BALIKESIR UNIVERSITESI
FEN BILIMLERI ENSTITUSU DERGISI

Cilt 20 Sayi 3 Aralik 2018 ISSN 1301-7985
ICAME’18 Ozel Sayisi

I1SIOYIA NSNLILSNI T TWITIE N34 ISTLISYIAIND WISINITVE

Journal of Balikesir University
Institute of Science and Technology

Volume 20 Number 3 December 2018 ISSN 1301-7985
Special Issue of ICAME’18

BALIKESIR UNIVERSITESI FEN BiLIMLERI ENSTITUSU DERGISI

Yazisma Adresi:

BAUN FBE Dergisi, Balikesir Universitesi, Fen Bilimleri Enstitiisii, 10145 Cadis / Balikesir
Telefon: (266) 612 10 77

Elektronik Posta: fbedergi@balikesir.edu.tr

Internet Adresi : http://fbed.balikesir.edu.tr

810¢ MIlely (1Aes |9zQ) € 1AeS 0T AID



BALIKESIR UNIVERSITEST
FEN BILIMLERI ENSTITUSU DERGISI

Cilt 20 Say! 3 Aralik 2018
ICAME'18 Ozel Sayisi

ISSN 1301-7985
eISSN 2536-5142

Journal of Balikesir University
Institute of Science and Technology

Volume 20 Number 3 December 2018
Special Issue of ICAME'18

ISSN 1301-7985
eISSN 2536-5142






BALIKESIR UNIVERSITESI FEN BILIMLERI ENSTITUSU DERGISI

Aralik 2018 ISSN 1301-7985

CILT:205AYES  |CAME'18 Ozel Sayist  eISSN 2536-5142

Sahibi Bahikesir Universitesi Admna: Prof. Dr. Kerim OZDEMIR
Balikesir Universitesi Rektorii

Ozel Say1 Editorleri :

Prof. Dr. Necati OZDEMIR Balikesir Universitesi

Dog. Dr. Ali KONURALP Manisa Celal Bayar Universitesi
Dog. Dr. Firat EVIRGEN Balikesir Universitesi

Dr. Ogr. Uyesi Nuray GEDIK Balikesir Universitesi

Dr. Ogr. Uyesi Ibrahim KUCUKKOC  Balikesir Universitesi

Yayin Kurulu :

Prof. Dr. M. Sedat KABDASLI Istanbul Teknik Universitesi

Prof. Dr. Serdar KALE [zmir Yiiksek Teknoloji Enstitiisii
Prof. Dr. Ramazan KOSE Dumlupar Universitesi

Prof. Dr. Hiiseyin KUCUKOZER Balikesir Universitesi

Prof. Dr. Kemal LEBLEBICIOGLU Orta Dogu Teknik Universitesi
Prof. Dr. Osman SAGDIC Yildiz Teknik Universitesi

Prof. Dr. Mustafa TAVASLI Uludag Universitesi

Prof. Dr. Ilyas UYGUR Diizce Universitesi

Prof. Dr. Kemal YURUMEZOGLU Dokuz Eyliil Universitesi

Prof. Dr. Metin DEMIRTAS Balikesir Universitesi

Dogc. Dr. Aslan Deniz KARAOGLAN Balikesir Universitesi

Yazisma Adresi: Balikesir Universitesi Fen Bilimleri Enstitiisii, Cagis Yerleskesi
10145, Balikesir

Tel: (0266) 612 10 77 Faks: (0266) 612 10 78

Elektronik Posta: fbedergi @balikesir.edu.tr

Internet Adresi: http://fbed.balikesir.edu.tr


mailto:fbedergi@balikesir.edu.tr

BALIKESIR UNIVERSITESI FEN BILIMLERI ENSTITUSU DERGISI

Aralik 2018 ISSN 1301-7985

CILT:205AYES  |CAME'18 Ozel Sayist  eISSN 2536-5142

AMAC VE KAPSAM

Balikesir Universitesi Fen bilimleri Enstitiisii Dergisinin amaci; Fen bilimleri,
Miihendislik bilimleri ve Fen-Matematik Egitimi alanlarinda yapilan 06zgiin
arastirma makaleleri, kisa makaleleri, derlemeleri bu alanlarda saygin akademik bir
kaynak olusturmak amaciyla yayimlamaktir.

Balikesir Universitesi Fen Bilimleri Enstitiisii Dergisi, bilimsel ve hakemli bir dergi
olup 1999 yilindan bu yana yilda iki kez (haziran ve aralik aylarinda) diizenli olarak
yayimlanmaktadir. Derginin yazim dili Tiirkge ve Ingilizcedir.

YAYIM iZNi

Bireysel kullanim disinda, Balikesir Universitesi Fen Bilimleri Enstitiisii
Dergisi'nde yayimlanan makaleler ve bu makalelerde yer alan sekiller ve tablolar
yazil izin olmaksizin ¢ogaltilamaz. Bilimsel makalelerde akademik usullere uygun
atif yapilmak sureti ile alint1 yapilabilir.

YAZILARIN BiLIMSEL VE HUKUKi SORUMLULUGU

Yayimlanan yazilarin bilimsel ve hukuki sorumlulugu yazarlarina aittir. Editor,
Yardimer Editorler ve Yaym Kurulu iyeleri dergideki hatalardan veya
kullanimindan kaynaklanan sonuglardan dolay1 sorumluluk kabul etmez.

Yazisma Adresi: Balikesir Universitesi Fen Bilimleri Enstitiisii, Cagis 10145,
Balikesir

Tel: (0266) 612 10 77 Faks: (0266) 612 10 78

Elektronik Posta: fbedergi @balikesir.edu.tr

Internet Adresi: http://fbed.balikesir.edu.tr


mailto:fbedergi@balikesir.edu.tr

BALIKESIR UNIVERSITESI FEN BILIMLERI ENSTITUSU DERGISI

CiLT: 20 SAYI: 3

ICINDEKILER / CONTENTS

Aralik 2018 ISSN 1301-7985
ICAME'18 Ozel Sayisi elSSN 2536-5142

Arastirma Makalesi / Research Article

An effective numerical technique for the Rosenau-KdV-RLW
equation

Rosenau-KdV-RLW denklemi igin etkin bir sayisal teknik
Sibel OZER

1-14

Solving fractional difference equations by discrete Adomian
decomposition method

Ayrik Adomian ayrisim metodu ile kesirli mertebe fark denklemlerinin
¢Ozumu

Figen OZPINAR

15-22

Kaotik bir hareket videosunun yapay sinir aglari ile modellenmesi
Modelling of chaotic motion video with artificial neural networks

Murat Erhan CIMEN, Sezgin KACAR, Emre GULERYUZ,
Bilal GUREVIN, Akif AKGUL

23-35

A numerical solution for advection-diffusion equation based on a
semi-Lagrangian scheme

Yari-Lagrangian bir sema yaklasimina dayali adveksiyon-difiizyon
denkleminin bir sayisal ¢oziimii

Ersin BAHAR, Sila O. KORKUT, Yesim CICEK,
Gurhan GURARSLAN

36-52

Numerical solution and stability analysis of transient MHD duct flow

Zamana bagimlit MHD kanal akisinin niimerik ¢6ziimii ve kararlilik
analizi

Miinevver TEZER-SEZGIN, Merve GURBUZ

53-61

Marmara Bolgesi'ndeki bazi mermer orneklerinde radyolojik
tehlikelerin ve yasam boyu kanser riskinin degerlendirilmesi

Assessment of radiological hazards and lifetime cancer risk in some
marble samples from the Marmara Region

Kadir GUNOGLU

62-74




BALIKESIR UNIVERSITESI FEN BILIMLERI ENSTITUSU DERGISI

CiLT: 20 SAYI: 3

ICINDEKILER / CONTENTS

Aralik 2018 ISSN 1301-7985
ICAME'18 Ozel Sayisi elSSN 2536-5142

Arastirma Makalesi / Research Article

Homotopy methods for fractional linear/nonlinear differential
equations with a local derivative operator

Lokal tiirev operatorlii lineer/lineer olmayan diferansiyel denklemler
icin homotopi metotlar1

Mehmet YAVUZ, Burcu YASKIRAN

75-89

Eko-verimlilik kavrami, gelisimi ve uygulanma siireci

The concept, development and implementation process of eco-
efficiency

Bengii GUNGOR, Burcu FELEKOGLU

90-104

Adveksiyon difiizyon denklemi icin sektik B-spline Galerkin
metodu

Sextic B-spline Galerkin method for advection diffusion equation
Evren TOPCU, Dursun IRK

105-116

Mathematical behavior of the solutions of a class of hyperbolic-type
equation

Hiperbolik tipten bir denklemin ¢oziimlerinin matematiksel davranisi

Erhan PISKIN, Hazal YUKSEKKAYA

117-128

Various techniques to solve Blasius equation
Blasius denkleminin ¢oziimii i¢in gesitli teknikler
Utku Cem KARABULUT, Alper KILIC

129-142

Simple recurrent neural networks for the numerical solutions of
ODEs with Dirichlet boundary conditions

Dirichlet sinir deger kosullarina sahip adi diferansiyel denklemlerin
niimerik ¢oziimleri i¢in basit tekrarlayan sinir aglari

Korhan GUNEL, Giilsiim ISMAN, Merve KOCAKULA

143-153

On some new sequence spaces
Bazi yeni dizi uzaylar1 lizerine
Ekrem SAVAS

154-162




Arastirma Makalesi BAUN Fen Bil. Enst. Dergisi, 20(3)8l Sayi, 1-14, (2018)
DOI: 10.25092/baunfbed.475968 J. BAUN IrfSti. Technol., 20(3) Special Issue, 1-14, (2018)

An effective numerical technique for the Rosenau-
KdV-RLW equation

Sibel OZER’

Department of Mathematicgoni University, 44280 Malatya, Turkey,

Gelis Tarihi (Recived Date): 26.07.2018
Kabul Tarihi (Accepted Date): 18.10.2018

Abstract

In this study, the Rosenau-Korteweg-de Vries-Redudagwave (Rosenau-KdV-RLW)
equation has been converted into a partial difféisdrequation system consisting of two
equations using a splitting technique. Then, niraésolutions for the Rosenau-KdV-
RLW equation system have been obtained using depatsoth cubic and quintic B-
spline finite element collocation method. For tiknowns in those equations, B-spline
functions at x-position and Crank-Nicolson typeténdifference approaches at time
positions are used. A test problem has been chtsearheck the accuracy of the
proposed discretized scheme. The basic consenvptaperties of the Rosenau-KdV-
RLW equation have been shown to be protected byrttiosed numerical scheme.
The results are compared with the analytical solutof the problem and the results
given in the literature. For the reliability oféhmethod the error nornis, andL,, are
calculated. It is seen that the proposed methagggharmonious results with exact
solutions.

Keywords: Rosenau-KdV-RLW, B-spline functions, collocatioethmod, splitting
technique.

Rosenau-KdV-RLW denklemi igin etkin bir sayisalék

Ozet

Bu calsmada, Rosenau Korteweg-de Vries dizenli uzun d@Rgsenau-KdV-RLW)
denklemi bir parcalama tekgii kullanilarak iki denklemden aofan bir kismi
diferansiyel denklem sistemine détiiitimistir. Daha sonra, Rosenau-KdV-RLW
denklem sistemi icin kibik ve kuintik B-spline soeleman kollakasyon yontemi
kullanilarak sayisal ¢ozumler Onerilstir. Bu denklemlerdeki bilinmeyenler icin x-
konumunda B-spline fonksiyonlar ve zaman konum@rdak-Nicolson tipi sonlu fark
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yaklasimlari kullaniimstir. Onerilen sayisajemalarin dgrulugunu kontrol etmek igin
bir test problemi secilngiir.  Rosenau-KdV-RLW denkleminin temel korunum
Ozelliklerinin 6nerilen sayisaemalar ile korundgu gortulmigtir. Elde edilen sonuclar
problemin analitik ¢6zimi ve literatirde verilen naglarla kagilagtiriimigtir.
Yontemin giivenilirfii icin L, ve Lo, hata normlari hesaplangtir. Onerilen yéntemin
tam ¢ozimlerle uyumlu sonuclar vefidgorulmdstar.

Anahtar kelimeler: Rosenau-KdV-RLW, B-spline fonksiyonlar, kollakasyaetodu,
parcalama tekri.

1. Introduction

In this paper, we will deal with the numerical d4@ua of the Rosenau-KdV-RLW
equation given by

Ur + auy + b(UP)yx — Cllyxr + dUyyy + €Usyrxr = 0 (1)
subject to the initial condition
u(x, 0) = up(x), x € [x, xg] (2)
and the boundary conditions

ulx,,t) =ulxg,t) =0
U, (x,t) = u,(xg,t) =0, t€(0,T], 3)
uxx(xL: t) = uxx(er t)=0

wherex andt denote the spatial and time variables, respegtiVeis final time,u(x, t)

Is the nonlinear wave profil@, b, ¢, d ande are non-negative real numbeng(x) is a
given smooth function ang, < 0 andxg = 0 which are both large [1]. tf,(x) tends

to zero whenx; < 0 and xz = 0, then the above initial-boundary value problem is
consistent, so the given boundary conditions aranmgful for the solitary solution of
the Rosenau-KdV-RLW Eg. (1) is obtained by comhgnthe Rosenau-KdV equation
and Rosenau-RLW equation. ko0, EQ. (1) becomes

U + auy, + b(UP), + diyyy + €Ussrnt = 0 (4)

which is the well known Rosenau-KdV equation. Egt{ds been solved numerically by
some methods [2-4]. Fo=0, Eg. (1) takes the form

U + Aty + b(UP )y — Clyxr + EUgyxxe = 0 (5)

which is the well known Rosenau-RLW equation. Thenarical solution of this
equation has been studied in the past years [, 5-7

The Rosenau-KdV-RLW equation (1) with the initid) @nd boundary conditions given
by (3) has been solved by several authors. Paretald [8] presented a new Crank-
Nicolson pseudo-compact conservative numericalraehr the Rosenau-KdV-RLW
equation. Korkmaz and Dereli [9] proposed a meshfmethod based on the
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collocation with radial basis functions to solve tRosenau-KdV-RLW equation. Wang
and Dai [4] proposed a three-level linear cons@rgamplicit finite difference scheme.
Ghilongi and Omrani [10] introduced some high-ordeacurate finite difference
schemes for the Rosenau-KdV-RLW equation. ForoatahEbadian [11] proposed the
modified Chebyshev rational approximations for Besenau-KdV-RLW equation on
the infinite intervals. Fernandez and Ramos [Ilywed numerically Rosenau-KdV-
RLW equation with second and fourth-order dissiaterms subject to homogeneous
boundary conditions and initial Gaussian conditidns means of a second-order
accurate trapezoidal procedure in time where trst, fsecond, third and fourth order
spatial derivatives are considered as unknownshand been discretized by means of
three-point, fourth-order accurate, compact fidiféerence formulae.

2. Mathematical model

In the present study, the numerical solutions efRlmsenau-KdV-RLW equation (1) are
going to be sought using separately both cubic @udtic B-spline finite element
collocation method together with the initial (2)daihe boundary conditions (3). First of
all, the Rosenau-KdV-RLW equation (1) is converiefth a system consisting of two
partial differential equations as follows

U + au, + pbuPu, — cvp + dvy + evyy = 0 (6)
Uy —V =0 (7)

The resulting equations (6)-(7) are going to béedathe Rosenau-KdV-RLW equation
system. Under these conditions, the Rosenau-KdWRiguation system is converted
into a new system of equation given by the follayunitial and boundary conditions.

u(x,0) =uo(x), v(x0)=uy(x),  x € [x;,xz] (8)
u(x,,t) =ulxg, t) =0, v(x,t) =v(xgt)=0,t€ (0,T] 9

In the Rosenau-KdV-RLW equations system (6)-(7),timg forward difference
equations in place of derivatives with respectiteetvariablet, and Crank-Nicolson
type finite difference approximations with respéetspace variablg, and assuming
Z = a + pbuP~1, we obtain the following system of equations

un+1 _ un un+1 + un vn+1 _ vn vn+1 + vn vn+1 _ vn
I —c————Fd———+e———— =0 (10)
un+1 +un vn+1 + UTL
XX xx —0. (11)

2 2

If we reorganize the above system of equations,olain the following relations
between th@ andn+1 time levels

kZ kd
u™tl 4 - ultlt — cp™tl 4 - v+l 4 eplitl
kZ

=u" ——uy —cv" —ﬁv" +ev} (12)
X X XX

2 2
ultl —pntl = 4 ™, (13)
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The approximate solutions corresponding to the tegalutionsu(x,t) andv(x,t) of
the Rosenau-KdV-RLW equation system (6)-(7) arengdb be denoted by (x, t)
and vy(x,t), respectively. The solution domain of the problasn taken as
[x;, xg]x[0,T]. An uniform grid structure is constructed on fwdution domain of the
problem by takingh = x,,,1 — x,,, form = 0(1)N — 1 on the space domajw;, xz] as
X=X <X <Xp < <xy_q<xy=xgandk =t,,;—t, forn=0(1)M -1 on
the time domain[0,T] as 0 =t, <t; <t, < <ty_1 <ty =T. Under these
conditions, the values afy (x,,, t,) andvy(x,,, t,) at the nodal point$x,,,t,) are
going to be denoted hy}, andv,}, respectively.

2.1. Scheme-I: Cubic B-spline collocation method

The first numerical scheme is going to be obtaibgdcubic B-spline finite element
collocation method. Cubic B-spline basis functighs(x) for m = —1(1)N + 1 are
defined as follows

(x — xm—z)g [Xm—2s X 1]
1 h® + 3h2(x — Xm-1) + 3h(x — xm—l)z —3(x— xm—1)3 Xm—1,xm]
Qm(x) = F h + 3hz(xm+1 - x) + 3h(xm+1 - x)z - 3(xm+1 - x)g ’ [xm: xm+1] (14)

I (xm+2 - x)3 , [xm+1'xm+2]
k 0 ,otherwise

[13]. Since the set of cubic B-spline basis fumtsi{@_,(x), @,(x),..., Oy ()}
constitutes a base for the smooth functions defioeer the domainx;,xz], the
approximate solutionsy (x, t,,) andvy(x, t,,) can be written as follows in terms of the
cubic B-spline basis functions

N+1 N+1
(0= ) B8O, v = ) 6. (15)
i=—1 i=—1

Heres;(t) anda;(t) are time dependent parameters to be determingdte $e cubic
B-spline basis functions and their derivatives zzm outside the domalw,,,_,, X, 421,
the approximations over the typical elemgny, x,,,.,] can be written in the following
form

m+2 m+2
W= ) 6O,  wEH= ) 6@a®. (16)
i=m-1 i=m-1

If we apply the local coordinate transformatibh= x — x,,,, 0 < & < 1 on the typical
element[x,,, x,,+1], the B-spline basis functions on the new intef@al]| in terms of
local variableé can be written as follows

Om-1 = (1 - 5)3;

On,=1+31-8)+3(1-8&2?-301-¢)3, (17)
Bmsr =1+ 38 + 382 — 383,
Dtz = 53-

The nodal values of the approximate functiengx,,,t) = u,,, vy (X, t) = v, and
their derivatives up to second order with respecpgace variablg for m = 0(1)N in
terms of parameteis,, anda,,, are obtained as follows
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Un = fgm—l + 40m + S Um = g—m—l + 40 + Oms1s

Un = n (_5m—1 + 5m+1)’ vr’n = E(_O_m—l + Um+1): (18)

rn 6 n 6
Um = ﬁ(é‘m—l - 2(Sm + 6m+1), Um = E(Gm—l - 2O-m + Jm+1)-

Here the superscript denotes the derivative wispeet to variable. If we write these
pointwise values in Eqgs. (12)-(13) and rearrangamttiorm = 0(1)N, we obtain the
following set of algebraic equations

A SRS + A8 + A3 + Biogtl + Byogtt + Baogitl =
C16m—1 + Co05 + C30 1+ D101 + Dyof + D3oy g (19)

Ei6hEy + E 60 + E36th + Fiohtl + Folitt + Foptt =
G101 + G0 + G365 .1 + Hio)y_ + Hyopr + Hyo0 1. (20)

The values of coefficients;, B;, C;, D;, E;, F;, G; andH; for i = 1(1)3 are given in the
the Table 1. This system of equations consist¢2bf+ 6) unknowns and (2+2)
equations. If the unknowrds ;, 6541, 0-1, dy4+1 €ncountered for values oEQON

Tablo 1. The values of the coefficients of the emmasystems given by EQs.
(19)-(20)

| Al Bi Ci Di Ei Fl Gi Hl
3kZ 3kd 6e 6 6

1 g 2Kem KA 0€ B > a1 -2 1
== TR TR et Pel h?
12e 12 12
3kZ 3kd 6e 6 6

3 q_2m o4 0 B, 2 a1 % 1
T 2n Rz YA 2 h?

are eliminated using the boundary conditions gignEq.(9), a system of k+-2)
equations in (R+2) unknowns are obtained. First of all, we wtite unknowns of this
system of equations in the form df = [§, 6,8, 0, ...0y oy |7 and arrange the both
sides of the equation in such a way that the adeffts matrices are in agreement with
d”. The newly obtained [{+2) dimensional square matricAsandB are used in the
system of equationdd™"! = Bd™ and finally they are solved using an appropriate
algorithm. The matricesA and B can be easily handled since they are six-band
matrices. In order to be able to calculate theupatersd™*?! | first of all, the initial
parameted® should be known. Using the initial conditionsegivtogether with Eq.(8)

3
(un)x(x,,0) = 7 (=62, +687) = ugp(xy)
uy (X, 0) = 801 + 4685 + 82,1 =up(x,), m=0(1)N 21

3
(un)x(xg,0) = E(_51(\J/—1 + 51(\)/+1) = ug(xg)

and
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3
(Wn)x(x,0) = E(_091 + 010) =ugy (x1)

Un(Xm, 0) = Oy + 40 + Omyg = U (), m=0(DN (22)

3
(vn)x(xg,0) = E(—Uz(\)/q + 01(\)1+1) =uqy (xg)

the above system of equations is obtained. Theisolof these systems of equations is
found by the initial parametel®. The following inner iteration has been appliedrte
nonlinear terms of the equation 3 or 5 times torowp the approximations

* n 1 n+1 n * n 1 n+1 n
O = O + > (G —=61) and oy, =on + E(Um — ap}). (23)

2.2. Stability analysis

The stability analysis of the numerical scheme Itegufrom the application of the
cubic B-spline finite element collocation methodth@ Rosenau-KdV-RLW equation
system is going to be implemented by the von Neumaethod. Because of this
reason, in place af in the nonlinear term?~'u, in Eq. (6) a local constadtis taken.
Under this condition, the ter#,, found in the coefficientd;, C; in Eq. (19) is going to
be a constant in the form of + phZP~1. Wherei is the imaginary unitgp is an
arbitrary real number, the amplification facipr= q(¢) is a complex numbeb;}, =
Pq™e'™® g = Wqme'™® special solutions are written in Egs. (19)-(20) #me Euler
formulae’ = cosg + ising is used and the following homogenous equationesys
IS obtained

[(A+iZB)q — (A—iZB)]P + [(D + iBd)q — (D — iBd)]W =0 (24)
(g +1)(CP— AW) =0 (25)

where A = 2(cosp +2), B= %Singo, C = :l—i(cosgo —1), D=—-Ac+Ce, Z=
maxZ,,. Itis known that this homogeneous equation sydtas at least one nonzero

solution when the determinant of the coefficienttnaof the system is zero. Under
this condition, from equations (24) and (25) we weaite
[-A% — CD —iB(AZ + Cd)]q + A*> + CD —iB(AZ+Cd) =0 or q+1=0. (26)

Then, the the amplification factor is found asdols

—A2 — CD + iB(AZ + Cd)
—A2 — CD — iB(AZ + Cd)

q= or q=-—1. (27)

As a conclusion, sincg| = 1, the method is unconditionally stable.

2.3. Scheme-II: Quintic B-spline collocation method

The second numerical scheme of the problem to hsidered in Section 2 is going to
be obtained by the quintic B-spline finite elemealiocation method. The quintic B-
spline basis functiond,,,(x) form = —2(1)N + 2 are defined as follows
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(qo = (X — Xpm_3)° s [Xmo3, Xm—2]
41 = qo — 6(x — Xpp_5)° s [Xm—2, Xm1]
1 q2 = q1 — 6(x — xm—z)5 + 15(x — xm—l)5 [ Xm—1,Xm]
Q)m(x) = F< 43 =42 — 6(x - xm—z)s_zo(x - xm)s ’ [xm; xm+1] (28)
qs = q3 — 6(x — Xp—3)° + 15(x — Xppp41)° s ema1, Xma2]
qs = g4 — 6(X — Xp—3)>—6(x — Xpm42)° s ema2) Xmas]
\ 0 ,otherwise

[13]. Since the set of quintic B-spline basis fims {@_,(x), @_,(x), ..., Oy42(x)}
constitutes a base for the smooth functions defioadthe domain[x;, xz], the
approximate solutionsy (x, t) andvy (x, t) are given as follows

N+2 N+2
w60 = ) 0060, D= ) 6:Da(®), 29)

Here §;(t) ando;(t) are time dependent parameters which are going timind out.
Since the quintic B-spline basis functions and rtlusrivatives are zero outside the
region [x,,—s3, xm+3], @ typical approximate solution can be writterf@®ws over the
region[x,,, x,+1] as follows

m+2 m+2
W= Y BHO,  wmEH= Y 8HO. (30)
i=m-2 i=m-2

If we apply the local transformatiohé = x — x,,, 0 <& <1, on a typical region
[xm Xm+1] @nd convert it into the regid®,1], the quintic B-spline basis functions over
the region0,1] are defined as follows in terms of the local Vialeaé

Omp =1 — 58 + 1082 — 1083 4+ 5&* — &5,
Bm1 = 26 — 50& + 2082 + 2083 — 20&* + 5&°,
@, = 66 — 60&2 + 308* — 105, (31
Oime1 = 26 + 508 + 2082 — 2083 — 20&* + 105,
Bz = 1+ 58 + 1082 + 1083 + 5&* — 585,
Dmsz = 55-

The pointwise values afy (x,,, t) = Uy, vy (X, t) = v, and their derivatives up to
second order fom = 0(1)N at the poini{(x,,, t) in terms of parametets,, andg,, are
given as follows

Uy = Sm_z + 265‘”7.—1 + 665m + 266m+1 + 6m+2, Um = Opm—2 + 26Um_1 + 660-m + 26Um+1 + Om+2,
5 5

u;n = E (_5m—2 - 106m—1 + 106m+1 + 5m+2)r 1JTIn = E (_Um—z — 1001 + 100,41 + O-m+2): (32)
20 20

u;yll = ﬁ((sm—z + 26m—1 - 65m + 26m+1 + 5m+2)r Urlrll = ﬁ(am—z + 2053,4 — 60, + 2O-m+1 + 0m+2)'

The upper indices in these formulae denote theval@re with respect tx. If these

nodal values are written in their places in EqR){13) and they are arranged
accordingly, the following systems of algebraic &ipns are obtained fen = 0(1)N
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ASIYL + A 6L + A6 + A0t + AgomtY
+B,0*tY + Byotl + Byott + Byottl + Bootl =
C10m—p + Ca0p 1 + C307, + Cobp 41 + Cs6p iz
+Dy0m—» + Dyoy_1 + D30y + Dyopiq + Dsoynyn,  (33)

E 6DYL + B804, + B0t + B 60L + EsSItY
+F ot + Foolttl + Fyott + Fyoltl + Foolttl =
G10m—2 + G001 + G365, + G401 + G567 47
+H,0}}_, + Hyo,}_1 + Hyop + Hyolh o1 + Hsoph oo (34)

The coefficients4;, B;, C;, D;, E;, F;, G; andH; for i = 1(1)5 are given in Table 2.
This system of equations consists dN¢210) unknowns and [+2) equations. If the
unknownsé_,, 6_1, 8y +1,0n+2 corresponding ton=0,1N-1,N are eliminated using the
boundary conditionsi, (x;,t) = 0, Uy, (x;,t) = ug (xy), ux(xg, t) =0, Upe(xg, t) =

ugy (xg) and the unknownsr_,,o_;,0yn41,0n4+2 are eliminated using the boundary

conditions v, (x;,t) = uy (x1), Uy (X, 1) = ug4) (x1), ve(xg, t) = uy' (xg),

Vyr(Xg, t) = u((f) (xg), then a system of [2) unknowns (R+2) equations is
obtained. First of all, we write the unknowns loistsystem of equations in the form of
d” =[6, 0,6, 0, ... 6y oy ]T and arrange the both sides of the equation in ausiay
that the coefficients matrices are in agreemenh dit. The newly obtained [&+2)
dimensional square matricAsandB are used in the system of equatida*! = Bd"
and finally they are solved using an appropriag@@ihm. SinceA andB matrices are
ten-diagonal matrices, they can be handled easilyrder to compute paramewdt+!

it is necessary to know the initial paramed® Using the initial conditions given in
Eq. (8), the following equations

20 0 0 0 0 0 "
(Upn) xx (x1,0) = ﬁ (62, + 282, — 685 + 267 + 63) = ug (x1),

5 0 0 0 0 '
(un)x(x,,0) = E(_S—z — 1062, + 1067 + 63) = ug(xy),
uy (X, 0) = 6,915_2 + 2662 _1 +668% + 26821 + 65,2 =us(xy), m=0(1)N (35)
(un)x(xg,0) = E (_51(\)1—2 - 1051(\)1—1 + 1051(\)1+1 + 51(\)1+2) = ugy(xg),

20 0 0 0 0 0 17
(Un) xx (X5, 0) = ﬁ(&v—z + 28y-1 — 66y + 26§11 + On+2) = ug (xg)
and

(W) xx (x1,0) = 2—2 (6%, +20% — 600 + 200 + 6d) = u(()4) (x),
5 "
(wpn)(x,0) = = (—02% — 1002, + 100 + o) = uy’' (x.),

vy (X, 0) = 00—, + 260701 + 660, + 26001 + 0z = uf (), m = 0(1)N (36)
(vn)x(xg, 0) = ﬁ(_az?/—z —100§_1 + 100341 + o542) = uy’ (%),

4
(UN)xx (xR, 0) = w2 (013—2 + 2<713—1 - 6013 + 2<71\9+1 + 0'13+2) = u(() )(XR)
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Tablo 2. The values of the coefficients of the e¢igumasystems given by Egs.(33)-
(34).

i A; B; ¢ D, E F G H
2 26—502kth —26c—5(2)%+% Ag_; By ;t_g —26 %‘;0 26
3 66 _66c_1ige Ae_; Beoi _1}12_20 —66 1}12_20 66
4 26+5021‘;IZ"1 —26c+5(2)%+% As—i Be_; ;t—g —26 _hto 26
5 1+5§# —c+¥+% As—i Be_; z—g -1 —h220 1

are obtained. The initial parametdf is found by the solution of these systems of
equations. The internal iteration given by equati®3) is applied 3 or 5 times at each
time step to the nonlinear terms of the equatiatesy, thus the approximate solution is
improved.

2.4. Stability analysis

The stability analysis of the difference equati¢d3) - (34) obtained by applying the
quintic B-spline finite element collocation methizdgoing be done by von Neumann
method. In place ofi in the nonlinear termx?~'u, in Eq. (6), a local constaidt is
going to be taken. In that condition, the tefip in the difference equation given by
Eq. (33) is going to be constant in the formucf pbZP~1, i is the imaginary unitp is

an arbitrary real number, the amplification factpe q(¢) is a complex number,
special solution$ = Pq"e'™®, g = Wq™e'™® are written in Egs. (33) - (34) and
the Euler formulae’” = cosg + ising is used and after some arrangements the
following homogenous equations system is obtained

[(A+iZB)q — (A—iZB)]P + [(D + iBd)q — (D — iBd)]W =0 (37)
(g+1)(CP — AW) =0 (38)

where A = 2(26cos@ + cos2¢ + 33), B = %i(lOsinq) + sin2¢), C = % (2cosp +
cos2¢ —3), D = —Ac + Ce, Z = maxZ,,. It is well known that this homogenous

equation system has at least one nonzero solutibenwhe determinant of the
coefficient matrix of the system is zero. Therefrom Eqs. (37)-(38) we can write
[-A%? — CD — iB(AZ + Cd)]q + A+ CD —iB(AZ+ Cd)=0o0rq+1=0. (39)

Then, the amplification factor is found as follows

—A? — CD +iB(AZ + Cd)
—A2 —-CD —iB(AZ + Cd)

q= or g =-1 (40)

As a conclusion, sincg| = 1, the method is unconditionally stable.
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3. Application of the methods and comparisons

In this section, the methods proposed in Sectifor fhe Rosenau-KdV-RLW equation
system have been applied to one example and nwuahedsults were obtained. To
demonstrate the efficiency and effectiveness optioposed methods, we have used the
fundamental conservation characteristics of theeRas-KdV-RLW equation defined as
follows

Q(t) = j u(x, t)dx = j u(x,0)dx =Q(0) (41)
E(t) = f (u?(x, t) + cuZ(x, t) + uZ(x,t))dx = E(0) (42)

XL

and known as mass and energy invariants, besideshave used the error norms
defined as follows

L, = max |u;1nalitik _ um’imerikl (43)

2
" ; i
1<isN

— N analitik __ , nimerik
L, = \/hzi=1|ui u;

If L represents one of these error norms, then thenoly formula

Rate
_ In(L(t, hy)/L(t, h3))
B In(hy/hy)

IS going to be used as a convergence rate.

(44)

Example: The exact solution of the Rosenau-KdV-RLW equatgomen by Eq. (1) for
parametric values @f=1,b=0.5,c=1,d=1,e=1,p=2is

u(x, t) = kysech*[k,(x — kst)] (45)

where  k; = —5(25 — 131/457) /456, k, =\ —13 +V457/V288, ks =
(241 + 13V457)/266 [1, 4, 14]. By takingt=0 in the exact solution, the initial
condition of the problem can be obtained. In Taldel4, the error norms, andL,, of

the numerical solutions obtained by cubic B-spliodocation methods and quintic B-
spline collocation methods at tinfe= 30 forx;, = —40, xzy = 100 and are compared
with those of some published ones in the literatus it is seen from Tables 3-4, the
errors of the numerical solutions obtained by thespnt methods are smaller than the
errors of the compared ones.

10
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Tablo 3. A comparison of numerical results errsing L, for
varioush=k andx € [—40,100] at timeT=30.

h=k Scheme-| Scheme-l| [1] [4]
0.25 2.55603E-1 2.37668E-1 2.94337E-0 1.86617E-0
0.125 6.46775E-2 6.00345E-2 8.05629E-1 5.18662E-1
0.0625 1.62185E-2 1.50476E-2 2.05276E-1 1.33174E-1

0.03125 4.05772E-3 3.76437E-3 5.15696E-2 3.35296E-2

Tablo 4. A comparison of numerical results errsing L., for
varioush=k andx € [—40,100]at timeT=0.

h=k Scheme-| Scheme-l| [1] [4]
0.25 9.85936E-2 9.10323E-2 9.86753E-1 6.99597E-1
0.125 2.49932E-2 2.30177E-2 2.14488E-1 1.97127E-1
0.0625 6.26876E-3 5.76980E-3 5.19201E-2 5.06954E-2

0.03125 1.56845E-3 1.44360E-3 1.28858E-2 1.27669E-2

In Table 5, the convergence rates for the erromsat, and L, of the numerical
solutions obtained by cubic B-spline collocation theel and quintic B-spline
collocation method at tim&=30 forx;, = —40, xz = 100 are calculated and displayed.
The convergence rates obtained by the present ohétdne been compared with those
obtained by Wang and Dai [4]. It is seen that ¢cbavergence rates of the proposed
methods are larger. It is also clearly seen thatgreatest convergence rate has been
obtained by the quintic B-spline collocation method

In Table 6, for values af, = —40, xz = 160, k=h=0.25 at timesI=0, 15, 30, 45, 60

mass and energy invariants have been calculated@ngared with those given in [1].
According to the results obtained, the fundamewrtabservation properties of the
Rosenau-KdV-RLW equation are preserved with thob&ined by the proposed
numerical schemes in the range [0,60].

Tablo 5. A comparison of convergence rated.foandL,, atT=30

h=k Scheme-| Scheme-II [4]
RateL, RateL, RateL, RateL, RateL, Ratel,,
0.5 s e e e e s
0.25 1.93025 1.92143 1.93992 1.92951 1.84721274@3
0.125 1.98257 1.97996 1.98508 1.98363 1.961495920
0.0625 1.99562 1.99528 1.99625 1.99838 1.989808915

Tablo 6. Acomparison of mass and energy invaritonte=k=0.25, x € [-40,100]
at timeT=30

T Scheme-I| Scheme-l| [1]16 = -1
E Q E E
0 21.67925844 43.70855146  21.67925844 43.7085514@1.67925844 43.70855146

15
30
45
60

21.67922349
21.67919030
21.67879169
21.68231910

43.70931861
43.70919982
43.70910121
43.70900042

21.67922326
21.67919310
21.67891685
21.68069226

43.714122321.68257703
43.7140166@1.68264127
43.7139100@1.68342617
43.7138034P1.67462536

43.72652015
43.72664228
43.72664409
43.72664408

11
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In Figs. 1-2, the graphics of the exact and numaésolutions obtained using cubic and
quintic B-spline collocation method on the regieAd,100] for values oh=k=0.25 at
times T=10, T=20, T=30 are illustrated. In those graphics, numersmltions and
exact ones overlap in such a way that they aratinduishable.

3

T=10 T=20 T=30

25 -

2k -

5 151 -

1 -

0.5 -

0 1 L L L S~
-40 -20 0 20 40 60 80 100

Figure 1. The graphics of exact and numerical gmstobtained using Scheme-I on the
region [-40,100] for values ¢=k=0.25 at time§=10,T=20 andT=30.

L L L L
-40 -20 0 20 40 60 80 100

Figure 2. The graphics of exact and numerical swmistobtained using Scheme-Il on
the region [-40,100] for values bfk=0.25 at time§=10,T=20 andT=30.

4. Conclusion

In this study, the Rosenau-KdV-RLW equation istlrsconverted into the partial
differential equation system given by Egs.(6)-(Mhen, the resulting system has been
solved separately by both the cubic and quinticpi3e finite element collocation
methods. The methods have been examined on anpexafsimulation of solitary
waves. The error norms and invariants have beempuated to determine the accuracy
of the proposed methods. The error norms have beempared by Refs.[1-4]. It is
seen that the error norms are smaller than ther aihes. The mass and energy
invariants for solved example are sufficiently dan$ during the simulation time for
given both methods. The stability analysis of thethods has been made by the von

12
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Neumann method. It is found that they are uncamually stable. The convergence
rates of the methods are found as nearly about tWtois obviously seen that the
obtained results are in very good agreement with ékact ones. Although both
methods produce close results, the quintic B-spiimié element collocation method
gives better results than the other one. Conselguéme presented methods can also be
applied to many partial differential equations udihg higher-order derivatives widely
encountered in engineering and science.
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Abstract

In this paper, we propose the discrete Adomian ohposition method(DADM) to solve
linear as well as nonlinear fractional partial déifence equations and provide few
examples to illustrate the applicability of propdsmethod. The results show that
DADM is efficient, accurate and can be applied tioen fractional difference equations.

Keywords:Discrete Adomian decomposition method, fractiarder, partial
difference equations.

Ayrik Adomian ayrsim metodu ile kesirli mertebe fark
denklemlerinin ¢6zimu

Ozet

Bu makalede, hem lineer hem de lineer olmayan lkesiertebe kismi fark
denklemlerini ¢ozmek icin ayrik Adomian ayn metodunu(DADM) oOnerdik ve
Onerilen metodun uygulanabiligini gostermek icin birka¢c 6rnek verdik. Sonugclar,
DADM'nin etkili, dasru ve dger kesirli mertebe fark denklemlerine uygulanal®feci
gosterdi.

Anahtar kelimeler: Ayrik Adomian aystm metodu, kesirli mertebe, kismi fark
denklemleri.
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1. Introduction and preliminaries

Fractional calculus has received increasing atieanis one of the most important
interdisciplinary subjects in mathematical physmsemistry, mechanical and electrical
properties of real phenomena [24, 27]. On therotlaed recently, discrete fractional
calculus gain much attention [1, 8-11].

Most fractional differential equation do not havegse analytic solution. Therefore
various technigues have been developed to solse thguations [4, 18-20]. There are
many studies with these techniques [5, 6, 21, Z&, 2Adomian decomposition
method(ADM) is widely used to provide on analytiepproximation to linear/nonlinear
problems. ADM was first introduced by Adomian[4, SWazwaz has applied ADM to
solve various differential equations [26-20]. Llab& the discrete ADM(DADM) was
used to obtain numerical solution of partial diffietial equations [12, 15].

In this paper, we propose the discrete Adomian mgosition method to solve
fractional partial difference equations. To thestbef our knowledge, this is the first
time the DADM have been used to solve linear orlinear fractional order difference
equations. This method can be efficiently usel@&ol to accurate solutions for standard
fractional partial difference equations.

Definition 2.1:[9, 10]Let f:N, - R anda > 0, theath —order fractional sum off is
defined by

t—a
1 a—
ATU(E) = @Z(t — o) “ V£ (s), tEN,,

whereN, = {a,a+ 1,a+2,--}, o(s) =s+1.

The trivial sum is

S IGESIO) t €N,
and the falling function is

@ re+1) .
rt+1-oa)

This definition is analogous to Riemann-Liouvilladtional integral.
Throughout, we assume thattf+ 1 — a € {0,—1,--,—k,-}, thent(® =0 .

ry+1

AN = ¥ 7
INa+y+1)

t(@+y), y € R*

is known power rule.
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Definition 2.2:[1, 3] Letf:N, > R and a > 0. Let m € Ny, such thain — 1 < a < m.
The ath —order Caputo-like delta difference is given by

CAYF(E) = ZA{ SRINGI0)

1 t—(m-a)
_ . (m-a-1) ,
T T(m-a) Z (t=a(s) ATf(s), t € Ngym—a-
s=a
gA% maps functions defined aw, to functions defined oN, ,,—, -

For special cas® < a <1,

t—-(1—a)
o 1 (—a)
DO =gy ), (=) ars)
where Af(s) = f(s+1) — f(s) .
For the initial pointz € R, the discrete Leibnitz sum law holds
w1 AL () = (B — f (@), teN,

whered < a < 1.

2. Discrete Adomian decomposition method in fractioal difference equations

To illustrate the methodology to this method, wensider the nonlinear fractional
difference equation in the following general form

C

AUkt + LU + NUg e = gip, t € Ngiq-g, k €Ny €Y)
with initial condition

Uka = fk (2)

where0 < a <1, Uy, is the unknown function, g, . is the source terml, linear
difference and is the nonlinear difference operator.

Applying the fractional sum,,;_,A¢* to both sides of Eq(1l) and using the initial
conditions, we get

Ut = Gt = ar(1-aydt LUk + NUp:}, 3)

whereG, . represents the term arising from the source tarchfeom using the given
initial conditions.

The DADM decomposes the solution into a series

17
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Uge = ) Upye @)
n=0

and decomposes the nonlinear tevn, . into a series

NUee =) An, 5)
n=0

where 4,, depending oy ., Uy, .-+, Uk, are called the Adomian polynomials. For
the nonlinearityNU, , = M(Uy,), we determine the Adomian polynomials by using
definitional formula

_19m

n= EW M z Uk].‘tﬂ.j ) n=20,12,-- (6)
Jj=0

A=0

whereA is s grouping parameter of convenience.

If the zeros componerit, , is given then the remaining components wherel can
be determined by using recurrence relations agvisli

Uko,t = Gk,tl
Ukn+1,t = _a+(1—a)At_a{LUkn,t + An} ) n=>0. (7)

Therefore we obtain the solution from (4).

3. Applications to fractional difference equations

Example 4.1: Consider the fractional order discrete diffusamuation

SAR Uy = DiUy ¢ + kA Uy e + Up e, k€Ny tEN;_, 0<a<1 (8)
with initial condition

Uko =k, 9

where A, is the forward partial difference which is definad usual, i.e.A, Uy, =

Uk+1,t - Uk,t'
Applying ;_,A7* on both sides of Eq(8) and using the initial caoditwe get
Uee =k + l—aAt_a(Uk+2,t + (k= 2)Upy1e + (2 — k)Uk,t)- (10)

Substituting Eq(4) into Eq(10) we have
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D Ve =k + 10 (Z Ugrae + ) (= DUypne + ) (2 k)Ukn,t)
n=0 n=0 n=0 n=0

Thus we have following recurrence relations

Uko,t = Uk
Ukport = 1—aAt_a(Ukn+2,t + (k= 2)Upp41e + (2 — k)Ukn,t)J n=012..

Thus
Uko,t =k
and
2¢(@)
Ukt = kF(a +1)
(R G 1))%¥
fat = I'(2a +1)
(na)
2M(t+ (n—D(a—1
U = k (t+( )( )

I'ha + 1)

Therefore from (4) we obtain the solution

o (na)

2(t+ (n—1(a—1))

Un. = Z k = kE(p(2,0),

it ] I'(na + 1) @21
n=

where E 4 is the discrete Mittag-Leffler function.

Example 4.2: Consider the fractional order difference Schrgdmequation

iSA%Uy e + D2Upe + q|Uke|’Ue =0 k€Ng, t€N; 4 0<a<1 (11)
with the initial condition

U = ek, (12)
Applying ;_,A7* on both sides of Eq(11) and using the initial ctindj we obtain

Upe = ™ +iy_oA7" (A12<Uk,t + Q|Uk,t|2Uk,t)- (13)

The nonlinear term i§U ;) = |Uk,t|2Uk,t = UZ Uy , Which decomposed as an Adomian
polynomials.

Substituting Eq(4) and Eq(5) into Eq(13) we get
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Z Uy, t = etk i, ATY (Z Aﬁukn_t +q Z An>.
n=0 n=0 n=0

Since initial conditiorUy . is given we get following recurrence relations.

Ukot = Ugo
Ukport = il_aA;“(Uan,t —2Up 41, + Ug e + qAy) n=012..

According to Eq(6) we can compute first few compureof Adomian polynomials as
follows:

Ay = Uﬁo,tm

Ay = 2Up 1 Up, ¢ Up, e + Uﬁo,tm

Ay = 2Uky tUp, tUot + Uit Ukgt + 2Uko ¢ Uk Uiyt + Uiy Uy b

Az = Z(Uko,tUk3,tm + Ukl,tUkz,tWo,t + Uko,tUkz,th,t + Uko,tUkl,th,t)
+UZ Ukt + UR Uk, e

n
A= D" UitV Tr e

Thus we have the following solution:

Up, e = eitt
itk gy (@
Ukt =I5 5 1)
U e w?e™(t+ (a — 1))(2a)
kot F2a + 1)
. _,w3ei”‘(t + 2(a — 1))(305)
kot = 1 TGa+ 1)
U= a)"e”k(t +(n—1)(a—- 1))(na)
knt =L I'na + 1) ’

wherew = (el —1)* +q.

Thus from (4) we get the solution

-~ wre™(t+(n—D(a—1 (nr) .
Uk,t — Z in ( ( )( )) — e”kE(a)(iw, t)

Fna+1)

n=0

4, Conclusions
Discrete Adomian decomposition method is succegsapplied to fractional partial

difference equations with discrete time derivatiw€0 < « < 1). From the obtained
results, we conclude that DADM can provide hightcwarate solutions for fractional
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partial difference equations. It can be promisimgthod to solve other nonlinear partial
difference equations.
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Ozet

Bu calismada kaotik bir hareketin modellenerek tekrardan olusturulabilmesi icin yapay
sinir aglart kullanilmistir. Kaotik sinyaller, dogal iliskiler, iletisim, sifreleme, finans,
saghk gibi bir¢cok alanda ortaya ¢ikabilir. Yapay sinir aglari, bulanik model,
hammerstein gibi modeller bu tip sinyalleri éngormek ve form halinde matematiksel
olarak hareketi modellemek icin kullanilabilir. Bu hareket ikinci dereceden bir ters
sarkacin hareketi, bilardo masasindaki toplarin hareketleri veya bu tip sistemlerin faz
diyagramlart da olabilir. Burada ise en temel olan Lorenz kaotik hareketinin faz
diyagrami tercih edilmistir. Ardisik gériintiilerde izlenen nokta veya nesnenin goriintii
pozisyonu gortintii isleme teknikleri ile belirlenmistir. Bu gériintiilerden elde edilen
konum bilgisini kullanarak, NAR yapist olan yapay sinir aglari geri yayilim algoritmasi
ile egitilmistir. Bu NAR yapisi iki giris ile iki ¢ikis olarak olusturulmugs ve ilk katmant
20, ikinci katmani 10 ve iigiincii katmant da 2 néron icermektedir. Ardindan bu yapay
sinir aglar test edilerek tekrardan kaotik hareket videosu elde edilmeye ¢alisiimistir.
Sonug olarak, bazi kaotik isaretlerin, ardisil gériintiilerin veya videolarin matematiksel
olarak modellemek yerine yapay sinir aglari ile modellenip tekrardan iiretilebilmesi
saglanmgstir.

Anahtar kelimeler: Kaos, kaotik sistemler, yapay sinir aglari, goriintii isleme.
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CIMEN et al.

Modelling of chaotic motion video with artificial neural networks

Abstract

In this study a chaotic motion is modelled using artificial neural networks can be
created again. Chaotic signals can occur many fields like natural affairs,
communication, encryption, finance, health. Artificial neural networks, fuzzy models,
hammerstein model can be used to predict these types of signals as well as to provide a
mathematical form to be modelled. As an example of the motion that will be modelled in
this study, there may be movement of an second order inverted pendulum, movements of
balls on a billiard table, or phase diagrams of such systems. However, the phase
diagram of the most basic Lorenz chaotic motion is preferred. The image position of the
point or object that is followed in sequential images are determined by image
processing techniques. By using the position information obtained from these images,
they are trained with backpropagation algorithm to artificial neural networks, which is
NAR structure. NAR structures is constructed with two inputs, two outputs. Its first layer
contains 20 neurons, second structure contains 10 neurons and third structure contains
2 neurons. Subsequently, NAR artificial neural networks were tested to try to get
chaotic motion videos again. As a result, some chaotic signals, sequential images, or
videos can be modelled with artificial neural networks instead of being mathematically
modelled and reproduced.

Keywords: Chaos, chaotic systems, artificial neural networks, image processing.

1. Giris

Kaos baglangi¢ sartlarina asir1 derecede duyarl olup giiriiltii gibi goriinen fakat genel
cergevede bir diizenin oldugu davranislardir. Dolayisiyla son yillarda bu tip sistemlerin
isaretleri, deterministik ve rastgele isaretler arasinda kalmis ve limit vaat ettigi i¢cin bu
tip davranislarin tespit edilmesi lizerine ¢aligmalar yapilmaktadir [1-4]. Bu anlamda ilk
olarak bir meteorolog olan Lorenzin hava durumunun tahmini i¢in topladig: veriler ile
hava durumunu modellemesi ile baglamistir. Ardinda tiirbilans hareketleri i¢in farkli
bilim insanlar1 bu konu {izerine ¢alismaya devam etmislerdir. Bu tip sistemlerin genel
ozelligine bakildiginda diizglin bir dinamige sahip olmasina ragmen baslangic
durumuna ¢ok duyarli olan dogrusal olmayan sistemlerdir. Bu kaotik davraniglar
ekonomide, biyolojide, kimyada, bilisimde, tipda, miihendislik vb alanlar
karsilagilabilmektedir [3, 5].

Kaotik isaretler, baslangi¢c sartlarina ¢ok hassas, deterministik, giirtiltii sinyali veya
benzeri gii¢ spektrumuna sahip, genligi ve frekansi bilinmeyen ancak smirli bir alan
igerisinde degisen karmasik davraniglar gostermektedir [1].

Kaotik isaretler elde edildikten sonra verilere uygun bir matematiksel model ile ifade
edilebilmektedir [6]. Bu direk olarak nonlineer bir denklem formatinda olabilecegi gibi
bulanik modelle, yapay sinir aglar1 veya volterra serileri gibi farkli modelleme teknikleri
ile bu tip davramislar modellenebilmektedir [7]. Bu baglamda bu ¢alismanin
yapilmasinin amaci, matematiksel olarak modeli olusturulamayan bir nesnenin hareket
videosundan hareketinin modellenmesidir. Bunun i¢in ilk olarak videodaki nesnenin
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konum bilgileri goriintii isleme teknikleri ile belirlenmesi, ikinci adimda ise yapay Sinir
ag1 tabanli bir model olusturulmasi ve bu modelin goriintiiden elde edilen verilere bagli
olarak egitilmesidir. En sonunda da bu hareketin tekrardan yapay sinir agi modeli
tizerinden yaklasik olarak ayni davranisi elde edebilmektir.

Kaos alanindaki sigrama yaratan ilk kesiflerden biri, 1963 yilinda Edward Lorenz
tarafindan yapilmistir [1, 3, 8, 9]. Lorenzin 6nerdigi bu model baslangi¢ kosullarinda
cok kiiciik degisiklikler bile sistem c¢ikisinda g¢ok biiyiikk farklara neden oldugu
gorilmistir. Farkli bir baslangi¢ noktasindan basladiginda 6nceki ¢oziimden iistel
olarak farkli zaman araliklarinda uzaklagmaktadir. Bu ise faz diyagramlariyla,
catallasma diyagrami veya Lyapunov ile daha belirgin sekilde goriilebilmektedir [10-
13]. Bunun i¢in ilk dnce sisteme uygun dinamik bir model belirlenmesi gerekmektedir.
Sisteme uygun bir modelin belirlenmesi bazen zor olabilmektedir. Son zamanlarda
bilgisayar sistemlerinin gelismesi ile sistemden elde edilen dinamikleri de ifade
edebilen farkli tipte model tiirleri ile sistemler modellenebilmektedir. Bu tip farkli
dinamige sahip sistemlerin modellenmesinde pek c¢ok yontem kullanilmaktadir [7].
Maguire ve ark. kaotik bir sinyalin bulanitk modeller ile ifade edilebildigini
gostermiglerdir [14]. Kuo ve arkadasi kaotik bir zaman serisininde 6ngorii yapabilmek
icin yapay sinir aglarini kullanmiglardir [15]. Goémez-Gil ve ark. da uzun siireli bir
kaotik sinyalin yapay sinir aglar ile modellenmesi iizerinde ¢alismiglardir [16]. Firat ise
yapmis oldugu calismada kaotik davranis sergileyen depremlerin yapay sinir aglari ile
modellenmesi {izerine ¢alisma yapmistir [17]. Hanbay yapmis oldugu ¢alismada kaotik
bir davramis sergileyen Chua Devresinin Yapay sinir ag1 ile modellemesini
gerceklestirmistir [18]. Panahi ve ark. yapmis oldugu ¢alismada da kendi onerdikleri
0zel bir yapay sinir ag1 modeli ile epilepsi hastaliginin modellenmesini yapmislaridir
[19]. Bir nesnenin konumunu bulmaya yonelik olarak ¢ok fazla galisma yapilmistir.
Koker ve ark. ise hareketli nesnenin konumunun tespiti i¢in kameradan siirekli veriler
alarak goriintiiden kendi belirledikleri 6z nitelikleri ile karsilastirarak cismin konumunu
bulmaya ydnelik ¢alisma yapmislardir [20]. Karakaya ve ark. Ise goriintii {izerinde HOG
algoritmasi teknigini FPGA iizerinde uygulayarak ger¢ek zamanli olarak nesne tanima
gerceklestirmislerdir [21]. Solak ve ark. ise findik meyvesinin tespiti ve
simiflandirilmasi igin 6znitelik ve k-means algoritmalarini kullanmiglardir [22]. Varol ve
ark. ise farkli yliz tanima algoritmalarini tanitmig ve PCA algoritmasinda uygulama
yapislardir [23]. Celik ise yiiksek lisans tezinde goriintii isleme ve yapay zeka ile avug
icin taninmasini gergeklestirmistir [24]. Bu ¢alismada da videosu ¢ekilen bir nesnenin
hareketinin modellenmesi i¢in ilk olarak nesne tanima yapilmistir. 2. Boliimde yapilan
bu islemde ilk olarak videonun her bir karesindeki nesneyi bulabilmek igin nesnenin
gorlintii karelerindeki Ozniteliklere bakilarak cisim belirlendi ve ardindan belirlenen
cisimlerin konum bilgileri agirlik merkezine gore bulundu. 3. Béliimde ise yapay sinir
aglar1 hakkinda genel bir bilgi verilmis olup Nonlineer Autoreggressive Neural Network
(NAR) yapisindaki yapay sinir aglarina cismin konum bilgileri egitilmistir. Ayrica bu
boliimde gercek ile yapay sinir aglar1 ile modellenmis olan kaotik videodan elde edilen
verilerin egitilmesine yonelik bir Ornek verilmistir. 4. Bolimde ise sonuglar
karsilagtirilarak bu yonteminde uygulanabilecegi tartigiimistir.

2. Goruntideki 6zniteliklerden cismi belirleme ve konum bulma

Videolar birgok goriintiiniin  birlesiminden olusmaktadirlar. Dolayisiyla video
tizerindeki herhangi bir nesnenin takibi goriintide bulunan nesnenin konumunun

25



CIMEN et al.

belirlenmesi ile saglanmaktadir. Bunun i¢in resim iizerinde bulunan istenen resim
ozellikleri aranarak yapilmaktadir. Ornegin goriintii esleme, sablon esleme, yonlii
gradyan histogrami, HAAR kaskat siniflandirisi, temel bilesenler analizi, bagimsiz
bilesenler analizi, destek vektdr makineleri, dogrusal diskriminant analizi, elastik demet
grafik isaretleme gibi pek ¢ok teknik bulunmaktadir [23, 25].

Bu ¢alismada ise goriintii alindiginda ilk olarak giiriiltiiniin azaltilmasi i¢in 3x3 medyan
filtre kullanilmistir. Belirlenen maske goriintii lizerinde gezdirilmektedir. Goriintiide
kaydirilan maskenin piksel degeri ile goriintliniin eslesen pikselleri ¢arpilir. Ardindan bu
deger maskenin goriintii lizerindeki konumuna gore pikselin yeni degeri olmaktadir.

Belirlenen isleme bagli olarak Esitlik (1) kullanilarak goriintii renkli formdan gri forma
doniistiiriildii. Ardindan Esitlik(2) kullanilarak bir esikleme islemine tabii tutulur. Bu
sayede goriintii 2 seviyeye quantalanmasi saglanmis oldu. Bu islemler Sekil 1a ve Sekil
1b’deki gibi yapilmustir.

_ f(x,y,)+f(x,y,2)+f(x,y,3)

f(x,
(X,y) 3 0

I(x,y):{ 0 f(x,¥)<T

255 f(x,y)>T 2)

Sekil 1.a Resmi gri forma doniistiirme Sekill.b Resmi esikleme

Gortintii lizerinde cisimlerin yerini belirlemek i¢in en kolay yontemlerden birisi kenar
belirlemektedir. Elde edilen goriintii i¢in gradyen Esitlik (3) ile ifade edilebilir.

vn(x,y){g*}

y

@)
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Esitlik (3)’de verilen tiirev hem yatay eksene hem de dikey eksene gore alinmis bir
tirevi ifade etmektedir. Dolayisiyla bunlarin hesaplanmasi igin Esitlik (4)’deki maskeler
ve Esitlik (5)’deki denklemler kullanilmaktadir.

-1 -2 -1 -1 0 1
W)=/ 0 0 0| W(ij=|-2 0 2
1 2 1 -1 01 ()
0, = 2 Y Ix+iy+ DW, (i, )
0, =2 Y (x+i,y+ )W, (i, )
T )

Gradyanin biyiikliigii i¢in Esitlik (6) kullanilabilir.

g(x,Y) =[VI(x,Y)| =0 +0} (6)

Sekil 2a. Kenar bulma. Sekil 2b. Delikleri numaralandirma.

Kenarlari elde edilen goriintii Sekil 2a’deki gibi elde edilmistir. Fakat goriintii igerisinde
aranan cismin belirlemek i¢in goriintii tizerindeki her bolgeye farkli bir deger atamasi
yapilarak Sekil 2b’deki gibi goriintiiniin bdliintiilenmesi saglanmis oldu. Bununla
birlikte goriintii {izerinden takip edilecek olan nesnenin bir takim &zellikleri
bulunmaktadir. Bunlara 6rnek olarak;

Alani

Cevre uzunlugu

Cap1

Kapanilan en kiiciik dikddrtgen

Agirlik merkezi

Gri parlaklik seviyesi (maksimum,mininum,ortalama)
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e Momentleri
e Cisimdeki i¢indeki delik sayis1

verilebilir. Bu ¢aligmada ise Esitlik (7)’de kullanilan agirlik merkezi ve Esitlik (8)’de
kullanilan alan 6zellikleri kullanildi. Ortaya ¢ikan cismin alanina gore nesnenin agirlik
merkezi belirlenmektedir.

Agirlhik  Merkezi = (l Z X, 1 Z YJ
n X n y

Alan =>">"I(x,y)

()
(8)

Bu islem ile takip edilmesi istenen cismin ayirt edici 6zelligi diger cisimlerden ayrilarak
istenen nesnenin takip edilmesi saglanabilmektedir. Eger goriintiide birden fazla cisim
olsa idi daha fazla ayirt edici Ozellik olmasi i¢in daha fazla Oznitelik ¢ikarmak
gerekebilirdi. Bu calismada ise videoda takip edilmek istenen nesnenin goriintii
tizerindeki x ve y konumlar1 alinarak kullanilmak iizere hafizada saklanmistir.

3. Yapay sinir aglari ile hareket videosunun modellenmesi

Yapay sinir agi; sinir hiicrelerinden olusmus olan insan beyninin sayisal diinyadaki
uygulanabilir bir modelidir. Genel olarak bu model sinir hiicrelerinin seri ve/veya
paralel ve/veya katmanli olarak birbirine baglanmasina benzetilerek olusturulmaktadir.
Ayrica ¢ikisinin ise aktive edilmesi gibi 6zelliklerini temsil edebilmesidir. Bu temsil
edebilme oOzelligi sayesinde yapay sinir aglar1 modelleme, smiflandirma, goriintii
tanima, ongorme, yol planlama gibi farkli amaglarla mithendislik, tip veya finans gibi
farkl1 alanlara uygulanabilmektedir. Ozellikle dogrusal ve/veya dogrusal olmayan, basit
ve/veya karmagik, tek ve/veya ¢ok degiskenli veya zamanla degisen sistemlerin temsil
edilebilmesinde, ol¢iilmesi zor veya imkansiz olan parametrelerin veya durumlarin
kestirilebilmesi veya tahmin edilebilmesi gibi ¢ok ¢esitli amaglarla modellemede
kullanilmaktadir. Basit¢e insan beyninin yapisini ve ¢alisma seklini taklit eden yapay
sinir aglar1 ¢ok sayidaki degiskenle calisarak eldeki veriden 6grenebilme, bu verilere
gore genelleme yapabilme gibi birgok 6nemli 6zellikleri bulunmaktadir. Dolayisiyla bu
yapt kullanilarak herhangi bir sistem hakkindaki sinirlt bilgi ile giris-¢ikis iligkilerine
dayali bir model {iretilebilmektedir. Ayrica egitilmis olan bir yapay sinir ag1 models;
degisken durumlara uyum saglayabildigi ve genelleme yetenegi sayesinde bilinmeyen
bir girise karsilik sonug tliretebilmektedir. Sekil 3’de verilmis olan yapay sinir hiicresine
bakildigindan genel olarak; giris, ¢ikis, agin agirliklari, birlesme fonksiyonu ve
aktivasyon fonksiyonu olmak iizere 5 temel yapidan olusmaktadir. Calismasina
bakildiginda ise yapay sinir aglarina herhangi bir giris uygulandiginda; girisler diigiim
noktasina gelirken belirli agirliklart ile c¢arpilmaktadir. Carpimlarin sonucu bir
birlestirme fonksiyonunda degerlendirilir, buradan elde edilen sonu¢ da aktivasyon
fonksiyonu aktarilmaktadir. Aktive olan aktivasyon fonksiyonunun sonucu c¢ikisa
aktarilmaktadir. Aktivasyon fonksiyonunun olmasinin nedenleri; ¢ikan degeri belirli bir
alanda smirlamak ve 6zellikle agin egitilebilmesi igin tiirevinin alinabilir bir fonksiyonu
olmasidir.
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girigler toplama aktivasyon cikag
fonksiyonu fonksiyonu

Y ) -~

X2

Sekil 3. Tek katmanli YSA.

net=iz_nllwixi +¢ )
y = f(net)

En basit hali ile verilen Sekil 3’deki YSA modeli Esitlik (9)’daki denklem ile
modellenebilir. Burada kullanilan aktivasyon fonksiyonu genellikle tiirevi alinabilen bir
fonksiyon olan sigmoid fonksiyonu tercih edilmektedir. Bu tek katmani YSA her ne
kadar iyi olsa da kaotik bir sistemi modellemek i¢in bu yeterli olmamaktadir. Bu
nedenle igerisinde birden fazla katman eklenmis olan bir yap1 olan ¢ok katmanli yapay
sinir ag1 kullanilacaktir.

% Whghia/ X
N 2}

/0

S edmEy

Sekil 4. Cok katmanli YSA.

Sekil 4’de blok sekilde verilen Cok katmali Yapay Sinir Aglar1 giris katman, ara katman
ve cikis katmanlarindan olugmaktadir. Bu yapinin matematiksel mantig1 tek katmanh
yapiya ¢ok benzemektedir. Lakin burada giris katmanina gelen her bir giris degeri ara
katmanlara bir agirlik ile ¢arpilarak ara katmandaki birimlere ulasabilmektedir. Buraya
ulasan her bir birimin degeri ise belirli bir islemden gegerek bir sonraki ¢ikis katmanin

29



CIMEN et al.

girisi olmaktadir. Bu islemi matematiksel olarak ifade edildiginde ara katmana gelen
agm degeri Esitlik (10)’da verilmistir. Buradan elde edilen deger Esitlik (11)’deki
aktivasyon fonksiyonu ile ¢ikis katmaninin girisi olabilmektedir. Ayni sekilde buraya
ulasan her bir deger yine bir agirlik ile ¢arpilip Esitlik (12)’deki gibi ¢ikis katmaninin
NET degerini belirlemektedir. Ardindan tekrardan Esitlik (13) aktivasyon fonksiyonu
ile ag c¢ikist elde edilmektedir.

NET,, => W, ...X

i (10)
F, =f(NET,) (11)
NET,, = ZWai‘aq.Fai

i (12)
ch Zf(NETaq) (13)

Yapay Sinir Aglarmin en temel mantig1 bu olmakla birlikte bu yapiya ¢ikistan birim
geri  besleme ekleyerek NAR (Nonlineer Autoregressive Neural Network)
yapilabilmektedir. Bu ¢alismanin muhtevasi geregi girisler direk olarak ¢ikislarin birim
gecikmekli girisleri oldugu i¢in bu yap1 tercih edilmistir. Bunun blok diyagrami da
Sekil 5’de verilmistir.

Giris Ara Cikis
Katmaninin Katmanin

adirliklar agirliklar

Katmaninin

iy agirhklan
Girigler Cikiglar

x(k+1)

yks1)

Ll

Sekil 5. Nonlineer autoreggressive neural network yapisi.
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Video iizerindeki nesnenin kaotik davranigin egitilmesi i¢in ilk 6nce videodan cismin
ikinci boliimde anlatildig1 gibi konum bilgileri alinmistir. Ardindan bu konum bilgileri
NAR yapisindaki YSA’ya verilmistir. Matlab’da olusturulan bu yap1 Sekil 5’de
verilmigtir. Burada YSA’nin ilk katmani 20, ara katmaninda 10 noron ve ¢ikis katmani
2 noron olarak belirlenmistir. YSA’nin egitilmesi i¢inde Sekil 6’da verilen nntool’un
icinde olan nntraintool 6zelligi kullanilmistir. Bu agin egitilmesi i¢in geri yayilim
algoritmasi olarak Levenberg-Marquardt secilmistir. Geri beslemede ise konum sinyali
olan her bir x ve y sinyalinin 20 birime kadar gecikmesi olarak se¢ilmistir. Egitim
sonunda da adim sayisina gore performansini ifade eden ortalama kareli hatas1 Sekil
7’de verilmistir.

4\ Neural Network Training (nntraintool) — O X

Neural Network

SRl gD s e

Algorithms

Data Division: Random (dividerand)
Training: Levenberg-Marquardt (trainlm)
Performance: Mean Squared Error (mse)
Calculations:  MEX

Progress
Epoch: 0 | 20 iterations 1000
Time: 0:00:09

Performance: 3.32e+04 _ 0.00
Gradient: 1.24e+05 [ 86 | 1.00e-07

Mu: 0.00100 0.00100 1.00e+10
Validation Checks: 0 6 6
Plots
Performance (plotperform)
Training State (plottrainstate)
Error Histogram (ploterrhist)
Regression (plotregression)

Time-5eries Response (plotresponse)

Error Autocorrelation (ploterrcorr)

Plot Interval: ' 1 epochs

V Opening Performance Plot

@ Stop Training @ Cance

Sekil 6. YSA egitim.
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En lyi Degerlendirme Performansi 14 adimda 0.16059

Egitim
Degerlendirme
Test

Ortalama Karesel Hata

10-2; I 1 I 1 I I i I 1 |
0 2 4 6 8 10 12 14 16 18 20

20 Adim

Sekil 7. YSA'nin performansi.

Sistem ile YSA modellinin ¢ikiglar1 zamana bagli olarak Sekil 8’de verilirken fazlara
gore ise Sekil 9°da verilmistir.

Zaman Domeni Cevaplari
T T

800 T T
750 - & 3
A f
700 - T
3
=
S
@ 650 - i
T
(%
> 3 Hedef Egitim Verileri
= ede
S 600 |3
x‘f‘ +  Cikis Egitim Verileri
6 Hedef Degerlendirme
550 - +  Gikis Degerlendirme
Hedef Test t
+  Cikis Test
500 - 4
! Hata
\ ¥ ! Cevap
450 1 1 I | 1 1
2
1 [ . . | 7
© ; 0N e e . . . T A
© O &
T {
1k -
2 | 1 1 L L I
100 200 300 400 500 600
Zaman

Sekil 8. Zaman bagli YSA ve ger¢ek sonuglar.
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450 500 550 600 650 700 750 800

Sekil 9. Faza bagli YSA ve ger¢ek sonuglar.

5. Sonuglar

Bu c¢alismada kaotik bir davranis sergileyen bir cismin hareketi videodan elde
edilmistir. Bunun icin takip edilmesi istenen cismin alan ve agirlik merkezi igeren
Oznitelikleri kullanilarak konum bilgileri belirlenmistir. Ardindan alinan bu konum
bilgileri NAR yapisindaki geri beslemeli bir yapay sinir agina egitilmistir. Sonug olarak
matematiksel olarak ifade edilemeyen bir takim davranislarin direk olarak video veya
goriintii  ile almarak veri kiimeleri {izerinden bu tip kaotik davranislar
modellenebilmektedir ve daha kisa slirdiigii gorilmiistiir. Diger taraftan elde edilen
verilere gore matematiksel bir denklem sistemi Onerilebilirdi. Lakin 6nerilen denklem
sisteminin uygun olabilmesi i¢in modellenmek istenen sistemi ¢ok iyi temsil etmesi ve
dinamiklerini iyi yakalamasi gerekmektedir. Bunun ig¢in tasarimcinin sistemi iyi
tanimasi gerekmektedir. Ozellikle sistemde Olciilebilen/dl¢iilemeyen,
gozlenebilen/gdzlenemeyen degiskenlerin belirlenmesi, zamanla degisip degismediginin
bilinmesi ve bunlarin tahmin edilmesi gibi bir ¢ok seyi igeren matematiksel bir model
olmas1 gerekmektedir. Lakin bu tip sistemlerin yapay sinir agi, bulanik model gibi
yontemlerle modellenerek sistemi temsil etmesi, sistemin gelecek davranislarinin
kestirilmesi gibi islemler yapilabilmektedir. Ayrica bu yontem sayesinde islem yiikii
azalmis ve sistemin farkli bir sekilde yine aymi dinamik davraniglart temsil eden
matematiksel bir model ile ¢alisilmistir. Lakin yapay sinir aginin egitilmesi direk olarak
verilere bagli oldugu icin sistemden olabildigince fazla veri alinarak yapay sinir aginin
egitilmesi gerekmektedir. Aksi takdirde yapay sinir ag1 sistemin farkli dinamiklerini
kagirabilir ve hatta sistemden farkli bir isaret iireterek sistemi temsil edemeyip hatal
sonuclarda {tretebilir. Genel olarak bakildiginda ise yapay sinir ag1 uygulamalarinda
hatanin ‘sifir olmas1’ ya da sifira yakin olmasi istenir. Modelleme agisindan bu gerekli
bir kosuldur. Lakin farkli uygulamalardan olan kaotik sinyal {ireteglerinde ise
yoriingelerin birbirini tekrar etmeyen yani ‘rastgele’ isaretler olmasi istenen bir durum
oldugu i¢in bu tip uygulamalarda hatanin pek 6nemi kalmayabilmektedir. Sonugta
olarak, YSA ile modellenen kaotik davranis, gergek kaotik sistem ile aynmi &zellikleri ve
beklenen davranisi gosterebildigi i¢in birbiri yerine kullanilabilir. Dolayisiyla bu ve
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bunun gibi kaotik davranis gosteren herhangi bir hareket yine goriintii isleme teknikleri
ile belirlenip yapay sinir ag1 ile modellenebilir ve tekrardan iiretilebilir, gelecek cikislar
kestirilebilir veya yerine kullanilabilir.
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Yari-Lagrangian bisema yaklaimina dayali adveksiyon-
difizyon denkleminin bir sayisal ¢6zum

Ozet

Bu calsmada, adveksiyon-difiizyon denklemi icin sayisal dhiziim tanitiimaktadir.
Onerilen yontem, dgou cozimler elde edilmesine yardimci olan operaa§rrma
metoduna dayanmaktadir. Yani, toplam yerine, oyeler fiziksel uyumluluk icin ayri
olarak ele alinmaktadir. Bu sirecte, alt operagdricin karakteristikler yontemi ile bir
araya getirilmi kubik spline interpolasyonu ve Saulyev metodwssila kullaniimstir.
Yontemin yakinsamasini garanti altina aldiktan sonwerimlilik de ¢6zimun
yakinsamasi Uzerinde 6nemli bir rol oynayan fafkturant sayilari icin tek boyutlu
adveksiyon-difiizyon problemi tzerinde test egilmi Elde edilen sonugclar, problemin
analitik ¢6zimiU ve literatirde mevcut olangaeh cozimlerle Kkatlastiriimigtir.
Onerilen yontemin, acik bir yontem olmasingmen sadece kiicik Caurant sayilari
icin degil, buyldk olanlar icin de iyi bir yaklam oluturdugu ortaya ¢ikmytir.

Anahtar kelimeler: Adveksiyon-difiizyon denklemi, karakteristikler datidGaulyev
semasil.

1. Introduction

Since the early days of civilization natural wateave been used as disposal places for
human waste. At the beginning, there was no prolilecause the amount of the waste
was not at a significant level and the content tté tvaste was simple. As the
civilization progress and human population increabe amount of the waste rises
rapidly and the content of the waste is getting glem The behavior of the pollutants
in the water has been modeled by the advectiongidgh equation, see [1]. Developing
a solution becomes important to interpret how tm®went changes. The mathematical
expression of three-dimensional advection-diffustgmation without the source term is
given as follows:

€., W azc+D azc+D o°C
. ox oy oz ‘o Yoy o

1)

wheret is time,C is the concentration of the pollution or substanxce andz are the
spatial directions in cartesian coordinates, V and W represent the velocity
components of the water in each direction dhgd D, and D, are the diffusivity
coefficients in each direction.

In this paper, for the sake of clarity, one-dimensi advection-diffusion equation,
which is defined in Eq. (2), is studied.

o, o o°C @
ot ox X ox
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whereU andD, are constant. The spatial and temporal step aimedenoted bxx and
At, respectively. Moreover, Courant number, is computed abllAt/Ax and the Peclet
numberPeg, is obtained allAX/D,.

In order to reduce the amount of existing wastasaitural waters and to manage wastes
which are disposed, properly, Eg. (2) must be sblaecurately. However, Eq. (2)
consists of two different types of processes whach advection (hyperbolic) and
diffusion (parabolic). Even if these processesuocsimultaneously, they refer
extremely different events. Advection process leagpin flow direction while
diffusion process happens in both directions. TBliigation creates challenging problem
for solving such equations. For this reason, measearchers developed different
methods to solve Eq. (2) accurately. Some of thes¢hods are classical finite
difference method [2], high-order finite elementtheal [3], high-order finite difference
methods [4, 5], green element method [6], cubic erténded B-spline collocation
methods [7-9], cubic, quartic and quintic B-spluliferential quadrature methods [10,
11], method of characteristics unified with splif&2-14], cubic trigopnometric B-spline
approach [15], Taylor collocation and Taylor-Galerknethods [16], Lattice Boltzmann
method [17]. Moreover, non-linear advection-diftusequation is studied in [18].

The outline of the present paper is as followsctiSe 2 is dedicated to derivation and
the convergence analysis of the proposed methaal.obfain the solution of Eq. (2)
method of characteristics with cubic spline intégtion (MOC-CS) and Saulyev
method are used for advection and diffusion paespectively. Section 3 presents the
results of the proposed method on one-dimensiodetaion-diffusion problems by
taking different diffusion constants. The effeetmness of the proposed method is tested
for several Caurant numbers. Obtained results@rgared with the analytical solution
and also the available results of the other rebeasadn the literature.

2. Derivation of the proposed method

The purpose of this section is to introduce theppsed method in details. The method
is mainly based on Lie-Trotter splitting method, sequentially spilitting, which is a
kind of operator splitting method. By the helptbé Lie-Trotter splitting method Eq.
(2) is divided into the two sub-problems. In orderobtain the solution of each sub-
problems MOC-CS and Saulyev method are used, riégplgc The convergence of the
method is analyzed as well as the derivation.

2.1. Lie-Trotter operator splitting method

This method is a first-order splitting method armlves the problem sequentially.
When its applied to Eq. (2), the problem will bditsimto two sub-problems such as
advection and diffusion problems. The mathematregresentation of it as follows
[19]:

oC,  aCy

- Y W:O’ Gt 0=C(t1,%), teltn,this] 3)
aC,  C, ~
= Dx 7+ Coltn0=Caltra ), teftnton] (4)
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where Eq. (3) and Eq. (4) represents advectiondiffigsion processes, respectively.
These processes are solved sequentially. At thmtiag of the solution of advection-
diffusion problem, Eq. (3) is solved first by usiffDC-CS with the initial condition of
the general advection-diffusion problem for the penal step size oft. The obtained
result is used as the initial condition of the E).and this equation is solved by using
Saulyev method. The result of the Eq. (4) defittes solution of the advection-
diffusion equation at [20].

2.2. MOC-CS for advection process

MOC-CS is a method which uses Lagrangian point iefvy For this reason, the
trajectory line of the concentration should be dateed. Multiplying both sides of Eq.
(3) by dt the partial differential equation is turned intbet following ordinary
differential equations.

dC,

Y ©
dx_U 5
e (6)

where Eq. (6) represents the characteristics firtha planex;t). Eg. (5) shows that the
concentration value of the advection process ischanged, see Figure 1. Also, the
solution of the advection process with MOC-CS gejpendent of time. Thus, the exact
solution of Eg. (3) can be written as follows:

the1
C1 %+ 1,4+ 1)=C1 (X ,t)=C; (Xi+ 1- f Udt,tn) (7)
t

n

tA

n+1

x>

i—-2 i-1 I i+1 i+2

Figure 1: Finite difference grid and trajectoryeliaf concentration in one-dimension.

To obtain the concentration value on the next tstep in Eq. (7) the concentration
value at the poing; which is located between the nodal points shoeldoond. To do

so, interpolation method is used. As mentionedvapthe solution of the advection
process with the method of characteristics is iedépnt of time. Therefore, there is no
time discretization error, only an interpolatiomagrin the solution. The magnitude of
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this error depends on the order of the interpatatieethod. Taking into account this
fact cubic spline polynomials method which has mg#gle interpolation error is used.
Cubic spline polynomials can be written as follows:

COO=Ci+ai (x-%)+,(x-%)%+7,(x-%)3, %<X<Xi11 (8)

whereC; is the concentration value at the nodal pgjrEinda;, £, y; are the polynomial
coefficients which have to determined by using knowsoncentration values at time
leveln. The detailed discussion about construction efdhbic spline polynomials and
calculation of coefficients in the polynomials isen [21].

After the polynomials are constructed in Eqg. (8 toncentration values at the time
leveln+1 can be calculated by equation as follows:

C1 %+ 1:tne ) =C1 (0 t) + 05 (R 8. (%-%) 2+, (%) (9)
The result of Eq. (9) gives the solution of theextion process.

2.3. Saulyev method for diffusion process

Even though Saulyev method is an explicit onea# an the advantage of using a value
at the next time level which improves the qualifyttte solution. Also, there are two
ways of conducting Saulyev method such as fromtéefight and from right to left. In
this study from left to right version is used. @ttization of the diffusion process
given in Eq. (4) with the Saulyev method as follows

i<,
oX

i 5_@|
iw1zn X lion (10)
AX

0°C,
OX2

i,n

Due to the usage of the Saulyev method, the leftttsade derivative at time levalis
replaced with the derivative at time levetl. A similar procedure can be applied for
from right to left version of the Saulyev method.

oC, oC,
o 0%z 0%
TG OX i 1on Xliapnn (11)
OX? AX

i,n

The approximations used for the spatial discrabmatof the derivatives in Eq. (11) and
time discretization of the time derivative in E4) és follows:

—~ —~

6_62 zC2|i+1,n-C2|i,n (12)
OX i+1/2n AX

5_62 :C2|i,n+1-C2|i-1,n+1 (13)
OX i-1/2,n+1 AX
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aa2 - azli,n+l-az|i,n

~ 14
ot ; At (14)

n

By putting these equations together the solutiorthef Eq. (4) is attained, diffusion
process, with the Saulyev method as follows:

—~

_Hazli-l,nﬂ+(1-9)62|i,n+662|i+1,n (15)

Cal,yi= (1+6)

whereg=At/Ax’.

The term at time levek+1 at i=1 in the right-hand side of Eq. (15) is unknown.

However, the first term@2|0n+1, is known by the boundary condition of the problem

Then fori>1 the unknown ternﬁA?2|l__1 - is calculated from Eq. (15), hence this method
is an explicit method.

2.4. Convergence analysis of the method

To prove the convergence of the operator splittmegthod we have to show that the
sequence which is obtained by the given methodosgpes to zero. By this sense, the
notation ofAr represents a proportional value throughout thdyasisa However, in the
computational part for, andz,,; any value can be chosen any value. It meandrthat
computational partAr is taken from|s, t,,,] whereas in the analysis part it is
considered iff0, 1].

Due to the process of the Lie-Trotter splitting huet the error obtained by solvidg

is effecting the error of the solution 6%. The error obtained in one-step solution is
effecting the solution obtained from the next st@us, it is expected that the error for
operator splitting methods cause a cummulativer erahe end of the procedure. For
this purpose, we shall give the error bound of hethniques defined in Section 2.2 and
2.3.

Lemma 1. The error bound for one-step method of charactesigfiven in Section 2.2
is

0~y (.00 axt
=S At ]

Proof.
Using Eq. (7) and the relatiadn=UA¢

At a@lwa@l »
At\ ot ox |

: Ataal +UAtaal
At ot Ox
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| A=t eax—= | =0 (16)

Due to the availability the nature of the advect®nuation, the former equation is
solved by the method of characteristics. That is,

1
ZJC— 17
—dCi=0, (17)

SN Ax*
O~y (60 +0 <A—xt> | (18)

Lemma 2. The error bound for one-step method of Saulyev otetised for diffusion
part of the Eqg. (2) in Section 2.3 is

||@§d|| <0 <At2,Ax2, %)’

Where@; represents th# iteration.
Proof. The proof can be found in [22]. We note that andAx? can be neglected by

consideringi—’j because of the following assumption. Thus, thnowd the analysis the
truncation error of Saulyev method is consideretbbews:

ekl <o (3%

Proposition 1. LetAr approach to zero faster tham The Lie Trotter splitting method
is convergent if the conditio|m| <1 is hold with the global error

e

n+l

-C,||1<p(Ax) +KAt,

Ax® At
where f(Ax)=max {0 (F) , O(Ax)} andp=D;, =
Proof:

To show the convergence of the Lie-Trotter operapitting method we will use the
induction technique. For the sake of brevity, welged on[0, Af].approp

1 - Ax*
CIEC(I)(x,t)JrO(A—xt), for  t€0,Af] (29)

1

a1 _ _ AP
szm((l-p)C}ﬂ)(VV—l—C}))+O<E> for  1€l0,Ad) (20)

Substituting the Eqg. (19) into Eq. (20) yields
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o At?
(E) ' (21)

After taking the one-step solutiow, as the initial condition of the second-step, ihat
on [At,2At], we have

ol 1o, p~+1OAX4 .
W —
2" 1+p ot 1+p 1+p At
say v

2 1 1 [(AX 1 [Af? AX!
= +—0|— |+ —O|—|+0(— 22
= G 1+pO<At2> AtO(Ax> O(At (e2)
2 1 o p _ At?
==—C;, +—W+O | —
C 1+pC12 Tpl O(Ax (23)
say W

2o, 1 g AX* A AP\ 1 1 (& AX* 0 At o4
2720 ()2 T\A2) T 1+pAt T\ AX 1+ At AX (24)

To get a general expression we use induction tgadenvhich leads to

n 4 n-1 2
Cn+1~6n+ Z 1 o (AX > N Z 1 o (At > (25)
s k=1 (1+p)k Atk k=0 (1+p)kAtk AX l

The convergence result of the Lie-Trotter methodnlomed with method of
characteristics and Saulyev method arises fronstdredard technique, that is

n+1

et C”—Z ! o(Ax4>+Zn: ! o(At2> 26
T G At Gaepat ) (20

Taking appropriate norm of both sides and usingdaechy-Schwartz inequality

n+l

~n+1 An 1 4 Atz
[t Z ~O(ax)+ Z o =— (27)
4 (1+p )¥At l+p)kAt AX
n+1 n 2
An+1 An 1 At
” ” Z(1+ NS o(ax’ 2 (1+ )kAtk <Ax> ‘ (28)
k=1 P k=0 P

1

Using the condition| |§1 which also holddjxéo These inequalities

(L+p)At
guaranteed that

43



BAUN Fen Bil. Enst. Dergisi, 20(3) Ozel Say1, 36-52018)

il A 1 AP 1
2273 || so(ax®) | ——— |0 <) — (29)
NGEDNY LY
AX’At+D AP AP\ [ AXPAt+D AP
ﬁ+l-€ﬁ <0 A 4 ( x >+ (_>( x )’ 30
& <o) AtAX* + DAL -Ax? Ax ) \AIAX* +AP-Ax? .
Ax? AP Ax?
o <o(axt (1+—> +0 (—) <1+—>. 31
” 2 2”— (ax") AIAX* +3D AP Ax AIAX+3D AP (1)

Due to the conditior0<Ar<Ax<1, which has to be satisfied for the stability of the
Saulyev method, we have

Ax? Ax?
I+ ————— A1+ M—
AIAX* +3D AP AtAx

By takingC,m.:E‘"z+1 the proof is concluded with the following relation

Ax* At
-Cll<ol— | +o|—). 32
ic, cn||_0(m) o(%) (32)

3. Numerical applications

In this section, the proposed method is appliedne-dimensional advection-diffusion
problems which have the different types of chargties such as sharp gradient and
smooth behavior. For the sake of clarity we nbt the values oft in this section are
different from those in analysis part. Also, tHéceency of the MOC-CS-Saulyev is
tested for different Courant numbers. Comparisohsobtained results with the
analytical solution and other solutions which arailable in the literature are discussed.
In these comparisons computed concentration vauadserror norms are used which
are defined as follows:

Loo: m?x|clgxact_c;1umerica/| (33)
M
L2 _ Z | C?xact_C?umerical | 2 (34)

i=1

Example 1. In this example, flow in a channel with the vetgct/=0.01 m/s and
diffusion coefficientD=0.002 m*/s are considered. The length of the charnrel00 m
Is taken. Analytical solution of this problem isen as follows [23]:
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C(x,0)= % erfc (%) + %exp (%) erfc (T/Z_ZD (35)

Boundary conditions of the problem are taken dsvid

C(0,)=1 (36)

D (Z—S) (L)=0 (37)

The initial condition of the problem can be obtainktom Eq. (35) by using=0.
Comparison of obtained result with MOC-CS-Saulyed analytical solution of the
problem can be seen from Figure 2. Also, the sbhalmvior of the problem is clearly
shown.

—6— MOC-CS-Saulyev
Exact solution —

Figure 2: Comparison of the exact solution andnin@erical solution obtained with
MOC-CS-Saulyev method faxx=1 m andAr=10 s.

The spatial step sizex=1 m is taken for all the calculations conducted fas {hroblem
throughout the study. Also, maximum calculatiandiis picked as8000 s. As it can
be seen from Figure 2 the coordinates of the atitoncentration values of the problem
are betweenl8 m to 42 m. This makes sense when we consider the fact theat
maximum computational time 300 s.

For the obtained results in Table 1 temporal siep is taken aar=1 s because of the
advection dominance of the problem whéee=5. Even though MOC-CS-Saulyev has
a lower order of accuracy than the sixth order cachfinite difference methods, the
results are so close to each other.
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Table 2 shows the results for temporal step aizel0s. With this relatively small
change in the temporal step size is enough to givéne solutions of the numerical
methods from the analytical solution. MOC-CS-Saulproduced the best results in
the comparison. Also, this can be seen by checttiegerror norm values in which
MOC-CS-Saulyev has the smallest.

Table 3, the temporal step size is taken60s. Table 3 indicates that the proposed
method is in a perfect agreement with the analysicbution.

Table 1: Comparison of numerical solutions and egalution(Cr=0.01).

X (m) [5] [4] [15] MOC-CS Analytical
MC-CD6 RK4-CD6 CuTBSM Saulyev  Solution

0 1.000 1.000 1.000 1.000 1.000

18 1.000 1.000 1.000 1.000 1.000

19 0.999 0.999 0.999 0.999 0.999
20 0.998 0.998 0.998 0.998 0.998
21 0.996 0.996 0.996 0.996 0.996
22 0.991 0.991 0.991 0.991 0.991
23 0.982 0.982 0.982 0.981 0.982
24 0.964 0.964 0.964 0.963 0.964
25 0.935 0.934 0.934 0.933 0.934
26 0.889 0.889 0.888 0.888 0.889
27 0.824 0.823 0.822 0.823 0.823
28 0.739 0.738 0.736 0.738 0.738
29 0.637 0.636 0.635 0.635 0.636
30 0.523 0.523 0.522 0.522 0.523

31 0.408 0.408 0.408 0.408 0.408
32 0.301 0.301 0.301 0.301 0.301
33 0.208 0.208 0.208 0.209 0.208
34 0.135 0.135 0.136 0.137 0.135
35 0.082 0.082 0.082 0.084 0.082
36 0.047 0.046 0.046 0.048 0.046
37 0.025 0.024 0.024 0.026 0.024
38 0.012 0.012 0.012 0.013 0.012
39 0.005 0.005 0.005 0.006 0.005
40 0.002 0.002 0.002 0.003 0.002
41 0.001 0.001 0.001 0.001 0.001
42 0.000 0.000 0.000 0.000 0.000
L, 0.0017 0.0017 - 0.0047 -

L, 0.0008 0.0008 - 0.0019 -
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Table 2: Comparison of numerical solutions and egalution(Cr=0.10).

x (m) [5] [4] [15] MOC-CS Analyt_ical
MC-CD6 RK4-CD6 CuTBSM Saulyev  Solution
0 1.000 1.000 1.000 1.000 1.000
18 1.000 1.000 1.000 1.000 1.000
19 0.999 0.999 0.999 0.999 0.999
20 0.998 0.998 0.998 0.998 0.998
21 0.996 0.996 0.996 0.996 0.996
22 0.991 0.992 0.991 0.991 0.991
23 0.982 0.982 0.982 0.981 0.982
24 0.965 0.965 0.963 0.964 0.964
25 0.936 0.936 0.933 0.934 0.934
26 0.891 0.891 0.885 0.889 0.889
27 0.827 0.827 0.818 0.824 0.823
28 0.743 0.743 0.732 0.739 0.738
29 0.642 0.641 0.631 0.636 0.636
30 0.529 0.528 0.517 0.524 0.523
31 0.414 0.413 0.404 0.409 0.408
32 0.306 0.306 0.298 0.302 0.301
33 0.213 0.212 0.207 0.211 0.208
34 0.138 0.138 0.134 0.138 0.135
35 0.084 0.084 0.081 0.085 0.082
36 0.048 0.048 0.045 0.049 0.046
37 0.025 0.025 0.023 0.027 0.024
38 0.012 0.012 0.011 0.014 0.012
39 0.006 0.006 0.005 0.006 0.005
40 0.002 0.002 0.002 0.003 0.002
41 0.001 0.001 0.001 0.001 0.001
42 0.000 0.000 0.000 0.000 0.000
L, 0.0148 0.0142 - 0.0071 -
L, 0.0060 0.0055 - 0.0031 -
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Table 3: Comparison of numerical solutions and egakution(Cr=0.60)

[12] [23] [25] [26] [26] [16] [16] MOC-CS Analytical
MOCS MOCG CBSG FEMLSF FEMQSF TC TG Saulyev Solution

0 1.000 1.000 1.000 1.000  1.000 1.00000 1.000 1.000
18 1.000 1.000 1.000 1.000  1.000 1.00@00 1.000 1.000
19 1.000 0.999 1.000 1.000  1.000 0.99999 1.000 0.999
20 1.000 0.998 0.999 00999  1.000 0.99998 0.999 0.998
21 1.000 0.996 0.996 0997  0.999 0.99®96 0.997 0.996
22 1.000 0.990 0.991 00993  0.996 0.99®91 0.993 0.991
23 1000 0.978 0981 00985  0.989 0.99480 0.985 0.982
24 1000 0.957 0.961 0970  0.974 0.98P60 0.969 0.964
25 1.000 0.922 0.927 00943  0.946 0.90226 0.942 0.934
26 0.996 0.870 0.874 00902  0.900 0.983B74 0.898 0.889
27 1013 0799 0.800 0.842  0.832 0.90800 0.834 0.823
28 1.047 0708 0.706 0.763  0.743 0.88F05 0.750 0.738
29 0.897 0.602 0596 0.666  0.638 0.78595 0.648 0.636
30 0457 0.488 0479 0556 0524 0.66379 0.535 0.523
31 0.067 0.375 0.366 0442 0411 0.58B66 0.420 0.408
32 -0.036 0272 0.265 0.332  0.306 0.427264 0.313 0.301
33 -0.010 0.185 0.181 0.235 0.218 0.32D181 0.220 0.208
34 0.002 0.118 0.118 0.156  0.147 0.22217 0.146 0.135
35 0.000 0.070 0.072 0.096  0.095 0.16D72 0.092 0.082
36 0.000 0.038 0.042 0055 0.058 0.00®41 0.055 0.046
37 0.000 0.020 0.023 0030 0.034 0.08023 0.031 0.024
38 0.000 0.009 0.012 0015 0.019 0.08D12 0.016 0.012
39 0.000 0.004 0.006 0.007 0.010 0.00006 0.008 0.005
40 0.000 0.002 0.003 0.003  0.005 0.00902 0.004 0.002
41 0.000 0.001 0.001 0.001  0.003 0.00001 0.002 0.001
42 0.000 0.000 0.001 0.000  0.001 0.00D00 0.001 0.000
L, - - - - - - - 0.039% -

L, - - - - - - - 0.0123 -

x (m)

Example2. In this problem flow velocity and diffusion coefient picked at)=0.8 m/s
and D=0.005n7/s, respectively. Also length of the channel takesLa® m. Exact
solution of this problem given by [24]

(x-1-Ut)?

1
CO0=7 ex"[’ D4+ 1)

(38)

subject to the following boundary conditions
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1 [ (-1-Up)?]

Cc0,n= mexp _-D(4t+1)_ , (39)
1 [ (8-UD? |
C(LH= mexp _- D@D (40)

The concentration values at the boundaries shaulgpldated in each temporal step size
in the solution algorithm. Initial condition ofdéhproblem can be calculated by taking
=0 s in Eq. (38).

MOC-CS-Saulyev, cubic B-spline collocation methauld sextended cubic B-spline
collocation method are compared for different terapstep sizes id.,-norm. And,
Table 4 emphasizes that MOC-CS-Saulyev has prodbe#igr concentration value
results compare to other methods as the value ibicreases.

Table 4: Comparison df,, error normsAx=1 m).

N (] 9] MOC-CS
() BSCM ECUBSCM Saulyev

60 0.04330 0.04250 0.01235
30 0.01962 0.01961  0.00635
20 0.01270 0.01260 0.00471
10 0.00685 0.00608  0.00314
5 0.00409 0.00307 0.00243
1 0.00224 0.00127 0.00193

—O&— MOC-CS-Saulyev
Initial condition

1
\ﬁ — — — Exact solution

Figure 3: Comparison of the exact solution andiin@erical solution obtained with
MOC-CS-Saulyev method farx=0.025 m andAr=0.005 s.
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The exhibited figure, Figure 3, shows the smoothaber of the exact equation and
harmony of MOC-CS-Saulyev. While the advection psst moves the peak
concentration along the channel, the diffusion psscspreads the concentration around.

In Table 5, absolute peak error values for a widege of Courant numbers are
compared with RK4-CD6 method. RK4-CD6 has smadlbsolute peak errors for
Cr<1. This is expected because RK4-CD6 has sixth-ardspace and fourth-order in
time discretizations with a stability condition.hdrefore, it can not produce results for
Cr>1. Although MOC-CS-Saulyev has bigger absolute peatkors, it is
unconditionally stable. Thanks to that it can proe solutions even whety is really
big. When the results are examined it is seen M@C-CS-Saulyev method has
provided comparable low errors and acceptable teeud all Courant numbers.

Table 5 Comparison of absolute peak errass=0.025 m).

4 MOC-CS

Cr AL(s) RKL-]CDG Saulyev

0.016 0.00055.64E-09 3.01E-04
0.032 0.001 5.64E-09 2.92E-04
0.064 0.002 5.78E-09 2.75E-04

0.08 0.00255.99E-09 2.68E-04
0.16 0.005 1.10E-08 2.38E-04
0.32 0.01 8.18E-08 2.12E-04
0.64 0.02 9.02E-07 2.41E-04
0.8 0.025 1.79E-06 2.63E-04

1.6 0.05 - 1.77E-04
3.2 0.1 - 1.46E-04
6.4 0.2 - 1.53E-03
8 0.25 - 2.59E-03

4. Conclusions

This paper deals with a numerical solution of tkeeztion-diffusion problem which
contains two different type of processes such ascibn and diffusion. Advection and
diffusion processes are sequentially solved by owethf characteristics with cubic-
spline interpolation (MOC-CS) and Saulyev meth@&spectively. These two methods
are combined with the help of Lie-Trotter operaplitting method. The convergence
analysis of the proposed method is studied as agtiomputational results. After the
convergence issue is guaranteed the effectiverfetbe @roposed method is tested on
two different types of one-dimensional advectiofitdion problems. The first problem
has sharp gradient which makes it quite hard teesakcurately whereas the second
problem has smooth behavior. Obtained results thithMOC-CS-Saulyev method are
compared with the analytical solutions of the peotd and the results of other
researchers available in the literature. It imstbat MOC-CS-Saulyev method, which
is explicit one, has low error norm values and pom$ acceptable results even when
the Cr is really big. As a conclusion, MOC-CS-Saulyevtimoel can be adapted in a
simple way to solve different types of advectioffediion problems efficiently.
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Abstract

This paper simulates the 2D transient magnetohydrodynamic (MHD) flow in a
rectangular duct in terms of the velocity of the fluid and the induced magnetic field by
using the radial basis function (RBF) approximation. The inhomogeneities in the
Poisson’s type MHD equations are approximated using the polynomial functions (1+r)
and the particular solution is found satisfying both the equations and the boundary
conditions (no-slip and insulated walls). The Euler scheme is used for advancing the
solution to steady-state with a time increment and a relaxation parameter which are
determined for achieving stable solution. It is shown that, as Hartmann number
increases, the fluid becomes stagnant at the center of the duct, the flow is flattened and
boundary layers are developed on the Hartmann and side walls. These are the well-
known characteristics of the MHD duct flow. The stability analysis is also carried in
terms of the spectral radius of the coefficient matrix of the discretized coupled system.
Stable solutions are obtained with RBF by using quite large time increment and suitable
relaxation parameters on the expense of explicit Euler time-integration scheme used.

Keywords: MHD duct flow, RBF, Euler time-integration, stability.

Zamana bagimli MHD kanal akisinin niimerik ¢6ziimii ve
kararlilik analizi

Ozet

Bu ¢alismada, dikdortgen kesit icerisindeki iki boyutlu zamana bagl olan MHD akusi,
swvinin hizi ve indiiklenen manyetik alan cinsinden radyal baz fonksiyon yaklastirimi
kullanilarak sunulmugtur.  Poisson tipinde olan MHD denklemlerindeki homojen
olmayan kisimlar, polinom fonksiyonlar: (1+r) ile yaklastirtimistir ve hem denklemleri
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hem de kaymaz ve iletken olmayan sinir kosullarini saglayan ozel bir ¢oziim bulunmustur.
Euler yontemi, kararli ¢oziimii veren zaman araligt ve yumusama katsayilart ile
kullamilmistir. Hartmann sayisi artik¢a swvimin kanal ortasinda durgunlastigi, akisin
diizlestigi, Hartmann ve yan duvarlardaki simir tabakalarinin gelistigi gosterilmistir.
Bunlar MHD kanal akisimin en iyi bilinen ozellikleridir. Ayrica, kararlilik analizi,
ayriklastirilmis birbirine bagl olan sistemdeki katsayi matrisinin spektral yari¢apt
dogrultusunda yapilmistir. Ac¢ik Euler zaman integrasyonu yéntemi kullanilmasina
ragmen RBF ile olduk¢a genis zaman araligt ve uygun yumusama parametreleri
kullanilarak Kararl ¢oziimler elde edilmistir.

Anahtar kelimeler: MHD kesit akisi, RBF, Euler zaman integrasyonu, kararlilik
analizi.

1. Introduction

The study of magnetohydrodynamic (MHD) flow in channels has many industrial
applications such as MHD generators, MHD flowmeters, nuclear reactors and
electromagnetic pumps. The MHD equations, governed by the Navier-Stokes equations
and Maxwell equations of electromagnetism through Ohm’s law have been solved by
several numerical methods. Tezer-Sezgin et al. [1] considered the steady MHD flow in a
rectangular duct with arbitrarily conducting walls. The numerical results are obtained by
using boundary element method (BEM) for moderate values of Hartmann number (7 <
M < 10). Dual reciprocity boundary element method (DRBEM) is implemented to solve
MHD duct flow with insulating boundary in [2]. The right hand side function is
approximated by using osculating radial basis functions (RBF). Tezer-Sezgin [3]
proposed the polynomial and Fourier based differential quadrature method (DQM) for
solving the steady MHD flow under the effect of a transverse external oblique magnetic
field. The numerical results are presented in terms of velocity and induced magnetic field
for several values of Hartmann number. In the references [4,5], BEM is employed to
solve MHD flow for large values of Hartmann number (M < 300). Carabineau et al. [6]
developed the pseudospectral collocation method for obtaining numerical solution of
MHD flow in the cross-section of square and circular ducts. An exponential higher-order
compact (EHOC) difference scheme is applied for solving coupled MHD equations for
several values of Hartmann number by Li et al. [7].

The unsteady two-dimensional MHD flows in channels are also studied. Bozkaya et al.
[8] solved transient MHD flow problem in a rectangular duct with insulating walls by
using DRBEM in space and DQM in time. They found that as Hartmann number
increases, the steady-state solutions are reached at a faster rate. In the work [9], the
numerical results for the unsteady MHD duct flow with arbitrarily conducting walls are
obtained by using a meshless local Petrov-Galerkin (MLPG) method. Dehghan [10]
implemented the method of variably scaled radial kernels to solve MHD flow for different
geometries of the duct cross-section. The Crank-Nicolson scheme and the method of lines
(MOL) are used for the time discretization.

The stability analysis of the BEM solution of the Diffusion equation is studied by Sharp
in [11]. It is observed that as the time step decreases, the quality of the approximation
deteriorates showing the state of the instability. Ramesh [12] et al. performed the stability
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analysis of unsteady heat conduction flow by using the eigenvalue decomposition of the
coefficient matrix of the multiple reciprocity discretized system.

In this study, the unsteady MHD flow in a rectangular duct with insulating walls is solved
by using the RBF approximation in space and Euler scheme in time. The effect of the
magnetic field on the velocity and the induced magnetic field is investigated. It is found
that, the increase in the Hartmann number develops the boundary layers which is the well-
known behavior of the MHD duct flow. The numerical stability analysis is carried for the
RBF approximation of the time-dependent convection-diffusion type MHD flow equations
when the explicit Euler time integration scheme is used with relaxation parameters. The
numerical stability of the velocity and the induced magnetic field is shown in terms of
maximum eigenvalues of the discretized coefficient matrices which is the main
contribution of this study. The optimal choices of the time increment, relaxation
parameter for certain values of the Hartmann number are found numerically to achieve
stable solutions. It is observed that the numerical results are stable for the choice of
relaxation parameter inthe range 0.5 < a,,, < 1 forall M <100.

2. The physical problem and mathematical formulation

The unsteady, laminar, fully-developed flow of a viscous, incompressible, electrically
conducting fluid is considered in a square duct £2=[-1,1]x[-1,1]. The fluid is driven by
a constant applied pressure gradient in the pipe-axis (z-axis) direction and the flow is
subjected to a uniform magnetic field in the y- direction. The non-dimensional coupled
MHD duct flow equations [13] are given in terms of the velocity V (x,y,t) and the
induced magnetic field B(x,y,t) as

2 0B _ _ 14,

VIV 4 M= —14 7 (1)
2 v _ 98

VBM =2 )

In Q x [0,0) with zero initial, and no-slip insulated walls boundary conditions shown in
Figure 1,

V(x,y,0) = B(x,y,0) =0, (x,y) € Q (3)
V(x,y,t) = B(x,y,t) =0, (x,y)€oQ, t=0 4)
where M = B,L \/a/vp isthe Hartmann number. Here, L, By, o,v and p are the characteristic

length, the external magnetic field intensity, electrical conductivity, kinematic viscosity
and the density of the fluid, respectively.
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Figure 1. Square duct and boundary conditions.

The decoupled form of the MHD flow equations (1)-(2) is obtained

aU; au,

2 1 _ _ 1

VAU + M= 14 (5)
2 _ ou, _ au,

VAU, M= —1+72 (6)

with the initial and boundary conditions

Ui(x,y,0) = U,(x,y,0) =0, (x,y) € Q (7
Uy(x,y,t) = Uy(x,y,t) =0, (x,y)eaQ, t=0 (8)
by the change of variables

U =V+B, U,=V-B. 9)

3. Radial basis function approximation (RBF)

The decoupled convection-diffusion type MHD flow equations (5) and (6) can be
considered as Poisson’s type when all the terms except Laplacian are taken as
inhomogeneity. Thus, the RBF method is described on the Poisson’s type equation

VZu = h(x,y) + % = f(x,y,t) with the boundary condition Bu = g(x,y,t) where
h(x,y) = —-1— % and h(x,y) =-1+ % , respectively for equations (5) and (6).
The boundary operator Bis given identity (B=/)and g(x,y,t) = 0. The inhomogeneity
function f(x,y,t) and the particular solution u(x,y,t) are approximated by the radial

basis functions ¢;(r) and ¥;(r) as

n n

Fy.0 =) 40 ), w0 =) gO% @), xy)en (10)

Jj=1 j=1
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where V2W; (1) = ¢;(r), r = ((x — x;)? + (y — ¥;)*)*/* being the Euclidean distance
and n is the number of unknown coefficients. In this method [14], the approximate
particular solution u becomes the solution of the original equation satisfying the
boundary condition

n

Z a;()BY; (r) = g(x,y,t), (x,¥) € 0Q. 11

j=1

Discretizing the boundary and the domain by taking N, boundary and N; interior
points, we get the solution vector u = Ua where U;; = W;(ry), 1<1i,j <n and
the unknown vector a, depending on time, is the solution of the linear system Ca =
d obtained from the collocation of the equations (10)-(11). The nonsingular coefficient
matrix C,x, [15] and the right hand side vector d, x; are given as

[ BY ()  BY,(r1) - BW,(r1) ) [ g(x,y1t)
BY,(ry,) BY.(rn,) - BY.(rw,) 9(Xny, Y, t)
C = , d= .
O1(vy41)  P2(npr1) - @a(yy+1) [Ny, YNy+1, B)
L q’l(rn) (Pz(rn) q)n(rn) . L f(xn: Y t)

The solution u = UC~'d can be rearranged as partitioning the contributions coming
from the boundary condition and interior solution [16]

u=g,+Kf (12)
where f = {f} = {h}+{52}, 1< i <N, + N;, gu=Riupe and K= [0 R, ]
nXNp nXN;
Here, R1 and R, are the submatrices of UC™? as UC™ = [ Ry R, ], and u,, is the vector
nXxNyp nxN;

containing boundary values of the solution u.

The application of the RBF approximation to unsteady MHD duct flow equations (5)-(6)
gives

U, :gul—MKg—zF‘lUl—Kl+K% (13)
Uz = gup + MK F'U; — KL+ K52 (14)

where F is the coordinate matrix constructed from F;; = g;j(rp) and [;; =1, 1 <i,j <
n.
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The explicit Euler method is used for the time derivatives in the equations (13)-(14) with
the relaxation parameters a,,, and a,,, we obtain the final discretized system for the
unsteady MHD duct flow equations

€ U™ = by = Ly, U (15)
C, U = b — L, UTY (16)

where

1
Cuy = 0, Suy — K,

1

Lu1 =(1- aul)sul -

1

~K,
At

1

Cu, = @y, Su, —— K,

= Ly, = (1-a,)S,, ——K,

2 At

oF .._ oF .._
Su =I+MKF, S, =1-MK_F",

b,, = g., — Kl, b,, = gu, — KL

The iteration continues until the stopping criteria || 2™+ — z0™|| < 107¢ is satisfied
for reaching steady-state where z denotes Uzand Uz for the solutions of (15) and (16),
respectively. The solutions, the velocity and the induced magnetic field are obtained from
the back transformation V = (Ur +Uz) /2 and B = (Ur —Uz) I2. In the equations (15)-
(16), the vectors b,(ff) and b,(ff) are known and do not contribute to the stability analysis.

Thus, the stability conditions for the RBF space — Euler time discretized system of MHD
duct flow equations are [12]

p(CurLy,) <1 (17

P(CutLy) <1 (18)

where p(C;1L,,) and p(Cy2L,,) are the spectral radius of the matrices C;!L,, and
Cy, L., respectively. These matrices differ only in the + sign of the matrices S,,, and S, .

4. Numerical results

In the RBF space discretization for the MHD duct flow equations (15)-(16), we use the
polynomial function ¢ = 1 + r. In order to obtain smooth numerical results the boundary
is discretized by taking N,=100, 156, 236 and 336 points for the Hartmann number values
M=10, 30, 50 and 100, respectively, with the fixed time increment At = 0.1 and the
relaxation parameters a,,, = a,, = 0.6. Steady-state solutions of the velocity and the
induced magnetic field are shown in terms of equivelocity and current lines in Figure 2.
It is observed that velocity contours are symmetric with respect to center lines x=0 and
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y=0. The flow attains its maximum value through the center of the duct making one vortex
at the center. As the Hartmann number increases, fluid shows flattening tendency which
is an expected behavior of the MHD duct flow. The increase in the magnetic field intensity
develops the boundary layers for the flow near the walls with the thickness O(1,/M) on

the Hartmann walls and 0 (1/+/M) on the side walls.

Induced magnetic loops are anti-symmetric with respect to the centerline y=0. AsM
increases, boundary layers are also developed for induced magnetic field on the walls
parallel to the applied magnetic field. The magnitude of the induced magnetic field
decreases due to the convection dominance in the equation (2) as M increases.

In order to show that numerical results of MHD duct flow obtained from the RBF space-
Euler time discretized systems (15)-(16) are stable, the spectral radius (maximum
eigenvalue in magnitude) of the coefficient matrices Cy,; L,,, and C;L,,, are computed for
several values of the time increment At, relaxation parameters a,, = a,, and the
Hartmann number M. The maximum eigenvalues in magnitude (p = 1r£1]a<>1<1|/1j|) are

presented in Tables 1-2.

Figure 2. Velocity and induced magnetic field contours for At = 0.1.

Table 1 shows the effects of the relaxation parameters and the time increment on the
spectral radius of the coefficient matrices C;}Lu1 or C;,zlLu2 for a fixed Hartmann number
M=1 and Np=100. It is found that as relaxation parameter decreases, the maximum
eigenvalue increases and for the choice of a,,, < 0.5 the method becomes unstable. This
is an expected result since Euler method with a relaxation parameter tends to be explicit
scheme with the small value of a,,, (W™ = (1 — a,, )u™ — a, u™), urepresenting
Uz and Uz in (15) and (16), respectively). As At decreases, spectral radius increases but
still does not exceed 1 for 0.6 < a,,, < 1.
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Table 1. Spectral radius p for N,=100, M=1.

a\At | 0.9 0.8 05 |01 001
0.9 0111 |0.124 |0.222 | 0.646 | 0.950
0.8 0250 |0.250 |0.250 | 0.633 | 0.950
0.7 0429 |0429 |0.429 |0.620 |0.950
06 0.667 |0.667 |0.667 | 0.667 | 0.950

In Table 2, the maximum eigenvalues are obtained for different values of Mand At with
a fixed a,,, = 0.9. An increase in the Hartmann number decreases the spectral radius of
the coefficient matrix. The variation of M > 5 gives always the same eigenvalue which
is less than one for the choice of At < 0.5. This shows that for large values of Hartmann
number one does not require smaller time increment to achieve stable solution.

Table 2. Spectral radius p for a,,, = 0.9.

At M=1 M=5 M=10 M=50 M=100
0.01 0.950 0.898 0.771 0.266 0.111
0.1 0.646 0.443 0.197 0.111 0.111
0.5 0.222 0.111 0.111 0.111 0.111
0.8 0.124 0.111 0.111 0.111 0.111
0.9 0.111 0.111 0.111 0.111 0.111

5. Conclusion

In this study, the RBF approximation is developed for solving the equations of unsteady
MHD flow in a rectangular duct with insulating walls. The Euler scheme with a
relaxation parameter is used for the time integration in the MHD equations. The impact
of the external magnetic field is analyzed on the behaviors of the flow and the induced
magnetic field by simulating equivelocity and equal current lines. Numerical results
show that as the Hartmann number increases, boundary layers are formed and the flow is
flattened. Numerical stability analysis of RBF space - Euler time approximation is also
performed in terms of spectral radius of related coefficient matrices of the discretized
system. It is found that quite large time increment can be used for achieving stable
numerical results when suitable relaxation parameters are used for a certain Hartmann
number.
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Ozet

Bu ¢alismada, Marmara Bolgesi’ nden ¢ikarilan bazi mermerlerdeki dogal
radyoaktivite seviyelerini belirlemek icin **°Ra, 232Th ve K konsantrasyonlar: gama
spektrometre sistemi ile élciilmiistiiv.  Mermer numunelerindeki 2?°Ra, 2*?Th ve “°K
ortalama aktivite konsantrasyonlari, sirasiyla 37.446, 34.593 ve 248.041 Bq / kg olarak
olciilmiistiir. Olciimler sonucunda elde edilen **°Ra, 2%Th, “°K aktivite
konsantrasyonlart kullanilarak sogurulan gama doz hizi (D), yillik etkin doz esdegeri
(YEDE), radyum esdeger aktivitesi (Raeq), i¢ tehlike endeksi (Hi) ve dis tehlike endeksi
(Hd) degerleri hesaplanmistir. Bunlarin yani sira, radyasyon maruziyetinin bir sonucu
olan yasam boyu kanser riski (LCR) hesaplanmistir. Elde edilen tiim sonuglar
uluslararast kuruluslar tarafindan onerilen limit degerler ile karsilastirilmistir. Bu
sonug¢lara gore, hem radyolojik zarar indeksleri agisindan hem de doz parametreleri
agisindan hi¢ bir zarar tegkil etmedigi sonucuna varilabilir.

Anahtar kelimeler: Dogal radyoaktivite, radyolojik tehlike, yasam boyu kanser riski,
mermer.

Assessment of radiological hazards and lifetime cancer risk in
some marble samples from the Marmara Region

Abstract

In this study, ??Ra, #2Th and “°K concentrations were measured by gamma
spectrometry system to determine the natural radioactivity levels in some marbles
mining from the Marmara Region. Mean activity concentrations of 22°Ra, 232Th and “°K
in marble samples were measured as 37.446, 34.593 and 248.041 Bq / kg, respectively.

* Kadir GUNOGLU, kadirgunoglu@sdu.edu.tr, https://orcid.org/0000-0002-9008-9162
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The absorbed dose rate (D), annual effective dose equivalent(YEDE), radium equivalent
activity (Raeg), internal hazard index (Hi) and external hazard index (Hd) values were
calculated using the 2?°Ra, 232Th, “°K activity concentrations obtained as a result of the
measurements. In addition, lifetime cancer risk (LCR), which is a consequence of
radiation exposure, has been calculated. All the results obtained are compared with the
limit values recommended by international organizations. According to these results, it
can be concluded that there is no harm in terms of both radiological damage indices
and dose parameters.

Keywords: Natural radioactivity, radiological hazard, lifetime cancer risk, marble.

1. Giris

Diinyanin varolusundan bu yana yeryiiziinde yasayan tiim canlilar dogal ve yapay
radyasyona maruz kalmaktadirlar. Tiim yapt malzemeleri ¢ogunlukla kaya ve topraktan
olusur ve bu iki hammadde, dogal radyasyona sebep olan 2*2Th ve 238U bozunma serileri
ve K dogal radyoaktif izotoplar icerir. Gama radyasyonu, “°K ve 232Th ve 28U
serilerinden gelen radyoniiklidler gibi dogal olarak olusan radyoizotoplardan ve
bunlarin tiim zemin olusumlarinda eser seviyelerinde bulunan bozunma {iriinlerinden
(karasal zemin radyasyonu olarak da adlandirilir) yayilir. Daha spesifik olarak, gama
radyasyonuna bagli dogal c¢evresel radyoaktivite, Oncelikle caligma yapilan bolgenin
jeolojisine ve cografi kosullarina baghdir. Bu nedenle diinyanin her bolgesinde dogal
radyoaktivite seviyelerinde farkliliklar gozlenebilir [1,2].

Yap1 malzemelerindeki dogal radyoniiklitler, hem dogrudan gama isimasindan dis
maruziyete hem de radon gazindan kaynaklanan i¢ maruziyete neden olabilir.
Duvarlardan, katlardan ve tavanlardan kaynaklanan gama radyasyonu, Radon, Thoron
ve bunlarin bozunma iirlinleri radyasyon maruziyetinin baslica kaynaklaridir. Yap:
malzemelerinden gama isinlarinin neden oldugu kapali etkn dozun diinya capinda
ortalama yilda yaklagtk 0.4 m Sv oldugu tahmin edilmektedir [3].  Bireyler
zamanlarinin % 80'inden fazlasini bina i¢lerinde gecirdikleri i¢in yap1 malzemelerinden
kaynaklanan i¢ ve dis radyasyona uzun siireli maruz kalma durumlari yaratir.

Yap1 malzemeleri dogal radyontiklid igerikleri nedeniyle i¢ mekanlarda 6nemli bir gama
dozuna neden olabilir. Binalarda 6zellikle doseme ve dekoratif amacla granit, seramik
fayans, mermerler vb. malzemelerin kullanim1 diinya genelinde giderek artmaktadir [4].
Konut yapiminda kullanilan bu tip malzemelerde bulunan dogal radyoaktivite
miktarinin  bilinmesi  6nemlidir. Dogal olarak olusan materyallerde aktivite
konsantrasyonlarinin belirlenmesi i¢in bir dizi radyoanalitik yontem kullanilabilir.
Gama 15111 spektrometreleri bu amag i¢in yaygin olarak kullanilmaktadir.

Diinya ¢apinda yapilan ¢alismalarda bazi tas ve yapi malzemelerindeki 2?°Ra, #*2Th ve
0K aktivite konsantrasyonlar1 Bq/kg birimlerinde oOlgiilmiistiir. ~ Saglik risklerini
belirlemek icin cesitli calismalar yapilmistir. Ayrica bu g¢alismalarda, UNSCEAR
raporlarindan elde edilen (nGy/h)/(Bg/kg) birimlerine gore doniisiim faktdrleri ve dogal
radyoniiklid konsantrasyonlar1 kullanilarak malzemenin neden oldugu cesitli tehlike
indeksleri ve doz oranlar1 degerleri hesaplanmistir [5-18].
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Bu c¢alismada, Tiirkiye'nin Marmara Bolgesi'nden toplanan 7 adet mermer 6rneginin
dogal radyoaktivite seviyelerini belirlemek i¢in ?°Ra, 2*2Th ve “°K konsantrasyonlari
gama spektrometre sistemi ile Ol¢iilmiistiir. Bu ¢alismanin diger bir amaci, dlgiilen
aktivite konsantrasyonlarindan yararlanarak sogrulan gama doz hizin1 (D), Yillik Etkin
Doz Esdegeri (YEDE), radyum esdeger aktivitesini (Raeq), i¢ tehlike endeksi (Hi) ve
dis tehlike endeksi (Hd) parametreleri hesaplanarak radyolojik tehlikelerin
arastirilmasidir. Ayrica, dogal olarak maruz kalinan radyasyonun sebep oldugu yasam
boyu kanser riski tespit edilmesi de amaglanmistir. Bu c¢alismada iiretilen veriler, bu
alan icin dogal radyoaktivite diizey veri tabanina katkida bulunabilir.

2. Deneysel calismalar

Bu ¢alismada, Tiirkiye Marmara Bolgesi'nde bulunan Balikesir ilinden Marmara Adasi,
Marmara Gri, ve Yakamoz Kahve olmak iizere 3 adet, Bursa ilinden Crema Bello ve
Rosalya Light olmak iizere 2 adet ve Bilecik ilinden Bilecik Rosalya ve Crema Nuova
olmak tizere 2 adet, toplamda 7 mermer 6rnegi toplanmaistir.

Toplanan oOrnekler Olglim Oncesinde bir dizi hazirhlk asamasindan gecirilmistir.
Oncelikle 6rnekler dgiitiilerek toz haline getirilmistir. Toz haline getirilen drnekler
neminden armdirilmak amaciyla 24 saat boyunca 100 °C’ de kurutulmustur.
Kurutulmus numuneler, herhangi bir gaz kacagii engellemek i¢in kapaklari sikica
kapatilmis kaplar igerisine doldurulmustur.

238U un bozunum zinciri igerisinde bulunan uzun yar1 émiirlii ?°Ra’ nin yar1 émrii
kendisinden daha kisa olan ??2Rn ile sekiiler bir denge icerisinde olmas1 gerekmektedir.
Bu nedenle hazirlanmis olan numunelerin 6lgiimlerine baslamadan 6nce sekiiler
dengesinin saglanabilmesi i¢in 30 giin siireyle bekletilmistir.

Mermer numunelerindeki 2Ra, 232Th ve “°K radyoaktivite konsantrasyonlar1 Siileyman
Demirel Universitesi Fen-Edebiyat Fakiiltesi Fizik boliimii Gama Spektroskopi
laboratuarinda bulunan Cok-Kanalli Analizére (MCA) baghh 37x3” Nal (TI)
detektoriinden olusan bir gama spektrometresi kullanilarak oOlgiilmistir [19,20].
Olgiimler sonucunda elde edilen spektrumlar MAESTRO-32 yazilimi kullanilarak
analiz edilistir. Olgiim sisteminin sematik gériiniimii Sekil 1'de gosterilmistir.

Sekil 1. Gama Spektrometre sistemi ve elektronik birimlerin sematik goriiniimii.
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Dedektoriin algilama verimliligi kalibrasyonu i¢in 6 farkli gama enerjisi kullanilarak
yapilmustir [21]. Elde edilen algilama verimliligi degerleri Sekil 2' de gosterilmistir.

LE+02

y=-1E-05x* + 0,0119x + 12,442
R?=10937

1E01 4

Verimlilik (%)

1E+00 . \
1E+02 1,E+03 1E+04

Enerji (keV)

Sekil 2. Gama 15101 enerjilerinin bir fonksiyonu olarak algilama verimliligi.

Olgiimden 6nce sistemin enerji kalibrasyonunu ve algilama verimliligi kalibrasyonunu
gerceklestirmek gerekir. Enerji kalibrasyonu i¢in 662 keV enerjili y-1s1n1 yayinlayan
187Cs ve 1173 ve 1332 keV enerjili y-1511 yayinlayan ®Co radyoaktif kaynaklari
kullanilmistir. S6z konusu kaynaklardan elde edilen gama 111 spektrumu Sekil 3' de
gosterilmektedir.

— Co-60
662 kev —Cs-137
16000

8000 1173 keV
1332 keV

1200
1000

y=1,7156x 19,418
200 RZ=0,9981

200 400 600 800 1000 1200
Kanal Sayisi

Enerji (keV)
g

Sekil 3. B¥'Cs ve %°Co kaynaklarindan elde edilen y-151n1 enerji spektrumu (iist) ve
enerjiye (keV) karsilik gelen uygun kanal.

Mermer numunelerinin dogal radyoniiklidlerin (?*°Ra, 2?Th ve %K) aktivite
konsantrasyonlarini belirlemek i¢in agsagidaki baginti kullanilmistir [15].

N —N
C(Bq/kg)=—2 B
(Ba/kg) E,.P,tMg @
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Burada, NS, numune i¢in 6lgiilen net pik sayimlarini, NB, background icin 6l¢iilen net
pik sayimlarini, Ey spesifik y-1s1nin detektdr verimini, Py y-1s1nin emisyon olasiligini, t
sayim zamanini ve MS numunenin kiitlesini (kg) gdstermektedir.

3. Sonuglar ve tartisma

3.1. Aktivite konsantrasyonu sonuclart

Tiirkiye'nin Marmara Bolgesi'ndeki bazi mermerlerde 2%°Ra, 2%2Th ve “°K aktivite
konsantrasyonlar1 lgiilmiistiir. Olgiim sonucunda elde edilen aktivite konsantrasyon
sonuglar1 2°Ra igin 25.342-48.835 Bq/kg, 2%°Th i¢in 18.774-49.506 Bg/kg ve “°K i¢in
128.094-419.611 Bg/kg arasinda degismektedir. Elde edilen aktivite konsantrasyonu
sonuglart Sekil 4’ de gosterilmistir.

0 HK-40

400 1-

M Ra-226

350 1 WTh-232

300 -

250 -

200 -

150 +

100 A

50 +

Aktivite Konsantrasyonu (Bq/kg)

0 A

Marmara Marmara  Bilecik Crema Crema Yakamoz Rosalya
Adasi Gri Rosalya Bello Nuova Kahve Light

Sekil 4. Mermer numunelerinin aktivite konsantrasyonlari.
Tablo 1'de gosterildigi gibi olgiilen 22°Ra, 2%2Th ve “°K aktiviteleri, diinyanin farkl
bolgelerindeki aktivite konsantrasyonlart ve UNSCEAR 2000 raporlarinda belirtilen

diinya ortalamasi ile karsilastirilmistir.

Tablo 1. Farkli bolgelerdeki aktiviteleri karsilastirilmasi.

Bolge Aktivite Konsantrasyonlari (Bg/kg) Referans
226Ra 232Th 40K
Pakistan 33 32 57 [22]
Hindistan 25,88 42,82 560,6 [23]
Suudi Arabistan 28,82 34,83 665,08 [24]
Tiirkiye 15,85 33,8 359 [25]
Italya 397 211 1265 [26]
Misir 137 82 1082 [27]
Polonya 31-122 25-62 320-1200 [28]

66



GUNOGLUK.

Tablo 1. (Devami).

Urdiin 41,52 58,42 897 [29]
Filistin 71 82 780 [30]
Iran 77,4 44,5 1017,2 [31]
Bu ¢alisma 25.342 - 48.835 18.774 —49.506 128.094 —419.611
Diinya Ortalamast 50 50 500 [3]

3.2. Sogurulan gama doz huzt (D)

Dogal olarak olusan radyoniiklitlerden (***Ra, 2%2Th ve “°K) gelen karasal y -1gmnlart
nedeniyle, zemin yiizeyinden 1 m yiiksekliginde havada sogrulan gama doz hizi,
UNSCEAR, 2000 raporlarinda verilen kurallara gore hesaplanmaktadir [3]. Bu
kurallara gore, *°Ra icin 0.462 nGy/saat, 2**Th icin 0.604 nGy/saat ve “°K icin 0.042
nGy/saat donilisim faktorleri birim aktivite konsantrasyonu basma Bg/kg cinsinden
havadaki sogrulan gama hizin1 hesaplamak i¢in kullanilir. Buna goére, sogrulan gama
doz hiz1 asagidaki bagint1 kullanilarak hesaplanabilir [3].

D (nGy/R) = (0.462)Cgy + (0.604)Crp, + (0.0417)Cy @)

Burada, Cra, Cth ve Ck sirasiyla 226Ra, 232Th ve 40K Bqg/kg cinsinden spesifik
aktivitelerdir. Sogrulan gama doz hizi sonuglari, Sekil 5'te gosterilmistir.

70
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Marmara Marmara Bilecik Crema  Crema Yakamoz Rosalya
Adasi Gri Rosalya Bello Nuova Kahve Light

Sekil 5. Sogurulan gama doz hizi (D).

Sekil 5° den goriildiigli gibi sogrulan gama doz hizi i¢in hesaplanan en diisiik deger
Bilecik’ ten cikarilan numunesinde, en yiliksek deger Balikesir’ den ¢ikarilan Marmara
Gri numunesinde bulunmustur. Sogrulan gama doz hizi sonuglarina bakildiginda
Marmara Adasi, Marmara Gri ve Bilecik Rosalya numunelerinden elde edilen sonuglar
UNSCEAR, 2000 raporlarinda verilen ortalama deger olan 55 nGy/saat ten yliksek
ciktig1 ve diger numunelerin bu ortalama degerden diisiik oldugu goriilmiistiir.

3.3. Yullik etkin doz esdegeri (YEDE)

Insanlarin yasam alanlar1 ve bu alanlarin cevresindeki saglik etkilerinin belirlenmesi
icin yihik etkin doz esdegeri (YEDE), sogrulan gama doz hiz1 kullanilarak
hesaplanmaktadir.  Yillik etkin dozlar1 hesaplamak i¢in, sogrulan gama doz hizi,
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yetigkinler tarafindan alinan etkin doz orani ve zaman gecirme faktorii kullanilir.
UNSCEAR2000 raporlarina gore, etkin doz doniisiim katsayis1 (DDF) 0.7 Sv / Gy ve
zaman gecirme faktorii (ZGF) 0.2'dir. Yillik etkin doz esdegeri asagidaki denklemden
hesaplanir [3]:

YEDE(mSv/y)= D(nGy/h)xDDFXZGFxXT 3)
Hesaplanan yillik etkin doz esdegeri Sekil 6’ da gosterilmistir. Yillik etkin doz esdegeri

icin elde edilen sonucglar 0.038 ila 0.077 mSv/yil arasinda degistigi goriilmiistiir.
Ayrica, YEDE i¢in bulunan sonuglarin hig¢birinin belirtilen 0,460 mSv/y siir degerini

asmadig1 agiktir.

0,09
0,08
Z
& 0,07 —
£
5 006 -
00
() .
T 0,05 =
]
N
.g 0,04 - —
£
< 0,03
7]
=
= 0,02 - - : -
>
0,01 -
1] T T T T T T il
Marmara Marmara  Bilecik Crema Crema Yakamoz Rosalya
Adasi Gri Rosalya Bello Nuova Kahve Light

Sekil 6. Yillik etkin doz esdegeri.

3.4. Radyum egdeger aktivitesi (Raeq)

22Ra ve bozunma iiriinleri arasindaki radyoaktivite dengesizliginden dolayi,
materyallerdeki “°K, 232Th ve #?°Ra gibi dogal radyoaktif niiklitler homojen olmadig
icin materyallerde farkli miktarlarda bulunur. Radyum esdeger aktivitesi, dogal
radyoaktif niiklitlerle ilgili radyasyon tehlikelerini dikkate alan ve materyaldeki aktivite
konsantrasyonunu kontrol etmek i¢in kullanilan bir hesaplama yontemidir. Raeq igin
radyolojik saglik giivenligi degerlendirmesi agisindan izin verilen en yiiksek deger 370
Bag/kg 'dir [14]. Hesaplamada kullanilan denklem asagidaki gibi verilir [15]:

Ra,, = Cg, +(1,43)C;,, +(0,077)C, (4)

Burada, Cra, Ctn Ve Ck sirasiyla ?%°Ra, 2%2Th ve “°K Bg/kg cinsinden spesifik
aktivitelerdir. Radyum esdeger aktivitesi sonuglari, Sekil 7'de gosterilmistir.
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Radyum egdeger aktivitesi (Bq/kg)

Sekil 7. Radyum esdeger aktivitesi.

Sekil 7'den goriildiigii gibi hesaplanan en yiiksek radyum esdeger aktivitesi 136.575
Bg/kg ile Marmara Gri numunesinde, en diisiik deger ise Crema Nuova numunesinde
bulunmustur. Raeq i¢in radyolojik saglik giivenligi degerlendirmesi acisindan izin
verilen en yiiksek deger 370 Bq/kg'dir [14]. Sekilden de goriildiigii gibi tim numuneler
¢in elde edilen sonuglar belirlenen limit degeri agmamustir.

3.5. I¢ ve dig tehlike indeksi (Hi, Hd)

Primordial radyoniiklid igeren materyallerin saglik etkilerini degerlendirmek igin
kullanilan diger bir parametre de I¢c (Hi) ve Dis (Hd) Tehlike Indeksi'dir. Hi ve Hd,
radyasyon tehlikesinin gz ardi edilebilmesi i¢in 1 smirini asmamalidir. Hi ve Hd
asagidaki denklemler kullanilarak hesaplanmugtir [18].

1 1 1
Hd=|— |C., +| — |C,, +| —— |C, <1 5
(370} Ra (259) ™ (4810) . ©)

(1 1 1
Hi=| — |C., +| —|C, +| — |C, <1 6
(185) R (259) ™ (4810} « ©)

Burada, Cra, Ctn Ve Ck swrasiyla 2%°Ra, 2%2Th ve “°K Bq/kg cinsinden spesifik
aktivitelerdir. I¢ ve Dis Tehlike Indeksi sonuglari, Sekil 8'de gosterilmistir.
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0,6 =
WHd EHi

i¢ ve Disg Tehlike indeksi
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Sekil 8. I¢ ve dis tehlike indeksi.

Sekil 8” den goriildiigii gibi mermer numuneleri i¢in hesaplanan i¢ ve dis tehlike indeksi
degerlerinden tiimii belirlenen 1 degerinden daha diistiktiir.

3.6. Yasam boyu kanser riski (LCR)

Yasam boyu kanser riski (LCR), bir kisinin yasami boyunca belirli bir kanserojen veya
radyasyon dozuna maruz kalmasi durumunda kanser gelismesi olasiligi olarak
tanimlanir.

Yasam boyu kanser riski hesaplanirken insanin ortalama yasam siiresi 70 yil olarak
kabul edilmektedir. Buna gore, Yasam boyu kanser riski (LCR) asagidaki denklem
kullanilarak hesaplanmaktadir [32].

LCR = YEDE x ¥S x RF )

Burada, YEDE denklem (3) ile hesaplanan yillik etkin dozdur, YS bir insan igin
ortalama yasam siiresi (yaklasik 70 yil oldugu varsayilmaktadir) ve RF insanlar icin
oliimciil bir kanser risk faktoriidiir ve ICRP60 raporlarina gore bu deger 0.05 Sv olarak
verilmistir [31]. Yasam boyu kanser riski (LCR) i¢in elde edilen sonuglar Sekil 9 da
gosterilmistir.
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Sekil 9. Yasam boyu kanser riski (LCR).

Yasam boyu kanser riski (LCR) icin limit deger 0.290x107 olarak verilmistir. Sekil 9’
da verilen sonuglar verilen bu limit degerden diisiik oldugunu gostermektedir.

Aktivite konsantrasyonlar1 kullanilarak elde doz oranlar1 ve radyolojik indeks sayisal
verileri Tablo 2’ de gdsterilmistir.

Tablo 2. Doz oranlar ve radyolojik indeks sayisal verileri.

Doz Oranlan ve Radyolojik Tehlike indeksleri

Numune adi

D (nGy/h)  YEDE (mSvly) Raeq (Bg/kg) Hd Hi ELCR*10°®
Marmara Adasi 62,83 0,077 135,060 0,365 0,497 0,270
Marmara Gri 63,02 0,077 136,575 0,369 0,496 0,271
Bilecik Rosalya 55,12 0,068 123,140 0,333 0,439 0,237
Crema Bello 42,45 0,052 91,599 0,247 0,345 0,182
Crema Nuova 30,95 0,038 66,782 0,180 0,249 0,133
Yakamoz Kahve 40,27 0,049 87,862 0,237 0,329 0,173
Rosalya Light 4511 0,055 101,076 0,273 0,358 0,194

Ortalama = S.H 45,34 + 6,87 0,056 + 0,01 96,756 + 15,07 0,261 +0,04 0,347+0,05 0,195+0,029

4. Tartisma

Marmara Bélgesi'nden ¢ikarilan bazi mermer drneklerindeki 2?°Ra, 2%2Th ve “°K dogal
radyontiklitlerin aktivite konsantrasyonlar1 Nal (Tl) detektorii ile gama 111
spektroskopisi teknigi kullanlarak Slciilmiistiir. Mermer numunelerindeki ??°Ra, 2%2Th
ve YK ortalama aktivite konsantrasyonlari, sirastyla 37.446, 34.593 ve 248.041 Bq / kg
olarak Olclilmiistiir. Sonuclar, mermer numunelerinde dogal olarak radyoaktif element
icerigine bagli radyasyon dozlarmin degerlendirilmesi icin yararhdir.  Mermer
orneklerinde deneysel olarak elde edilen radyoniiklidlerin konsantrasyonlar
kullanilarak absorbe edilen gama doz orani, yillik etkili doz esdegeri, asir1 yasam boyu
kanser riski, radyum esdegeri aktiviteleri, harici tehlike indeksleri, igsel tehlike
indeksleri ve gama indeks degerleri hesaplanmistir. Hesaplanan sonuglar belirlenmis
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olan smir degerlerin altinda oldugu goriilmiistiir. Elde edilen sonuglar 1s18inda,
incelenen mermer drneklerinin radyolojik acidan bir zarar teskil etmedigi sdylenebilir.
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Abstract

In this paper, we consider some linear/nonlinear differential equations (DES)
containing conformable derivative operator. We obtain approximate solutions of these
mentioned DEs in the form of infinite series which converges rapidly to their exact
values by using and homotopy analysis method (HAM) and modified homotopy
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problems such as biological, engineering, economic sciences and other some important
fields of application. In this context, the aim of this study is to solve some illustrative
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Lokal tiirev operatorlii lineer/lineer olmayan diferansiyel
denklemler i¢in homotopi metotlari

Ozet

Bu ¢alismada conformable (uyumlu) tiirev operatorii (CTO) iceren bazi lineer/lineer
olmayan diferansiyel denklemler ele alinmuistir. Homotopi analiz metodunu (HAM) ve
modifiyeli homotopi pertiirbasyon metodunu (MHPM) kullanarak bu bahsi gegen
denklemlerin sonsuz seri formunda yaklasik ¢oziimleri elde edilmistir. CTO kullaniimast
farkl tiirden diferansiyel denklemlerin ¢oziimlerini elde etmede ¢oziim adimlarimin
kolay bir sekilde hesaplanmasini saglamaktadir. Ozellikle CTO miihendislik, fiziksel
bilimler, ekonomi ve diger bazi alanlardaki problemleri modellemede kullaniimaktadir.
Bu baglamda, bu ¢alismanin amact bazi lineer/lineer olmayan diferansiyel denklemleri
matematiksel olarak ¢ozmek ve ¢oziim grafiklerini kullanarak elde edilen yaklagik
coziimler ile tam ¢oziimleri karsilagtirmaktir. Ayrica CTO ile yeniden tanimlanan HAM
ve MHPM metotlarinin giivenirligini, uygulanabilirligini ve elverisliligini gostermektir.

Anahtar kelimeler: Yaklasik ¢oziim, uyumlu operatér, homotopi analiz metodu,
modifiyeli homotopi pertiirbasyon metodu, lineer olmayan diferansiyel denklemler.

1. Introduction

In the last decade, several numerical, approximate and analytical methods have been
investigated to get solutions of linear/nonlinear fractional PDEs. Especially, in the
physics and engineering areas, numerous applications and theoretical aspects of
fractional calculus have been studied. For example, in [1-10] researchers solved some
important problems modelled with fractional DEs. Furthermore, conformable derivative
operator defined in 2014 [11], is preferred by some researchers [12-19] to apply it to
FDEs and to model some special physical, chemical and engineering problems.
Moreover, the mentioned approximate methods have been applied extensively to real-
life problems by taking these theoretical aspects into consideration. For instance,
approximate-analytical methods have included homotopy analysis method (HAM) [20-
22], Adomian decomposition method (ADM) [23-25], differential transform method
(DTM) [26, 27], homotopy perturbation method (HPM) [28, 29], modified homotopy
perturbation method (MHPM) [30], variational iteration method (VIM) [31], sine-
Gordon expansion method [32], g-homotopy analysis method (g-HAM), [33], etc.

2. Conformable derivative operator

2.1. Definition
Given a function ¢ [O,oo) — R. Then the conformable derivative of & order « € (0,1]

is defined for all t>0 by [11]

T ()0 = tim L) 7€)

-0 <
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2.2. Definition
The o —fractional integral of & is defined by
t
X)
15 (£)(t)=13(t jggadx ae(0,).
> X

2.3. Theorem
Let « €(0,1] and &, 9 be « — differentiable at a point t>0. Then [11];

() To(ag+bd)=aTs(£)+bT2(9) forall abeR,

(i) T (t)=kt““ forall keR,

(i) To(&(t)=0if &(t)=

(iv)  TL(89)=E&Te(9)+9T5 (&),
ITE(E)=ET2 (9

V)  Ti(&19)=—= (£) T )

192
(i) If £(t) is differentiable, then T (&(t)) =t %f(t).

2.4. Lemma
Consider & as an n-— times differentiable at t. Then we have T (£(t))=t“"&“!(t),

forall t >0, & e(n,n+1] [11].

3. Homotopy analysis method in the conformable sense

This section of the study proposes the solution strategies that are generated by
homotopy analysis method in the conformable-type derivative (CHAM). Firstly, we
take the following general form of a nonlinear equation:

N[ v (xt)]=0 )

where J\/“() is a nonlinear operator. Then, the deformation equation is presented as,

(1-p){L[p(xt;p)—yo (x1)]}

)
= pAH (x,t) V[ ¢(x.t; p) |

Let w,(X,t) show an initial estimation value of the exact solution of Eq. (1), p <[0,1]

is an embedding parameter, 7#=0 is an supporting parameter, H(x,t)=0 is an

supporting function, and L=TS an supporting linear operator. It is free to choose the

supporting parameters by applying the suggested method. Clearly, if p=0 and p=1,
Eq.(2) turns out to be

77



YAVUZ M., YASKIRAN B.

(x.1;0) =y, (x,t), d(xt1)=p(xt) (3)

respectively. Thus, p increases from 0 to 1, the solution ¢(x,t; p) varies from the
initial value w,(x,t) to the solution w(x,t). Then, we consider the Taylor series

expansion of ¢(x,t; p) with respect to p, we get

o0

(Xt p)=wo (X t)+ D v, (xt)p", 4)

m=1

where

. () - LTB0ED)

m!  op" ©)

p=0
If the supporting parameters mentioned above are chosen appropriately, the solution of
Eq. (3) exists for p €[0,1]. Then we have

o0

W(X,t):Z(//m(X,t). (6)

m=0

If we take the vector

Vo ={wo (X 1), 0 (1), (X)), 7)
we obtain m th-order altered equation as

Ly (%) = Zotrs (6 0) J=AH (X 1) R, (07,4 (x,1)), (8)

where
1 am‘lJ\/"[¢(x,t; p)]|

s‘Rm (lpm—l(x’t)): (m_1)| apm—l ‘ ! (9)
and

0, m<1,
X = {1' ol (10)

Finally, operating the conformable integral operator defined in Definition 2.2. on both
side of Eq. (8), we have

S N ,
v (X,t)= ;(my/mfl(x,t)—;(mZt//;@l(x,O )G-'_ 157H (X, )R, (Wm—l(x’t))' (12)
k=0 .
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4. Modified homotopy perturbation method in the conformable sense

In this section we illustrate the solution strategies that are generated by modified
homotopy perturbation method in conformable-type derivative (CMHPM). Now we
introduce a solution algorithm in an effective way for the general nonlinear PDEs. In
this regard, firstly, we consider the following nonlinear equation:

Tou(xt)+L(uu,u,)+N(uu,u,)=f(xt), t>0, (12)

where L is a linear operator, N is a nonlinear operator, f is a known analytical
function and T.J, n—1<a <n, shows the conformable derivative of order «. We also
have the initial conditions

u“(x,0)=9,(x), k=041,...,n-1. (13)

In view of the homotopy perturbation method (HPM), we can derive the following
homotopy:

@-p)Tu(xt)+ p[T*‘fu(x,t)+ L(u,uy, U, )+N(u,u,u,)—f (x,t)] =0, (14)
or
Tou(xt)+p[L(uu,,u, )+ N (u,u,u,) - f (xt)]=0. (15)

Therefore, we get the solution of Eg. (15) by using the powers of p:
U=U,+ pu, + p°U, +---. (16)

The modified form of the HPM which was proposed by Odibat [34] can be established
based on the assumption that the function f (x,t) in Eq. (12) can be divided into parts,

F(xt)=3 £ (1), (17)

Then we have the following homotopy:

(1-p)Tu(xt)+ p[T*f‘u(x,t)+ L(u,u,,u,)+N (u,ux,uxx)] =i p"f, (x.1), (18)
or
Tou(xt)+ p[L(u,uX,uXX)+N(u,ux,uxx)]=ip”fn(x,t), (19)

where pe[0,1]. If we set f(x,t)=0, f(xt)=f(xt) for n=0 or n>2, then the
homotopy Eq. (18) or Eqg. (19) reduces to the homotopy Eq. (14) or Eg. (15),
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respectively. The form of homotopy Eq. (19) allows us to obtain the individual terms
Uy, Uy, U,,... In Eq. (16). Substituting Eq. (16) in Eq. (15) and collecting the terms with
the same powers of p, we get

P*iTu, = fo(xit)’ U(()k)(X,O)=gk( )
T L) N (50, (60)-0 o0
P Ty ==L (u) =N (g, Uy) + o (x, ) ;) (x,0)=0

At this step, by applying the conformable integral operator on both side of Eq. (20), the
first few terms of the MHPM solution can be given by

m— k
uoziu(k)(x,o L +I“[f xt]
k=0

15 L (Up) [= L [N (up) [+ 15 (1) ],
_—I"[L(ul )= 15N (ugu, ) [+ 15[ f, (x.1)], (21)
15 [ L(uy) = 1 [N (ugouy,u, )+ 15 [ f(x1) ],

Then we get the solution in the series form as

u(xt)=Su, (x.t).

n=0

5. Numerical examples

5.1. Example
We consider the one-dimensional linear Klein-Gordon equation [35]

T,,j‘u(x,t)—u‘xx(x,t)+u(x,t):6x3F +(X°—6x)t°, t>0, xeR, I<a<2, (22)

with the initial conditions

u(x,0)=0, u,(x,0)=0. (23)
Firstly, we will solve this problem by using the mentioned HAM. Choosing the operator
L(#(xtp))=Tid(xt p)

with the property that L[k]=0, k is a constant. We use the initial approximation
u(x,0)=0. Choosing H (x,t) =1, we can construct the m. order modified equation as
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L[ u, (Xt) = 2l (X 1) [ =79 (0, (X,1)) (24)
where
Ry (Ury (%,1)) =TU s = (Upy )y, + Uy — (1= 2, )| 6X° - (Zja) +(x*-6x)t° | (25)
Therefore, the solution of Eq. (24) for m >1 becomes
Up (X,1) = ZUpy (1) +RLER (T, (X,1)). (26)
From Eqgs. (23), (25) and (26), we obtain
Up (x,t) =0,

23 3 ay\patd
()= _hF()é('rt—a) ‘h(g+ 2?21 3)’
o (0t) = . , (x3 —6x)t‘”3 2 Xt 2 (x3 —6x)t”‘*3

F(4—a) (a+2)(a+3) F(4—a) (a+2)(a+3)
(X3 _ 6X)t0{+3 . (X3 _12X)t2a+3
(a+2)(a+3)[(4-a) (a+2)(a+3)(2a+2)(2a+3)’

2

Then the approximate solution of Eq. (22) is presented by

U(X't) =U, (X,t)+U1(X,t)+u2 (X,t)+u3(x,t)+...

3,3 X3 —6X ta+3 3,3 X3 _6X ta+3
F(4—a) (a+2)(a+3) F(4—a) (a+2)(a+3)
_hz X3t3 _hz (X3 _6X)ta+3 _hz (X3 _6X)ta+3

I'(4-a) (a+2)(a+3) (a+2)(a+3)(4-a)
(x3 —12x)t20’+3 N
(a+2)(a+3)(2a+2)(2a+3)

Y

Then the exact solution of the Eq. (22) subject to the initial conditions Eq. (23) for
a =2, is obtained with HAM as u(x,t) = x*t°.
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Figure 1. Comparison the HAM and the exact solutions at « =2, x=0.5.

Secondly, we solve the Eq. (22) by using the MHPM. Let us take the initial conditions
in Eq. (23) into consideration and use the homotopy in Eg. (19) and finally set

t37a
f(x,t)=6x——
o (%) I'(4-a)
homotopy in Eq. (19) allows us to obtain the individual terms u,,u,,u,,... in Eq. (16).

Substituting Eq. (16) in Eq. (19) and collecting the terms with the same powers of p,
we obtain

,f(xt)=(x*=6x)t°, -, f(x,t)=0,n22. The form of

p°:Tou, = fy(x.1), Up(x,0)=0, (uy),(x,0)=0,
prTou = (Uy), —Up + fi (X 1), u,(x,0)=0, (u;),(x,0)=0,
p*:Tou, =(uy) —uy, uf?(x,0)=0, u,(x,0)=0, (u,) (x0)=0, (27)
p*:Tou, =(u,), —u,, ul?(x,0)=0, uy(x,0)=0, (u;),(x,0)=0,

Now, by applying the operator 15 on both side of Eq. (27), the first few terms of the

*t

MHPM solution can be given by

X3t

(x*—6x)t*? N (x*—6x)t«*
(a+2)(a@+3)T(4-a) (a+2)(a+3)

Uy (x,1)=

u (x,t)=-
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0, (x,t) = 6xt*" _ 6xt*"
2A (a+2)(a+3)(2a+2)(2a+3) (a+2)(a+3)(2a+2)(2a+3)[(4-a)
(% —6x)t*? (x*—6x)t*?

_(a+2)(a+3)(2a+2)(2a+3) +(a+2)(a+3)(2a+2)(2a+3)F(4—a)'

In this way, the rest terms of the series can be calculated. The approximate solution of
Eq. (22) is given by

u(xt) = Xt (x3—6x)t“*3 +(x?’—6x)t”‘+3
' F(4—a) (a+2)(a+3)1"(4—a) (a+2)(a+3)
. 6Xta+3 ~ 6Xta+3
(a+2)(a+3)(2a+2)(2a+3) (a+2)(a+3)(2a+2)(2a+3)1“(4—a)
(x*—6x)t*? (x*—6x)t?
(a+2)(a+3)(2a+2)(2a+3)+(a+2)(a+3)(2a+2)(2a+3)F(4—a)

+ ..

Then the exact solution of the Eq. (22) subject to the initial conditions Eq. (23) for
2,

special case of a =2, is obtained with MHPM as u(x,t) = x

Figure 2. HAM sol. with ¢ =1.4 and « =1.8 for Example 1
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=2

Figure 3. HAM solution and exact solution with « =2 for Example 1.

5.2. Example
Now let us consider the following nonlinear differential equation [36]
e 244
Tau(x,t)+u?(xt)=2x———+x%t*, t>0, 0<x<1, O<a<l, 28
U+ (0) =2 s 28)
with the initial condition
u(x,0)=0, (29)

and the boundary conditions
u(0,t)=0, u(Lt)=t> (30)

Firstly, we will apply the HAM to the problem. Choosing H (x,t) =1, we can construct
the m. order modified equation as

L[ u, (Xt) = 2l (X 1) [ =R (0,4 (X,1)) (31)
where
R, (Um—l (X't)) =Tl + uli—l - (1_ Am ){ZX% + thﬂ' (32)

Now the solution of Eq. (28) for m >1 becomes

Up (X,1) = ZUpy (1) +RLER (T, (X,1)). (33)
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From Eqgs. (29), (32) and (33), we get

Up (x,t) =0,
Xt2 XZta+4
Jt)=-h —h ,
s (1) F(3-a)  (a+4)
2 24 a+4 2 2+ a+4
bt = n XX e
I(3-a) (a+4) I'(3-a) (a+4)
2 2 2 24 a+4
U (xt)=—h—2 gy X X, XA
r(3-a) I'(3-a) r(3-a) (a+4)
2:a+4 2¢a+4 2+ a+4
_thxt —h3Xt L Xt
(a+4) (a+4) (a+4)T(3-a)T(3-0a)
X3t2a+6 . X4t3a+8

+ 2i°

(@+8)(2a+6)(3-a) " (a+8)(a+4)(3a+8)

These steps give that the approximate solution of Eq. (28) as

2 2ea+h 2 2, q+4 2
sxt)e X X, x
I(3-a) (a+4) T (3-a) (a+4) r(3-a)
24+a+4 2 2 2 2+a+4
XU s X
(a+4) T(3-a) I'(3-a) r(3-a) (a+4)
_2h2 X2ta+4 _hg XZta+4 +h3 X2ta+4
(a+4) (a+4) (a+4)F(3—a)F(3—a)
X3t2a+6 s X4t3a+8

+ 23

+h +e
(a+4)(2a+6)T'(3-a) (a+4)(a+4)(3x+8)
Then the exact solution of Eq. (28) for a =1 is obtained with the HAM as u(x,t) = xt*.
Secondly, we solve the mentioned problem by applying the MHPM to it. Considering
the initial condition in Eg. (29) and the homotopy in Eg. (19), we set

2-a
fo(x,t):2xﬁ, f,(x,t)=x" -, f (xt)=0, n>2. Then we obtain

p°:T.iu, = fy(x,t), Uy (%,0)=0,
ptiTou =-u; + f (x.t), u, (x,0)=0,
p?:Tu, =—2u.,, ul (x,0)=0, u, (x,0

-0, (34)
p° :Tuy =—(uf +2uu, ), uf” (x,0)=0, u,(x,0)=0

Following the same solution steps in the Example 1, the first few terms of the MHPM
solution can be obtained as
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2

xt
%)= a)
XZta+4 XZta+4
1t = - y
u (%) (a+4) (a+4)T(3-a)T(3-a)
342a+6 342a+6
uz(x,t):— 2x°t 2X°t

(@+4)(22+6)T(3-a) (a+4)(2a+6)[(3-a) (3-a)l(3-a)

The rest parts of the series can be given as the same way. Then the approximate solution
of Eqg. (33) is given by

t B Xt2 XZta+4 XZta+4 2X3t2a+6
) = 30y (0 ) (@ )T (3-a)T(3-a) (a+d)(2a+6)T(3-a)
2X3t2a+6
" (a+4)(22+6) (3—a)T (3-a)[ (3—a)

The last equation means that the exact solution of the Eq. (28) for a =1 is obtained
with the proposed MHPM as u(x,t) = xt’.

0,045 : . : . : . : .
—[J— a=0.45, HAM

0,040 -
0,035 -

0,030

0,025 -

0,020 -

u(x,t)

0,015 -
0,010 -

0,005 -

0,000 -

Figure 4. Comparison the numerical solutions with the exact solution at #=-1,t=0.2.
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6. Conclusion

In this work, approximate-analytical solutions of some linear/nonlinear PDEs are
obtained by using the HAM and MHPM methods considering the conformable
derivative operator. The fundamental solutions for non-homogeneous Klein-Gordon
equation and a nonlinear PDE have been investigated by applying these suggested
methods. The results of numerical computations have been illustrated by the figures
under the variation of order «, time value t, distance term x and the auxiliary

parameter 7. The results of this study find out that the HAM and MHPM in the
conformable derivative mean are applicable and suitable methods that can evaluate the
components of infinite series smoothly and with ease in short notice even in nonlinear
PDEs and the results have proven the accuracy and influence of these mentioned
methods.
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Ozet

Eko-verimlilik, daha az atik, kaynak ve enerji kullanimi ile iiriin iiretme ilkesidir. Bu
ozellige gore eko-verimlilik, sadece cevresel kaygilar ic¢in degil, aym zamanda
endiistriyel verimliligin korunmasi, dogal kaynaklar ve ekonomik biiyiime gibi bir¢ok
alan icin de onemlidir. Isletmeler icin siire¢ verimliliginin arttirilmasi, dogal kaynak
kullanmiminin azaltilmasi ve hammadde tiiketiminin azaltilmasi, operasyonel verimliligi
ve karliigi saglayacaktir. Boylece, eko-verimli isletmeler, verimliligi arttirirken
maliyetleri azaltacak ve daha rekabet¢i hale gelecektir. Tiirkiye'de pek ¢ok isletme, eko-
verimli hale gelebilmek icin danismaniik hizmeti almaya ve Ar-Ge uygulamalarina
ihtiya¢ duymaktadir. Ancak, ¢evre odakli bakis ag¢isi disindaki  eko-verimlilik
kavraminin heniiz net olarak tamimlanamamis ve anlasilamamis olmasiyla beraber,
tilkemizdeki  yetersiz  yenilik  kapasitesi nedeniyle bu kavram yeterince
uygulanamamaktadir. Bu ¢alismanmin amaci, eko-verimlilik kavramint agiklamak,
uluslararasi diizeyde kabul gormiis tamimlarindan bahsetmek ve kiiresel gelisimini
gostermektir. Ayrica, ulusal ve igletme diizeyinde eko-verimliligin uygulanma siirecine
iligkin temel adimlart iceren akis diyagramlar: ¢calisma kapsaminda sunulmaktadir.

Anahtar kelimeler: Eko-verimlilik kavrami, eko-verimlilik tamimlari, eko-verimlilik
uygulama adimlari.
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The concept, development and implementation process of
eco-efficiency

Abstract

Eco-efficiency is a principle of producing goods by using less resources and energy
while creating less waste. According to this characteristic, it is significant not only for
environmental concerns, but also for many other fields such as protection of industrial
efficiency, natural resources, and economic growth. For industries, increasing process
efficiency and decreasing natural resources and raw material consumption will directly
result in operational efficiency and profitability for a company. Thus, eco-efficient
companies reduce costs by increasing productivity and become more competitive. In
Turkey, many companies need to take consultancy service and apply R&D practices for
engaging with eco-efficiency. However, eco-efficiency concept, except the
environmental perspective, is not clearly defined and understood and thus cannot be
sufficiently applied mainly due to inadequate innovation capacity in our country. The
aim of this paper is to explain the concept of eco-efficiency, to give its internationally
accepted definitions and to show its global development process. In addition, flow
diagrams are presented within the scope of this study, including basic steps of eco-
efficiency implementation at national and company level.

Keywords: Eco-efficiency concept, definitions of eco-efficiency, implementation steps of
eco-efficiency.

1. Giris

20. ylizyilin ikinci yarisinda baglayarak, giiniimiizde hizin1 git gide arttiran teknolojik
ve endiistriyel gelismeler, dogal kaynaklarin ve g¢evresel degerlerin hizla azalmasina
neden olmaktadir. Artan atik miktarlari ve aritim maliyetleri yalnizca iiriin ve hizmet
tireten kurum ve sektorleri etkili ¢oziimler aramaya yoneltmekte, ayni zamanda
toplumsal cevre bilincinin olusmasim da tetiklemektedir. Ozellikle, son 20 yilda artan
cevresel farkindalik, basta gelismis tlilkeler olmak {izere tiiketicilerin ¢evre dostu iiriin ve
stirecleri tercih etmelerine neden olmaktadir.

Ortaya ¢ikan bu yeni trendin sonucunda, liretim ve hizmet sektorlerinde tretkenligi
arttirmak, ekolojik dengenin korunmasi igin dretim girdisi olarak kullanilan
hammaddeleri daha az tehlikeli esdegerleri ile degistirmek, Su ve enerji tiiketimi basta
olmak tizere kaynak tiiketimlerini azaltmak gibi yaklasimlar literatiirde ortaya
konulmaya baslamistir. Atik azaltma, geri doniisiim, iiriin ve hizmetlerin ¢evreye daha
duyarli sekilde tasarlanmasi kapsaminda yapilan arastirmalarin 6nemi artmis ve
kirliligin ortaya ¢iktiktan sonra yok edilmesi olarak ortaya konan “kirlilik kontroli”
yaklasimlart yerini “eko-verimlilik” yaklagimlarina birakmaya baglamistir [1].

Ulusal ve uluslararasi diizeylerde eko-verimlilik yaklagimina yonelik yiiriitiilen
caligmalarda, iiretim siireglerinde girdinin daha verimli kullanilmasi i¢in yapilacak
tyilestirmelerin hem hammadde kayiplarini azaltacagi hem de atik iiretimini minimize
edecegi soylenmektedir [2]. Bunun yani sira, hizmet sektoriinde de verimliligin
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arttirtlmasina yonelik yapilan eko-verimlilik yaklagimlari ortaya ¢ikmaktadir [3]. 2004
yilinda, Avrupa Ekonomik Arastirmalar Merkezi (Center for European Economic
Research) tarafindan Almanya’da yapilmis bir ¢alismada, Ekonomik Isbirligi ve
Kalkinma Orgiitii (OECD) iilkelerinde mevcut kirlilik kontrolii ve eko-verimlilik
yaklasimlar1 karsilastirilmistir ve 6zellikle Fransa ve Japonya gibi gelismis iilkelerde bu
konuda c¢ok sayida g¢alisma yapildigi ve eko-verimlilik uygulamalarinin
yayginlastirilmasina yonelik stratejilerin gelistirildigi goriilmiistiir [4]. Ulkemizde ise,
eko-verimlilik konusundaki oncii bir proje olan Ulusal Eko-verimlilik Merkezi’nin
kurulmasi ile ilgili caligmalar Verimlilik Genel Miidiirliigii tarafindan siirdiiriiliirken,
proje Tiirkiye Bilimsel ve Teknolojik Arastirmalar Kurumu (TUBITAK) ve Tiirkiye
Teknoloji Gelistirme Vakfi (TTGV) tarafindan desteklenmektedir [5].

Bahsedilen tiim bu nedenler goz oniine alindiginda, eko-verimlilik kavramina yonelik
uygulamalarin siirdiiriilebilir olabilmesi i¢in dncelikle bu kavrama karsi farkindaliin
yaratilmasi gerekmektedir. Bu calismanin temel amaci, halen gelismekte olan eko-
verimlilik kavramini agiklamak, tarihsel gelisim siirecindeki tanimlarindan bahsetmek,
ulusal ve isletme diizeyindeki uygulama siirecinin adimlari sunarak, iilkemizde konu ile
ilgili farkindaligi arttirmaya yonelik katki saglayabilmektir. Calismanin ikinci
boliimiinde, gegmisten giiniimiize kadar eko-verimlilik kavraminin tarihsel gelisimi
verilmis, tammmlar1 ve amaglar1 aciklanmustir. Uciincii  boliimde, eko-verimlilik
konusunda caligma yapacak olan kurumlar ve igletmeler i¢in genel bir yol haritasi
sunmak amaciyla, eko-verimliligin uygulanmasinda izlenecek adimlar hem ulusal hem
de isletme diizeyinde akis diyagramlari seklinde verilmistir. Makalenin son boliimiinde
ise, aragtirma sonuglarini ve elde edilen bilgileri 6zetleyen bir sonuglar ve tartigma
kismina yer verilmistir.

2. Eko-verimlilik kavram

Eko-verimlilik kavrami, daha fazla {irlin ve hizmet sunumu ya da daha az enerji ve daha
az dogal kaynak ile daha fazla ekonomik ve cevresel verimlilik olarak ifade
edilmektedir. Bu kavram, isletme agisindan ele alindiginda ise verimlilik, karlilik ve
rekabet edebilirlik lizerine odaklanmaktadir. Eko-verimlilik kavrami ile faaliyet alani
ve biyiikligi fark etmeksizin gesitli sektorlerde verimlilik arttirilabilirken, gevresel ve
ekonomik kazanimlar da elde edilebilmektedir.

Eko-verimlilik, c¢evresel etkilerin ortaya ¢iktiktan sonra yok edilmesini degil,
kaynaginda onlenmesini ifade etmektedir. Bu kavram, Kirlilik kontrol yaklagimlarinin
aksine, endistriyel, kentsel, tarimsal gibi ¢evresel sorunlart bir parametre olarak
planlama siireclerine dahil etmektedir. Kirlilik kontrolii, tasarim ve iiretim siireglerinin
kaciilmaz sonucu olarak kirliligi kabul eder ve kirliligin ortaya ¢ikmasindan sonra bu
sorunu ¢Ozmeye ¢alistigt icin isletmelere ve kurumlara ekstra maliyetler
olusturmaktadir. Eko-verimlilik ise, kaynak maliyetlerinin azaltilmasina, Kirlilik
kaynaklarmin Onlenmesine yonelik metotlar ve c¢evre dostu firlinler araciligiyla
isletmelerin {iretim maliyetlerinin diisiiriilmesinin yani sira g¢evresel performansin
arttirilmasini da saglamaktadir.

Giinimiuzde, isletmeler acisindan ¢evresel konular sadece ¢evre mevzuati baskilarindan

ve ¢evre korumaya yonelik ek maliyetlerden dolay1 onem kazanmamakta, ayn1 zamanda
atik miktarinin, su ve enerji tliketiminin azaltilmasi, hammaddelerin verimli sekilde
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kullanilmasi, {iretim ve atik bertaraf maliyetlerinin en aza indirilmesi, is yeri ve is¢i
giivenliginin saglanmasi konularin1 igeren daha kapsamli bir geri kazanima
dontismektedir.

Eko-verimliligin temel amaglarindan biri olan siire¢ verimliliginin arttirilmasi, dogrudan
operasyonel verimlilige baglidir ve bir isletme i¢in deger katan enerji, dogal kaynak ve
hammadde kullaniminin azaltilmas: ile sonuglanmaktadir. Ayrica, islevsel olarak
esdeger iriinlerin daha az enerji, dogal kaynak ve hammadde kullanilarak tretilmesi,
iriin - maliyetlerinin  distrilmesi ve isletme karliligimin arttirilmas:  anlamina
gelmektedir. Uretim siirelerinin iyilestirilmesi sayesinde calisma ortaminin da dolayl
olarak iyilestirilmesinin yani sira, triiniin daha kaliteli ve tutarli olmasi da
saglanabilmektedir.

2.1. Eko-verimlilik kavraminin tarihsel gelisimi

20'nci ylizyilin baslarindan itibaren eko-verimlilik kavrami, “ekolojik verimlilik” olarak
literatiire yansitilmistir. Bu donemde, sanayilesmenin olumsuz etkileri hissedilmeye
baslamis ve bilimsel bulgular bu sorunu dikkate alan 6nemli iddialar1 ortaya koymaya
baglamistir [6]. 1990'lardan bu yana eko-verimlilik kavrami hem gelismis hem de
gelismekte olan iilkelerin giindeminde yer almaktadir. Bununla birlikte, bu kavram son
yillarda daha fazla isletme tarafindan kabul edilerek, eko-verimlilik konusunda daha
gelismis uygulama yaklagimlari ortaya ¢ikmaya baslamistir.

Tablo 1, kiiresel kuruluslar, ¢alismalar ve hareketlere gore eko-verimlilik kavrami
gelisiminin tarihsel siirecini ¢izelgelemektedir. Her birinin yapmis oldugu eko-
verimlilik tanimlar1 galismanin bu béliimiinde basliklar halinde verilmektedir.

Tablo 1. Eko-verimlilik tanimlarinin yillara gére dagilimi.

Eko-verimlilik kavramindan bahseden kiiresel Tarih Kaynak
kuruluslar, calismalar ve hareketler

Sessiz Bahar (Silent Spring) 1962 7
Biiyiimenin Sinirlar (Limits to Growth) 1972 8
Birlesmis Milletler Insan Cevresi Konferansi 1972 9
Kirlilik Onleme 1975 10
Cevresel Hareket 1980-1990 11
Brundtland Komisyon Raporu 1987 12
Diinya Siirdiiriilebilir Kalkinma Is Konseyi 1992 13
Birlesmis Milletler Cevre ve Kalkinma Konferansi 1992 9
Faktor 10 Kuliibii 1994 14
Faktor Dort 1998 14
Diinya Siirdiiriilebilir Kalkinma Zirvesi 2002 9
1.Uluslararasi Eko-verimlilik Konferansi 2004 15
2. ve 3. Uluslararasi Eko-verimlilik Konferansi 2006/2010 15
UNIDO Eko-verimlilik Programi 2008-2011 5
Birlesmis Milletler Cevre Programi Eko-Inovasyon Projesi 2012-2017 16

Sessiz Bahar (Silent Spring, 1962)

Sessiz Bahar, ¢evre iizerindeki insan kaynakli etkileri arastiran Amerikali biyolog
Rachel Carson tarafindan yazilmig bir kitaptir. Bu Kitap, pestisitlerin kullanilmasinin
olumsuz sonuglart konusunda farkindalik yaratmistir ve g¢evresel hareketin
desteklenmesi agisindan 6nemli bir kitaptir [7].
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Biiyiimenin Swmirlart (Limits to Growth, 1972)

Donella H. Meadows, ckonomik biiylimeden dolayr dogal kaynaklarin tiikenmeye
basgladigi ve bu nedenle oniimiizdeki on yil i¢inde maksimum kaynak sinirlarina
ulagilacagi Ongoriisii ile yogun bir ilgiyi lizerine ¢ekmeyi amaglayan bir arastirma
sunmustur. Bir bagka deyisle, bu biiyiimenin hem canli popiilasyonu hem de sanayi
kapasitesinde kontrol edilemez bir diisiis yaratacagini soylemektedir [8].

Birlesmis Milletler Insan Cevresi Konferansi (1972)

Isve¢ Stockholm'de diizenlenen bu konferans sirasinda, saglikli ve iiretken bir cevreye
yonelik haklarin tanimlanmasi gerektigi konusu tartisilmis, ekonomik kalkinmay1
hizlandirmak igin etkin kaynak kullaniminin 6nemi anlatilmistir [9]. 1975'teki bir baska
konferansta ise g¢evrenin korunmasmin énemli oldugu vurgulanmistir. Bu donemde,
cevre lzerindeki insan etkilerinin olumsuz yanlar1 ortaya ¢ikmaya basladigindan
gelecek yillarda olumsuz ve maliyetli sonuglarla karsilasmak yerine bugiinden gevre
dostu teknolojilerin kullaniminin gevre ve lretici i¢in ¢ok daha fazla fayda saglayacagi
acik bir sekilde dile getirilmistir.

Kirlilik Onleme (1975)

Bu yaklasim, kirliligi kontrol etmek yerine 6nlenmesinin daha oncelikli bir yer almasi
gerektigini One siirmektedir. Bu amacla, ABD'li iretici 3M, kirliligi kaynaginda
onlemek icin “Kirlilik Onleme Odemeleri Programi (3P)” adli programmni
olusturmustur. Projenin ilk yilinda isletme 800 milyondan fazla tasarruf etmistir [10].

Cevresel Hareket (1980s)

Uriinlerin cevre iizerindeki olumsuz etkilerine kars1 tiiketicilerin farkindaliklarinin
artmasi ile 1980’1lerden itibaren bu hareket hiz kazanmaya baglamistir. Bu baglamdaki
bir 6rnek olarak: Bhopal, Hindistan'daki “Union Carbide” bocek ilaci fabrikasi, 1984'te
zehirli gaz sizintis1 ile karsi karsiya kaldiginda toplumun bu durumu g6z oniinde
bulundurarak is rollerini ve sorumluluklarint sorgulamaya basladigi gorilmistiir [11].

Brundtland Komisyon Raporu (1987)

1987°de Brundtland Komisyonu, insanliga dayali mevcut perspektifleri gozden
gecirmeyl ve insanligin gelisimi i¢in yeni ¢oziimler Onermeyi amaglayan “Ortak
Gelecegimiz” baglikli bir rapor yaymlamistir. Ayrica, siirdiiriilebilir kalkinmanin
formiilasyonunu sunarak, bu kavrami 6nemli bir terim olarak vurgulamistir. Bu terim,
gelecek nesillerin ihtiyaglarinin karsilanmasini 6ncelikli olarak vurgulamaktadir ve
stirdiiriilebilir gevre konusunda bugiine kadar kullanilan en yaygin terim olarak ifade
edilmektedir [12].

Diinya Siirdiiriilebilir Kalkinma Is Konseyi (WBCSD, 1992)

WBCSD, ilk olarak 1992 yilinda eko-verimlilik terimini ortaya koymustur. Bu terime
gore eko-verimlilik, cevresel performans ve ekonomik fayda arasindaki iligkiye
dayandirilarak ifade edilmistir. Aym yil, Isvigreli bir is adami olan Stephen
Schmidheiny, WBCSD'de bu kavrami ayrintili olarak ele alan “Degisen Kurs” baslikli
bir kitap yaymlamistir [13].

Birlesmis Milletler Cevre ve Kalkinma Konferansi (UNEP, 1992)

1. Uluslararast Diinya Zirvesi’nde, ¢evrenin korunmasi ve sosyo-ekonomik kalkinma ile
ilgili biiylik sorunlara deginilmistir. Bu zirvede giindem, devlet bagkanlari tarafindan 21.
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yiizyilda Siirdiirtilebilir Kalkinma Plani olarak belirlenmistir ve Giindem 21 olarak
adlandirilmistir. Siirdiiriilebilir Kalkinma siireci hem giindemde hem de Diinya Cevre ve
Kalkinma Komisyonu'nun ¢alismalari ile bu donemde oldukga dikkat ¢ekmistir [9].

Faktor 10 Kuliibii (1994)

Faktor 10 Kuliibii kapsaminda diinyadaki dogal kaynak tiiketimini azaltmak amaciyla
hiikiimet, sanayi, akademik ve diger sektorlerden uluslararasi liderler gelismis tilkelerde
kaynak ve enerji verimliligini arttirmak i¢in on faktor 6nermistir. Bu beyan, ekonomik
bliyiimeyi saglarken dogal kaynaklarin kullanimin1 hedefleyen marjinal iliski
politikasini ortadan kaldirmay: hedeflemistir [14].

Faktor Dort (1998)

Faktor dort, mevcut eko-verimlilik metotlarinin uygulanmasi ile kaynak verimliliginde
dort kat artis saglamay1 ongoriirken, ayn1 zamanda genel yasam kalitesinin arttirilmasini
da 6nemsemektedir. Bu kavram, 1998 yilinda Rocky Mountain Enstitiisii tarafindan bir
kitapta tanitilmig ve temel bir ekonomik diisiince olarak deklare edilmistir [14].

Diinya Siirdiiriilebilir Kalkinma Zirvesi (WSSD, 2002)

Giliney Afrika Cumbhuriyeti’nin Johannesburg kentinde gergeklestirilen Diinya
Siirdiiriilebilir Kalkinma Zirvesi’nde, kiiresellesmenin diinyada hizla devam etmesine
ragmen refahin esit diizeyde paylasilmadigi, gelismis ve gelismekte olan {ilkelerin
sorunlara bakis acilarmin farklilastigi vurgulanmigtir. Ayrica, zirve kapsaminda
Gilindem 21 Programi’nin tanitilmasina katkida bulunulmus ve uygulanmasi ile ilgili
degerlendirmeler yapilmistir [9].

1.Uluslararas1 Eko-verimlilik Konferansi (2004)

Bu konferans, toplumsal eko-verimlilik analizi i¢in karar vermenin bir olgiitii olarak
olgiilebilir eko-verimlilik analizi’nin kullandig1 operasyonel yontemleri belirtmistir ve
stirdiirtilebilirligin desteklenmesine odaklanmistir [15].

2. ve 3. Uluslararasi Eko-verimlilik Konferansi (2006/2010)

2006 yilinda gergeklestirilen konferansin temasi, “Siirdiiriilebilirlik i¢in Sayisal Eko-
Verimlilik Analizi” ve 2004 yilinda diizenlenen ilk konferansin gelistirilmesini
icermektedir. Konferasin amaci, eko-verimlilik kavramini daha iyi tanitmak ve
endiistride eko-verimliligin uygulanma yolunu tartismaktir. EKo-verimlilik uygulamalari
icin en etkili politikalarin tartisilmasi da konferansin bir diger alt baghigidir. 2010
yilinda ise, “Siirdiiriilebilirlik i¢in Modelleme ve Degerlendirme: Eko-Inovasyon ve
Tiiketim Kilavuzlugu” baslikli eko-verimlilik kavrami ve uygulanmasi tizerine igiinci
bir konferans diizenlenmistir [15].

Birlesmis Milletler EKo-verimlilik Programi (UNIDO, 2008-2011)

Birlesmis Milletler Sinai Kalkinma Orgiitii (UNIDO) tarafindan ulusal diizeyde atilan
en onemli adim olan ve “Tiirkiye'nin Gelismekte Olan Iklim Degisikligi Uyum
Stratejisi”  kapsaminda  yiiriitilen =~ “UNIDO  Eko-Verimlilik ~ Programi1”
gerceklestirilmistir. Programda, eko-verimlilik, kapasite olusturulmas: ve pilot
uygulamalarin bilinglendirilmesi, yayginlastirilmas1 ve uygulanmasi ile ilgili dnemli
kazanimlar elde edilerek, konuyla ilgili birgok gelisme tetiklenmistir [5].

Birlesmis Milletler Cevre Programi Eko-fnovasyon Projesi (UNEP, 2012-2017)
Birlesmis Milletler Cevre Programi Eko-Inovasyon Projesi, Avrupa Komisyonu
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tarafindan finanse edilen ve Danimarka Teknik Universitesi’nin destegiyle eko-
inovasyonu tanitmak ve gelismekte olan iilkelerde eko-yenilik yaratmaya tesvik etmek
amaciyla yiiriitiilen bir projedir. Isletmeler, proje adma olusturulmus veritabani
tizerinden eko-yenilik el kitabimi kullanarak eko-inovasyona nasil baslamalari
gerektigine dair fikir edinebilmekte ve diinyanin dort bir yanindan gelen basari
oykiilerini, eko-inovasyon ile ilgili vaka ¢alismalarini gozden gecirebilmektedirler [16].

2.2. Eko-verimlilik kavraminin tanimlar: ve amaclar

1970'lerden beri bazi uluslararasi kuruluslar, sivil toplum orgiitleri ve hiikiimetler
tarafindan eko-verimlilik kavrami gelistirilmis ve ortaya konan tanimlar tarafindan
kavramin farkli hedefleri vurgulanmistir. Bu boliimde, diinya ¢apinda 6ncelikli olarak
kabul goren eko-verimlilik tanimlari ve vurguladiklari temel amaglar sunulmaktadir.

Diinya Siirdiiriilebilir Kalkinma Is Konseyi (World Business Council for Sustainable

Development-WBCSD)

1992'de Diinya Siirdiiriilebilir Kalkinma Is Konseyi, “Degisen Kurs” baslikl1 yayini ile
eko-verimlilik kavramini ortaya koymustur. Bu tanima gore eko-verimlilik, insani
ihtiyaclart karsilayan ve kaliteyi arttiran rekabetgi fiyatlh mal ve hizmetlerin
sunulmasiyla saglanabilmektedir. Diinya Siirdiiriilebilir Kalkinma Is Konseyi, “eko-
verimlilik, ekolojik etkileri ve kaynak yogunlugunu yasam dongiisii boyunca asamali
olarak azaltarak, diinyanin tahmini tasima kapasitesine uygun bir diizeye c¢eker.”
demektedir [17]. Ozetle, eko-verimlilik kavrami daha az atik ve kirlilik yaratarak, daha
az kaynak tiiketimi ile daha fazla mal ve hizmet liretmeye odaklanmaktadir.

Diinya Siirdiiriilebilir Kalkinma Is Konseyi eko-verimliligin temel amaglarmi sdyle
tanimlamaktadir:
e Uriin veya hizmet yaratirken kullanilan materyal ve enerji miktarim azaltmak,
Uriin ve hizmet verimliligini arttirmak,
Toksik maddelerin ¢evre lizerindeki yogunlugunu ve etkilerini azaltmak,
Geri doniistiiriilebilirligi iyilestirmek,
Yenilenemeyen kaynaklarin tiiketimini azaltmak,
Uriin dayanikliligmi ve iiriin-yasam déngiisiinii iyilestirmek.

Ekonomik Isbirligi ve Kalkinma Orgiitii (Organisation for Economic Co-operation
and Development-OECD)

Ekonomik Isgbirligi ve Kalkinma Orgiitii, {iretim/tiikketim hacminin ve iiretilen/tiiketilen
birim basina diisen c¢evre etkisinin, ¢evresel insan faktorleri tizerinde etkili oldugunu
savunmaktadir. Bu baglamda, kirliligin azaltilmasina, geri donistiiriilebilirliin
arttirllmasina, yenilenebilir enerji kaynaklarindan faydalanilmasina, liriin veya hizmet
tiretiminde verimli kaynak kullanimina ve atik minimizasyonuna yonelik isletme, yerel
yonetim ve toplum diizeyinde ¢esitli girisimlerde bulunulmustur. Ekonomik Isbirligi ve
Kalkinma Orgiitii, eko-verimlilik kavramini, insan gereksinimlerini karsilarken artan
verimliligi hedefleyen bir ekolojik kavram olarak ifade etmektedir [18]. Bu tanima gore
eko-verimlilik, ¢iktinin (iirlin veya hizmetlerin toplam degeri) pay olarak ve girdinin
(isletme tarafindan yaratilan g¢evresel etkilerin toplami) payda olarak belirtildigi bir
orandir.
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Kiiresel Kalkinma Arastirma Merkezi (Global Development Research Center-GDRC)
Kiiresel Kalkinma Arastirma Merkezi’ne gore isletmeler, teknolojik ve siireg
degisikliklerine giderek daha fazla mal ve hizmet yaratabilmektedir. Ayni1 zamanda,
cevre odakli teknolojik yenilikleri ve siire¢ degisikliklerini igeren eko-verimlilik
caligmalar1 ile de hem iiretim siirecinde hem de {iriin veya hizmetin yasam dongiisii
boyunca kaynak tiikketimini ve g¢evresel etkilerini azaltarak daha fazla deger
yaratabilmektedir [14].

Kiresel Kalkinma Arastirma Merkezi tarafindan tanimlanmis olan eko-verimlilik
kavrami su temel amaglar1 vurgulamaktadir:

e Hammadde, su ve enerji tiikketimini azaltmak,

e Cevresel atik ve kirlilik diizeylerini diistirmek,

e Uriin veya hizmet Omriinii yasam dongiisii prensiplerini gbéz Oniinde

bulundurarak iyilestirmek,
e Uriin veya hizmetlerin geri doniistiiriilebilirlik seviyelerini iyilestirmek,
e Hizmet verimliligini arttirmak.

Avrupa Cevre Ajansi (European Environment Agency-EEA)

Avrupa Cevre Ajansi eko-verimliligi, daha fazla refah ortami yaratmayi hedeflerken
ayni zamanda dogal cevreyi koruyan bir kavram ve hem mevcut hem de gelecek
nesillerin ¢evreye erigebilirligini gozeterek insani ihtiyaclarin karsilanmast igin
ekonomik faaliyetler ile dogadan fayda elde edilmesi arasinda yeterli diizeyde baglanti
kuran bir strateji olarak tanimlamaktadir. Avrupa Cevre Ajansi tarafindan tanimlanan
baslica eko-verimlilik gostergeleri: hava ve su kalitesinin gozetilmesi, doganin ve canl
cesitliliginin korunmasi, dogal kaynak ve enerji tiiketimi, toprak ve kimyasal madde
kullanimudir [19].

ISO/DIS 14045 Cevresel Yonetim Standartlar:

ISO/DIS 14045 eko-verimliligi, tiriin-yasam dongiisiiniin ¢evresel etkilerini niceliksel
olarak ele alan ve isletme degeri ile 6l¢en bir unsur olarak degerlendirmenin yani sira,
hammadde tedarigi ile baslayip, iirtin kullanim Omrii sonunda atik bertarafi ile
sonuglanan iriin sistemleri boyunca yoneten bir arag¢ olarak sunmaktadir [20]. Bu
nedenle, eko-verimlilik degerlendirmesi yaparken iriin ve iiretim siireglerini birlikte
degerlendirmektedir.

Bahsedilen tiim bu kiiresel anlamda kabul goérmiis kuruluglar tarafindan belirlenen eko-
verimliligin temel amaglar1 Tablo 2’de 6zetlenmistir.

Tablo 2. Kiiresel kuruluslar tarafindan tanimlanmis eko-verimlilik amaglari 6zet tablosu.

WBCSD | OECD | GDRC | EEA | ISO/DIS
14045

Dogal kaynak tiiketimi ve toprak + + + + +
kullaniminin azaltilmasi
Kullanilan materyal, su ve enerji + + + + +
miktarinin azaltilmasi
Atik, kirlilik miktarinin ve sera etkisinin + + + + +
azaltilmasi
Cevre lizerindeki insan etkisinin +
azaltilmasi
Hizmet verimliliginin arttirilmasi + + + +
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Tablo 2. (Devamu).

Toksik madde miktarinin ve yogunlugunun + + + +
azaltilmasi1
Geri doniistiiriilebilirligin iyilestirilmesi + + +
Yenilenebilir enerji kaynaklarinin + +
kullanimina y6nelinmesi
Uriin dayanikliliginin arttirilmasi + +
Uriin/hizmet émriiniin uzatilmasi ve + +
Ozelliklerinin gelistirilmesi
Komiir, yag, gaz ve mineral kullanim + +
miktarinin azaltilmasi

Tabloya gore, eko-verimlilik kapsaminda en ¢ok atifta bulunulan amaglarin, dogal
kaynak tiiketimi ve toprak kullaniminin azaltilmasi, kullanilan materyal, su ve enerji
miktarinin azaltilmasi ile atik, kirlilik miktarinin ve sera etkisinin azaltilmasi oldugu
goriilmektedir. Sonug olarak, eko-verimlilik uygulamasinin birincil amacinin ¢evresel
etkileri azaltmak oldugu anlagilmaktadir.

3. Eko-verimlilik uygulama adimlari

Uretim ve hizmet siireclerinin cevre iizerinde hangi diizeyde etkili olduklarimni
arastirmak ve siire¢ bazli faaliyetleri degerlendirmek ancak eko-verimli uygulamalarla
miimkiin olabilmektedir. Ayrica, eko-verimlilik uygulama siirecinin ¢iktilarini
degerlendirerek organizasyonel, finansal ve cevresel profiller gelistirilebilmektedir.
Calismanin bu kisminda eko-verimliligin uygulanmasindaki temel adimlar ulusal ve
isletme diizeylerinde sunulmaktadir.

3.1. Ulusal Diizeyde Eko-verimlilik Uygulama Adimlart

Cesitli tilkelerin ornekleri incelendiginde [21, 16, 22], bir iilkede eko-verimliligin
uygulama adimlar1 genellikle kavram bilincinin olusturulmasiyla baglamis ve sirasiyla:
eko-verimlilik konusunda bilincin saglanmast ve uygulama igin kapasitenin
olusturulmasi, paydaslarin ve paydaslar arasi etkilesimlerin belirlenmesi, bilgi paylasim
aglarinin  olusturulmasi ve gerekli isbirliklerinin kurulmasi1 [23], uygulamalari
destekleyecek finansal mekanizmalarin olusturulmasi [24] ve politik reformlar haline
dontistiiriilmesi [25] ile devam etmistir. Sekil 1°de bu adimlar bir akis diyagrami olarak
verilmektedir.
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Politik reformlar haline
doniistiiriilmesi

*

Uygulamalar1 destekleyecek
finansal mekanizmalarin
olusturulmasi

*

Bilgi paylasim aglarinin
olusturulmasi ve gerekli
isbirliklerinin kurulmasi

*

Paydaslarin ve paydaslar arasi
etkilesimlerin belirlenmesi

*

Uygulama i¢in kapasite
planlamasinin yapilmasi

*

Eko-verimlilik konusunda
bilincin arttirilmasi

A

Sekil 1. Ulusal diizeyde eko-verimlilik uygulama adimlari.

Gortildiigii gibi, siirecin dogal bir siire¢ olarak gelismesi ve en yiiksek oranda katilimin
ve destegin saglanmasi icin ulusal diizeyde eko-verimlilik uygulamalar: yapilirken stire¢
oncelikle toplumsal farkindaligin olusturulmas ile baslayarak agagidan yukariya dogru
islemektedir. Bununla birlikte, bu siire¢ bazen yerel, kiiltiirel nedenlerden Otiirii
asagidan yukariya akis gostermek yerine yukaridan asagiya dogru da gelisebilmektedir
[26].

Ulkeler yerel yapilarina en uygun sekilde eko-verimlilik yaklasimini benimseyecekleri
icin bu ¢alismada belirtilen ulusal diizeyde eko-verimlilik yaklagimin uygulama
adimlart ve siirecin akis yoni iilkeden tilkeye farklilik gosterebilir. Avrupa Birligi
iilkeleri, Amerika, Kore, Japonya, Cin ve Vietnam gibi iilkelerde eko-verimlilik
caligmalarmin temelini olusturan kaynak israfin1 azaltma, yeniden kullanma, geri
doniistim ve atik yonetimi konularina iliskin ulusal politikalarin gelistirilme siireciyle
ilgili 6rneklerin incelendigi ¢calismalar bulunmaktadir [25].

3.2. Isletme diizeyinde eko-verimlilik uygulama adimlar:

Sanayiciler i¢in eko-verimlilik uygulamalari genellikle artan ¢evre mevzuati baskilari ve
¢evre korumaya yonelik meydana gelen ek maliyetler nedeniyle olsa da bu kavram,
hammadde, su ve enerji tiiketiminin azaltilmasi, atik miktarinin azaltilmasi, atiklarin
geri kazanilmasi ve iiretim ve atik bertaraf maliyetlerinin en aza indirilmesi gibi gesitli

olanaklar1 kapsayacak bir kimlik kazanarak isletmelere 6nemli katkilar saglamaktadir
[27].
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Eko-verimliligin ana hedeflerinden olan siire¢ verimliliginin arttirilmasi, enerji, dogal
kaynaklar ve hammadde kullanimimin azaltilmasi, dogrudan igletme verimliligini
arttiran  ve isletmeye katma deger saglayan unsurlardir. Uretim = siireglerinin
iyilestirilmesi sayesinde hem c¢alisma ortami verimliligi hem de {irtin Kkalitesini
arttirllabilmektedir. Bu baglamda, cko-verimlilik uygulama siireci, isletmenin ana
hedefleri goz oniine alinarak planlanmalidir. Bu siireg, isletme bazinda eko-verimlilik
amaglarinin  tanimlanmasi1  [19] ile baslamakta ve sirasiyla: eko-verimliligin
uygulanmasi i¢in sistem sinirlarinin ve gostergelerin belirlenmesi [28], uygulama siireci
igin stratejilerin belirlenmesi ve hedeflerin atanmasi, tanimlanan géstergelerin siirece
entegre edilmesi ve takibi [18], elde edilen c¢iktilarin takip edilmesi ve
degerlendirilmesi, taniml1 gdstergelerin, alinan kararlarin ve hedeflerin revize edilmesi
seklindedir. Sekil 3.1’de isletme diizeyinde eko-verimlilik uygulama adimlar1 akis
diyagrami olarak verilmektedir. Goriildiigii gibi ulusal diizeyde asagidan yukariya dogru
hareket eden eko-verimlilik uygulama siirecinden farkli olarak, isletme diizeyindeki
uygulama siireci iist yonetimin sahiplenmesi ile strateji diizeyinde baslayip, operasyonel
diizeye dogru hareket etmektedir.

Eko-verimlilik uygulamasindan elde edilen sonuglari yansitan bazi 6rnek isletmeler
asagida verilmistir [17].

1. STMicroelectronics, eko-verimlilik uygulamalart ile enerji maliyetinden yilda 38
milyon sterlin ve su maliyetinden yilda 8 milyon dolar tasarruf ederek, isletmenin
toplam tasarrufunun on yil i¢inde 900 milyon dolara ulasacagi tahmin edilmektedir.

2. United Technologies Corporation, test hiicrelerini, atik akiglarini ve yeralti depolama
tanklarini yoneterek yilda 50.000 dolar tasarruf etmektedir.

3. Dupont, enerji tliketimini {igte birine diisiirerek yilda 17 milyon dolar tasarruf
etmektedir. Ayn1 zamanda, sera gazi kirliligini, irin maliyeti bagina %350 oraninda
azaltmustir. Isletme, kaynak ve verimlilik artis1 sayesinde 2000 yilinda 400 milyon dolar
tasarruf saglamistir.

4. SC Johnson, tretim atiklarni bes yilda %50 oraminda distirtirken, tiretimi ayni
miktarda arttirmistir. Isletmenin yillik maliyetten tasarrufu 125 milyon dolardan
fazladir.
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Isletme bazinda eko-verimlilik
amaglarinin tanimlanmasi

v

Eko-verimliligin uygulanmasi
i¢in sistem sinirlarinin ve
gostergelerin belirlenmesi

v

Uygulama siireci igin
stratejilerin belirlenmesi ve
hedeflerin atanmasi

v

Tanimlanan gostergelerin
stirece entegre edilmesi ve
takibi

v

Elde edilen ¢iktilarm takip
edilmesi ve degerlendirilmesi

v

Tanimli gostergelerin, alinan
kararlarin ve hedeflerin
revize edilmesi

Sekil 2. Isletme diizeyinde eko-verimlilik uygulama adimlari.

Eko-verimlilik stratejileri gelistiren ve uygulayan isletmeler, sadece giiniimiiz
diizenlemelerine uygun olmanin avantajim1 kazanmakla kalmayip, ayni1 zamanda
gelecekte yaptirimi artacak olan yasal diizenlemeler ve gevre yonetim standartlar igin de
kendilerini hazirlamig olurlar. Boylece eko-verimlilik uygulamalari, isletmelerin
imajlarin1 daha gii¢lii hale getirmelerini saglayarak daha yiiksek standartlar1 karsilayan
uiriinlerle yeni pazar firsatlarini yakalamalarini miimkiin kilar.

4. Sonuglar ve tartisma

Cevre dostu iiretim ilkeleri kapsaminda, temiz ve yenilenebilir enerji kaynaklarindan
yararlanma, temiz teknolojilere ge¢gme egilimi ve enerji verimliliginin gozetilmesi,
sadece iklim degisikligine neden olan etkilerin azaltilmasi i¢in degil, ayn1 zamanda
isletmelerin rekabet ortaminda fark yaratmasi agisindan da 6nemlidir. Son yillarda
kiiresel, ekonomik ve c¢evresel krizler nedeniyle {iiretim ve hizmet siireglerinin
stirdiiriilebilir sistemlerle biitiinlestirilmesi igin siirekli artan bir g¢abanin oldugu
gozlenmektedir. Bu acgidan, eko-verimli siiregler, kaynak tiikketimini minimize etmeye
odaklanirken, ¢evresel etkileri azaltarak insan ihtiyaglarin1 karsilayan mal ve hizmetler
saglamaktadir [29]. Eko-verimlilik kavrami sayesinde, daha az dogal kaynak,
hammadde, enerji ve su kullanimi ile daha verimli siirecler saglanabilirken, atik
olusumu ve kirlilik de en aza indirgenebilmektedir. Eko-verimliligin uygulanmasi
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yalnizca siire¢ degisikligine gidilerek degil, {iretim siireclerinde iyilestirmelerin
yapilmasi, ¢evre dostu hammaddelerin kullanilmasi, ekipman degisiklikleri, tiretim
planlamasi, iiriin/tasarim degisikligi ve atiklarin geri doniistiirtilmesi gibi operasyonlar
ile de saglanabilmektedir.

Gilinimiizde yeni teknolojilere kolay erisebilme imkani ve alternatif uygulamalarin
sayis1 arttik¢a, sanayide rekabetgi ortam git gide hiz kazanmaktadir. Ancak bu siireg,
dogal kaynak kullaniminda g¢evreye zarar verebilecek boyuta da ulasabilir. Cevre
korumaya yonelik artan mevzuat baskilar1 ve ek maliyetler, isletmeleri alternatif
coziimler tiretmeye yoneltmektedir. Bu nedenle, isletmeler hem hukuki boyutu hem de
cevresel sorunlart g6z Oniinde bulundurarak siireglerini gelistirmek i¢in daha etkili
¢coziimler tiretmek adina kendilerini zorlamalidirlar. Siireclerin siirdiiriilebilir sekilde
yeniden yapilandirilmasi ve yeni teknolojilere entegre edilmesi eko-verimliligin
saglanabilmesi igin gereklidir. Ozellikle iiretim siireglerinde girdi ydnetiminin verimli
bir sekilde yapilmasi gerektigi, aksi takdirde siirdiiriilebilirligin saglanamayacagi
literatlirdeki bir¢ok kaynakta vurgulanmaktadir. Ayrica, bu siire¢ isletme agisindan goz
Ontine alindiginda, tiretim sonrasinda olusan atiklarin yonetilmesi daha fazla maliyete
neden olacaktir.

Ozellikle uluslararasi boyutta kurumsallasmis isletmelerin enerji ve kaynak verimliligi,
atik yonetimi gibi eko-verimlilik kapsaminda degerlendirilen konulara odaklandig1 ve
yenilik¢i diislinceler ile teknolojik ¢oziimler getirdikleri goriilmektedir. Bu baglamda,
isletmelerin atik yonetimi odakli teknolojik ¢6ziimleri kullanmalar1 ve {iretim
stireclerinde atik ve kaynak verimliligine yonelik yapacaklart Ar-Ge c¢aligmalart hem
atik ve maliyet konularini ¢6ziimleyecek, hem de siirdiiriilebilir bir ¢gevre i¢in proaktif
bir hamle olacaktir [27]. Bu isletmeler, gelistirecekleri etkin ¢oziimler ile gliniimiiziin
rekabetci ortaminda artan misteri taleplerini kolayca yanitlayabilecek ve ayn1 zamanda
cevreye duyarli bir isletme imajin1 kazanacaklardir.

Hem isletme hem ulusal diizeyde kaynaklarin etkin kullaniminin biiyiik 6nem kazandig:
giinlimiizde, eko-verimlilik kavraminin 6nemi iilkemiz agisindan da oldukga fazladir.
Bu konuda toplumsal ve sanayi bilincinin arttirilmasi ileride yapilacak caligmalarda
eko-verimlilik yaklagimlarmin  uygulama siirecinin ¢ok daha etkin sekilde
gerceklesmesine yardimer olacaktir. Ayrica, bu kavrama karsi sosyal ve endiistriyel
farkindalig1 arttirmak i¢in yazili ve gérsel medya araglari kullanilabilir, topluma yonelik
bilgilendirme etkinlikleri ve uygulamacilara yonelik basart orneklerinin paylasildigi
etkinlikler diizenlenebilir.
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Ozet

Bu ¢alismada sektik B-spline Galerkin metodu adveksiyon difiizyon denkleminin
yaklasik ¢oziimii icin Onerilmistir.  Onerilen metotta zaman parcalanmast igin
dogrulugu iki, ii¢ ve dort olan tek adimli yontemler kullanilmigtir. Dogrulugu iki olan
yontem Crank-Nicolson yontemi olarak ta bilinmektedir. 7ki sayisal érnek kullanilarak
onerilen yontemlerin etkinligi ve dogrulugu kontrol edilmistir.

Anahtar kelimeler: Adveksiyon difiizyon denklemi, Sektik B-spline, Galerkin yontemi.

Sextic B-spline Galerkin method for advection diffusion equation

Abstract

In this study, sextic B-spline Galerkin finite element method is proposed for numerical
solution of the advection diffusion equation. In the method, second, three and fourth
order single step methods are used for the time integration. Second order single step
method is also known as Crank Nicolson method. Two numerical examples are studied
to illustrate the accuracy and the efficiency of the proposed methods.
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1. Giris

Konveksiyon difiizyon denklemi olarak ta bilinen bir boyutlu sabit katsayili adveksiyon
difiizyon denklemi (AD denklemi)

u +au, —uu, =0, a<x<b (1)
formunda olup

u(a,t) =u(b,t) =0,

0@ =ubt=o, 'OT] @)
sinir sartlarina ve
u(x,0)= f(x), a<x<b (3)

baslangi¢ kosuluna sahiptir. Denklemdeki « sabit katsayisi bir akiskanin hizina ve u

ise sabit difiizyon katsayisina karsilik gelmektedir. Ayrica denklemdeki u ise konum ve
zaman karsilik gelen x ve t bagimsiz degiskenlerine bagli bilinmeyen bir
fonksiyondur.

Birgok bilim dalindaki problemler AD denklemi ile modellenebilmektedir[1]. Bu tip
problemlerin  birgogu keyfi simir ve baslangig kosullar altinda tam olarak
¢oziilemediginden problemlerin  yaklagik ¢oziimleri ig¢in sayisal ydntemler
onerilmektedir. Dolayisiyla AD denkleminin yaklasik ¢6ziimii i¢in de sonlu farklar [2,3]
ve sonlu elemanlar [4,5,6,7,8] gibi birgok sayisal yontem Onerilmistir. AD denklemi
veya kismi diferansiyel denklemlerin sayisal ¢6ziimii igin Onerilen ydntemlerin
bircogunda 6ncelikle denklem zamana ve konuma gore parcalanmaktadir. Zamana gore
pargalanma islemi yapilirken ise genellikle dogrulugu 2 olan Crank-Nicolson yontemi
kullaniimaktadir.

Bu ¢alismada AD denkleminin yaklasik ¢oziimii yapilirken zaman pargalanmasi
isleminde dogrulugu 2, 3, ve 4 olan 3 farkli yontem onerilecektir. Konum pargalanmasi
icin ise sektik B-spline Galerkin sonlu elemanlar yontemi kullanilacaktir. Sonlu
elemanlar yontemi uygulamali matematik ve miithendislikteki bir ¢ok sayisal simiilasyon
i¢in yaygin olarak kullanilan bir yontem olup ilk kez 1960 yilinda Clough [9] tarafindan
kullanilmistir. Bununla beraber yontem fikri daha eskilere dayanmaktadir. 19. yiizyilin
sonlarinda ve 20. yiizyilin baglarinda Ritz [10] ve Rayleigh [11,12] tarafindan
varyasyonel problemlerin ¢dzlimleri i¢in yapilan ¢alismalar mevcuttur. Galerkin [13] de
sinir deger problemlerinin ¢ézlimleri i¢in sonlu elemanlar metodu iizerinde ¢alismalar
yapmustir. Sonlu elemanlar yonteminde problemin tanim kiimesi oncelikle sonlu eleman
ad1 verilen alt araliklara boliiniir. Daha sonra her bir alt aralikta siirekli fonksiyonlarin
cebirsel polinomlarin bir lineer birlesimi olarak yazilabilecegi fikrinden yararlanilarak
yaklagim fonksiyonlar1 olusturulur. Son olarak cebirsel bagintilardaki bilinmeyen
katsayilarin degerleri ¢Oziimii aranilan denklemi bdliinme noktalarinda saglayacak
sekilde elde edilirler. Sonlu elemanlar metodu Galerkin, kolokasyon, en kiiciik kareler
vb metotlarin1 igermektedir. Bu ¢alismada AD denkleminin yaklasik ¢6ziimii
aragtirilirken agirlik fonksiyonu olarak yaklagim igin kullanilan taban fonksiyonun
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kullanildig1 bir sonlu elemanlar yontemi olan Galerkin metodu kullanilacaktir [14].
Yaklasim fonksiyonu olarak ise sektik B-spline fonksiyonlar kullanilacaktir.

2. Metodun uygulanmasi

Sayisal ¢6zlim aranirken konum zaman diizlemi At zaman adimi1 ve h konum adimi
uzunluklarinda pargalanacaktir. Bu durumda boliinme noktalarindaki bilinmeyen
fonksiyonun tam degeri X, =a+mh, t =nAt olmak iizere

u(x,,t,)=u>, m=0,1..,N; n=012,...

olarak gosterilecektir. U5 notasyonu ise u; tam ¢oziimiiniin yaklasik degerine
karsilik gelecektir.

2.1. Zaman parcalanmasi
Adveksiyon difiizyon denklemi

U, = uU, —au, (4)

olarak dizenlenir ve

n+1

+6,u +6,u;" +6,u, (5)

n+1
t

un+1 — un + 91U

tek adimli metodu Onerilirse

e (5) metodunda 6, =6, =At/2,6,=6,=0 secimi yapildiginda zaman pargalanmasi
icin dogruluk 2 olacaktir (M1). Ayrica M1 metodu Crank-Nicolson metodu olarak ta
bilinmektedir.

2
At
e (5) metodunda 6 :%,6’2 =%,493 = —%,04 =0 secimi yapildiginda zaman
parcalanmasi i¢in dogruluk 3 olacaktir (M2).
2 2
At At
e (5) metodunda 6,=0, = %,93 = —( 12) 0, = ( 12) se¢imi yapildiginda zaman

par¢alanmasi i¢in dogruluk 4 olacaktir (M3).

(5) yontemi ile birlikte (4) formundaki adveksiyon diflizyon denklemi kullanilirsa

n+l n+l 2 2 n+l
u _el(luuxx _aux) _93 (,Ll U, —ZCZILIU ta uxx) =

XXX (6)

n n 2 2 n
u'+6, (,uuXX —aux) +06, (,u Uy — 204U, + uxx)

olarak (4) adveksiyon difiizyon denklemimin zaman parcalanmasi elde edilmis olur.

2.2. Konum parcalanmast
[a,b] konum araligt h=x_,—-Xx ,=(0-a)/N, m=1.. N olmak iizere,
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a=X, <X <...<X,=b

olarak pargalansin. Bu parcalanma iizerinde ¢,,, m=-3,..., N +2sektik B-spline
fonksiyonlart g(x_)=(x—x_)° olmak iizere

9 (X s), [ X3 %2 ]
9% a) = 790X 5)s  [Xnos %]
904 )=7800 )+
219(X, 1),

L 9(X,5)—79(X, )+ [ ]
0n(X) = 51219(X, ;) —359(x,), — "

s ()
g (Xm+4) - 7g (Xm+3)

[Xm+l’ Xm+2 ]

+219(X;,0)s

g(Xm+4)_7g(Xm+3)’ [Xm+2’ Xm+3]
g(xm+4)’ [Xm+3’ Xm+4]

0, diger durumlar

seklinde tanimlanir [15,16]. Problemin tanim araligi iizerinde u(x,t) tam ¢oéziimii igin
U (x,t) yaklasik ¢oziimii sektik B-spline fonksiyonlarin bir lineer birlesimi olarak

N+2

U(x,t) = Z5j¢j (8

formunda yazilabilir. Yaklasimda verilen &; zamana bagh bilinmeyen parametredir.

(7-8) kullanilarak boliinme noktalarinda ki bilinmeyen fonksiyon ve ilk 5 tiirevi igin
yaklagimlar

U, =U,(X,)=0,,;+575, ,+30206, , +3026, +575,,, + ., 9
U =U,(x )= %(@M +2506,,,,+4006, —400,, , — 256, , -0, ; ) (10)
U, =U (x)= i_S (5m+2 +96,,,-105, —106, , +96, _, + 5, 5), (11)
120

Um =U N ( m) = ?(5m+2 + 5m+l _85m + 8é‘m—l - 5m—2 - 5m—3 ) J (12)
U (4) _ U (4) _ 360

m TN (Xm) - F(é‘mﬁ _3§m+1 + 2é‘m + 2é‘m—l - 3é‘m—z + 5m—3)’ (13)
U (%) _ U (%) _ 720

®-yO(x )= F(_é“”z +56,,,—105, +105, , —53, ,+ 5, 3) (14)

olarak hesaplanabilir. ¢&=x-x, koordinat déniisiimii yapilirsa [X,, X, ] sonlu aralig1

[0,h] araligina déniisecektir. Bu durumda [0,h] aralig: lizerinde & -ye gdre sektik B-

spline sekil fonksiyonlari
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Pna(S) = [h_T‘fjﬁ : (15)
P2 (£) = (2n—¢) r:ﬁ?(h &) , (16)
o (5= (3h-¢)° —7(2hr;§)6 +21(h—¢Y’ | a7
¢m(§):(3h+§)6_7(2h+§zz+21(h+§)6_35§6, 18)
o) =20 ) _751? re) +2s (19)
Pri2(8) = (hﬂ?ﬁ (20)
Pria(S) = i—: (21)

olacak sekilde bulunabilir. ¢, sekil fonksiyonlarinin lineer birlesimiyle

o,i=m-3,...,m+3

zaman parametresine gore [O, h] araligi i¢in yaklasim ise

m+3

U =UED= 3 6,00 (¢) (22)

j=m-3

olacaktir. W(X) agirlik fonksiyonu olmak iizere (6) denklemine Galerkin metodu
uygulandiginda 6ncelikle

b

W (x) (u”+l ~0,(pu, —au )™

_93 (/uzuxxxx o 2O{:uuxxx + azuxx )n+1)dx =
b (23)
IW(x)(un +6, (uu, —au,)'

+ 94 (luzuxxxx - 2C(:uuxxx +al,, )n ) dx
elde edilecektir. Galerkin yonteminde W (x) agirlik fonksiyonu igin sektik B-spline

sekil fonksiyonlar1 ve tam ¢6ziim igin ise (22) kullanildiginda (23) denklemi igin [0, h]
aralig1 iizerindeki yaklagim
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m+3 | h
. zs |:.(').((pi(pj -0, (/U(P} _0‘(0} ))df—

j=m-3

h
0 [( oo - 20u00] +o g, )dcf}é,-”” -
(24)

m+3 | h
5 [I (00, + 0,00, (19, — g} ) d +

j=m-3| 0
"o RN P
94-!(# ?9; _Zaﬂ¢i¢’j ta ¢i¢j)d§}5jn

olacaktir. Burada i ve | indisleri m-3,....m+3 ve m=0,1...,N -1 degerlerini
almaktadir. (24) yaklagimi

h h
Aii :£¢i¢jd§! Bi? :-(Egoi(oj’dé:’

oo oo
Ci? :£¢i¢jd§l Di? :J(;(pi(”j dé,

h
E; =lpp]ds, (87) =(Gposr--1Gna) -
olmak tizere

[ A°-6,(uB*—aC)
_63<ﬂ2De_zaﬂEe+aZBe):|(§n+1)e_ (25)
[ A°+0,(uB°-aC”)

+0, (1*D® - 2auE* +aﬂBe)}(5“)e

eleman matrisleri kullanilarak matris formunda yazilabilir. m=0,1,...,N -1 i¢in tiim

elemanlarin birlestirilmesi sonucunda & zaman parametresine gore asagidaki lineer
sistem elde edilir.

[A-6,(uB-aC)-

0,(—#°D - 2auE +a’B) |6]" =
[ A+0,(uB-aC)+
0,(~°D - 2auE +a2|3)]5j“

(26)

(26) sisteminin iterasyon ile ¢oziilebilmesi igin &ncelikle &%,...,0y,, baslangig
degerleri
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U(x,,0)=6°,+578° ,+3025° , +3025°
+5760,+6°.,, m=0,...,N 7
Ux(XO’O) :Uxx(XO’O) :Uxxx(XO’O) :0!

U, (xy,0)=U,(x,,0)=0

olarak verilen baglangi¢ sart ve smir sartlar kullanilarak hesaplanmalidir. X

m=0,...,N noktalarindaki U yaklagik degeri ise NAt zamaninda (26) sisteminden

bulunan &, eleman parametreleri ve sektik B-spline yaklasimi kullanilarak
hesaplanabilir.

3. Test problemleri

Test problemlerinde 6nerilen {i¢ metot i¢in dogruluk

L, = mn?x|um -U,|, (28)

log

Yakinsaklik Oran1 = ———, (29)
log|-—

hi+1
formiilii ile verilen yakinsaklik oraninin (YO) hesaplanmasi ile kontrol edilecektir. YO

hesaplanirken kullanilan (LOO )h_, h. konum artimi i¢in bulunan L, hata normuna

karsilik gelmektedir.

2.2. Birinci test problemi
[lk test probleminde x =0 segimi yapilarak saf adveksiyon yayilimi galisilacaktir. Bu

durumda adveksiyon difiizyon denklemi

u(x,t) = 1Oexp(—(x_§°—_2at)2j (30)
Yo,

analitik ¢ozlimiine sahiptir. Sayisal ¢6ziim i¢in Onerilen algoritmalar [0,9000] konum

araliginda a=0.5m/sn akis hizi, X, =2000m dalganin tepe noktasinin konumu ve
p =264 secimleri yapilarak t =9600sn zamanina kadar ¢alistirilacaktir. Bu durumda
problem

2

u(x,0) :10exp{—(xz_x‘))2j (31)
Yol
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baslangi¢ kosuluna sahip bir dalganin « =0.5m/sn akis hiziyla bir kanalda t =9600sn
zamanina kadarki hareketini modellemektedir. Dolayisiyla dalga 96000sn iginde

baslangi¢ noktasindan 4800m uzaga hareket edecek ve bu esnada dalganin genligi 10
olarak sabit kalacaktir. Ilk olarakh=At=20 secimleri yapilarak M3 programi
t =9600sn zamanma kadar calistirilmis ve dalganin baslangic durumu ve belirli
zamanlardaki durumu Sekil 1 de ¢izilmistir. Sekilden goriildiigli gibi zaman boyunca
dalganin seklinde herhangi bir bozulma olmamaktadir.

P

)

7200
4800
2400
0 0 1000 2000

' ' ' ' ' " 9000
3000 4000 5000 6000 7000 8000

Sekil 1: h = At =20 i¢in dalganin hareketi.

Programlar t=9600sn zamanma kadar calistirilarak tiim yontemler igin L hata

normlart ve yakinsaklik oranlari farkli zaman ve konum artimlart i¢in Tablo 1 de
verilmistir. Tablo incelendiginde en iyi sonucu M3 yonteminin verdigi ve YO' larinin
yontemlerin teorik degerleri ile uyumlu oldugu goriilebilir.

Tablo 1: L, hata normlari ve YO.

M1 M2 M3
h=at [L, YO L, YO L, YO
200 2.32 1.66 0.326 2.73 0.0378 4.43
100 0.734 2.95 0.049 2.94 0.00175 | 3.92
50 0.190 2.01 0.00638 | 2.99 0.000116 | 3.99
20 0.0301 0.000411 0.00000300

t = 9600sn zamaninda yaklasik ¢oziim ile analitik ¢oziim arasindaki farkin mutlak
degeri diger bir ifade ile mutlak hata grafikleri her bir 6nerilen metot i¢in Sekil 2 de
cizilmigtir. Sekil 2 incelendiginde her bir metot i¢in maksimum hatanin konum
araliginin  orta noktalar civarmmda geldigi ve bu sebeple de sinir sartlarinin
uygulamasindan kaynakli bir hatanin olusmadigi sdylenebilir.
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8000 6000 6500 7000 7500 8000 8500 9000
Sekil 2a: h = At = 20 igin mutlak hata (M1).
5 %107
4 i
3k ]
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1L ]
§000 6000 6500 7000 7500 8000 8500 9000
Sekil 2b: h = At = 20 i¢in mutlak hata (M2).
B %107
3 - -
2 - —
1 I —
5000 6000 6500 7000 7500 8000 8500 9000
Sekil 2¢: h = At = 20 i¢in mutlak hata (M3).
2.2. Ikinci test problemi
Ikinci test probleminde adveksiyon ve difiizyon etkinin birlikte gerceklestigi
& 2
X=X, —at
U(X,t) :#exp _u (32)
VAt +1 u(4t+1)

analitik ¢oztimii kullanilacaktir. Bu ¢oziim genligi 1/+/4t +1, baslangictaki tepe noktasi
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X, olup [a,b] konum araligin da saga dogru genligini kaybederek T zamanina kadar
sabit bir « hiziyla hareket eden dalgay: modellemektedir. Problem igin baslangig sarti

u(x,0) = exp[—MJ (33)
U

olacagindan ikinci test problemi baslangi¢ aninda yiiksekligi 1 olan bir dalganin zaman
icinde sonmesini modellemektedir. Onerilen sayisal yontemler 0<x<9 konum
arahginda a=0.8m/sn, u=0.005m?/sn parametreleri ve X, =1 baslangic tepe
noktast se¢imi yapilarak programlar t=5 zamanina kadar ¢alistirillmistir.
h=At=0.005 zaman ve konum artimlari kullanilarak M3 yo6ntemi i¢in baslangig
anindaki ve t=5 zamanina kadarki bazi zamanlardaki dalgalar [0,9] konum araligi
boyunca Sekil 3 te gosterilmistir. Sekilden goriildiigii gibi dalganin baslangic
noktasindan 4 metre uzaga gittigi ve zaman boyunca dalganin genliginde bir kiigiilme
meydana geldigi goriilebilir.

0.8
0.6

0.4

\\\\

wno
¥

4 L

0" o !

2

Sekil 3: h = At =0.005 i¢in dalganin hareketi.

Programlar t =5sn zamanma kadar c¢aligtirllarak tiim yontemler i¢cin L, hata normlari

ve yakinsaklik oranlari farkli zaman ve konum artimlart i¢in Tablo 2 de verilmistir.
Tablo incelendiginde ilk test probleminde oldugu gibi en iyi sonucu M3 yonteminin
verdigi ve YO'larinin yontemlerin teorik degerleri ile uyumlu oldugu gortilebilir.

Tablo 2: L, hata normlar: ve YO.

M1 M2 M3
h=At | L, YO L YO L YO
0.1 0.0549 | 1.96 0.00579 | 2.84 0.00278 4.78
005  |00141 |2.04 0.00081 | 2.96 0.00015 5.81

0.02 0.00217 |2.01 0.0000539 | 2.99 0.00000073 3.99
0.010 0.000538 | 2.00 0.00000679 | 3.00 0.0000000459 | 3.99
0.005 0.000134 0.00000085 0.00000000287

t=5sn zamanindaki mutlak hata grafikleri her bir onerilen metot icin Sekil 4 de
cizilmigtir. Sekil 4 incelendiginde her bir metot i¢in maksimum hatanin ilk test
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probleminde oldugu gibi konum araliginin orta noktalar civarinda geldigi goriilebilir.

%10

1.5

05 N

0 I | ! \ I !
3 3.5 4 4.5 5 5.5 6 6.5 7

Sekil 4a: h = At =0.005 i¢in mutlak hata (M1).

%10

0.8 N

0.4r N

0.2 N

3 3.5 4 4.5 5 5.5 6 6.5 7

Sekil 4b: h = At =0.005 i¢in mutlak hata (M2).

3 35 4 4.5 5 55 6 6.5 7

Sekil 4¢: h = At =0.005 i¢in mutlak hata (M3).

4. Sonuclar ve tartisma

Taylor seri agihmi yardimiyla elde edilen ikinci, {iglincii ve dordiincii mertebeden
dogruluga sahip zaman pargalanmasi ile birlikte Galerkin sektik B-spline sonlu
elemanlar yontemi adveksiyon difiizyon denkleminin yaklagik ¢6ziimii i¢in onerilmistir.
Onerilen algoritmalarin dogrulugunun kontrolii icin iki test problemi kullanilmistir.
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Elde edilen sonuglara goére onerilen yontemlerin 6zellikle de zamana gore dogrulugu
dort olan M3 yonteminin adveksiyon diflizyon denkleminin yaklagik ¢oziimii i¢in uygun
bir yontem oldugu goriilmiistiir.
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1. Introduction

Let Q be a bounded domain with smooth bound#lyin R". We study the following
hyperbolic equation

Upe + A%u — Au+ up = |ul? 1y, (x,t) € 2 x(0,T),
u(x,0) =uyg(x), u(x,0)=1u;x), X €N (1)

u(x,t) = %u(x, t) =0, x € 0N

whereq > 1 is real numbersj is the outer normal.
When without fourth order ter@?u, the equation (1) reduces to the following form
Upe — Au + up = |ul9 1w (2)

Many authors has been extensively studied existendeblow up result (see[1-5]). The
first serious study on the equation (2) was madd.éyine [2,3]. He introduced the
concavity method and studied that nonexistencdadfad solutions with negative initial
energy. Later, Georgiev and Todorova [1] extendedine's result. In 1999, Vitillaro
[5] improved the result of Georgiev and Todorovagositive initial energy.

Without the-Au term, the equation (1) can be written in the folleg form

Upe + Au? + u, = |ul9 1. (3)

Messaoudi [6] studied the local existence and blpwof the solution to the equation
(3). Wu and Tsai [7] obtained global existence &@hmlv up of the solution of the
problem (3). Later, Chen and Zhou [8] studied blaguvof the solution of the problem
(3) for positive initial energy.

In this paper, we prove the nonexistence of glaodutions for the problem (1). There
are several books (e.g. [9-11]) with very detaibatl extensive study on blow up
theory.

This paper is organized as follows. In Section € present some lemmas and notations
needed later of this paper. In Section 3 and 4exigtence of the solution is discussed.

2. Preliminaries

In this section, we will give some lemmas and alaxistence theorem. Lt|| and
Il.1l, denote the usudP (2) norm andLP (22) norm, respectively. Alsdyy™* (2) =
HJ*(2) is a Hilbert spaces (see [12, 13], for details)

Lemma 1 (Sobolev-Poincare inequality) [12]. Letbe a number wit@ < p < oo (n =
1, 2)or2<p< % (n = 3), then there is a constafit = C, (2, p) such that
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lull, < C.IIVul| for u € Hg(2).

We define the energy function as follows

_1 2,1 2 2 1 q+1
E@) = 3 lluell® + 5 Avull® + 11Aull®) — — llullgys- (4)
Lemma 2.E(t) is a nonincreasing function for= 0 and
E'(t) = —|lucll* < 0. (5)

Proof. Multiplying the equation of (1) by, and integrating ove® using integrating
by parts, we get

E(t) — E(0) = — [/ llu,ll* dr fort > 0. (6)

Next, we state the local existence theorem of gmb(1), whose proof can be found in
[14].

Teorem 3 (Local existence). Suppose thaty, 1,) € H5(Q) x L?>(22) holds, then there
exists a unique solutiam of (1) satisfying

u € C([0,T); HZ (), u, € C([0,7); L2(Q))NLP*(Q x (0, T)).
Moreover, at least one of the following statemératisis:

() T = oo,

(i) Jluell? + ||Aul|> > o ast - T~.

3. Nonexistence of solutions with arbitrary initialenergy

In this section, we prove nonexistence of the smutor the problem (1) with negative
and nonnegative initial energy.

Lemma 4 [15]. Let us have > 0 and letB(t) € C?(0,%) be a nonnegative function
satisfying

B"(t) —4(+1)B'(t) +4(6 + 1)B(t) = 0. )
If
B'(0) > r,B(0) + K,, 8)

withr, =2(6 +1) —2{/(6 + 1)8, thenB'(t) > K, fort > 0, where K, is a constant.
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Lemma 5 [15]. If H(t) is a nonincreasing function oft,, o] and satisfies the
differential inequality

1
[H'()]? = a + b[H(t)]**5, for t > t,, (9)
wherea > 0,b € R, then there exists a finite tinT& such that
limt_,T*— H(t) = 0.

Upper bounds fof* are estimated as follows:

(i) If b < 0 andH(t,) < min{1, /—%} then

a
T <ty+ ! 1 b
=1 n .
v—>b a
— %~ H(to)
@) If b =0, then
H(to)
T " <ty +——.
0 H'(ty)

(iii) If b > 0, then

36+1 Sc

1
T* s@orT* Stg+2 2 £|1-(1+cH(ty) 26]

a

1
245
where ¢ = (%) 8

Definition 6. A solutionu of (1) is called blow up if there exists a fintimme T* such
that

lim, 7+ [fQ u?dx + fot Jo @ dxdr] = o0, (10)
Let
a(t) = [, u?dx + fot Jo, w?dxdz, fort > 0. (11)

Lemma 7.Assumeq;—1 > § > 0, then we have

a"(t) = 46 + 1) [, uf dx — 4(26 + DE(0) +4(26 + 1) [, llu,lI? dz. (12)
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Proof. By differentiating (11) with respect to we have

a'(t) =2 [, uugdx + Jull?, (13)
a'(t) = 2f u?dx+2] uuttdx+2f uu, dx
Q Q Q
1
= 2(lluell® + ullgi) = 20Vull® + laul®). a1

Then from (1) and (14) we have

" (£) = 46 + 1) j U2 dx — 4(26 + 1)E(0)
Q
4(26+1)
Fa8 (Il + 18ull?) + (2 = 2222 [l 3]
+4(26 + 1) [ llucll3 de.

Since™= > § > 0, we obtain (12) .

Lemma 8.Assumeq4;1 > § = 0 and one of the following statements are satisfied
(i) E(0) < 0and [, uu; dx >0,

(i) E(0) = 0 andf, uou; dx >0,

(i) E(0) > 0 and

@'(0) > 75 |a(0) + 755 | + o ? (15)
holds.

Thena'(t) > |luyl|? for t > t*, wheret, = t* is given by (16) in case (i) and
to = 0 in cases (ii) and (iii), wherg; andt* are defined in (20) and (16), respectively.

Proof. (i) If E(0) < 0, then from (12), we have
a'(t) = 2 [, uguydx + [lugll* — 4(28 + 1E(0)t, t = 0.
Thus we gett'(t) > |lu,l|? for t > t*, where

* _ a’' (0)=lluoll*
Lt =max {4(28+1)E(0) ’ 0}' (16)

(i) If E(0) = 0 andf, uou, dx > 0, thena”(t) = 0 fort > 0.
We havea’(t) > [|u,ll?, t = 0.
(iii) If E(0) > 0, we first note that

2 [0 [, uu, dxde = |[ull® = [lu, 1% (17)
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From Hoélder's and Young's inequalities, we get

ull? < lluoll? + f; llull?dz + [} lluclIdz. (18)
By Holder's and Young's inequalities, and (18),gs¢€

a'(t) < a() + lluoll? + [, u? dx + [ llu1? dr. (19)

Hence, by (12) and (19), we have

a'"(t) -4+ Da'(t) +4(6 + Da(t) + K, = 0.

where

Ky =426 + DE(0) +4(5 + 1) [, ud dx — 46 [} llu.||? dr. (20)

Let

Ky

20+’ t>0.

b(t) = a(t) +

Thenb(t) satisfies Lemma 4. Consequently, we get from (&5)t) > |lu,l|?, t > 0,
where g is given in Lemma 4.

Teorem 9.Assumeq;—1 > § = 0 and one of the following statements are satisfied
(i) E(0) <0andf, uou, dx >0,
(i) E(0) =0andf, ugu;dx >0,

(a' (to)-Iluoll?)’
a(to)+(T1—to)lluell?

(i) 0 < E(0) < - and (15) holds.

Then the solutiom blow up in finite timel'* in the case of (10). In case (i),

* _ H(fo)
T* < to— ey (21)

Furthermore, ifH(t,) < min {1, /—%} we have

a

1 b
T" <ty+—=In——f) (22)
PV —5—H(to)

where
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2 1

a = 82H5(to) | (@' (t0) = lluo1)? = BEO)H3(to)] > 0, (23)
b = 852E(0). (24)
In case (ii),

* H(fo)
T S tO - H’(to). (25)
In case (iii),

1 1 _i

. _ HE) o 38+ 1\ 245 5 a\%*5 2

T* ST O <ty +2°% (%) ﬁ{1—[1+(;) Hty)| (26)

wherea, b andH (t) are defined in (23), (24) and (27), respectively.

Proof. Set

H(t) = [a(t) + (T, — t)|lugll?179, for t € [0, T], (27)
whereT; > 0 is a certain constant which will be specified lalehen we get

H'(6) = =8[a() + (T3 = O lluol*] 0~ a'(©) = luoll*]
= —SH™3(0)[a'(©) — lluolI2], (28)

H'(8) = —SH™5(Da" (®)a(®) + (T; — Olluoll?]

FSHMS(O (A + &)a'(©) - Il (29)
and
H'(t) = —SHY“ 5OV (D), (30)
where
V() = a" ©a®) + (T) = Dlluoll?] = (1 + )@’ (© — lluol212. (31)

For simplicity of calculation, we define

Puzfuzdx, Ruzfufdx,
) Q

t t
Qu = f lull?dz, S, = f s 2.
0 0
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By (13), (17) and Holder’s inequality, we have

a'(t) = Zf uu, dx + |[upll? + fo uudxdt

< (JR P +/QuSy) + ||u0||2 (32)
If case (i) or (ii) holds, by (12) we have
a'(t) = (=4 —-86)E0)+ 41+ &R, + Sy). (33)

Thus, from (31)-(33) and (27), we obtain

V(t) > [(—4—88)E(0) +4(1 + 6)(Ry, + Su)]H_zlS(t) —4(1 4 8)(JRuP. + ,/Qusu)z.
From (11),

t
a(t)=]u2dx+jfu2dxds
00

Q
=P, + Qy

and (27), we get

V(E) = (=4 — 88)E(0)H3(t)
+4(1 4+ &) [(Ry + STy — DlluglI* + 6(D)],

where

B(t) = (Ry + S)(By + Q) — (VRuPs + /0uSe)’

By the Schwarz inequality, ami{t) being nonnegative, we have

V(t) = (—4 — 88)E(O)H3(1), t= to (34)

Therefore, by (30) and (34), we get

H'(t) < 45(1 + 28)E(0)HY5(0), t = t,. (35)

By Lemma 8, we know thatl’'(t) < 0 for t > t,. Multiplying (35) by H'(t) and
integrating it fromt, to t, we get
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[H' (D] = a + bHX'5(0)

for t > t,, wherea, b are defined in (23) and (24) respectively.
If case (iii) holds, similar to the steps of cagewe geta > 0 if and only if

(a'(to) — lluoll*)?

Q) < latty) + (T, — O luglPT

Then by Lemma 5, there exists a finite tilffesuch thalim,_,-- H(t) = 0 and upper
bound ofT* is estimated according to the sign&g0). This means that (10) holds.

4. Nonexistence of solutions with negative initi@nergy
In this section, we prove global nonexistence wilgative initial energy.
Lemma 10.Suppose thap(t) is a twice continuously differentiable functiortistying

{w”(t) +'(t) = Coyp**(t), t>0, C, >0, a>0,

Y(0) >0, P'(0) =0 (36)

whereC, > 0, > 0 are constants. Thet(t) blows up in finite time.
Proof. See [16].

Teorem 11.In addition to the conditions of Theorem 3, if

E(0) <0andf, upu;dx =0

then the corresponding solution blows up in firitee.

Proof. Multiplying Eq. (1) byu;, and integration by parts, we have
L3 el 4 5 Nl 4+ S 19l? = == ll ] = —leli3

So the corresponding energy to problem (1) is eeffis

1 1 -
E(®) = 5 el + 5 Qo + 19ll?) = — Il

and one can find thadt(t) < E(0) easily from

t t
fE'(t) - —fIIuTIIdT <o,
0 0
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Let

P(e) =2, llull? dx, 73

whereu is a solution construct in theorem of Local exisee One can see that the
derivative of y(t) with respect to time

P'(t) = [, uu,dx (38)

is well defined and Lipschitz continuous. Moreowate can get by (37) and (38)

Y (t) =fu§ dx+j|u|q_1u2 dx—quzudx
Q Q Q
+ [, vAudx — [ uu,dx

+1
= lluell® + llullgyy — NAull3 — [IVullf — f, wu,dx
q Q

1 ’
= [lull* + IIuIIZL — lAull3 — IVull3 —¢'(t)
and here we can write,
" I 1
Y)Y = lludl®* + IIuIIZL — |[Aull3 — [[Vull3.

If we substituting and addir2f (t) to the right side of the equation, we get

17 / -1
P+’ (@) = 2llull* = 2E() + % llulldis
Due to the

lusll? = 0 andE(t) <0

conditions, we can write

1 ! -1
YO+’ (0) 2 T lullf (39)
Let's make an estimate for the term Ibillgﬁ in this expression. By Hdlder's
inequality,

2 q+1
q+1 2

flul2 dx < flulq+1 dx fdx )
0

Q Q
q+1

Rl
halig3} = (1, i dx) * lol=. (40)
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If the expression (40) is written at (39), thus

q+1

2

WO + () > —|n|1_ f ul? dx

PO + 9" (1) = Cop (D).

Then by Lemma 10 witB(0) < 0 and [, uou; dx =0

we see thaty(t) blows up in finite time.
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Abstract

This paper presents three distinct approximate pughfor solving Blasius Equation.

The first method can be regarded as an improverteeatseries solution of Blasius by
means of Pade approximation. The second methofhimaus type of weighted residual
technique which is called Galerkin method after faenous Russian engineer and
mathematician Boris Galerkin. The last method issienple discrete, numerical

technique. Additionally, in order to show the poveérthe last method, the Thomas-
Fermi problem is solved using the same technigquesuls obtained by all three

methods are highly accurate in comparison with lHeavarth’s solution and Bender’s

solution.

Keywords: Blasius equation, perturbation technique, Padé ampnation, weighted
residual method, Galerkin method, Thomas Fermi geqoa

Blasius denkleminin ¢6zUmu icin g#i teknikler

Ozet

Bu makalede Blasius Denklemi'ni ¢dzmek igin Uclfariklagik yontem sunmaktadir.
Ik yontem Blasius’un seri ¢cozimunin Padeé yaklayardimi ile iyilgtiriimesi olarak
degerlendirilebilir. /kinci yontem (nli Rus mihendis ve matematikci B®akerkin'e
izafeten Galekin Metodu olarak adlandirilan bigidikli artik yéntemdir. Son yontem
ise basit, ayrik bir sayisal tekniktir. EK olara&nsyontemin gucinid gostermek adina
Thomas-Fermi Problemi de ayni teknik ile ¢ozihini Her G¢ ydntem, sonuclar
Howarth’in ve Bender'in ¢6zumu ile kiyaslaghda, oldukga bgarilhi sonug
vermektedir.
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Anahtar Kelimeler: Blasius denklemi, pertirbasyon tekiniPade yaklaimi, asirhikh
artik yontemler, Galerkin metodu, Thomas Fermi temk

1. Introduction

The theory of boundary layer constitutes one of rii@st important branch of fluid

dynamics since external flows with high Reynoldsibers are common in both nature
and many engineering applications. Solving theseblpms generally requires a
challenging effort due to the non-linearity and taiensional character of the

governing equations. Although there is reasonabiieumt of exact solution found for

the full Navier-Stokes equations in literature,yttage only valid for some particular

cases and geometries [1].

An effective approach to solve an external flowlpean with high Reynolds number is
known as boundary layer analysis technique whidingsdeveloped by Prandtl in 1904.
One of his students Blasius, in 1908, introducegchnique to transform the well-
known problem of laminar boundary layer flow overflat plate into an ordinary

differential equation (ODE). Blasius equation hageeat importance in many
engineering applications since it provides verydyapproximations for boundary layer
thickness and total drag force in laminar extefi@ks [2]. For example, drag force
acting on a thin airfoil in a laminar flow can bery well approximated by using Blasius
equation. The equation is given as:

1
)+ 5 ff ) =0 (1)
where relative boundary conditions are defined as:
f(0)=0,f(0)=0 (2)
7%1_{{}0 ffm =1 )

and wheref’(n) is the first derivative of with respect tg). n is the similarity variable
of the problem and defined in the Cartesian coatés as:

U
n=y\/; @)

where U is free stream velocity and is kinematic viscosity of the fluid. The
relationship betweefi and stream functio@i¥) is given by:

Y = f(n)VUvx (5)
and velocity components,(v) can be derived from stream function by:

¥
u=7 (6)
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0¥
0x

(7)

v =

The first term of (1) represents the viscos difbusi so it becomes dominant as
approaches to zero. The second term, on the othed, his due to convective
acceleration and is dominant for high valueg.oEven though the equation looks very
simple at first glance, there haven't been any eraalytical solution found for over
100 years, so all solutions suggested so far depansbme approximate techniques;
some of them are very successful while some of tammot. In fact, the equation has
been used as a tool to investigate the successaobug approximate solution
techniques.

Blasius himself [3] suggested an approximate smtutwith an infinite series which is
only convergent for small values of. [4] reaches an estimation for shooting angle,
f"(0), with 8.6% relative error, using-perturbation method and Padé approximation.
[5] gives a simple approach called iteration pdyation method and obtajfi’(0) with
0.73% relative error which can be considered as a vegdgresult considering the
simplicity of calculations. Using variational itéi@n method, [6 - 8] give valid solutions
for whole domain. Solution with numerical transf@ations was presented by [9] while
[10] uses an evaluation technique to find out Tagefficients. Reproducing Kernel
Method was applied successfully by [11]. Amongséalthe numerical solutions, [12]
is the most famous one with its extreme accuraclisugenerally regarded as an exact
result for comparison purposes. Some other solutemhniques applied to Blasius
equation are Sinc-collocation method [13], homotagyalisys method [14, 15],
Laguerre-collocation method [16], homotopy perttidda method [17], parameter
iteration method [18], differential transformatiomethod [19, 20], Adomian’s
decomposition method [21, 22] and modified ratidredendre tau method [23].

In this paper approximate solutions for (1), unther boundary conditions (2) and (3),
with three different methods are applied. Firstiesesolution of Blasius (solution with
perturbation technique) is considered and validdapge of the series is increased
making use of Pade approximation [24]. Secondi@aterkin-based weighted residual
method [25] is applied with two different trial fotmon. Finally, a simple numerical
technique, which can be used for various non-lipeablems, is introduced.

2. Perturbation Technique

In order to obtain a series solution, we put aysbetion parameter to (1) as:

fIII +%6ff” — 0 (8)

And assume that solution can be given with Poinsarees:

N

f.e =) €f, ©)

i=0

By putting (9) into (8) results in:
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N 1 N

z elfI + EZ eFffI = 0 (10)

i=0 i=0

By considering the same powerseofve obtain a set of differential equations as:
III 0 (11)
l’+”1 +fifi' =0 (12)

It is not possible to obtain a solution with bourydeondition (3). Thus, we consider the
initial value problem where:

[ =0 (13)

By solving (11) with (2) and (13):

fo=2n’ (14)
2

Now solving (12) with homogenious initial condit®r(f;;,;(0) = 0) and ase = 1,
approximate solution can be obtained in followieges form:

N +1
f= ;( ) Gi+ 2)"“31}2 (15)
where,
i = Z (%5 1) Bibess (16)
Bo —Jl;10— 1 (17)

This is the approximate series solution first gibgnBlasius [2]. However power series
is only convergent for small values gf In order to expand the range of validity, Padé
approximation technique can be applied to the firsérm of the series. For example,
first five term of the (15) can be calculated as:

f = 0.50m2 — 4.1667 x 10~3021° + 6.8204 x 10 50°n® — 1.1743
x 10-6g4y1t (18)
+2 x 10~ 85514

Padé approximant of (18) around= 0, as degree of both numerator and denominator
of the approximate rational function being sevem be found as:

4.88204 x 107302n% + 0.50n2

19
1.44037 X 10~5¢2n° 4+ 1.80974 X 1072073 + 1 (19)

f:

and first derivative of:
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on(2.44102 x 1072013 + 1)

~ 1.44037 x 10-5021° + 1.80974 x 10~2073 + 1
—4.21917 x 10~ 75*n® — 3.08268 x 10~*53y7 — 2.71461 X on*

(1.44037 x 10=502n% + 1.80974 x 10~20n3 + 1)?

fl
(20)

It is of course impossible to satisfy the boundeoydition at infinity for any finite
value of o. However, we can investigate the behaviouf'dbr various values of and
determine the necessawsyin order to approximate the exact solution fofFor this
purpose, the range at whigfi is monotone increasing, for positive valuesnofis
calculated. By using a shooting technique and mgr¢hef’ = 1 at local maxima, very
accurate solution is obtained for In order to do that, we start with two initialegs for
o; 0 and 1 respectively:

c=0,f".=0 (21)
o=1,f' = 2.09866 where n = 4.60438 (22)

max

Now more and more accuratevalues can be estimated by linear interpolatiabld@ 1
showsao, andf’ . . values where n denotes the number of iteration.

Tablel. o andf’, with respect to iteration number.

n o f,max n

1 0.4765 1.28032 5.8950

2 0.3722 1.08591 6.4009
3 0.3428 1.02795 6.5790
4 0.3335 1.00927 6.6395
5 0.3304 1.00300 6.6602
6 0.3294 1.00098 6.6670
7 0.3291 1.00037 6.6690
8 0.3290 1.00017 6.6697
9 0.3289 0.99997 6.6704

This indicates that solution is not validps 6.67. As a resultf”’(0) is estimated with
only 0.96% relative error. Accuracy can be increasg adding higher order terms of
the series, but we do not go further under this@ecTable 2. shows calculated results
for f, f" and f'" and their comparison to result of [12].

Table 2. Results and comparison of solution wittiygbation technique.

n f Howarth f' Howarth f" Howarth
[12] [12] [12]

0 0.0000 0.0000 0.0000 0.0000 0.3289 0.3321
1 0.1640 0.1656 0.3267 0.3298 0.3200 0.3230
2 0.6440 0.6500 0.6241 0.6298 0.2648 0.2668
3 1.3843 1.3969 0.8392 0.8461 0.1609 0.1614
4 22864 2.3059 0.9489 0.9555 0.0652 0.0642
5 3.2581 3.2834 0.9869 0.9916 0.0189 0.0159
6 4.2516 4.2798 0.9979 0.9990 0.0058 0.0024
7 52510 5.2794 0.9993 0.9999 -0.004 0.0002
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This results are amazing considering the simplioftyhe methodology however, since
the domain is infinite and problem has a strong-lnogarity, technique can be used for
limited range of the domain. This is the generatrietion of perturbation techniques as
it is pointed out by [26].

3. Weighted residual method

In this section, an approximate solution technigsieg well-known Galerkin method is
presented. In this method, first a trial functiohieh satisfies all boundary condition
should be introduced such as:

N
Fenc) = g@n) + ) cH () (23)
i=1

Where F; is trial function, g(n) is a function ofn which satisfies all boundary
conditions,H(n) is a function ofy which satisfies the homogenious form of the given
boundary conditions, angs are unknown coefficients to be determined.

UnlessF; has not the form of exact solution of the problénere is always a residual
function ofn andc;. In all weighted residual methods, the goal islétermine the;s,
which somewhat minimize the residual, by usingatlé weight functions and integral
relations. Specifically, in Galerkin method, theigh# functions are chosen with having
same form of the trial function, for another words:

_ ok 24
wj = aCj (24)
Wherew;s are weight functions. The integral relationsima outc;s are:
r 1
f w; (Fg" 4 EFt”Ft) dn =0 (25)
0

As one can notice (25) provides N equations for;Bl In order to solve (1) with
boundary conditions (2) and (3), we first introddickowing trial function.

N
Fe=n+e -1+ Z cife= @V — (i + 1)e™ + i (26)

i=1

And relative weight functions in this case:
w; = e UtDn — (j 4+ 1)e ™M + j (27)
By substituting trial function (26) into (1), resia function (R) is found as:

N

R=—-e"+ Z e[+ 1)3e~EDm + (i + 1)e7 ] + (28)

=1
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N
n+e -1+ Z cile @V — (i + 1)e™ + ]

N| =

i=1
N

e+ Z ci[ (i + 12e D1 — (i + 1)

i=1

The simplest case occurs wh&n= 1 which results in only one quadratic equation for
one unknown. By multiplying (28) and (27) and suthsihg into (25), and with some
algebra we get:

48c? + 65¢;, +55 =0 (29)

The difficilty due to the non-linearity arises on®re time since (29) does not have a
solution forc; in real numbers. Although using only real partttod solution of (29)
gives very good results fgf, this is nothing to do with the method. However téking

N = 2 and following the same process we get two quadeafiuations fot,, andc,:

4720c? + 19680c2 + 19170¢; ¢, + 7826¢; + 9630c, + 7875 = 0 (30)
3360c? + 13815¢Z + 13560¢; ¢, + 4550¢; + 4599¢, + 4900 = 0 (31)

These equations have two distinct real solutiomsfcandc, but we are interested in
only one of them which minimize the residual. Thevant solution fof can be found
as:

¢, = —2.33236,¢, = 0.7607 (32)
Thus, the approximate solution becomes:
fh=n+e™—1-233236(e™?" —2e "+ 1)+ 0.7607(e3" —3e "+ 2) (33)

Where f, denotes the approximate solution pfwhen N = 2. f; and f, can be
calculated similarly and given as:

fs=n+e™—1+15796(e™%" — 2"+ 1) + 0.2864(e™3" — 37" + 2)
+0.1093(e~*" — 4~ + 3)

fi=n+em—1-17237(e?"—2e "+ 1) + 0.0008(e 3" — 3¢~ + 2)
+0.8121(e " — 47" 4+ 3) — 0.3547(e~>" — 57" + 4)

(34)

(35)

Comparative results fgf, f and f'' are shown by Table 3, 4 and 5 respectively.

Table 3. Comparative Results br

n fo fs fa Howarth [12]
0 0.0000 0.0000 0.0000 0.0000
1 0.1556 0.1768 0.1674 0.1656
2 0.6060 0.6805 0.6661 0.6500
3 1.3518 1.4599 1.4391 1.3969
4 2.2502 2.3731 2.3494 2.3059
5 3.2117 3.3405 3.3155 3.2834
6 4.1974 4.3284 4.3129 4.2798
7 5.1921 5.3238 5.2983 5.2794
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Table 4. Comparative Results ffir

n 5 f3 fa Howarth [12]
0 0.0000 0.0000 0.0000 0.0000
1 0.2733 0.3237 0.3263 0.3298
2 0.6220 0.6682 0.6602 0.6298
3 0.8429 0.8652 0.8606 0.8461
4 0.9396 0.9486 0.9468 0.9555
5 09774 0.9809 0.9801 0.9916
6 0.9916 0.9929 0.9927 0.9990
7  0.9969 0.9974 0.9973 0.9999
Table 5. Comparative Results fif
n f2' 3 Y Howarth [12]
0 0.8995 0.8715 0.2094 0.3321
1 0.3227 0.3584 0.3381 0.3230
2 0.3039 0.2787 0.2796 0.2668
3 0.1461 0.1272 0.1309 0.1614
4  0.0589 0.0503 0.0521 0.0642
5 0.0224 0.019 0.0197 0.0159
6 0.0083 0.0071 0.0073 0.0024
7 0.0031 0.0026 0.0027 0.0002

It appears that the results are very goodffandf’. However method is not successful,
with this trial function, at predictingf’’ for small values ofj, especially wheny < 1.

In order to obtain better results fgr< 1 we can force the trial function to include
additional information wheren = 0. By satisfying (1) ay = 0, we obtain following
condition:

f(0)=0 (36)
Now we introduce following trial function which ssfies (35) besides (2) and (3).

e‘z”+4e"’ 7
6 3 6
- _ - 3 - 3_ .

. n+l+2 (i+2) e‘2"+(l+2) 4(l+2)e‘"
6 3
(i+2)3-7(i+2)+6
6

fe=n-— - =
N

—(i+2)
=1

¢ |e (37)

1

This time, there are no real solutions available No=1 and N = 2. However, by

takingN = 3 and applying the same procedure we obtain;
g e T 075 — 4?1 4 5e71 — 2
fz=n-— e + 3 _E+ 75(e™°" — 4e™*" + 571 - 2) — (38)

0.05(e™*" — 10e™%" 4+ 16" — 7) — 0.04(e~>" — 202" + 35¢~" — 16)

Results are tabulated below.
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Table 6. Results for Second Trial Function

n Howarth , Howarth ' Howarth
Iz Y ! [12]

0 0.0000 0.0000 0.0000 0.0000 0.3667 0.3321
1 0.1676 0.1656 0.3375 0.3298 0.3649 0.3230
2 0.6812 0.6500 0.6727 0.6298 0.2699 0.2668
3 14624 1.3969 0.8654 0.8461 0.1259 0.1614
4 23755 2.3059 0.9484 0.9555 0.0503 0.0642
5 3.3427 3.2834 0.9807 0.9916 0.0191 0.0159
6 4.3305 4.2798 0.9929 0.9990 0.0071 0.0024
7 5.3260 5.2794 0.9974 0.9999 0.0026 0.0002

Inclusion of additional information did not increathe solution accuracy in general. On
the other hand, new trial function predicf§(0) far better than the previous solution.
Even though this method is more complicated than garturbation technique, it is

useful since it gives good results for whole domain

4. Discrete solution based on numerical integration

In this section, a simple numerical procedure isspnted. Even though common
methods such as Runge Kutta Fehlberg algorithmsaceessful enough to solve
Blasius equation with extreme accuracy, trying B®®mon or new solution techniques
is important since all numerical methods have tbhein advantages and disadvantages
when solving various type of differential equatiote method which is discussed in
this section is based on numerical integration @uide simple to adopt many type of
differential equations. We first integrate (1) frgnton + h where h is considered to be
small.

n+h n+h

f"de o ff'de =0 (39)
2
n n

With some arrangement, we obtain following equation

n+h

1
fraem ==y [ fride (40)
n

Now we can attack this problem with two differepipeoaches. First, we can directly
apply a suitable numerical integration method, sasheft end point (starting point)
method, to the last term of (39). Secondly, we apply integration by parts before
numerical integration. So we get:

h
fra+h) =70 =5 faf ) (41)

Or:
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1 h
f'a+h) = ") =51 0+ Bf G+ k) = /() f ] =5 1F (] (42)

As it is shown in previous sectiofi;'(0) can be obtained by shooting technique, so we
can assume that the only unknown at (40f'i$n + h). Thus we get a simple linear
initial value problem in each step, which can beexb easily by direct integration.

o !
firn=5h* + fih+ f; (43)

wheref; denotes (n) andf;,, is f(n + h) anda is given by:

h
sz'ill_zf‘if'ill (44)
(42) and (43) provide an incredibly simple algamthand should give quite good results
for small values ofi, since it depends only on one approximation. @di)the other
hand, includes two additional unknowns which candeéermined by Taylor series
expansion, or for more accurate estimate a predglictorector type algorithm can be
applied. For this algorithm, we first try to guggs, andf;’., by Taylor series:

h? h3

frovs = fit W+ f = 5 fifi" + 0(h) (45)
hZ

fian = f + W = fifi" + 0(h%) (46)

n

WhereT implies that, value is estimated by Taylor sevidsle f;'"’ term is calculated
from (1). As it is mentioned above, these valuas digectly be used to determimeas
well as, in order to obtain further accuracy, ckdted value of ¢ can be treated as a
prediction and used to calculate more accurateegalihan Taylor series, fof;,; and
fi+1- Then a correction can be applied by calculatingth these new values.

Even though second method is far more complicdtiad the first one, it is important
since it can be generalized for more accurate nigalentegration methods such as
trapezoidal method, Simpson’s methods etc. Addifignit should be noted that the
first approximation cannot be used for equationsclvinave singularities at any point
while integration by parts may be used in somes#asget rid of singularities. In order
to guarantee an adequately accurate result, we ttadeintegration at (39) with
trapezoidal method and obtain following relation to

n h n
f' =2 fif:

o=
h
1+Zfi+1

(47)

Extreme accuracy can be obtained by applying mocarate integration techniques,
however we do not go further. By takirhg= 0.01 and solving (42) and (46) &%,
denoting results for (42) and,, denoting results for (46), obtained results are
summarized at Table 7, 8 and 9.
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Table 7. Comparative Results of Numerical Methantg f

n far fae Howarth [12]
0 0.0000 0.0000 0.0000
1 0.1658 0.1659 0.1656
2 0.6510 0.6513 0.6500
3 1.3987 1.3990 1.3969
4 2.3084 2.3086 2.3059
5 3.2864 3.2863 3.2834
6 4.2828 4.2827 4.2798
7 5.2825 5.2823 5.2794

Table 8. Comparative Results of Numerical Methaatg f

n fio fie Howarth [12]
0 0.0000 0.0000 0.0000
1 0.3303 0.3305 0.3298
2 0.6307 0.6308 0.6298
3 0.8470 0.8469 0.8461
4 0.9561 0.9559 0.9555
5 0.9918 0.9916 0.9916
6 0.9990 0.9990 0.9990
7 0.9999 0.9999 0.9999

Table 9. Comparative Results of Numerical Methaatg f

n a2 46 Howarth [12]
0 0.3326 0.3328 0.3321
1 0.3236 0.3237 0.3230
2 0.2674 0.2672 0.2668
3 0.1618 0.1615 0.1614
4 0.0642 0.0642 0.0642
5 0.0158 0.0159 0.0159
6 0.0023 0.0024 0.0024
7 0.0002 0.0002 0.0002

Results are incredibly interesting since the sistplapproach provides amazingly
accurate results. It seems there is no used to allrthat calculations with the
trapezoidal rule.

Now in order to show the power of second approachequations which includes
singularity, we consider well known Thomas-Fermiatipn [27] which is given as:

INTE)

. _Y? (48)
R

Where relative boundary conditions are:

y(0) =1 (49)
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y(0) =0 (50)

As one can notice, equation has a singularity &t0 which cause additional difficulty
to solve this equation numerically. In fact, thiguation has high reputation with its
difficulty not only since it is non-linear or hassingularity, but also equation is so
sensitive to initial slopey’(0), that we cannot solve it with common technigu¥s.

give a relatively simple technique which is develdpvith a similar idea. By integrating

the whole equation, we obtain:
x+h

3 3
Vier =¥i +2Vx + h(y141)2 — 2Vx(y;)2 — f 3/xyy'de (51)

X

Now applying the trapezoidal method and similarcpdure, we obtain following
equation.

3 3 .
o = yi 4 2Vx + h(y41)2 — 2Vx ()2 + 3Vx /vy (52)
gk 14+ 3Vx+ hyyis
Following a similar procedure presented above, @sidg bisection method, assuming

that relativey’(0) value is in between-1.5 and —2, an accurate solution can be
obtained. Solution of (51) @as= 0.001 is summarized at Table 10.

Table 10. Comparative Results for Thomas Fermi Eguia

X y(x) Bender [27]
0.0 1.0000 1.0000
0.2 0.7932 0.7931
0.5 0.6071 0.6070
1.0 0.4241 0.4240
5.0 0.0788 0.0788
10 0.0243 0.0243
20 0.0058 0.0058
50 0.0006 0.0006
100 0.0001 0.0001

Additionally, initial slope,y’(0), is calculated as-1.58927 with 0.076% relative error
comparing to [28].

5. Conclusion

Several approximate solution techniques were appteBlasius Equation. Obtained
results reveals that all three approaches are luseid highly effective. The first
approach which depends on simple perturbation tqaknis so easy that solution can
be obtained with less than 1% error without eveinguany computer programme. It
should be kept in mind that the results are natdvat whole domain though.

Galerkin method is more complicated than the fapproach but it provides an
approximate analytical solution which is valid fehole domain. The only weakness of
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the method is that it cannot give highly accurasults for second derivative at small
values ofn. In order to get rid of this weakness, a new fiuaiction which includes an
additional information was introduced. Even thowgbakness diminishes when using
this technique, calculation became more complictited before.

The last approach is a simple numerical method lwHiscretize the domain into small
sections and calculates the values at the endspoyngolving an initial value problem at
each section. Most accurate results were obtaingdtiis approach. In order to show
the power of this approach, famous Thomas Fernblpno was also solved with the
same technique, and a highly accurate solutionolvtgned one more time.

These three techniques have some benefits andvdigades. The fist technique gave
an approximated continuous curve which the dis@ebetions such as finite difference
techniques cannot provide. However, solution wiils approach is only valid for small
values ofn. Galerkin method overcomes that issue while itncarestimate the drag
force on the plate correctly. Discrete solutionegithe most accurate results though it is
not capable of providing analytical curves as fivad methods does. As a consequence,
all three approaches presented in this paper caeffbetively used to obtain highly
accurate solutions for Blasius Flow problem.
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Dirichlet sinir dger kaullarina sahip adi diferansiyel
denklemlerin nUmerik ¢éztmleri icin basit tekradaysinir glar

Ozet

Bu calsmada, basit tekrarlayan yapay siniglari (RNN’ler) kullanilarak niamerik
¢cbzimlerin elde edilmesine yonelik sureci genelradlaacgiklamak adina, Adi
Diferansiyel Denklemler (ODE) icin Dirichlet SinDeger Problemleri (DBVP) ele
alinmistir. Yapay sinir ginda d@rusal ve dgrusal olmayan tirlerde géli aktivasyon
fonksiyonlari kullanilmitir.  Ag, Parcacik Sdrd Optimizasyonu (PSO) yontemiyle
egitilmigtir ve agin keyfi parametrelerinin ayarlanabilmesi icin cap dg@rulama
yaklasimi  kullaniimgtir. Problemin ¢o6ziminde RNN kullaniminin  etginli
belirlemek igin, gercek ¢dzumler ile aktivasyonkByonunun tirine @ olarak elde
edilen sinir & c¢ozumleri kagilastirilmigtir.  Tim durumlarda gercek c¢ozimler ile
RNN’'den elde edilen sonuclar, mutlak hatalar, catab karesel hatalarin ortalamasi
ve standart sapma gaminda kagilastiriimistir.

Anahtar kelimeler: Tekrarlayan sinir glari, parcacik siri optimizasyonu, adi
diferansiyel denklemler, Dirichlet sinir gier problemi.

1. Introduction

Description of the systems are substantial steghersolution of daily life problems,

and the modelling of the complex systems is mastiye true by the means of stating
differential equations. To obtain the numericdutons of differential equations using
traditional methods such as Shooting Method, Rufgga based methods, Multi-step
methods, and Finite Difference Method, firstly, t@tinuous domain is discretized by
welcoming some cumulative errors. Furthermore nin@erical solutions are available
only at discretization nodes in the problem domain.

Neural Networks (NNs) have been introduced as tarraltive approach to overcome
these bottlenecks [1-5]. NNs are superior to atassiumerical methods by means of
training with the discretization nodes and provigime approximate solutions at any
point of continuous search space. NNs are mostdingd by derivative based

optimization methods such as Gradient Descent, eBc&onjugate Gradient and
Levenberg-Marquardt optimizers. However, the tr@jfNNs can occur by dissimilar

ways such as derivative free or heuristic optim@aimethods. With this direction,

some of the works that can be considered milestesearch in literature is summarized
in the following.

The first study is presented by Lee and Kang (12&€yuding utilizing Hopfield Neural
Network models for solving the finite differenceuagjon [1]. Meade and Fernandez
(1994) demonstrate that Feedforward Neural NetWBANN) is able to solve linear
ODEs [2]. Lagaris et al. (1998) solve initial dmoundary value problems, which has a
trial solution, including two parts, which satisfieonditions with ANNs solution [3].

Malek and Beidokthi present a hybrid method basedgtimization techniques and
ANNSs so as to solve both first and high order O)#s Raja improve stochastic
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computational methods as ANNs and optimization oagh such as Simulated
Annealing (SA), Pattern Search (PS), Genetic Athars (GAs), Active-set Algorithm
(ASA) and their hybrid methods in order to solveuBdary Value Problems (BVPSs) of
second order Pantography Functional Differentialdmpns (PFDES) [5]. Raja et al.
develop stochastic techniques for the solution -ofirRensional Bratu problem with
Feedforward Neural Networks [6]. For the networkirting, they utilize global
technique as Particle Swarm Optimization (PSO)targkt faster convergence they use
Sequential Quadratic Programming (SQP) and thdirihyapproaches. Raja presents a
study about the numerical treatment for the Trossmtoblem [7]. For this purpose, he
utilizes NNs optimized with optimization techniquas PSO, ASA and their hybrid
methods. Raja et al. propose a computationalliggelce method based on NNs and
SQP for the solution of fractional order nonlinEaccati Differential Equations [8].

Apart from of these studies, we put into practioe of the derivative-free population
based global optimization method as Particle Sw@mptimization (PSO) to train a
Recurrent Neural Network (RNN) for solving DirichBoundary Problems of Ordinary
Differential Equations, in this work. In contrast studies in the literature, the main
reason for using RNN in this study is that RNNsi@eoh more accurate results when
making predictions with nonlinear chaotic time esrias emphasied in the study of
Brezak et al. (2012) and the study of Saini, Pagint Khadtare (2016) [9,10].

In the sequel, we proceed to summarize brieflynla¢hematical model of the problem
utilized in this work for obtaining the Recurrenéidtal Network solution of a Dirichlet

Boundary Problem. The next section clarifies hawttansform a DBVP to an

optimization problem. The third section covers timaitations of this study and the

experimental studies to compare the mentioned mdsthpplied to some different types
of second order ODEs with Dirichlet Boundary Coiudlis. The final section presents
the findings of the study and some future work$whie conclusion we reach.

2. Mathematical Modeling

In this section, we describe how to transform DBM&s ODEs to an optimization
problem along with the cost function depending orRecurrent Neural Network
solution. Let us consider the problem given in ED. in which the functiorf is

continuous in[a, b], so the ODE has a unique solution with the boundanditions.

Y'()=T(xy(x).Y(x), xe(ab)
Y@= A (1)
y(b)=B

The trial function as formed in Eg. (2) can be usesdolve the given problem in Eq. (1).
One can easily seen that the trial function satisfine boundary conditions of Eq. (1).

o -b) (% -a) ~
Yr (X, P) = s A- s B+(xj—a)(xj—b)Net(xj,p) (2)
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where the functiohet depending on the arbitrary neural net paramqmeis{ﬁz,c?),fz,ﬁ]
as given in Eq. (3) and the inpy denotes the simple RNN solution of Eq. (1). The

inputs of RNN x; for j=12,...,N are determined by discretization of the interval

[a,b] where N is the total number of discretization nodes. @heetization nodes are
only used to train the RNN whose architecture vegias in Fig. 1.

Net(x,(0), B) = > 0(z) ®3)

where mis the total number of neurons in RNN depictedio E, and the output of the
 th

i~ neuron isz(t)=ox(t)+Qz({t-1)+ 4 at iterationtfor i=12...,m In this
study, the activation functioy in Eq. (3) is selected among of hyperbolic tangent
Rectified Linear Unit (ReLU), Parametric ReLU (P8l Leaky RelLU, Exponential
Linear Unit (ELU) and Self-Gated Activation Functio(SWISH) functions used
commonly in RNNs to avoid the vanishing gradiemlppem. The definition of the
aforementioned activation functions are listed abl€ 1.

Hidden Layer

o)) Activation Function
z1(t) = wrxa(t) + Q. — 1)+
z1 1X1( ) 121(1‘ ) _3; g(zl)
\)3’\/
Input &
X @ {2
N 2(t) = waxa(t) + Q.za(t — 1) + Ba v Output
Zy > 8(2) 5 Net(x;. p)
\s
: P o
; Qm
Bias 0(t) = wmxm(t) + Qn-zm(t — 1) + Bing (g,

Figure 1. Architecture of simple RNN.
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Table 1. The list of activation function used irsthtudy.

Activation
Function Definition
tanh ? e _1
Z) =
g e +1
RelLU 9(2 = max(, 2)
Leaky ReLU Z if z>0
9(2 = .
001z, otherwise
PRelLU z, ifz>0
92 = __whereae (01)
az, otherwise
ELU Z, if x>0
a@=4_/, . wherea> 0
a(e —1), otherwise
SWISH

0@ =z0(2)=2 1_2
1+e

If unknown parameters of recurrent neural netwawserny in Fig. 1 are specified as a
cost function which is given in Eq. (4) our problé&mns into an optimization problem.

L& [y oy (.0 )|
E—NE{T f(XjIyT(Xj!p)! axj ]} (4)

J

First and second derivatives of the trial functioiq. (4) are required to calculate the
cost function, and they can be defined as givebqn(5) and Eq. (6) respectively.

oy (0. P) _ A-B +(2x (t)—a—b)Net(x, (t), p)

ax; (t) a-b ]
ONet(x. (t), p
+l50-afx (t)—b)%
A%y (%, (1), P) _ )  Net(0.8)
W_zNet(xj (t), p) + 2(2x, (t) —a—b) o )

o°Net(x; (t), p)

x. () —a)x. (t) - b) !

MCICRC CTURL o

oNet(x (t), p : O°Net(x, (t), p 2q(z
et(x; (t) |o)=0[i do(z) and e(;<,() p):aid %(z)
ox; (1) dx; (t) ox; (t) dx; (t)

definition of the functiong regarding with the selected activation functiorRNN are

listed in Table 1.

where

at iterationt. The
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Finally, Dirichlet Boundary Problem for ODEs is rniefiormed to an optimization
problem as given in Eq. (7).

Problem :argmin{E} (7)

peRA™

For solving the problem given in Eq. (7), derivatibased optimization methods like
Gradient Descent are often used. However, mositr&f, the mentioned optimization
methods fall into the trap at local optimum withawgnverging to global optimum.
Moreover, the derivative based methods requireatoutate the partial derivatives of

the cost functionk = E(o?,a”),ﬁ,/?) where @,®,Q, f € R"are the unknown parameters

of the network such thanis the number of neurons in the neural networkeré&fore,

as the number of neurons in the neural networkeases, the method requires more
calculations. To handle the problem of fallingoirthe local minima and to reduce the
workload needed to solve the problem as given in(BEg we used a variant of Particle
Swarm Optimization (PSO) introduced by Kennedy &bérhart (1995), in this study
[11]. Because, when the number of neurons in REINhcreasing, the number of
unknown parameters of the optimization problem @s® increased, and it becomes
more difficult to solve the problem. In additidhe cross-validation approach has been
used to validate the method. With cross-validaporcess, one can check whether the
proposed model converges to the solution, or naryetime with various population
distribution initially.

3. Experiments

In this section, we present the numerical soluti@igaining from RNNs, of both of
linear and nonlinear types of Dirichlet Boundarylftems for ODEs. In all of the
experiments, we use the step size as h = 0.02 d@tdiming stage of the network. After
training the RNN, the network is tested with inpgé&nerated using half of the step size

used in the training stage ags The network includes 5 neurons with single hidde

layer only, and the maximum number of epochs iscsetl as 3.000 for stopping criteria
of training. The lower and upper bound values athearbitrary parameter of the
networks are -10 and 10 respectively.

The consideration by means of performance analgsgiven via the Mean Squared
Errors (MSEs). We use cross validation for paramdtning for the arbitrary
parameters of RNN. For this, each method is exec@D times to obtain mean and
standard deviations of MSEs obtained in the trgirand testing phase independently.
We compare all of the obtained numerical solutiitl exact solutions regarding with
absolute errors using the RNN parameters prodieciowest cost value.

The proposed approach is coded in Python and ingilead on a Windows 64 bit
operating system with a 3.4Ghz Intel(R) Core (TWH2600 CPU and 16 Gb 800Mhz
DDR3 RAM.

Example 1. The second order homogenous linear differentiabggn with Dirichlet

Boundary Condition in Eq. (8) has the exact soluis y(x) = sin(x) —%cos(x) :
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1
y©O) ==, (8)

According to the mean of MSEs shown in Table 2, wReLU are used in RNN as
activation function, the best numerical solutions abtained. Therefore, the absolute
errors are listed in Table 3 with ReLU activatiamdtion. The plot of numerical
solution compared with exact solution of Eq. (8epicted in Fig. 2.(a). In addition,
Fig. 2. (b) shows the changes of the cost valué waspect to the iteration. The
decreasing cost when the iteration increasing atdil that the RNN trained by PSO
solves the DBVPs for ODEs. It also shows the spdednvergence of RNN regarding
with the activation functions, and both of Tablar®l Fig. 2. (b) also underline that the
worst results are occured with hyberbolic tangantfion.

Table 2. The obtained average of MSEs with standavihtions from the numerical
solutions for Eq. (8).

Activation Mean of MSEs on

Function Training Set Test Set

tanh 1.667x109 + 1.183x10° 1.696x10 + 1.212x10°
RelLU 1.480x1d + 1.406 x1¢ 1.480x10 + 1.402x10
Leaky ReLU 1.700x1¢' + 1.212x10¢ 1.719x10" + 1.237x1¢
PReLU 1.994x18 + 1.636x10" 1.994x10 + 1.653x1(
ELU 1.794x1(¢ + 1.535%x1¢ 1.824x10" + 1.556x1¢
SWISH 3.265x10 + 3.200x10" 3.381x10" + 3.355x1(¢f

Table 3. The absolute errors on some quadraturgspioi the both of training and test
sets for Eq. (8) by using ReLU activation function.

E=|y(xk)— yT(xk)| E:|y(xk)_ yT(Xkl

k Xy for Training Set k Xy for Test Set
1 0.00 0.000 1 0.00 0.000

2 0.02 1.072x18 7 0.11 4.387x10
3 0.04 2.041x18 12 0.21 5.981x108
4 0.06 2.907x16 17 0.31 5.682x18
5 0.08 3.675x10 22 041 3.890x19
6 0.10 4.346x16 27 0.51 1.026x18
11  0.20 6.356x10 32 0.61 2.483x109
21 0.40 4.879x16 37 071 6.220x108
31 0.60 1.176x10 42 0.81 9.779x18
41 0.80 8.448x19 48 0.91 1.084x18
51 1.00 1.381x18 53 1.01 1.306x18
61 1.20 1.473x18 58 1.11 1.417x18
71 140 9.576x108 63 1.21 1.392x16
79 1.56 7.403x10 79 151 3.494x18
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Neural Net Solution optimised by PSO

0.012 ¢

tanh
= ELU
0.01+ | SWISH
[ RelLU
| PReLU
0.008 —H Leaky ReLU

05

0.006 -

Best Cost

0.004 -

O Numerical solution for training set
|- Numerical solution for test set
Exact Solution

0.002 |

0 0.2 0.4 0.6 0.8 1 1.2 1.4 16 0
X Epoch

(@) (b)

Figure 2.(a) The graph of the numerical and exact solutionapf(k1) (b) Best of cost
values according to activation functions for 100@ys.

Example 2.Let us consider the nonlinear differential equatiath Dirichlet Boundary

Condition given in Eq. (9). The the exact solutadrthe given problem ig/(x) :il.
X+

y'=y —yy, xel12]
1

y(l) :_El (9)

Best results are obtained with SWISH function gsiated in Table 4. Thus, Table 5
gives the absolute errors when using SWISH. Tlaetesolution and the best of RNN
solution are compared in Fig. 3.(a). Moreover, Big(b) shows the changes of the cost
value relative to the iteration according to PS0also shows the speed of convergence
of RNN depending on the activation functions, arabl€ 4 and Fig. 3. (b) emphasize
that the worst results are occured with hyberb@lngent as same with linear case.

Table 4. The obtained average of MSEs with standawiations from the numerical
solutions for Eq. (9).

Activation Mean of MSEs on

Function Training Set Test Set

tanh 5.426x10 + 1.537x1d 5.495«<10° + 1.010< 10%
RelLU 1.155x10 + 2.609x10 1.14210° + 2.600< 10°
Leaky ReLU  2.075x10 + 4.491x10° 2.041x10° + 4.438< 10°
PReLU 1.224x10 + 1.897x10 1.213%10° + 1.868< 10°
ELU 1.084x10 + 1.647x10 1.141x10° + 1.928x 10°
SWISH 1.003x10 + 1.505x1CF 1.010x10° + 1.518< 10°
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Table 5. The absolute errors on some quadraturgspioi the both of training and test
sets for Eq. (9) by using SWISH activation function

E =]y(%.)- v (%) E =]y(%)-yr (%)

k X for Training Set k X for Test Set
1 1.00 0.000 1 1.00 0.000
2 1.02 1.737x10 7 111 6.155x10
3 1.04 3.172x19 12 1.21 6.209x10
4 1.06 4.327x19 17 1.31 3.224x19
5 1.08 5.226x10 22 141 1.106x19
6 1.10 5.889x10 27 151 5.456x10
11  1.20 6.344x10 32 1.61 8.798x10
21 1.40 6.945x10 37 171 1.034x18
31 1.60 8.574x10 42 1.81 9.518x10
41 1.80 9.749x19 47 191 5.891x10
51 2.00 0.000 53 2.00 0.000

Neural Net Solution optimised by PSO

| ©  Numerical solution for training set |
==== Numerical soluticn for test set
Exact Solution

0.012 ¢

001k |

0.008 1

Best Cost
o
2
8
&

0.004 -

0.002 |

tanh
ELU
SWISH
RelLU

PReLU

Leaky RelLU

Epoch

(b)

Figure 3.(a) The graph of the numerical and exact solutionaf(k2) (b) Best of cost
values according to activation functions for 100@ys.

4. Conclusions

In this work, a simple recurrent neural networkrtea by Partical Swarm Optimization

is constructed for solving ODEs with Dirichlet Balary Conditions. According to this

study, it is showed that the recurrent neural ngte/@an be a good alternative when
trying to obtain fast solution of various challemgi mostly nonlinear, problems

Because, ottneenetwork is trained with some

inputs, it gives nearly optimal solution at anyrgadf problem domain unlike traditional

methods. It is not required to retrain the nenevork after the first construction.

modelled by differential equations.

Futhermore, six different activation functions areed in the network model. The

convergence to the solution is obtained with alkrem.

In the linear case, the best

results are obtained from ReLU activation functjanrsd the SWISH is more successful

among others in the nonlinear case. However,dbe$t convergence is observed with
the ReLU activation function, according to Mean &g Errors. In both cases, the
slowest convergence was observed with the hyberbatigent function.
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As a future work, the more complex neural netwondels, providing feedback among

neurons, used in Deep Learning such as Reservéicloo State Networks can be used
to optimize results. Moreover, some heuristicstaateeuristics as global optimization

methods, and the hybridization of them can be tsédin the neural networks to solve
Dirichlet Boundary Problems.

It must be emphasized that, most of problems aree nmomplex in real worlds
application, so they are modelled with delay ddferal equations, partial differential
equations or integro-differential equations. Tiene the model should be extended to
be experienced on them.
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Abstract

In this paper, we investigate some new sequenceespahich arise from the notation of
generalized de la Vallée-Poussin means and intredhe spaces of strongly invariant
summable sequences which happen to be completenqgverad spaces under certain
conditions.

Keywords: o- convergence, absolutely lambda- invariant, sttgntambda invariant
summability.

Bazi yeni dizi uzaylar tzerine

Ozet

Bu makalede, geneligriimi s de la Vallée-Poussin ortalamalarindan ortaya cikeazi yeni
dizi uzaylari incelenmive belirli kgullar altinda tam paranormlu uzay olan kuvvetli
J-degismez toplanabilir dizi uzaylari tanitilgtir.

Anahtar kelimeler: - yakinsama, mutlak lambda- gdemez, gicli lambda dgmez
toplanabilirlik.

1. Introduction

Let w be the set of all sequences real or complex gndlenote the Banach space of

bounded sequences={x,}

~, normed bny” = sup.,

x|. Let D be the shift operator on

" Ekrem SAVAS, ekremsavas@yahoo.com
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w, that is, Dx= {x},_, D°x= {x},_, and so on. It may be recalled that [see Banach
[1]] Banach limit L is a nonnegative linear functional dn, such thatL is invariant
under the shift operator (that isl. DX )J=x (Vxe(_ ) and that L(e)=1 where
e={1,1,...}. Asequencexe (_ is called almost convergent (see, [5]), if all Baln limits

of x coincide. Let€ denote the set of all almost convergent sequehoesntz [5] proved
that

A . 1 & ) ) .
c=<x:lim— . exists uniformly inn
{ lim m+1§ X y }

Several authors including Duran [2], Lorentz [S]né& [6], Nanda[12], [9] and Savas [17]
have studied almost convergent sequences.

Let o be a one-to-one mapping of the set of positivegets into itself. A continuous linear
functional ¢ on | is said to be an invariant mean owa mean if and only if

1. ¢>0 when the sequencg=(x,) has x,>0 forall n.
2. ¢(e)=1,wheree=(1,1,..) and

3. ¢(X,m)=0(x forall xel,.

For a certain kinds of mapping every invariant mearp extends the limit functional on
spacec, in the sense thap(x) = lim x for all xe c. ConsequentlyccV, whereV_ is
the bounded sequences all of whasemeans are equal, ( see, [19]).

If x=(x),setTx=(Tx) :( >g,(k)) it can be shown that (see, Schaefer [19]) that
\A :{xa |, :limt, (X) = Leuniformly in m for some Eo — lim }: (1.2)
k

where

b ()= X +TX 4.+ TOX and t, =0,
k+1 '

We say that a bounded sequence (x,) is o -convergent if and only ifxe V, such that
o¥(n)=n forall n>0, k>1.

Just as the concept of almost convergence leadafigtto the concept of strong almost
convergenceg - convergence leads naturally to the concept ohstio -convergence. A
sequencex = (x, ) Is said to be stronglyr -convergent (see Mursaleen [10]) if there exists a

number L such that
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1 [
2™ L‘ 0 (1.2)

as k— oo uniformly in m. We write [V,] as the set of all strong - convergent
sequences. When (1.2) holds we wit¢] -lim x= (. Taking o(m) = m+1, we obtain
[V.1=[d so strongo - convergence generalizes the concept of strongstloonvergence.

Note that
V]cV cl.
o -convergent sequences are studied by Savas (163]4nd others.

The summability methods of real or complex sequermeinfinite matrices are of three
types [see, Maddox [7], p.185] ordinary, absoluté strong. In the same vein, it is expected
that the concept of invariant convergence must gise to three types of summability
methods-invariant, absolutely invariant and strgnigivariant. The invariant summable
sequences have been discussed by Schafer [19pare athers. More recently Mursaleen
[11] have considered absolute invariant convergamd absolute invariant summable
sequences. Also the strongly invariant summableesmes was studied by Saraswat and
Gupta[18]. The strongly summable sequences hava bg&tematically investigated by
Hamilton and Hill [3], Kuttner [4] and some othefBhe spaces of strongly summable
sequences were introduced and studied by Madd&j.[[t,is naturel to ask that how we can
define a new sequence spaces by ugibh@)— summable sequences. In this paper, we will
give answer of this question and study the spakcssangly (1,0)—- summable sequences,
which naturally come up for investigation and whiefil fill up a gap in the existing
literature.

Let 1=(4,) be anon-decreasing sequence of positive numéetsg to o such that
Aoy A +1,4, =1

The generalized de la Valée-Poussin mean of a seque is defined by

-1
tn(X _ﬂ, Zxk

n keln

where |, =[n-4,+1,n], for n=1,2,.... A sequencex=(x) is said to be(V,1)
-summable to a numbelr, if t (X) > L as n— .

Let A=(a,) be an infinite matrix of nonnegative real numbarsl p=(p) be a
sequence such thap, > 0. (These assumptions are made throughout.) We wike
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(A} it A=) a,x%|™ converges for eacim. We write

du(9= =Y A, (3= &0k |

m I€|m

where

1
a(n k,m =72 EROIE

m Ielm

If 4,=mm=1,2,3,...
du(9= =T A o (3= X &0k |

and

1
ankm=L¥a,

m ielm
reduces to

()= A, (9= aAnk m] o

m+14=5

where

1
ainkm=——»>» a, .
( m m+1iz o Ok

m

We now define

[ Aoy P ={x: dy(¥ — O uniformly in 1 -
[AW,), p:| ={x: d,,( x- 1§ > 0 for somel uniformly inr}

and

[Auoy P]. ={x:sgptm (x) <oo}
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The sets[A, ) Plo, [A.. Pl @and[A, . pl,, will be respectively called the spaces of
strongly (4,0) -summable to zero, stronglyl,c) -summable and stronglyAi,o) -
bounded sequences. £, =m,m=1,2,3,..., the above spaces reduces to the following
sequence spaces.

[A, p], ={x:t,,(X¥— O uniformly in r} ;
[A,. p| ={x:1,,(x— 1§ > 0 for somel uniformly irr}

and

[A,. B, ={x:sgptm ) <oo}

If x is strongly (4,0)- summable tol we write x, > I[A, ,,, pl . A pair (A, p) will be
called strongly /1 - invariant regular if

X —>1=x —>I[A,, dl

In the next Theorem, we have suitable conditiomgte above sets to be complete linear
topological spaces.

2. The main results

We first establish a number of useful propositions.

Proposition 2.1If pe(,,then[A, ., plo» [A.) Pl @nd[A,,,, pl., are linear spaces
over C.

Proof. We consider only{A, .., pl. If H =supp, and K =max(1,2* ), we have [see,
Maddox [6, p. 346].

Ja + b = K(a/™ +b™) (2.1)
and for 4 e C,
2| < max (1] ) (2.2)

Suppose thats, —I[A ), Pl, Y, = I[A,,), Pl and 4,u e C. Then we have

dpp(AX+uy=-(Al+ul) e = KK (%= 19+ KK 4, (¥ 18
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where K, =sug4/* and K,=sudyl™ , and this implies that
/1x+yy—>(/1l+yl )[Au,a)’ pl. This completes the proof.

We have

Proposition 2.2 [A, ,, PIc[ A,y A.., if
HA”:srl:pz a(n,k,m <o (2.3)

Proof. Assume thatx, —I[A,,,, p] and (2.3) holds. Now by the inequality2.1),

dmn(x) = tmn(X_ le+ Ie(4) (24)
< Kd(x- 19+ K a( n k n] [P

< Kd,,(x— 19+ K(sup [ )" a(n,k, m

Therefore xe[A, ), pl., and this completes the proof.

Remark 2.3Some known sequence spaces are obtained by spiagali and therefore
some of the results proved here extend the correbpg results obtained for the special
cases.

Proposition 2.4Let pe(, then[A, ,, pl, and [A,,, pl., (inf p,>0) are linear
topological spaces paranormed ly defined by

1/M

g(x) = smunp{ Ay n (X)]

where M = max(1H =sum, ) If (2.3) holds, then[A,, p] has the same paranorm.
Proof. Clearly g(0)=0 and g(x) = g(- X . Since M =1, by Minkowski's inequality it

follows that g is subadditive. We now show that the scalar miidagion is continuous. It
follows from the inequality(2.2) that

g(A%) §sup|ﬁ.|pk/M g (x).

Therefore x>0 = Ax—>0 (for fixed 4). Now let 1 >0 and x be fixed. Given
£>0 3N such that
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dpn(A¥) <e/2(VnVm> N). (2.5)
Since d ,(x) exists for allm, we write

dpa(¥) = K(M,(1= m= N

and

5 _ e 1/pk
2K(m))

Then [4| <5,

d,, (A%) <%(vn1§ m< N). (2.6)
It follows from (2.5) and (2.6) that
A — 0= Ax— 0( xfixed)

This proves the assertion abofiyy, , pl, If inf p,=6>0 and 0<|| <1, then
VXE[AM), ...

g" (A <[4 g (%,

Therefore[A,, pl,, has the paranorng. If (2.3) holds it is clear from Proposition 2.2 that
g(x) exists for eachxe[A, ), p. This completes the proof.

Remark 2.51t is evident thatg is not a norm in general. But ifp, = p Vk,then clearly
g isanormforl< p<« anda p- normfor 0<p<1.

Proposition 2.6 [A;, pl, and [A,,, pl.. are complete with respect to their paranorm
topologies[ A, Pl is complete if(2.3) holds and

> a(n, k, m— 0 uniformly in n (2.7)
k

Proof. Let {xi} be a Cauchy sequence [, ), pl,- Then there exists a sequenke
such thatg(x - X -0 (i > ). Since g is subadditive it follows thake[ A, f,. The
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completness of A, ), pl, can be similarly obtained. We now conside, ,,, pl. If
(2.3) holds and{x'} is a Cauchy sequence [®, p], Then there existsc such that

g(x-X—0 . If (2.7) holds then from inequality(2.4) it is clear that
(Ao PI=[ A,y Ho- This completes the proof.

Combining the above facts we obtain the main result

Theorem 2.7 Let pe(,.Then[A,,, pl, and[A,,, pl., (inf p,>0) are complete
linear topological spaces paranormed lay. If (2.3) and (2.7) hold then[A, ,,, p] has

the same property. If furthep, = p for all k, they are Banach spaces fo< p <o and
p—normed spaces fob < p <1.
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MAKALE YAZIM KURALLARI

Balikesir Universitesi Fen Bilimleri Enstitiisii Dergisi (Journal of Balikesir
University Institute of Science and Technology) biitiin Fen, Miihendislik ve
Mimarlik  Anabilim Dallarin1 ilgilendiren konulardaki 6nemli, &zgiin,
kaliteli arastirma ve ¢alisma makalelerini yaymlayan hakemli ve bilimsel bir
dergidir. Haziran ve Aralik aylarinda olmak tizere yilda iki kez yaymlanir.

Dergide yayimlanan makaleler baska hi¢ bir yerde yayimlanamaz veya bildiri
olarak sunulamaz. Kismen veya tamamen yaymmlanan makaleler kaynak
gosterilmeden hicbir yerde kullanilamaz. Dergiye gonderilen makalelerin
icerikleri 0Ozgiin, daha oOnce herhangi bir yerde yayimlanmamis veya
yayimlanmak {izere gonderilmemis olmalidir. Degerlendirmeye sunulacak
caligmalarin bir baska dergiye gonderilmedigi veya basilmadigi 6n yazi ile
mutlaka belirtilmelidir.

Dergi yazim kurallart aymi zamanda baskt formatidir. Bu nedenle yazim
kurallarinin  yazar veya Yyazarlarca dikkatle uygulanmasi gerekmektedir.
Yazim kurallarina uygun olmayan yazilar, yazarlara geri gonderilecektir.
Gosterece@iniz ilgi icin tesekkiir ederiz.

Sayfa boyutu, sayis1 | A4 formatinda, en fazla (eger miimkiinse) 12 sayfa

ve kenar bosluklar1 | olmalidir. Sol ve Sag : 3 cm, Ust ve Alt: 2,5 cm.

Sayfa numaralari Sayfa numaralari sayfa altinda ve ortada verilmelidir.

Satir bosluklar:

Biitiin satir bosluklar1 Times New Roman karakterinde
ve 12 punto olmalidir.

Times New Roman karakterinde 12 punto ile, saga ve

Metin sola dayali olarak tek aralikli yazilmalidir. Noktadan

sonra 2 bosluk, virgiilden sonra 1 bosluk birakilmalidir.




Her paragraf arasinda bir satir bosluk birakilmali,

Paragraf paragraf baslarinda icerden baslanmamalidir (Tab tusu
kullanilmamalidir).
Sayfa basindan 5 satir bosluk birakildiktan sonra,
Makale bashg Times New Roman, 20 punto (koyu olmayacak) ile

bashigin sadece ilk harfi biiyikk olacak sekilde sayfa
ortalanarak yazilmalidir.

Yazar adi veya
adlan

Bagliktan sonra 2 satir bosluk birakilarak, {invan
belirtilmeden, Adin ilk harfi ve  SOYAD’in tamami
biiylik harf ile, birden fazla yazarlarda aralarina virgiil
konularak, Times New Roman, 12 punto, koyu ve
sayfa ortalanarak yazilmalidir.

Yazarm/larm
adresi/leri

Yazar adimin hemen altina bosluk birakilmadan, Times
New Roman, 10 punto ve italik olarak yazilmalidir.
Adresleri ayn1 olan yazarlar icin tek adres, farkli yazar
adresleri alt alta bosluk birakilmadan yazilmalidir.

Tletisim yazarinin

bilgileri

Biitiin yazarlar i¢in Sorumlu yazar ilk sirada olacak

sﬂekilde;
Unvansiz Ad SOYAD, e-mail adresi, ORCID ID
numarasi (http://orcid.org/xxxx-XXXX-XXXX-XXXX.)

aralarma virglil konularak 1. sayfanin altina dipnot
olarak, Times New Roman, 10 punto ile yazilmalidir.

Tiirkge ozet

Adres/ler den 3 satir bosluk birakildiktan sonra, Ozet
kelimesi Times New Roman yazi karakterinde, 12
punto, koyu ve sola dayali olarak yazilmalidir. Ozet
metni Times New Roman yazi karakterinde, 12 punto
ve italik olarak yazilmalidir. Ozet metninin 200
kelimeyi gecmemesine oOzen gosterilmelidir. Ozet
kelimesi ile 06zet metni arasinda bir satir bosluk
birakilmalidir.

Anahtar kelimeler
Keywords

Anahtar kelimeler: ve Keywords: kelimeleri Tirkce
ozetin ve Ingilizce ozetin altma bir satir bosluk
birakilarak, Times New Roman, 12 punto, koyu ve italik
olarak yazilmalidir. En az 3 en fazla 6 adet anahtar
kelime verilmeli, anahtar kelimelerin birincisinin ilk
harfi biiyiikk digerleri kiigiik harfle ve aralarina virgiil
konularak verilmelidir.




Ingilizce bashk ve
Abstract

Tiirkge anahtar kelimelerin altina 2 satir bosluk
birakilarak, Times New Roman, 16 punto (koyu
olmayacak) ile basligin sadece ilk harfi biiyiik olacak
sekilde sayfa ortalanarak yazilmalidir. Abstract, Tiirkce
Ozet formatinda yazilmalidir.

Ana bashklar

Ana Basliklar sirastyla numaralandirilmalidir (1. Giris
2. Deneysel ¢alismalar gibi). Tiim bashklar sola
dayali Times New Roman, 12 punto, koyu ve sadece
ilk kelimenin ilk harfi biiyik olacak sekilde
yazilmalidir. Ana basliklardan 6nce 2 satir, sonra 1
satir bosluk birakilmalidir.

Alt bashklar

Alt bashiklar ana baslik numarasina uygun olarak
numaralandirilmalidir. Tiim alt baslhiklar sola dayal
Times New Roman, 12 punto, koyu ve italik olarak
sadece ilk kelimenin ilk harfi biiyilk olacak sekilde
yazilmalidir (2.1. Malzeme 2.2. Isil islemler gibi). Alt
basliklardan Once tek satir bosluk birakilmali, sonra ise
bosluk birakilmadan metine gegilmelidir.

Sekiller Resimler
Fotograflar

Sayfa smirlarin1 agmayacak sekilde ortalanarak, net ve
okunakli olmalidir. Sira ile numaralandiriimahidir. Sekil
no ve adlan seklin altinda ortalanarak ve sadece ilk
kelimenin ilk harfi biiyiik olarak verilmelidir. Sekiller
ya bir ¢izim programi ile ¢izilmis olmali ya da en az
300 dpi ¢oziiniirliikte taranmis olmalidir. Sekil olarak
gosterilen grafik, resim ve metin kutularinda yer alan
yazi ve sayilarin biyiikliigii makale i¢cinde Times New
Roman karakteri ile yazilmis 9 punto boyutundaki bir
yazinin biiyiikliiglinden az olmamalidir. Sekilden once,
sekil adindan Once ve sonra birer satir bosluk
birakilmalidir.  Sekiller metin igine yerlestirilirken
mutlaka sekilden Once atifta bulunulmalidir.




Tablolar

Sayfa sinirlarimi  asmayacak sekilde ortalanarak
konulmalidir. Sira ile numaralandirilmalidir. Tablo no
ve adlari, tablonun iistiinde tek satir bosluk ile sadece
ilk kelimenin ilk harfi biiyiik olacak sekilde ortalanarak
yazilmalidir. Tablo adi yazilirken iistte ve altta birer
satir, tablodan sonra yine bir satir bosluk birakilmalidir.
Tablolara tablodan 6nce mutlaka metin icerisinde atifta
bulunulmalidir. Tablo satir ve siitunlarindaki rakam ve
yazilar Times New Roman 12 punto ile yazilmalidir.
Ancak zorunlu kalinan durumlarda yazi boyutu yazi
sinirlarin1 gegmeyecek sekilde en az 9 puntoya kadar
diisiiriilebilir.

Denklemler

Metin igerisine yazilacak denklemler, word yazim
programindaki denklem editorii ile sola dayali olarak
yazilmali ve esitliklere saga dayali olarak parantez
igerisinde sira ile numara verilmelidir.

Semboller

Makale ¢ok sayida sembol iceriyor ya da makaledeki
sembollerin  aciklanmas1  gerekiyorsa uluslararasi
standarda uygun olarak, semboller, kaynaklardan 6nce,
Times New Roman 12 punto ile italik yazilmalidir.
Makalede ondalik gosterimde nokta kullanilmali,
binlikleri ayirirken virgiil veya nokta kullanilmamali
gerekiyorsa tek bosluk kullanilmalidir.

Kaynaklar

Kaynaklar metin icerisinde sira ile
numaralandirilmalidir. Makalenin sonunda bulunan
kaynaklar Dbolimiindeki siralama, metinde verilen
siraya uygun olarak yapilmalidir.

Atifta bulunulan kaynaklar; ya ..... [1]. seklinde
climlenin sonunda yada ..... [1], ..... seklinde climle
icinde verilmelidir. iki veya daha fazla kaynak
yazarken verilecek kaynaklar sirali ise [1,2,3,4]
seklinde degil, [1-4] seklinde verilmelidir. Sirali degil
ise [8,11,15] seklinde verilmelidir.

Kaynaklar, Times New Roman 12 punto ile yazilmali,
sadece dergi, kitap ya da sempozyum adi kalin
yazilmalidir. Kaynaklar kisminda yer alan wulusal-
uluslararast makalelerin yer aldigi dergi adlar
kisaltilmig halleriyle degil, agik olarak yazilmalidir
(0rnek: dergi adi Wat. Res. seklinde degil Water
Resources seklinde yazilmali).
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