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Some results of generalized k-fractional integral operator with k-Bessel
function
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Abstract. In this research paper, we develop the generalized fractional k-integral operators (gFkIO) involv-
ing Appell k-function as its kernel, and investigate (gFkIO) with the composition of Bessel k-function of first
kind (BKE-I). We shall obtain results by applying Sagio fractional integral k-operators (SFIkO) and Riemann
Liouville fractional integral k-operators (RLFIkO) in which Gauss Hypergeometric k-function (GHKF) acting
as a kernel in the left and right sense with product of power k-function and Bessel k-function of first kind
(BKF-I) and results will be establish in the terms of generalized Wright Hypergeometric k-function (§WHKF).

1. Introduction

Fractional calculus is the field of mathematical analysis, which deals with the investigation and applica-
tions of integrals and derivatives of any arbitrary real or complex order, which unify and extend the notions
of integrals and derivatives. It has gained significance and recognition over the last four decades, spe-
cially because of its enormous capacity of tested programs in diverse seemingly expanded fields of science,
applied mathematics and engineering [1-3]. We proposed a unified approach to the special functions of
fractional calculus and our approach is based on the usage of generalized fractional calculus operators. Diaz
and Pariguan [4, 5] paved the way for extensions of fractional calculus when they introduced the gamma
k-function, beta k-function and hypergeometric k-functions based on Pochhammer’s k-symbols [6, 7] and
proved a number of their properties.

Different additions of numerous fractional integral operators and their properties have been investigated
by many authors [8-10]. Many applications and special cases of generalized fractional integral operators
are the recurring appearance of compositions of classical Riemann Liouville and Erdelyi Kober fractional
operators in various problems of applied analysis and several properties of this operator can be located in
[11, 12]. Many authors added a family of fractional integral operators with the Appell function F3 in their
kernel and extension of many acknowledged formulas given [13-15]. A distinct account of such operators
along with their properties and applications had been considered [16-21].
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Definition 1.1. The generalized fractional integral k-operator defined for a, o/, B, B/,y € Cand y > 0, R(y) > 0
and k is any real number respectively

A&FEY £y = YT fy( — ) Y Faa, o, B B -1—5-1—y)f(t)dt 1
kot i) Jo Y WGPy
and "

a,a’,ﬁ,‘[;’,y _ ]/T “ _ %—1 —% ’ L unse _z _i

00 = fy (=) oy 1= 1= D @

Definition 1.2. [22] The left and right sided Sagio fractional integral k-operator defined for a, B,y € C, R(a) > 0,
y > 0and k is any real number respectively as

=y )
(I,f,f;?’f)(y) = kz"k(a) fo (y - LF a+ B, -y ;1 — é) F(bdt 3)
and . N
(Il(:,/yﬁ-/yf)(y) = @) jy‘ (t= T oFua+ By a1 - %)f(t)dt. (4)

Definition 1.3. [22] The left and right sided Riemann Liouville fractional integral k-operator defined for a € C,
R(a) >0, y > 0and k is any positive real number respectively

1 y a
(0N = 750y |, =01 o ®)
and ) .

@t DO = 1o fy (t — )t foyt, ©)

Definition 1.4. The k-beta function [24], defined for R(l) > 0, R(h) > 0, as

1
p =1 [ sta-sts, )
11k T ()T

s0 that Bl 1) = %5(?%) and B, h) = % ®)

where T'y(I), Ti(h) and Ti(I + h) are gamma k-functions.

Definition 1.5. The gamma k-function [24], defined for R(t) >0,k > 0,t € Cas
00 &
T(t) = f stle T ds, 9)
0
so that Ti(z+ k) =zIk(z) and Ti(y) = (k)%_ll"(%). (10)

Definition 1.6. The Pochhammer’s k-symbol for k > 0 [5], defined as

_Joala+k)(a+2k)--(a+(n-1)k) forn>1
(a)n,k - { 1 fOT n= 0,“ ;ﬁ 0, (11)
So that (@nx = % and % = (~1)"(k - @) (12)

where o € Cand n € N.
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Definition 1.7. The Hypergeometric k-function defined forV o’,p',n € C, ' #0,-1,-2,-3,---,

m=0
rk(C)l"k(C —a- b)
Ti(c —a)Tx(c = b)’

k>0,

ZFl,k((a/ k)/ (b/ k)r (Cr k)/ 1) =

where T'r(c), I'(c —a — b), T'(c — a) and Ty(c — b) are gamma k-functions.

Definition 1.8. The generalized Wright Hypergeometric k-function [25], defined by the series as

! > ! . ’ m
lly]i(t) = 1‘1’1;1[ (;” 0‘;)1,1 t] = Z [Tiz1 Tk(ci + aim)t ,
( ]/ﬁj)l,h m=0 H?zl Ii(d; + ,B;m)m!

where k € %*,teC,ci,d]- eC,undaz’,,‘B; eR (=12, j=1,2,---,h).

Definition 1.9. The Bessel k-function of first kind WX .(t) [12], defined for t € C and v € C by

. C)P( )k+2p
Wy () = Zl"k(v+pk+k) i k>0,ceR.

We use the following notation in our results

oG " ko 242
Z Ti(v + pk + k)p!” as Wi () = &P ().

2. Left sided integral k-operators with Bessel k-function

159

|t| <1, as

(13)

(14)

(15)

(16)

(17)

In this section, we derive the fundamental results for left sided Sagio fractional integral k-operator in
which Gauss hypergeometric k-function using as a kernel with the composition of power function and
Bessel k-function, and also discuss the left sided Riemann Liouville fractional integral k-operator. The

following theorems are needed to prove our main results.

Theorem 2.1. Let a, o/, B, B/, y, v, 0 € C, k > 0, c € R and x > 0 be such that R(v) > -1, R(y) > 0 and

R(FL) > max[0, R(a + &’ + - ), R(a’ = B')], then there holds the following relation:

(I PP () = 1t E

c+v,2)c+v+y—a—-a -B2)(c+v+pk—-a,2)

2
k %
3y W+, DYo+v+y—a-a,2)c+v+y—a —B,2)(c+v+pk2) 4k]'

Proof. Consider the generalized k-fractional integral (1) with the product of power function and Bessel
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k-function of first kind (16), we have

I PP IEETWE (D))

= (o ()P £ . .
2: r%+v+kpdm)@)J‘“ DI Pyl o, ﬁﬁ)ﬁl——l——ﬁ P]m

y 1 * -1 7% - (a)ﬂl,k(a/)ﬂ,k(ﬁ)m,k(ﬁ/)n,k _ E me E "y 42p-1
Tk(V)Efo(x_t) t Z‘ ) manj min! 1= a=pree™ ]dt

m,n=0

(a)m,k(a/)n,k(ﬁ)m,k(ﬁ’)n k

= 6’p’k [ _
(V)m+n,k m!n! ka(V)

m,n=0

iﬁwmq1_§rfﬁwﬂ%1w. (18)

By putting u = £ = xdu = dt,ift =0 = u =0, if t = x = u = 1 in equation (18), we get

UL PP IEETWE (O] ()

y-a

= &Pk Z (@) (@) k(B k(B i [ x rk(y] 1 f (A — w11 - —) () 542~ l]xdu

(V) man e min!

m,n=0

o+v+y—a—a’

(a)m,k(a/)n,k(ﬁ)m,k(ﬁl)n,k X k +2P—1 [1 fl uaﬂ:(—a’
V) manp min! T'v(y) k Jo

(o)
= &p,k

mn=0

+2p—n-1 (1 _ u)%"””_l]du.

Using equations (7) and equation (13) in equation (19), we have

I PPV ETWE (O] ()

+2p-1 o _
OO Dmn e min! Prlo +v = o’ +2pk = nk,y + mk + ”k)]'

(a)mk(a )n k(ﬁ m k(ﬁ )n k[ orvry—a—a’
= &Pk 2 i
n=0 [

o+v+y—a—a’

_ gk Z (@)@ )k B (B Inj x— 7 2771 [Tk(ff +v—a’ +2pk —nk)li(y + mk + ”k)]
B (V)man g min! Tx(y) Ti(o + v —a' +2pk — nk +y + mk + nk) |

(19)

m,n=0

By using equation (12) in equation (19), we obtain
Ty 71T (D))

gtv+y—a—a’

_ ork i (@ p (@) B (B I x— 7 2071 [ Tx(o + v —a’ + 2pk — nk)Tx (V) (V) mani ]
B (V) msnf min! Ik(y) Ilc+v—a’ +2pk+ )0 +v—a’ +2pk+ V)i

m,n=0

(ST IRPINE o (@) (B i (1) (@)1 (B ) Ti(o + v — o + 2pk — nk)
o & Z‘4((7+v—ac’+2pk+y)mkm'Z‘i n! Tio+v—a +2pk+7y) (20)
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By using equation (14) in equation (20), we get

UL PP EETWE (D))

o ok i (@) Bk Tk(o+v—a’ +y +2pk —a — B)Tk(o + v — & + 2pk — nk) 1)
n=0

n! To+v—a' +y+2pk—a)lc+v—a’ +y+2pk—p)
Now we use equation (12) in equation (21), we have
(T P W (DD ()

) +1+ —a—a’

Z x 2AGPR ), (B Ini(=1)" Ti(o +v —a’ +20k)Tk(0 +v —a’ +y + 2pk —a — )
o (k—(c7+v—oz’+2pk))n,kn! Io+v—a' +y+2pk—a)(c+v—a’ +y +2pk—-p)

J+l+

&P k-0 —v+a - 2pkktk—0—v—=2pk - )rloc+v—a' + 2k (c+v—a’ +y+2pk—a—p)
HTik—o—v+a = 2pk— B )Nitk—0—v-2pk)[x(c+v—a’+y +2pk—a)lx(oc+v—a’ +y+2pk—p)

7+v+}

l+l

& +v - & +20k)px Ti(o+v—a' +2pk)k(c+v—a’ +y +2pk—a—p)

g Wo+v+2k)p THO+v—a +y+2pk—a)(o+v—a +y+2pk- B

(22)

Using the equation (12) in equation (22), we obtain
(U ™71 W (D @)
_ Y oy 1gpk Ti(o+v—a +2pk+ B k)Tx(c+v+2pk)k(c+v—a’ +y+2pk—a—p)
Tc+v+2pk+ (o +v—a’ +y +2pk — a)[ (o +v—a’ +y +2pk - )

a+v- +7 —a—a’

WGP (0 + v+ 2pk) T(o + v — &+ + 2pk — a — B)Ti(0 + v — &’ + 2pk + B'k)

Ilc+v—a' +y+2pk—a) Ii(o+v—a’ +y+2pk—B)'(0 + v+ 2pk + p'k) @3
By using equations (17) and equation (10) in equation (23), we get
a+u—n—a'+;'_1 )
[ BB Y -1k X [ Tx(o + v + 2pk)
CPPYETWE (¢t _
(T [ ODE) = (2k)¥ = I +p + DIk(o + v + 'k + 2pk)
Tio+v+y—a—a —B+2pkTk(o + v+ Pk —a +2pk) 1 (F2 ) b
Io+v+y—a—-ao +2pk)(c+v+y—a’ —p+2pk) p!
By using equation (15) in equation (24), and get the final result
PP HEIWE (] () = 2O o T
c+v,2)c+v+y—a—-a -B2)(c+v+pk—-0a,2) _ﬁ
ll) w+L,DYo+v+y—a-a,2)c+v+y—a —B,2)(c+v+pk?2) 4k |”
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Corollary 2.2. Taking k = 1,c = 1 in Theorem (2.1), we get

(I“O‘ BB V[ta l]v(t)])(X) = yOtvty—a- a’ 1(2) v

(0+v,2)c+v+y—a-a —B,2)c+v+p —a,2) x?
3y w+LD)o+v+y—a-a,2)(c+v+y—a —B,2)(c+v+p,2) ’__

Theorem 2.3. Let a,,y,v,0 € C, k >0, c € R and x > 0 be such that R(v) > -1, R(a) > 0 and R(TFL) >
max[0, R(B — y)], then the following results holds true:

7+1‘51

Ty T W (DD () = @t 2%[

(c+v,2),(c+v-B+7,2) _ﬁ
w+1,1),(c+v=-p42),(c+v+a+y,2) ak |-

Proof. Consider the left sided Saigo fractional k-integral operator (3) with the product of power function

and Bessel k-function of first kind (16), we have

AV TEWE (O] ()

i —c)(d)i f‘(x L+ -yl — )t 20400 1]dt
Fk(nk+v+k)n' Fk(a)k "2Fu B

[Fk(a)z “ +(i))n;i(m'7/)mk : f ( t)F_l(l — ) tm+2n 1]dt

e (a + ,B)m,k(_y)m,k[% fx(l t)‘*+m 1tﬂ+2n 1]dt. (25)
0

Ka) £ (@) m!

k

nkx
T

Byputtingu:§:xdu:dtift:O:'u:Oift:x:uzlin(ZS),wehave

o+v—P 211-1 o) 1
apyp -1k kX E " G V)mk[ o0 4201 a+m_1]
U T WaOD = & =) ik ), W a0t e
Using equation (7) in equation (26), we obtain
CALE ) I
aByr,o— X Kk (a+),(_)m,
WO = & (’i - Lk [ﬁk(o F ot 2k, ot mk)]
!
) &nkxﬁ;c Paan1 & (a + B k(=) mx [I’k(a + v+ 2nk)Ti(a + mk)] 27)
B Ti(a) () pm! Ti(o + v+ 2nk +a+mk) |
Using equation (12) in equation (27), we have
AL, P )
By 2 —11a7k _ nkX k (0( + ﬁ)m,k(_)/)m,k[ 1—‘k(g +v+ 2nk)rk(a)(a)m,k ]
Ugor (7 Wo (DD = & Tx(a) mZ:o (@) ! T+ v+ a+2nk)(o+v+a+2nk),
_ n,k a+v B yon_1 - (CV + ﬁ)m,k(_y)m,k(l)m Fk(O' +v+ an) ]
=& Z::A) (0 + v+ a+2nk),;m! [ Ti(o + v + a + 2nk) | (28)
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By using equation (13) in equation (28), we have

[T P S (o +v+2nk)li(c+v+2nk—-F+y)
(g T Wa (OD) = & T(o+v+2nk—B)Ix(c+v+a+2nk+y) 29)
By using equations (17) and equation (10) in equation (29), we attain
a+vfﬁ ) —cx? n
By, o I'k(o + v + 2nk) Ii(c+v—=p+y+2nk) (=)
B Tk k 4k
(o [ Wae (D) = (2k)E Z [ F(f+1+n) T(o+v—-p+2nkI(c+v+a+y+2nk)] n! 30)

By using equation (15) in equation (30), we get the final result
xTF (c+v,2),(c+v-B+7,2)

aByri- - =
(I T Wo (DD = =2 295 [ (E+1,1),(+v-F2), (+v+a+7,2) ’ 4k]'

kO
O
Theorem 2.4. Let a,v,0 € C, k > 0, c € R and x > 0 be such that R(v) > —landR(a) > 0, then there holds

following formula:

U+v+a -1

N (0 +0,2) ox?
(k0+[tk 1Wk DD = (2k)” 1#’ [ #+1,1),(0+v+a,2) - E]

Proof. Consider the left sided Riemann Liouville k-fractional integral operator (5) with the product of power
function and Bessel k-function of first kind (16), we have

e - Ul £-1p52 20
(I [ WD) = Zrk(nk+v+k)n, w | wooreEea
= & ¥l LAY T P
- i@ k f (1= ]dt (31)

By putting u = £ = xdu = dt,ift =0 = u =0, if t = x = u = 1 in equation (31), we get

(5 1 WE D) = o5 L g e, )
k,0+ v,C Ti(a) k 0 '

By using equation (7) in equation (32), we attain
ZHUHa 4 op—1
I HETWE (DD = & Bi(0 + v + 21k, a)

Ti(a)
LIS W [x(o + v+ 2nk)
2n-1enk__ 1k
= & . 33
x I'v(o+ v+ a+2nk) (33)

By using the equations (10) and equation (17) in equation (33), we have

a+u+a +2n-1 i C)n(l)zn(l)% rk(U +v+ 27’lk)
AT

-1k
(kO*[ Wy, (D) n+l- 1r(“ +n+1) k(o + v+ a + 2nk)

n=0

x el i I'(o + v+ 2nk) G ey (34)
(2k)# 4 T(7 +1,1)I(0 + v+ a + 2nk) n! ’
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By using equation (15) in equation (34), we get the final result

u+v+a -1

(I8, [ TWE (D])(x) = (0 +v,2) cxz]

(zk)v 11/’2 (%+1,1),(o+v+a,2) 4k
O

3. Right sided fractional k-operators with Bessel k-function

In this section, we elaborate the right sided Sagio fractional integral k-operator in which hypergeometric
k-function using as a kernel with Bessel k-function, and also derived Riemann Liouville fractional k-operator
in the form of theorems.

Theorem 3.1. Let o, o/, B, B/, ¥, v, 0 € C, k > 0, c € R and x > 0 be such that R(v) > -1, R(y) > 0 and
R(FL) > max[0, R(a + &’ + B ), R(a’ = B')]. then there holds the following relation:

’ ’ g 1 ’ —v
Iy PPTETWE (D) = xHermee g F

31Pk k—o+v-52),k-c+v-—y+a+a’k?2),k-c+v+a+p -v7,2) _ox”
H GE+LY),k-0+v—y+a+tak+p,2),(k-c+tv-y+a-p2),(k-0+v,2) 4k |-

Proof. Consider the right sided generalized fractional k-operator (2) with the composition of power function

and Bessel k-function of first kind (16), we have

(PP TETWE (D)

i —P I 5 (t—x)k Y% Fa (e, -1_f)t‘%”72pfl]dt
Tepk + v + DPILT) sk o', Byl = il = 1

k[ X ~ _\E-1-¢ — (a)m,k(a/)n,k(ﬁ)m,k(ﬁl)n,k _ E " g 2p-1
’ [krk(y/)f; (F=x)t e Pmen 1111 1 t) 1- )t P ]dt
g (@) i (@) (B)m k(B )nk %1 Lot oo
- m;O ()msnk Ml r )k f (- (=2 ! ]df- (35)

By putting u = ¥ = —xu?du = dt,if t = co = u = 0, if t = x = u = 1 in equation (35), we have

(P W (DD 36)
_ K . (a)mk(a/)nk(ﬁ)mk(ﬁ )Hk x_;‘l 11 Ym-1 Lin 1y 22 _op2 2
- m;o (D ! rk(y) k f (== )(x” ) & ]( xu )i
= (a)m,k(a/)n,k(ﬁ)m,k(ﬁ/)nk w —2p-1 1 k-o+v+a-y+2pk-nk _ ymkenk
= &Pk : 1 - 19 _ ik
& P )meng min! [ Ty) & fo u (1 -u) ]d“' (37)

m,n=0
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By using equation (7) and equation (8) in equation (37), we obtain

I V[trlwu ))(x)

0-

— &Pk i (@) m (@) k(B k(B )k xu—v—iﬂ'—a —2r-1

e miln! [ ) 5k(k‘0+v+a—V+2Pk—nk,y+mk+nk)]

m,n=0

_ otk i (@) m (@) Bk (B Ve x et op-1 [Fk(k —0+v+a—y+2pk—nk)li(y + mk + nk)

(V) msnf min! T'e(y) I'i(k—0+v+a—y+2pk—nk+y+mk+nk) ] 38)

m,n=0

By using the equation (12) in equation (38), we have

(IR y[trlw’n( ()

_ gk T gy i (Of)m,k(a')n,k(ﬁ')m,k(ﬂ)n,k[ Thk—o+v+a—y+2pk—nT(y) V) mnk ]
- TP min!t Tk — 0+ v+ a +2pk)(k— 0 + v+ a + 2pk)y 1

mn=0
= ek i (@) k(B (1)" Z (@) k(ﬁ Yk [Tk(k o+v+a—y+2pk-— nk)]
(k—0+v+a+2pk),, m! Ti(k— 0+ v+ a+2pk) '
(39)
By using the equation (14) in equation (39), we get
PP (D))
k0~ v,c t
(c_;))pk Ulﬂ+ -’ Zplz(a)”k(ﬂ)”krk(k O'+l)+2pk ﬁ)rk(k ot+tv+a-— ’)/+2pk I’lk) (40)

I'i(k—0+v+a+2pk - Bk — o+ v+ 2pk)

Now, we use the equation (12) in equation (40), we have

Yy o 1
Ty ™I WEL(D@)

_ gp/kxw—%’—l i (@) (B )up(=1)" Tik—o+v+a—y+2pk)T(k— o +v+2pk - p)
(c—v—a+y-=2pk)n! Tilk—oc+v+a+2pk— Bk —o+v+2pk)

gfufak+;/fa'_2p_1l"k(a—v+y—a—2pk)1"k(a—v+7/—a—a’—ﬁ’—Zpk)
Ilo-v+y—a—-a -2pk)[i(c—v+y—a—p —2pk)
Itk—o+v+a—-y+2pk)(k—o0+v—pB+2pk)
I(k—o+v+a—-pB+2pk)k(k— 0+ v+ 2pk)
s o, k—c+v—-y+a+2pk)yir Tik—oc+v+a-y+2pk)Iik—0+v—p+2pk)
k—oc+v—y+a+p +2pk)yir Titk—0c+v+a—-pB+2pk)kk—0+v+2pk)

= &Pk

= &Pkx

sroryad o, g Iik—o+v—y+a+2pk+a’k)lk—0+v—y+a+p +2pk)Ik —o+v—B+2pk)

= p,k
& Tik—c+v—y+a+p +2pk+ak)lik—o+v+a—p+2pk)Tik—o+v+2pk)

t)

By using equations (17) and equation (10) in (41), we get
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(PP W (DD

a+y, a o

oG HIkk—o+v—y+a+2pk+ Ik —c+v—y+a+p +2pkIkk — o +v — B+ 2pk)

By using equation (17) in equation (42), we get the final result

(P W (D) = w1

k k—oc+v-82),k—c+v-y+a+a'k?2),k-c+v+a+p -7,2) .
3¥4 F+L),k-c+v-y+a+ak+p,2),(k—c+v-y+a-42),(k-0+v,2) 4l |”

O

Corollary 3.2. Taking k = 1,c = 1 in Theorem (3.1), we get

a,o B, — 1 —a—a'-1n-
(Lr,a BB r?’[to 1]11(?)])(3()) = yOtvty-a-a 12 v

l-0+v-2),0-0c+v-y+a+a,2),1-c+v+a+p -v,2)
w+1,1),Qd-c+v-y+a+a’ +p,2),Q1-c+v-y+a-42),1-0+v,2)

-1
X 314 H] i
Theorem 3.3. Let a, B, ¥, v, 0 € C, k > 0, c € R and x > 0 be such that R(v) > -1, R(a) > 0 and
R(F2) <1+ min[R(B), R(y)]. Then there holds the following relation:

By -1k _ Lo—v-p)-1 k-o+v+p,2),(k-c+v+y,2) B
(Ik, [t W, C( M) = x* Qk)kZ%[ (+L1),(k-0+v,2),1-0+v+a+p+7,2) 4o |”
Proof. Consider the right sided Saigo fraction k-integral operator (4) with the product of power function
with Bessel k-function (16), we have

o0 ( C)n( )2n+ ¥

OBy reg- 1 = —x)F T — D) s
IR HEWE D@ = W oraemaer Fk(a)kf (t =) P+ -yt - P ar

nk o Xya_q =0t (@ + B i (=Y)mk X my ot on-
kl"()f 11 = Xyt Z 1=y 21]dt

t (@) m!

&nk[ Q)Z 0(+ﬁ)mk( V)mklf (1- )k+m 1tﬂ viazaf o Z]di’ 43)

= a)m,km'

By putting u = £ = dt = —xuduif t =x = u = 1if t = 0 = u = 0 in (43), we obtain

:Za Nk +v+ Ik —o+v+a—-p+2pkkk—oc+v -y +a+p +2pk+a’k)[i(k— o +v+2pk)

(42)
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WD = [rk(a)z(mﬁ L T R (B

a)m,km' k

1,k (05+.B)m,k(_7/)m,k1fl k—awi;/vrnk_l B
& [ Fk(a) Z (a)m,km! k 0 u (1 u)

By using equation (7) in equation (44), we obtain

“*k”’k—l]du. (44)

=t oop-1 k(=)
(sz:)/[t%_l Wﬁ,c(%)])(x) — 8n,k|:x Fk(a) Z (a +(‘lj¥)) '];(1,’1'7/) 'kﬁk(k —o0o+v+ ﬁ + an,a + mk)]

8,11([ S . 1i(a+‘8)mk Vi L(k — 0 + v+ p + 2nk)[i (o + mk)
Ii(a) (@) ! Iv(k—o0+v+ B+ 2nk + a + mk)

]. (45)

By using equations (12) and equation (14) in equation (45), we have

e 1 o o e (@ + B (=) mp ()™ Tv(k— o+ v+ B+ 2nk)
B a7k (Z — gnk 2n—1 % ,
(ko’ [t W“’C(t)])(x) G Z'4(k—a+v+,B+2nk+az)m,km!l"k(k—a+v+ﬁ+2nk+oz)

Ilk—c+v+y+2nk)i(k—o+v+p+2nk)

:Fk(k—a+v+2nk)rk(k—o+v+oz+ﬁ+2nk+y)' (46)
By using equations (10) and equation (17) in (46), we get
By, 8 — 1
(T T W (D)
~ #_M_li (=" ($)*(3)F Ti(k—o+v+y+2nkT(k — 0 + v+ + 2nk)
=X e k%+1+2"—11"(% +1+nmn! Tk —o+v+2nkIi(k—o+v+a+p+y+2nk)
X iﬁli[ Ty(k—0+v+y+2nk) Ty(k— o0+ v+ B+ 2nk) ]ﬁ)” "
(2k)¥ —~ (g + 1+ )ik = Sv+2nk) Titk—o+v+a+p+y+2nk)l n! (47)
By using equation (15) in equation (47), we get the final result
BV, 9—11a7k 1 _ Lo-v-p-1 ok (k—O+U+IB,2),(k—O'+U+)/,2) B L
W ) = o P i oy [ PR (A5 N JORPNS B

O

Theorem 3.4. Let o, v, 0 € C, k > 0, c € R and x > 0 be such that R(v) > =1, R(a) > 0, then there holds the
following relation:

( [t;—lwkc( )])(x) _ xk(cf v+a)— 1(2’{) 2 1¢2|: (k_ o+v-— O(,Z) ‘ Cc ]

(%4‘1,1),(’(—0'—1),2) _w ’
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Proof. Consider the right sided Rieman Liuville fractional k-integral operator (6) with the product of power
function and Bessel k-function (16), we have

a gk - o' 1 ” @ o oy
Iy W (D) = Zrk(nk+v+k)n, krk(a)fx (- oty

et [0

By puttingu = ¥ = dt = —xu?duift=x = u =1 and t = co = u = 0in (48), we have

peps -2 z]dt (48)

o= U+(Y

&”’k[ﬁm) f;o(l—u)ﬁ_l(xu )T 22 () ]

o v+a _on-1
nk X l k= 0+U a+2nk -1 ,_1:|
— P B =% 1 - 4

¢ [ Ti(a) K fo ! 4= )

(1 [ WE (D)

By using equation (7) in equation (49), we get

(e [HETWE (1)])(x) = & wﬁk(k —0+v—a+2nk a)].
ko7 vt Ti(a) '
k- +v—a+ an)l"k(a)]
Ii(@) Tik—0o+v—a+2nk+a)

& (50)

By using equations (10) and equation (17) in (50), we obtain

x TEe -2l i (—C)n(%)zn(%)% Ttk —0+v—a+2nk)l(a)
Ii(a) 2+ gL (n+ g +1n! Ttk — 0+ v+ 2nk)

(1 [ WE (DD

n=0

e = (—0"(3)*(3)F Tw(k—o0+v—a+2nk)
_ 27112 k

et Kr+in! T+ ¢+ DIk(k— 0 + v + 2nk)

xSkt =2n-1 Z[ Tk — o + v —a + 2nk) ](ﬁ)” (51)
=0

(2k)* In+ ¢ +Dli(k—0+v+2nk)l n!
By using equation (15) in equation (51), we get the final result

( [t?_lwkc( )])(x) = xk(U v+a) 1(2k) 1¢§[ (% .(Fkl_,f),-:kv—_aalzg,Z) ‘ - éﬁxZ]

O

Conclusion

In this paper, we have derived generalized k-fractional integral operators involving Appell k-function
as its kernels with Bessel k-function. We have proved some composition formulae for Saigo, Riemann-
Liouville k-fractional integral operators. The results have been established in terms of generalized k-Wright
hypergeometric function. Furthermore if we take k = 1, then we find out the results which are discussed in
the form of corollaries (2.2) and (3.2).
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Abstract. Modeling everyday life processes play a great role in human existence. Thus, distribution theory
has helped to understand how our everyday life processes are distributed. However, this depends on how
researchers in distribution theory compound several distributions to derive a more flexible distribution.
This study proposes the alpha power Weibull Frechet distribution for real-life datasets. However, some
statistical structural properties of the model such as kurtosis, hazard rate and odd functions, cumulative,
quantiles, reversed hazard, skewness, order statistics and survival function were derived. The parameters
of the proposed model were obtained using the maximum likelihood method. The behavioural nature
of the model was studied through simulation. Finally, a two real life data was used to investigate the
performance of the proposed model. The results show that the new model performs better than some
existing continuous models in statistical literature.

1. Introduction

Integral representations of solutions for differential equations and operators are used in many scientific
fields [1, 2]. Several methods for generating family of univariate distributions were based on differential
equation (Pearson 1895). Of most important, is the translation method proposed in [3] . This method is
based on quantile function that was developed in [4]. Lifetime processes have received several attentions
through modeling the way and manner in which they are distributed, thus developing a flexible distribution
depending on how the researcher compounds one or more distribution(s) to form a better or a comparable
distribution [5]. The Weibull distribution plays a very important role in modeling lifetime processes. The
Weibull distribution was proposed by a famous statistician called Weibull [6]. This Weibull

distribution has a wide range of applications in modelling lifetime processes, failure time processes,
survival time, mechanical and electrical systems and machine learning. More so, the Frechet distribution is
used in modeling extreme value theory. Its applications ranging from horse racing accelerated life testing in
earthquakes, floods, rainfall, queues in supermarkets, wind speed and sea waves. The Frechet distribution
can also be used in modelling material properties in engineering materials.
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Let S be a random variable, say s > 0. Then, the Frechet distribution is defined as

g(s,a, B) = ﬁaﬁs‘b"m‘lexp[—(%)ﬁ] a,p>0. (1)

The corresponding cdf is expressed as

G(s,a, B) = exp[—(g)ﬁ] a8 >0, @)

where a and f are the scale and shape parameters respectively.
More so, the Weibull pdf with the parameters & > 0 and > 0 is defined as

f(s,A,B) = Ay’ texp(—ys’™1); Ay >0. (3)
The cdf that corresponds to the Weibull pdf is given as
F(s,A,B)=1—exp(—ys’), Ay>0 4)

where A and y are the shaped and scale parameters respectively.
[7] Proposed the Weibull Frechet (WFr) distribution and obtained the its pdf as

-b

f(s) = q)bﬁ’[ﬁs_ﬁ‘lexp[—b(g)’g]{l - exp[—(g)ﬁ]}_b_lexp[—gb[exp[(g)ﬁ] - 1] ] 5)
The corresponds cdf is expressed as
Fs)=1- exp[—lp[exp[(g)ﬁ] - 1]_b], (6)

wherer is the scale parameter,3, ) and b are the shape parameters.
The alpha power transformation (AP) was proposed in [8]. The pdf of the alpha power transformed
family of distribution is given as

962500, ifa e (R = (1)
fap(s) = @)
g(s), otherwisea = 1.

The corresponding cdf is defined as

at® -1
-1

Fap(s) = ae(R"-(1). ®)
Otherwise, F(s), for a« = 1 where g(s) is the baseline pdf and G(s) is the baseline cdf.

Several research works have been done in literature researched. [9] Proposed the Weibull-G family
of distribution. The alpha power inverted exponential distribution was proposed in [10]. Gompertz-G
distribution was proposed in [11]. Gompertz alpha power inverted exponential distribution was proposed
in [12]. The extended new generalized exponential distribution was proposed in [13]. The Weibull alpha
power inverted exponential distribution was proposed in [14]. Alpha power Weibull distribution was
proposed in [15].

However, many distributions have been proposed in literature to extend distributions that are significant
to the progress of distribution frontiers and to make life more meaningful. Thus, this study set up a model
called alpha power Weibull Frechet (APWF) distribution to push back the frontiers of knowledge in data
science, data analysis and distribution theory.
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Figure 1: The APWF density for different parameter values cases

This study was motivated by studies and events obtained from some literature research in probability
and distribution theories. However, the APWF model was proposed to push back the frontiers of knowledge
in data science, data analysis and distribution theory by addition of a parameter to improve the existing
models using the AP characterization.

The aim of this study was to introduce a class of Frechet distribution in distribution theory together
with its mathematical properties. It worthy to note that this study was proposed to address APWF model,
since, say , we obtained the usual WFr model.

2. The APWF Distribution

This section proposed a class of the Frechet family of distribution called APWF model. Let sy, 55,53, -5,
be a random sample of the APWF distribution. Then, the pdf of the APWF is given as
T T —b-1 T
e e e o
- )
togar[1-n]wlr ] |
x 82 . ae(RY=(1)).

(@-1)

-b

Figure 1 shows the plot of the pdf for different parameter values cases. In Figure 1, the shape of the pdf
could be increasing, decreasing, unimodal and symmetrical depending on the parameter values.
The cdf that corresponds to Equation (9) is given as

Farwr(s) = {a[l"”[w[‘w[mﬁ]l]_ Il a1, ae® - ) (10)
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3. Mathematical Mixture Representation

In this section, we expressed the APWF distribution in power series. First and foremost, we expressed
the Weibull Frechet distribution before the proposed distribution is addressed. Thus, the Equation (5) can
be defined as

exp[—(f)ﬁ] b —(b+1)

R [0 B I

@) = wbﬁfﬁs‘<ﬂ+l>exp[—b<§>ﬁ]exp[—¢
1- exp[—(%)ﬁ

Let the middle quantity in Equation (11) be A. Then, expanding the exponential function in A, we
expressed

)k . exp[—bk(f)ﬂ]

1
A= 2 - = (12)
ofo]
Inserting the Equation (12) into Equation (11), we have
& §+1 —(&Eb+b+1)
(s) = bpefs 6 Z EDE o[-+ 0|1 - e[~y ]| (13)
s s
Further expansion of the last quantity in power series gives
j
o o (= 1)5\115“[(5 )b+ 1] ]
s) = bprfs~ P+ . x[— +1)b+] —ﬁ], 14
£(s) = bpr ]ZOEO P exp| ~[(€ + Db+ 1(5) (14)
where W/ = rg(y\;)] ) is the rising factional for any real W.
However, the Equation (14) can be expressed as
(o] [oe] ) T
£6) = BUE+ Db+ 1P Y Y vyes P Dexp| L€ + Db+ 1] (15)
j=0 &=0
where )
j
(D + Db+ 1
Vit = TEE + Db+ ] 1o
Thus the Equation (11) reduces to
fs) = Z Z Vjeher1yp(S), (17)

Iy
(=}
1l
o

3

j

where is the scale parameter a[( + 1)b + ]] of the Frechet distribution /g ,1y+j(s) and shape parameter f3 .
Integrating Equation (17), the cdf of can be expressed as

iivjéH h+] (18)

i=0 &=0

~.
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where
—(b+1)

hs) = et Vexp| b7 |{1 - exp| - (19)
and
Hes) = ew|GF| - 1}_b. (20)
Also, a®®) can be written as

> (log @)'G(s)!
G(s) _
a”® = E - , (21)

where G(s) is the baseline pdf. Hence, F(s)' in Equation (18) can be expressed as

Fis) iiv Higups (9) (22)

]:O &=0

Hence, Equation (21) becomes

o = i i i Toga) V(g (6) (23)

lo 1 v v w (o oc)’+1
farwe©) = 25000 = <= 37 3 Y Bt e Hig 1 (24)
i=0 j=0 &=0
The corresponding cdf is defined as
1 (v v v (loga)*!
Fapnr(®) = —=(3 Y 3 B0l Hi 1,90 - 1) (25)
i=0 j=0 &=0

where Hg1)p+(5) is the Frechet cdf with scale parameter a[( + 1)b + ]]Fl‘ and shape parameter f5 .

4. Mathematical Properties

This section investigates the properties of the APWF density. The structural properties of the APWEF
density was computed efficiently by using programming software like R, Maple, Matlab and Mathematical.

4.1. The Quantile and Random Number Generation of the APWF Distribution

Let S be a random variable such that S ~ APWEF(, b, B, 7, @). Then, the quantile function of the variable
S for p € (0.1) is given as

¢, = ltog][ -4 tog1 - (10g) " togf(e~ 1) +1[]] +1]'] 29

By setting ¢t = 0.5 in Equation (26), we obtain the median of the random variable S is obtained as

05 =] og][ -4 og[1. - (1og) " togfo(a 1) 1] +1]

=i

| 27)
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However, the 25th and 75th percentile for the random variable of the APWF distribution are obtained
as

-1 % 1
S005 = T[log[[—t/fl log[l - (log a) log[O.ZS(a - 1) + 1”] + 1]/;], (28)
-1 3 %
S0.75 = T[log[[—qfl log[l - (log a) log[0.75(a - 1) + 1”] + 1] ] (29)
Simulating the APWF random variable deviate from a uniform variates on the interval (0, 1). The Bowley’s
formula for finding the coefficient of skewness is given as
X075 + X025 — 2X05

S(s) = — ' = (30)

X0.75 — X0.25

The corresponding Moor’s formula for coefficient of Kurtosis is given as

X0.875 — X0.625 T X0.125 — X0.375

Ki(s) =
) X0.75 — X0.25

(81)

4.2. Survival and Reliability Function
The reliability function of the APWF random variable X is given as

_1)(a ii

j=0 i=0 &=0

(o)

log o
Rapwr(s) = (

Vit H(g+1)h+;(5))) (32)

4.3. Hazard Rate Function of the APWF Distribution
The failure rate function of the APWF random variable is given as

hapwe(s) = i i(

o (log a)”lv;;lh(g+1)b+j(S)Hf§+1)b+j(s))
i

— —| = H l

i=0 j=0 &=0 ll(a — (%UﬁgH(gH)hﬂ(S)) )

) (33)

Figure 2 shows the plot for the hazard rate function of the APWF distribution.

4.4. APWF Cumulative Hazard Function
The Cumulative hazard function of the APWF distribution is given as

H4pwr(s) = log(a —1) - log[a - Z (log avje + H(5+1)b+j(s)) ] (34)
ij,E=0

4.5. APWF Reversed Hazard Function

The Reversed Hazard Function of the APWF distribution is the ratio of the pdf of the APWEF distribution
to the cdf of the APWF distribution. Thus,

0o 00 1 i+1 1 -1
i = 303 3 [EE tnaOH ] BL -1 - )
j=0 i=0 &=0 ’ ’

4.6. APWF Odds Function
The Odds function of the APWF distribution is given as

Oapwr(s) = Fapwr(s)Rapwr(s) ™", (36)

where Rapwr(s) is the APWE reliability function.
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Figure 2: The hazard rate function of the APWF distribution for different parameter values

4.7. The APWF Order Statistics
Let s1,52,53,- -+ , 5, be a APWF random variable from a finite population which has the value f(s) at s,
then the pdf of the p’ order statistics is given as

0o 0o p-1

| L 1 ( l l
o) = - 1);'1(71 p)! [((X - l)] []ZA 124 Za Og al H .5+1)b+](5)
<y )

00 00 [log(a ]H—l
Z i! vfé h(‘gﬂ)b”(s)H(&l)bﬂ(s) (37)
=0 i=0 &=0

(a _ i i i(log avj, 51;1!(€+1)b+j(5)) )

j=0 i=0 &=0

~

The following is observed for p = 1, we obtained the minimum order statistics distribution as

n X 0 X i+1
71 = - P)'[(a ]ZZZ[1°g(“)] v Mesninio Hig oy (6)

=0 i=0 &=0
=00 (38)

(e8]

(a - i Z Z‘a(log avj/él;ll(éﬂ)bﬂ(s) )l)n_l'

=0 i=0 &
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p = n we obtained the maximum order statistics distribution as
n! 1 np e X X [ (a)]l n-1
9:) =G =11 [(a = 1)] [Z )3 Y Vel ) ]
] .

0 00 o0 [10g(0()]i+1 ;
XZZZ il v]f;h( Do+ S)H(é+1)b+](s)

When 7 is odd. n = 2m + 1 ,and setting p = m + 1, then the distribution of median is given as

m+)! 1 wheRe [log(a)]’ ;
9p() = mim! (a — 1)2m+1 [ZZZ VieHigrpn ) =1

j=0 i=0 &=0

o v v [og(a)]*!
XZZ;‘;; i! Ui hieemsioHigap () (40)

j=0 i

(0‘ - i i Z”: (log av]él;l!(g+l)b+](s) )l)m

j=0 i=0 &=0

(39)

m

whenniseven, n=m2mandp =m+1

j=0 i=0 &=0

Y [bg(a)]l“
x Z Z il v]g h(é+1)b+1(>)H(‘,+1)b+](S) (41)

(a ]f" Z”“ i‘a(log avj,gl;I!(gH)mj(S) )i)ml

O

4.8. Probability Weighted Moments (PWM)

The PWM is a function can be used to obtain the parameter and quantiles function of a particular
distribution that may not be obtained in a closed form. The (u, v)" of PWM of random variable S is defined
as

= [ soren= Y Y- o %

i,m=0 j,£=0 (

where
s

) . ]’(_1)5+m+1b¢5+1(]' + 1)5 v\ 1
tjem = [(5 +1b+j+ 1] TEE D)) [(5 +1)b+ 1] (Z)(m)

4.9. Parameter Estimation of the APWF Distribution

The parameter of the APWEF distribution are obtained by maximum likelihood (MLE) method as follows:
Letsi,sy,53,- -+, 5, be a APWF random sample from an infinite population with a pdf f(s) at the point s with
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distribution of the vector APWF of parameter 6(i, b, 3, 7, a)T, then the likelihood function is given as

H fls, b, @) =yt e (log @) - 1)n

XH (’S”)exp[ [ b(— )ﬁ” {1—exp[ (1)’3]}_b_1 (42)

i=

=

b

n B ~b Zy:lI:l_exl”[—w{fxp[(ﬁ)ﬂ]—l} ”
ol slpf |- et T
i=1 i
Let ¢ denotes the log-likelihood function, then

f=nlog¢+nlogb+nlogﬁ+n[310g’c—nlog(a—1)+nlog(loga)—(‘8+1)ilogs,-
i=1
~ =)
Sl -0 el el () |- el ()] @)

+ [1 - exp[—l/f{exp[(szi)ﬁ] - 1} ” loga

i=1

However, taking the partial derivation of the Equation (43) with respect to the parameter 1, b, 3, 7 and
a and equation to zero, we have

=52l 1] o )

3= L) - D) | ool G o] e Slerl (]l e
7 +”1°g“21°g5’ *Z[ o{2) o (5 |+ ‘b>;s—:ﬁ 2Py +lan421ﬁ’ (46)
S A (f) wr-b) ; S;—ZOZIHZ;Z (47)
§—§=—afl+¢;+a‘lgl;a— (48)

where
Y = nlog(log a),

s=1-enl ()
=l
[ enffenf ] f e



J. T. Eghwerido, O. T. Utoyo-Amrevugherea, E. Efe-Eyefia /TJOS 5 (3), 170-185 179
5. Simulation Study and Real Life Applications

A simulation was carried out to test the flexibility and efficiency of the APWF distribution. Table 1 shows
the simulation for different values of parameters for the APWF distribution. The simulation is performed
as follows:

e Data are generated using

-1 1 %
° X, = T[log[[—tp‘l log[l - (log oz) log[y(a - 1) + 1”] + 1] ] O<u<l1
e The values of the parameters are setas @ = 0.5,7 =2.0,4 =1.5,b = 0.5, and g = 3.0.
e The APWF random sample sizes were taken as n = 50,100, 150, and 350.
e Each APWF random sample is replicated 5000 times.

In this simulation study, we investigated the mean estimates (MEs), variance, biases and means squared
errors (RMSEs) of the maximum likelihood estimate (MLEs).
The bias is calculated by for (S = a, 7, ¢, b, §)

Also, the MSE is obtained as
5000 2

N 1 ~
MISE = ;(si - s) .

Table 1 shows the simulation results for the Mean, Biases, Variances and MSE of the MLEs of APWF
model for some fixed parameter values. The results of the APWF Monte Carlo study in Table 1 shows
the MSEs and the biases decrease as the sample size increases and approach zero that corresponds to the
first-order asymptotic theory. The mean estimates of the parameters approach the true parameter values as
the sample size increases. The variance decreases in all the cases as the sample size increases.

5.1. Real life applications

The performance of the APWF model was examined with other competing distributions using the gas
fiber and carbon data real-life datasets. We considered the Akaike Information Criteria (AIC), Consistent
Akaike Information Criteria (CAIC), Bayesian Information Criteria (BIC), Hannan-Quinn Information Cri-
teria (HQIC), The Anderson Darling (A) statistic, Cramer-von Mises statistic (W), Kolmogorov Smirnov (KS)
statistic, Log-likelihood and the P value to compare the fits of the APWF model to other competing models
such as the Gompertz Weibull (GOW), Weibull Frechet (WFr), Kumaraswamy Lomax (KL), Gompertz (GL),
Beta Lomax (BL), and the Alpha Power Inverted Exponential (APIE) distributions.

5.1.1. First set of data is glass fiber data

Datasets were collected for 1.5 cm strengths of glass fibres data at the UK National Physical Laboratory
and was used to test the performance of the APWF distribution as used in [16- 20] .

Table 2 is the measure of comparison for the various distributions under consideration with APIE as
alpha power inverted exponential.
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Table 1: Simulation results: mean estimates (AE), biases, Variance and mean squared errors (MSE) of &, 1[3, b, % and ﬁ
Sample size Parameter = AE Bias  Variance @ MSE
a=0.5 0.3788 -0.1212 0.0484  0.0631
=20 1.8534 -0.1466 0.3809 0.4024
50 b=0.5 0.5646 -2.4354 0.2211 6.1521
=15 1.2534 -0.2466 0.2564  0.3172
=30 1.6367 1.1367 0.3772 1.6692
a=0.5 0.3866 -0.1134 0.0408 0.0537
=20 1.9041 -0.0959 0.2558 0.2650
100 b=0.5 0.4993 -2.5007  0.1585 6.4120
=15 1.2571 -0.2429 0.1206 0.1795
=30 1.5858  1.0858 0.1951 1.3741
a=0.>5 0.4062 -0.0938 0.0433 0.0521
=20 19177 -0.0823 0.1878 0.1945
150 b=0.5 0.5215 -2.4785 0.1457  6.2888
=15 1.2847 -0.2153 0.0692 0.1155
=30 1.5570 1.0570 0.1239 1.2412
a=0.>5 0.4575 -0.0425 0.0439 0.0457
=20 1.9665 -0.0335 0.0858 0.0869
350 b=0.5 0.5285 -2.4715 0.0992 6.2074
Y =15 1.3219 -0.1781 0.0255 0.0572
g=30 1.4698 0.9698 0.0325 0.9731
a=0.5 0.4841 -0.0159 0.0393 0.0396
=20 1.9681 -0.0319 0.0671 0.0681
500 b=0.5 0.5089 -2.4911 0.0993 6.3051
=15 1.3464 -0.1536 0.0149 0.0385
=30 1.4609  0.9609 0.0238 0.9472
Table 2: The performace rating of the APWF distribution with
glass fibres dataset
Distribution Parameter MLEs AIC CAIC BIC HQIC W A
APWF Y =11.049
b =0.1156
ﬁ = 0.3353 37.3734 384260 48.0891 41.5880 0.1808 0.9911
7 =10.098
a = 0.3012
Gompertz Weibull a =0.2245
B =0.0092
38.3769  39.0666 46.9495 41.7486 0.2330 1.2832
) =0.7973
b =5.6176
Gompertz Lomax a = 0.0046
f =8.1791
39.0055  37.6951 45.5780 40.3771 0.1685 0.9462
a4 =0.5070
b =15158
Weibull Frechet & =3.61218
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Table 2 — Continued from previous page
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Distribution Parameter MLEs AIC CAIC BIC HQIC

i = 25.1859
39.0276  39.7812  47.3686  42.1676

1623

0.2472

1.3566

0.

0.2131
9.8352
= 45.3107

;
a
Kumaraswamy Lomax a
f 44.2055  44.8951 52.7779  47.5771
15.1182
0.0483

1.6446

1.9915

18.1737

a
b
Beta Lomax a
B = 26.7645

56.8068  57.4964 65.3793 60.1784
10.8769
0.0329

2.5426

3.1986

a
b

APIE & = 53.5634
A =0.3509 196.3253 196.5253 200.611 198.0111

0.7775

4.2384

Table 3: Test statistic for the APWF distribution with glass fibres dataset

Distribution KS  p-Value Log-likelihood
APWF 0.1236  0.2910 13.6867
Gompertz Weibull 0.1521  0.1087 15.1887
Gompertz Lomax 0.1542  0.0998 14.5027
Weibull Frechet 0.1552  0.0960 14.8177
Kumaraswamy Lomax 0.1854  0.0263 18.1027
Beta Lomax 0.2182  0.0049 24.4034
Alpha power inverted exponential 0.4646  3.0e-12 96.1627
— APWF
— WFr
0 | — GOW
- GL
— KL
A BL

f(x)

Figure 3: A plot of APWF distributions with the empirical histogram of the glass fibres data
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Fn(x)

Figure 4: The fitted cdf of the APWF model for the glass data set

5.1.2. Second set of data carbon data

182

Our second set of data is from [21]. It consists of 100 observations taken on breaking stress of carbon
fibers (in Gba). Table 4 and Table 5 are the goodness-of-fit and the performance rating of the APWF
distribution using several test statistics for the carbon fibers dataset.

Table 4: Test statistic for the APWF distribution with glass fibres dataset

Distribution KS p-Value Log-likelihood
APWF 0.06082131  0.8687617 141.3111
Gompertz Weibull 0.0632502 0.8185524 141.2822
Gompertz Lomax 0.06365319  0.8125448 142.4323
Weibull Frechet 0.06251348  0.8293575 141.3857
Kumaraswamy Lomax 0.07543761  0.6198049 141.484
Beta Lomax 0.17654926  0.00459718 156.7625
Alpha power inverted exponential  0.3503104  4.384659%e-11 209.1656
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Table 5: The performace rating of the APWF distribution with
glass fibres dataset

183

Distribution Parameter MLEs AIC CAIC BIC HQIC W A
APWEF Y = 0.4603
b=2.7010
B =0.6398 282.3754 283.0137 295.4013 287.6472 0.0609 0.3719
T =0.9554
& = 6.1598
Gompertz Weibull a = 2.2594
f =-0.2017
290.6544 290.9854 300985 294.7818 0.0648  0.3834
1 = 0.2650
b =2.9808
Gompertz Lomax a = 0.0091
f = 5.0656
292.8646 293.2857 303.2853 297.0821 0.0611  0.4763
4 =1.9848
b=0.6471
Weibull Frechet a = 0.6942
= 3.5178
294.6000 295.0000 305.0000 298.8000 0.06892 0.4169
f=0.6178
a =0.0947
Kumaraswamy Lomax a=3.7970
p =24.367
2959681 291.3891 301.3888 295.1855 0.0842  0.4532
4 =0.0334
b = 6.0885
Beta Lomax a =18.1737
B = 26.7645
315.0974 317.4653 320.1753 317.4653 1.0896  2.0088
4 =10.8769
b =0.0329
APIE & = 11.0025
A =0.8694 4223312 422455 4275416 42444 03726 2.0427

6. Discussion

The performance of a model is determined by the value that corresponds to the highest Log-likelihood
or the lowest Akaike Information Criteria (AIC) value is considered as the best model. In the two real
life cases considered, the APWF distribution has the lowest AIC value with 37.37339 in glass fibres data
and 282.3754 in carbon data respectively. Also, the APWF has the value of log-likelihood as 13.68669 and
136.1877 for glass fibres and carbon data respectively. Hence, it competes favourably with other existing

model for the data used.

7. Conclusion

The concept of the APWF distribution has been defined, introduced and studied. The mathematical
expression for the pdf and cdf were examined. The statistical properties which include the order statistics
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Figure 5: A plot of APWEF distributions with the empirical histogram for the carbon data
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Figure 6: The fitted cdf of the APWF model for the carbon data set

distribution, cumulative hazard function, quantile, reversed hazard function, median, hazard rate func-
tion and odds function have been derived. The shape of the distribution could be inverted bathtub or
decreasing. An application of the APWF model on a two real life data shows that the APWF distribution
competes favourably with the Gompertz Weibull and Exponential, and better than the Kumaraswamy
Lomax distribution, Beta Lomax distribution and some other families of distributions.
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Abstract. In this paper, we consider the inverse spectral problem for the impulsive Sturm-Liouville
differential pencils on [0, ] with the Robin boundary conditions and the jump conditions at the point z

We prove that two potentials functious on the whole interval and the parameters in the boundary and

jump conditions can be determined from a set of eigenvalues for two cases: (i) The potentials is given on
a+
((), % (a+ ﬂ)) (ii) The potentials is given on (oc +B, Tﬁ , where 0 < a+ B < 1, a + B > 1 respectively.

Finally, was given interior inverse problem for same boundary problem.

1. Introduction

We consider the impulsive quadratic pencils of Sturm-Liouville operator of the form

ly=-y’ +[q@)+2p W]y =p@)y, xe€ [0, %) v (g“] @

with the boundary conditions

U(y) =y (0)~hy(0) =0 @
V(y) =y (m)+Hy(m) =0 (3)

and the jump conditions
(3 +0)=m(3-0) @

ST T T
v(3+0)=av (3-0)+m(3)
Where A is the spectral parameter, p(x) € W; [0,7] , g(x) € L,[0,m] are real valued functions, h,H €
R, a, y, a, parereal numbers, 0 <a<f<1l,a+ > 1,a>0,|a—1|2+7/2 # 0and
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a?, 0<x<g
px) = , T
B, E<x<n,

are absolute continuous and f' ™ (x) € L, [0, 7].
We can get p (0) = Owithout general exposure, otherwise, if ¢y = p (0) # Oby direct calculation we note that
equations (1) is equivalent to

ly:=-y" + [q (x)+2p(x)co — cg +2(A—co)(px) - co)] y=Q- co)2 px)y (5)

Let
g (x) :q(x)+2p(x)co—c§,ﬁ(x) :p(x)—co,;\ =A-q

then for the problem with the form (5) we have 7 (0) = 0.

Inverse spectral problems consist in recovering the coefficients of an operator from their spectral char-
acteristics. The first results on inverse problems theory of classical Sturm-Liouville operator where given
by Ambarzumyan and Borg (see[13, 24]) . Inverse Sturm-Liouville problems which appear in mathematical
physics, mechanics, electronics, geophysics an other branches of natural sciences have been studied for
about ninety years (see[8, 9, 12]).

The half inverse Sturm-Liouville problem which is one of the important subjects of the inverse spectral
theory has been studied firstly by Hochstadt and Lieberman in 1978 [see[20]]. They proved that spectrum
of the problem

-y +q()y =21y, x€(0,1)

¥ (0) —hy(0) =0 =y (1) + Hy(1)

and potential g4 (x) on the (%, 1) uniquely determine the potential g (x) on the whole interval [0, 1] almost

everywhere. Since then, this result has been generalized to various versions. In 1984, Hald [15] proved
similar results in the case when there exist a impulse conditions inside the interval. He also gave some
applications of this kinds of problem to geophysics. Recently, some new uniqueness results in inverse
spectral analysis with partial information on the potential for some classes of differential equations have
been given (see for example [18, 25, 32]). These kinds of results are known as Hochstadt and Lieberman
type theorems. In particulary, in the work [6] studied the inverse spectral problem for the impulsive Sturm-

Liouville problem on (0, ) with the Robin boundary conditions and the jump conditions at the point g

They proved that the potential g (x) on the whole interval and the paremeters in the boundary conditions
and jump conditions can be determined from a set of eigenvalues for two cases:

i) The potential g (x) is given on (O, 1eran) ,

1
ii) The potential g (x) is given on (%n, n) ,where0 <a <1,

and also shown that the potential and all the parameters can be uniquely recovered by one spectrum
and some information on the eigenfunctions at some interior point. Similary problem studied in [25]. In
particulary, they discuss Gesztesy-Simon theorem and show that if the potential function g(x) is preseribed
on the interval [ﬁ, T(:| for some a € (0, 1), then parts of a finite number of spectra suffice to determine
g(x) on [0, 7] .
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2. Preliminaries

Let ¢(x, A) and ¢ (x, A) be the solutions of the equation (1), satisfying the initial conditions
@0,1)=1,¢’0,A) =h,(n,A) =1,¢'(, A) = —H and the jump condition (4). Denote

o(x) = fox \p (dt,t = ImA, for every A € C

It is shown in [2] if g(x) € Ly [0, t]and p(x) € W% [0,1] for every A € C,that there exist funvtions
A (x, t)and B (x, t) whose first order partial derivatives are summable on [0, ] for each x € [0, 7] such that

a(x) a(x)
Q(x,A)=¢(x,A)+ f A (x,t) cos Atdt + f B (x, t) sin Atdt (6)
0 0
Where

cos[/\a(x)— 1\7’% +—s1n[/\a(x) i";%], 0<x<73

P ) =1 v M) = 2| 4 () ?)
a* cos|Ao (x) ey a- cos Vo
+A’—la {a+sin[Aa(x) - %] +a‘sin[/\(an —o0(x))+ i"/l%]},g <x<m

anda* = } (02 &) w* (@) = [pOdt, 0 @) = [ pO)at
It easy to verify from the integral representation (6) above that the solution ¢ (x, 1) following asimptotic
relation is valid as [A| = co. For 7 <x <7

¢ (x,A) =a* cos [/\0 (x) - %] +4a~ cos [A (am—o () + 3(%]

+L {a+ sin [/\cr () - w\/p_(?))] +a~ sin [)\ (am — o (x)) + L ]} (8)
)

+0 ()\‘2 exp (It] o (x))

g 505 = ) oo 55

+a~ (Aﬁ = %P (x)) sin [A (am— o (%)) + % )

)m (A;B P x)) cos [Ao (x) — %]

(Aﬁ - Ep (x)) cos |A( \/—] + O( exp (7l o (x)))

Similarly, for the solution 1 (x, A) following asiymptotic relation hold as |A| — co. For0 < x < 7,

$ (x,A) = R* cos [/\ (o (n) - f/,%]

+R™ cos [A (B~ (0 () - (o) + 2 .
L (HR* + 2)sin| A (0 (1) - 0 () - %]

+ (R + D) sin |4 (Br~ (0 (m) = 0 (1)) + ﬁ] + 0 (A2 exp (1l (0 (1) = 0 (1))
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¢ (x,A) = R* (Aa - Lp @) sin [A (0(m) =0 (x) - %]
-R~ (/\a - —p (x)) sin [/\ (Bri—(o(m) =0 (x))+ u\)/%]

(R + )10 - by w)cos|a (000 -0 09 - 52 o
+1 (% )(Aa -1p (x)) cos | A (Bt — —a(x)) + iv/%]
+0(Aexp (el (0 () — 0 ()
where R* = 1(1 ﬁ—)
2\a  «a
Define

<(P (x/ A) 7 I;D (x/ /\)> = (P (x/ A) 11[)’ (x/ /\) - (Pl (x/ A) IP (x/ /\)
Itis easy to verify thatif y (x) and z (x) satisfy equations (1) and jump conditions (4), then (y, z) is independent
of x, and
<]// Z>|x:%—0 = <y’ Z>|x:§+0

Denote

AN =(p, )y =V(p) = -U(Y) (12)
The function A (A) is called the characteristic function of L,which is entire in A and it has an at most countable
set of zeros {A,},n € Z. It follows from (3) and (4) that the characteristic function of the pencil L can be

reduced
A(A) =¢' (n,A) + Hp (1, ) (13)

or

() o (1)
AA)=Ag (M) + f A (7, t) cos Atdt + f B (7, t) sin Atdt (14)
0 0

Where Ag (A) = ¢, (1, A) + Hp, (1, A). Denote by Gs = {A : |A — A,| > 6,n € Z} with fixed 6 > 0. Then exist a
constant Cs > 0 such that
[A(A)| = Cs(C+ B(A)exp (It o (1)) forA € Gs (15)

On here supposes that the function g (x)satisfies the additional condition
I

For all y (x) € W3 ([O, %) U (g, n]) such that y (x) # 0and

") |y(x)|2}dx >0 (16)

¥ 0 y0)-y (M y(n) = (17)

Lemma 2.1. The following statements hold:

i) The zeros {A, )0 of the characteristic function A (A) coincide with the eigenvalues of the boundary value problem
L.

it) The functions @ (x, A,) and ) (x, A,) are corresponding eigenfunctions and exists a sequence {B,}, pn # 0,
n=20,1,2,..., such that

ll/(x/ An) = Bnp (o, Au) . (18)
Next, we denote by Ly ((0, 7t) ; p (x)) a space which has the inner product

(@.9) = f 0 () o (x, AY(x, A
0
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Then it is shown in [2] that the eigenvalues of the boundary values problem L are real, nonzero, simple and
does not have associated functions. Additionaly, eigenfunctions correspondings to different eigenvalues of
the problem L are orthogonal in the sense of the equality

M+ (@ yL,y2) =2 @ y1,12) =0

Lemma 2.2. The eigenvalues {k,},>q of the problem L are real and simple. The eigenfunctions corresponding to the
different eigenvalues are orthogonal in the weighted space L, ((0, ) ; p (x)) and for sufficiently large values of n, the
eigenvalue k, has the following behavior

ko =K+ =+ = (19)
where, A9 are zeros of Ao (A) = @y(, A) + Hpo (1, A) , dyy is bounded and k, € ¢,

Ko

+ 0y, sup|0,| < +oo
Proof of lemmas similarly to the proof of [7], so we omit the proof. Let a, (n > 0) be the normalized
e

constants, which are defined as «,, := f p (x) 9? (x, Ay) dx for all n > 0.
0

Lemma 2.3. The following relation holds:

A(kn) = _Zanﬁnkn (20)

N d -
where A(k,) = (d—A()\)) B =~ (1, k)] h
In particular, it follows fror_n (19) that all eigenvalues k;, are simple.
Let be 6 > 0 and fixed. Define Gs := {k eC: |k - k2| >on=1,2, } The following inequality can be deduced

using the asymptotic formula for A(A),

Ag (k) = clklexp(It| o (n)), k€ Gs (21)

for some pozitive constant c.

3. Main Results

Now we state the main result of this work. It is assumed in what follows that if a certain symbol s
denotes an object related to L, then the corresponding symbol s with tilde denote the analogous object
related to L.

Lemma 3.1. If A, = F/{n, n=0,1,2,... then o () =0 (n).
Proof of Lemma is easily obtained from the asymptotic expression of A,,.
Lemma3.2. Ifk, =k, n=0,1,2,..thena=a,a=a,8=p,p(x) =p (), h=hand H = H.

Proof. Since, k,, = En, n=0,1,2,.., Lemma 2.2 requires 6 (1) = c(m) ora + f = a + E A (k) ,Z(k) are entire
functions of order one by Hadamard factorization theorem, for A € C

A(k) = CA (k). (22)

Then from Lemma 2.3 and o (%) = ¢ (11) we obtain C = 1.
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On the other hand, (22) can be written as

Ao (K) = CAg (k) = [A (k) = Ao ()] = [A (k) = Ao (K] (23)

Hence

[A () = 80 (0)] = [A (k) = Ao (0] =

= —r"kBsinko (1) + r kB sink(am — o (7))
B
a
+ H {r* cosko (1) + r~ cos k(am — o (1))

+ h= [r* cosko (1) — r~ cosk(an — o ()]

+ % [r* sinko (1) + ¥~ sink(an — o (7))]}

— {r'kBsinko (n) + 7 kB sink(an — o (n))

+E§ [r* cosko () =7 cosk(am — o (n))]}
-H {r* cosko (1) + 7 cosk(am — o (1))

+ % [r* sinko (7)) + 7 sink(an — o (n))]} (24)

if we multiply both sides of (24) with sin ko (1) and integrate with respect to k in (¢, T) (¢ is sufficiently small

pozitive number) for any pozitive real number T, then we get
T

f ([Z k) — Ao (k)] —[A(K) = Ag (k)]) sin kodk =

ET
f{—r*kﬁ sinko (1) + r kB sink (amt — o (1)) + hg [r* cosko (m) — r~ cosk (am — o (1))]

+H [r* cosko (1) — r~ cosk (am — o (1)) + % (r* sinko (1) + r~ sink (am — 0 (n)))]

— [r*kBsinko (1) + 7 kBsink (am — o (7)) +Z§ (r* cosko (1) =7 cosk (am — 0 (1)))]

-H {7* cosko (1) +7 cosk (am — o (1)) + % " sinko () + 7 sink (amt — o (77)))]} sin kadk

Since _ _
A(R) = Ao (k) = O (k2 exp (Tl 0 (), A (k) — Ao (k) = O (k™ exp (7] 7 ()))
forall kin (¢, T)

ﬁ~+ ﬁ + _ 1
i 1 ~O9Fm

By letting T tend to infinity we see that
+

rr=7" (25)

Similarly, if we multiply both sides of (24) with sink (am — o(m)) and integrate again with respect to k in
(¢, T), and by letting T tend to infinity, then we get

(26)
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Considering that Lemma 3.2, and a = g, if both sides of the last expression are multiplied by the cos ko ()
and integrate with respect to k in (¢, T) , then we get

hgf + Hr* = ESV* +Hrt (27)

Similary, if we multiply both sides of the last expression are with cosk (am — o(1)) and integrate again
with respect to k in (¢, T) , and by letting T tend to infinity, then we get

hér* —Hr =htr —Hr (28)
a a
Finaly, from (27) and (28) implies that i1 = handH=H. O
Theorem 3.3. Ifforanyn € Z, A, = A, ,

y, (Clr /\71) — ?’ (Cl/ /\H)
]/ (CZ/ /\n) ? (CZI Afl)

(29)

Thenp(x)=px)on[0,7],g(x) =§(x)a. e. on [0, ], and p(x) = p(x),a=4,h = h,H=H.

Proof. Let ¢ (x, A) be the solution of the equations (1) satisfying the initial conditions ¢ (0,A) =1, ¢’ (0,A) = h
and the jump conditions (4). Let ¢ (x, A)be the solution of the equations

—@" (X, A) + [§ (x) + 2Ap (x)] @ (x, A) = )\2‘5 (x) @ (x, A) (30)

With the initial conditions 3
®0,A)=1,¢(0,A) =h (31)

and the jump conditions (4). Multiplying (1) by ¢ (x, A) and (30) by ¢ (x, A), respectively, and subtracting,
we get

% (@G )" (x,A) = @" (x, M) (v, V] = [(q () = G () + 24 (p (x) = P ()] @ (x, 1) P (x, A) (32)

Integrating the above equality from 0 to c; with respect to x, using the initial conditions at x = 0 and
Lemma 3.1, we have

HA) = [ () - 7@) + 21 (p () = p )] @ (x, 1) @ (x, ) dx )
=@ (1, A) @' (c1,A) = @' (c1,A) @ (c1, A)

It follows from (6)-(7) that H (A) is an entire function of exponential type and there are some pozitive
constant A and B such that

[HA)| <A+ BlA)exp(Itlo(n)) forallA € C (34)
From the assumption (29) we have
H(A,)=0,neZ (35)
Define HO

Which is entire function from the above arguments and it follows from (14) and (35) that
F(1)=0()

For sufficiently large |A|,A € G, thus, by liouville’s theorem [4], we obtain for all A that F (1) = C.
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Where c is a constant. Let us show that the constant C = 0. Based on (24) and (14), we can rewrite the
equations H (1) = CA (A) in the form

2A [F (p () =)@ (D)@ (x, N dx + [7 (9 () = 5 () @ (x, A)  (x, A) dx
- C{Ao W+ [7 A, t)cos Atdt + [ B (1) sin)\tdt}

By use of Riemann-Lebesgue lemma [4], we see that the limit of the left-hand side of the above equality
exists as A — o0, A € R thus we obtain that C = 0. So we have H(A) = 0 forall A € C.

As already mentioned, if H (1) = 0 for all A € C, then from (33) we have

@1, A) @' (c1,A) =@’ (c1,A) p(c1,A) =0forallA e C

SO

o(c1,A) _ @ler,A)
o, h) — ¢leh) forall A € C.

The function M (A) := gf,((ccll’j\))is the Weyl function of the boundary value problem for equation (1) on
(0, c1)with boundary conditoons V (y) = 0, ¥ (c1) = 0 and without jump conditions.
By [2], the Weyl function uniquely species p (x) and g (x)a.e. on (0, c;)and the coefficients in boundary and

jump conditions and p (x). O

Theorem 3.4. Ifforanyne€Z, A, = A,, % = %, p(x) =p(x)and g(x) =4 (x) on (0, a%ﬁn), then p (x) = p (x) and
g(x)=4(x)ae. on (a%ﬁn,a%ﬁn)andp(x) =p(x),a=adh= hH=H

Proof. Let the boundary value problems Land L satisfy the conditions of Teorem 3.4, then by virtue of

Lemma 2.4 and Lemma 3.2a =4, h =h, H = H and p (x) = p (x). For brevity, denote c; = a%ﬁn, Cr = azin.

Let ¢ (x, A), ¥ (x, A) be the solutions of the equations

—¢” (x,A) +[q () + 2Ap )] ¢ (x, A) = A2p () ¢ (x, A) (37)
—0” (%, ) + [ (x) + 2AF )] P (x, A) = A*p () P (x, A) (38)
With the initial conditions, respectively
Y(m,A)=1,¢ (n,4)=-H (39)
P(mA)=1,9'(m,A)=-H (40)

and the jump conditions (4). After multipliying (37) by ¢ (x,A) and (38) by ¢ (x, 1) , we subtract these
equations from each other. Then by integrating on[c;, ] with respect to x, using the initial conditions (39)
and (40)and jump conditions (4), we have

f [(9(x) =7 () +2A (p () = p NI (v, V) P (v, A)dx = (e1, )Y’ (e1,4) = 9 (e, A) P (e, A) (41)

c1

From the hypothesis p (x) = f (x) and q (x) = § (x) on (0, c1).
Denote Q (x) = q(x) =4 (x), P(x) = p(x) — p(x) and

Fo ()\)zZAf P(x)gb(x,/\)y@(x,A)dx+f Q@)W (x, )Y (x,A)dx (42)

It follows from (10) and (41) that Fy (1) is an entire function of exponential type and there are some pozitive
constants A1 and B, such that

[Fo (A)] < (A1 + By |Aexp (Itlo (w)) forallA € C (43)
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It is clear from the properties ¢’ (x, A), i (x, A) and the boundary conditions (2)

Fo(A,)=0,neZ (44)
Define Ey ()
ko
FA) = AGD

Which is an entire function from the above arguments and it follows from (15) and (43) that
FA)=0(Q1)

For sufficiently large |A|,A € Gs. Using Liouville’s theorem [4], we obtain for all A that F (1) = C.
Where C is a constant. Let us Show that the constant C = 0. We can rewrite the equations Fy (1) = CA(A) as

20 [TP@WY @A) P A)dx+ [TQ ¢ (x, )P (x,4)dx

= —a*C(/\ﬁ - %p (n)) sin [/\a (m) — w;@]

+a C (/\ﬁ - %p (n)) sin [)\ (am — o (n)) + w;#]

+Ha*C cos [/\a (n) - %] + Ha Ccos [A (amt—0o(n)) + %(”)]

+0 (exp (Il o (m)))
By use of Riemann-Lebesgue lemma [4], we see that the limit of the left-hand side of the above equality
exists as A — oo, A € R. Therefore, we get that C = 0. So, we have Fy (1) =0 forall A € C.

Then, from teh equality (41) we obtain
U (c1, A) P’ (c1,A) = ¥ (c1,A) Y (c1,A) = 0 for all A € C. Hence,

Y (c1, ) _ P (cr, )
(e, A) P (e, A)

(45)

Note that M (A) := — f(&y) is the Weyl function, defined [2], of the boundary value problem for equation (1)
on the interval (c1, m)with the boundary conditoons V (y) = 0, ¥’ (¢1) = 0 and jump conditions (4). It has
been show in [2] that the Weyl function species the function p (x) and g (x)on (c1, 1), consequently on (c1, c2).

Theorem is proved. [

Corollary.
If foranyn € Z, A, = Au, % = %, px) = p(x) and g(x) = §(x) on (0,c1), then p(x) = f(x) on (0, ®) and

g(x) =g (x)ae. on(0,m)and p(x) = p(x),a=ad,h=hH=H.

Theorem 3.5. If A, = A, foralln € Z,, % = %, p(x) =p(x)and q(x) = §(x) on (a%ﬂn, #n), then p (x) = p (x)

and q (x) = § (x) a.e. on (O, “Tﬂgn) and (“Tﬂgn, n) andp (x) =p(x),a=4d,h= h,H=H.

Proof. By the Lemma 3.1 and the condition of Teorem 3.5, we have i = hH=Ha=a, p(x) = p(x) and

p(x) = p(x) and g (x) = g (x) on (c1, c2).
Let

0" (%, A) + [7 (%) + 2Ap ()] @ (x, 1) = A?p () @ (x, A) (46)
—¢" (x,A) + [§ (%) + 245 ()] ¢ (x, A) = A2 (x) @ (x, A) (47)

With the initial conditions, respectively
pO,AN)=1,¢"(0,A)=h (48)
PpON)=1,¢ 0N =h (49)
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and the jump conditions (4). Multipliying (46) by @ (x, A) and (47) by ¢ (x, 1) , we subtract these equations
from each other. Then by integrating on[0, c;] with respect to x, using the initial conditions (48) and (49)
and jump conditions (4), we have

H(A) =2A qu Px)px,A)@(x,A)dx + focl Q) e x,A)@(x,A)dx (50)
=@ (¢, A) P (c1,A) = ¢ (c1,A) p (c1, A)

From the hypothesis p (x) = f (x) and g (x) = § (x) on (c1, ¢2). Similarly to proof of Theorem 3.5, we have that
H(A) =0forall A € C. Then, from equality
@' (c1,A) P (c1,A) =@ (c1,A)p(c1,A) =0forall A € C.

SO
Pl ) _ plend)
(PI (Cll A) (P/ (Cll A) )

The function M (1) := — (f,((ccll'j\)) is the Weyl function of the boundary value problem for the equation (1) on
(0, c1)with boundary conditoons V (y) = 0, ¥’ (c1) = 0 and without jump conditions (4) (see[2]). By [2],
the Weyl function uniquely species p (x) and g (x)a.e. on (0,c¢1). Next, now using Theorem 3.6 we obtain
p(x) = p(x)and g (x) = § (x) a.e. on (cz, ). Theorem is proved.

O

4. An interior inverse problems.

We cconsider the interior inverse problem for the same boundary problem L and obtain the corresponding
result.

Theorem 4.1. If A, = A, foralln € Z, &= %, and

y(c1, An) _ ¥ (c1, An)
y, (Clr /\11) ]7’ (Cll /\n)

(51)

,thenp(x) =p(x)on [0,7], g(x) =G (x)a.e. on [0, ]and p(x) = p(x),a =4, h = h,H=H.

Proof. Let ¢ (x, A) be the solution of the equations (1) satisfying the initial conditions ¢ 0,1)=1,¢" (0,7)
hand jump conditions (4). Firstly, the assumption that A, = A, and 5= 4 can determine p (x) = p (x),a =4,

- - p
h =h, H = Hby Lemma 3.1 the other hand from (50), we see that

vl

pc1, ) @le,A)
@' (c, ) ¢ (e, A)

Then from (50), the entire function H (A) has zeros {A,}, n € Z, i.e. H(A,) = 0. Similarly to the proof of
Theorem4, we have that p (x) = p (x) and g (x) = § (x) on (0, c1). Once we get thatp (x) = p (x) and g (x) = § (x),
by Corollary of Theorem 3.4 we have that p(x) = p(x) on [0,7], g(x) = §(x) a.e. on [0,7]. Theorem is
proved. [J

Theorem 4.2. Let m (n)be a sequence of integers such that ;1125 %’? <1
) Ifforanyn e Z,

Yy (le /\m(n)) ¥ (le /\rn(n)) a
v (wdow) 7 (1 Aum) P

Then p(x) = p(x) on (0,c1) and q(x) = § (x) a.e. on (0,c1) and p(x) = p(x),a =4,

/\m(n) = Zm(n)r (52)
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(ii) If foranyn € Z,
y (62, /\m(n)) (62, m(n))

- a
Amin) = Aty V(o Am<n>) 7 (e m(n)) =3 (53)
Then p (x) = p(x) on (c2, m)and q (x) = G (x) a.e. on (ca, ) and p (x) = p(x),a =4, h=h H=H
Proof. (i) from the assumption (52) and (50) we have
@' (1, Am) P (€1, Ani) = @ (e1, Awen) @ (€1, Amey) = 0
Which means
H(Awy) =0, n€Z (54)
Next, we shall show that H (1) = 0 on the whole A-plane. From (50) and (6) on has
|H (A)| < (A + Br) ¢*vtsin0l (55)

For some pozitive costants A and B, where A = re’?. Moreover, we see that the entire function H; (1) is a
function of exponential type less than 2c;.
Define the indicator of function H; (1) by

In |H, (reig)’
h(0) = rl:rg sup ———— (56)

One obtain the following estimate from (55)and (56) that /1 (0) < 2¢; |sin 0.

Let us denote by 7 (r)the number of zeros of H; (1) in the disk |A| < r. From the equations (4.4), the
assimption of (52) and known asymtotic expreession of the eigenvalues A,;, we have the following estimate
for the number of zeros of Hq (A) in the disk |A| < 7.

n(r)=1+2[or(1+ e ()] =20r(1+e(r)).

“ﬁ_zcl
2

Here € (r) — 0 forr — oo, ois number such that ¢ > and [x]is the integer part of x. It follows that

in the case under consideration
2
4C1 C1 &

271
lim M oy da _a |sin6|dazlf 1 (0)do (57)
21 Jo

r—00 v Tt TC 0

To complate the proof we have to recall the following theorem [4]: the set of zeros of every entire function
of the exponential type, not identically zero, satisfy the inequality

r—00

27T
lim inf 2/ (r) <5 fo 1 (6)do (58)

Inequalities (57) and (58) implay that H; (1) = 0 on the whole A-plane. As already mentioned, if H; (1) =0,
then from (52) we have

@ (c1,A) @ (c1,A) =@ (c1,A) @ (c1,A) =0
SO

pled) _ 9led)
@' (c,d) — @'lah)
The function M (A) := ;f((ccl );) is the Weyl function of the boundary value problem for the equation (1) on
(0, ¢1)with boundary conditoons U (y) = 0, ¥’ (¢c1) = 0 and without jump conditions (4) (see[2]). By [2], the
Weyl function uniquely species p (x) and g (x)a.e. on (0, c1) and coefficient h.

(i)

on the whole A-plane.
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To prove that p (x) = f (x) on (c2, m)and g (x) = §(x) a.e. on (cz, M) and p(x) = p(x),a=ad, h = h,H=H.
We will consider the supplementary problem L

—y" + 71 () +2Apr O]y = A2p )y, x€[0,3) U (7]
y(0) - Hy(0) =0

y(n)—hy(n) =0

y(3+0)=ay(5-0)
]/'(§+0)=ay’(§—0)+y(g—o)

Where g1 (x) = q(t — x) and p1 (x) = p (7 — x). A direct calculation implies that §,, := y,, (7t — x) is the solution

to the supplementary problem L and 7, (1 — x) = y, (c2). Note that 7 —c; € (O, 3). Thus the assmption

conditions for L in the case (i) are still satisfied. Repeting the above arguments we can obtain the proof of
this Theorem 4.2. [
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An inverse coefficient problem for quasilinear pseudo-parabolic of heat
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Abstract. In this research, we consider a coefficient problem of an inverse problem of a quasilinear pseudo-parabolic
equation with periodic boundary condition. It proved the existence, uniqueness and continuously dependence upon
the data of the solution by iteration method.

1. Introduction

Consider the equation

Uy — Uy — Ellyy —a(t)u = f(x,t,u), (x,t) € T, (D
with the initial condition
u(x,0) = @(x), x€[0,7], ()
the periodic boundary condition
u(0,1) = u(m,1), uc(0,1) = ux(m,1), 0<1 <T, 3
and the overdetermination data .
E@t) = /xu(x,t)dx,O <t<T, )
0

for a quasilinear parabolic equation with the nonlinear source term f = f(x,7,u).

Here I':= {0 <x< 7, 0 <t <T}. The functions ¢@(x) and f(x,z,u) are given functions on [0,7] and T x
(—o0, 00), respectively.

The inverse problem of determining unknown coefficient in a quasi-linear parabolic equation has generated an
increasing amount of interest from engineers and scientist [1-11].

Definition 1.1. The pair {a(t),u(x,t)} from the class C[0,T] x (C*! (') NC'0(T')) for which conditions (1)-(4) are
satisfied is called the classical solution of the inverse problem (1)-(4).
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2. Existence and Uniqueness of the Solution of the Inverse Problem

The main result on the existence and the uniqueness of the solution of the inverse problem (1)-(4) is presented as
follows:

We have the following assumptions on the data of the problem (1)-(4).

(A1) E(t) € C'[0,T].

(A2) p(x) € C*[0,7], 9(0) = 9(m), ¢ (0) = @' (7), _

(A3) Let the function f(x,#,u) is continuous with respect to all arguments in I x (—oo,0) and satisfies the follow-
ing condition

(1)

8(”)f(x,t,u) 3(”)f(x,t,11)
ax" ox"

<b(t,x)|lu—i| ,n=0,1,2

where b(x,t) € Lp(T'), b(x,t) >0,
Q) f(x,t,u) € C?[0,7],t € [0,T],
(3) f()CJ,M)‘x:O = f(XJ,M) X=T" fx (Oﬂt7u)|x:0 = fX(n7t7u)‘x:n"

By applying the standard procedure of the Fourier method, we obtain the following representation for the solution
of (1)-(3) for arbitrary a(t) € C[0,T] :

u(x,t) = >+ Y [uei(2) cos 2kx + ug (1) sin 2kx] ,

t

- — [a(T)dT
Z et (T) c0s 2kE + ug (T )sin2k<§]> " 4édr,

—(2k)% !
. >——[a(t)dT
uck(t) = Qck e!teey 0
T 2 t
2 ) & . ~COD — Ja(e)d
er //f (é,r, Moé ) + Y [uer(7) cos 2kE + uge(7) sm2k§]> cos2kE e TP % dédr,
k=1
0
—(2k)%t 77[1
) a(t)dt
Msk(t) = Qs e!te 0
1T 2 t
2 w(t) & , , ~BID — Ja(e)d
+7r(1—|—8(2k)2//f< , T, Oé )—1—2 [uek (T) o8 2kE + ug () sm2k§]> sin2kEe 'HEV7 % dédr.
k=1
00
t t
——[a(7)dt
u(x,t) = @e ©° + fg(’L‘,u) dt
— fa(o)r M ’ |
+Zcoska [ Hs(zk 0 T/fck T,u)e TR ~ e dt Q)
. 2k2k2'2 7fta(r)dr —20%0 2)__}“(1)(” ]
—|—Z sin2kx T —+—1+87/fsk T,u) e €0 T dt|,

T v T
where @y = % Jo(x)dx, o4 = % J @(x) cos 2kxdx, pg = % J @(x) sin2kxdx,
0 0 0
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3 T
fot,u) =2 jf(x,t,u)dx fa(t,u) = 2 [ f(x,t,u) cos2kxdx, fu(t,u) = 2 [ f(x,t,u)sin2kxdx( k=1,2,3,....)
0 0
Under the Condltlon (A1)-(A3), differentiating (4), we obtain

T
E,(l):/xu,(x,t)dx,OStST. (6)
0
(5) and (6) yield
2
) = g |E O+ )]
(202 : o .
1 & —(2k) l+(£2(k2)k)2 ——éa(r)d 1+(Ezkz>k 7744
E(;)Ekg 1+¢(2k)? Psic € 1+£ /fck T,u) dT )
Y fulew)
- sk\l, U
OF=

Definition 2.1. Denote the set
{u(t)} = {uo(t), uck(t),us(t),k = 1,...,n}, of continuous on [0,T] functions satisfying the condition

|u0 )
t by B. Let
max o0 +Z<mMWMH+£%WMN)<%y e

()| = max @l | ¥ p (max luei(£)] + max ask(t)>,be the norm in B.
0<t<T

It can be shown that B is Banach space.

Theorem 2.2. Let the assumptions (Al)-(A3) be satisfied. Then the inverse problem (1)-(4) has a unique solution.

Proof. Tterations for the Fourier coefficients of (5) are defined as follows:

T t
2 ——Ja™(t)dt
M8N+1>(t) = +E//f é T, uN )) e T d&dr,
00
t T f
(N+1) _ (0 I+E(2k)2 T
NG = O 1+e 7 //f& 7,u™) (£, 7)) cos 2KE e " iedr, @)
0 0
n 7(2k)2 ™) (g
WD)y = 0 2 // SR o TN fa @)
ug (1) ug (t)+ P TEwIETA) /) f(E,7,u™) (&,7))sin2kEe dédr
——t‘“(o) d —2h* **}“(O)(T)df e 77[&0)()
M(()O) (l) = e _{ (7) T7u£2> (t) _ (PCkeH—s(Zk)Z o 7M(O)( ) Qe 1+&(2k)2

Applying Cauchy inequality, Holder inequality, Bessel inequality and using Lipschitzs condition and taking the
maximum of both side, we have:



I. Baglan, T. Canel /TJOS 5 (3), 199-207

] R o G I M A A e
< 191 F ol ol
+<\/;+2§>|b<xr|h @),
L+ 2 1080l

From the conditions of the theorem u(!) () € B.
Same estimations for the step NV,

u<N+1>(t)H = max
B 0<I<T

0]+ I (o,

lel + X (ol +loal)

+ ﬁ +2§>|b<x Dl

/T
7T Hf xvtaO)HLz

Since u™)(r) € B and from the conditions of the theorem, we have uN*1)(r) € B,

u?) (t)’ + max
0<i<T

o))

IN

u™) (1) H

B

{u()} = {uo(t),uck (1), ua (1), k=1,2,...} € B.

By same estimations,

/ 2 o
(1) p < E (t) T ,,”
Ha 2 cor E(t) +4\/6El Z"Pd(
m [4V6+2+ V2
+ 1606y |10
IE@)]| 46 B
LT (4ver2+v2)
IE @)l 46
Same estimations for the step N,
E/(l) 71:2 m
(N+1) t < + .
[0l = 50| v &l
T [(4V6+2+ V2
- bt yqry [ )
1E()]] 46

L7 4V6+2+ V2
IE@)]| 46

202
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Now we prove that the iterations ™1 (¢),a™*1) converge B and C[0, T], respectively.(as N — oo)
(uy ' (t) — u(0> s © 1 0
i (e) ) = 0O + L1050 = )+ ()0 ) )

Applying Cauchy inequality, Bessel inequality, Holder inequality, Lipschitzs condition in the last equation, taking
maximum of both side of the last inequality :

[0 -], < (L Bl [0,
L+ 2 100l
A=( i 2\\?)(”1;(“&2 H HB+||f(xat70)HL2(l"))'

Applying Cauchy inequality, Holder Inequality, Lipschitzs condition and Bessel inequality to the last equation and
taking maximum of both side of the last inequality, we obtain

o= 0], < HEZ>|<4VF:i?+Vﬁ>”b“tL<FH<”“>‘”““0HB
™ T > m
(!IEZ:)N?H ' HE;mH N ) 0 =a"0)|

where

g - _F [4V6+2+V2
—E@I 46

- nTM 2T >
c - (e o Ll

B
< B W5y _ (0
con < T2 1Dl [0 00|

[@0-d0], < (fE+ bl [ )],

*/7>BT M)y

Ha(l)(,) _a(O)(t)H

B

Hy 3+

[0 _”U)(I)HB < {( \/er 2‘/2) (1 + 1B_TC) }A 15, 2)l )

a0 -0

For the step N :

[a¥ @) =] < T2 by [ ) 0

clo,r] — B



I. Baglan, T. Canel /TJOS 5 (3), 199-207 204

N
oo, = {5 20 (1) | Jittenttn

By the Weierstrass M test we deduce from (9) that the series Y [u®™+D (1) —u™) (t)‘ is uniformly convergent to
N=0

an element of B. However,the general term of the sequence {u(N +1) (t)} may be written as

(N-H) n+1 )(I)

)

so the sequence {u<N +1>(z‘)} is uniformly convergent to an element of B because the sum on the right is the N
th partial sum of the aforementioned uniformly convergent series. So ™D — u®™) N — oo, then a¥ 1) — a®)

N — oo,
Therefore u¥*1)(r) and a¥*1)(r) converge in B and C[0, T], respectively.

Now let us show that there exists u and a such that

lim u™ (1) = u(r), lima™*D (1) = a(r).
N—oo N—oo

a0, < (2 2 b [ - a0 ©
N
g {( Ve 2 (14 IB_TC)} 16Dl
+ % Q\GMH a(N)(T)HC[o,T]’
la®)=a™ V@) < by [ule) — V@) (10)

S1-c¢
clo.1]
Let us consider (10) in (9) and apply Gronwall’s inequality to (9) and taking maximum of both side of the last

inequality, we have

-], <

N+
\ZW <( \/Z+ 2\/\/@) (1 + 1B_TC>> 160, )11, (r)

2
xexpz<1+(ﬁ +2§>(1+3TC)> eI,

We obtain uV T — 4, gV 5 4 N — oo,
For the uniqueness, we assume that the problem (1)-(4) has two solution pair (a,u), (b,v). Applying Cauchy

inequality, Holder Inequality, Lipschitzs condition and Bessel inequality to |u(¢) —v(¢)| and |a(z) — b(t)|, we obtain

)0l < (5 M at) b0l

T \/E t T
T 0/ O/b2<»:,r>u<r>—v<r>|2d»:dr ,

Nl—=
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=

lat) b0 lcor < 1o | [ [#E D@ —v(Pdgar |
00

Jutr) — v(e) I < [( Ve (1 12¢)

applying Gronwall’s inequality to (11) we have
u(t) =v(r). Hence a(t) = b(r). O

Bl—=

[ [PEauE-vwpagas)| . an
00

This completes the proof of Theorem 2.2.

3. Continuous Dependence of (a,u) upon the data

Theorem 3.1. Under assumption (Al)-(A3) the solution (r,u) of the problem (1)-(4) depends continuously upon the
data @ E.

Proof. Let ® = {¢, a, f} and ® = {Q, @, f} be two sets of the data, which satisfy the assumptions (A1) — (A3).
Suppose that there exist positive constants M,, i =1,2 such that

lallcijo.r) < M, l[allcro ) < My, [l csjo,2) < M2, [[@llcaj,z) < Mo
Let us denote [|®]| = ([[allcto ) + [9llc3jo.z + I fllcom))-

By using same estimations to u — %, we obtain

lu—ul| < Ms||o—a| (12)

applying Gronwall’s inequality to the last equation, we obtain

lu—a* < 2M3|o—o|
t

X exp 2M4//r2 )b (E,1)dEdn

0

For ® — ® then u — u. Hence a —a. O

4. Numerical Procedure for the nonlinear problem (1)-(4)

We construct an iteration algorithm for the linearization of the problem (1)-(4):

dum 92y 93u

_ _ _ _ (n—1)

3 PR a(t)u flx,tu ), (xt)eD (13)
u0,1) = u"(mr1), 1€[0,T] (14)
u0,0) = u(m,1)=0,1€10,T] (15)

WM(x,0) = @), x€0,7]. (16)
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Let u™ (x,2) = v(x,1) and f(x,t, u(”")) = f(x,t). Then the problem (13)-(16) can be written as a linear problem:

v 2%y a3

5% T 2+sa 237 +r(0)f(x,1)  (x,0) €D 17
v(0,1) = w(m,z1), t€[0,T] (18)
ve(0,1) = v(m,1), t€10,7T] (19)
v(x,0) = o), xe0,m] . (20)

After linearization, we use the finite difference method to solve (17)-(20).

We subdivide the intervals [0,7] and [0,7] into subintervals Ny and N; of equal lengths h = §- and 7 = —,
respectively. We choose the implicit scheme which is absolutely stable and has a second-order accuracy in & and a
first-order accuracy in 7. The implicit scheme for (17)-(20) is as follows:

1/ . . 1 1 . . ) ~
,(v-.f“_vz) (v 2! +v,+1)+eﬁ [(V{jll—zv{+1+v{jf)—(v{ L2l v ) e =g

T \! i 2n2
21)
v =i, (22)
V= Vi1 (23)
vj—l—vj .
1 5 Ny :vlj\/x—kl? (24)

where 1 <i < N, and 0 < j < N, are the indices for the spatial and time steps respectively, v =v(x;,1)), 0 = @(x;),
fi] f (x, ,tj), xi =ih,tj = jt. At the level r = 0, adjustment should be made according to the initial condition and the
compatibility requirements.

Now, let us construct the predicting-correcting mechanism. First, integrating the equation (1) with respect to x
from O to 7 and using (3) and (4), we obtain

CE(1) + [xF e, t)dx+ vy (7,1)

a(r) = ) : (25)

The finite difference approximation of (25) is

— (B =) [o+ () + (=) /7
EJ ’

al =
where E/ = E(t;), j=0,1,...,N,
For j =0, ‘
We denote the values of a/, v/ at the s-th iteration step .and the values of ¢; provide us to start our computation.
We denote the values of p/, v{ at the s-th iteration step ar/ () v{ (S), respectively. In numerical computation, since the
time step is very small, we can take a/*1(0) = g/, vﬁl(o) = v{, j=0,1,2,..N,, i=1,2,....N,. Ateach (s+ 1)-th
iteration step we first determine a/ +1(+1) from the formula

_ (Ej+1(5+1) Ei(+1) )/T+(ﬁn) J(s+1) ( 1]V+1(S+1) v};/(f+1)) /T

J+1(s+1) _
a Ei(s+1)

Then from (21)-(24) we obtain
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1/ . . | o
;(v,i/+1(s+1)_vlg+1(s)> — ﬁ(V{irll(erl)_2Vil+1(s+1)+V{i11<5+1)) -
I . ' | | |
e (A R T R B (VAR AR P ]
i j+H1(s+1 ~ii

+aly[ = @7
=ik (28)

Vj(S)"’Vj(S) )
=k (29)

The system of equations (26)-(29) can be solved by the Gauss elimination method and vlj 6D s determined. If the

difference of values between two iterations reaches the prescribed tolerance, the iteration is stopped and we accept
the corresponding values a/+16+1) V{H(Hl)(i =1,2,...,Ny) asa/T!, v{“(i =1,2,...,N,), on the (j+ 1)-th time step,
respectively. In virtue of this iteration, we can move from level j to level j+ 1.

5. Conclusions

The inverse problem regarding the simultaneously identification of the time-dependent source and the temperature
distribution in one-dimensional quasilinear pseudo parabolic equation with periodic boundary and integral overde-
termination conditions has been considered. This inverse problem has been investigated from both theoretical and
numerical points of view. In the theoretical part of the article, the conditions for the existence, uniqueness and con-
tinuous dependence upon the data of the problem have been established. The problem is solved implicit difference
scheme and an example is given.
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Abstract. Focal surfaces are special cases of line congruences. With the aid of the definiton of a focal
surface of a given surface M, we obtain a new type of focal surface in Galilean 3-space G3. We show that the
focal surface we found is not the same type of surface as the given surface. We present the visualizations of
the focal surface and the given surface with an example. Lastly, by searching the curvature functions, we
give the minimality conditions of the focal surface.

1. Introduction

The concept of line congruences is first defined in the area of visualization by Hagen et al in 1991 [8].
Actually, line congruences are surfaces which are obtained from by transforming one surface to another by
lines. Focal surface is one of these congruences. For a given surface M with the parametrization X(u, ), the
line congruence is defined as

C(u,v,z) = X(u,v) + zE(u, v). @)
Here E(u,v) is the set of unit vectors and z is a distance. For each pair (1, v), the equation (1), expresses a
line of the congruence and called as generatrix. On every generatrix of C, there are two points called as
focal points and the focal surface is the locus of the focal points. If E(u,v) = N(u, v), the unit normal vector
field of the surface, then C is a normal congruence. In this case, the parametric equation of the focal surface
C = X*(u,v) of X(u,v) is given as

X*(u,v) = C(u,v,z) = X(u,v) + xi 'N(u,v); i=1,2 2)

where «;s; (i = 1,2) are the principal curvature functions of X(u,v) [7]. Focal surfaces are the subject of
many studies such as [7, 15-17, 23].

Galilean geometry is a non-Euclidean geometry and associated with Galilei principle of relativity. This
principle can be explained briefly as ”in all inertial frames, all law of physics are the same.” (Except for
the Euclidean geometry in some cases), Galilean geometry is the easiest of all Klein geometries, and it is
revelant to the theory of relativity of Galileo and Einstein. One can have a look at the studies [20, 24] for
Galilean geometry. Recently, many works related to Galilean geometry have been done by several authors
in[2, 6,21].

Tubular surfaces are special cases of canal surfaces which are the envelopes of a family of spheres. In
canal surfaces, center of the spheres are on a given space curve (spine curve), and the radius of the spheres
are different. As to tubular surfaces, the radius functions are constant. These surfaces have been widely
studied in recent times [4, 10, 11, 13, 14, 18]. In Galilean 3-space, tubular surfaces are studied in [5].
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2. Preliminaries

In Galilean 3-space G3, we can give the following basic concepts.

The vector a = (a1,a2,a3) is isotropic if 47 = 0 and non-isotropic otherwise. Thus, for the standard
coordinates (x, y,z), the x-axis is non-isotropic while the others are isotropic. The yz-plane, i.e. x = 0, is
Euclidean and the xy-plane and xz-plane are isotropic. The scalar product of the vectors a = (a1, 4, 43) and
b = (b1, by, b3) and the length of the vector a = (a1, a2, a3) in G are respectively defined as

<a,b>={ a by, if 40 Vb #0 3)

arby + 113173, if a1=0 Ab1 =0,

llal| = la1], if a4 #0
a+aj, if a=0.

The cross product of the vectors a = (a1,a2,a3) and b = (b1, by, b3) in G3 is also defined as

0 € €3
anNb=|a, ay a3 (5)
bi by bs

[19]. An admissible unit speed curve a : I € R — Ggs is given with the parametrization

a(u) = (u, y(u), z(u))- (6)

The associated Frenet frame vectors t, n, b on the curve is given as

W = Ly 2w),
L0y, 2" (), @)

x(u)

b) = ﬁ(o,—z’%u),y"(u»,

n(u) =

where x(u) = \/(y"(u))z + (z"(u))2 and t(u) = %W are the curvature and the torsion of the

curve, respectively. Thus, the famous Frenet formulas can be written as

t = «n,
n’ = 1b, (8)
b’ = -—1n.
Let M be a surface parametrized with
X(u1, up) = (x(ur, uz), y(u1, u2), z(u1, u)) )

in G3. To represent the partial derivatives, we use

2
ox Ix <2, (10)

Xi=5—, Xij==s—=—,15ij<
71 alxli 7 /1] auiauj 7 7 ]

If x,; # 0 for some i = 1,2, then the surface is admissible (i.e. having not any Euclidean tangent planes). The
first fundamental form I of the surface M is defined as

I= (gldul + gzduz)z + E(hndﬁl + 2h12du1du2 + hzzdiz), (11)
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where gi = X,i, I’l,‘j =YY +z,i Z,j; i,j =1,2 and

0, if d, :d,, isnon-isotropic,
€= . .. .
1, if d,, :d, 1isisotropic.

Let a function W is given by

2 2
W= \/(le Zp=X221) + (X2 Y1 —X1Y2)".

Then, the unit normal vector field is given as

1
N = W(OI —X1Z2+X22,1,%X1 Yo —=X2Yn )

Similarly, the second fundamental form II of the surface M is defined as

II = Lyd}, + 2L1pdy,dy, + Lood,

7524
where
1
Lij = n <91(0, Ysij+Zij) = 9i,j0, Y1, 21 ),N>, g1 #0

or
1

g2

The Gaussian and the mean curvatures of M are defined as

Li]‘ =

K= LiLy — L3, He 3L = 29192L12 + 3L
wr 2W2 '

(gz(O, Yij+Zij) = 9:,j0, Y2, 22 ),N>, 92 # 0.

210

(12)

(13)

(14)

(15)

(16)

(17)

A surface is called as flat (resp. minimal) if its Gaussian (resp. mean) curvatures vanish [2, 20]. The

principal curvatures x; and «; of the surface M are given as

. 3L —29192L12 + g3l LiLy — L3,

1 ; K2 = ’
w2 73L11 = 20192L12 + 2L

respectively [22].

3. Focal Surface of Tubular Surface in G3

(18)

A tubular surface M in Gj at a distance r from the points of spine curve a(u) = (u, y(u),z(1)) is given

with
M : X(u,v) = a(u) + r(cos vn + sin vb).

Writing the Frenet vectors of a(u) in (19), the parametrization can be given as

M : X(u,v) = (u, y(u), z(n)) + £ [cosv(0, y" (u), 2" (u)) + sinv(0, —z" (1), y” (u))] .

From (20),
glzullzll _1]2=M,2=0.

The tangent vectors X,,, X, and the normal vector N of M are given by

X, = t-—rtsinun+rtcosuvb,
X, = -rsinoun+rcosub,

(19)

(20)

(21)

(22)
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and
N = —cosvn — sinvb. (23)

Here W = r. The coefficients of the second fundamental form are obtained as
Li; = =K COSU + 112, L =17, Ly =r. (24)
From, (21) and (24), the curvature functions of M are obtained as

—K COSD 1
K = , H=— 25
r 2r (25)

[5].
Corollary 3.1. [5] Tubular surfaces are constant mean curvature surfaces in Galilean space.

By the equation (18), we obtain the principal curvatures x1, x; of M as
1
K1 = —Kcosvand k, = mt (26)

For the function x, = %, the focal surface degenerates to a curve. Thus, we obtain the focal surface M* of M
for the function x; = —x cosv as

M*: X (u,0) = a(u) + (r + ) (cosvn + sinvb), (27)

x(u) cosv
where x # 0.
Corollary 3.2. The focal surface M* of M is not a canal surface.

Proposition 3.3. If the spine curve a(u) is a straight line or equivalently M is flat, we cannot construct the focal
surface of M.

Example 3.4. Let us consider the cylindrical helix a(u) = (u, cosu,sinu) in Gz. The Frenet frame vectors of the
spine curve a(u) is given by

tw) = (1,—sinu,cosu),
n(u)
b(u)

(0, — cosu, —sinu),
(0, sinu, — cos u).

The tubular surface M has the following parametrization
X(u,v) = (u,cosu — rcos(u + v), sinu — rsin(u + v)).
[5]. Then from the equation (27), we write the parametrization of the focal surface M* of M as in the following:
X*(u,v) = (u, —rcos(u + v) + tanvsinu, —rsin(u + v) — tanv cos u) .
By using the maple programme, we plot the graph of the tubular surface and its focal surface for the value r = 2 in Gg.
For the focal surface M*, the tangent space is spanned by the vectors

(X
(X0

t(u) + A (u, v)n(u) + Az (u, v)b(u), (28)
—rsinovn(u) + Az(u, v)b(u),
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Figure 1: Tubular surface M and the focal surface M*

where
- KW ino_ W
M(u,v) = K(u))z r7(u) sinv @) tano,
Ao(u,v) = (;1:;(;)[; tanv + rt(u) cosv + %,
)\3(14, ’0) = W + 7 CcoSsv.

Thus, from (28), W* = ((A3(«, v))? + (rsin U)z)% and the unit normal vector field N* of M* is

_ ~As(w, v)n(u) — rsinvb(u)

Nx-
W*

Further, we get

The second partial derivatives of X* are

XNy = As(u,o)n(u) + As(u, v)b(u),
(X*)uv = /\6(7/‘/ U)“(”) + /\7(1’[/ U)b(”)/
(X))o = -—rcosovn(u)+ Ag(u, v)b(u),

where
As(u,0) = w(u) + (A1(u,0)), — T(W)A2(u, v),
As(u,0) = (Aa(u,0)), + 1WA (4, v),
As(u,0) = (A1(w,0)),,
Az(u,0) = (A2(u,0)),
As(u,0) = (A3(u,0)),.

Thus from the equations (30)-(33), the coefficients of the second fundamental form become

—As(u, v)A4(u, v) — As(u, v)rsinv

L;l = W+ ’
. —As(u, v)Ae(u, v) — Ay (1, v)rsinv
Ly, = Wr ’
. Asz(u, v)rcosv — Ag(u, v)rsinv
Ly = W :

By using the equations (31) and (34), we give the following theorems:

212

(29)

(30)

(31)

(32)

(33)

(34)
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Theorem 3.5. Let M be a tubular surface given with the parametrization (19) and M* be the focal surface of M with
the parametrization (27) in Gs. Then, the Gaussian and the mean curvatures of M* are

K = 1 —AZA4rcos v + AzAgAgrsinv — A3Asr? sinv cos v
T (WE | +AsAgr?sin® o — 4212 — A2r% sin” 0 — 2A3A6A77 sino
o= Aszrcosv — Agr sinv. (35)

Z(W*)3
Corollary 3.6. If the focal surface M* is minimal, then

1

r=——
x(u) cos® v

Proof. Let M* be the focal surface of M with the parametrization (27) in Gz. If M* is minimal, then
Asrcosv — Agrsinv = 0. Since the functions cosv and sinv are linearly independent, A3 = Ag = 0 i.e.
Az = (A3), = 0 which corresponds to the last equation. [J
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Abstract. In this paper,we consider a coefficient problem of an inverse problem of a quasilinear parabolic equation
with periodic boundary and integral over determination conditions. It showed the stability of the solution by iteration
method and examined numerical solution.

1. Introduction

The inverse problem of determining unknown coefficient in a quasi-linear parabolic equation has generated an
increasing amount of interest from engineers and scientist during the last few decades.Inverse Problem is a research
area dealing with inversion of models or data. An inverse problem is a mathematical framework that is used to obtain
information about a physical object or system from observed measurements. It is called an inverse problem because
it starts with the results and then calculates the causes. This is the inverse of a direct problem, which starts with
the causes and then calculates the results. Thus, inverse problems are some of the most important and well-studied
mathematical problems in science and mathematics because they provide us about parameters that we cannot directly
observe[1-3]. There are many different applications including medical imaging, geophysics, computer vision, astron-
omy, nondestructive testing, and many others. Nevertheless the inverse coefficient problems with periodic boundary
and integral over determination conditions are not investigated by many researchers because of the difficulties of these
conditions [1-3, 5-8]. This kind of conditions arise from many important applications in heat transfer, life sciences,
etc. The inverse problem of unknown coefficients in a quasi-linear parabolic equations with periodic boundary con-
ditions was studied by Kanca and Baglan [9, 10]. Over the last years, considerable efforts have been put into develop
either approximate analytical solution and numerical solution to non-local boundary value problems [3]. Cannon
implemented implicit finite difference scheme to obtain numerical solution of the one dimensional non-local bound-
ary value problems [1]. Liu studied non-local boundary value problems and concluded that the presence of integral
terms in boundary conditions can greatly complicate the application of standard numerical techniques such as finite
difference schemes and finite element techniques [4]. Several researchers have discussed numerical solutions for
non-local boundary value problems in one dimension.The one-dimensional case of this problem has been the guiding
force behind considerable research in numerical methods such as finite difference method and finite element method.
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Explicit and implicit finite difference schemes were used by many researchers to obtain numerical solutions of one-
dimensional non-local boundary value problem. Finite difference method to a class of parabolic inverse problems is
investigated. This method is very effective for solving various kinds of partial differential equations.

Consider the equation

U =y +1(t) f(x,1,u), (x,t) € D, (1)
with the initial condition
u(x,0) = @(x), x€[0,7], 2
the periodic boundary condition
u(0,1) = u(m,t), uy(0,1) = uy(m,t), 0<t <T, 3)
and the over determination data
g(t) =u(m,t),0<t<T, (€]

for a quasilinear parabolic equation with the nonlinear source term f = f(x,7,u).

Here D := {0 <x<m, 0 <t <T}.The functions ¢(x) and f(x,z,u) are given functions on [0,7] and D x
(—o0,00), respectively.

The problem of finding the pair {/(¢),u(x,#)} in (1)-(4) will be called an inverse problem.

Definition 1.1. The pair {I(t),u(x,t)} from the class C[0,T] x (C*' (D) NC"? (D)) for which conditions (1)-(4) are
satisfied is called the classical solution of the inverse problem (1)-(4).

The paper organized as follows:

In Section 2, the existence and uniqueness of the solution of the inverse problem (1)-(4) is proved by using the
Fourier method and iteration method. In Section 3, the continuous dependence upon the data of the inverse problem
is shown. In Section 4, the numerical procedure for the solution of the inverse problem is given.

2. Existence and Uniqueness of the Solution of the Inverse Problem

The main result on the existence and the uniqueness of the solution of the inverse problem (1)-(4) is presented as
follows:

‘We have the following assumptions on the data of the problem (1)-(4).

(A1) g(¢) € C'[0,T],1(¢) € C[0,T].

(A2) p(x) € C*[0,7], 9(0) = p(n), ¢'(0) = @ (7), " (0) = ¢ (7), )

(A3) Let the function f(x,¢,u) is continuous with respect to all arguments in D x (—eo, ) and satisfies the follow-
ing condition

(H

oW f(x,t,u) AW f(x,1,ii)

" - ox" Sb(t,x)|u—11\ ?n:071727

where b(x,t) € (D), b(x,t) >0,
) f(x,t,u) € C[0,7], 1 € [0, T,
(3) f(xvtau)‘x:(] = f(x,t,u)\xzﬂ, fx (O,I,M)|x:0 = fx(ﬂ7t’u)‘x:nvfxx(()?t’u)‘x:(] = fxx(ﬂvtvu”x:nv

“) ff()@t,u)dx;t 0, vVt €[0,T].
0

By applying the standard procedure of the Fourier method, we obtain the following representation for the solution
of (1)-(3) for arbitrary /(r) € C[0,T] :
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+ Y [uck(t) cos 2kx + uge(1) sin 2kx] ,

up(t) = (P0+%//I(T)f (é,‘c, o) + i [uer () cos2kE + ug () sin2k§]> dédr,
00

ua(t) = Qe e*z’()z’% g7, ”0(”+Z[uck(r)coszké+usk(r>sin2ké]) cos2ké e~ g gz,

ug(t) = @ e*<2’<>2'+% &1, +Z[uck(r)coszk.s+usk(r)sin2k§]> sin2k€ e~ (=Dgg gz,

u(x,t) = (P0+/1(T)f0(r,u) dt 5)
0
=) t
+ ) cos2kx | @i 67(2k)2l+/l(f)fck(f, u) e~ R gg
k=1 /

+ Y sindke e+ [1(2) fu(r) e
k=1 0

T T T

where @y = %_[(p(x)dx, O = %f(p(x) cos 2kxdx, Qg = %f(p(x) sin2kxdx.
0 0 0

Under the condition (A1)-(A3), differentiating (4), we obtain

!

w(mt) =g (t),0<t<T. (6)
(5) and (6) yield
§ 1)+ T (4k2) (mcke—@kff + 1(5) fur(T,) e—<2k)2<f—f)df>
le) = —— : )
f()(t) +k§41fck(t)

Definition 2.1. Denote the set
{u(t)} = {uo(t), ucx (1), us(t),k = 1,...,n}, of continuous on [0,T] functions satisfying the condition

luo(®)] |
+ ) t t by By. Let
omier 25 (012‘a<XT|uCk( )|+0r£ta§XT|uSk( ) <o by Bi. Le

_ ()] | ¥ ;
lu(®)|| = OIQ%XTOT + k§1 (Organg luer (1)) + O?I%XT |usi (2) |> , be the norm in By.

It can be shown that B| are the Banach spaces.
3. Continuous Dependence of (1,u) upon the data

Theorem 3.1. Under assumption (Al)-(A3) the solution (1,u) of the problem (1)-(4) depends continuously upon the
data ¢, g.
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Proof. Let ® = {¢@, g, f} and ® = {@, g, f} be two sets of the data, which satisfy the assumptions (A1) — (A3).
Suppose that there exist positive constants M;, i = 1,2 such that

I8l < M, I8l crjo.r) < My, @l cspo.n) < Mo [[@l 3o, < Mo

Let us denote || @ = (llgllc1jo.7) + | @llczo.2 + 1f | c30(m))- Let (1) and (1,%) be solutions of inverse problems
(1)-(4) corresponding to the data ® = {¢, g, f} and ® = {Q, g, f} respectively. According to (5)

u—u = (%2% +Z°052k5 (Pck — Pek) € Zk)z’—i—isinZkg ((Psk—W)e*(Zka
k= k=1
1 2 B
3 (n (D)6, 7 ))—f(éafvu(é»f))]dédr)

SIS

(l(z) — (7)) £(E, 7 a(€, T))dédr)

8 Sty o\

1(T) [F(E.T,u(E, 7)) — F(E,T,u(E, )] cos 2k& e R =D ar
0

(1) = 1(0)) [£(&, T.u(E, 7)) — F(&,7,0(E, 7)) cos 2k& e~V =g dr

_|_
gk
SIS

~
Il
=

+
s
S

- O\N O\_‘ O\N O\N

~
Il
—_

=

T

1) [F(&,7,u(8,7) — (&, 7,0(&,T))|cos 2kE e~ (~Tagdr

=~
Il
—_

+
gk
NS

S O—

+ (1) = 1(2)) [F(&,7,u(&, 7)) - f(&,7,a(€, 7))] cos 2k& e~ =gz,

013
Qe

~
Il

Sty O

By using same estimations, we obtain:

u—al < M;|®-| ®)

la—a| < Ms||o- 3
Mo (1)l (0) ~ (o)

applying Gronwall’s inequality to (8), we obtain:

u—a? < 2M3|e—3

X exp2M2 (//zz(r)bz(;r)dgdr) .
00

For ® — ® thenu — @. Hence [ — 1. [
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4. Numerical Procedure for the nonlinear problem (1)-(4)

We construct an iteration algorithm for the linearization of the problem (1)-(4):

ou™ 92um

5 = gz Tl0fEnd), (xnep ©)
W(0,0) = w(mr),  1€[0,T] (10)
u0,0) = u(z,1)=0,1€[0,T] (11)
W(x,0) = o), x€[0,7)]. (12)

Let u™ (x,1) = v(x,t) and f(x,t,u” D) = f(x,). Then the problem (9)-(12) can be written as a linear problem:

2
= W) (xa)eD (13
v(0,1) = wv(m,t), t€10,7T] (14)
ve(0,8) = w(m, 1), t€10,7T] (15)
v(x,0) = o), x€0,x] . (16)

We use the method of the linearization then we use the finite difference method to solve (13)-(16).
We subdivide the intervals [0,7] and [0,7] into subintervals Ny and N; of equal lengths h = g~ and 7 = z,
respectively. We choose the implicit scheme which is absolutely stable and has a second-order accuracy in & and a

first-order accuracy in 7. The implicit scheme for (13)-(16) is as follows:

L/ L7 1l ' N, 5
;(V{ —v{)—2h2 (vj —2v! +V{+1)"’W({—1_2V{+V{+1)+l‘]fijv a7
v =i, (18)
= Vi (19)
vj—l—vj .
= Vs (20)

where 1 <i <N, and 0 < j < N, are the indices for the spatial and time steps respectively, v =v(xi,15), 0 = @(x;),
f.J f (x,,t i), xi =ih,t; = jt. Atthe level t = 0, adjustment should be made according to the initial condition and the

l
compatibility requirements.
Now, let us construct the predicting-correcting mechanism. First, integrating the equation (1) with respect to x

from O to 1 and using (3) and (4), we obtain

I(r) = 2007 201
g fx0)
The finite difference approximation of (21) is
. . » . . A A
=) /) g (-2 )+ g (e 20 )
(fi)!

and the values of ¢; provide us to start our computation. We denote the values of 1/, v{ at the s-th iteration step
.and the values of ¢; provide us to start our computation. We denote the values of 1/, v{ at the s-th iteration step 1/ )
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v{ (S), respectively. In numerical computation, since the time step is very small, we can take +10) = pJ| v{ O _

j=0,1,2,..N;,i=1,2,...,Ny. Ateach (s+ 1)-th iteration step we first determine 1716+ from the formula

(")) g (A 2 ) g (2 i)

P s+1) — 2 2 2h
(fi)i !
Then from (17)-(20) we obtain
1/ i/ o 1 o e o 1(s
- (V{H(wl) _V{+l(s)) _ = (V{jll(wrl) _2V{+l(s+1) +v{jrrll(‘+l)>
Lt st f~ij+1 7 22)
=k 23)
W) i) _
S =i (24)

The system of equations (22)-(24) can be solved by the Gauss elimination method and v{ s+ is determined. If the

difference of values between two iterations reaches the prescribed tolerance, the iteration is stopped and we accept
the corresponding values /161 v{H(Hl)(z’ =1,2,...,Ny) as [/+1, v{“(i =1,2,...,Ny), on the (j + 1)-th time step,
respectively. In virtue of this iteration, we can move from level j to level j+ 1.

Acknowledgement: “This work has been supported by Kocaeli University Scientific Research Projects Coordi-
nation Unit(ID:1599).” The author is thankful to the referee for his/her valuable suggestions.

References

[1] J,R.Cannon , Y.Lin , Determination of parameter p(t) in Holder classes for some semilinear parabolic equations. Inverse Problems, 1988,
4:595-606.

[2] R.Pourgholia , M.Rostamiana and M.Emamjome, A numerical method for solving a nonlinear inverse parabolic problem. Inverse Problems
in Science and Engineering, 2010, 18(8):1151-1164.

[3] PR.Sharma, G. Methi, Solution of two dimensional parabolic equation subject to Non-local conditionsusing homotopy Perturbation method.
Jour. of App.Com. Sci,2012; vol.1:12-16.

[4] Liu 'Y, Numerical solution of the heat equation with nonlocal boundary condition. J Comput Appl Math,1999, 110:115-127

[5] M. Dehghan,Identifying a control function in two dimensional parabolic inverse problems. Applied Mathematics and Computation,2003; vol
143 (2): 375-391.

[6] A. ERGUN, "The Multiplicity of Eigenvalues of a Vectorial Diffusion Equations with Discontinuous Function Inside A Finite Interval",
Turkish Journal of Science, Volume 5, Issue 2, 73-84, 2020.

[7]1 A. Ergiin and R. Amirov, “Direct and Inverse problems for diffusion operator with discontinuity points,” Journal of Applied and Engineering
Mathematics, vol. 9, no. 1, pp. 9-21, Jan. 2019.

[8] A. Ergiin, “Integral Representation for Solution of Discontinuous Diffusion Operator with Jump Conditions,” Cumhuriyet Science Journal,
vol. 39, no. 4, pp. 842-863, Jul. 2018.

[9] FXKanca I. Baglan ,An inverse coefficient problem for a quasilinear parabolic equation with nonlocal boundary conditions, Boundary Value
Problems , 2013, V.213.

[10] F.Kanca,l.Baglan,An inverse problem for a quasilinear parabolic equation with nonlocal boundary and overdetermination conditions, Journal

of inequalities and applications, 2014, V.76.



TURKISH JOURNAL OF SCIENCE http:/dergipark.gov.tr/tjos
VOLUME 5, ISSUE 3, 220-225
ISSN: 2587-0971

A note on Hopf bifurcation and steady state analysis for a
predator-prey model

frem Cay?

?Department of Mathematics, Faculty of Arts and Sciences, Kocaeli University, Kocaeli, Turkey.

Abstract. This paper is concerned with the Hopf bifurcation and steady state analysis of a predator-prey
model. Firstly, by analyzing the characteristic equation, the local stability of the nonnegative equilibriums
is discussed. Then the Hopf bifurcation around the positive equilibrium is obtained, and the direction
and the stability of the Hopf bifurcation are investigated. Finally, some numerical simulations are given to
support the theoretical results.

1. Introduction

Mathematical ecology is a subject field in which dynamic systems are involved in species, populations,
and how these groups interact with the environment. This subject field primarily studies how species
population size changes over time and space. Since Lotka—Volterra’s groundbreaking work in the 1920s,
the predator-prey model has become one of the most important research topics in mathematical ecol-
ogy for nearly a century. Species compete, evolve and disperse for the purpose of finding resources to
sustain their struggle for their existence. Depending on their specific settings of applications, they can
take the forms of resource-consumer, plant-herbivore, parasite-host, tumor cells (virus)-immune system,
susceptible-infectious interactions, etc. Mathematicians used the theory of dynamics to analyze the differ-
ential equations based on a predator-prey model. There are some scholars who applied bifurcation theory
in dynamics based on models and we can find them in [2]-[11] etc.

In this paper, we consider a predator-prey model satisfies the following differential equations in [1]

dH H PH

i ’H(l‘f)‘“mgf @
dp H

- = yP(—1+6H+ﬁ), )

where H is the prey density and P is the predator density. The parameters are v, K, o, 5, y, 6 > 0,
H(0) > 0 and P(0) > 0.

The rest of the paper is organized as follows. Basic properties of the model are given in Section 2.
Sufficient conditions for the existence of the Hopf bifurcation are obtained in Section 3. In Section 4, the
numerical examples are given to illustrate the validity of our results.
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2. Preliminary

In this section, firstly, we make the following change of variables to put the model in dimensionless
form:

H a
X= 4 y_ﬁ<P, t=rt
Thus (1)-(2) can be written as
dx Y
- x(l_x_x+b)' ©)
dy x
dat Cy(_1+ax+b)' @

We introduce the basic properties of the nonnegative constant solutions for the system (3)-(4). It is
obvious that 1 = (x1,y1) = (0,0) and 1> = (x2, ¥2) = (1,0) are constant steady states of (3)-(4). Furthermore,
3 = (x3,Y3) = (%, ”b((Zjlb)_zl)) is a constant steady state of (3)-(4).

It is clear that when a < b + 1, (3)-(4) has no positive equilibrium.

In the following, we discuss the local stability of equilibrium #; = (x;,y;) (i = 1,2,3). By directly
calculating, the Jacobian matrix at 1 is

by; X;

A 1-2xi-5%p —5
g = (25 1)

(x;+b)? xi+b

Theorem 2.1. For system (3)-(4), the following statements are hold.
(i) For all a, b, ¢ > 0, the constant equilibrium solution 13 is a saddle point which is unstable.
(ii) The constant equilibrium solution 3 is stable when a < b + 1 and it is unstable fora > b + 1.
(iii) In the case a < b + 1, there is no limit cycle since there is no positive equilibrium.

3. Existence of Hopf Bifurcation

In this section, we restrict 4 > b + 1 and only study the Hopf bifurcation around 3. Taking a as the
bifurcation parameter, we study the existence of Hopf bifurcation for (3)-(4) and so the direction and the
stability of Hopf bifurcation are investigated.

Now, we investigate the results of Hopf bifurcation for (3)-(4). We primarily get the Jacobian matrix of
(3)-(4) atui3

_2b b1 1
IS = a—1 a a
( ca-b-1) O
The characteristic equation of J3 is
A% — traceJ3A + det]; = 0, 5)

where
trace]; = —Z—b + b+—1
T a1
Let (%, ) = (x, y) — (x3, y3). For convenience, we denote (%, §) as (x, y). Then the model (3)-(4) is changed
to

) detjgzg(a—b+1)>0.

dx _ _ Yty )

= = (x+x3)(1 () - ), ©)
dy X+ X3

dar C(y+y3)(_1+ax+x3+b)' @
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Theorem 3.1. The model (3)-(4) undergoes a Hopf bifurcation at (x3, y3) fora = a/ = T}]
Proof. Since we assume thata > b + 1, it should be 0 < b < 1. Clearly, ifa = atl = fj} holds, then +i Vbc

is a pair of imaginary eigenvalues of J3. Let a(a) + iw(a) be the roots of (5) in the neighborhood of af. So we

obtain
_ trace]ls  b+1 b B B _(b+1 2b
ala) = > = o a1 w(a) = \/4 (a-b-1) (_a a_—l)
and
v b, b
 4a2 (a-1)%

It is clear that tracef3(a') = 0, detJ3(a'’) > 0 and a’(a'?) # 0. It follows from the Hopf bifurcation theorem [1]
that the model (3)-(4) undergoes a Hopf bifurcation at (x3, y3, a').

Now, we use a computational method to test whether the Hopf bifurcation is supercritical or subcritical.
To study the system around the point a = 4!’ we expand the right hand side of the system (6)-(7) using the
Maclaurin series and we rewrite the system (6)-(7) as

dx
gt X F(x,y,a)
= , 8
(Z—y) ]3(y)+(6<x,y,a>) ®)
where
- (L 2 b b bys 4
_(<xS+b>3_) T Tt VT b
and
_ ”bcy3 2 abc abc 5 abcyB 5

) R PO S e A A Sl A A
Next, we make the transformation
5)o(2)

p= ( bc(b+1)w(”) 0 )

0 f%w@)

=1

<

where

and substitute it into (8). To avoid the abuse of mathematical notation, we still denote (¥, i) by (x, y). Then
we obtain the normal form of (8) as follows

L _ 0 —w(a) x flx,y,a)
(B )=(aw 70703 ) (5eea) 10
where
_ be(b+1) 1
ﬂ”%m‘a—mmm%mw+n(”x w@ﬁ
1-b 1-b b+1
960 = o D@ &w+nmmﬁ—ﬂMW'

To determine the stability of periodic solutions, we need to calculate the sign of the following coefficient

Yy = % (fxxx + feyy + Jary + 9yyy)

+ ]67/01((1H) [fxy (-ﬂ‘x + fW) ~ xy (gxx + gyy) = faxGux + fyygyy] , (11)
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Figure 1: When a < b + 1, there is no positive equilibrium. The constant equilibrium 13 = (1,0) is locally stable.

where all the partial derivatives are evaluated at the bifurcation point (0,0,4). Then, by computing we
obtain

I S S L (e
VoS TR 1y (b+1p A-bR\ (1-0p
(1- by 1-b (260 +1) "
PG+ 1) | A2 Rp+ )\ -2 (12)

Therefore, we have the following result.

Theorem 3.2. If y < 0, the direction of Hopf bifurcation is supercritical. This means that for a < a'!
the positive equilibrium (x3, y3) is a stable spiral but for a > a'! there exists a stable periodic solution and
(x3, y3) is unstable. If y > 0, the direction of Hopf bifurcation is subcritical. In this situation, when a < att

the positive equilibrium (x3, y3) is stable and there exists an unstable periodic solution but when a > aff,
(x3,y3) is unstable.

4. Numerical Simulations

In this section, some numerical simulations are presented, which support and complement the results
given in the previous section. There are three parameters a, b, c in our model (3)-(4). We fixb = 0.5, c =1
and obtain the following numerical simulations which illustrate the main theoretical results.

Example4.1. Wetakea =1, b =0.5, c = 1. Thena < b+1 and model (3)-(4) has no positive equilibrium.
From Fig. 1, we see that 13 = (1,0) is locally stable.

Example 4.2. We takea = 2.5, b = 0.5, ¢ = 1. Thena > b+ 1 and there exists unique positive equilibrium
3 = (x3,y3). Whena = 2.5, b=0.5,a < a'l. From Fig. 2, we see that (x3, y3) is a stable spiral.

Example 4.3. We takea = 3.5, b =0.5, c =1, thena > al. We observe that there exists a stable periodic
solution and the positive equilibrium (x3, y3) is unstable. This is seem from Fig 3.

In Example 4.2 and Example 4.3, we fix b = 0.5, ¢ = 1, then we derive y < 0. From the numerical

simulations (see Fig. 2 and Fig. 3), we can say that there exists a supercritical Hopf bifurcation and this
supports our theorical results.
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Figure 2: Whena > b+ 1and 0 < b < 1, we have a bifurcation parameter and a bifurcation value a and a'?, respectively. If a < aff
(x3,y3) is a stable spiral.
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Abstract. In this paper, we introduce a new subclass of analytic functions in the open unit disk U with
negative coefficients defined by normalized of the az? ]g (2) + bz], (z) + cJs (z) function, where [ (z) is called
the Bessel function of the first kind of order 9. The object of the present paper is to determine coefficient
inequalities, inclusion relations and neighborhoods properties for functions f (z) belonging to this subclass.

1. Introduction

Let A be a class of functions f of the form

f@)=z+ Z a,z" (1)
n=2

that are analytic in the open unit disk U = {z : |z| < 1}. Denote by A(n) the class of functions consisting of
functions f of the form

)

f@=z=) a" 2)

n=2

which are analytic in U.
We recall that the convolution (or Hadamard product) of two functions

f@=z+ Zanz” and g(z) =z + Z b,z"
n=2 n=2

is given by
(f+9@ =2+ ) abz" =g+ f2) (zeU).

n=2
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Note that f+g € A.
Next, following the earlier investigations by Goodman [8], Ruscheweyh [16], Silverman [18] and Altintas
etal. [1, 2] (see also [4]-[7], [10], [12], [14]-[16]), we define the (1, 5)—neighborhood of a function f € A(n) by

Nos (f) = {ge&’{(n):g(z) =z-) bz"and ) nla, b, 36}. 3)

n=2 n=2

For e(z) = z, we have

Ny (e) = {g €eAm):g9(z)=z- Z b,z" and Z n by < 6}. 4)
n=2 n=2

A function f € A(n) is a—starlike of complex order y, denoted by f € S;,(B,y) if it satisfies the following
condition

1(zf'(2)
‘)%{14.)—/(]((2) —1)}>ﬁ (yeC\{0},0<B<1,zeU),

and a function f € A(n) is f—convex of complex order y, denoted by f € C,(B, y) if it satisfies the following
condition

‘R{1+ 12f (Z)}>5 (yeC\[0},0<p<1,zeU).

v e
The Bessel function of the first kind of order 9 is defined by [13, p.217]
B had (-1)" (Z )2n+3
]S(Z)‘Zén!r(n+9+1) 2 (e0). ©

We know that it has all its zeros real for 9 > —1. Here now we consider mainly the general function
N; (2) = az’[ (2) + bzJ§ (2) + ¢]s (2)

studied by Mercer [11]. Here, asin [11], g = b —a and
(c=0andgq#0)or (c>0andg>0).

From (5), we have the power series representation

Ns (z) =

QO+ 1Y (= ceO ©

L nll (n+9 +1) 2

where Q(9) =ad(w—-1)+ b3 +c (a,b,c € R). Lastly, Baricz, Caglar and Deniz [3] obtained sufficient and
necessary conditions for the starlikeness of a normalized form of N by using results of Mercer [11], Ismail
and Muldoon [9] and Shah and Trimble [17].

Note that Ny is not belong to the class A. Therefore, we consider the following normalization for the
function Ny(z) :

2T (9 +1)zl2

TN s ( ‘/E) . @)

In the rest of this paper, the quadratic Q (9) = a3 (8 — 1) + b9 + ¢ will always provide on (g, b, ¢ € R)
(c=0and g #0) or(c>0and g > 0). Moreover, 9 is the largest real root of the quadratic Q (9) defined
according to the above conditions.

Easily, we can write

Ny (z) =

(zelU). 8)

e CD)TTE+ QO +2n - 1),
No(@)=z+ Z_; - DT +mQE)
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In terms of Hadamard product and Ny (z) given by (8), a new operator Ny : A — A can be defined as
follows:

(-D)"™T (S +1)QE® +2(n - 1))
- DIT S +n)0@E)

Mﬂ@(%ﬁﬂﬂ%+z 2 (ze ). ©)

If f € A(n) is given by (2) then we have

> (-1)™MT O +1)QE +2(n - 1))
- 1)T O +m)0E)

Nsf(z) = (zeU). (10)

n=2

Finally, by using the differential operator defined by (10), we investigate the subclasses M5(8,)) and
R3(B, v, w) of A(n) consisting of functions f as following:

Definition 1.1. The subclass M{(B,y) of A(n) is defined as the class of functions f such that

Wq@ﬂ
Nsf (2)

]‘ <Bp  (zeU) (11)

where y € C\ {0} and 0 < B < 1.

Definition 1.2. Let RY(B, y, 1) denote the subclass of A(n) consisting of f which satisfy the inequality

1 Nsf ()
‘;h—m /

<B (zeU) (12)

+MNM@W—4

wherey e C\ {0} and0<pf<1,0<u<1.

In this paper, we obtain the coefficient inequalities, inclusion relations and neighborhood properties of the

subclasses M{(B,7) and R§(B, Y, 1)

2. Coefficient inequalities for the classes M (B, ) and RY(B, y, )

Theorem 2.1. Let f € A(n). Then f € MY(B,y) if and only if

o (D)™ + 1)QE +2(n— 1))
L T (- DT (S +m Q) [ =1+ 8lyl]an <6 (13)
wherey € C\ {0} and 0 < f < 1.
Proof. Let f € A(n). Then, by (11) we can write
2[Nof )]
%{W—l} > —‘B|)/| (zelU). (14)

Using (2) and (10), we have,

o (~1)"T(+1)Q(8+2(n-1))
- nz_: Do U~ anz"
R — > — zeU). 15
f (D™ TE+1)QE+2(n-1)) p |7/| ( ) (15)
Z- I DT E+m0E)
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Since (15) is true for all z € U, choose values of z on the real axis. Letting z — 1, through the real values,
the inequality (15) yields the desired inequality

i (~D"™TE + 1O +2(n—1)) [

- DI E+mQE) 1+p |7’|]“n <pll.

Conversely, supposed that inequality (13) holds true and |z| = 1, we obtain

2 (1) (9+1)Q(9)

z [\I’Mf (Z)], ~
Wuf(2)

‘ i": (1" T +1)Q(9+2(n—1)) [n—1]a,z"

Z (=)™ T(8+1)Q(8+2(n—1))

T T DT (+m0E) Mz

(-1)"™T(O+1)Q(8+2(n—1))
Z o 1 Uan

IN

(=)™ T(8+1)Q(8+2(n—1))
Z T G-DT(+mQ(s)

< ﬁ|7/)

Hence, by the maximum modulus theorem, we have f(z) € M{(,7), which establishes the required
result. O

Theorem 2.2. Let f € A(n). Then f € R(B,y, 1) if and only if

i (~D"™I(@E + QB +2(n—1))
41 — )T (S + n) Q(9)

[1+u(n-1D]a, <Bly| (16)

foryeC\{0},0<p<1land0<u<1.

Proof. We omit the proofs since it is similar to Theorem 2.1. [J

3. Inclusion relations involving /V, s(e) of the classes M’; (B, y) and Rg(ﬁ, Y, )
Theorem 3.1. If

__ 8hire+200) (] <1) -
(1+By[) T+ 1QE +2)
then M’;(,B, Y) C Ny ().
Proof. Let f(z) € M{(B,7). By Theorem 2.1, we have
-TE+1)Q(®+2) =
TE+20© O +5|7’|);”” =
which implies
- Bly]
Z < “T(E+1)QE+2) : (18)

—reoe LA '7/|)
Using (13) and (18), we get

T +1)QE +2) v TE+1)Q(9+2) =
TE+2QE &M S M+ —reenom O F L

=2
2P| _
1 +ﬁ()/|
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That is,

fi" ST E+2Q®)
e (1+B]y]) TS + DQCS + 2)
Thus, by the definition given by (4), f(z) € Nn,b(e), which completes the proof. O

Theorem 3.2. If

-8B [y|T (8 +2)Q(3) (1V| 3 1)

S0+ )TE+ 100G +2) (19)
then R1(8,, 1) C Niys (©).
Proof. For f(z) € R§(B,y, 1) and making use of the condition (16), we obtain
-T(S +1)Q® +2) -
1200 O +u)nzz;‘an <8yl
so that | |
. =4 |y|T (9 +2)Q(9)
2 S e Iae £ @0

n=2

Thus, using (16) along with (20), we also get

IS+ 1M +2) v (S +1)Q(® +2) w

HMareT20m) &M < b+ 0-0Irenam E+200) =™
Bl
< Bl =D
Hence,
i -8B [y|T (8 +2)Q(9)
na, < =
A+wIS+1DOE +2)

n=2
which in view of (4), completes the proof of theorem. [
4. Neighborhood properties for the classes Mg(ﬁ, y) and R";([S’, Y, 1)
Definition 4.1. For 0 < n < land z € U, a function f(z) € Mg/y(a, y) if there exists a function g(z) € MY(B,y)

such that @)
z
‘—2)—1’<1—n. (21)

For 0 <1 < 1and z € U, a function f(z) € Ry(B,y, u) if there exists a function g(z) € R} (,y, 1) such
that the inequality (21) holds true.

Theorem 4.2. If g(z) € M{(B,y) and

5(1+Bp)TE +1QE +2)
n=1- (22)
2[(1+BP)TE+DQE +2) +4py|T (3 +2) Q)]

then Ny (9) € ME(B, 7).
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Proof. Let f(z) € Nys(g). Then,

(o]

Z 1 |ay — byl <6, (23)

n=2

which yields the coefficient inequality,

(o]
Z la, — byl <
n=2

Since g(z) € M5(B,y) by (18), we have

(n € IN).

NI O

ib ~4B]y|T (8 +2)Q(9)

ST A+ Blyhre + Qe +2)° (24)

and so
f (z) 1' E‘Z s =
9(2) 1 § b,

F(S+1)Q 9+2)
6 areeam U TB |V|)

2 G062 (1 4 gly)y + gy

= 1-n.

IA

Thus, by definition, f(z) € MS(B,y) for n given by (22), which establishes the desired result. [
Theorem 4.3. If g(z) € Ry (B, 7, 1) and
o1+ I +1OE +2)

T]=1_ (25)
2[A+ )T +1) QO +2) +48]y|T (8 +2) Q)]

then Ny (9) C REB, Y, ).

Proof. We omit the proofs since it is similar to Theorem 4.2. [J
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Weak Structures on Pythagorean Fuzzy Soft Topological Spaces

Taha Yasin OZTURK?

?Department of Mathematic, Kafkas University, 36100, Kars, Turkey

Abstract. In this paper, we initiate the topological structures of pythagorean fuzzy soft semi-open sets and
pythagorean fuzzy soft semi-closed sets. Furthermore, the concept of pythagorean fuzzy soft semi-interior,
pythagorean fuzzy soft semi-closure are presented. Also some related properties are investigated.

1. Introduction

Molodtsov [20] has presented soft-set theory as a new mathematical method for working with com-
plexity, imprecise and uncertainly defined objects, and overcoming incompatibility with parameterization
methods, where theories such as fuzzy sets, intuitionistic fuzzy sets theory, rough set theory fall short. The
soft set theory proved useful in a number of areas, not restricted to decision-making [8, 26], data analysis
[6, 34], forecasting [29] and so on. Topological structures for soft sets are studied and explored in[1, 2,10, 11].
In [21] Molodtsov et al. listed a variety of directions for the implementation of soft sets, such as smoothness
of functions, game theory, operational analysis, Riemann integration, Perron integration, probability and
calculation theory for modeling problems in architecture, computer science, economics, social sciences.

The concept of fuzzy sets was initiated by Zadeh [33]. Intuitionistic fuzzy set (IFS) and intuitionistic
L-fuzzy sets (ILFS) were initiated and discussed by Atanassov [3] to generalize the idea of fuzzy set. Maji
et al. developed the idea of intuitionistic fuzzy soft sets [18], a generalization of fuzzy soft sets [17] and
standard soft sets[19]. Coker [7] has presented and researched the concept of intuitionistic fuzzy topological
spaces. Li et al. [16] initiated intuitionistic fuzzy topological constructs of intuitionistic fuzzy soft sets.
They discussed the notions of intuitionistic fuzzy soft open (closed) sets, intuitionistic fuzzy soft interior
(closure) and intuitionistic fuzzy soft base in intuitionistic fuzzy soft topological spaces. Recently, Hussain
[12] initiated the idea of an intuitionistic fuzzy soft boundary and discussed the features and properties of the
intuitionistic fuzzy soft boundary in general as well as the intuitionistic fuzzy soft interior and intuitionistic
fuzzy soft closure. He also studied some weak structures on intuitionistic fuzzy soft topological spaces [13].

Yager [30, 31] introduced Pythagorean fuzzy set(PFS) as an expansion of Atanassov’s intuitionistic fuzzy
set and provided Pythagorean membership ratings for multi-criteria decision-making (MCDM) implemen-
tations. The main features of the PFS are that the sum of the membership degree and non-membership
squares for each alternative is less than or equal to 1. Obviously, PFSs have more power than IFSs to model
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the vagueness of realistic MCDM issues. The Pythagorean fuzzy soft set theory was defined by Peng et
al.[24], and its significant properties were studied. Pythagorean fuzzy topology introduced by Olgun et al
[22]. Also Riaz et al. [27] and Yolcu and Ozturk [32] studied on Pythagorean fuzzy soft topological spaces.
Pythagorean fuzzy set theory is one of the most studied topics of recent times [4, 5, 9, 14, 23, 25, 28].

In this paper, we initiate and define the topological structures of pythagorean fuzzy soft semi-open sets
and pythagorean fuzzy, soft semi-closed sets. We also investigate the properties of pythagorean fuzzy soft
semi-interior, pythagorean fuzzy soft semi-closure, and discuss the relationship between them.

2. Preliminaries

Definition 2.1. [33] Let X be an universe. A fuzzy set Fin X, F = {(x, up(x)) : x € X}, where pur : X — [0, 1] is the
membership function of the fuzzy set F; ur(x) € [0, 1] is the membership of x € X in f. The set of all fuzzy sets over
X will be denoted by FS(X).

Definition 2.2. [3] An intuitionistic fuzzy set F in X is F = {(x, ur(x), vr(x)) : x € X}, where ur : X — [0,1],
vr : X — [0, 1] with the condition 0 < ur(x) + ve(x) < 1, Vx € X. The numbers ur, vr € [0, 1] denote the degree of
membership and non-membership of x to E, respectively. The set of all intuitionistic fuzzy sets over X will be denoted
by IFS(X).

Definition 2.3. [20] Let E be a set of parameters and X be the universal set. A pair (F, E) is called a soft set over X,
where F is a mapping F : E — P(X). In other words, the soft set is a parameterized family of subsets of the set X.

Definition 2.4. [17] Let E be a set of parameters and X be the universal set. A pair (F,E) is called a fuzzy soft set
over X, If F : E — FS(X) is a mapping from E into set of all fuzzy sets in X, where FS(X) is set of all fuzzy subset of X.

Definition 2.5. [18] Let X be an initial universe E be a set of parameters. A pair (E,E) is called an intuitionistic
fuzzy soft set over X, where F is a mapping given by, F : E — IFS(X).

In general, for every e € E, F(e) is an intuitionistic fuzzy set of X and it is called intuitionistic fuzzy value set of
parameter e. Clearly, F(e) can be written as a intuitionistic fuzzy set such that F(e) = {(x, ur(x), vp(x)) : x € X}

Definition 2.6. [30] Let X be a universe of discourse. A pythagorean fuzzy set (PFS) in X is given by, P =
{(x, up(x), vp(x)) : x € X} where, up : X — [0, 1] denotes the degree of membership and v, : X — [0, 1] denotes the
degree of nonmembership of the element x € X to the set P with the condition that 0 < (up(x))* + (vp(x))* < 1.

Definition 2.7. [24] Let X be the universal set and E be a set of parameters. The pythagorean fuzzy soft set is
defined as the pair (F, E) where, F : E — PFS(X) and PFS(X) is the set of all Pythagorean fuzzy subsets of X. If
p2(x) + vA(x) < 1and pp(x) + vp(x) < 1, then pythagorean fuzzy soft sets degenerate into intuitionistic fuzzy soft
sets.

Definition 2.8. [24] Let A,B C E and (F, A), (G, B) be two pythagorean fuzzy soft sets over X. (F, A) is said to be
pythagorean fuzzy soft subset of (G, B) denoted by (F, A)S(G, B) if,

1. ACB
2. Ve € A, F(e) is a pythagorean fuzzy subset of G(e) that is, Yx € U and Ve € A, ure)(x) < pge(x) and
Vr@e) (X) = v (x). If (F, A)S(G, B) and (G, B)C(F, A) then (F, A), (G, B) are said to be equal.

Definition 2.9. [24] Let (F, E) two pythagorean fuzzy soft sets over X. The complement of (E, E) is denoted by (F, E)*
and is defined by

(EE) = {(e, (x, r(e)(x), br((%)) : x € X) s e € E}
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Definition 2.10. [15] a) A pythagorean fuzzy soft set (F, E) over the universe X is said to be null pythagorean fuzzy
soft set if lFe)(x) = 0 and vr)(x) = 1; Ve € E, Vx € X. It is denoted by B(X,E).

b) A pythagorean fuzzy soft set (F, E) over the universe X is said to be absolute pythagorean fuzzy soft set if
ure)(x) = 1 and vp)(x) = 0; Ve € E, Vx € X. It is denoted byT(X,E).

Definition 2.11. [15] Let (F, A) and (G, B) be two pythagorean fuzzy soft sets over the universe set X, E be a
parameter set and A, B C E.Then,
a) Extended union of (F, A) and (G, B) is denoted by (F, E)UE(G, B) = (H, C) where C = AU B and (H, C) defined
by;
(H,C) = {(e, (x, tre)(x), Vre)(x)) : x € X) : e € E}

where

bre(x), ife€ A=B

Hee(x), fe€ B—A
max{ire)(x), gce)(x)}, ife€ ANB

Ure)(x), ife€ A—B

VHE(X) = Uc(e)(x), ifeeB-A
min{pe)(Y), pee(0)), ife€ ANB

U (X)

b) Extended intersection of (F, A) and (G, B) is denoted by (F, E)Ne(G,B) = (H, C) where C = A U B and (H, C)
defined by;
(Hr C) = {(E, (x/ HH(E)('X)/ UH(E)(x)) X € X) ree€ E}

where

pire(x), ife€ A—B

HHE(X) = He@ (), ife€ B—A
min{ure)(x), e (x)}, ife€ ANB

vp(e)(x), ife €eA-B

V() = UG (%), fe€e B—A

max{re)(x), tce (X)), fe€ ANB

Let X be an initial universe and PFS(X) denote the family of pythagorean fuzzy sets over X and PFSS(X, E)
be the family of all pythagorean fuzzy soft sets over X with parameters in E.

Definition 2.12. [32]Let X # 0 be a universe set and T C PFSS(X, E) be a collection of pythagorean fuzzy soft sets
over X, then T is said to be on pythagorean fuzzy soft topology on X if

(i) O(X,E)/ 1(X,E) belong toT,

(if) The union of any number of pythagorean fuzzy soft sets in 7 belongs to T,

(iii) The intersection of any two pythagorean fuzzy soft sets in T belongs to 7.

The triple (X, 7, E), is called an pythagorean fuzzy soft tpological space over X. Every member of 7 is
called a pythagorean fuzzy soft open set in X.

Definition 2.13. [32] a) Let X be an initial universe set, E be the set of parameters and T = {O(X,E), 1(X,E)} .ThenTis
called a pythagorean fuzzy soft indiscrete topology on X and (X, T, E), is said to be a pythagorean fuzzy soft indiscrete
space over X.

b) Let X be an initial universe set, E be the set of parameters and T be the collection of all pythagorean fuzzy soft
sets which can be defined over X. Tﬁen T is called a pythagorean fuzzy soft discrete topology on X and (X, 7, E), is
said to be a pythagorean fuzzy soft discrete space over X.

Definition 2.14. [32] Let (X, T, E), be a pythagorean fuzzy soft topological space over X. A pythagorean fuzzy soft
set (F, E) over X is said to be a pythagorean fuzzy soft closed set in X, if its complement (F, E)° belongs to 7.
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Proposition 2.15. [32]Let (X, 7,E), be a pythagorean fuzzy soft topological space over X. Then, the following
properties hold.

(i) B(X,E),T(XIE) are pythagorean fuzzy soft closed set over X.
(ii) The intersection of any number of pythagorean fuzzy soft closed set is a pythagorean fuzzy soft
closed set over X.

(iii) The union of any two pythagorean fuzzy soft closed set is a pythagorean fuzzy soft closed set over
X.

Definition 2.16. [32]Let (X, 7, E), be a pythagorean fuzzy soft topological space over X and (F, E) be a pythagorean
fuzzy soft sets over X. The pythagorean fuzzy soft closure of (F,E) denoted by pcl(F,E) is the intersection of all
pythagorean fuzzy soft closed super sets of (F, E).

Clearly pcl(F, E) is the smallest pythagorean fuzzy soft closed set over X which contain (F, E).

Definition 2.17. [32]Let (X, 7T, E), be a pythagorean fuzzy soft topological space over X and (H,E) € PFSS(X, E).
The pythagorean fuzzy soft interior of (H, E), denoted by pint(H, E), is the union of all the pythagorean fuzzy soft
open sets contained in (H, E).

3. Main Results

Definition 3.1. Let (X, 7, E), be a pythagorean fuzzy soft topological space over X and (F, E)CPFSS(X, E). If there
exists a pythagorean fuzzy soft open set (G, E) such that (G, E)C(F, E)Cpcl(G, E), then (F,E) is called pythagorean
fuzzy soft semi-open set over X.

Definition 3.2. Let (X, 7, E), be a pythagorean fuzzy soft topological space over X and (F, E)CPFSS(X,E). (F,E) is
pythagorean fuzzy soft semi-closed set if and only if its complement (F, E)° is pythagorean fuzzy soft semi-open set.

Remark 3.3. It is obvious that a pythagorean fuzzy soft open set is pythagorean fuzzy soft semi-open set. But the
converse is not true in general. This is shown in following example.

Example 3.4. Let X = {x1,x2}, E = {e1, 2} and
T= {a(X,E)/T(X,E)r (F1,E),(F2,E), (F3, E)}

where (F1, E), (F2, E), (F3, E) pythagorean fuzzy soft sets over X, defined as;

| (e1,1(x1,0.4,0.6), (x2,0.3,0.7)
(F,E) = {(e;,{(x1,0.5,0.4),(xz,0.7,0.6)
(

}

)
)
(L E) = {(31,{X1,0.5,0.5),(xz,0.4,0.5)})}
2E) =\ (ea, ((x1,0.6,0.4), (x2,0.8,0.3)))
(FsB) = | @1(01,07,03),(x,07,02))
¥ET O (e, 1(x1,0.8,0.2) , (x2,0.9,0.2)})

It is clear that T is a pythagorean fuzzy soft topological spaces and (X, 7, E), is pythagorean fuzzy soft topological
spaces. The pythagorean fuzzy soft closed sets as follow;
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@(&E))e = 1xg)
@X,B)C = Oxp)

(F B {(el,{(x1,0.6,0.4),(xz,o.7,o.3)})}
v (e2, {(x1,0.4,0.5), (x2,0.6,0.7)})
(Ey, EY { (e1, {(x1,0.5,0.5), (x,0.5,0.4)}) }
> (e2, {(x1,0.4,0.6), (x2,0.3,0.8)})
)
)

{
F E C —_ (ell {(xlr 03/ 0'7),(x2, 03, 07)
F3 B = 1 (e ((x1,03,08) . (12, 0.2, 0.9)

}

Now we consider a pythagorean fuzzy soft set (G, E) over X defined by,

_J (e1,{(x1,0.6,0.4),(x2,0.7,0.3)})
G/ E) ‘{ (en {(41,07,0.3)  (12,08,02))) }

Then there exist a pythagorean fuzzy open set (Fa, E) such that (F,, E)C(G, E)Epcl(Fz, E) = T(X,E).
Hence (G, E) is a pythagorean fuzzy soft semi-open set, but (G, E) is not pythagorean fuzzy soft open set.

Proposition 3.5. Let (X, 7, E), be a pythagorean fuzzy soft topological space over X and (F, E)CPFSS(X, E). Then
(F, E) is pythagorean fuzzy soft semi-open set if and only if (F, E)Cpcl (pint(F, E)) .

Proof. (=)Suppose that (F, E) is pythagorean fuzzy soft semi-open set, then there exists a pythagorean fuzzy
soft open et (G, E) such that (G, E)C(F, E)Cpcl(G, E). Now (G, E)Cpint(F, E) implies that pcl(G, E)Cpcl (pint(F, E)) .
Therefore (

E,E)Cpcl(G, E)Cpcl (pint(F, E))

(&) Suppose that (F, E)Cpcl (pint(F, E)) . Take (G, E) = pint(F, E), we have
(G, E)C(F, E)Cpcl(G, E)
This complete this proof. [

Theorem 3.6. Let (X, 7, E)p be a pytﬁagorean fuzzy soft topologi'cal space over X . Then an arbitrary union of
pythagorean fuzzy soft semi-open sets is pythagorean fuzzy soft semi-open set.

Proof. Let {(F;,E) : i € I} be a collection of pythagorean fuzzy soft semi-open sets and (G, E) = iLEJI(P,-, E). Since each
(Fi, E) is PFS semi-open, then there exist a pythagorean fuzzy soft open set (H;, E) such that (H;, E)C(F;, E)Cpcl(H;, E)
and so iLEJI(Hi, E)C Y (F;,E)C Y pcl(H;, E)Cpl (iLEJI(Hi, E)). Let (H,E) = iLEJI(Hi, E). Then (H, E) is pythagorean fuzzy
soft open and (H, E)C ikGJl (Fi, E)Cpcl(H, E). Therefore, iLGJI(F i, E) is a pythagorean fuzzy soft semi-open set. []

Corollary 3.7. Let (X, 7, E), be a pythagorean fuzzy soft topological space over X . Then the family of all pythagorean
fuzzy soft semi-open sets are a pythagorean fuzzy soft supra topology on X.

Proposition 3.8. Let (F, E) be a pythagorean fuzzy soft semi-open set and (G, E) be a pythagorean fuzzy soft set in
(X,7,E), . Suppose (F, E)C(G, E)Cpcl(F,E). Then (G, E) is a pythagorean fuzzy soft semi-open set over X.

Proof. (F,E) be a pythagorean fuzzy soft semi-open set implies that there exist a pythagorean fuzzy soft open set
(H, E) such that (H, E)C(F, E)Cpcl(H, E). Now (H, E)C(G, E) and pcl(F, E)Cpcl(H, E) implies that (G, E)Cpcl(H, E).
Therefore (H, E)C(G, E)Cpcl(H, E). Hence (G, E) is a pythagorean fuzzy soft semi-open set in X. [
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Proposition 3.9. Let (X, 7, E), be a pythagorean fuzzy soft topological space over X and (F, E)CPFSS(X, E). Then
(E E) is pythagorean fuzzy soft semi-closed if and only if there exist a pythagorean fuzzy soft closed set (G, E) such
that pint(G, E)C(F, E)C(G, E).

Proof. This proof is clear that from the definition of pythagorean fuzzy soft semi-closed set. [

Proposition 3.10. Every pythagorean fuzzy soft closed set is pythagorean fuzzy soft semi-closed set in a pythagorean
fuzzy soft topological spaces (X, T, E),.

Proof. Straightforward. [
Remark 3.11. The converse of Proposition 3.10 may not be provide in general. It is shown in following example.

Example 3.12. Consider the Example 3.4.

e | (e1,{(x1,0.4,0.6),(x2,0.3,0.7)})
(GE) ‘{ (02 1(11,03,0.7) (12,02,0.8)) }

is pythagorean fuzzy soft semi-closed set. But (G, E)° is not pythagorean fuzzy soft closed set.

Theorem 3.13. Let (X, 7, E), be a pythagorean fuzzy soft topological space over X and (F,E) € PFSS(X, E). Then
(F, E) is pythagorean fuzzy soft semi-closed set if and only if pint (pcl(F, E)) C(F, E).

Proof. (=) Suppose that (F, E) is a pythagorean fuzzy soft closed set, then by Proposition 3.9, there exists a pythagorean
fuzzy soft closed set (G, E) such that pint(G, E)C(F, E)C(G, E). This follows that pcl(F, E)\Cpcl(G, E) = (G, E). Thus
pint (pcl(F, E)) Cpint(G, E). Therefore, pint (pcl(F, E)) Cpint(G, E)C(F, E).

(<) Suppose that (F,E) be a pythagorean fuzzy soft set in (X, T, E), such that pint (pcl(F, E)) C(E,E). We take
pcl(F,E) = (G, E). Then pint(G, E)C(F, E)C(G, E). This implies that (F,E) is a pythagorean fuzzy soft semi-closed
set. O

Theorem 3.14. Let (X, 7, E), be a pythagorean fuzzy soft topological space over X . Then an arbitrary intersection of
pythagorean fuzzy soft semi-closed sets is pythagorean fuzzy soft semi-closed set.

Proof. Suppose that {(F;,E) : i € I} be a collection of pythagorean fuzzy soft semi-closed sets. Since each i € I,
(Fi, E) is a pythagorean fuzzy soft semi-closed set, then by Proposition 3.9, there exist a pythagorean fuzzy soft
closed set (G;, E) such that pint(G;, EYC(F;, E)C(G;, E). This follows that n (pint(G;, E)) C n (F;,E)C n (Gi,E). We
1€ 1€ 1€
take ﬂl (Gi,E) = (G, E). Then by Theorem 2.15, (G, E) is a pythagorean fuzzy soft closed set and hence nl (F;,E)isa
1€ 1€
pytahgorean fuzzy soft semi-closed set. [

Theorem 3.15. Let (X, 7, E), be a pythagorean fuzzy soft topological space over X, (F,E) be a pythagoren fuzzy
soft semi-closed set and (G, E) be a pythagorean fuzzy soft set over X. If pint(F, E)C(G, E)C(F, E), then (G,E) is a
pythagorean fuzzy soft semi-closed set.

Proof. Since (F, E) is a pythagorean fuzzy soft semi-closed set, then by Prosoposition 3.9, tehere exists an pythagorean
fuzzy soft closed set (H,E) such that pint(H, E)C(F,E)C(H,E). Then (G,E)C(H,E). Also pint (pint(H,E)) =
pint(H, E)Cpint(F, E). This implies that pint(H, E)C(G, E).

Therefore, pint(H, E)C(G, E)YC(H, E). Hence (G, E) is a pythagorean fuzzy soft semi-closed set. [

Definition 3.16. Let (X, 7, E), be a pythagorean fuzzy soft topological space over X and (F, E) € PESS(X, E).

1. The pythagorean fuzzy soft semi-interior of (F, E), denoted by spint(F, E), is the union of all the pythagorean
fuzzy soft semi-open sets contained in (F, E).
Clearly, spint(F, E) is the largest pythagorean fuzzy soft semi-open set over X contained in (F, E).
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2. The pythagorean fuzzy soft semi-closure of (E, E), denoted by spcl(F, E), is the intersection of all the pythagorean
fuzzy soft semi-closed sets contains (F, E).
Clearly, spcl(E, E) is the smallest pythagorean fuzzy soft semi-closed set over X which contains (F, E).

Remark 3.17. It is clear that, If (F, E) be a pythagorean fuzzy soft set, then

pint(F, E)Cspint(F, E)C(F, E)Cspcl(F, E)Cpcl(F, E)

Theorem 3.18. Let (X, T, E), bea pythagorean fuzzy soft topological space over X and (F, E) , (G, E) € PFSS(X, E).Then,

spint(a(xrg)) = spcl(a(x,g)) = 5(;(,5) and spint(T(X,E)) = spcl(ixlg)) = T(X,E),

(E, E) isa pythagorean fuzzy soft semi-open(semi-closed) set if and only if spint(F, E) = (F, E) (spcl(E, E) = (F, E)).
spint (spint(F, E)) = (E, E).

(F, E)C(G, E) implies spint(F, E)Cspint(G, E) and spcl(F, E)Cspcl(G, E),

(i) spint(F, E\\espint(G, E) = spint ((F, E)N(G, E))

(ii) spcl(F, E)Nspel(G, E)2spel ((F, EYOe(G, E))

6. spint(F, E)Ogspint(G, E)Cspint ((F, EYUk(G, E))

spcl(F, E)Ugspcl(G, E) = spcl ((F, E)UE(G, E))

SN IR

Proof. (1)-(4) follow directly from the definition of pythagorean fuzzy soft semi-interior and pythagorean fuzzy soft
semi-closure .

(5) (i) By (4), we have ((F, E)N(G, E)) S(F, E), ((F, EYN&(G, E)) S(G, E) implies
spint ((E, E)YNe(G, E)) Cspint(E, E), spint ((F, E)Ne(G, E)) Cspint(G, E),

so that spint ((F, E)Ne(G, E)) Espint(F, E)ﬁgspint(G, E). Also, since spint(F, E)C(E, E) and spint(G, E)C(G,E) implies
spint(F, E\espint(G, E)C ((F, EYNe(G, E)) .

Thus spint(F, E)Ngspint(G, E) is a pythagorean fuzzy soft semi-open subsets of ((F, E)Ne(G, E)) .
Hence spint(F, E)Ngspint(G, E)Cspint ((F, EYNe(G, E)) . Thus spint(F, ENespint(G, E) = ((F, E)N(G, E)).

(ii) By (4), we have ((F, E)Ne(G, E)) S(E, E), ((F, E)A(G, E)) (G, E) implies

spel ((F, E)N&(G, E)) Sspel(F, E), spel ((F, E)AE(G, E)) Sspel(G, E),

so that spcl ((F, E)N&(G, E)) Cspcl(F, E)Nespcl(G, E).
(6) The proof is similar to (5) by using property that (F, E)C ((F, E)UE(G, E)) ,(G,E)C ((F, E)UE(G, E)) . O

Theorem 3.19. Let (X, 7, E), be a pythagorean fuzzy soft topological space over X and (F, E) € PFSS(X, E).Then,

1. (spint(F,E))" = spcl ((F,E)°).

2. (pcl(E,E))" = spint ((E,E)°).

3. spint (pint(E, E)) = pint (spint(E, E)) = pint(F, E).
4. spcl (pcl(F, E)) = pcl (spcl(F, E)) = pcl(F, E).

Proof. (1) spint(F, E)C(F, E) implies that (F, E)°C (spint(F, E))° . Now by Theorem 3.18 (2), and since (spirnt(F, E))°
is a pythagorean fuzzy soft semi-closed set, we have spcl ((F, E)°) Cspcl ((spint(F, E))C) = (spint(F,E))". For
the reverse inclusion, (F, E)‘Cspcl ((F, E)°) implies that (spcl ((F, E)))C((EE)) = (FE). spcl ((F,E)) being
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pythagorean fuzzy soft semi-closed implies that (spcl ((F, E)°))" is pythagorean fuzzy soft semi-open. Thus
(spcl ((F, E)°))° Cspint(F, E) and hence (spint(F, E))° C ((spcl ((F, E)C))C)C = spcl ((F,E)°).

(2) It is similar to (1).

(3) By Remark 3.3, pint(F, E) is a pythagorean fuzzy soft open set implies that it is pythagorean fuzzy
soft semi-open set. Therefore, by Theorem 3.18(2), spint (pint(F, E)) = pint(F, E). pint(F, E)Cspint(E,E) = (F, E).
This implies that spint(pint(F, E)) = pint(F, E).

(4) pcl(F, E) is pythagorean fuzzy soft closed set implies that it is pythagorean fuzzy soft semi-closed.
Therefore spcl (pcl(F, E)) = pcl(F, E). Then (F, E)Cspcl(F, E)Cpcl(F, E). Hence spcl(F, E)Cpcl (spcl(F, E)) Cspcl(F, E).
This implies that pcl (spcl(F, E)) = pcl(F,E). O

4. Conclusion

In this study,we presented topological structures of pythagorean fuzzy soft semi-open and pythagorean
fuzzy soft semi-closed sets. We also investigated and explored some properties of pythagorean fuzzy soft
semi-interior and pythagorean fuzzy soft semi-closure and discussed relationship between them. We hope
that the findings in this paper will enhance and promote the further study in the pythagorean fuzzy soft
set theory.
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On Pythagorean Fuzzy Soft Boundary

Adem Yolcu?

*Department of Mathematics, Kafkas University, 36100, Kars, Turkey

Abstract. The aim of this paper is to initiate the concept of pythagorean fuzzy soft (PFS) boundary. The
characterizations and properties of PFS boundary are discussed and investigated in general as well as in
terms of PFS interior and PFS closure.

1. Introduction

Many complicated ideas in the fields of economics, architecture, management , medical research, etc.
require unknown data. These problems, which we face in our day-to-day lives, can not be solved by classical
mathematical methods due to a large number of uncertainties. Decision-making is a vital activity for all
those professions where professionals apply their expertise of a particular field to take effective decisions.
However, owing to the various pressures of day-to-day life, decision-makers can not be able to offer their
decisions in precisely crisp shape. Thus, in order to deal with it, they tend to use the fuzzy set theory [26]
to offer their preferences under the ambiguous and imprecise existence. In this theory, the calculation of
each element is achieved with the aid of the degree of membership. However, with increasing uncertainty,
there is often a degree of hesitancy between the priorities of decision-making and thus the study performed
in those conditions is not optimal. To fix this, the essential extension of the fuzzy set theory named as
intuitionistic fuzzy set (IFS) proposed by Atanassov [1] inserted the degree of non-membership v in the
analysis along with the degree of membership i in such a way that y + v < 1. D. Coker [5] has developed
and studied the concept of IF topological spaces and Hussain [8] studied intutionistic fuzzy soft boundary.

Intuitionistic fuzzy set theory is based on a limitation on decision-makers that they have assigned
their desires only to the setting where the  + v < 1 limit is reached. However, if an expert gives 0.8 as
membership and 0.3 as non-membership to an object, then it is obvious that 0.8 + 0.3 £ 1 and therefore
the above intuitionistic fuzzy set theory can not solve these problems. To overcome these problems, Yager
[23, 24] introduced the concept of Pythagorean Fuzzy sets which is a generalization of intuitionistic fuzzy
sets, by relaxing the condition u + v < 1 to u? + v* < 1. Thus, the pythagorean fuzzy sets treats far more
information than the intuitionistic fuzzy sets. After that, some different studies are investigated using
aggregation operators of pythagorean fuzzy sets.

In 1999, Molodtsov [13] introduced soft sets to address the lack of a parametrization tool when handling
vagueness. Soft set theory is one of the most popular theories of recent times. Therefore, many researchers
have made successful studies on soft set structure [16-19]. A soft set is a parameterized family of sets which
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has been extended into different hybrid structures such as fuzzy soft sets [11], intuitionistic fuzzy soft sets
[12] and Pythagorean fuzzy soft sets [20]. Since the Pythagorean fuzzy set is extremely capable of dealing
with vagueness or ambiguity, the parameterized Pythagorean fuzzy set family, which is Pythagorean fuzzy
soft set, can also perform well. Recently, many studies on pythagorean fuzzy theory and pythagorean
fuzzy soft theory have been conducted by researchers [2-4, 6, 7, 9, 14, 22]. Pythagorean fuzzy topological
structure introduced by Olgun et al [15]. Also, Riaz et al. [21], Yolcu and Ozturk [25] studied Pythagorean
fuzzy soft topological spaces.

In this paper, we initiate the concept of pythagorean fuzzy soft boundary. We discuss and explore
the characterizations and properties of pythagorean fuzzy soft boundary in general as well as in terms of
pythagorean fuzzy soft interior and pythagorean fuzzy soft closure. Examples and counterexamples are
also presented to validate the discussed results.

2. Preliminaries

Definition 2.1. [26] Let X be a universe. A fuzzy set F in X, F = {(x, up(x)) : x € X}, where ur : X — [0, 1] is the
membership function of the fuzzy set F; ur(x) € [0, 1] is the membership of x € X in f. The set of all fuzzy sets over
X will be denoted by FS(X).

Definition 2.2. [1] An intuitionistic fuzzy set F in X is F = {(x, ur(x), vr(x)) : x € X}, where ur : X — [0,1],
vr : X — [0, 1] with the condition 0 < up(x) + vp(x) <1, Vx € X. The numbers pr, vr € [0,1] denote the degree of
membership and non-membership of x to E, respectively. The set of all intuitionistic fuzzy sets over X will be denoted
by IFS(X).

Definition 2.3. [13] Let E be a set of parameters and X be the universal set. A pair (F, E) is called a soft set over X,
where F is a mapping F : E — P(X). In other words, the soft set is a parameterized family of subsets of the set X.

Definition 2.4. [11] Let E be a set of parameters and X be the universal set. A pair (F,E) is called a fuzzy soft set
over X, If F : E — FS(X) is a mapping from E into the set of all fuzzy sets in X, where FS(X) is the set of all fuzzy
subset of X.

Definition 2.5. [12] Let X be an initial universe E be a set of parameters. A pair (F,E) is called an intuitionistic
fuzzy soft set over X, where F is a mapping given by, F : E — IFS(X).

In general, for every e € E, F(e) is an intuitionistic fuzzy set of X and it is called an intuitionistic fuzzy value set
of parameter e. Clearly, F(e) can be written as a intuitionistic fuzzy set such that F(e) = {(x, ur(x), vr(x)) : x € X}

Definition 2.6. [23] Let X be a universe of discourse. A pythagorean fuzzy set (PFS) in X is given by, P =
{(x, up(x), vp(x)) : x € X} where, up : X — [0, 1] denotes the degree of membership and v, : X — [0, 1] denotes the
degree of nonmembership of the element x € X to the set P with the condition that 0 < (up(x))* + (vp(x))? < 1.

Definition 2.7. [20] Let X be the universal set and E be a set of parameters. The pythagorean fuzzy soft set is
defined as the pair (F,E) where, F : E — PFS(X) and PFS(X) is the set of all Pythagorean fuzzy subsets of X. If
uz(x) + vi(x) < 1 and pp(x) + vp(x) < 1, then pythagorean fuzzy soft sets degenerate into intuitionistic fuzzy soft
sets.

Definition 2.8. [20] Let A,B C E and (F, A), (G, B) be two pythagorean fuzzy soft sets over X. (F, A) is said to be
pythagorean fuzzy soft subset of (G, B) denoted by (F, A)(G, B) if,

1. ACB
2. Ve € A, F(e) is a pythagorean fuzzy subset of G(e) that is, Yx € U and Ve € A, lure)(x) < pge(x) and
VR (X) = vge (X). If (F, A)C(G, B) and (G, B)C(F, A) then (, A), (G, B) are said to be equal.
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Definition 2.9. [20] Let (F, E) two pythagorean fuzzy soft sets over X. The complement of (E, E) is denoted by (F, E)*
and is defined by

(F E) = {(e, (x, vp(e) (%), pir(e)(x)) : x € X) : e € E}

Definition 2.10. [10] a) A pythagorean fuzzy soft set (F, E) over the universe X is said to be a null pythagorean fuzzy
soft set if upe)(x) = 0 and vpe)(x) = 1; Ve € E, Vx € X. It is denoted by E(X,E).

b) A pythagorean fuzzy soft set (F, E) over the universe X is said to be an absolute pythagorean fuzzy soft set if
UrE(x) = 1 and vpe)(x) = 0; Ve € E, Vx € X. It is denoted byT(X,E).

Definition 2.11. [10] Let (F, A) and (G, B) be two pythagorean fuzzy soft sets over the universe set X, E be a
parameter set and A, B C E.Then,

a) Extended union of (F, A) and (G, B) is denoted by (F, E)UE(G, B) = (H, C) where C = AU B and (H, C) defined
by;
(H,C) ={(e, (x, o) (x), vpe)(x)) : x € X) 1 e € E}

where

bre(x), ife€ A-B

Hoe (), ifee B—A
max{ure)(x), e ()}, ife€ ANB

Ure(x), fe€ A—B

UHEe(x) = v (x), ife€e B—A
minf{ure (x), pce(x)), ife€ ANB

Ui (X)

b) Extended intersection of (F, A) and (G, B) is denoted by (F, E)Ne(G, B) = (H, C) where C = A U B and (H, C)
defined by;
(H,C) ={(e, (x, tte) (x), vpe)(x)) : x € X) 1 e € E}

where

Ure(x), ife€ A—B

HE() = Hee), ife€ B—A
min{ure)(x), hoe (X)), ife€ ANB

Z),r(e)(x), ife €A-B

UG (x), ife€e B—A
max{ure)(x), e ()}, ife€ ANB

UH(e) ()

Let X be an initial universe and PFS(X) denote the family of pythagorean fuzzy sets over X and PFSS(X, E)
the family of all pythagorean fuzzy soft sets over X with parameters in E.

Definition 2.12. [25]Let X # 0 be a universe set and T C PFSS(X, E) be a collection of pythagorean fuzzy soft sets
over X, then T is said to be on pythagorean fuzzy soft topology on X if

(i) E(X,E),T(X,E) belong toT,

(ii) The union of any number of pythagorean fuzzy soft sets in 7 belongs to T,

(iii) The intersection of any two pythagorean fuzzy soft sets in 7 belongs to 7.

The triple (X, 7, E), is called an pythagorean fuzzy soft topological space over X. Every member of 7 is
called a pythagorean fuzzy soft open set in X.

Definition 2.13. [25] Let (X, T, E), be a pythagorean fuzzy soft topological space over X. A pythagorean fuzzy soft
set (F, E) over X is said to be a pythagorean fuzzy soft closed set in X, if its complement (F, E) belongs to 7.
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Definition 2.14. [25]Let (X, 7, E), be a pythagorean fuzzy soft topological space over X and (F, E) be a pythagorean
fuzzy soft sets over X. The pythagorean fuzzy soft closure of (F,E) denoted by pcl(F, E) is the intersection of all
pythagorean fuzzy soft closed super sets of (F, E).

Clearly pcl(F, E) is the smallest pythagorean fuzzy soft closed set over X which contain (F, E).

Theorem 2.15. [25]Let (X, 7,E), be a pythagorean fuzzy soft topological space over X and (F,E) € PFSS(X, E).
Then the following propeties hold.

(i) pcl(Ox,k)) = Ox ) and pel(lixe) = 1ixp),

(i) (F,E) C pcl (F,E),

(iii) (F, E) is a pythagorean fuzzy soft closed set < pcl(F, E) = (F, E),
(iv) pcl (pcl (F, E)) = pcl(F, E),

(v) (F,E)C (G, E) = pcl (F,E) C pcl (G, E),

(vi) pel ((F, E) Ug (G, E)) = pel (F, E) Ugpcl (G, E).

Definition 2.16. [25]Let (X, 7T, E), be a pythagorean fuzzy soft topological space over X and (H,E) € PFSS(X, E).
The pythagorean fuzzy soft interior of (H, E), denoted by pint(H, E), is the union of all the pythagorean fuzzy soft
open sets contained in (H, E).

Theorem 2.17. [25]Let (X, T, E), be a pythagorean fuzzy soft topological space over X and (H,E) € PFSS(X, E).
Then the following properties hold.

(i) pint(O(X,E)) = O(X,E) and Pii’lt(l(X,E)) = 1(X,E)/

(i) pint (H,E) C (H, E),

(iii) (H, E) is a pythagorean fuzzy soft open set & pint(H, E) = (H, E),

(iv) pint (pint (H, E)) = pint(H, E),

(v) (H,E) C (G, E) = pint (H,E) C pint (G,E),

(vi) pint ((H, E) A (G, E)) = pint (H, E) Nepint (G, E) .

3. Pythagorean Fuzzy Soft Boundary

Definition 3.1. The difference of two pythagorean fuzzy soft sets (E,E) and (G, E) over X, denoted by (F, E)\(G, E)
and defined by (F,E)\(G, E) = (F, E)Ng(G, E)*°

Example 3.2. Let (F, E) and (G, E) be two pythagorean fuzzy soft set defined as follows;

r E) _ (61, {(X1,0.3, 05) ’ (XQ, 02, 06)})
(EE) =3 (eri(x1,04,0.1). (x2,05,0.6)))

(e1,{(x1,0.4,0.8), (x2,0.9,0.2)})
(GE) { (o2, 1(x1,0.6,0.3) (x2,0.7,04)) }
. (e1, {(x1,08,04), (12,02, 0.9)})
(/E) { (o2 ((11,03,06) . (x2, 0.4,07)) }

Then (F,E)\(G, E) = (F, E)N(G, E)* and we find

(E EYs(G, EY = { (el,{(x1,0.3,0.5),(x2,0.2,0.9)}; }

(e2,{(x1,0.3,0.6), (x2,0.4,0.7)}
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Definition 3.3. [21] Let (X, T, E), be a pythagorean fuzzy soft topological space over X and (F, E)CPFSS(X, E). Then
the pythagorean fuzzy soft boundary of (F,E), denoted by Fr(F, E) and defined as Fr(F, E) = pcl(F, E)Ngpcl ((F, E)).

Example 3.4. Let X = {x1,x2}, E = {e1, 2} and

T= {a(x,E»T(x,E), (F1,E), (Fa, E)}

where (F1, E), (Fy, E) are pythagorean fuzzy soft sets over X, defined as;

(FLE) = (e1, {(x1,0.6,0.2), (x2,0.8,0.4)
b - (e2, {(x1,0.7,0.3), (x2,0.5,0.2)

{ D
{ )
(F E) (ell {(xlr 07/ 02)/ (x2/ 09/ 02)})

¥ (e2,{(x1,0.8,02), (x2,0.7,0.1)})
Then (X, 7,E), is a pythagorean fuzzy soft topological spaces on X.The members of T obviously pythagorean fuzzy
open sets. Now, we find pythagorean fuzzy closed sets;

Oxp = lxp
Ixe = Oxp

e | (e1,{(x1,0.2,0.6), (x2,0.4,0.8)}
(F1, E) ‘{ (ei,{(x1,0.3,0.7),(xi,0.2,0.5)}

}
}

[ (e 1(x1,0.1,08), (x2,02,09)))
(G, E) ‘{ (o2 {(x1,0.1,09) . (12,01, 0.7)}) }

e (e1,1(x1,0.2,0.7), (x2,0.2,0.9)}
(F2, E) ‘{ (ei,{(xi,O.Z,O.S),(xi,0.1,0.7)}

We consider the pythagorean fuzzy soft set (G, E\CPFSS(X, E).

~—~ ~— ~—~ ~—

so that

o[ (e1,1(x1,08,0.1), (x2,0.9,0.2)})
(G E) ‘{ (e {(41,09,0.1) (12,07, 0.D)}) }

Obviously, an/E),TEX,E), (F1,E)°, (Fo, E)° are all pythagorean fuzzy soft closed sets over (X, 7T, E)p. Then
1y gy, (F1, B, (F2, EY'S(G, E).

Therefore pcl(F, E) = TEX,E)HE(FL E)'Ne(Fa, E)¢ = (Fy, E). Also we find pcl (F, E)°) = T(X,E)-

So, Fr(F,E) = pcl(F, E)Nepcl (F, E)°) = (F2, EY¥Nel(xp) = (Fa, E), Hence

[ (e1,1(x1,0.2,0.7), (x2,02,09)})
B E) = { (02, 1(x1,0.2,0.8) (x2,0.1,0.7)) }

Theorem 3.5. Let (X, 7, E), be a pythagorean fuzzy soft topological space over X and (F, E)CPFSS(X, E). Then the
following properties hold;

1. (Fr(F,E))° = pint(F, E)Ugpint ((F, E)°)

2. pcl(F, E) = pint(F, E)\UgFr(F, E)
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. Fr(F,E) = pcl(F, E)\pint(E, E)

. pint(F,E) = (F,E)\Fr(F,E)

. Fr(pcl(F,E)) CFr(F,E)

. Fr(F, E)Ngpint(F,E) = Ox p).

. pcl(pint(F, E)) = (F,E)\Fr(F,E)

Proof. (1)

NN U W

pint(F, E)Ugpint (F.EY) = ((pint(E,E))) Ug ((pint (F E))))
| (pint(F, )Y Ok (pint ((E, E)C))C]C

[pel ((F BY°) Aepel(E E)|
(Fr(E,E))° .

(2)
pint(F,E)UgFr(FE) = pint(F, E)Og (pcl(F, E)Nepel ((F, E)))
= [pint(, EYDepel(F, B)| Ae [pint(F, E)Dgpel ((F, )]
= pcl(E E)ne [pint(E, E)U (pint(E, E))|
= pcl(E, EX (pint(E, E)Ug (pint(F, E)))

= pcl(F, E)HET(X,E)
= pcl(FE).

(3)
Fr(E,E)

pel(F, E)Ngpcl ((F, E))
pcl(F, E)Ng (pint(F, E))°
pcl(F, E)\pint(F, E).

4)

(F, E)\Fr(F, E) (F, E)NeFr ((F,E))
(F, E)g (pint(F, E)Urpint ((F,E))) (by (1))
[E EYAepint(E, E)| Uk [(F, E)Aepint (E, E)°)]
pint(F, E)GEB(X,E).
pint(F, E).

(5)
Fr (pcl(F,E))

pel (pcl(E, E)) \pint (pcl(F, E))
pel(E, E)\pint (pcl(F, E))
pel(E, E)\pint(F, E)

= Fr(EE).

L

(6) is similar to (3)
(7) can be easily obtained from the definition of a pythagorean fuzzy soft boundary. [

Remark 3.6. By (3) of above Theorem 3.5, it is clear that Fr(F, E) = Fr ((F, E)°).
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Theorem 3.7. Let (X, 7, E), be a pythagorean fuzzy soft topological space over X and (F, E)CPFSS(X, E). Then;

1. (FE) is a pythagorean fuzzy open set over X if and only if (F, E\NgFr(F,E) = B(X,E),

2. (E E) is a pythagorean fuzzy closed set over X if and only if Fr(F, E)C(F, E),

3. If (G,E) be a pythagorean fuzzy closed (respt. open) set of an pythagorean fuzzy soft topological space with
(E E)C(G, E), then Fr(F, EYC(G, E) (respt. Fr(F, E)C(G, E)°).

Proof. (1) Let (F, E) be an pythagorean fuzzy soft open set over X. Then pint(F, E) = (F, E) implies that (F, ENgFr(F, E) =
pint(F, E\NgFr(E, E) = Ox -

Conwversely, let (E, E)HEFr(F, E) = E(X,E). Then (F, E)ﬁgpcl(F, E)ﬁgpcl ((FE)) = B(X,E) or (F, E)ﬁgpcl ((FE)) =
6(;(,5) or pcl ((F, E)°) C(F, E)°, which implies (F, E)° is a pythagorean fuzzy closed and hence (F, E) is pythagorean fuzzy
open set.

Y (2) Let (F, E) be an pythagorean fuzzy soft closed set over X. Then pcl(F, E) = (E, E). Now
Fr(E, E) = pcl(F, E)Ngpcl ((E, E)°) Cpcl(E, E) = (F, E). That is, Fr(F, E)C(F, E).

Conversely, Fr(E, E)C(E E). Then Fr(F, E)HE(F, E) = E(X,E). Since Fr(F,E) = Fr((F E)) = B(X,E), we have
Fr((E E))Ne(E E) = B(X,E). By (1), (E, E)* is pythagorean fuzzy open set and hence (F, E) is pythagorean fuzzy closed
set.

(3) (F,E)C(G,E) follows that pcl(F, E)Cpcl(G, E). Since (G,E) is pythagorean fuzzy soft closed, then we get
Fr(E,E) = pcl(F, E)ngpcl ((E, E)°) Cpcl(G, E)Ng pcl ((F, E)°) Cpcl(G, E) = (G, E). Similarly for the other inclusion. [

Theorem 3.8. Let (X, 7,E), be a pythagorean fuzzy soft topological space over X and (F,E), (G, E)CPFSS(X, E).
Then the following properties hold.

1. Fr((F,E)Ug(G, E)) CFr ((F, E)N£((G, E))) U [Pr(G, E)Nepcl((F, E)C)] ,
2. Fr((F, EYN&(G, E)) CFr ((F, E)Opel(G, E)) U [Fr(G, EXepcl(E, B)).
Proof. (1)

Fr((F, E)Ue(G, E))

pel ((F, EYOE(G, E)) Aepel (((F E)TE(G, B)) )
= (pcl(E, E)Urpcl(G, E)) Nepel ((E E)}NE(G, EY°)
(pel(E, E)Orpel(G, E)) M [pel(E EX)Pepel(G, EY)]
= (pcl(F, E)Ugpcl(G, E)) Nepcl(G, E))Ugpcl(G, E)

O [pel((, EY)Nepel((G, EY)|
= (Fr(E E)YNepcl((G, E))) Uk (Fr(G, EYepcl(E, E)))
Fr(F, E)UgFr(G, E).

all

N1

(2)

Fr((F, ENe(G, E)) pel ((F E)AE(G, E)) Aepel (((E E)AE(G, B)))

C (pel(F, E)Ogpcl(G, E)) Aepel ((F, E)Uk(G, EY°)

= (pcl(F, E)Ogpcl(G, E)) M [pel(E, EY)Urpel(G, E))]

= [(pel(E EYAepcl(G, E)) Aepel(G, EX) | Uel(pel(E E)
Aepel(G, ENNepel(G, EY)]

= (Fr(E ENeFr(G, E)) U (pel(E, EYNeFr((G, E)))
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Corollary 3.9. Let (X, 7,E), be a pythagorean fuzzy soft topological space over X and (F,E), (G, E)CPFSS(X, E).
Then Fr ((F, E)Ne(G, E)) CFr(F, ENNeFr(G, E).

Theorem 3.10. Let (X, 7, E), be a pythagorean fuzzy soft topological space over X and (F, E)CPFSS(X, E). Then we
have Fr (Fr (Fr(F, E))) = Fr(Fr(F,E)).

Proof.

Fr(Fr(Fr(E E))) = pcl(Fr(Fr(FE))) ﬁgpcl ((Fr (Fr(F, E)))")
= (Fr(Fr(F,E))) Nepel ((Fr (Fr(E, E)))°)

Now consider

(Fr((Fr(EE)Y) = [pel (Fr(EE) N (Fr(E E)Y
= [FrE BAepel (B B))|
= (Fr(E,E))" Ug (pcl ((Fr(E, E))))
Therefore
pel ([pel ((Fr(F, E))) Ut (pel (Fr(F E)Y))'])
pel (pel ((Fr(F, E))°)) Ugpel ((pel ((Fr(E, E)))))
(G, E)Uk ((pel (FA(G, E))))") = Tixy

where (G, E) = pcl ((pel (Fr(F, E))°))) . From the above equations, we have

pel ((Fr (Fr(F, E))))

Fr(Fr(Fr(F,E))) = Fr(Fr(F,E)) HET(X,E) = Fr(Fr(E,E))
|

Theorem 3.11. Let (X, 7, E), be a pythagorean fuzzy soft topological space over X and (F,E), (G, E)CPFSS(X, E).
Then the following properties hold.

1. ((E E)\pint(G, E)) Cpint(E, E)\pint(G, E)

2. Fr(pint(F,E)) CFr(F, E).

Proof. (1)
(EE)pinkG,E)) = ((FE)Nepint (G,E)))
= pint(F,E)Ngpint (G, E)°)
= pint(F, E)Ng (pcl(G, E))*
= pint(F,E)\pcl(G,E)
C pint(F, E)\pint(G, E).
(2)

Fr(pint(F,E)) = pcl (pint(F, E)) Nepel ((pint(F, E)))
pel (pint(F, E)) Nepel (pel ((F, E)))

pcl(F, E)Npel ((F, E)) = Fr(E, E).

Nl NE ol
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Theorem 3.12. Let (X,7,E), be a pythagorean fuzzy soft topological space over X and (F, E)CPFSS(X, E). Then
Fr(EE) = 6(;(,5) if and only if (E, E) is both a pythagorean fuzzy soft closed and pythagorean fuzzy soft open set.

Proof. Suppose that Fr(F,E) = E(X,E). Firstly, we show that (F, E) is a pythagorean fuzzy soft closed set.

FFE) = Owxg = pcl(EE)Ngpel (F E)) = Ok
= pcl(F, E)C (pcl ((F,E)))* = pint(F,E)
= pcl(F,E)C(F,E) = pcl(F,E) = (F,E)

This implies that (F, E) is pythagorean fuzzy soft closed set.
Now, we prove that (E, E) is a pythagorean fuzzy soft open set.

or

Fr(E,E) = Oxpy = pel(E, E)Nepel ((F, E)°)

(E E)Ng (pint(F,E))° = Owxr) = (F E)Cpint(F,E)
= pint(E,E) = (FE)

This implies that (F, E) is pythagorean fuzzy soft open set.
Conwversely, suppose that (F, E) is both pythagorean fuzzy soft open and pythagorean fuzzy soft closed set. Then

O

Fr(F,E) pcl(E, E)Ngpel ((F,E)°)
pcl(E, E)Ng (pint(F, E))

(£, E)Ne(F, E)° = Oxp)-

4. Conclusion

In this paper, we introduced the concept of the pythagorean fuzzy soft boundary. We discussed and
investigated the characteristics and properties of pythagorean fuzzy soft boundary in general as well as
pythagorean fuzzy soft interior and pythagorean fuzzy soft closure. Examples and counterexamples are
also given to verify the findings discussed. We will research more topological structures in pythagorean
fuzzy soft sets in future studies. We hope that this study will be useful for the paper to be done in the
theory of pythagorean fuzzy soft.
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Abstract. Variation of the groove size depending on the laser power has been modeled in this proposed
mathematical model. Itis obtained by polymerization of Polyoxmethylene formaldehyde, a semi-crystalline
polymer, and is among the hardest and strongest thermoplastics. Polyoxmethylene can be used in slip-
friction pairs without lubrication. Polyoxmethylene materials are widely used for materials in tribological
applications. They also show good friction properties.

1. Introduction

The tribologic properties wettability, hydrophobization and adhesion properties surface can be im-
proved by surface texturing. The polymer surfaces have been modified with many commercial methods
[9]. Chemical and physical modification can be applied to the polymer surfaces. There are some disad-
vantages in the chemical processing of polymer materials. Since chemical processes are very difficult to
control in chemical surface treatment, the application areas of this method are also very limited. In addition,
the measures to be taken to prevent environmental pollution by chemical methods are costly and increase
the number of processes. One of the foremost disadvantages in the processing of polymer surfaces by
mechanical methods is the wear of the tools used during the process. In addition to increasing the cost of
wear, it also decreases the sensitivity of the process as the processing time increases.

Most of the materials can be easily processed with a laser. Many polymer materials can be processed
precisely with the appropriate laser selection. Material processing precision is continuous and does not
change over time. The selection of suitable parameters is very important in laser material processing. For
each material and the desired product, the effects of many parameters such as laser power, frequency, the
wavelength should be investigated and the most appropriate parameter selection should be made. The
material processing time is short since high energy can be transferred very precisely to a small area by laser
in a very short time.

In laser material processing, when the laser beam hits the surface, the material surface heats first. When
the laser application time increases, if the energy is high enough, melting, evaporation or burning occurs
respectively. The ablation mechanism in laser material processing has not been fully explained. In addition
to the process parameters of the laser used in material processing with laser, the thermophysical properties
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of the material such as specific heat, absorption coefficient and thermal conduction significantly affect the
quality of the processed material.

The effects of laser parameters on the surface texture have been investigated in many studies in order
to obtain surface textures such as grooves and small cavities in the desired shape and size [10, 11]. Many
studies have been carried out to obtain suitable laser and parameters for many different materials in order
to obtain the desired surface properties [8, 12]. In addition to optimization studies to determine the material
properties to be obtained by selecting the appropriate parameters, mathematical modeling studies are also
carried out for the product to be obtained The applicability of mathematical modeling in laser material
processing of polymer has also been proven by experimental results [12-15].

In this study, mathematical modeling of the width of micro-sized grooves created with laser on a
Polyoxmethylene (POM) sheet has been made. Fourier method was used in the mathematical modeling of
the heat distribution on the surface of the Polyoxymethylene. To obtain a mathematical model, the effects of
the laser power on the groove width of Polyoxymethylene sheet were investigated. A mathematical model
has been obtained by using the thermophysical properties of Polyoxymethylene and laser parameters.

The following problem of parabolic equations with various boundary conditions was studied [1-7].

The heat distribution equation on surface can be written as below;

IT(x, t) 2 PT(x,1)

at ox? M

Ilt//

where, T is the temperature as a function of time
investigate material.

and distance "x”, a is the thermal diffusivity of the

2 A

at=—,
cp

where A denotes the thermal conductivity, c specific heat, p density.

Let t, > 0 be a fixed number and denote by D = {(x.t) : 0 < x < [,0 < t < t,}, where ¢, is the pulse
duration.

The initial condition can be written as;

T(x,00=Tg, O0<x<l

where Ty is the initial temperature of the material. It was assumed that all the energy absorbed by the
surface was transmitted to the material. Thus, the boundary condition (x = 0) on the surface can be written

as follows:
aT(0,t) aT(,t) 0
o a9t
This problem is called a parabolic problem. Classical solution of the problem (1)-(3) is T(x,t) € C>/(D) N
C(D). The heat source problem has been investigated with parabolic equation in many studies. Then the

following solution is obtained using Fourier method.

znakx)ei(anak)Zt

T(x, t) = Z(Tck(t) cos @‘x + Ty(t) sin )

k=1

The laser intensity within the material can be found using the Beer-Lambert’s Law:

&;) = —al

Where I(x) is the laser intensity as a function of distance from laser spot and « is the absorption coefficient
of the material respectively. Although absorption coefficient is changed within the material but it was taken
as constant in our study. Laser intensity as a function of distance within material can be written as;

— | adx

I= 106 bf

Actually most of the beam intensities have Gaussian distribution. We made one more assumption that
our laser beam is top-hat beam that means intensity is homogeneously distributed in spot area.
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The heat generation from the laser beam absorbed by the material is defined as,
S =—dI/dx
Using Leibniz rule yields, the heat source can be written as;
- fz adx
S=1Ipe ? .
The temperature distribution as a function was obtained as given below;

t m

- o 2rak o 2nak

T(x,t) = Z (pcke_(zlk)2[+ff5(x,t)cos 7'cla xe~ TP dxdr | cos nloc x (3)
k=1 0 0

t
= i Znak T . 27Zak
+Z qoske(zlk)zt+ff5(x,t)sin l xe TP 03xdr | sin X
=1

0 0

2. Material and Experimental Setup

The surfaces of 5 mm thick Polyoxymethylene sheets were used to ablation process. Some physical and
thermal properties of Polyoxymethylene which were used in mathematical modeling have been listed in
Table 1.

In the ablation process commercial 130 W CO2 laser was used with different power at constant scan
speed. Laser spot diameter is 160 um.

Table 1 Some physical and thermal properties of Polyoxymethylene

Properties Value Unit
Density 1410 kg/m?®
Thermal Capacity 15  kJ/kg.K
Melting point 165 °C

Heat Deflection Temperature 110  °C
Tensile module of elasticity 2800 MPa
Thermal Conductivity 031  W/mK

3. Results and Discussion

In this study, mathematical model has been proposed for the groove formation on Polyoxymethylene
sheet with various power and constant scan speed. Groove widths were measured from optical microscope
images of ablated surfaces of Polyoxymethylene sheets.

For 26 Watts of laser power, from the optical microscope images, the Heat Deflection Zone boundary
and molten zone boundary distances were measured as 1434 ym and 1252 um respectively. Temperatures
at Heat Deflection boundary and molten zone boundary are 383 K and 438 K respectively. These values are
used in temperature distribution equation obtain the Fourier coefficients which are depends on the material
properties. The coefficients in the temperature distribution equation (2) were calculated as ¢ (=451,32)
and @ (-205.15). These are the coefficients depend on the thermal properties of Polyoxymethylene. Then,
in order to verify the validity of mathematical model, new grooves were obtained using 39, 52, 65, 78, 91
and 104 Watts. These coefficients were used to calculate temperature distribution for the Polyoxymethylene
and variour laser beam powers.

Table 2 Laser Powers and groove widths measured from images.
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Lazer Powerwatt Molten Zone width (um) Heat Deflection Zone width (um)

26 1252 1434
39 1319 1513
52 1367 1568
65 1404 1611
78 1434 1646
91 1459 1676
104 1482 1702

Each laser powers and the coefficients obtained previously were used in the temperature distribution
equation to calculate the temperatures for each speed of laser beam. The calculated temperatures for
boundaries are given in Table 3.

Table 3 Melting and Heat Deflection Temperatures calculated with mathematical model, real values and
percent error between them.

Powerwatt T(x,t) (K) T(x,t) (K) (Calculated) error
39 Melting 438 441.316 0.76
39 Heat Deflection 383 385.021 0.53
52 Melting 438 442 256 0.97
52 Heat Deflection 383 385.895 0.76
65 Melting 438 443.462 1.25
65 Heat Deflection 383 387.021 1.05
78 Melting 438 444.891 1.57
78 Heat Deflection 383 388.105 1.33
91 Melting 438 446.114 1.85
91 Heat Deflection 383 389.206 1.62
104 Melting 438 447.365 2.14
104 Heat Deflection 383 390.170 1.86

4. Conclusion

By texturing the surfaces, the mechanical properties of my surfaces can be changed. The properties of
material surfaces can be improved by many methods such as mechanical and chemical methods. While
texturing surfaces with a laser have many advantages, it can require complex processes to be controlled.
Mathematical modeling of the heat distribution of the surface to be obtained with laser texture can be
known in advance the properties of the product to be obtained. This saves time and material.

Grooves were formed on the Polyoxymethylene material surface with seven different laser beam power.
Measurements were made from the images of the groove obtained by using a 26-watt laser beam. The
measurement results were applied to the proposed mathematical model and the ¢ and ¢ coefficients in
the mathematical model were calculated. These coefficients are coefficients depending on the properties of
Polyoxymethylene. These coefficients were applied for grooves obtained using 39, 52, 65, 78, 91 and 104
W laser beams. Heat deflection and melting point values obtained in the mathematical model are quite
compatible with the actual values. As the laser power increased, the error rate increased acceptably.
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Abstract. In recent years, the use of polymer-based materials is in almost every aspect of daily life [1].
PMMA can be used in many areas from aircraft to the medical industry with their good chemical stability,
high strength, high corrosion and aging resistance, insulation performance, and smooth surface [2]. In this
study, grooves were formed on Polymethyl Methacrylate (PMMA) Plates with different scanning speeds
with CO2laser. Since the scan speed of the laser is increased, the interaction time between the laser beam and
the material decreases then the amount of energy transferred to the material also decreases. Measurements
were made from high-resolution optical microscope images of the grooves created on PMMA. In this
study, the distribution of heat energy transferred to the material was modeled mathematically. The change
to groove size depending on the laser scan speed is modeled. To validate the mathematical model, the
surfaces of the PMMA plate were ablated with different scan speed at constant power. The CO2 laser that
has 10600 nm wavelengths and 130 Watts maximum power was used in the ablation.

1. Introduction

Polymeric materials can be divided into two groups; Thermoplastics and thermosets. The main differ-
ence between the two is their reaction to heating. Thermoplastics can be reheated, coated and cooled as
required. No chemical treatment is required during this process. Thermosets, on the other hand, cannot be
reshaped after being heated and shaped. It becomes very strong and durable in the first forming. PMMA
is classified as thermoplasticc. PMMA has various performance benefits such as high strength, shrink-
resistance, and easy flexibility. Polymer materials are frequently preferred in the industry as they can be
processed easily. Although it can be processed by mechanical and chemical methods, laser processing of
polymer materials has superior properties compared to other methods. Due to the difficulty of control-
ling chemical reactions and their negative effects on the environment, the application area of the chemical
method is very limited. Although mechanical processing is one of the frequently used methods, it has
disadvantages such as abrasion of the abrasive elements used and the inability to obtain a product with the
same precision.

The tribology, wettability, adhesion and hydrophobization properties have been improving by surface
texturing. Many different methods have been developed for texturing the surfaces of polymers with
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different specialties [3]. Many laser parameters such as wavelength, frequency, power and spot size can be
selected in accordance with the material and the desired surface structure. In addition to these features,
lasers are preferred in many areas today because they are compact and do not require additional systems
other than ambient gas.

Although the ablation mechanism in laser material processing is strictly dependent on material prop-
erties and process parameters, it is very difficult to obtain a surface structure with the desired precision.
The effective thermophysical properties in the ablation mechanism are thermal conduction, absorption
coefficient and specific heat. Besides the laser properties such as the wavelength, frequency and power
of the laser used, process parameters such as scan speed, overlap rate, number of pulses and beam size
determine the ablation and therefore the quality of the processed material.

Regular textures such as micro-sized cavities and grooves created on the polymeric material surface
improve the friction and adhesion behavior of the materials. The geometries, density and orientation of the
microstructures created on the surface play an important role in increasing the surface performance. [4,5].
For these reasons, many optimization studies have been carried out in order to obtain the desired texture on
the surface of many kinds of materials. [6,7,8]. In addition to optimization studies, mathematical modeling
of the heat distribution in the material can be obtained from data about the geometry of the cavities to be
obtained by laser. [9,10,11]. In this study, the mathematical modeling of the heat distribution for the width
of the grooves created by laser on the PMMA plate was made. In the mathematical model, the Fourier
method with a homogenous approach was used. To obtain a numerical model, the effects of the laser scan
speed on the groove size of PMMA sheet were investigated and a simple mathematical model of the heat
distribution on surface is proposed.

The heat distribution equation on surface can be written as below;

aT(x,t)  ,0*T(x, 1)
a Yo M

where T is the temperature as a function of time t and distance x, a is the thermal diffusivity of the investigate
material.
2 A
=5
where, A denotes the thermal conductivity, c specific heat p density.
Let t, > 0 be a fixed number and denote by D = {(x.t) : 0 < x < ,0 < t < t,}, where t, is the pulse
duration.
The initial condition can be written as;

04

T(x,00=Tg, O0<x<l

where Ty is the initial temperature of the material. It was assumed that all the energy absorbed by the
surface was transmitted to the material. Thus, the boundary condition (x = 0) on the surface can be written
as follows:

aT(0,t) IaT(l,t)
o o 0
This problem is called a parabolic problem. Classical solution of the problem (1)-(3) is T(x,t) € C>/(D) N

C'9(D). The heat source problem has been investigated with parabolic equation in many studies. Then the
following solution is obtained using Fourier method.

2 k 2 k LTI
T(la X + To(f) sin 22 x)e ()%

T(x,1) = ) (Tax(t) cos

k=1

()

The laser intensity within the material can be found using the Beer-Lambert’s Law:

di) _
T = al
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Where I(x) is the laser intensity as a function of distance from laser spot and « is the absorption coefficient
of the material respectively. Although absorption coefficient is changed within the material but it was taken
as constant in our study. Laser intensity as a function of distance within material can be written as;

— | adx

I= Ioe ‘7f

Actually most of the beam intensities have Gaussian distribution. We made one more assumption that
our laser beam is top-hat beam that means intensity is homogeneously distributed in spot area.

The heat generation from the laser beam absorbed by the material is defined as,

S =—dl/dx

Using Leibniz rule yields, the heat source can be written as;

— | adx

S= 106 ”f .

The temperature distribution as a function was obtained as given below;

o)

ol
T(x,t) = Z ﬁocke_(%)zt‘F f f S(x,t) cos ﬁxe‘(%)z(t‘”dxdi cos @{x (3)
00

k=1

t 1
- 0 0

2. Material and Experimental Setup

The surfaces of 10 mm thick PMMA sheets to be used were polished before ablation to cleaning and
increase the transparency of the surfaces. Some physical and thermal properties of PMMA sheet which
were used in ablation and mathematical modeling have been listed in Table 1. In the ablation process
commercial 130 W CO; laser was used with different scan speeds at constant power. Laser spot diameter is
160 um the laser beam intensity 6.5 X 10°W/m?.

Table 1 Some physical and thermal properties of PMMA

Properties Value Unit
Density 1180  kg/m®
Coefficient of Thermal Expansion 75 (.107°K1)
Melting point 130 °C

Heat Deflection Temperature 95 °C
Specific heat 69 K lkg!
Thermal Conductivity 0.18 Wm LK™

3. Results and Discussion

In this study, mathematical model has been proposed for the groove formation on PMMA sheet with
various scan speeds and constant power. Groove sizes were measured from optical microscope images of
ablated surfaces of PMMA sheets.

The Heat Deflection Zone boundary and molten zone boundary distances were calculated as 2059 um
and 1733 um respectively. Temperatures at Heat Deflection boundary and molten zone boundary are 368 K
and 403 K respectively. Fourier coefficients in the mathematical model were obtained using these boundary
temperatures.

The coefficients in the temperature distribution equation ¢, and ¢, were calculated as 321.45 and -201.15
respectively. These coefficients depend on the thermo physical properties of PMMA. Then, in order to verify
the validity of mathematical model, new grooves were obtained using 100, 150, 200, 250, 300, 350 mm/s
scan speeds. To verify the mathematical model, these coefficients were used to calculate the melting and
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heat deflection temperatures for the same material and different scan speeds. The calculated temperatures
for boundaries (melting and heat deflection region) are given in Table 3.
Table 2 Laser scan speeds and groove widths measured from images.
Scan Speed mm/s Molten Zone width (um) Heat Deflection Zone width (um)

50 1733 2059
100 1707 2027
150 1677 1991
200 1642 1949
250 1677 1897
300 1707 1830
350 1733 1735
Table 3 The calculated melting and heat deflection temperatures temperatures for boundaries.

Scan Speed mm/s T(x,t) (K) T(x,t) (K) (Calculated) error
100 Melting 403 416.69 3.40
100 Heat Deflection 368 377.89 2.69
150 Melting 403 423.73 5.14
150 Heat Deflection 368 382.84 4.03
200 Melting 403 429.12 6.48
200 Heat Deflection 368 389.68 5.89
250 Melting 403 438.25 8.75
250 Heat Deflection 368 396.47 7.74
300 Melting 403 445.54 10.45
300 Heat Deflection 368 406.17 10.37
350 Melting 403 453.59 12.55
350 Heat Deflection 368 413.71 12.42

4. Conclusion

It can be used for different purposes such as improving the mechanical properties of the materials
by laser processing the surfaces of polymer materials, as well as using them in electronic devices. It is
very important for the quality of the product to control the dimensions of the geometries to be obtained
by laser on the material. By modeling the heat dissipation mechanism in material processing with laser,
the dimensions of the shape to be obtained on the material can be controlled. Applicable mathematical
modeling plays an important role in explaining this mechanism. In accordance with the purpose of the
study, applicable mathematical modeling has been created and the applicability of this model has been
proven.

In this study, grooves were formed on Polymethyl Methacrylate (PMMA) Plates with different scanning
speeds with CO2 laser. Since the scan speed of the laser is increased, the interaction time between the laser
beam and the material decreases then the amount of energy transferred to the material also decreases. Mea-
surements were made from high-resolution optical microscope images of the grooves created on PMMA.
In this study, the distribution of heat energy transferred to the material was modeled mathematically. The
change to groove size depending on the laser scan speed is modeled. The heat distribution that causes
the formation of grooves is modeled with the Fourier method. First, material-specific coefficients were
calculated with the proposed mathematical model. In order to prove the validity of these coefficients, 7
different grooves obtained with 7 different scanning speeds were examined. The results obtained show that
the proposed mathematical model is reliable.

References

[1] M. Barletta, V. Tagliaferri, F. Trovalusci, F. Veniali, A. Gisario, The mechanisms of material removal in the fluidized bed machining
(FBM) of polyvinyl chloride (PVC) substrates, Journal of Manufacturing Science and Engineering, 2013, 135(1): 011003-1-14 DOI:
10.1115/1.4007956



(3]
[4]
[5]
(6]
(71
(8]
[9]
[10]

[11]

T. Canel, I. Baglan / TJOS 5 (3), 257261 261

C. Huang, X. Ma, M. Wang, Y. Sun, C. Zhang, H. Tong, Property of the PVC Dust Collecting Plate Used in Wet Membrane
Electrostatic Precipitator, IEEE Transactions on Plasma Science, 2014, 42(11), 3520-3528

V. Belaud, S. Valette, G. Stremsdoerfer, B. BeaugA:traud, E. Audouard, And S. Benayoun, Femtosecond Laser Ablation of
Polypropylene: A Statistical Approach of Morphological Data, Scanning 2014, Vol. 36, 209a€"217

S. Lazare, J. Lopez, E. Weisbuch, High-aspect-ratio microdrilling in olymericmaterials with intense KrF laser radiation, Appl.
Phys. 1999, A 69 [Suppl.], S1a€“S6

S. Lazare And V. Tokarev, Recent Experimental and Theoretical Advances in Microdrilling of Polymers with Ultraviolet Laser
Beams, Fifth International Symposium on Laser Precision Microfabrication, Proceedings of SPIE 2004, Vol. 5662, 221-231.

T. Canel, A.U. Kaya, B. Atelik, Parameter optimization of nanosecond laser for microdrilling on PVC by Taguchi method, Optics
Laser Technology, 2012, 44; 2347-2353

T. Canel, E. Kayahan, L. Candan, S. Fidan, T. SA+nmazA8§elik, Influence of laser parameters in surface texturing of polyphenylene
sulfide composites, ]. Appl. Polym. ScA+. 2019, Doi: 10.1002/App.47976

T. Canel, M. Zeren, T. SA+nmazcelik, Laser parameters optimization of surface treating of Al 6082-T6 with Taguchi method,
Optics Laser Technology, 2019, 120; 105714

T. Canel, I. BaAYlan, T. Sinmazcelik, Mathematical modelling of laser ablation of random oriented short glass fiber reinforced
Polyphenylene sulphide (PPS) polymer composite. Optics Laser Technology, 2019, 115; 481-486

T. Canel, . BaAYlan, T. SAinmazA§elik, Mathematical modeling of heat distribution on carbon fiber Poly(etherether-ketone)
(PEEK) composite during laser ablation, Optics Laser Technology, 2020, 127; 106190

T. Canel, L. BaAYlan, Mathematical Modelling of One Dimensional Temperature Distribution As A Function Of Laser Intensity
On Carbon FAtber Reinforced Poly(Ether-Ether-Ketone)-(Peek) Composite, TWMS J. App. and Eng. Math. 2020, V.10, N.3, pp.
769-777



TURKISH JOURNAL OF SCIENCE http:/dergipark.gov.tr/tjos
VOLUME 5, ISSUE 3, 262-267
ISSN: 2587-0971

The Hosoya Polynomial of the Schreier Graphs of the Grigorchuk
Group and the Basilica Group

Biinyamin Sahin?, Abdulgani Sahin®

*Department of Mathematics, Faculty of Science, Selcuk University, 42130, Konya, Turkey
bDepartment of Mathematics, Faculty of Science and Letters, Agri Ibrahim Cegen University, 04100, Agr1, Turkey

Abstract. The Grigorchuk group was first introduced by R. Grigorchuk in 1980. Also the Basilica group
was introduced in 2002 by R. Grigorchuk and A. Zuk. In the following years, it was shown that these groups
have deep connections with profinite group theory and complex dynamics. These groups have been proven
to provide the self-similarity property, reflecting the fractalness of some limit objects associated with them.
The Schreier graph codifies the intangible structure of a group. It establishes an equivalence relationship
created by cosets. The Schreier graphs of the Grigorchuk group and the Basilica group are a combination
of cycles arranged in a tree-like form due to the recursive expression of the generators of these groups. In
this work, we study the Hosoya polynomial of these graphs and try to characterize them.

1. Introduction

The Hosoya polynomial of a graph was presented in 1988 by H. Hosoya [8]. The concept distance is
one of the basic elements used in graph theory. This important concept has gained a wide place among
the applications of graph theory in other disciplines. Hosoya polynomial is also defined with the help
of this important concept. The main contribution of the Hosoya polynomial is that it provides important
information for graph invariants defined with the help of the concept of distance. The value at point 1 of
the first derivative of the Hosoya polynomial of a graph gives us the Wiener index, which is an important
topological index [5]. The Hosoya polynomial has gained an important place in chemical graph theory
studies [4].

In this work, we study the Hosoya polynomial of Schreier graphs associated with the motion of two
automorphism groups of a binary rooted tree. These are the Grigorchuk group and the Basilica group. The
Tutte polynomial of these graphs was calculated in 2010 [3]. The Grigorchuk group was first introduced by
R. Grigorchuk in 1980. It gives a fairly simple solution to the Burnside problem and the first example of a
finitely generated group of intermediate growth, see [7]. Also the Basilica group was introduced in 2002 by
R. Grigorchuk and A. Zuk [6]. To the work of V. Nekrashevych, it was seen that this group can be defined
as the iterated monodromy group of the complex polynomial z2 — 1 [9]. Thus, a compact limit space that
is homeomorphic to the Basilica fractal can be associated with it. It is also the first example of amenable
group that does not belong to subexponentially amenable groups [2]. Itis proved that these groups are very
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closely related to complex dynamics and profinite group theory [1]. These groups provide a self-similarity
property that reflects the fractalness of some limit objects associated with them [9].

We are here doing some calculations over the Schreier graphs of the Grigorchuk group and the Basilica
group. Moreover, we reckon the Wiener index of some these graphs. We carry out these calculations
by deleting the loops in the graphs. The Schreier graph codifies the intangible structure of a group. It
establishes an equivalence relationship created by cosets. The Schreier graphs of the Grigorchuk group and
the Basilica group are a combination of cycles formed in a tree-like way. Because the recursive expressions
of the generators of these groups cause these graphs to have a cactus structure.

2. Preliminaries

Definition 2.1. ([5]) Let G = (V, E) be connected and distance-based graph. The distance d(u, v) between any two
vertices u and v is the minimum of the lenghts of paths between u and v. The topological diameter d(G) of a graph G
(i.e. the longest topological distance in G) is defined as

d(G) = max ){d(u, o)}
Definition 2.2. ([10]) Let Dy = {(u,v)| u,v € V(G) and d(u, v) = k} be a set and we denote the number of elements
of Dy by |Dy| i.e. d(G, k) = |Dxl, k = 0.

Let d(G, k), k > 0, be the number of vertex pairs at distance k. The Hosoya polynomial of G is defined as follows:

d(G)
H(G,y) = ) d(G, k)
k=0

where d(G,0) = n such that n is the number of vertices in G.

The Grigorchuk group and the Basilica group are a self-similar group of automorphisms of the rooted
binary tree generated by some elements which are the trivial and the non-trivial permutations in the
symmetric group on 2 elements Sym(2) [3]. The Schreier graphs of these groups are recursively constructed
within the framework of certain rules, see [3] for more detailed information. The symbol I'; indicates the
Schreier graphs of the Grigorchuk group, forn =1,2,3,..., as seen in Figure 1 [3]. The symbol B, indicates
the Schreier graphs of the Basilica group, forn =1,2,3, ..., as seen in Figures 2 and 4 [3].

R I

G0 90 00 4«

Figure 1: Some the Schreier graphs of the Grigorchuk group
B, o0 0 By
B ox >

Figure 2: Some the Schreier graphs of the Basilica group



Figure 4: Some the Schreier graphs without loops of the Grigorchuk group
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Figure 3: Some the Schreier graphs of the Basilica group
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Since many calculations are inconclusive for graphs containing loops, we will consider the graphs
obtained by deleting loops from these graphs, as seen in Figures 4 and 5.
The graphs I';, and B;, contain the values specified in the table below.

ar)=1

REE

ar) =7

) =15

d(T;) = 31

dB) =1

d(B3) =3

d(BS) = 6

d(B:) = 10

d(B:) = 16
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B *
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Figure 5: Some the Schreier graphs without loops of the Basilica group

3. Main Results

In this section, we will compute the Hosoya polynomials of the graphs I';, and B;,, (n = 1,2,3,...).
ForI7:
1

Do = {01, 02} = IDol = d(T7},0) = 2,
D; ={(v1,v2)} = |ID1| =4d(73,1) =1,
= HT;,y) =2y + 1y
H(T;,y) =2+y M)
For I';:

Do = {v1,02, 03,04} = |Do| = d(I5,0) = 4,
Dy = {(v1,v2), (v2,03), (v3,v4)} = |D1| =d(T5,1) =3,
Dy = {(v1,v3), (v2,04)} = |Da| = d(T5,2) = 2,
Ds ={(v1,v4)} = IDs| =d(I7,3) =1,
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= H(T;,y) = 4° + 3y + 21 + 1/°
H(T5,y) =4+3y+2y2 +y°
For 1"5:

Dy = {v1,v2,03,04,05,06, 07,08} = |Do| = d(I3,0) =8,
D1 = {(v1,v2), (v2,3), (v3, ), (vs,05), (U5, V6), (U6, V7), (V7,08)} = |D1| = d(I3,1) =7,
Dy = {(v1,03), (v2,v4), (v3,05), (va, Vs), (v5,07), (v6, Us)} = |Da| = d(I73,2) =6,
D5 = {(v1,v4), (v2,v5), (v3,06), (vs,v7), (vs, vs)} = |Ds3| = d(I3,3) =5,

Dy = {(v1,v5), (v2, 06), (v3,07), (vs,V8)} = |D4l| = d(T3,4) = 4,

Ds = {(v1,vs), (v2,07), (v3,08)} = |Ds| = d(I73,5) =3,
D¢ = {(v1,07), (v2,vs)} = |Dg| = d(I3,6) = 2,
D7 ={(v1,v8)} = ID7| =d(I3,7) = 1,

= H(T}, y) = 8y° + 7y + 6> + 5y° + 4y* + 3y° + 2° + 1y’

H(T;,y) =8+ 7y +6y* +5y° +4y* +3y° +2y° +
Theorem 3.1. The Hosoya polynomial of the Schreier graphs of the Grigorchuk group is defined as

on

H(G,y) = Y i, @

i=1
wheren=1,2,3,....

Proof. We will make the proof of the theorem by the induction method on n. Firstly, it is clear that the
expression is H(I';, y) = y + 2 for n = 1 and it is obvious. It follows from the equation (1). Then, for n =k,
let us assume that the expression, i.e. the equation

H({,y) = yzk—l + 2y2k—2 + 3yzk—3 bt 2k—1y2"—2k‘1 + zkyzk—zk

H(y) = 2 7 4207 2 437 2 o 4 251220 40k
is true. The correctness of the expression will now be shown forn =k +1. Forn =1,2,3,... I';, has a linear
shape formed by alternating bridges and 2-cycles. Moreover, for n = 1,2,3,... there are 2" vertices and
3.2""1 — 2 edges in I}, and the diameter of T, is equal to 2" — 1. It means that there are ZkTH bridges among
the edges in T | and the remaining (3.2""! =2 — ZkTﬂ) edges in I, are two by two parallel. Forn =k +1,
there must be 25! terms in the expansion of the expression. Therefore by the concept of distance in graphs
and the definition of the Hosoya polynomial, for n = k + 1 it is obtained that

2k+1 _

HT,,p) =y 7+ 22 243y 0 e 2Ry 0k,

Thus the proof is completed. [

Proposition 3.2. The Wiener index of the Schreier graphs of the Grigorchuk group is defined as

on

W) = Y i —i),

i=1

wheren=1,2,3,....
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Proof. By applying the equation (2), The Wiener index of the Schreier graphs of the Grigorchuk group is
obtained. It is reckoned as the first derivative of the polynomial of H(I';, y) aty =1, i.e,,

i iQ" — iy,
i=1
(H(l“;,l)), - i i — i) = W(T).

i=1

(T 0)

So the proof is completed. [

Now let us give a few examples of calculating the Hosoya polynomials of B;,. According to the definition
of the Hosoya polynomial, the following results are obtained by applying the method applied in the above
calculations.

Forn =1,
H(B},y)=2+y.
Forn =2,
H(B},y) =4+3y + 2y2 + y3.
Forn =3,
H(B3,y) =8+ 8y + 8]/2 + 6y3 + 3y4 + 2y5 + y6
Forn =4,
H(B,,y) = 16 + 18y + 24y + 241> + 17y* + 14y° + 11y° + 6y + 3y® + 2° + y'°.
Forn =5,

H(B;, y) = 32+36y+49y°+621° +62y* +641° +551° +42y” +361°+30y° +18y '+ 14y +11y "2 +6y 2 + 3y +2y 5 +/'°.

Conclusion 3.3. In the calculations for the Hosoya polynomial of the Schreier graphs of the Basilica group, as can be
seen in the examples given above, the following can be stated: in the expansion of polynomials to be obtained for each
n, although some values such as the number of terms, the degree of the terms, some of its beginning and last terms are
known a general characterization of these polynomials is not possible in this way. Because there is no clarity for the
coefficients of the polynomials. However, it is predicted that this problem can be solved by conducting a study on the
array of the shape of the graph obtained for each n as different from the method followed here. This prediction stands
as an open problem.
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Abstract. In this paper, we established the group T ,(N) by group Iy ,(N) extending with reflection. Then,
we obtain boundary components in signature of the group and we get some calculation for link periods
2,3, 00. And then, we constitute chain of reflections with fixed points via Extended Hoore-Uzzell Theorem
in the group. Finally, The number of boundary components in the signature of some groups Iy, (p) and
fo,p(pz), p is a prime number, and the number of link periods was found.

1. Introduction and Preliminaries

Modular group and its congruence subgroups have an important role on discrete group theory. Many
authors studied at this area such as Akbas [1], Besenk [3], Jones [6], Kader [7], Tekcan [10], etc.

Non-euclidean crystallographic groups (written NEC group) have an important role on discrete group
theory and firstly defined by Wilkie [11]. And then Bujalance [4], Jones [6], Macbeath [8], etc. studied. So in
this paper, we research signatures and boundary components of a special groups. And now we give some
basic definitions and theorems for understanding our paper.

Definition 1.1. [5] Let

then dividing the numerator and denominator by VA we obtain

(a/ VA)z + (b/ VA)
(c/ VA)z + (d/ VA)

and as (a / \/Z)(d / \/Z) - (b/ \/Z)(c/ \/Z) = 1, this shows that T € PSL(2,R). We can show the elements of PSL(2, R)
as follows,

J_r(z Z),a,b,c,delR and ad —bc = 1.
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Remark 1.2. This set is a group of all linear fractional transformations. It is the automorphism group of the upper
half plane H := {z € C : Im(z) > 0}.

Definition 1.3. [5] The modular group I = PSL(2, Z) is the subgroup of PSL(2, R).
Definition 1.4. [11] The group G consist of all transformations of one or other of the two forms:

az+b

w = ——, ad—bc=1 ab,c,deR, (2)
cz+d

w = ZXV b= abcdeR 3)
cz+d

Those of the form (2) preserve orientation, and form a subgroup LF(2, R) of index2-the hyperbolic group; Those of the
form (3) do not preserve orientation. G maps H into itself. The topology on G comes from the numbers a,b,c,d € R.

Definition 1.5. [11] Firstly, we assume that T € PSL(2,R) \ I and T(z) = 2. Then

T ocztd®
1. Hyperbolic if |a + d| > 2 with two fixed points on the real axis,
2. Elliptic if la + d| < 2 with one fixed point in H,
3. Parabolic if |a + d| = 2 with one fixed point multiplicity two on the real axis.

Secondly, we assume that S € PSL(2,Z) and S(z) = “ZL. Then

cz+d "

1. Glide reflection if a + d # with two fixed points on the real axis.
2. Reflection if a + d = 0 with hyperbolic line perpendicular to R.

Definition 1.6. [11] A non-Euclidean crystallographic (written N. E. C.) group is a discrete subgroup of G.
Theorem 1.7. [5] Finite-order elements different from the unit of G are either elliptic or reflection transformations.

Definition 1.8. [9] We suppose that A is a NEC group and x € R U {oo}. In this case, if there is a parabolic element
g € A such that g(x) = x, then x is called "cusp point (cusp representative)”. Hence, the expression of Ax which it is
orbit A of x is called cusp and denoted by [x]. Moreover, if there is a reflection S € A such that S([x]) = [x], then [x]
is called "real cusp”.

Remark 1.9. Throughout this article we will study at finite generated NEC group A provided that the orbital space
H*/A is compact. Here, H' = HU B, and B := {[x] 1XE ]Rm}.

Remark 1.10. We can write the following table for generators and relations of NEC group A [8],[11]
Table 2.1 : Generators and relations of NEC group A

x;;i=1,...,r

€ ,‘i=1,...,k

Generators | c¢;j ;1=1,...,kand j=0,1,...,s;
ai, b ;i=1,...,9 (I. kind)
di ;i=1,...,9 (I kind)

xl’."le;izl,...,r
p— P —
Cis, =€ cioei ; 1=1,...,k

; 2 =2 =(c: . c.: )i =
Relations Ciim1 = Cij = (Cij1cij)"™ =1

X1...xe1...earba; byt .agbga;bgl =1 (L kind)
xl...xrel...ekd%...dézl (I kind)

Here, let N, := {2,3,...}. If m; € Ny, then x; is an elliptic element. If m; = oo, then x; is a parabolic element. If
nij € Ny, then the combination of the two reflections is an elliptical element. And if n;; = oo, this combination is
either a parabolic element or a hyperbolic element. It is clear that the numbers m;, n;; € IN, U {oo} are the order of the
direction-protecting elements of A.
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Definition 1.11. [4] The representation

o(A) =(g; %5 [m1, ..., m L {(m1, o 116, - oo, (M1, - -2, Mg )))

is called a NEC signature of A for NEC group A given at Table 2.1. We say shortly o(A) or signature of A. Moreover,
it is called some notions at the signature o(A) as follow:

(1.) Number g € N in the signature is called genus of orbit space’s H* / A. And it is topologically invariant of surface.
(2.) If orbit space H* /A can be directable, then sqgno(A) =7 + " or indirectable, then sgno(A) =" =",
(3.)Fori=1,2,---,r, the numbers m; € IN, is called natural period of A.

(4.) Fori=1,2,---,r, the numbers m; € IN, U {0} is called special period of A.

(5.) The set C = {Cy,Cy, -+, Cy} is called boundary component of A.

(6.) Fori =1,2,--- ,k, the notion C; = (n;,n,,...,n,) are called i-th boundary component of signature or i-th
periodic-cycles.

(7)Fori=1,2,--- ,k, the numbers n; ,n;,,--- , 0, € Np U {00} are called period of i-th boundary component or link
period of A.

Theorem 1.12. [5] (Extended Hoare-Uzzell Theorem) Let G be a NEC group with signature

O-(G) = (gl + [mlr e rm}']; {(nllr e ,1’1151), Tty (nkll Tty nksk)})

and H a subgroup of finite index. Each fixed point of a reflection c; of the permutation representation of G on the
H-cosets gives a reflection in H.

Let c;, ciy1 be two reflections, with cicir1 having order n; < oo. Let y; = ciciy1 have an orbit (cycle) of length r;.
Then: either

a) this orbit contains no fixed points of c; or ciy1 in which case there exists another orbit of the same length, and
these two together induce an ordinary period n;/v;.

or

b) this orbit contains two fixed points of ¢; and ci.q (one fixed by each if r; is odd, two by one and one by the other
if r; is even): and there is a relation between two induced reflections as, ¢; «"!"i ¢;,1. Combining these relations
makes up period cycles with link periods n;/7;.

Lemma 1.13. [6] Let T, K be € To(N)

then,
~ 2 & ry—-sx=0mod N (ry—sx = ¥N).

1=

v
~

Here the relation "~" is on Q that To(N) is a reduced T invariant equivalence relation,

[o(N) := {( Z g ) € PSL(2,Z) : ¢ =0 mod N}, To(N) := <F0(N),z - _§>,

Xo(N) = H*/To(N) and Xo(N) = H*/To(N).

Theorem 1.14. [1] Let the numbers N € Z* and r are divisor number of N. We can write the followings for the
group To(N):

L. case: If N is odd, then the number of boundary component of Xo(N) is 2! and there are 2 cusps in each
boundary component.

II. case: a) Let 2||N.
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i) If N = 2, then there is only one boundary component. And there are 2 cusps belonging to it.

ii) If N = 2m, m > 1, then there are 2"~2 boundary component. And there are 4 cusps belonging to each boundary
components.

b) Let 22||N.

i) If N = 4, then there is only one boundary component. And there are 3 cusps belonging to it.

ii) If N > 4, then there are 2'=2 boundary component. And there are 6 cusps belonging to each boundary
components.

c) If 2|N, then the number of boundary component are 2", And there are 4 cusps in each boundary component.

2. Main Results

2.1. Signature of the Extended Congruence Subgroup

Let we consider the following extended congruence subgroup for N € Z*

Fo(N) = <F0(N),Z - —E> =To(N) U( (1) _(i )FO(N)‘
Thus, [ < To(N) < I'. If we take u = g,v = ;_; € Q, then there are T, K € I" such that T(c0) = u and K(c0) = v
T:(r _k)andK=(x m)
—t -n

Now we consider the special subgroup of Iy(N) for N € Z*, namely,

o(N) = (Toa(N), 2 = —2) = o) U ( 0 )ro,nm).

Let we calculate in the signature of the group

Ton(N) = {( clll\f Z ) e Fo(N) : a=%d mod n).

And also let we determine the orbit space Yo(N) = H* /Ty, (N) and Yo(N) = H* /T, (N) for T, (N) and
I'o4(N), respectively.

Theorem 2.1. Let I be an extended modular group and

a b\ g (1 o0 (01 (1 1
c d)€t a=lo 1 )2=l1 0)%= 0 a1/

Then,

a.) c; leaves fixed to T o,n(N)( Z ) &= N2cd and (ad + bc)®> = 1 mod n,
b.) c; leaves fixed to fo,n(N)( i Z ) &= N|d? - ¢? and (bd — ac)? = 1 mod n,
c.) c3 leaves fixed to fo,,,(N)( Z Z ) & N|2cd — ¢? and (ad — ac + bc)*> = 1 mod n.

Proof. Let( ‘Z Z ) e I'and I = PSL(2,Z) UPSL(2, Z).
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a)
N a b A a b a b 1 0 d -b .
FO,n(N)( c d )Cl ZFO,n(N)( c d ) — ( c d )( 0 -1 )( —c a )Ero,n(N)
-b d -b N
— (a _d )( 4 )EFO,H(N)
( ad + be —2ab

2cd —bc —ad ) € Lou(N)

& Nl2cd and (ad + bc)*> = 1 mod n.

N a b N a b b a 0 1 d -b o
FO,n(N)( c d )CZZFO,n(N)( c d) — (d c )( 10 )( —< a )EFO,H(N)
— ( a Z )( d _ab )ef"o,n(N)
bd —ac a* - b? .
( - ac-bd )Ero'”(N)

& N|d* - c? and (bd — ac)*> = 1 mod n.

fo,nav)(i Z)cg;:fo,n(N)(i Z) = (‘j fj,)(é _})(_‘f ‘ab)efo,nav)

|

b)

|

)

a a-b d -b o
= (c c—d)( - a )EFO,H(N)
=

(ad—ac+bc a% —2ab

2cd —c*  —bc+ac—ad ) € Lon(N)

& N|2cd — ¢ and (ad — ac + bc)* = 1 mod n.
So, the proof is completed.

Lemma 2.2. Elliptic and parabolic elements generated with reflections of c1, ¢z, c3 in T are determined as follows:

01 0 -1 11 -
a-) Tl:(—l 0),T2=(1 1),T3=(0 1)117’ldT%=T§=T3 =1

0 -1 11 1 -1 o
b.)T4=(1 0),T5:(_1 0),T6:(0 1)[dei=T§’:T6 =1
Proof. We know
1 0 01 1 1 oo
C1 =( 0 -1 ),Cz=( 10 ),63 =( 0 -1 ),(6162)2 =(CzC3)3 = (c163)” = L.

Then,

o
~
)§]
_
1l
()
o
=)
N
1l
—

SN —

I}
P
=)

—_
—_ O =
SN —

_ O
|
_

1
0
0 1\(1 1

T2 = C2C3:(1 0)(0 —1):
1
0

T3 = (103 =(
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In this case, we obtain the relation T? = T3 = Ty = I. Then,

b) T4 = CZC1=(§) (1))((1) _01):((1) _01)
1 1 0 1 1 1

Ts = C362=(0 —1)(1 0):(—1 0)

1 1 1 0 1 -1

o= ea=(p Ao 5)-(0 7

_ T3 _ oo _
So,wehave T} =T} =T = 1.

Remark 2.3. The combinations of these transformations can also be used.

(c2c3)? =( _11 (1) )ﬂﬂd (cscr) =( _11 _1k )

Lemma 2.4. [1]ad = 1 mod s provides a = d mod s if and only if s is the integer divisor of 24.

Proof. "=": Let ad = 1 mod s provides the congruence a = d mod s and U; := {a € Z; | (a,s) = 1}. Here,
a* = 1 mod s reduces to finding s for each a € U; that satisfies the congruence. In this case, we assume that
s = 2“.3ﬁq‘1" ...q?k,(qi €P,q; #2,q9; # 3). So, we have U; = Uy X Uz X thlxl X ... X Uqfk. If p is odd prime

number and 7 > 1, then Up is cyclic. The order of these groups are ¢(3F), p(q7"), ..., ¢(q,"), respectively.
Here ¢ is an Euler function. Because each of these groups has two members with an order of 2. So  should
be 1, and qf" does not exist. Thus, it is determined as s = 2#3F, either B =0or B =1. On the other hand,
if @ > 3, then Uy := {F5' : 0 < t < 2972}, Here, mth order of 5 is exactly 2*72. If a > 3, then m will be at
least 4. But it is a contradiction because each elements of Uy- have got 2nd order. So it should be a < 3.
Consequently, we obtain s|24.

"«=": Letad = 1 mod s and s|24. In this case, due to ¢(24) = 8 we determine the integer a and d such
thata,d € {1,5,7,11,13,17,19,23}. That is, the counting number less than 24 and prime between 24 is §,
and let’s make the selection according to the cluster above. In this case, we get > = d> = 1 mod s. Thus, we
obtain a = d mod s.

a=1= Uy :={
a=2= Uy :={
a=3= Uy :={aecZs
a:4:>l124:—{

Now, the order Uyg is 4, but it does not.
s =293,

: @,2)=1}={1} and a* =1 mod 2,
: (a,4)=1)={1,3} and a®> = 1 mod 4,
: a,8)=1}=1{1,3,5,7 and a®> = 1 mod 8,
: (a,16) =1} =11,3,5,7,9,11,13,15} and a* = 1 mod 16.

Namely, counting number a and f exist such that 0 < g < 1 for

Theorem 2.5. Let n,N € Z* and n|N. Then,

a) n24 < To,(N) = T[o(N),
b) n24 = [, (N) = To(N).

Proof. a)”= :” Letn|24. Thus, dk € Z such that24 = nk. Itis clear thatI'y,(N) C I'o(N) fromI'g,(N) < I'o(N).

Now let we show I'g(N) c I'g ,(N).

a b
WetakeT—( N d

) € I'o(N). In this case, we have detT = ad — bcN = 1 and ad = 1 mod n. We obtain

a = d mod n from Lemma 2.4 for n|24 and ad = 1 mod n. That is, > = 1 mod n and thus T € I'y,(N).



E. Unliiyol, A. Biiyiikkaragoz, / TJOS 5 (3), 268279 274

7«=" Let I'y,(N) = Io(NN). We take ( ZN Z ) € I'p,s(N) = I'o(N). From this ad — bcN = 1 and we obtain

ad =1 mod N. Thus, ad = 1 mod n from n|N. Furthermore, it should be a = d mod n from T € I'y,,(N) and
n|24 from Lemma 2.4.

b) The proof is clear according to case of a) from Lo.(N) = Tg(N) U RT,(N) and R(z) = —Z for Ty ,(N).
Now we prove for RIy,(N).
1 0 a b a b
0 -1 N d |€ RT0,(N) . Thus, “eN -d

—ad + bcN = —1. If we use —ad = —1 mod n and n|24 with Lemma 2.4, then a = d mod n.

7" Let fo,n(N) = ['y(N) and ( 01 _01 )( cI{iI db ) € RTy,(N). In this case, —ad + bcN = —1 and
a =d mod n. So, we also obtain —ad = —1 mod n and a = d mod n. And we have the same result 7|24 from

Lemma 2.4.

"=": Letn|24, and T = ) € RIy,,(N) and

2.2. Boundary Components in the Signature

Theorem 2.6. Let p € P. Then, it can be given for the boundary components in the signature of the group T'o ,(p) as
follows:

a) If p = 2, then the group’s signature has one boundary component and there is one 2 valued link period and two
cusp in this component.

b) If p = 3, then the group’s signature has one boundary component and there is one 3 valued link period and two
cusp in this component.

¢) If p = 5, then the group’s signature has one boundary component and there are two cusp in this component.

Proof. a) Let N = p = 2. Then from Theorem 2.5, we have [02(2) = T'9(2), and instead of the second terms of
Theorem 2.1, only the first conditions can be examined.
* * * *
Y1 0)7\(1 1)

¢, reflection leaves fixed to the elements ( ; ; ),

o %
—_ %

c1 reflection leaves fixed to the elements (

¢z reflection leaves fixed to the elements ( 6 ; )

The chain T, is below from Theorem 1.14 and Lemma 2.2 for boundary components;
LN AV 1 L 0o M % % 2 2l .
1 0/ ~ 0 1) ~ 1 1)~ 11
1 S« 00 B %+ = 1 N
~ 0 1) ~ 0 1) ~ 1 0}/

So, there is a boundary component in the group’s signature. There is a 2-valued link period in the signature.
And there are also two cusps in it.
b) Let N = p = 3. From Theorem 2.5 we have [03(3) = I'0(3). And thus instead of the second terms of
Theorem 2.1, only the first conditions can be examined.
* *
) and ( 10 ),

o

1 reflection leaves fixed to the elements (

— %

0

¢, reflection leaves fixed to the elements (

[
~—
~

—_ %
—_ %
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c3 reflection leaves fixed to the elements ( 6 ; ) and ( ; ; )

The chain T, is below from Theorem 1.14 and Lemma 2.2 for boundary components;
R 19 » =« 0o P % a 32« »
0 1) ~ 1 0/ ~ 2 1) ~ 21
1 2l s 1 S« 0o M % =
~ 1 1)~ 0 1) ~ 0o 1)

So, there is a boundary component in the group’s signature. There is a 3-valued link period in the boundary
component. And there are also two cusps in the boundary component.
) Let we research the group 1'g5(5) for N = p = 5.

i) The reflection c; leaves fixed to f0,5(5) ( gc Z ) and f0,5(5) ( Z g J ) . Here the condition of Theorem

2.1-a) satisfies. Indeed, we have N|5cd and (ad + 5bc)* = 1 mod 5 due to ad — 5bc = £1. And then we get
(5ad + bc)* = 1 mod 5.

a=1 and d=1;4

L _ a=2 and d=2;3
(ad)"=1mod 5==ad=+1mod5=73 ' _4 4 g=23
a=4 and d=1;4

So, a = —d mod 5. Similarly, the same situation occurs with (bc)?> = 1 mod 5. Thus, the reflection c; leaves

fixed to fo,5(5)( i(l) l; )and f0,5(5)( 11( ié ) So, we have

a —ak¥Fb .
):( 5c —SkeFd )er0,5(5)

a b\(k T1\ (a b\ 0 +1)\_[-b TFa+bk b5
csd)l1 0] “lesal\la1 k )7\ =50 sc45ka )€ LosO
a b
5¢ d

and

In this case, the reflection c; leaves fixed to f0,5(5)

f0,5 (5) ( iol I; ) and f0,5 (5) ( I; iol ) are in the same coset class. Thus, the reflection c; without breaking

)and f"o,5(5)( Z de ).Moreover, these elements

generality leaves fixed to( 0 1 )and 1 )

ii) From Theorem 2.1, the reflection ¢, leaves fixed to

N a b 5/d? - c?
FO'S(S)( c d ) = { (bc — ad)?® = 1 mod 5.
From this, we have 5|(d — ¢)(d + ¢). And 5|d — c or 5|d + c. Therefore d —c = 0 mod 5 or d + ¢ = 0 mod 5.
According to this, we can take eitherc=d=1orc=-1,d =1.
The reflection ¢, leaves fixed to fo,5(5)( i Ii ) and f0,5(5)( _111 117 ) So,
a b\[(k t\' (a
11 11 11

b 1 -t a-b -—at+bk o
1)(—1 k):( 0 k-t )€r°/5(5)
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-1
a b kK t a b 1 -t a+b —at+Dbk o
) 0 L enen

Hence the reflection c¢; leaves fixed to ( o ) and| *, )

and

1 1 -1 1
iii) From Theorem 2.1, the reflection c; leaves fixed to

2
fo,5(5)( ? Z )={ 5]2¢d - ¢

(ad — ac + bc)*> = 1 mod 5.
Here, there are two important conditions. Hence, it can be taken eitherc=0,d =1lorc=2,d=1.

The reflection ¢ leaves fixed to I’ 0,5(5)( ?) li ) and f0,5 (5)( ; l{ ) In this case, we have
-1
k t a b 1 -t a —at+ bk N
o 3] =[5 7)(6 ¥)=(5 ™ )eroo

a b\(k t\" [(a b 1ot )\ _(a=2b —at+bk\_p o
21 )l2 1) Tl21)l2 «)7 o 24k |T05O)

: ) and ( ; ; ) The chain T3 is below from the conditions i), i), 7ii)

and

So, the reflection c3 leaves fixed to 6 1
with Theorem 1.14 and Lemma 2.2;

LN AV 1 * 00 % % % 1 2l .
01 ~ 1 0 ~ 2 1 ~ 2 1
1 @ * % 00 B %+ =
~ -1 1 ~ o 1)

Hence, there is a boundary component in the signature. There are two co-valued link period in the boundary
component.

Corollary 2.7. We obtain the following results:
a) For the signature of [o1(1) = To(1); C ={(2,3, )},
b) For the signature of [92(2); C = {(c0,2, o)},
c) For the signature of T3(3); C = {(c0, 3, o)},
d) For the signature of T5(5); C = {(c0, o)}

Theorem 2.8. Let p € P. Then we can give the follows for the signature of the group To,(p?) in the boundary
component,
a) If p = 2, then there is a boundary component in the signature and there are 3 cusp in the boundary component.
b) If p = 3, then there is a boundary component in the signature and there are 2 cusp in the boundary component.
¢) If p = 5, then there is a boundary component in the signature and there are 2 cusp in the boundary component.

Proof. a) Letn = p =2 and N = 22. Then [o2(4) = ['g(4) from Theorem 2.5, and hence instead of the second
terms of Theorem 2.1, only the first conditions can be examined.

The reflection c¢; leaves fixed to the elements ( 0 1 ) ( 0 ),( 2 1 ),( 1 2 ),
The reflection ¢, leaves fixed to the elements ( 1 ; ) ( ),

The reflection c3 leaves fixed to the elements ( 6 ’; ) ( % )

N
—_
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So, the chain T4 is below from Theorem 1.14 and Lemma 2.2
Al e s 1 Al . oo U % = 1 Al s o«
01/ ~ 1 0/ ~ 1 2] ~ 21
0o % % x 1 © * % 1 2l
~ 2 1) ~ -1 1) ~ 1 1
1 3 0o T x a
~ 0 1 ~ 0 1)

Hence, there is a boundary component in the group’s signature, and there are 3 cusps in the boundary

component.

b) Letn = p =3 and N = 3%. we have lA"O,3(9) = 19(9) from Theorem 2.5, and instead of the second terms
of Theorem 2.1, only the first conditions can be examined.

The reflection c¢; leaves fixed to the elements ( ; 5 )( 6 ; ),

the reflection c; leaves fixed to the elements ( ; ; ),( _’; ; ),

the reflection c3 leaves fixed to the elements ( 6 ; ),( ; ; )

The chain T5 is below from Theorem 1.14 and Lemma 2.2

R A 19 % =« 0o P % x 1 %+ =
0 1) ~ 1 0) ~ 2 1) ~ 21
1 @ * * 0o U %+ =
~ -1 1 ~ 0 1/

Hence there is a boundary component, and there are 2 cusps in the boundary component.
¢) Letn = p = 5and N = 52. Now we research the group I 5(25).
i) According to Theorem 2.1,
. . & o[ a b 25|2cd
The reflection ¢; leaves fixed to I'o5(5 )( e d ) = { (ad + bc)2 = 1 mod 5.

In this case, the reflection ¢; leaves fixed to f0,5(25)( 2{15c Z ) and f0,5(25)( Z 2175 ¥ ) Here, it satisfies

Theorem 2.1-a). Indeed, firstly we have N|25¢d and (ad + 25bc)*> = 1 mod 5 from N = 25 and ad — 25bc = 1.
Secondly, we have N|25cd and (25ad + bc)*> = 1 mod 5 from N = 25 and 25ad — bc = +1. Hence the reflection

c1 leaves fixed to fo,5(25)( T)l I; ) and f0,5(25)( I; $01 ) . In this case, we obtain

a b\(¥ k\' (a b\(1 -k\ (a —ak¥b ¢ o5
25c dJ\ o 1) “|25c a)\o 71 )7\ 25¢ —25kcFa | €105

a b \(k T\ _(a b 0 FL\_( b Fa+bk \_p o
c 25d J\1 o) “le 2sa )\ -1 k )7\ 250 Fe+25ka | € T05(2D):

and
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From this, the reflection c; leaves fixed to f0,5(25)( ZL;C Z ) and f0,5(25)( Ca 35 J

and T 0/5(25)( :;)1 I; ) and T’y 5(25) ( I; $01 ) elements are in the same coset class. Therefore, the reflection

). So, these elements

c1 leaves fixed to ( 0 1 ) and 1 )

2 _ 2
ii) According to Theorem 2.1, the reflection ¢, leaves fixed to f0,5(25)( Z Z ) — { %;;d_ acgz 1 mod 5

From this, 25|d? — ¢ = 5|(d — ¢)(d + ¢) = if and only if 5|d — ¢ or only 5|d + c. So, we obtain d — ¢ = 0 mod 5
ord + c =0 mod 5%. Hence we can take eitherc=d=1orc=-1,d=1.

l; l; ) Because of 2512 — 12 and (a1 — b1)?> = 1 mod 5, it satisfies

a b

-1 1
-1

a b k t a b 1 -t a—b -—at+Dbk A

(1 1)(1 1) :(1 1)(—1 k):( 0 k-t )€r°'5(25)

-1
a b kot a b -1 -t —-a—b —at+Dbk -
(—1 1)(1 —1) :(—1 1)(—1 k ):( 0 k+t )€r°/5(25)'

b ) These elements f0,5(25)( I; g )

The reflection ¢, leaves fixed to f0,5(25)(

Theorem 2.1. Then, the reflection ¢, leaves fixed to f0,5 (25) ( ) . In this case, we have

and

Hence, the reflection ¢, leaves fixed to f0,5(25) ( q li ) and f0,5 (25) ( _{i 1
k

-1 1

iii) According to Theorem 2.1 the reflection c3 leaves fixed to

1
and fo,5(25)( t ) are in the same coset. Thus, the reflection ¢, leaves fixed to ; ; and ( _; ; )

R a b 25|2¢d — ¢?
r0,5(25)( c d ) = { (ad — ac + bc)*> = 1 mod 5.

In this case, there are eitherc =0,d =1orc=2,d

—_ ol
—_

1.
The reflection c3 leaves fixed to f0,5(25)( 1(1) ) and f0,5(25)( ; ) . These elements satisfy the

condition of Theorem 2.1-c). Thereby, we get
-1
a b k t a b 1 -t a —at+Dbk -
(0 1)(0 1) ‘(o 1)(0 k )‘(o k )er0,5(25)

-1
a b k t a b 1 —t a—2b —at+ bk .
(2 1)(2 1) :(2 1)(—2 k):( 0 —2t+k)€r°'5(25)‘

And these elements are also in the same coset. From this the reflection c¢; leaves fixed to ( B ; ) and

and

* *
21
L V. 1 afl e s 00 B %+ = 1 2l 1 @ * % e
o) (o) = (ai) (5a) 2 (45)% [5)
Consequently, there is a boundary component in the group’ s signature, and there are 2 cusps in the
boundary component.

. Hence, the chain T4 is below from Theorem 1.14 and Lemma 2.2
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Corollary 2.9. We obtain the following results:
a) For the signature of [2(4); C = {(c0, 00, 0)},
b) For the signature off0,3(9); C = {(o0, 00)},
¢) For the signature of T95(25); C = {(c0, o0)}.

Corollary 2.10. There are not 2 and 3-valued link periods in the signature of the group ['5(5%) for « € Z and a > 1.
Then there is only one boundary component and there are two cusps in the group’ s signature. Namely, the set of
boundary component is C = {(co, 00)}.

3. Conclusions

Considering the investigations done so far, we can get more general results as in the Table 3.1 by using
Theorem 2.5 as we did before, based on Theorem 1.14

It should be noted that there are no 2 and 3-valued link periods except the groups I, lA"O,z (2),T93(3). In
all other cases there is a co-valued link period. These co-valued link periods appear to be associated with
parabolic transformations and even with fixed points they left constant.

Table 3.1 : Boundary components of the signatures of the some groups {'o,,(N)

The Group Name The set of boundary component in the signature

I'o4(4) {(c0, 00, 00)}

Lo4(8) {(00, 00, 00, 00)}

1:*0,4(16) {(00, 00, 00, 00)}

I—‘0,4(24) {(OO/ 0, 00, OO)/ (OO/ 0, 00, OO)}

[o2(6) {(00, 00, 00, 00)}

Iﬂ0,6(6) {(Oor 0, &, OO)}

1—‘0,6(12) {(Ool 09, 00,00, 00, OO)}

L'o,6(18) {(c0, 00, 00, 0)}

['o6(24) {(c0, 00, 00, 20), (00, 00, 00, 00)}

1—‘0,8(8) {(Oo/ 00,00, OO)}

{‘0,8(16) {(oo, 0, &0, 00)}

1:0,8(24) {(oo, 0, &, OO)}

I—‘0,12(12) {(OO/ 0, &0, &0, 0, OO)}

f0/12(24) {(c0, 00, 00, 00), (00, 00, 00, 0)}

I10,24(24) {(Oo/ 0, 00, OO)/ (Oo/ 00, 00, OO)}
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The Pell-Fibonacci Sequence Modulo m
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Abstract. In [6], Deveci defined the Pell-Fibonacci sequence as follows:

P-Fn+4)=3P-Fn+3)-3P-F(m+1)—P-F(n)

for n > 0 with initial constants P — F(0) = P - F(1) = P-F(2) = 0,P — F(3) = 1. Also, he derived the
permanental and determinantal representations of the Pell-Fibonacci numbers and he obtained miscella-
neous properties of the Pell-Fibonacci numbers by the aid of the generating function and the generating
matrix of the Pell-Fibonacci sequence. The linear recurrence sequences appear in modern research in many
fields from mathematics, physics, computer, architecture to nature and art; see, for example, [2, 4, 13, 18].
In this paper, we obtain the cyclic groups which are produced by generating matrix of the Pell-Fibonacci
sequence when read modulo m. Furthermore, we research the Pell-Fibonacci sequence modulo m, and
then we derive the relationship between the order of the cyclic groups obtained and the periods of the
Pell-Fibonacci sequence modulo m.

1. Introduction

In [6], Deveci defined the Pell-Fibonacci sequence which is directly related to the Pell and Fibonacci
numbers as follows:
P-F(n+4)=3P-Fn+3)-3P-F(n+1)-P—-F(n) (1)
for n > 0 with initial constants P— F(0) =P-F(1)=P-F()=0P-F(3) =1.

Then by an inductive argument, he gave the generating matrix of Pell-Fibonacci sequence as follows:

3 0 -3 -1
10 0 0
Ms=1o 1 0 o
00 1 0

The matrix M3 is said to be Pell-Fibonacci matrix.Then, he obtained that
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x§+4 Fuyz + x§+3 - x§+4 Fuys + x3+4 - XZHS _x§+3

(M3)" — xg+3 Fui1 + §n+2 - §n+3 Fuia + xél+3 - xg+4 _xg+2 (2)
xg+2 Fy+ Xos1 ~ §H—2 Fuy1 + 33Cn+2 - J;VH—?) _xn;ag—l
X Fp1+ X = X Fy+ X1 ~ Yua2 X

for n > 1. It is important to note that det M3 = 1.

The linear recurrence sequences appear in modern research in many fields from mathematics, physics,
computer, architecture to nature and art; see, for example, [2, 4, 13, 18]. Many authors have studied some
special linear recurrence sequences in algebraic structures. Some of these proved that the lengths of the
periods of the recurring sequences obtained by the reducing sequences by a modulo m are equal to the
lengths of the ordinary recurrences in cyclic groups; see for example, [1, 3, 5, 7-15, 17, 20]. Wall [19] proved
that the lengths of the periods of the recurring sequences obtained by reducing Fibonacci sequences by a
modulo m are equal to the lengths of the ordinary 2-step Fibonacci recurrences in cyclic groups. Lii and
Wang [16] obtained the rules for the orders of the cyclic groups generated by reducing the k-generalized
Fibonacci matrix modulo m . Ozkan et al. [17] proved two original theorem concerning Wall number of the
3-step Fibonacci sequences and they gave conjectures concerning 3-step Fibonacci sequence.In this paper,
we obtain the cyclic groups which are produced by generating matrix of the Pell-Fibonacci sequence when
read modulo m. Also, we study the Pell-Fibonacci sequence modulo m. Finally, we derive the relationship
between the order of the cyclic groups obtained and the periods of the Pell-Fibonacci sequence modulo m.

2. The Pell-Fibonacci Sequence Modulo m

For given a matrix A = [aij] of integers, A (mod m) means that the entries of A are reduced modulo m,

that is, A (mod m) = (a,'j (mod m)). Let us consider the set (A),, = {Ai (modm)| i> 0}. If ged (m,detA) =1,
then the set (A),, is a cyclic group. Let the notation [(A),,| denote the order of the set (B),,.

Since det M3 = 1, it is clear that the set (M3),, is a cyclic group for every positive integer m.

Theorem 2.1. (Wall [19]). The number k(s,p") divides k(s,p")p"™", and the two quantities are equal provided
k(s, p) = k(s, p)

Theorem 2.2. Let p be a prime and let (Ms), be a cyclic groups. If u is the largest positive integer such that
‘<M3>p = |(M3),,u , then ‘<M3>pv = p' )<M3)p|for every v > u. In particular, if |(M3>p( # (<M3)p2 | then
‘<M3>pv =po L. |(M3)p|for every v > 2.

Proof. Let us consider the cyclic group (M3 )pn- Suppose that s is a positive integer and |(M3 e | is denoted by
Lp_p (p™). If (M3)LP*F(”M) =] (modps”), then, we can write (Mg)L”(pM) = I (modp®) where I is a 4 X 4 identity

matrix. Thus we get that Lp_¢ (p°) divides Lp_r (p5+1). Furthermore, if we denote (M3)LP—F(F75) =1+ (ml(j) . ps),
then by the binomial expansion, we may write

p 4
Moy )7 = (1+ (mff) _ ps))r’ - Z( 117 )(mf;) p) = I(modp*™!)
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This yields that Lp_r (p5+1) divides Lp_f (p°) - p. Thus, Lp_p (p5+1) = Lp_r (p°) or Lp_p (p5+1) =Lp_p(p°) - p. Itis
easy to see that the latter holds if and only if there is an mfj) which is not divisible by p. Since u is the largest

positive integer such that Lp_r (p°) = Lp_r (p"), we have Lp_r (*) # Lp_r (p“*l). Then there is an m“*? which

i
is not divisible by p. Thus we get that Lp_¢ (p”“) #Lp_r (p”*z). The proof is finished by induction on u. [
Reducing the Pell-Fibonacci sequence {P — F (1)} by amodulo m, we obtain the following repeating sequence:

{P-F"(n)}={P-F"(©0),P-F"(1),...,P=-F"(),...}

where P — F" (i) = P — F (i) (modm). It has the same recurrence relation as in (1).

A sequence is periodic if, after a certain point, it consists only of repetitions of a fixed subsequence. The
number of elements in the shortest repeating subsequence is called the period of the sequence. For example,
the sequence a,b,c,d,b,c,d,b,c,d, ... is periodic after the initial element a and has period 3. A sequence is

simply periodic with period k if the first k elements in the sequence form a repeating subsequence. For
example, the sequence a,b,c,d,a,b,c,d,a,b,c,d, ... is simply periodic with period 4.

Theorem 2.3. For every positive integer m, the Pell-Fibonacci sequence modulo m {P — F™ (n)} is simply periodic.

Proof. Let us consider set
X = {(xo,xl,xz,xg,) | xi’s are integers such that 0 <x; <m — 1}.
Since |X| = m*, there are m* distinct 4-tuples of elements of Z,,. Then it is easy to see that at least one of

the 4-tuples appears twice in the sequence {P — F" (n)}. Therefore, the subsequence following this 4-tuple
repeats; hence, the sequence is periodic. Let

P-F"(i+1)=P-F"(j+1),...,P-F"(i+3)=P—-F"(j+3)
such that i > j, then i = j (mod4). From the definition of the Pell-Fibonacci sequence we can easily obtain
P-F"()=P-F"(j),P-F"(i-1)=P-F"(j-1),...,P-F"(i—j)=P-F"(0)

which implies that the {P — F" (1)} is a simply periodic sequence. [
The period of the sequence {P — F" (n)} is denoted by hp_r ().

Example 2.4. Some term of the Pell-Fibonacci sequence {P — F (n)} are as follows:

{0,0,0,1,3,9,24,62,156,387,951,2323,5652,13716,33228, ...} .

Reducing he Pell-Fibonacci sequence {P — F (n)} by a modulo 2, the sequence becomes:

{0,0,0,1,1,1,0,0,0,1,...}.
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So, we obtained that the period of the sequence {P -F (n)} is 6.

Similarly, Since the sequence becomes as shown:

{0,0,0,1,0,0,0,2,0,0,0,1...}

for m = 3, we have hp_r (3) = 8.

It is easily seen from equation (2) that hp_r (m) = [(M3),,| for every positive integer m.

u
Theorem 2.5. If m has the prime factorization m = [T (p;)” , (u > 1) where p;’s are distinct primes. Then
i=1

b0 = e (20°), o (020 (0°)]

Proof. Since hp_r ((pi)si) is the length of the period of the sequence {P — F)” (n)}, the sequence repeats only
after blocks of length A - hp_r ((pi)s"), (A €IN). Since hp_r (m), is period of the sequence {P — F" (n)}, the

Si

sequence {hp_F ((pi)si)} repeats after ip_r (m) terms for all values i. Thus hp_r () is the form A - hp_r ((pi) )
for all values 7, and since any such number gives a period of {P — F" (n)}. So we get

b0 = e (20°), o (020 (0°)]

O
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Abstract. Erdag and Deveci [13] defined the Padovan-Padovan p-sequence and they studied properties
of this sequence. Then, Akuzum and Deveci [1] studied the Padovan-Padovan p-sequence modulo m .
Also, they discussed the connections between the order the cyclic groups obtained and the periods of the
Padovan-Padovan p-sequence according to modulo m . In this paper, we redefine the Padovan-Padovan
p-sequence by means of the elements of the groups and then, we examine this sequence in the finite groups
in detail. Also, we obtain the lengths of the periods of the Padovan-Padovan 4-sequence in the semidihedral
group SD,n as applications of the results obtained.

1. Introduction

Erdag and Deveci [13] defined the Padovan-Padovan p-sequence as shown:

P D D P b P, D 1y
Panfp+5 = 2Panfp+3 + Panfp+2 - Panfpﬂ - Pa"fp + Panfl’» - Panfl - Pa”p
forp(4,5,6,...) and n > 0 with initial constants Pag'p == Pai’fs =0, Pai’f y =
Also, they gave the Padovan-Padovan p-matrix as shown:
ro 2 1 -1 -1 0 01 0 -1 -17
1 0 0 0 0 O 000 0 O
o 1 0 0 0 O 000 0 O
0o 0 1 0 0 O 000 0 O
O 0o o 1 0 O 000 0 O
o 0o 0o 0o 1 0 000 0 O
G=lo 0o 0o 0 0 1 000 0 O
O 0 0 0 0 O 1 00 0 O
O 0 0 0 0 O 010 0 O
O 0 0 0o 0 O 001 0 O
O 0 0 0o 0 O 000 1 0 | (p+5)x(p+5).
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Then by an inductive argument, they derived that

r P, P, P,
Pcz;;_’p+4 Pa}gfpﬁ —Panfwl% + Pamp+3 +Pap(n+p+1)+Pap(n+1)
» p »
Pag pe3 Palr; pa ;Pan pra t Pan 2 T Pap (n + p) + Pap (n)
P P
(C )n _ | Paj, Pal, —Pa n+p+2+Pan+p+1+Pap(n+p—1)+Pap(n—1)
P - . . .
i’,p i’,p pa .
Pa’}D+1 Pafg+2 ? Lt Pa? + Pap(n—2)+Pap(n—p—2)
Pa’p Pa” —Pa ”+Pa”+Pa (n=3)+Pap(n—-p-3
n n+l p p p-
—Pa" n+p+5 +Pap(n+p+4) —Pa n+p+3+Pap(n+3) Pap (n + 4)
—Pa" n+p+4 +Pap(n+p+3) —Pa" n+p+2 + Pap (n +2) Pap (n + 3)
—Pa n+p+3+Pap(n+p+2) —Pa n+p+1+Pap(n+l) Pap (n +2) - G
—Pa P’p + Pap (n+1) —Pa? + Pap (n—-p) Pap(n-p+1)
P,
P n+1 + Pap (n) —Panf’1 +Pap(n—p-1) Pap (n —p)
where C;, is a matrix as follows:
P,
Pap (n +p) —Pa" n+ 4t Pap n+p+1) —Pan+p+5 +Pap(n+p+2) —Punfp+3
Pp P,
Pap(n+p-1) —lljjan+p+3+Pap(n+p) —Pa, +4+Pap(n+p+1) —Palnjfp+2
c - Pap(n+p—2) —Pan+p+2 + Pap (n+p-1) —Pan+p+3 + Pap (n +p) —Pa”’fp+1
P . .
Pap (n - 3) S Pap (n-2) ~Pal”, + Pap (n — 1) ~Pa,”
Pap (n - 4) —Pa,” + Pap (n - 3) —Pa," + Pap (n - 2) —Pa 5’7 1

Akuzum and Deveci [1] obtained the following repeating sequence, reducing the Padovan-Padovan
p-sequences {Pai’p } by a modulus m:

Pp, Pp, Pp, Pp, Pp,
{Pu,,pm} = {Paopm,Palpm,Pazpm,...,Pal. pm,...}

P
where Pa P

= Pa'* (modm).

1
It is well-known that a sequence is periodic if, after certain points, it consists only of repetitions of a
fixed subsequence. The number of elements in the repeating subsequence is the period of the sequence.
A sequence is simply periodic with period k if the first k elements in the sequence form a repeating
subsequence.

Theorem 1. (Akuzum and Deveci [1]). The sequence {Pai,j’p m} is simply periodic for every positive integer
m.

The linear recurrence sequences in groups were firstly studied by Wall [15] who calculated the periods of
the Fibonacci sequences in cyclic groups. In the mid-eighties, Wilcox [16] extended the problem to abelian
groups and Campbell et al. [5] expanded the theory to some finite simple groups. Further, the concept
extended to some special linear recurrence sequences by several authors; see for example, [2—4, 6-14]. In
this paper, we redefine the Padovan-Padovan p-sequence by means of the elements of the groups and then,
we examine this sequence in the finite groups in detail. Also, we obtain the lengths of the periods of the
Padovan-Padovan 4-sequence in the semidihedral group SD;» as applications of the results obtained.
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2. The Padovan- Padovan p-Sequences in Groups

Let G be a finite j-generator group and let X be the subset of G X G X G- - - X G such that (xo, X2, .., xj_l) €
———————

j
X if and only if G is generated by xo, x1, ..., xj-1. We call (xo, X2, ..., x]-_l) a generating j-tuple for G.

Definition 2.1. Foraj-tuple (xo, X1,... ,x]-_l) € X, we define the Padovan-Padovan p-orbit PA? (G 1 X0, X1, ..., x]-_l) =

=ap (n)} as shown:

-1 -1

a,(n+p+5)= (ap (n))_1 (ap (n+ 3)) (ap (n+ p)) (ap (n+p+ 1)) (ap (n+p+ 2)) (ap (n+p+ 3))2

where n > 0 and

a,(0) = xo,ay(1) = x1,...,4,(j — 1) = xj,a5(j) =¢,...,a(p +4) =e if j<p+4,
a,(0) = xo,a,(1) = x1,8,(2) = x2,...,8,(p +4) = Xp14 if j=p+4

Theorem 2.2. If G is a finite group, then a Padovan-Padovan p-orbit of the group G is simply periodic.

Proof. Suppose that t is the order of the group G. Since there are #*° distinct p + 5-tuples of elements of G,
at least one of the p + 5-tuples appears twice in a Padovan-Padovan p-orbit of the group G. Because of the

repeating, the Padovan-Padovan p-orbit of the group G is periodic. Since the orbit PA? (G DX, X1, e, X ]-,1)
is periodic, there exist natural numbers i and j, with i = j (modp + 5), such that

a, (@) =ay(j),ap(i+1)=ay,(j+1),...,ap(i+p+5)=a,(j+p+5).
By the definition of the Padovan-Padovan p-orbit, it is clear that

-1 -1

a, (n) = (a,, (n+ 3)) (ap (n+ p))_1 (ap (n+p+ 1)) (ap (n+p+ 2)) (ap (n+p+ 3))2 (ap (n+p+ 5))

Therefore, we obtain a, (i) = a, (j), and hence

a,(i—j)=a,(0),a,(i-j+1)=a,(1),...,ap(i-j+p+5)=a,(p+5),
which implies that the Padovan-Padovan p-orbit is simply periodic. [

We denote the length of the period of Padovan-Padovan p-orbit PA? (G S X0, X1, .., xj_1) by hPA? (G S X0, X1, .., xj_l).

In [1], Akuzum and Deveci denoted the period of the sequence {Pai’p ’m} by hy, (m).

Now we give the lengths of the periods of the Padovan-Padovan 4-orbit of the semidihedral group SDy» as
applications of the results obtained.

The semidihedral group SDo, (m > 4) is defined by the presentation

SDZ"” = <x/]/ . xszl — yz =e, yxy — x21r1—2_1> )

NOte that |SD2N1| = 211‘1’ |x| = 2m—1 and |y| = 2
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Theorem 2.3. The length of the period of the Padovan-Padovan 4-orbit of the semidihedral group SDow is 22 hy (2).

Proof. We consider the length of the period of the the Padovan-Padovan 4-orbit in the semidihedral group
by the aid of the period /4 (2) = 14. The orbit PA* (SDow : x, y) is

a3 0)=x,as(1) =y, as(2) =e,...,a4(8) =e.

Thus, we also have

a4 (28i) = x4n+1, ay (28i+1) = xBirry, qy (28i+2) =, a4 (28i+3) = X873, a0, (28 + 4) = x84,
ay (28i +5) = x74"5, q, (28i + 6) = x%75, a4 (28i +7) = x*"7, a4 (28i + 8) = x¥¥"s,

where r1,72,73,74, 5,6, 17,3 are positive integers such that ged (1,72, 73,74, 75,76, 77,73) = 1 So we need the

smallest i € N such that 4i = 2"~! k (k € IN). If we choose i = 2"~3,we obtain

0y (27214) = x, a4 (2" 214+ 1) =y, 04 (2" 214+ 2) = ¢, 24 (2" 214+ 3) = ¢, a4 (27214 +4) = ¢,
0y (27214 +5) =, 0, (2" 214 +6) = ¢, a4 (2" 214 +7) = ¢, a4 (2" 24+ 8) =e.

Since the elements succeeding a, (2’”‘2 14), ay (2’“‘214 + 1),a4 (2’”‘2 14 + 2),. s (2’”‘214 + 8) depend onx, y, e

for their values and 4 (2) = 14, the cycle begins again with the 2721, (2)nd element. Thus it is verifed that
the length of the period of the Padovan-Padovan 4-orbit of the semidihedral group SDpn is 272 - hy (2). [

Example 2.4. For m = 4, we consider the length of the period of the Padovan-Padovan 4-orbit in the semidihedral
group SDy. Since hy (2) = 14, we have the sequence

a3 0)=x,a3(1) =y, a4 (2) =e, as3) =¢, a3(4) =e, 14(5) =¢, a4(6) =¢, a4 (7) =¢, as(8) =, ...,

as(28) =%, a4 (29) =y, a1 (30) = ¢, a1 (31) = ¢, a4 (32) = €,a4(33) = x*, a4 (34) = ¢, a4 (35) = x*, 4, (36) = x*,. ..

a3 (56) = x°, ay (57) =y, a1 (58) = ¢, a1 (59) = ¢, a4 (60) = e,a4 (61) = x, a1 (62) =¢, a4 (63) =¢, as (64) =e,....

Since a4 (0) = a4(56),a4 (1) = a4(57),a4 (2) = a4(58),a4(3) = a4(59),a4(4) = a4(60), a4 (5) = a4(61),a4(6) =
a4 (61), a4 (7) = a4(62), a4(8) = a4(63) the length of the period of the the Padovan-Padovan 4-orbit
PA*(SDy: : x, y) is 56.
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Abstract. In this paper some new Ostrowski-type inequalities for functions whose derivatives in absolute
values are quasi-convex are established. Some applications to special means of real numbers and applica-
tions for PD.F’s are given. We also give some applications of our results to get new error bounds for the
sum of the midpoint formula.

1. Introduction
We recall that the notion of quasi-convex functions as following.
Definition 1.1. (See [7]) A function f : [a,b] — R is said to be quasi-convex on [a, b] if

f(tx + (1 = t)y) <max{f(x), f(y)}, forallx, y € [a,b].

It is to be noted that any convex function is a quasi-convex function. Furthermore, there exist quasi-
convex functions which are not convex (see e.g. [2]-[6]).

Let f : I € [0, 0] — R be a differentiable mapping on I°, the interior of the interval I, such that f* € L[a, b]
wherea, b e Iwitha <b. If [f (x)| < M, then the following inequality holds (see [8]).

1 (" M [(x-a)’+0-x)’
f(x)—b_afgfwwu‘sb_a[(x g ey )

This inequality is well known in the literature as the Ostrowski inequality. For some results which
generalize, improve and extend the inequality (1), see [2] and the references therein.

In [4], Alomari and Darus proved several inequalities of Ostrowski type for quasi-convex functions, we
will mention some them as following.
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Theorem 1.2. Let f : I C [0, 00) — IR be a differentiable function on I° and f’ € L[a, b], wherea,b € [ witha < b. If
[a, b, then the following inequality holds:

b
- [ o

L oy
~2(b-a)

i+ o a1

"))

max{ ’

for each x € [a, b].

Theorem 1.3. Let f : I C [0,00) — R be a differentiable function on I° such that ' € Lla, b], where a,b € I with

b
-t [ rwa
(b_x)erl %
S((b—a)(;m)) (max|
(x—a)”+1 v
+(<b—a)(p+l>) (max{

for each x € [a, b], where % + % =1

Y.

"

LI @)
)

The main aim of this paper is to establish some new inequalities of Ostrowski type for quasi-convex
functions and to give some deduced results to the celebrated Hadamard integral inequality. Based on these
results, we obtain several applications for special means of real numbers, numerical integration and P.D.E.

2. Main Results
To prove our results we need the following Lemma:

Lemma 2.1. (See [1]) Let f : I € R — R be a differentiable function on I° , a,b € I° witha < b and ' € L([a, ]).
Then

1 b
-5 [ s
_(x—a)2 1 S, a+Xx
_4(b_a)(f0 tf (t . +(1—t)a)dt
f1(1+t)f(tx+(1 )dt)
b b
i(b 0" (f (2—t)f( L —t)x)

b+x
+f0 a1-bnf (tb+(1—t)—)dt)

By using the Lemma 2.1 the following results can be obtained:
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Theorem 2.2. Let f : I C R — R be a differentiable function on I°
is quasi-convex function on [a, b], then one has the following inequality:

b
Pm—%fffww %)
(x —a)? a+x
S8(b—a) 'f f()l}
3(x —a)? , ,(a+x
T 30-a) max{ (T)}
+3(b—x)2 b+x
S(—a) max
(b —x)* b+x
Tso-a™ { (7?)}

forall x € [a, b].

Proof. From the integral identity that is given in Lemma 2.1 and by using the properties of modulus, we

can write
1 b
‘f(x)—m f(u)du 3)
(x —a)? 1 S, a+x
4(b_a)(f0tf(t . +(1—t)a)dt
f(1+t (tx+(1—t)a+x) )
(b - x)* b+x
4(b (f 2-n|f ( (1—t)x)dt
1 b+x
1- b+ (1 -t —||dt].
+j;( H\f (t +(1-10) ) t)
’|, we have
4)

b
Pm—i—ffww

—ﬁb—al o (Hx)

a)|}ftdt
(a+x)}f(1+t

o oo
=

(x a)*
4(b a)

il
(I
G {
v

max

4(b a)

LX) x)
Ti0-0)

—f)dt,

max

for all x € [a, b].
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f01(1+t)dt=f01(z—t)dt=
ftdt:fola—t)dt:

we get the inequality (2). This completes the proof of the theorem. [

By using the facts that

Nl— NI®

An immediate consequence of Theorem 2.2 is the following:

Corollary 2.3. If all the assumptions of Theorem 2.2 are satisfied and if we choose x = %2, we get the following
inequality:
a+b
’ (T ——ff(u)du ®)
max 3a +0b
2
{ (a+b) (3a+b)‘}
+3 max
4
{ (a+3b) (a+b)‘}
+3 max
2
sl (<52
Additionally,
then
A(h)- 5 [ e ©
2 b-aJ,
b—-a 3a+b ,(a+Db a+3b
S (ol (5 ol (e
then
f() 5 [ 7)
2 b-a/J,

3

b-al, Iz 3a+b +ale a+b olf a+3b
- 32 4 2 4 ’
Corollary 2.4. If all the assumptions of Theorem 2.2 are satisfied and if we choose x = a and x = b, respectively, we
get the following inequalities:

b
-3t [

228t 2

+ (b;a)max{ ’(#) ,

}
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and
1 b
-5 [
(b-a) a+b
N m{ & ) U
N 3(b- a+ b
8 .
Additionally, i respectively, then we
obtain:
b
'f(a);rf() ff‘ yau| < &= a){ (a+b)|+f’(b)|]

and

‘f @+f0) ff( ) d

ol )

The corresponding version for powers of the absolute value of the first derivative is incorporated in the
following theorem.

Theorem 2.5. Let f : I € R — IR be a differentiable function on I° such that f' € L[a,b], where a,b € l witha < b.

b
’f(x)—bljff(wdu
e G
< —{(x—a)" [max
4b-a)(p+1)r
+(x_a)2(2l7+1_1)% (max{ ’ q/f/(%)

H(b- P (27 -1) (max{f (b * x)

=}

(5 aror)
q})q
o)

+(b-x)* (max{ !

for all x € [a, b], where % + % =1
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Proof. From Lemma 2.1 and by using the Holder integral inequality, we get

‘f( - Lf £ () du

(x—a)’
S4(b—a)(f t”dt) (

(u+x

+(1 —t)a)

¢\

dt)
ﬁb__”))(f (1+t)”dt) ( f(tx+(1—t)—x)
b b
i(b_xa)(f (2—t)”dt) ( f(t%+(1—t)x)

f(l—t)pdt)( f(tb+(1—t)b+x)
for all x € [a, b].

. q. .
Since | f ’| is quasi-convex on [a, b], we know
a+x

1
|t

et b

Similarly,

a+x

+(1—t)a

dt < max

'\

g a+x
f(tx+(1—t)T

o[ b+x
f(t 5 +(1—t)x)

r

dt < max

)’1

dt < max{

( )

and

dt < max{

f(tb+(1—t)—) .

a+x

i

1
q q
)

7 \q
dt)

1

q q
dt) ,
a)|q

}
]
o}

)

295

(10)

(11)

(12)

(13)

Using these inequalities in (9) and by making use of the necessary computations, the desired result is

obtained. O

The following corollary is an immediate consequence of Theorem 2.5:

Corollary 2.6. Suppose all the assumptions of Theorem 2.5 are satisfied. If we choose x = ==

inequality:

\f(”Zb)—ﬁffwu
Smfpﬁ{(mx{ (3a+b)
+(2p+1_1);(max{ff(‘%b)q f,(%—”])
oty (maX{f' =2 (5

fomfron =2y |

o)

7

q

7

i
i

b we get the following

(14)
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Additionally,

then
‘f (Hb) f Sl 15)
- 16fp_+a1)3: {f,(?)a‘:b) - 1)% Jﬂ(%)q
#(r-1) f’(#)‘z f (b)lq}.
then
(55) -t f s i

q

< boa [ + (2! - 1)%

16(p + 1)
e

A more general inequality can be given as follows:

=

i)

+ (21 - 1)*7

Theorem 2.7. Let f : I € R — R be a differentiable function on I° such that f’ € L[a, b], where a,b € I witha < b.

(17)

1 b
- [ rw
(x—a)’
Sm(max{
+3(x—a)2 max- |f’
8(b—a)
3(b-x)?
+ 80— (max{

(b - x)*
+ —8 b—a) (max{

(a+x

}

q

v

a+x

~—— —— —\—
&hﬂv v

|‘7

W)

(“’“)
=)y

forall x € [a, b].
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Proof. Suppose that g > 1. From Lemma 2.1 and by using the well-known power-mean inequality, we have

’f(x)—bljfahfm)du

sfz;ff) () L )

=5 A 7

( 1+t)dt) (fo (1+t)f(tx+(l—t)a+x)th)

(b _xa)( —t)dt)lz(fol(z—t) f’(tb;x+(1—t)x)th)q
)

-5 Al
w x)\f(1—gw (f(l—ﬂf(w+ﬂ—ﬂéiﬁ
0
for all x € [a, b].

By making use of the similar computations the proof of the theorem is completed. [

(18)

a+x

fO : +u—w@qw

Corollary 2.8. Ifall the assumptions of Theorem 2.7 are satisfied and if we choose x = £, we get the inequality:

‘fa+b ) (19)
it fron (222
o2 2
Sefl () (N

 max{ 1

then (6) holds.
then (7) holds.

Fre2ly f

Additionally,

3. Applications to Special Means

Let consider the means for arbitrary real numbers 4, b € R. We denote by

1. The arithmetic mean: b
Afa,b) = 2 ;a,belR.
2. The harmonic mean: 2
H(a,b) = Tia,beR,a,b+0.
a + b
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3. The logarithmic mean:

L(a,b) = W}ﬂ,b €R,a| # |b],a,b # 0.
4. Generalized log-mean:
bn+1 _ Cl"+1 n
Ln ’ =\~ ;a, R/ VA _1/ ’ .
(a,b) [(n+1)(b—a)] a,beR,neZ\{-1,0},a+b

Now, it is time to give some applications to special means of real numbers by using the results of
Section 2.

Proposition 3.1. Leta, be R,a<bandn €N, n > 2. Then

|A" (a,b) - L (a, b)| (20)

< b-a max 3a+b["? -l
=M™ ’

n-1

+3max{3ﬂ+b ,a+b”_1}
4 2
+3max{a+3bn_l, a+b”_1}
4 2
a+3b

n-1
+max{ , |b|"_1}].

Proof. The assertion follows from Corollary 2.3 when applied to the function f(x) = x", x € R, n € NN,
n>2. 0O

Proposition 3.2. Leta, b€ R, a<bandn € N, n > 2. Then for p, q > 1 with % + [11 =1, we have

|A" (a,b) - L1 (a, b)| (21)
1
_ gq(n-1) q
16(p +1)7 4
1 3a+Db q(n-1) a+b q(n-1) %
ortt )7
N )(max{ ; | })
! P11 (4 4 3pA0DY\
2p+1 —1) a+
2 -1) (m{ oL s
1
-1\ \ 7
+ (max {|b|Q(n—1) , # })

Proof. The assertion follows from Corollary 2.6 when applied to the function f(x) = x", x € R, n € N,
n>2. 0O
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Proposition 3.3. Leta, beR,a<bandn € N, n > 2. Then q > 1, we have

1
ﬁ(n—l)})q

1
q

|A" (a,b) - L}t (a, b)|

b-a
< q(n-1)
< n( D) ) (max {|a| ,

3a+b
4

g(n-1)

+3(max a+b 3a + b|1D
I 4
w3 (max |2 + 01D g 4 3p 10D ]
2 | 4

+ (max {Iblq("_l) , #

q(n—1>})$

299

(22)

Proof. The assertion follows from Corollary 2.8 when applied to the function f(x) = x*, x € R, n € N,

n=>2. 0

|A™ (a,b) - L7 (a, b)|
< b—-a max 3a+b
=32

{ a+3b
+3 max 1

Proposition 3.4. Leta, be R, a<b,0 ¢ [a,b]. Then
3a+b

-2
-2
, +3
|al } max { 1

a+b|? + max a+3b
2 4

-2

4

-2

7

a+b

)

(23)

Proof. 1t is a direct consequence of Corollary 2.3 when applied to the function, f (x) = 1, x € [1,b]\ {0}. O

Proposition 3.5. Leta, be R, a <b,0 ¢ [a,b], then for all p > 1, we have

|A™ (a,b) = L7 (a, )|

b—a 3a+b|™ ., i
< — {(max S la ™1
16(p+1)»
1 3a+ b |a+ b0 i
p+l _ P
+ (2 1) (max { n e })
1 29 24\
b1 1\ a+b a+3b
+ (2 1) (max{ - 2l

a+3b
4

+ (max {Ibl_zq,

)

Proof. It follows directly from Corollary 2.6 for the function, f (x) = }—(, x € [a,b]\{0}. O

(24)
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Proposition 3.6. Leta, b e R, a <b,0 ¢ [a,b]. Then for all g > 1, we have the inequality

|A™ (a,b) = L™ (a, b)| (25)

b—a 20 2 i
< -5 {(max{ ,lal })

1
+3[max 3a+b|™ |a+b[ )\
R | 172
20\ \1
+3 (max{ ary > 2 })
2y 20\ \1
+ (max {lbl A= }) .

Proof. It follows directly from Corollary 2.8 for the function, f (x) = 31_6, x € [a,b]\{0}. O

4. Application to the Midpoint Formula

Let d be a division of the interval [a,b], i.e.a = xp < x1 < ... <x,-1 < x, = b. Let consider the quadrature
formulae

b
[ rwx=misa+ £t

where

M= (- x) f(25 )
i=0

is the midpoint version and the approximation error E(f, d) of the integral fu ! f(x)dx. The midpoint formula
satisfy

K -1
()] < 5 Y (i - (26)
i=0

If f is not twice differentiable (or the second derivative of f is not bounded on (4, ) then (26) cannot be
applied. Following results give some new estimates for the sum of remainders E(f, d)in terms of the first
derivative.

Proposition 4.1. Let f : I € R — R be a differentiable function on I° such that f’ € Lla, b], where a,b € I with
[a, b], then for every division d of [a, b], we have:

[E(f, )| (27)
< lz ZO‘ (Xis1 — ;) [max f’( )I}

[
o5

/-

,_.

3x1 + Xit1 )

}
}

—

+ 3max{ (3x, * x,+1)

+ 3max{ (x, * 3x1+1)

£ (xl + 3xi41 )

+max{
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Proof. By applying Corollary 2.3 on the subinterval [x;, xi4+1] (i = 0,1, ...,1n — 1) of the division d, we have

x, + Xis1 ) 1 il
Xiv1 — Xi X;

1

1 1 1

3_ 2 (Xi1 — X)) [max{f’(m)
i=0

(e B |
=)
f/ (xi+1)|}]

f(x)dx (28)

e

|}

+3max{

(xz + 3xl+1 )

+3max{

(xz + 3x1+1 )

+max{

f

which completes the proof. [
Corollary 4.2. Suppose all the assumptions of Proposition 4.1 are satisfied. Additionally,
then

|E(f, )| (29)

n—1
1 , (3xi + X;
< 3_22(xi+1 _xi)[f (I—Hl)
i=0

4
/ (xi + Xit1 )
2

|E(f, )| (30)
31 Z (xip1 — x;i ’ (—3xi * Xl )
0 , (xi + 3% )

4
/xl+xi+1
=+ )
() | (e

Proposition 4.3. Let f : I € R — R be a differentiable function on I° such that f’ € Lla,b], where a,b € I with

+3

Xi + 3%y )

+3|f'( 1

then

)| +3|f

+3

|E(f, ) (31)
= , 3x; + Xy q %

< —16 - 1); ; (xi41 — x; {(max{ f ( - 1) })

+ (2p+1 _ 1)% (max { f, (xi +2xi+1 ) 1 ) f, (3xi 'in+1 ) q})q

+ (2"’*1 - 1)% (max

o max{lr

il

—

f (xl + xl+1)

xz + 3x1+1

£ (x, + 3xi41 )

I}

q/f

1,1
where -~ + 2 = 1.
p g
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Proof. The proof is similar to the proof of Proposition 4.1, by applying similar argument to the Corollary
26. O

Corollary 4.4. Suppose all the conditions of Proposition 4.3 are satisfied. Additionally,

then
[E(f,d)| .
1 n-1
- m IZO‘ (xi41 — xi1)
x{ ’(%) + (2p+1 B 1)% f’(%)
- (2 ).
then
[E(f, d>| .
n-1
16(p+1)z1 ;(Xm {|f (xz)l (”*1 )V f/(3x711¢)
e )

Proposition 4.5. Let f : I € IR — R be a differentiable function on I° such that f’ € Lla, b], where a,b € I with

|E(f, a)| (34)
< égmﬂ - %) {(max{ f @), f(%)q})
+3 (max { £ (xi +2xi+1 ) 1 il (3xi J;xm ) q});

. . q . .
+3 (max { f/ (xz +2xz+1 ) f/ (xz +:x1+1 )

+(max{) /( q,f’(%&‘”l)q});}.

Proof. The proof is similar to the proof of Proposition 4.1, now by applying to Corollary 2.8. [

7

q})é

Corollary 4.6. Under the assumptions of Proposition 4.5, if

then (29) holds.
then (30) holds.
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5. APPLICATIONS FOR P.D.F’s

Let X be a random variable taking values in the finite interval [4, b], with the probability density function
f :[a,b] = [0, 1] with the cumulative distribution function F(x) = Pr(X < x) f f@)dt.

Theorem 5.1. Under the assumptions of Theorem 2.2, we have the inequality;

Pr(X <x) - L (b — E(x))

sé’;b |f ) @)
3(x— ) , ,(a+Xx
8(b—u)nmx{ (_E_)}
3(b-x)? b+x )
80 —a) m”‘x{ ( ) }
(b-x)? ,(b+x
+8(b )max (T) ,

where E(x) is the expectation of X.

Proof. The proof is immediate follows from the fact that;
b b
E(x) = f tdF(t) = b — f F(t)dt
a a

Theorem 5.2. Under the assumptions of Theorem 2.5, we have the inequality;

O

Pr(X <x) - ﬁ (b - E(x))

< _r - {(x —a)? (max{
4b-a)y(p+1)r

+(x—a)’ (2”+1 (max {

s

a+x)

f 1( o)’ })
i)
o))

+(-x)7 (2”+1 % (max {

(b + x)
q , b+x ‘

7 f ( 2 7
Proof. Likewise the proof of the previous theorem, by using the fact that;

b b
Hm:j}ﬁm=bifpmm

+(b - x)? (max{ !

where E(x) is the expectation of X.

the proof is completed. [
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Theorem 5.3. Under the assumptions of Theorem 2.7, we have inequality;

Pr(X <x) - ﬁ (b - E(x))

(x —a)® /
< m(max{f (

3(x —a)’
+ —8 o= (max{

+3(b—x)2( (b+x)
—8(b—a) max

+(b—x)2 b+x
80-0) max

Proof. The proof is similar to the proof of the previous result. [

}

q

v

a+x

~— N—— N——
m\»—v v

|‘7

o)

where E(x) is the expectation of X.
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Abstract. The main purpose of this study is to prove new integral inequalities for product of different
classes of convex functions via some classical inequalities such as general Cauchy inequality and reverse
Minkowski inequality.

1. INTRODUCTION

The function f : [a,b] = R, is said to be convex, if we have

fltx+(A-Dy)<tf(x)+1 -1 f(y)

for all x,y € [a,b] and t € [0, 1]. This definition is well-known in the literature and a huge amount of the
researchers interested in this definition. We can define starshaped functions on [0, b] which satisfy the
condition

f(tx) < tf(x)

forte€[0,1].

Because of the importance of convex functions in inequality theory, integral inequalities including
convex function classes have an important place in the literature of mathematical inequalities. Especially
in recent years, many researchers have done many studies in this field. Interested readers can find different
aspects of this subjects in references.

The concept of m—convexity has been introduced by Toader in [5], an intermediate between the ordinary
convexity and starshaped property, as following;:

Definition 1.1. The function f : [0,b] = R, b > 0, is said to be m—convex, where m € [0, 1], if we have

flx+mA-ty)<tfx)+m1—-1)f(y)

forallx,y € [0,b] and t € [0,1]. We say that f is m—concave if — f is m—convex.
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Several papers have been written on m—convex functions and we refer the papers [1], [2], [3], [7], [8]
and [9].
In [4], Mihesan gave definition of («, m)—convexity as following;

Definition 1.2. The function f : [0,b] > R, b > 0 is said to be (a, m)—convex, where (a, m) € [0,11?, if we have
fltx+m(1 = t)y) < t9f(x) + m(1 =) f(y)
forallx,y € [0,b] and t € [0, 1].
Denote by K%(b) the class of all (a, m)—convex functions on [0, ] for which f(0) < 0. If we choose
(a,m) = (1,m), it can be easily seen that (o, m)—convexity reduces to m—convexity and for (a, m) = (1,1), we
have ordinary convex functions on [0, b]. In [6], Set et al. proved some inequalities related to (a, m)—convex

functions.
The following inequality which well known in the literature as Minkowski inequality is given as;

b b
Letp>1,0< [ f(x)Pdx < o0, and 0 < [ g(x)’dx < co. Then

b . N
[ | (f(x)+g(x))”dx] s{ | f(x)”dx] +[ | g(x)ﬂdx] . 1)

The reverse of this inequality was given by Bougoffa in [16], as the following;

Theorem 1.3. Let f and g be positive functions satisfying

0<m< @ <M, Vx|a,b].
g(x)
Then
b boob ’ b ’
[ff(x)”dx] + [fg(x)”dx] < c{f(f(x) +g(x)y dx] . (2)
where ¢ = %

Definition 1.4. [See [10]] Let s € (0,1]. A function f : [0, 00) — [0, c0) is said to be an s—convex function in the
second sense if

flx+ =Dy <£fD)+A=0"f(y) 3)

forallx,y e Ry and t € [0,1].
In [11], s—convexity introduced by Breckner as a generalization of convex functions. Also, Breckner
proved the fact that the set valued map is s—convex only if the associated support function is s—convex

function in [12]. Several properties of s—convexity in the first sense are discussed in the paper [10].
Obviously, s—convexity means just convexity when s = 1.

Theorem 1.5. [See [14]] Suppose that f : [0,00) — [0, 00) is an s—convex function in the second sense, where
s€(0,1] andleta,b € [0,00),a < b.If f € L1[0,1], then the following inequalities hold:

b
25-1f(”+b)sﬁf Fax < L0 O @)

2 s+1

The constant k = Si—l is the best possible in the second inequality in (4). The above inequalities are sharp.
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Some new Hermite-Hadamard type inequalities based on concavity and s—convexity established by
Kirmaci et al. in [15]. For related results see the papers [13], [14] and [15].

This paper organized as follows.

In Section 2, we prove some inequalities for m—convex and s—convex functions and in Section 3, we
give some new inequalities for (a,m)—convex functions by using some classical inequalities and fairly
elementary analysis.

2. RESULTS FOR m—CONVEX AND s—CONVEX FUNCTIONS
We will start with the following Theorem which is involving m—convex functions.

Theorem 2.1. Suppose that f,g : [a,b] — [0,00),0 < a < b < oo, are my—convex and my—convex functions,
respectively, where my, my € (0,1]. If f, g € Ly [a, D], then the following inequality holds:

b
= f £5 @9 e < 216+ mag ()] + 5 o6+ mr ()] )

Proof. From mj—convexity and mj,—convexity of f and g, we can write

FLth+(1—-1ta) < [tf (b) +m1 (1~ t)f(mil)]t

and JR
JUD (b + (1— Da) < [tg(b) oy (1 — t)g(m—z)] .
Since f, g are non-negative, we have
fib+ 1 —1)a) gt (th + (1 -t)a) (6)
t (1-1)
< [tf(b) (1 —t)f(mil)] [tg(b)+m2 a —t)g(miz)] .

Recall the General Cauchy Inequality (see [17], Theorem 3.1), let @ and j8 be positive real numbers satisfying
a + f = 1. Then for every positive real numbers x and y, we always have

ax + By > x*yP.
By using the General Cauchy Inequality in (6), we get
frb+1-ta)g" b+ (1-t)a)
< i@+ m -0 ()[4 a-n|tg @ +ma-ng()]
< f m f o g my g R

By integrating with respect to t over [0,1], we have
1
f FLth+ (1 -t)a) gt (tb + (1 - t)a) dt
0

< Yposmal )]+ Hooreme(2)]

Hence, by taking into account the change of the variable tb + (1 —t)a = x, (b — a)dt = dx, we obtain the
required result. [J
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Corollary 2.2. If we choose my = my = 1 in Theorem 3, we have the inequality;

b
i [ @ i 0 0@+ Lo + @l

Another result for m—convex functions is emboided in the following Theorem.

Theorem 2.3. Suppose that f,g : [0,b] — R, b > 0, are m;—convex and my—convex functions, respectively, where
my,my € (0,1]. If f € L1 [a, b], then the following inequality holds:

b b
g0 [ 9(x) .
b—ay aj‘(x a)f(x)dx+mz(b_a)2 !(b x)f (x)dx (7)
b b
£ ) f(#)
+(b—a)2 !(x—a)g(x)dx+m1(b_ 7 af(b—x)g(x)dx

b
1 1
< o [r@eed 360+ B (L)se

UL R P G

mq my

Proof. Since f and g are m;—convex and m,—convex functions, respectively, we can write

F(tb+ (1= 1a) < tf(b) +mi (1 —t)f(mil)
and .
gtb+ (1 =) < tg(b) + my (1 —t)g(m—z).

By using the elementary inequality, e < f and p <, thener + fp < ep + frfore, f,p,r € R, then we get
£+ 1= [t ©)+ma =g ()|
+g b+ (1= D) |tf )+ mi (1= £ ()|
< fb+(A-ta)gtb+ (1 —-1t)a)
tlg @+ ma-ng(Z )|l @+ma-nr()|.

So, we obtain

EF(tb+ (1= Da)g (b) + ma(1— 1) f(th+ (1 —t)a)g(miz)
(D) g (th+ (1= Da) +m (1 —t)f( )g(tb+(1—t)a)

a
n

< f(tb+(1—t)a)g(tb+(1—t)a)+t2f(b)g(b)+m1t(1—t)f(mil)g(b)
ot (U= 1) £ 09 2 )+ o (1= 1 () g (L),

By integrating this inequality with respect to t over [0, 1] and by using the change of the variable th+(1 — t)a =
x, (b — a)dt = dx, the proof is completed. [
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Corollary 2.4. If we choose my = my = 1 in Theorem 4, we have the inequality;

g(b) 9()

fx a)f (x) dx+ f(b x)f (x)dx

f ) B f()
+(b_ f( )dx+ f(b x)g (x) dx

IA

1 1 1
b=z f f () g (x)dx+ =Mla,b) + =N(a, ).

Following inequality also holds for m—convex functions.

Theorem 2.5. Suppose that f,g : [a,b] — [0,00),0 < a < b < oo, are my—convex and my—convex functions,
respectively, where my, my € (0,1]. If f, g € L1 [a,b] and f, g satisfy following condition

i

O<m E; M, Vxé€]la,b]

then the following inequality holds:

b

N ;
% [ff(x)pdx] +[fg(x)7’dx]

a

e LR O e )

M(m+1)+(M+1)

where ¢ = W

and p > 1.

Proof. Since f and g are m;—convex and mp—convex functions, respectively, we can write

f(tb+(1—f)ﬂ)Stf(b)erl(l_t)f(mil) ®

and .
g(tb+(l—t)a)Stg(b)+m2(1—t)g(m—2). )

By adding (8) and (9), we get
fEb+A-Ha)+g(Eb+(1-ta) < tfB)+m(1 _t)f(mil)
g (B) + ma (1 — t)g(miz). (10)

For p > 1, taking p—th power of both sides of the inequality (10) and by using the elementary inequality,
(c+dy <2°°1(c? +dP), then we get

[fEb+ 1 -Ha)+gtb+(1-ta)]
< 2 (PO +gOF +0 -0 [mf () + ma(Z)]).
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Integrating with respect to f over [0,1] and by using the change of the variable tb + (1 —t)a = x and
(b — a)dt = dx, we obtain

or-1
p+1

b
blTa f(f(x) g dx < ([f O +g O] - [mlf(mil) ; ng(m%)r). (11)

By taking %—th power of both sides of the inequality (11) and by using the inequality (2), we get the desired
inequality. Which completes the proof. [J

We will give an inequality for s—convex functions in the following theorem. In the next theorem we will
also make use of the Beta function of Euler type, which is for x, y > 0 defined
as

1
s = [ ra-par
0

Theorem 2.6. Suppose that f,g : [0,00) — [0, 00) are s;—convex and sy—convex functions, respectively, where
51,82 € [0, 1]. Then the following inequality holds:

1
b-a

b
[fFodos < —Smpestie

+ gO)+p2,50+1)g(a).

Sy +2

Proof. Since f and g are s;—convex and s,—convex functions, respectively, we can write

fltb+A=-ta) <[Ef &)+ (1= f@]

and
g+ (1 -Ha) <[ + 1 -0 g @]

Since f, g are non-negative, we have
fiitb+ A -1)a)g" (th+ (1 -t)a) (12)
< [P0+ F@] g 0) + (1 =07 g @]
By using the General Cauchy Inequality in (12), we get
b+ 1 —-1)a)g" P (th+(1-1t)a)
< HEfO+A - f@]+A-H[Pg )+ Q-7 g@)].

By integrating with respect to t over [0,1], we have

1
f fLtb+ (1 —1)a) g™ (tb+ (1 - t)a) dt
0

1

< f [E41 ) + £1 =1 f @)+ 219 (b) + £ (1 = ™ g ()] .

0

Hence, by taking into account the change of the variable tb + (1 —t)a = x, (b — a)dt = dx, we obtain the
required result. [J
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Corollary 2.7. If we choose s1 = s, = 1 in Theorem 6, we have the inequality;
b
e [ 5 005 @< L0+ 001+ 1 @+ 9@,

3. RESULTS FOR (&, m)-~CONVEX FUNCTIONS
Similar results to Section 2 are given in this section, but now for («, m)—convex functions.

Theorem 3.1. Suppose that f,g : [a,b] — [0,00),0 < a < b < oo, are (a1, my)—convex and (ay, my)—convex
functions, respectively, where oy, my, an, my € (0,1]. If f, g € Ly [a,b], then the following inequality holds:

b
biaff“(x)g“(x)dx
1 m a
- aq +2f(b)+2(0(1 +2)f(m_1)
1 m2<a§+3a) a
+(az+1)(acz+2)g(b)+2((12+1)(az+2)g(m_2)'

Proof. Since f and g are (a1, m1)—convex and (ay, m,)—convex functions, respectively, we can write

fith+(-hHa) < [f‘“f(b) +m (1 - t“l)f(mil)]t

and -
G (b + (1 - fya) < [t"’zg (0) + ma (1 - 12) g (miz)] .
Since £, g are non-negative, we have
FLb+(1-Ha) g™ (b + (1 - f)a) (13)
< [t”‘lf(b) (1 - t“l)f(mil)]t [t“zg(b) Fma(1— t“z)g(miz)](l_t)
By using the General Cauchy Inequality in (13), we get
fLtb+ (1 -1ta)g= b+ (1 -t)a)
< t[t“lf(b) (1 - tal)f(mil)] (1-p [t“zg(b) (1 - t“Z)g(miz)] .

By integrating with respect to ¢ over [0, 1], we have

1
f fLtb+ (1 —1)a) g™ b+ (1 - t)a)dt
0

1 m a
< a1 +2f(b)+2(a1 +2)f(m_1)

1 m2<a§+3a) a
7Y G Ry sy +2)9( )

mz'

Hence, by taking into account the change of the variable tb + (1 —t)a = x, (b — a)dt = dx, we obtain the
required result. [J



A. Ekinci, A. O. Akdemir, M. E. Ozdemir /TJOS 5 (3), 305-313 312
Corollary 3.2. If we choose ay = ay = 1 in Theorem 7, we have the inequality (5).

Theorem 3.3. Suppose that f,g : [a,b] — [0,00),0 < a < b < oo, are (a1, my)—convex and (a, my)—convex
functions, respectively, where aq,my, an, my € (0,1]. If f, g € L1 [a,b], then the following inequality holds:

7(5%)

b
(b-a)™"! f[(b —a)® — (x —a)*] f (x)dx

a

az+1 f( a)® f (x)dx + my—————

b m
(“Lﬂjk wv@%+m((aﬂjﬁb>m<x g

modn
(1 +1)(y +a2+1)

mia )f( )g() mimyaiay (g + ap + 2) f( )(a)

(a1+1)(a1+0z2+1 (a1+1)(a2+1)(a1 +a2+1) my

IA

1 1
mff(x)g(x)dﬂmf(b)g(bn 7o) F o)

Proof. Since f and g are (a1, m1)—convex and (ay, mp)—convex functions, respectively, we can write

b =00 < 050+ 1) ()

and

gtb+ (1 —t)a) <t*g(b) +my (1 - t“z)g(miz)'

By using the elementary inequality, e < f and p <7, thener + fp <ep + frfore, f,p,r € R and by a similar
argument to the proof of Theorem 4, we get the required result. [

Corollary 3.4. If we choose ay = oy = 1 in Theorem 8, we have the inequality (7).
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