‘ul"*”f"
and '

x (1,00)

HB EHHHJ r¥dx < oc

‘where

is the characteristic function of

' ”“f til) .ll ' g T + Ny

is the norm of this convolution in the space

Ly (0,00; E) (i.e Ly (0,00; E)

Veli SHAKHMUROV
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di
with respect to the measure ¢ ) We now
apply Young'sinequality for multiplicative
convolution that can be obtained from the
analogous inequality for the ordinary
convolution ( see[21] , [15] ) through the change
t = ¢S the

of variable Therefore

L}', (0, o¢; E) norm of the convoution is less

Ll (0, oc; E) norm of
L3 (0, 00; E)

or equal then the

the first function times the
norm of the second one, so that

s S T4 Ey '.'I | L |-I
(FLE7 |5 (BB o -rf') i)
(IRR] S !

% LS e T B i) —'I EI.—'l I:.
.”_T'.—[ 0 | B{B+1T) '] | ;—..!.'] =
_1_“ |'[I IBLHT |.-|‘ :—J :
Inasimilarwayonegetstheiriequality
llx‘.k J- L | Ul f _|'|. It Ii-|llj-
7787 )% (pimear) o] 4a) #] <
I'." V ' ! I |7
\: I 5 I. _:l . li
o | | __|_I';:;,|'f—f||| | fl‘ %-‘f.*!l =
fw V= N 4 _I‘;I'
[ (B o) 7

From these inequalites we obtain assertion of
lemmal.

For A€ S,

Proof of theorem7 put
B At

“TABy the[8, lemma24] one can
apply lemmal to the operator B with
] = B — 2(L.Then by [z

Th.10.6] itis

1y 2a 1y 2m
A 2 T 2 - o Am
(A/\) AS and (4/\) =AY,

therefore we have

587
[ Aze=rtial o I - e
T -— 1: --||' wp| |
|I i 3 a(l' I.|I| I|I L
¢| |.l-[..1+r-"':-J:"'([_;_;_,f},")

AR (A (4 8)1) ") |4,

RN

Forte Ry itis

(A+( ) 1)" [u -rr| J

i y 1y -1
|.1—|j3«+f"-';-j’§-|.l—|'.1+.'-'_H'—iJ_1II;] ‘

I-'I I L st
[ - 243 |I +H| ‘i"‘f‘-li |.-|.7:+-'J]

1A |1, +) | )€

Moreover if j is ainteger less then m the by the

[21, Th.8.1] for every
veE E(Am)and A e C

we have

[ Am=i| < € (Lm, ) (N o] + 4™
Therefore we have

| A e < O | (e .-'n"'l:.-l—!".—l-l.l'l._" L
" o i ¢ Y

e A AP
e s

But, by viertue of [8, lemmas2.3 and 2.5] we get

|: e LT Y ;' E &y
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X

gy — P I et
.’ ( _\_52) m “;—’:(.TMM 5 HHM,

is completes the proof of thorem 7.

1 I

¥
]
Thi

4. Applications

1Lia 5 € R, s>0. Define
[t = {-H.I

5 i s 1w

with the norm

o0, u; € C}

o 1/p

Jaly, = Z

< 0

“—]

Note that f’ Let A is infinite matrix
defined in the space Ip such that

AY T8 A S
D(A) =15 A=[0;27]. |
ff";J' =0 when 7 ?_—r )‘ ..r’;” = 1,
wheni =j,

1.] = Lg o It is clear to see
that,this operator A is positive in the space
lp.Then by the theorem2 we obtain the
continuous embeddi ng

AT 11..;‘ iy Y ’hUl‘l}US;lﬁ

\

-7
and also the estimate (18) . whose haven’'t been
obtained with classical method until now.

5.Coercive solvability for differential-operator
equations
Let us consider differential-operator equations

in tﬁé | space
L,(R"E), where, A\ =A-A. 4 and 4, (z)

are in general , unbounded operators in Banach
space E, t, k = 1, 2, .. n parameters,

f: (!’J_llgf,.;) . ’IJ_

integers.

positive

Embedding Theorems In Banach —Valued Sobolev-Liouville Spaces And Their Applications

Theorem 8. Let k >0, k=1, 2, .., n, A be
positive operator in Banach space E satisfying

multiplier condition with respect to p,
1 < p <0 e

.'u,,:--.r bedl=pl e L (A" LIEY . A 0<p<1-|n: 2.

Then for al

feL,(R"E)

and for suff|C|entIy large

‘)‘| ; A E S (“)equatlon(ZO)

has a unique solution u (x) that belongs to space

20 ) ;
W2l (R E(A), E)

and hold estimate

Proof: First we will consider principia part of
equation (20) i.e. differential operator equation

Low=Y " (—1) teDF* 0+ Ay =, pe)
=1
Then we applly Fourier transform to equation
(22) with respect to
o i 7
[ i R R ! i
( ) ' ) and obtain
T?._.(_."‘.-u )+ A (E)=F [E). 2
)
k=1

In view of condition theorem4

!

2y, . _
Z h,.{_}‘_" >0 forall £=(£,..&)€R",
h=1

therefore
i
A — Z i?."-ffﬁk = S (:T)
k=1

s — (AN

for Al S < R that is operator
T

A- {)\ - > fi‘-{'fk] 1

k=1 is invertible in
E.

Hence (23) implies that the solution of equation
(22) can berepresented in the
form
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Itis clear to seethat operator- function o L,(R" F)
. _1 multiplier in the space —F : " As
e ; result of
ere(€)= A= (A=Y tugp™ )1
k=1 el = [
IR L,(R" E)
is multiplier in the space = [P g |_|H_EJ:. ,
uniformly to AE D ('T) ‘. Actualy, since ]
A’:; —_ — T FE R PR ALt I
5 () R_ by the definitionl for all ;
¢ i ) =(F-4|A-{A=-F e gl
€ R” 142 <0 e R Al
_ E and by the definition of multiplier we obtain that
| T, for all
leatéille = |-(.m-_.-:-~] - [ (R" E
1 =1 ! f — 'p( 1 )

Moreover since

n . -2 )
Diprs(€) = {A 5 ()\ - fﬂ;;f’“)l .QJg.fL.ii}*_L
}\._

=
then
0 O S | l""-"r-'il 'I||
1 -:i !
< 1] £ ||_ '-—T.':.' ] __1|| )
Using the estimate (25) we show for
=By sy e Uy and § =8y 566 €
v, i uniformly with respect to parameters t and
A

136

In similer way we prove that for operator-

T (.‘—'II
T

2, .., n and AT'/\'{' holds the
estimates [26]. Since Banach space E satisfyes
multiplier condition with respect to p, then in
view of estimates (26) and (27) we obtain that

FENt Pt Pot
are

, ¢
functions ¥ KA ($) PAts k=1,

Lot =

operator-function

there is unige solution of eguation (22) in the

form
-1
-(-g) s
k=1

u(r) =
and holds estimate
Tl. |';.'. ul 14w Lok {'l R m

A=

F- 1

L,(R™E
Lo—

In the space )'we consider the

differential operator A generated by the

problem (22), that is

Mla= =¥ EALE ad (L= X

=

The estimate (28)

<
L{} — A for all A — 0 has a bounded

_ L,(R",E)
invers acts  from I

r2l /
W2 (R, E (A),E).
L=A the differential operator in the space
L, (R, E)

.Namely
DL=X=W

implies that the operator

into

We denote by

generated by the problem (20)

JI. - I'.' n= II.|: - .||I T .I.!l' :fl'"

i E(A).E].
Where

Liu= Z H?‘; 'n(. D%u.

21| <1 k=1
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In view of conditions theorem 8 and by virtue of
theorem1 for all

u € W2 (" E(A) .E)
H.-__':_ e (1) D78l e

3

v

Theﬁ frorln estimates (29) , (36) and for aII.
we W2 (R" E(A).E)

_I:.I_I'Eli :'n: ._:- |II

we obtain
I e T

Since

by the definition1 we get .

(Ly—Xiu st 3t
Lai ki

w2t el e |
From  estimetes :(2..8) L (@0 - (3 for 4l
ue W2 (R",E(A),E) b
A

Then choosing h and such that
Cht <1, Ci|ATh0-m <1
from (33) obtain that
€l

Lil-N7) )

Using relation (29) estimates (28) and (34) and
perturbation theory of linear operators, we

establish that the differential operator L — A
is invertiable from

L, (R*E) into W2 (R",E(4),E).
Thisimplise the estimate (21) .

Remark 3. There are alot of positive operatorsin
the different concrete Banach spaces. Therefore

Embedding Theorems In Banach —Valued Sobolev-Liouville Spaces And Their Applications

putting instead of E, concrete Banach spaces and
instead of operator A, concrete positive
differential, psedodifferential operators,or finite,
infinite matrices, ets.on the differential-operator
equations (20) by virtue of theorem 4,we can
obtain coersive solvablity of different class of
partial differential equations or system of
equations.

5. Conclusion

In this paper we introduce a Banach- valued
Sobolev-Liouville spaces associated with Banach
spaces g,E and some parameters and proved
continuity and compacness of embedding
operators in these spaces in terms of theory
interpolations of Banach spaces uniformly with
respect to these parameters and proved estimate
of semigroup operator in weighted spaces. This
problem arises in the investigation of boundary
value problems for  differential-operator
equations with parameters.Further we consider
certain class of partial differential -operator
equation with parameters in Lp spaces and
establish coercive solvability of this problem
uniformly with respect to these parameters. In
turn this equation have many applications to
partial differential equations and finite and
infinite systems of equations.
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