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In this paper we establish some fixed point theorems by using the new contractive conditions containing
various rational forms. The presented results improve and unify several existing results on the topic in the
literature.
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1. Introduction and Preliminaries

In this manuscript, inspired by the recent result of Suzuki [12], our goal is to study rational type inequal-
ities that yield the existence and uniqueness of fixed points in metric spaces from the view point of complete
metric spaces. Rational type inequalities were initiated by Jaggi [4]. After these first results, many other
authors have reported on this topic, see e.g. [II, 2, [l 6] [7, 8, 9], 10, 11].

Let ¢ : [0,00) — [0,00) be a function that satisfies the following conditions

(pl) (t) <t for any t € (0,00),
(¢2) For any € > 0, there exists a § > 0 such that

€ <t <e+dimplies p(t) <e.

The collection of all functions ¢ which satisfies (¢1) and (¢2) will be denoted by ®.

Remark 1.1. By (1), is easy to see that (¢2) is equivalent to the following
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(p2') For any € > 0 there exists § > 0 such that

t < e+ implies p(t) < e.

Indeed, if 0 < t < e from (1), we have, p(t) <t < e.
Very recently, Suzuki [12], proves the following fixed point theorem.

Theorem 1.2. [12]. Let (X,d) be a complete metric space and a mapping T : X — X . Define a function L
from X x X into [0,00) by

d(x, Ty) + d(Tz,y)
2

L(z,y) = max {d(x, Y), yd(z, Tz), d(y.Ty)} . (1.1)

Assume that there exists a function ¢ from [0,00) into itself satisfying the following:

(pl) @(t) <t for any t € (0,00),

(p2) For any € > 0, there exists a § > 0 such that

€ <t<e+ ¢ implies p(t) < e,

(¢3) d(Tx,Ty) < o L(z,y).
Then T has a unique fized point z. Moreover {T™xz} converges to z for all x € X.

Inspired from the interesting result of Suzuki [12], our aim is to obtain some existence and uniqueness
results for the certain maps that include rational inequalities in the setting of complete metric space. The
main results of this paper cover several existing results reported in this direction.

Throughout the manuscript, we assume Ny := NU {0} where N is the set of positive integers. Further,
R represents the real numbers and R := [0, c0)

2. Main Results

Our first main theorem is the following:

Theorem 2.1. Let (X,d) be a complete metric space and T : X — X be a continuous mapping. Assume
that there exists a function @ € ® such that for all x,y € X, with x # vy

d(Tz, Ty) < ¢ (P(z,y)), (2.1)

d(z, Tz)d(y, Ty)

d(z,y)
x € X the sequence {T"x} converges to u.

where P(x,y) = max{ ,d(a:,y)}, Then, T has a unique fized point w. Moreover for all

Proof. Let x,y € X, with x # y satisfying P(x,y) = 0. Then, d(y,Ty) = 0 or d(x,Tx) =0, so Tx = z or,
respectivelly Ty = y this means, clearly, that 7" has a fixed point. From now, we assume that P(z,y) > 0,
for any x # y. Let x € X satisfy x # Tz and P(x,Tz) > 0. By (i) and (iii), we have

d(Tz, T?z) < p(P(z,Tzx)) < P(z,Tx), (2.2)

d(z, Tx)d(Tx, T?
where P(z,Tz) = max{ (=, ;() (T:C)’ x),d(x,Ta:)} = max {d(Tz,T?z),d(z, Tz)}. Assuming that
z, Tz

d(Tx,T?z) > d(z, Tz) we obtain d(Tx, T?z) < d(Tx, T%z), which is a contradiction. Therefore we find that
max {d(Tx,TZ:r),d(x,Tx)} =d(z,Tx) and 1} yields
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d(Tz, T?zx) < P(z,Tx) = d(z,Tx). (2.3)

Fix xp € X and define a sequence {x,} C X by zp41 = Tz, = T"x¢ for all n € N. Suppose that
Tpy = Tpo+1 for some ng € N. Then, x,, is a fixed point of T, that is, T'z,, = x,,. From now, we suppose
that ©,41 # @y, for all n € N in other words d (,, 1) > 0. From , {d(zy, xnt1)} converges to some
g1 > 0. We claim that ey = 0. Arguing by contradiction, we assume &1 > 0. From (¢2), there is §; > 0
satisfying:

t < &1+ 61 implies p(t) < &1

and, we can find N € N such that
Plxy,xnt1) =d(zn,xn41) < €1 + 01. (2.4)
Then, together with (¢2') and we get
0<er <dantr,zn+2) =d(Tzny, Txnt1) < o(Plxn,zn+1)) < €1.

By (2.3),

€1 S d(@N42, oN43) < d(zni1,TN42) S e,
which is a contradiction. Therefore, li_)m d(zp, xns+1) = 0. In order to proof that {x,} is a Cauchy sequence,
n oo

we fix ¢ > 0. From (2'), there exists § > 0 satisfying the following
t <e+ 9 implies p(t) <e

(Without loss of generality, we may assume that § < €.) By the convergence of the sequence d(xy, Tp11) to
0, there exists ng € N such that d(z,, zpm+1) < 9, for all m > ny. We will show by induction that

ATy, Tptk) < €+ 6, (2.5)

for k € N. Obviously, when k = 1, inequality (2.5)) holds. We assume that (2.5) holds for some k € N. We
shall examine the following two cases.
Case 1. Assume that d(Tm, Tmir) < € < €+ 0. In this case, we have

ATy Tmyk+1) < ATy Tmak) + ATtk Tmpkr1) < 6+ € (2.6)
Case 2. Suppose that € < d(zp,, Tpmer) < €+ 6. Then,
ATy Tmt1) < 0 < € < ATy, Tontk)- (2.7)

On the other hand,

ATy Tm+1) A Tontkes Tt ket1) d(zpm, +k)}. (2.8)

P =
(Timy Tpk) = mMax { A Torer) ,

We distinguish two situations.
(@) If d(@mtks Tmtkt1) < ATy Tryk) then, taking into account ([2.7)),

P(zpm, Tmak) < max {d(m, Tm+1), A Tm, Tmak) } = ATy Tinpre) < €+ 0
and using (¢2), we have

d(xma $m+k+1) < d(xma $m+l) + d(l‘m-‘,—lv xm—i—k—s—l) = d($m7 xm—l—l) + d(Tl’m, TJUm—I—k) (2 9)
<O+ @o(P(m, Tmik)) <Od+e. ’
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(b) If d(mtky Tmtkt+1) = ATy Timyk), then using the triangle inequality,

d(xm, .'L'm+k+1) S d(l’m, .’L'm+k) + d(l’m+k, $m+k+1) S 2d(£m+k7 I’m+k»+1) <20 <e + 0. (210)

So, we prove by induction that (2.5)) holds, for every k € N, and since € > 0 is arbitrarily chosen, we obtain

lim sup d(zp, Tm) = 0.

n—oo m>n
Therefore, {x,} is a Cauchy sequence in X. Since (X, d) is a complete metric space, there exists u € X such
that z,, — u as n — oco. Then, using the fact that x,+1 = Tz, and the continuity of 7" we obtain u = Tu,
that is, u is a fixed point of T'. To show the uniqueness, we assume that v is another fixed point of T', u # v.
Then, we have
d(u, Tu)d(v,Tv)

d(u,v)

P(u,v) = max{ d(u, v)} = d(u,v)

and hence, from (7i7) and (7)
d(u,v) = d(Tu,Tv) < (P(u,v)) < P(u,v) = d(u,v),

which implies d(u,v) = 0. This proves the uniqueness of the fixed point.
O

Theorem 2.2. Let (X,d) be a complete metric space and a mapp T : X — X. Assume that there ezists a
function @ € ® such that for all x,y € X,

d(Tz,Ty) < ¢ (Q(z,y)), (2.11)

[d(z, Tz) + 1] d(y, Ty)

1+d(z,y)
all x € X the sequence {T"x} converges to u.

where Q(x,y) = max ,d(fv,y)}. Then, T has a unique fized point u. Moreover for

Proof. Let z,y € X. If x = y, then d(Tz,Ty) =0 < Q(z,y). In the other case, if z # y, then Q(z,y) > 0
and from (2.11)), respectively (1) it easy to see that

d(Tz, Ty) < o(Q(z,y)) < Q(z,y). (2.12)
Let x € X such that « # T'z. In this case,

d(Tx, T?z) [1 + d(z, Tx)]
1+d(z,Tx)

Q(z,Tz) = max {
and using (2.12)) we get

,d(z, TZU)} = max {d(T'z, T2z),d(z, Txz)}

d(Tz,Tz) < max {d(Tz,T?z),d(z,Tz)} . (2.13)

We shall examine two cases. Supposing that d(Tx, T?z) > d(z, Tx), we obtain d(Tx, T?x) < d(Tz, T?x)
a contradiction. Therefore, we find that max {d(Tz,T?z),d(z,Tz)} = d(x,Tz) and (2.13) yields
d(Tz, T?*z) < d(z,Tx), (2.14)
for any z € X, x # Tx, and, obviously,

Q(z,Tx) =d(z,Tx). (2.15)

In the following, as in the proof of Theorem we shall construct an iterative sequence {x,}, for an
arbitrary initial value z € X:
zo:=x and x,, = Tx,_1 for all n € N. (2.16)
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As it is discussed in the proof of Theorem [2.I we suppose
Tp # xp_1 for all n € N. (2.17)

From (2.14) we conclude that d(x,_1,2,) is a nonincreasing sequence of non-negative real numbers, and
hence, it converges to some € > 0.
On the other hand, by (¢2') from remark (1.1)) there exists § > 0 such that

t < e+ ¢ implies p(t) <e.

Assume that € > 0. We can choose N € N such that, using (2.15))

Q(xrn,zn1+1) = Qan,Taxy) =d(zn, Try) =d(xn,zNn11) <€+ 0
and
0 <e <d@nt1,on+2) < p(Q(@N,TN41)) <€
which is a contradiction. Therefore, lim d(xy,—1,2,) = 0.
Let now g1 > 0 be fixed. Then, f;l(;nm(¢2’) there is 91 > 0 such that

t < &1+ 61 implies p(t) < e1

We shall prove that {z,} is a Cauchy sequence. For this, let m € N large enough to satisfy d(m, Tm+1) <
01. We will show, by induction, that
d(mm,xm+k) < &1+ 01, (2.18)

for all k € N. (Without loss of generality, we assume that 6; = d1(¢) < £.) We have already proved for k = 1,
so, consider the following two situations.

(@) I d(pmtk Tmk+1) < d(Tm; Ttr) then

d(xm+k7 xm+k+1)d(xm7 xm-l—l)
1+ d(@m, Tm+k)

d(merkv xm+k+1>
1+ d(@m, Tmtk)

< d(-rm—i-ka xm-i—k-‘rl) respectively < d(xm> xm+1)

Hence
d m TN d mytm
Q) = max { Lt ltnrnail g, 5,,,,)}
< max {d(mik, Tmak+1) + ATm, Tm+1), d( Ty Trak) } < max {201,617 + 61}
< &1+ 01.

So, we have,
d(l‘m, xm+k+1) < d(xm7 xm—&—l) + d(xm+17 xm+k+l) < d($m7 xm—l—l) + @(Q(xma xm—i—k)) <e1+901. (219)

(b) If d(xm-i-ka xm-l—k:-i—l) > d(xm7$m+k?) then

d(l‘m7$m+k+1) S d($m,$m+k) + d($m+k,xm+k+1) < 2d($m+k, $m+k+1) < 261 <er+ 61. (220)

Thus, by induction, (2.18) holds for every k£ € N. Since £; > 0 is arbitrary, we get

pli)n(;lo sup d(.’Em, xm-&-p) = 07

which implies that {x,} is Cauchy sequence in complete metric space (X,d). Hence, {x,} converges to
some u € X. Next, we will prove that u is a fixed point of T. Arguing by contradiction, we suppose that
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Tu # u or, d(u, Tu) = g9 > 0. Since, the sequence {x,} is convergent to u, we can choose [ € N such that

d(u, ;) < %. Also, from (¢2'), there exists o = ? satisfying the following

2
t<%2+221mphesg0()§52

Since

0< Qu,z) = max { Aenata bl g, )|

< max {d(xl, xl-i—l) [1 + d(u’ Tu)] ) d(uv CC[)}

4 (2.21)
< max {%2 + 2, %2}
—g+9
from (2.11]) together with the triangle inequality and (2.21)), we get
€9 €
0<ey=d(u,Tu) < d(u,z41) + d(Tx;, Tu) < d(u, z141) + ¢ (Qu, x7)) < 52 + 52 =g (2.22)

which is a contradiction. We deduce that d(u,Tw) = 0, which means that v is a fixed point of 7.
To show the uniqueness, we assume that v, is another fixed point of T, with u # v. Since
d(v,Tv) [1 + d(u, Tu)]
1+ d(u,v)

Q(u,v) = max{ d(u, v)} = d(u,v) > 0

from(2.11)) it follows that
0 < d(u,v) = d(Tu, To) < $(Q(u, v)) = p(d(u,v)) < d(u,v)

which is a contradiction. This proves the uniqueness of the fixed point and completes the proof of the
theorem. n

Example 2.3. Let X = {0,1,2,3} and d(z,y) = |z —y| be a metric on X. Assume 7" : X — X and
¢ :]0,00) = [0,00) be defined by
TO=T1=T2=0, T3 =1

Lo iftelo,2]
_ 25 1 )
w(t) { 241, ifte (20
It is easy to see that for any z,y € {0,1,2} we get d(Tx,Ty) = 0. Therefore relation (2.11) is satisfied. We
also notice that d(3,73) = 2 and d(T'z,T3) = 1 for any = € {0, 1,2}.For this reason, we have to distinguish
the following three cases.
Case (1). If x = 0 then d(0,70) =0, d(0,3) = 3 and

Q (0,3) = max {d(O, 3), 4, Tj()o[dz(g())’f(l]) + 1] } = max {3, i} =3

and

In this case 9
d(7T0,73) = =1+ 3= ©(Q(0,3)).
Case (2). If x =1 then d(1,71) =1, d(1,3) = 2 and

Q019 = a1, OTIIOTD LAYy 4)

w | ot
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Thus 9
d(T1,73) = 1< 1= 5 =¢(Q(1,3)).

Case (3). If x =2 then d(2,72) =2, d(2,3) =1,

0(2,3) = max {d@ 3, d(3,T§>()2[fi$fi) +1] } — max {1, g} =3

and

d(T2,T3) =1< g =1+ % = p(Q(2,3)).

Hence all the conditions of Theorem [2.5hre satisfied and T" has a unique fixed point, z = 0.

Theorem 2.4. Let (X, d) be a complete metric space and T be self-mapping on X. Suppose that there exists
a function @ € ® such that for all x,y € X,

d(Tx,Ty) < ¢ (R(z,y)), (2.23)

where
(2.24)

d(z, Tx)d(y, Ty) d(z, Tx)d(y,Ty)

1+d(z,y) = 1+d(Tz,Ty) |
Suppose also that, either T is continuous or @ is upper semi-continuous. Then, T has a unique fized point
u. Moreover for all x € X the sequence {T™xz} converges to u.

R(z,y) = max {d(a:, y),d(z, Tx),d(y, Ty),

Proof. First, we prove that R(z,y) = 0 if and only if 2 = y is a fixed point of T". In fact, if x = y is a fixed
point of T then Tx = x = y = TY and obviously R(x,y) = 0. Conversely, if R(z,y) = 0 then, using (2.23)),
(p2") and (2.24)) it is easy to prove that x = y is a fixed point of 7. On the other hand,

d(z, Tz)d(Tx,T?z) d(x,Tz)d(Tx,T?x)
Tz) = d(z, Tx),d(x,Tx),d(Tx, T? : : ’ ’
I L R
< max {d(x, Tx),d(Tx, T2x} .
If x # Tz, then R(xz,Tz) > 0 and
d(Tz, T?z) < p(R(x,Tz) < R(z, Tx) < maxd(z, Tz),d(Tz, T*x). (2.26)

It is easy to see that if maxd(x,Tx),d(Tx,T?z) = d(Tx,T?z) then d(Twx,T?*r) < d(Tx,T?r) which is a
contradiction. Thus we conclude that

maxd(z,Tz),d(Tz, T?z) = d(x, Tx).

By (2.26]), we get that
d(Tx, T?z) < d(z, Tx). (2.27)

By the analogous proof in Theorem we can construct the sequence {z,} defined by z,+1 = Tz, for
which x,, # x4 for all n € N. Since T satisfies (2.23)), the sequence {d(x, zp+1)} converges to some g1 > 0.
We claim that £; = 0. Arguing by contradiction, we assume 1 > 0. From (¢2'), there is d; > 0 satisfying:

t < &1+ 61 implies p(t) < &
and, we can find N € N such that
R(zn,zn+1) < max{d(zn,zn+1),d(xN+1, TN+2} = d(@N, 2N41) < €1+ 1. (2.28)
Then, together with (¢2') and we get

0 <ey <d(@ny1,zn42) = d(Ton, Toni1) < o(Plan, on41)) < €1
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By (@27,

g1 < d(xnyo2,xN+3) < d(xNy1,TN42) < €1,

which is a contradiction. Therefore, lim d(zp,xp4+1) = 0. Next we will show that {z,} is Cauchy sequence.
n—oo
Fix € > 0. Then, for (¢2'), there exists 6 > 0 such that

t < e+ 6 implies ¢(t) <e.
Let m € N large enough to satisfy d(z,, Zm41) < 6. We will show, by induction, that
(T, Tmgk) < € +9, (2.29)

for all k € N. (Without loss of generality, 6 = d(¢) < €.) We have already proved for k£ = 1. we assume that
(2.27)) holds for some k € N. Then, we have

R(l’m, $m+k:) = max {d(xﬁh xm—&—k)a d($m7 xm+1>7 d($m+k, xm+k+1)7
d(l’m, :Em-i-l)d(merka merk’Jrl) d(iL‘m, xm—i—l)d(l'erk, xm+k+1) }
1+ d(Zm, Tm+k) ’ L+ d(Tm+1, Tmkr1)

The following two situations are distinguished:
(a) If d(zpmik, Tmaks1) < d(Tm, Tmyr) then

d(wma xm+1)d($m+ka wm+k+1)
1+ d(Tm, Tm+tk)

< d(i[jm, xm+1)7

respectively
(T, $m+k+1)d($m7 Tmy1)
L+ d(Tm+1, Tmtkt1)

< d(l’m, merl)-

Hence
R(l‘ma xm—i—k) < max {d(xmp xm—&—k)) d(l’m, xm-{—l)) d(xm—i-ka xm+k+1)}
<max{e+d,0} =+

So, we have,
d($m7 xm+k+1) < d(ﬂ?m, $m+1) + d($m+1, $m+k+1) < d(l‘m, ij+1) + (,O(R(xm, ij+k)) <e+d. (230)

(0) If d(zm+ks Tmak+1) > AT, Tti) then

d({L‘m, .’13'm+k+1) < d(ﬂ?m7 .’Em+k) + d($m+k7 .Tm+k+1) < 2d($m+k, Jlm+k+1) <20 <e+0. (231)

Thus, by induction, (2.29) holds for every k € N. Since £ > 0 is arbitrary, we get

ph_{glo sup d(m, xm—&-p) =0,

which implies that {z,} is Cauchy sequence in complete metric space (X, d). Hence, {x,} converges to some
ue X.

We will show next that the limit u of the sequence z, is a fixed point of T'. First, we suppose that T is
continuous. Then

nh_)rrolo d(Tzp,u) = nh_)rglo d(xpy1,u) =0.

We conclude that Tu = u, that is, u is a fixed point of T
Now, we suppose that function ¢ is upper semi-continuous. Since the sequence {x,} is convergent to u,
we can choose [ € N such that d(u,z;) < e.
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From ([2.24) and (2.23) we have

d(zy, xppq)d(u, Tu) d(xy, zj41)d(u, Tu)
= d d d(u,T 2.32
ety ) = mose {dar ), o ). dfo, T, A2 AT, Al )T (232
and
d(xi41,Tu) = d(Tx;, Tu) < (R(xy,u)). (2.33)

Suppose that Tu # u, so there exists 7 such that d(u, Tu) = 7 > 0. Since d(x;, z;+1) — 0 and d(x;,u) — 0
we get that limy oo R(z;,u) = d(u,Tu). Letting | — oo in (2.33) and using the upper semi-continuity of
function ¢

T =d(u,Tu) = lim d(Tx;, Tu) < limsup ¢(R(z;,u)) < p(d(u, Tu)) < d(u, Tu) =7

=00 l—o0

Thus, d(u,Tu) = 7 = 0, therefore Tu = u. Suppose now, that v and v are two fixed points of T, u # v.
Then, R(u,v) = d(u,v) > 0. We have

0 < d(u,v) =d(Tu,Tv) < p(R(u,v)) < R(u,v) = d(u,v),
which is a contradiction. So, we obtain that d(u,v) = 0. O

Theorem 2.5. Let (X,d) be a complete metric space and T : X — X. Assume that there exists a function
p € D such that,
d(Tz, Ty) < ¢ (S(z,y)), (2.34)
d(x, Tx)d(x, Ty) + d(y, Ty)d(y, Tx)
d(x, Ty) + d(y, Tx)
fized point u. Moreover for all x € X the sequence {T™xz} converges to u.

forall z,y € X, where S(x,y) = max {d(w,y), } Then, T has a unique

Proof. Since

d(z, Tx)d(z, T?x) + d(Tz, T*x)d(Tz, Tx) -
d(xz,T?x) + d(Tz,Tx) } = d(z,Tx),

S(z, Tx) = max {d(x,T:c),

following the lines of the proof of Theorem , we shall construct a sequence {z,,} C X where x, 11 = Tz,
for which x,, # x,4+1 and
lim d(zy,zp4+1) = 0. (2.35)

n—o0

In what follows, we shall prove that {x,} is a Cauchy sequence. Let ¢ > 0 fixed. From (2'), there exists
0 > 0 satisfying the following
t < e+ 0 implies p(t) <e¢

(We may assume that 6 < €.) By the convergence of the sequence d(zy,z,+1) to 0, there exists kg € N such
that d(z,, Tmy1) < 0, for all m > ko. We will show by induction that
ATy Tryk) < €+ 6, (2.36)

for k € N. Obviously, when k£ = 1, inequality (2.36) holds. We assume that (2.36]) holds for some k& € N.
Then we have

d maTm m»Tm m 7Tm m aTm
S(Tp, Tmtk) = max < d(Tm, Tmtk), (@m, T )d(@m, TTmik) + A @msk, TOmi ) d( @i, T )}

d(fL‘m, T$m+k) + d(l’m+k, Txm)
(T, Trm11) ATy Trng k1) + AT kes Tkt 1) ATy ke Tt 1) }

d(l’m, xm—&-k-i-l) + d($m+kv :Eerl)
d(Tms Tmtt1) + A(Tomthes Tt

d(.%‘m, ajm—&-k’-l-l) + d(xm—i-ka merl)

= max { d(Tm, Tymik)s

< max<e—+4d,0 =ec+44
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and hence

d(l’m, xm—l—k—H) < d(l’m, 'rm-‘,-l) + d(xm—i-ly mm—&—k—l—l) < d(xrm xm—i—l) + ¢ (S(Ilfm, xm—l—k) <&+

Thus, by induction holds for every k € N. Since € > 0 is arbitrary, we obtain that {z,} is Cauchy
sequence. By completeness of (X,d), there exists u € X such that lim,_(d(z,,u) = 0. To prove that
u is a fixed point for T', we suppose, on contrary, that d(u,Tu) = 7 > 0. Since lim,, o d(z,,u) = 0 and
limy, 00 d(Zn, n+1) = 0 we can choose [ € N satisfying

T T
d($l,$l+1) < §,d($l,u) < 5

We have

S(xp,u) = max < d(x,u), d(zxy, x141)d(xy, Tu) + d(w, Tu)d(u, 2141) }

d(xy, Tu) + d(u, z141)
d(“? xl—i—l)

< max< % +
2 d(zy, Tu) +
< max{%

) and (2.34), we get

T=d(u,Tu) < d(u,z41) + d(Tz;, Tu) < d(u, x141) + @(S(x, 1)) < g + % =T

Thus, d(u, Tu) = 0. Therefore Tu = u.
Now, suppose that there exists another point v € X, u # v such that Tv = v. Then,

d(u, Tu)d(u, Tv) + d(v, Tv)d(v,Tu) |
d(u, Tv) + d(v, Tu) } = d(u,v)

and from (2.34) together with the hypothesis ¢ € ® we get

S(u,v) = max {d(u, v),

0 < d(u,v) =d(Tu,Tv) < p(S(u,v)) = ¢(d(u,v)) < d(u,v),
which is a contradiction. 0

Example 2.6. Let X be a finite set defined by X = {%, %, 1}. We endow X with usual metric. Define
T:X — X, p:[0,00) = [0,00) by

and
t2, iftel0,3]
p(t)=4¢ 1—t, ifte(3,1]
L ifte(1,00)

Since d(T%, T %) = 0 obviously 1) holds. We consider the following two cases:
Case (1). Let z = 5 and y = 1. In this case, we have:

1 1 1 1 1

T-,T1) = - 1) == 1,T1) = =

d( 9’ ) 4’ d(27 ) 9’ d( ) ) 9’
1,1 1 1 3 1

and
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-w=e(s(3)

Case (2). For z = 1 and y = 1. In this case, we have:

In this case

d@ATU:

<
9 >

W=
| =

1 1

1 3
d(T=,T1) ==, d(>,1) == ==
( I =7 (4, ) 4,<K1711) ;
11 1. 3 1 1
d(=,T-) =0, d(1,T~) = -, d(~ _ =
(3T =0 d0T) =7, A T =7
and )
dit, 7Hat, T1) +4d(1,71)d(1, T
S(%,l) = max d(i,l), (4 1) (f ) ( l)( 1)
d(%,T1) +d(1,T3)
0-141.3
— max{ &, ”ii% il_s
4 4
Therefore,
1 1 1 1
AT>T)==<>=p)= -1
=g <g=ep=¢(s(31))

Hence all the conditions of Theorem re satisfied and 7" has a unique fixed point, x = i.
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