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Effects of Mixing Temperature on the Mechanical 
Properties of Hot Mix Asphalt* 
 
 
Gül BALIK1 

Mehmet YILMAZ2 

Baha Vural KÖK3 

Taner ALATAŞ4 

 
 
ABSTRACT 

In this study, the effects of mixing temperature on the performance of hot mix asphalt (HMA) 
were investigated. 5% Styrene-butadiene-styrene (SBS) and 18% America Gilsonite were 
used as binder modifiers. HMA samples were prepared at the mixing temperatures 10°C, 
15°C, and 20°C lower temperatures than the mixing temperature. Marshall Stability and flow, 
resistance to moisture-induced damage and indirect tensile fatigue tests were conducted on 
the hot mix asphalt samples. As a result of the experimental study, it was observed that use 
of additives increased the performance of the HMAs. In addition, it was seen that, in general, 
the stability, Marshall quotient, indirect tensile strength and fatigue life of the mixtures 
decreased and the flow values increased with decreasing mixing temperature.  

Keywords: Mixing temperature, hot mix asphalt, styrene-butadiene-styrene, gilsonite, 
superpave, performance. 

 

1. INTRODUCTION 

Hot mix asphalts (HMAs), which can be used in the base and surface layers of flexible 
pavements, are comprised of bituminous binder and aggregate. Due to the rheological 
properties of bituminous binders, they act as an elastic solid at high vehicle speeds and low 
temperatures while demonstrating viscous liquid properties at low vehicle speeds and high-
temperatures [1,2]. Because these properties of bituminous binders are reflected in the 
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mixture, the rheological behaviors of bituminous binders are significant regarding pavement 
performance.  

Various materials are added to the bituminous binders for different reasons and a modified 
kind of bitumen is obtained. The main reasons for bitumen modification are increases in the 
price of crude oil, consequently preference of thinner pavements due to high costs, significant 
increases in traffic loads, thereby shortening the service life of pavements, inability of 
classical binders to provide the desired level of performance, the inclination toward use of 
industrial wastes, the need for an increase in strength to prevent formation of deformations 
and high costs of maintenance [3].   

Modifiers are substances, which can change the chemical, physical and/or mechanical 
properties of pure binders when added to pure binders. For a long time, researchers and 
chemists have conducted studies on modified bitumen. These studies were focused on the 
industrial utilization of graphite, specific fillers, mineral fibers, plastomers, elastomers and 
rubbers for bitumen modification [4-7]. The most commonly used modifiers are polymers 
[8]. Polymers are macromolecules, in which the same groups of atoms are repeated for 
several times [3]. Each repeated group can consist of one or several different molecules 
(monomer). Styrene-butadiene-styrene (SBS) block copolymers of the elastomer class 
increase the elasticity of bitumen and are the most suitable and commonly used polymer used 
in bitumen modification [9,10]. SBS copolymers provide their durability and elasticity due 
to the physical structure and cross binding of their molecules, which form a three-dimensional 
network. Polystyrene end-blocks increase the strength while polybutadiene elastic matrix 
blocks provide the extraordinary viscosity of the material [11]. When SBS is mixed with 
bitumen, the elastomeric phases of SBS copolymer absorb the oil fractions in bitumen and 
can swell about nine times of the initial volume [12]. In a suitable SBS concentration, a 
polymer phase is constantly formed during polymer modified bitumen (PMB) and the 
properties of pure binder change significantly.  

Gilsonite, which is a member of the hydrocarbon class in bitumen additives and a natural 
bitumen source, contains hydrocarbons, which are 99% pure, and possesses a bitumen 
content, which varies between 57-70% [13,14]. Because Gilsonite is a substance that contains 
resin, it is used in various industrial fields [15]. Generally, Gilsonite is a by-product natural 
crude oil, and it splits from the rocks undergrounds and rises to the ground surface via the 
cracks in the surface layers. If the natural bitumen reaches ground surface, a bitumen source 
is formed. Otherwise, it stays underground, and if it stays isolated from the ground surface, 
it slowly hardens, becoming oxidized and eventually, it forms a solid and hard substance, 
which is the mineral bitumen. Gilsonite is a black and fragile substance and it can be turned 
into powder easily [16]. When Gilsonite is mixed with bitumen, its consistency increases. In 
addition to being mixed into bitumen, Gilsonite can also be added to the mixture [17]. As a 
result of the studies conducted on America and Iran Gilsonite, it was concluded that these 
additives improved the elasticity and high-temperature properties of bituminous binders [16, 
18, 19, 20]. In another study, it was concluded that although America Gilsonite use increased 
the high-temperature behavior of bituminous binder, the practice also increased the crack 
formation possibility at low temperatures [21]. When aggregates are covered with Gilsonite 
modified bitumen, a notable interface is formed between the aggregate and the bitumen, thus, 
crack formation can be prevented in pavements [22]. It was also reported that Colombia 
Gilsonite, just as the Gilsonite from other countries, improved the high-temperature 
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properties of HMAs [23]. In previous studies, it was reported that Iran Gilsonite was more 
effective in terms of resistance to fatigue and permanent deformations as compared to 
America Gilsonite [24,25]. Gilsonite, due to its positive effects on bituminous binders and 
mixtures, especially on high-temperature resistance, is a considerable alternative material to 
polymers [26].  

In order to obtain the expected performance of HMAs, they should be produced with suitable 
materials, designed in a suitable way as well as being produced under suitable conditions and 
in a suitable way. One of the parameters that affect the performance of HMAs is the mixing 
temperature. In general, a temperature range corresponding to 170 ± 20 cP is chosen for 
mixing and the range corresponding to 280 ± 30 cP is chosen for compaction [27]. These 
values are generally determined by rotational viscosimeter test. Although the mixing 
temperature of aggregate and bitumen is determined during the design process, the required 
temperature may not be achieved due to conditions, which occasionally result from personnel 
or equipment insufficciency.  

According to data from 2015 in Turkey, the General Directorate of highways, special 
provincial administrations, municipalities and private firms possess 857 asphalts plants [28]. 
Although some of these plants go through regular maintenances and checks, some of them 
have over run their regular maintenance periods. Especially in several cities, it is believed 
that one of the reasons early deteriorations of the hot mix asphalt urban and village roads 
result from manufacturing defects. 

In this study, the effects of mixing temperature on the performance of HMAs, which were 
prepared with modified binders, which contained commonly-used additives (SBS and 
Gilsonite). For this purpose, 5% styrene-butadiene-styrene (SBS) and 18% America 
Gilsonite (G) were used in the preparation of the modified bitumen. The mixing temperature 
was determined for pure bitumen and the modified bitumen. HMA samples were prepared at 
the determined mixing temperature and 10°C, 15°C and 20°C lower temperatures than 
mixing temperature. The prepared HMA samples were subjected to tests of resistance to 
moisture-induced damage, Marshall Stability and flow and indirect tensile fatigue. Thus, the 
effects of mixing temperature on the performance of HMAs were investigated.  

 

2. MATERIALS AND METHODS 

In this study, the effects of mixing temperature on the performances of HMAs prepared with 
pure bitumen and styrene-butadiene-styrene (SBS, obtained from the Shell Chemicals 
Company) and America Gilsonite (G, obtained from the American Gilsonite Company) 
modified bitumen. For preparing the modified binders, the pure bitumen and additives were 
mixed for 60 minutes at a temperature of 180°C in a mixer with a rotation rate of 1,000 rpm. 
As for the pure bitumen, PG 52-28 grade binder, which was obtained from the TÜPRAŞ 
refinery in Turkey, was used. The city with the warmest climate in Turkey, Şanlıurfa, was 
chosen as the city for investigation and the target performance level was chosen as PG 76-16 
according to the temperature data. In order to achieve this performance level in previous 
studies, it was reported that it was necessary to use 5% SBS and 18% Gilsonite [29]. The 
results of the Superpave tests conducted on the binders were presented in Table 1.  
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Table 1 - DSR and BBR test results of neat and modified binders [29]. 

D
SR

 te
st 

re
su

lts
 

Temp.(C) 
G*/sinδ (kPa) (specification limit min. 1 kPa) 

PG 52-28 5% SBS 18% Gilsonite 

52 2.021 - - 
76 - 1.367 1.504 

 G*/sin δ (kPa) RTFOT residue (specification limit min. 2.2 kPa) 
52 8.782 - - 
76 - 4.673 8.678 

 G*.sin δ (kPa) PAV residue (specification limit max. 5000 kPa) 
16 2023 - - 
25 - 739 4213 
28 - 556 3186 
31 - 398 2345 

BB
R 

te
st 

re
su

lts
 

Temp.(C) 
m-value (specification limit min. 0.300) 

PG 52-28 5% SBS 18% Gilsonite 

-6  0.330 0.333 
-12 - 0.291 0.294 
-18 0.562   
-24 0.451   

 Creep stiffness (Mpa) (specification limit max. 300 MPa) 
-6 - 43.2918 151.0398 
-12  76.790 283.9786 
-18 165.7   
-24 325.4   

Performance grades 
(PG) 52–28 76-16 76-16 

 

Bituminous binders should have viscosity values of 170 ± 20 cP during mixing with the 
aggregate and 280 ± 30 cP during laying out [30]. For this test, spindle No. 27 was chosen 
and the spindle speed was set to 20 rpm. Rotational viscometer tests were applied to pure and 
modified binders under two different temperatures (135 and 165°C). Viscosity-temperature 
graphs plotted with the obtained results were used to determine aggregate mixing 
temperatures and compaction temperatures. Findings obtained in the rotational viscometer 
test were presented in Table 2. 

Similar to binder design, mix design was also conducted with the Superpave method as well. 
For this purpose, dense graded asphalt mixtures with crushed-stone aggregate suitable for 
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Superpave gradation and with a maximum size of 19 mm were prepared. The limestone type 
crushed aggregate was supplied from the Karayazı Region of the province of Elazığ. The 
properties of the aggregate were presented in Table 3. Additionally, the adopted gradation 
was presented in Figure 1. 

 

Table 2 - Rotational viscosity test results [29].  

Properties Standard PG 52-28 5% SBS 18% Gilsonite 

Viscosity (cP, 135°C) 
ASTM D4402 

250.0 1513 1113 
Viscosity (cP, 165°C) 100 487.5 287.5 
Modification index 
(ηmodifiye /ηsaf, 135°C) - 1.00 6.05 4.45 

Modification index 
(ηmodifiye /ηsaf, 165°C) - 1.00 4.88 2.88 

Mixing temperature  
range (°C) 

- 146.2-153.9 190.1-194.9 174.6-179.9 

Compaction temperature  
range (°C) 

- 
130.5-137.4 175.8-181.5 163.8-168.5 

 

 
Figure 1 - Combined aggregate gradation. 

 

As shown in Table 1, high-temperature resistance of binders was increased and low 
temperature resistance was decreased with additive use. The province of Şanlıurfa was 
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selected as the application area where the high temperature resistance of the binders is more 
important. Therefore, negativity at low temperature is not taken into account. When the 
rotational viscosity values given in Table 2 were examined, it was determined that the 
consistency of the binders increased with the use of additives. Due to the increase in viscosity, 
the mixtures prepared with modified bitumen required higher mixing and compaction 
temperatures. 

 

Table 3 - Physical properties of the aggregate [29].  

Properties Standard Specificati
on limits Coarse Fine Filler 

Abrasion loss (%)  
(Los Angeles) ASTM D 131 Max 30 29.2 - - 

Abrasion loss (%)  
(Micro deval) ASTM D 6928 Max 15 17.4 - - 

Frost action (%)  
(with Na2SO4) 

ASTM C 88 Max 18 16.7 - - 

Methylene blue (gr/kg) ASTM C 837 Max 1.5 0.5   

Specific gravity (g/cm3) ASTM C127  2.626 - - 

Specific gravity (g/cm3) ASTM C128  - 2.661 - 

Specific gravity (g/cm3) ASTM D854  - - 2.689 
 

Superpave Gyratory Compactor (SGC) which imparts a constant vertical pressure of 600kPa 
to the sample was used for sample compaction.  SGC gyrates the sample with an eccentricity 
of 1.25° from the vertical axis. Design number of gyration was chosen as 100. In the study, 
the bitumen contents, which provide 4% air voids at determined mixing and compaction 
temperature, were obtained. In order to evaluate the effect of the decrease in the mixing 
temperature on the performance of the HMAs, the same bitumen contents were used in the 
mixtures prepared at different temperatures.  

At the determined mixture and compaction temperatures, 4.61% bitumen was used in 
mixtures prepared with pure binders, 5.05% bitumen in mixtures prepared with 5% SBS 
modified bitumen, 4.91% bitumen in mixtures prepared with 18% Gilsonite modified 
bitumen [29]. In the contents of bitumen and 4 different mixing temperatures (at mixing 
temperature and 10°C, 15°C and 20°C lower than this temperature) mentioned in the study, 
the mixture samples were prepared. The mixing temperatures used in the study were 
presented in Table 4.  

Marshall stability and flow (EN 12697-34), moisture-induced damage (AASHTO T 283) and 
indirect tensile fatigue (BS DD ABF) tests were performed on the mixtures prepared at 
different mixing temperatures. Thus, the effects of the change in mixing temperature on the 
fatigue, moisture-induced damage and stability of HMAs were evaluated. 
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Table 4 - Mixing temperatures of mixtures. 

 Mixing temperature 
(°C) 

Mixing 
temperature 

-10 (°C) 

Mixing 
temperature 

-15 (°C) 

Mixing 
temperature 

-20 (°C) 
Abbreviations 1MT MT-10 MT-15 MT-20 
PG 52-28 150 140 135 130 
5% SBS 193 183 178 172 
18% Gilsonite 177 167 162 157 

 

3. RESULTS AND DISCUSSION 

In the study, Marshall Stability and flow test, resistance to moisture-induced damage and 
indirect tensile fatigue tests were conducted on the HMA samples prepared at 4 different 
mixing temperatures.  

 

3.1. Marshall Stability and Flow Test Results 

In this study, a total of 36 samples were prepared using 3 different binders (pure bitumen, 
5% SBS and 18% Gilsonite modified bitumen) at 4 different mixing temperatures (MT, MT-
10, MT-15 and MT-20) and these samples were subjected to Marshall stability and flow test 
according to EN 12697-34 standard. The prepared samples were kept in water, at 60°C, for 
40 minutes and were cracked at 50.8 mm/min load speed. The final values were determined 
by multiplying the automatically determined stability values by the correction values, which 
depended on the height of the samples. The Marshall Stability values of the mixtures were 
presented in Figure 2 while the flow values were presented in Figure 3 and the Marshall 
Quotient (MQ) values were presented in Figure 4.  

As it can be seen in Figure 2, the stability rates of mixtures prepared with 18% Gilsonite and 
5% SBS modified bitumen were higher compared to the mixtures prepared with pure binder. 
It was determined that an irregular change occurred in the stability values of mixtures 
prepared with the pure binder with decreased mixing temperature. It was also observed that 
the differences between the values of the mixtures prepared with pure binder, the difference 
between the highest and lowest stability values were only 3.4%. Furthermore, it was observed 
that the values were close to each other in mixtures prepared with 5% SBS, the difference 
between the highest and lowest stability values were only 1.2% in mixtures prepared with 
5% SBS modified bitumen. It was seen that the stability values reduced the most in mixtures 
prepared with 18% America Gilsonite modified binders by changing the mixing temperature. 
The highest stability values were obtained from the mixtures prepared at the mixing 
temperature and 10°C lower than the mixing temperature while the lowest stability values 
were obtained from the mixtures prepared at 20°C lower than the mixing temperature. It was 
observed that the difference between the highest and lowest stability values of the mixtures 
prepared with 18% Gilsonite modified bitumen were 36.6%. 
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HMA wearing courses should have a minimum 900 kg Marshall stability value according to 
Technical Specifications of the Turkish General Directorate of Highways (TCK). As seen in 
Figure 2, all mixtures met the specification’s requirements.  

 
Figure 2 - Marshall stability values of mixtures. 

 

 
Figure 3 - Flow values of mixtures. 
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In the examination of the flow results in Figure 3, it was determined that the flow values were 
generally increased with decreased mixing temperature. It was observed that the flow values 
of all the mixtures were between 2-4 mm, meeting the criteria of the agreement, except for 
the mixtures prepared with 18% Gilsonite modified bitumen at 20°C lower than the mixing 
temperature. It was determined that the mixtures prepared with pure binders and 18% 
Gilsonite had the lowest flow value at the mixing temperature while the highest flow value 
was observed in mixtures prepared at 20°C lower than the mixing temperature. It was also 
seen that there was a 12.8% difference between the highest and the lowest flow values of 
mixtures prepared with pure binders while the difference was 44.5% in mixtures prepared 
with 18% Gilsonite. In mixtures prepared with 5% SBS, the lowest flow value was observed 
in the mixture prepared at the mixing temperature while the highest flow value was observed 
in the mixture prepared at 15°C lower than the mixing temperature. The difference between 
the highest and the lowest flow values of mixtures prepared with 5% SBS were 19.5%.  

Flow values of HMA wearing courses should be between 2-4 mm according to Technical 
Specifications of the Turkish General Directorate of Highways. As seen in Figure 3, except 
mixtures prepared with 18% Gilsonite modified bitumen at 20°C lower than the mixing 
temperature, all mixtures met the specifications’ requirements.  

 
Figure 4 - MQ values of mixtures. 
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Gilsonite modified binders at 20°C lower than the mixing temperature and, for the mixtures 
prepared with 5% SBS modified bitumen, the lowest value was observed at mixtures prepared 
at 15°C lower than the mixing temperature. The difference between the highest and the lowest 
MQ values for mixtures prepared with pure bitumen was 11.3%, while the difference was 
97.4% for the mixtures prepared with 18% Gilsonite and 20.4% for the mixtures prepared 
with 5% SBS modified bitumen.  

 

3.2. Resistance to Moisture-Induced Damage 

In order to determine the resistance to moisture-induced damage in the study, the samples 
were prepared and subjected to tests according to AASHTO T 283 standard. For 6 samples 
for each type of binder and each mixing temperature, a total of 72 Superpave HMA samples 
were prepared. In order to determine the moisture damages of the samples more clearly, the 
samples were prepared at 7% ± 0.5 air voids. Then, the prepared samples were divided into 
two groups in a way that their specific weights are close to each other. After that, the first 
group was subjected to vacuuming in a way that their voids were filled with 70-80% water. 
Following this process, these samples were held at -18°C temperature for 16 hours and then 
held at 60°C water for 24 hours. While it was suggested to apply 1 cycle in the normal testing 
procedure, 5 freezing and thawing periods were applied in this study in order to determine 
the effects of mixing temperatures on the resistance to moisture-induced damage of HMAs. 
After the 5th period, the samples were kept in 25°C water for 2 hours and were cracked at 
the diametrical direction by applying a 50.8 mm/min loading rate. The second group of 
samples was kept in 25°C water for 2 hours and the samples were cracked by applying a 50.8 
mm/min loading rate. Based on the maximum level of load at failure, the indirect tensile 
strength (ITS) in  kPa is calculated by the following equation: 

ITS = 2 * F / π * L * D (1) 

where F is the peak value of the applied vertical load (kN); L is the mean thickness of the test 
specimen (m); and D is the specimen diameter (m). In the study, the unconditioned samples 
were labeled as ITSuncond, while the conditioned samples were labeled as ITScond.  

The tensile strength ratio (TSR) value, which is an indicator of the resistance of the mixtures 
against moisture-induced damage, was determined as per the equation below: 

TSR = 100 * ( ITScond. / ITSuncond.) (2) 

where ITScond is the indirect tensile strength of the conditioned specimens and ITSuncond 
denotes the indirect tensile strength of the unconditioned specimens. The ITSuncond values of 
the samples were presented in Figure 5 while the  ITScond values were presented in Figure 6 
and TSR values were presented in Figure 7.  

In the examination of the ITSuncond values (Fig. 5), it was observed that the ITS was increased 
significantly with additive usage. With decreased mixing temperature in pure mixture, a 
consistent reduction in ITS values was observed. In mixtures prepared with 18% Gilsonite 
and 5% SBS modified bitumen, with decreased mixing temperature, a consistent change was 
not observed in ITS values. In the pure mixture, the highest ITS value was observed in the 
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mixture prepared at the mixing temperature while the lowest value was observed at 20°C 
lower than the mixing temperature. It was determined that the difference between the highest 
and the lowest ITS value was 20.1%. In mixtures prepared with 18% Gilsonite modified 
bitumen, the highest value was observed at mixture prepared at 15°C lower than the mixing 
temperature while the lowest value was observed at the mixture prepared with at 10°C lower 
than the mixing temperature. For the mixtures prepared with 18% Gilsonite modified 
bitumen, the difference between the highest and the lowest ITS values was 6.5%. While the 
values in mixtures prepared with 5% SBS were rather close to each other, the highest value 
was observed in mixtures prepared at 10°C lower than the mixing temperature while the 
lowest value was observed at mixtures prepared at 20°C lower than the mixing temperature. 
The difference between the highest and the lowest ITS values was only 2.3%.  

 
Figure 5 - ITS values of unconditioned mixtures. 
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the mixing temperature while the lowest ITS value was observed in mixtures prepared at 
10°C lower than the mixing temperature and the difference between the highest and the 
lowest ITS value was determined to be 22.7%. In mixtures prepared with 5% SBS modified 
bitumen, following the conditioning, the highest ITS value was observed in mixtures 
prepared at the mixing temperature and the lowest ITS value was observed in mixtures 
prepared at 20°C lower than the mixing temperature while the difference between the highest 
and the lowest ITS value was 7.0%.  

 
Figure 6 - ITS values of conditioned mixtures. 
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TSR rate was observed in mixtures prepared at 15°C lower than the mixing temperature while 
the lowest rate was observed in mixtures prepared at 10°C lower than the mixing temperature 
and the difference between the highest and the lowest rate was 15.2%. In the mixtures 
prepared with 5% modified binder, the highest tensile strength ratio was observed in mixtures 
prepared at the mixing temperature while the lowest rate was observed in mixtures prepared 
at 20°C lower than the mixing temperature and the difference between the highest and the 
lowest temperature was 5.3%.  

 
Figure 7 - TSR values of pure and modified binder included mixtures. 
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via the software. As a result of the stress-controlled fatigue tests, the representative load 
repetition number-deformation level graph was plotted, see Fig. 8.  

 
Figure 8 - A representative deformation-load repetition number relationship. 

 

  
Figure 9 - The variation of Nmax values of mixtures with the stress level and modifier type. 
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Figure 10 - The variation of δmax values of mixtures with the stress level and modifier type. 

 

 
Figure 11 - Nf values of mixtures. 
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Figure 12 - δf values of mixtures. 
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determined that at 10°C and 20°C lower than the mixing temperature, the highest decrease 
was in mixtures prepared with 18% Gilsonite and at 15°C lower than the mixing temperature, 
the highest decrease was in mixtures prepared with pure bitumen. Especially at 20°C lower 
than the mixing temperature, the fact that the maximum load cycle number was decreased by 
approximately 50% demonstrated the significance of the mixing temperature in conditions 
with repeated loads.  

In the observation of the deformation values in the maximum load cycle number of the 
mixtures (Fig. 10), it was determined that the highest deformation value in pure binder was 
in mixtures prepared at 10°C lower than the mixing temperature while the lowest deformation 
value was in mixtures prepared at 20°C lower than the mixing temperature. In the observation 
of mixtures prepared with 18% Gilsonite and 5% SBS, the lowest deformation value was in 
mixtures prepared at 15°C lower than the mixing temperature. These results indicated that 
the mixtures would have more brittle fractures in a situation where the mixture prepared with 
pure binder was prepared at 20°C lower than the mixing temperature and the mixtures 
prepared with 18% Gilsonite and 5% SBS modified bitumen prepared at 15°C lower than the 
mixing temperature.  

In the observation of the fatigue lives of the mixture, it was determined that the changes were 
similar to those in the maximum load cycle number (Fig. 11). In mixtures prepared with pure 
binder, when the mixing temperature is 10°C lower than the mixing temperature, the number 
of fatigue life load cycle was decreased by 19.2% while at 15°C lower than the mixing 
temperature, it was decreased by 36.3% and 20°C lower than the mixing temperature, it was 
decreased by 52.3%. In mixtures prepared with 18% Gilsonite modified bitumen, with 10°C, 
15°C and 20°C lower than the mixing temperature, the number of fatigue life load cycle were 
decreased by 18.4%; 28.9% and 56.0%, respectively. In mixtures prepared with 5% SBS 
modified bitumen, with 10°C, 15°C and 20°C lower than the mixing temperature, the number 
of fatigue life load cycle were decreased by 14.0%; 30.6% and 47.4%, respectively. 
According to the obtained results, it was determined that at 10°C and 15°C lower than the 
mixing temperature, the mixtures prepared with pure bitumen had the highest decrease in the 
number of fatigue life load repeated while at 20°C lower than the mixing temperature, the 
highest decrease was in mixtures prepared with 18% Gilsonite modified bitumen.  

In the observation of the deformation values in fatigue lives of the mixtures (Fig. 12), it was 
observed that the lowest deformation value in mixtures prepared with pure binders was at 
20°C lower than the mixing temperature while in mixtures prepared with 18% Gilsonite and 
5% SBS modified bitumen, the lowest deformation value was in mixtures prepared at 15°C 
lower than the mixing temperature. This situation indicated that these mixtures would cause 
more brittle fractions. 

 

4. SUMMARY AND CONCLUSIONS 

In this study, three different types of binders (pure bitumen, 18% Gilsonite and 5% SBS 
modified bitumen) and limestone type crushed aggregate were used at 4 different mixing 
temperatures (the mixing temperature, 10°C, 15°C and 20°C lower than the mixing 
temperature) for the preparation of mixture samples. The values of mixing temperatures were 
determined by using the viscosity values (the values corresponding to 170 cP). The mixture 
samples were prepared by using Superpave gyratory compactor. By conducting Marshall 
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Stability and flow, resistance to moisture-induced damage and indirect tensile fatigue tests 
on the mixture samples, the effects of mixing temperatures on the performance of HMAs 
were investigated.  

As a result of the Marshall Stability and flow tests, it was determined that the stability values 
were increased as a result of additive usage. Additionally, with declined mixing temperatures, 
the stability and MQ values of the mixtures were generally decreased and the flow rates 
increased. It was also determined that the mixture prepared with 18% Gilsonite was the one 
affected most by the changes in the mixing temperature.  

In the comparison of the moisture-induced damage tests, with additive use both before and 
after the conditioning, it was determined that tensile strength values were increased. Gilsonite 
was more effective on tensile strength values compared to SBS. However, SBS was more 
effective in tensile strength ratio, which is an indicator for resistance to moisture-induced 
damage, compared to Gilsonite. In the evaluation of the effects of mixing temperature on ITS 
and TSR, while there was no consistent change, it can be concluded that with decreasing 
mixing temperatures, tensile strength values were decreased in general. 

In the evaluation of the indirect tensile fatigue tests, it was observed that the fatigue lives of 
mixtures were increased with additive use. The most effective additive on indirect tensile 
fatigue test results was Gilsonite. With decreased mixing temperature, fatigue life values of 
all of the mixtures were decreased. This situation indicated that the decrease in the mixing 
temperature influenced the fatigue performance of the mixture negatively. In the evaluation 
of the deformation values, it can be concluded that with decreased mixing temperature, there 
was no consistent change.  

When all the tests results were taken into consideration, it was concluded that additive use 
had positive effect on the performances of HMAs positively. Additionally, in cases where 
the mixing temperature is lower than what it is supposed to be, the performances of the 
mixtures would be affected negatively and especially the fatigue life would be affected 
substantially in a negative way. It was also determined that, in the evaluation of the effects 
of mixing temperature, dynamic test methods (indirect tensile fatigue) had more precise 
results compared to static test methods (Marshall stability and flow, indirect tensile strength). 
It can also be mentioned that in the HMAs produced for the investigation, attention paid to 
the mixing temperature of bitumen and aggregate in the plant is crucial for the performance 
of the mixture. In this study, only one type of aggregate and bitumen were used. Studies with 
materials obtained from different sources would further augment the validity of the results. 
Additionally, the effects on performance should be investigated in the event that when HMAs 
are prepared at higher temperatures than the indicated mixing temperature. 

 

Symbols 

G*       : Complex shear modulus  
HMA : Hot mix asphalt  
ITS : Indirect tensile strength  
MT : Mixing temperature 
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MQ : Marshall quotient 
Nf : Fatigue live 
Nmax  : Maximum load cycle number 
PG : Performance grade 
SBS : Styrene-butadiene-styrene 
TSR : Tensile strength ratio 
UTM : Universal Test Machine 
δ          : Phase angle  
Δf : Deformation value at fatigue live 
δmax : Deformation value at maximum load cycle number 
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ABSTRACT 

Turkey had several devastating earthquakes throughout its history as it is located in a highly 
seismically active region. Thus, seismic evaluation and retrofitting of the existing structures 
to decrease the potential damage of the future earthquakes is an essential part of the 
earthquake relief plans. The aim of this study is to examine the efficiency of widely used two 
retrofitting methods of existing structures through fragility analysis. Fragility curves are 
useful tools to show the probability of structural damage due to earthquakes as a function of 
ground motion indices. Fragility curves of a hypothetical residential building which 
represents the existing building stock have been generated. Furthermore, fragility curves of 
two retrofitted building have also been obtained. The first one is a frame with jacketed 
columns and the second one has shear walls added to the existing frame. Fragility curves 
have been obtained based on both local and global damage criteria limits in terms of 
interstory drift ratio. The obtained damage probabilities have shown that the damage criteria 
either local or global which are used for generation of fragility curves are significantly 
effective on the results. Differences in damage probability indicate the importance of the 
damage criteria and corresponding limits used for the determination of damage probability. 

Keywords: Fragility curve, damage probability, incremental dynamic analysis. 

 

1. INTRODUCTION 

Damage, observed after past earthquakes, has emphasized the need for risk assessment of the 
existing building stock to estimate the potential damage of future earthquakes. The Mw 7.4 
1999 Kocaeli and Mw 7.2 2011 Van earthquakes caused a considerable amount of economic 
losses, damage and a great number of causalities. This is due to not only the high seismicity 
but also due to the seismic vulnerability of the existing building stock. Most of the existing 
RC structures in Turkey are prone to earthquakes. Fragility curves allow estimation of the 
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probability of structural damage due to earthquakes as a function of ground motion indices. 
Thus, fragility curves of different types of structures have always been a subject of 
investigations which are performed for vulnerability assessment to estimate the potential 
damage that may be caused by future earthquakes. Several studies have been carried out all 
over the world to investigate the potential damage to the existing building stock [1-16]. In 
this study, the effectiveness of two widely used retrofitting methods has been investigated 
through fragility curves. Incremental dynamic analyses were performed for considered 
buildings to determine the threshold of different damage levels in terms of interstory drift 
ratio and fragility curves have been obtained based on the determined threshold values. 
Furthermore, threshold of damage levels obtained with different approaches are compared. 

 

2. SAMPLE BUILDINGS 

The structural system of a 6-story hypothetical sample building that consists of R/C frames 
in both two directions has been investigated. Fig.1 shows typical story plan of the sample 
building. The thickness of the concrete slab is 12 cm at each floor. Story height is 3.10m. 
Reinforcement type is S220 which has the characteristic yield strength of 220 MPa and mean 
concrete compressive strength is assumed to be 10 MPa considering the construction practice 
in Turkey before 2000. Those are realistic values for the buildings which are expected to 
exhibit poor performance during a severe earthquake.  

 

 
Figure 1 - Typical Story Plan of the Existing Building 
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Mean reinforcement ratio of columns is approximately 0.008 which is lower than the 
accepted minimum reinforcement ratio. Beam dimensions are 25x60cm and mean beam 
reinforcement ratio is approximately 0.0035. Typical deficiencies of such a building are 
material strength which is lower than the specified design strength and poor ductility of 
structural elements. The axial load on columns is higher than allowed especially in lower 
floors. Strong column and weak beam rule is not satisfied and also there is no confinement 
effect on structural members because of insufficient lateral reinforcement. The first mode 
period of the existing building, calculated with effective stiffness of structural elements, is 
1.46s. 

Although the main portion of the existing building stock does not have such a regular 
structural system, a regular plan building is used within the scope of this study to rationalize 
the structural behavior; so that, improvement in structural performance provided by each 
retrofitting method can be easily compared.  

The assumed transverse reinforcement spacing is 25cm since the existing buildings do not 
have adequate shear reinforcement to provide a significant confinement effect. Even 25cm 
may be thought as low considering the shear reinforcement spacing of the significant portion 
of the existing building stock; however, it’s high enough so that the confinement effect can 
be neglected. The calculated shear reinforcement spacing for retrofitting jackets is about 8-
10cm and shear reinforcement of jackets are taken into account for the calculation of the 
confinement effect. Figure 2 shows few example sections for beams and columns.  

 

 
Figure 2 - Sample Sections for Existing Beam, Column and Retrofitted Column 

 

As mentioned earlier, two different options which are widely used for retrofitting of the R/C 
structures were investigated within the scope of this study. The first one is jacketing columns 
of the existing structure and the latter is adding shear walls to the existing structural system. 
Jacketing improves strength of columns and also helps to improve strong column-weak beam 
behavior. The characteristic concrete strength of the jacket is 30MPa and characteristic yield 
strength of the reinforcing steel of the additional elements is 420MPa. The floor plan of the 
structure, retrofitted by jacketing columns, is shown in Fig 3. The jacketing thickness is 10cm 
and not constant because of the decreasing existing column dimensions through the building 
height. Thus, thickness of jacket increases up to 20cm especially at upper floors so that a 
constant column section can be provided. The authors believe that constant dimensions of 
jacketed columns, along the height of retrofitted building, is an advantage to provide strong 
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column-weak beam behavior and additional lateral stiffness to the retrofitted structure. The 
first mode vibration period of the retrofitted building, calculated with effective stiffness of 
structural elements, is 0.49s. 

Another widely used method for strengthening is adding new shear walls to the structural 
system. This option provides strength and stiffness rather than ductility. New shear walls 
reduce the shear force and bending moment on the existing columns since they reduce the 
lateral displacement of the structure. However, ductility and ultimate strength of the existing 
columns is still low since their rotational capacity and strength can’t be increased. Fig. 4 
shows the floor plan of the structure with shear walls. The first mode vibration period of this 
building, calculated with effective stiffness of structural elements, is 0.40s. 

The shear and bending reinforcement of all additional structural elements are determined 
based on the provisions given by TSDC[17] and TS500[18] using the internal actions 
obtained for the building located in Earthquake Zone 1 and Site Class B. The observed failure 
type of shear walls is bending. The shear failure for those shear walls are not expected 
considering that their mean shear capacity ratio is approximately equal to 0.87 in case of 
collapse and their height/length ratio 3.10. 

 

 
Figure 3 - Typical Floor Plan of the Sample Building (Retrofitted with Column Jacketing) 

 

Although main portion of the existing building stock does not have such a regular structural 
system, a regular plan building is used within the scope of this study to refine the structural 
behavior; so that, improvement in structural performance provided by each retrofitting 
method can be easily compared.  
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3. GROUND MOTIONS 

The random nature of the earthquakes makes the damage estimation problem probabilistic. 
13 ground motion record of 8 earthquakes with different magnitude, PGA and source distance 
have been used in this study to be able to take the random nature of the earthquakes into 
account. All the considered earthquakes are shown in Table 1. Note that, both X and Y 
component of Friuli, Colinga, Kocaeli (Eregli) and Kocaeli (Tekirdag) ground motions are 
used for analysis. All the selected ground motion records were recorded on Site Class B since 
the sample building is assumed to be constructed on this type of soil. Table 1 shows the considered 
earthquakes. 

 

Table 1 - Ground Motions 
Event Year Mag. RRUP(km) PGA(g) Site Class 

Kocaeli, Turkey (Eregli) 1999 7.51 58.3 0.06 B 

Kocaeli, Turkey (Tekirdag) 1999 7.51 16.4 0.12 B 

Coalinga (Perkfield-Cholame) 1983 6.36 42 0.62 B 

San Fernando (Upland – San Antonio Dam) 1971 6.61 46.8 0.62 B 

Friuli (Barcis) 1976 6.5 49.1 0.25 B 

Imperial Valley 
(Pachute test site) 

1977 6.53 50.1 0.11 B 

Loma Prieta (Saratoga) 1989 7.58 8.5 0.51 B 

Landers (Amboy) 1992 7.28 69.2 0.1 B 

Northridge (Castaic) 1994 6.69 20.11 0.46 B 
 

4. DAMAGE LEVELS 

For the present study, 3 different approximations have been adopted to determine the 
threshold of damage levels in terms of inter-story drift ratio. The first one is analytic which 
is based on the determination of the mean inter-story drift limits obtained from incremental 
dynamic analyses at different damage states. The considered damage states are Slight, 
Minimum, Extensive and Collapse, respectively. The inter-story drift ratio limit for slight 
damage is assumed to be the inter-story drift ratio at first reinforcement yield in either column 
or beam section. Inter-story drift ratio limits for minimum and extensive damage level have 
been determined based on the strain limits given by the Turkish Seismic Design Code [17] 
as shown in Table 2. 

The minimum damage limit is assumed as the inter-story drift ratio related to the first 
minimum section damage of a structural system element. The max. inter-story drift ratio of 
extensive damage limit is assumed to be reached at first beam section collapse based on the 
strain limits given in Table 2. The partial collapse limit corresponds to max. inter-story drift 
ratio at first column section collapse and finally collapse limit is defined as the max. inter-
story drift ratio causing frame mechanism.  
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Table 2 - Strain Limits of Section Damage Levels 
Section damage 

level Strain limit for concrete Strain limit for reinforcement 

Minimum 
0.004 

(Unconfined) 
0.01 

Extensive 0.004+0.0095(ρs / ρsm) ≤0.0135 (confined) 0.04 
Collapse 0.004+0.013(ρs/ρsm) ≤0.0180 (confined) 0.06 

 

Note that the approximation given above, which is used for linking the inter-story drift ratio 
and strain limits given by Turkish Seismic Design Code[17], is subjective. On the other hand, 
Turkish Seismic Design Code[17] defines structural performance levels based on the rate of 
the damaged structural elements at each story. However, this approximation is not practical 
for such a study. Table 3 shows the drift ratio limits obtained following the procedure 
explained above. Those mean inter-story drift ratio limits will be called local damage criteria 
in the remaining part of the text since they have been determined using the local damage 
limits. 

 

Table 3 – Inter-story Drift Limits Corresponding to Local Section Damages 

Damage level 
Mean interstory drift ratio (%) 

Existing Jacketing Shear wall 

Slight 0.2 0.3 0.2 

Minimum 1.5 1.8 0.9 

Extensive - 3.7 - 

Part. collapse 2.7 6.6 3.3 

Collapse 5.4 7.1 5.5 

 

The extensive damage limit is defined as first section collapse of a beam section as mentioned 
above. As seen from Table 3, the extensive damage limit could not be determined for the 
existing and the retrofitted building with shear walls, since strain limit of the collapse section 
damage for columns is reached before strain limit of collapse section damage for beams with 
a little increase in spectral acceleration. It is believed that the main reason is strong beam-
weak column mechanism commonly encountered in such buildings. 

The second approximation is based on the global damage levels and corresponding inter-
story drift limits proposed by Rosetto and Elnashai [19]. Table 4 shows the aforementioned 
limits. Finally, the last approximation is the determination of yield and collapse states 
analytically through the incremental dynamic analysis following the definitions given by 
Vamvatsikos and Cornell [20].  Results are sown in Table 5. Inter-story drift ratio limits, 
given in Table 4 and 5, are based on the global structural behavior while those given in Table 
3 are based on the local section damage limits. 
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Table 4 – Inter-story Drift Limits (Global) 

Damage level Interstory drift ratio (%) 

Light 0.19 
Moderate 0.56 
Extensive 1.63 

Part. collapse 3.34 
Collapse >4.78 

 

Table 5 - Interstory Drift Limits Obtained With Incremental Dynamic Analysis 

Damage level 
Mean inter-story drift ratio (%) 

Existing Jacketing Shear wall 
Yield 0.8 0.69 0.28 

Collapse 3.06 4.39 2.17 
 

5. INCREMENTAL DYNAMIC ANALYSIS 

Incremental dynamic analysis (IDA) has been used to determine the damage thresholds 
corresponding to aforementioned damage levels. This method was discussed 
comprehensively by Vamvatsikos and Cornell [20]. IDA is a useful method to produce curves 
which show the relationship between the selected ground motion intensity measure versus 
the selected damage indicator. For this study 5% damped elastic spectral acceleration and 
maximum inter-story drift ratio is selected as intensity and damage measure, respectively. 
Each ground motion is scaled up monotonically with respect to the individual spectral 
acceleration based on the corresponding fundamental period of the considered building. 
Thus, the maximum inter-story drift ratio, obtained for each step of IDA, is the result of a 
non-linear time history analysis which is carried out for a certain elastic spectral acceleration. 
Up to the yield point, the relationship between spectral acceleration and the maximum inter-
story drift ratio is linear. However, the curve leaves the linear path as soon as a yielding 
which causes a significant decrease in the slope of the curve –in other word stiffness of the 
structure- is observed. When the slope of the curve decreases 20% of the initial slope of the 
IDA curve then the analyzed structure is assumed to have collapsed [20].  If dynamic 
instability as a result of non-converging run is observed before IDA curve’s slope decreases 
to the limit value mentioned above then spectral acceleration level of the non-converging run 
is assumed as the collapse capacity. Seismostruct [23] has been used as a structural analyses 
software tool for IDA. Seismostruct uses the Newmark scheme with automatic time-step 
adjustment for optimum accuracy for the direct integration of the equations of motion during 
time history analysis of a 3-dimensional model. The considered hysteretic behavior of 
reinforcement and concrete are Bilinear and Mander model [17, 21], respectively. The fiber 
section model has been used which considers strain of each point of the section based on the 
aforementioned material models. Rigid diaphragm behavior of the slabs is considered during 
the analyses.  

Fig. 5 shows typical IDA curves of the considered buildings obtained for Imperial Valley 
ground motion. Yield and collapse points are indicated on the figure. 
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(a) IDA Curve of the Existing Building 

 
(b) IDA Curve of the Retrofitted Building by Jacketing Columns 

 
(c) IDA Curve of the Retrofitted Building by Adding Shear Walls 

Figure 5 - IDA Curves Obtained for Imperial Walley Ground Motion 
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All IDA curves obtained for all the considered building are given in Fig. 6, Fig.7 and Fig. 8 
with their yield and collapse point. 

 
Figure 6 - All IDA Curves Obtained For the Existing Structure 

 
Figure 7 All IDA Curves Obtained For the Retrofitted Building by Jacketing the 

Columns 

 
Figure 8 All IDA Curves Obtained For the Retrofitted Building by Adding Shear Walls 
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6. FRAGILITY CURVES 

Fragility curves express the probability of structural damage due to earthquakes as a function 
of ground motion indices. In the present study, fragility curves are constructed in terms of 
elastic spectral acceleration as mentioned before. Fragility curves can be expressed in the 
form of two-parameter lognormal distribution functions. Based on this assumption, the 
probability of reaching or exceeding a limit state (LS) at a given earthquake intensity can be 
expressed as follows  𝑃(𝐿𝑆) = 𝑃(𝑑ௌ ≤ 𝑑௫) = 1 − Φ(𝑟) (1) 

where dLS and dmax are limit state capacity and maximum demand, respectively. By assuming 
a lognormal distribution, the standard normal variant can be expressed as follows 𝑟 = ୪୬ ௗಽೄିఒವටకಽೄమ ାకವమ  (2) 

where λD is mean value with lognormal distribution and it can be expressed in terms of the 
mean of the maximum response (dmax ) and its dispersion (ξD). 

𝜆 = 𝑙𝑛�̅�௫ − కವమଶ  (3) 

ξLS is the lognormal standard deviation of a limit state. It is assumed to be 0.3 for the limits 
given in Table 4 by following the Jeong and Elnashai [22]. Lognormal standard deviation of 
other limit states, given in Table 3 and 5 were calculated using the results obtained from IDA. 

The dispersion of maximum demand ξD is obtained as the combination of uncertainties 
associated with demand estimation as follows 

𝜁 = ට𝑙𝑛 ൬1 + ቀ ఙೝௗതೌೣቁଶ൰ + 𝑙𝑛 ൬1 + ቀ ఙௗതೌೣቁଶ൰ + 𝑙𝑛 ൬1 + ቀ ఙವௗതೌೣቁଶ൰ (4) 

where σr and σc are the standard deviations due to randomness in earthquake records and 
material properties, respectively. σr is considered by using 13 ground motion records. The 
dispersion in material properties has been considered using the standard deviation of 5 MPa 
following the Bartlett and MacGregor [23]. σD is standard deviation of structural response. 
Fig.9-11 show the fragility curves obtained for all considered buildings. 

The target performance of earthquake resistant design of a residential buildings is to satisfy 
the Immediate Occupancy (IO), Life Safety (LS) and Collapse Prevention (CP) performance 
levels under the effect of earthquakes with probability of exceedance of 50%, 10% and 2%, 
respectively. Table 6, 7 and 8 show the probability of exceedance of the considered 
performance levels under the effect of earthquakes given by TSDC[17] for Earthquake Zone 
1 and Site Class B with aforementioned probability of exceedance. The slight, extensive and 
partial collapse damage levels, given in Table 3, are related to IO, LS and CP performance 
levels, respectively.  
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(a) Fragility Curves of the Existing Building (Local Damage Criteria) 

 
(b) Fragility Curves of the Existing Building (Global Damage Criteria) 

 
(c) Fragility Curves of the Existing Building (Global Damage Criteria / IDA) 

Figure 9 - All IDA Curves Obtained for the Existing Building 
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(a) Fragility Curves of the Retrofitted Building with Jacketed Columns  

(Local Damage Criteria) 

 
(b) Fragility Curves of the Retrofitted Building with Jacketed Columns   

(Global Damage Criteria) 

 
(c) Fragility Curves of Retrofitted Building with Jacketed Columns  

(Global Damage Criteria / IDA) 
Figure 10 - Fragility Curves of the Retrofitted Building with Jacketed Columns 
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(a) Fragility Curves of the Retrofitted Building with Shear Walls (Local Damage Criteria) 

 
(b) Fragility Curves of the Retrofitted Building with Shear Walls (Global Damage Criteria) 

 
(c) Fragility Curves of Retrofitted Building with Shear Walls  

(Global Damage Criteria/IDA) 

Figure 11 - Fragility Curves of the Retrofitted Building With Shear Walls 
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The strain limit of the (partial) collapse section damage for columns.  
(collapse limit) has been reached before the strain limit  of collapse section damage for beams 
(extensive damage limit) with a little increase in spectral acceleration for both existing and 
retrofitted (shear wall) structure. Thus, the probability of reaching life safety performance 
level could not be obtained for those buildings in case of using local damage criteria. Light, 
Moderate and Partial Collapse damage levels, given in Table 4, are related to IO, LS and CP 
performance levels, respectively. The performance levels are connected to damage levels 
based on the definitions of performance and damage levels. 
 

Table 6 - Damage Probability for Target Performance (Local Damage Criteria) 
Probability of 

exceedance in 50 years 
Immediate 
Occupancy Life Safety Collapse 

Prevention 
Existing 

%50 98   
%10  -  
%2   74 

Jacketing 
%50 58   
%10  55  
%2   39 

Shear wall 
%50 76   
%10  -  
%2   34 

 

Table 7 - Damage Probability for Target Performance (Global Damage Criteria) 
Probability of 

exceedance in 50 years 
Immediate 
Occupancy Life Safety Collapse 

Prevention 
 Existing 

%50 96   
%10  85  
%2   68 

 Jacketing 
%50 58   
%10  38  
%2   12 

 Shear wall 
%50 78   
%10  69  
%2   37 
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Table 8 - Damage Probability for Target Performance (Global Damage Criteria / IDA) 

Probability of 
exceedance in 50 years Yielding  Collapse 

 Existing 
%50 69   
%10  -  
%2   57 

 Jacketing 
%50 57   
%10  -  
%2   6 

 Shear wall 
%50 70   
%10  -  
%2   45 

 

As it is seen from the Tables 6-8, both retrofitting methods decrease the damage probability 
significantly. There is almost no difference between the probability of reaching IO 
Performance Level, obtained with local and global damage criteria (Table 6 and 7). 

In case of using the local damage criteria (Table 6), the highest decrease in probability of 
exceeding the IO performance level is provided by the jacketing, while the highest decrease 
in probability of CP performance level is provided by shear walls. However; the difference 
in the probability of exceeding CP performance level of both retrofitting methods is not 
significant. 

Jacketing is the most efficient method to decrease the damage probability in case of using 
global damage indicators since it provides significant decrease in damage probability at each 
considered performance level (Table 7) as compared with strengthening with shear walls. 
The authors believe that the main reason of this significant decrease is strong column-weak 
beam behavior which is provided by the increase in the strength and deformation capacity of 
the jacketed columns. This enhancement in strength can be observed from the IDA curves 
given in Fig.5. Note that improvement in the behavior of the building with jacketing depends 
on the shear reinforcement of jackets so that the premature shear failure can be prevented. In 
this study, it is assumed that sufficient amount of transverse reinforcement will be provided 
in jacketed columns.  

 

7. CONCLUSIONS 

Finally, the following conclusions can be drawn from the results of this study in addition to 
the discussion above: 

 It is observed that analytic collapse probability (IDA) of the existing and the retrofitted 
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buildings by jacketing (%57, %6) are lower than the probability of CP performance level 
obtained based on either local (%74, %39) or global (%68, %12) damage limits and there 
is a reasonable margin between probability of reaching analytic collapse state obtained 
with IDA and that of collapse prevention performance level determined with both global 
and local criteria. 

 However, as it is seen from Tables 6-8, the probability of reaching collapse state 
determined through IDA for the retrofitted building with shear walls (Table 8) is higher 
than the probability of reaching CP performance level determined with local and global 
damage criteria given in Table 6 and 7. This result shows that both local and global criteria 
for CP performance level, given in codes or proposed by other researchers, are not always 
consistent with the analytic collapse limit. However, this observation must be verified by 
examining more sample structures with different amount of shear wall area so that it can 
be determined whether shear dominated behavior of the structure is effective on this 
observation or not. Strengthening with shear walls is almost inevitable with increasing 
building height so that lateral displacements can be limited. In such a case, analytic 
collapse limit should be determined and used as the upper limit or inter-story drift ratio 
of collapse instead of the collapse limit given by codes or other similar documents. 

 The Immediate Occupancy Performance Level is defined by Turkish Seismic Design 
Code [19] as “none or negligible damage” in structural system. Furthermore, yielding 
capacity determined via IDA represents the onset of yielding. Thus, it is expected to have 
similar probability of reaching the yielding and the IO performance level. The probability 
of reaching the Immediate Occupancy Performance Level determined with local and 
global criteria and the probability of yield determined with IDA are similar (%58, %58, 
%57) only for the retrofitted building with jacketing. However, yielding probability of 
the existing building (%69) is significantly lower than the probability of reaching the IO 
Performance Level (98%, 96%). Yielding probability (70%) of the retrofitted building 
with shear walls is still lower than the probability of reaching IO Performance Level given 
in Table 6 and 7 (76% and 78%). However; the difference is not as significant as observed 
for the existing building. 

Those differences in damage probability indicate the importance of the damage criteria and 
corresponding limits used for the determination of damage probability. Damage state or 
performance level limits -either local or global- must be selected carefully and upper and 
lower limits (onset of yield and collapse), at least, must be determined analytically so that 
realistic estimations can be made. 

Note that local damages such as shear or axial failure of structural system elements are not 
considered within the scope of this study; so that, the retrofitting methods can be compared 
clearly. On the other hand, those failure types can be observed during the evaluation and 
design process and they may require application of some local strengthening techniques to 
prevent brittle failure of those elements. However, it is believed that the existence of this type 
of deficiencies (when they don’t change the global structural behavior significantly) does not 
cause significant changes in the observations which are made within the scope of this study.  

A building with a regular plan has been investigated so that the individual effect of considered 
retrofitting methods can be compared clearly; however, the plan layout of the main portion 
of the existing building stock is not as regular as such. Therefore, for a building with a highly 
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irregular plan, the probable strengthening method will be the combination of the considered 
methods within the scope of this study.  
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ABSTRACT 

The trend of renewing old masonry buildings and provision of new housing, public and other 
areas without using new building blocks is becoming increasingly important to ensure the 
conformity of the renovated buildings with the current technical regulations. One compliance 
aspect is the load-bearing function, which to a large degree depends on the floor structures. 
As old masonry buildings often have timber floors, the purpose of this article is to provide 
insight into the field of timber floor strengthening. Thus, the evolution of floor structures is 
briefly presented, and common types of timber floors are provided. Furthermore, the weight 
of different timber floor fillings is studied in relation to the prescribed imposed loads. 
Measures for strengthening old timber floors are introduced separately in view of vertical 
and horizontal strengthening. Additionally, a classic timber floor and a timber-concrete 
composite floor are analyzed regarding current building standards in the European Union, 
the Eurocodes.  

Keywords: Floor structures, timber floors, strengthening, timber-concrete composite, 
Eurocodes. 

 

1. INTRODUCTION 

A frequent situation in building renewal is the change of the category of use, which can in 
certain cases lead to the requirement imposing higher incident loads and consequently to 
necessity for structural improvement of the existing structure. Nonetheless, even a change in 
a standard can increase the minimum incident load, which can be related to the progress of 
the housing culture and/or policy changes. In the studied case, special attention must be paid 
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to floor structures as a building element which bears the incident loads and transfers them to 
the adjacent walls. Since timber floors present a significant part of the existing building stock 
(for example in Slovenia [1]), acquirement of existing timber floor data and strengthening 
measures is crucial for planning effective building renewal strategies. 

Regarding the strengthening problem, timber floors can be arranged into two categories. The 
first category represents timber floors that have no importance for the cultural heritage and 
the second category represents timber floors of historical and cultural interest. The 
strengthening techniques for the first group are controled only with the owners wish or solely 
by economic reasons, whereas limitations for the second group regard the reversibility, the 
compatibility, the minimum level of intervention and fulfillment of internationally accepted 
requirements regarding historic architecture [2].  

The strengthening measures for timber floors can be split into strengthening techniques for 
vertical (“out of plane”) loads and horizontal (“in-plane”) loads [3]. Especially the timber-
concrete composite (TCC) section has gained importance as a new structural element and as 
a strengthening technique in the past years [4], as it strengthens the “out of plane” and “in-
plane” behavior of the timber floor simultaneously. Instead of the concrete part of the TCC 
section, additional timber elements in the form of cross-laminated timber are often used, 
which presents a dry technique for forming composite cross sections and is therefore 
preferred for timber floors of historical or cultural interest ([2, 3, 5, 6]). Other strengthening 
techniques involve the use of additional tensile or bending elements connected to the existing 
timber joists.  

Beside increased incident loads, time imposed timber damage can be a reason for 
strengthening measures, although it is often an argument for replacement of the timber floor 
with a reinforced concrete floor. Floor vibrations are also an essential criterion for evaluating 
floor structures but are already positively influenced with strengthening measures for 
ultimate and deflection limit states which are not covered in this article. 

Irrespective of the article’s subject being only load-bearing capacity, there are also other 
important timber floor technical criteria, such as sound insulation, fire safety and thermal 
conductivity. They must not be ignored when planning timber floor renovation, but they also 
are not considered in this study. 

The first part of this article briefly presents the evolution of floor structures and timber floor 
types in Central Europe, although the validity of the findings for other territories is not 
excluded. Attention is also given to timber floor filling weights. In addition, an overview of 
timber floor strengthening techniques is provided. The second part of this article includes a 
numerical comparative case study of a classic timber floor and a timber-concrete composite 
floor. The research focuses especially on the acquirement of existing timber floor geometry; 
whereas the essential contribution of the numerical study lies in the load-bearing capacity 
limitations of existing timber floors and TCC floors with existing timber floor joist geometry. 

 

2. THE EVOLUTION OF FLOOR STRUCTURES 

According to [7], Central European floor structures until the 19th century can be arranged into 
three groups: 
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 Timber floors with joists without spacing (Fig. 1a) 

Due to a higher load-carrying capacity, they were often used for the upper floors, because 
they provided a higher fire safety as they could carry the loads resulting from a 
demolished roof structure, possibly as a result of a fire. Due to the dense arrangement, 
they also provided a significant obstacle for fire propagation.  

 Classic timber floor with timber joists with spacing (Fig. 1b) 

They were used for floors between the ground and upper floor. There are many subtypes 
which only differ in the sense of different arrangements of floor paneling and filling 
between joists. 

 Vaults (vaults, vaults between iron beams) (Fig. 1c) 

Vaults were usually used on lower floors, cellars and over staircases.[7] 

 
Fig. 1 - Floor structures used until the 19th century: (a) Timber floor with joists without 

spacing; (b) Classic timber floor with timber joists with spacing; (c) Vaults between iron 
beams (redrawn from:[7]) 

 
In the 20th century reinforced concrete began being used for floors more frequently. Later, 
many different floor types were invented, which especially lowered the material consumption 
and consequently diminished the floor weight (prefabricated concrete elements, masonry 
fillings, etc.). Afterward, the development of composite and prestressed systems followed. 
Parallel to the structural developments, building physics’ demands have risen (sound 
insulation, thermal conductivity, etc.), which required floors consisting of multiple layers of 
materials with various properties.[7] 

 
3. TIMBER FLOOR TYPES 

In principle, there are two types of old timber floors. The first type is represented by timber 
floors without joist spacing (Fig. 1 a) and the second type by timber floors with joists with 
spacing (Fig. 1 b). A newer development is seen in the timber floor panels (Fig. 2 a), which 
have slender timber joists mechanically or adhesively connected to different wood-based 
sheeting boards. The latest type of timber floors consist of the cross-laminated timber floor 
elements (Fig. 2 b). Somewhat less often, glued laminated timber elements are also used for 
floors (Fig. 2 c). Instead of adhesives also mechanical connectors are used but to a much 
lesser extent.   
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Fig. 2 - Timber floor types: (a) Timber floor panels; (b) Cross-laminated timber floor; (c) 

Glued laminated timber floor; (d) Timber-concrete composite floor 

 
3.1. Timber-Concrete Composite Floors 

The timber-concrete composite floor (Fig. 2 d) is a structural system, which is used for 
strengthening existing timber floors and for new construction projects. There are also 
examples of the system used in bridge construction [8]. The main advantages of the system 
are [7]: 
 Rational use of various materials (concrete is in the compressive zone of the cross section 

and timber is in the tension zone of the cross section) 
 Possibility of an undemanding strengthening of existing timber floors 
 Relatively high bending stiffness 
 Rigid diaphragm behavior 
 Positive effect on the vibrational behavior of the floor 
 Positive effect on the floor sound insulation properties 
 Positive effect on the floor fire safety 

The shear forces due to the composite action between timber and concrete are transmitted 
through mechanical connections. There are also attempts with adhesive layers providing the 
connection [9]. Different fasteners may be used for mechanical connections: bolts, nails, 
dowels, toothed plates. The concrete slab is usually reinforced in compliance with minimum 
reinforcement requiremeny, splitting forces resulting from mechanical connectors and 
rheological behavior of concrete (shrinkage) [7]. 

In addition, attention must also be given to the cultural heritage criteria, for example in Italy 
the timber-concrete approach for strengthening old timber floors was often rejected by 
responsible authorities due to claims that the measure is not reversible [6]. 

 

3.2. Timber Floor Filling 

An important property of timber floors is the filling material inserted between timber joists. 
The filling material had the function of sound insulation, fire insulation and reduction of floor 
vibrations. According to [10] the materials used for timber floor fillings were: 
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 construction waste (crushed masonry, usually burnt) with a density of about 1400 kg/m3 
 slag (without sulfur) with a density of about 850 kg/m3 
 black coal ash with a density of about 750 kg/m3 
 sand and gravel with a density of about 1400 kg/m3 
 clay with a density of about 1800 kg/m3 
Many variants of old timber floors with descriptions can be found in [11]. These descriptions 
were used to determine ratios of filling weight to floor weight. The results for each variant 
can be found in Table 1. The weight percentages reach from 20 % to 65 %. The filling area 
weight in all variants is more than 0.5 kN/m2. Considering the low weight of new insulation 
materials, the removal of the filling may considerably influence the imposed load limit of the 
floor.  

 

Table 1 - Floor weights and filling weight percentages (Figures redrawn from: [11]) 

Timber floor variant 

Floor 
area 

weight 
Filling 

Filling 
volume per 
area usage 

Filling 
area 

weight 

Weight 
percentage of the 

filling kN
m2 ൨ / ቂm3m2ቃ  kN

m2 ൨ [%] 

 
2.24 slug 0.075 0.64 28.5 

 
2.07 sand 0.040 0.56 27.1 

 
2.20 construction 

waste 0.046 0.64 29.3 

 
2.20 sand 0.062 0.87 39.5 

 
2.88 ash 0.078 0.59 20.3 

 
1.50 slug 0.079 0.67 44.8 

 
2.20 clay 0.079 1.42 64.6 
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3.2.1. Building Codes Related to Prescribed Imposed Loads 

In Slovenia (a former Yugoslav country), an increase of the prescribed imposed loads occured 
when the building standards in the former Yugoslavia have been changed and later when they 
were replaced with the Eurocodes, the current building standards in the European Union. The 
old Yugoslav building regulations from 1948, the PTP-2 (“Privremeni tehnicki propisi za 
opterecenje zgrada”), can be found in [12]. In 1988 the standard with prescribed imposed 
loads, the JUS U.C7.121, was introduced, which was identical with the standard ISO 
2103:1986 [13]. After the entry of Slovenia into the European Union in 2004, the Eurocode 1 
[14] had become the adopted standard for the prescribed imposed loads. Table 2 shows the 
prescribed imposed loads for residential areas, offices and exhibition halls from the 
mentioned standards. Comparing the differences between the minimum imposed loads with 
the floor filling weights, one can see that the increase of the minimum imposed loads (due to 
changing standards) can be partly alleviated or completely balanced out with the removal or 
replacement of the timber floor filling with a modern insulation material. 

 

Table 2 - Prescribed minimum imposed loads from different standards 

 PTP-2 [12] JUS U.C7.121 (ISO 2103:1986 [13] ) Eurocode 1 [14] 

Area category kN
m2 ൨ kN

m2 ൨ kN
m2 ൨ 

Residential areas 1.25-1.5 1.5 2.0 

Offices 2.0 2.0 3.0 

Exhibition halls 2.0 2.5 5.0 
 

4. MEASURES FOR STRENGTHENING OLD TIMBER FLOORS 

Although old timber floors are often replaced with reinforced concrete floors, numerous 
measures can be used for strengthening. According to [11] some of these measures are: 

 Decreasing the timber joist spacing 
 Installation of additional beams under the floor for intermediate support 
 Installation of additional joists under locations of concentrated loads 
 Joist strengthening with nailed timber elements (Fig. 3 a) 
 Forming of box girders by using the original joists, additional joists and sheeting boards 

(Fig. 3 b) 
 Use of tension or bending elements connected to timber joists (Fig. 3 c). Materials such 

as steel or carbon fiber reinforced polymers are used. 
 Use of tension elements and spacer posts, which enlarge the bending height of the cross-

section (Fig. 3 d). It is also possible to pre-stress the timber joists with steel elements. 
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 Forming of a composite cross-section (Fig. 2 d). Usually, concrete elements are added to 
the timber joists and mechanically connected with various steel fasteners. 

Instead of concrete elements also cross-laminated timber elements are known to be used for 
forming composite cross sections [15].  

 
Fig. 3 - Timber floor strengthening methods: (a) Strengthening timber joists with nailed 

timber elements; (b) Forming of box girders; (c) Tension or bending elements connected to 
timber joists; (d) Enlarging the bending height with tension elements and spacer posts 

(redrawn from: [11]) 

 

There are also examples of forming a timber-concrete composite cross-section with an 
additional carbon fiber reinforced polymer strip in the tensile zone [16]. Bending tests (Fig. 
4) for this measure can be found in [17]. 
 

 
Fig. 4 - Bending tests of timber-concrete composite sections with additional carbon strips 

 
Another option is the usage of steel collars which surround existing timber floor joists and is 
presented in [18]. The forces between the steel collars and the timber joists are transmitted 
through friction, which is ensured due to a rubber layer which is vulcanized, in contact with 
the steel collar and transversal ringing action due to bolt tightening. The collars are used to 
connect additional elements (for example concrete slabs) to the timber joists without 
perforating them and without causing any strength reduction. 

 

4.1. Timber Floor in-Plane Strengthening 

Besides the vertical behavior of floor structures, their horizontal behavior is also important, 
because the horizontal floor stiffness affects the stability or load-bearing capacity of the 
whole building. It is important to determine whether the floor structure can be considered a 
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rigid diaphragm (Fig. 5) and if it can redistribute horizontal forces (wind or earthquake 
forces) to the neighboring elements – walls [19]. 
 

 
Fig. 5 - Role of the diaphragm preventing the overturning modes of masonry walls: (a) the 
inadequate in-plane stiffness of the floor causes overturning of the walls perpendicular to 

the seismic action; (b) a stiff diaphragm allows forces to be transmitted to the walls 
parallel to the seismic action (redrawn from:[20]) 

 

In cases where the timber floors do not behave as rigid diaphragms (or diaphragms at all), 
different wall collapse or overturning modes are possible (Fig. 6), as walls usually do not 
have sufficient strength for forces acting perpendicular to the wall plane [19]. 
 

 
Fig. 6 - Wall overturning modes due to an inadequate stiffness of the floor (redrawn 

from:[20]) 

 

Although there are different ways of stiffening timber floors in the horizontal plane (Fig. 7), 
it turned out that some of these measures are only conditionally useful. Among them is the 
replacement of timber floors with reinforced concrete floors and installing reinforced 
concrete ties into the masonry, as the higher mass and higher stiffness can negatively impact 
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the building [19]. The problem is the connection of the new reinforced concrete elements 
with the old masonry walls. As stated in [21], for a successful use of reinforced concrete 
elements it is necessary to ensure monolithic behavior of the old masonry walls, which are 
often built as a kind of layered structures, and to prevent the wall layers to separate, which is 
observed in seismic experiments and during actual earthquakes. 
 

 
Fig. 7 - Different timber floor in-plane shear strengthening techniques: (a) existing simple 

layer of wood planks on the timber beams; (b) second layer of wood planks crossly 
arranged to the existing one and fixed by means of steel studs; (c) diagonal bracing of the 

existing wood planks by means of light steel plates or FRP laminae; (d) three layers of 
plywood panels glued on the existing wood planks; (e) a stud-connected reinforced 

concrete slab (redrawn from:[20]) 

 

In [20] installation of a steel curb and a reinforced concrete curb is shown as a measure of 
horizontal floor stiffening. Furthermore, [22, 23] discuss a timber floor on masonry walls, 
which were strengthened with prestressed steel ties on both sides and at the floor height, to 
act as a rigid diaphragm. In [24] the use of gang nails, which present a direct connection 
between the wooden boards, for horizontal stiffening of timber floors is investigated. In 
addition, [24] studied the use of carbon fiber-reinforced polymers strips for horizontal 
stiffening of timber floors. To sum up, there are many different timber floor strengthening 
techniques, but only a few of them simultaneously strengthen the timber floor “in-plane” and 
“out of plane” behavior. One of the few is the timber-concrete composite cross-section. 

 

5. NUMERICAL CASE STUDY OF A TIMBER FLOOR AND A TCC FLOOR 

Although timber floors can have random geometric properties, for example timber joist cross 
sections differing from a rectangular cross-section (Fig 8), Brezar [25] writes about the so-
called 4-meter syndrome in European buildings, claiming that the most common span of 
European rooms is 4 meters, which is the consequence of different practical criteria such as 
easy transport or handleability. Brezar [25] also foresees that the dimension of a classic 
timber floor joist cross section should be 18 cm x 24 cm. The same timber joist dimension 
can be found in [10], although for a 5 m span and a timber joist spacing of 0.9 m.  

 



Timber Floors and Strengthening Techniques (Illustrated With a Numerical Example) 

9270 

 
Fig. 8 - Timber joists with an inverted T-cross section from a demolished timber floor 

 

To get an insight into the load-bearing capacity of old timber floors, the following numerical 
case study deals with the comparison of a classic timber floor for a 5 m span and a timber-
concrete composite floor (TCC floor) with regards to their imposed load-bearing capacity. 
The TCC floor has the same timber joist dimension as the so-called classic timber floor. The 
numerical case study is conducted to provide an insight into the potential of classic timber 
floors and strengthening methods in view of complying with the current building standards. 

 

5.1. Timber Floor 

The floor section is given in Fig. 9 and the timber joist dimensions are given in Table 3. The 
wooden flooring is fitted on spacer boards, which were oriented perpendicularly to the timber 
joists and had an axial distance of about 1 meter. The space between the spacer boards and 
timber joists was filled with a mixture of sand and gravel. The function of the lower wooden 
boards was to hold the floor filling in place.  
 

 
Fig. 9 - Floor section detail 
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Table 3 - Geometric properties of the timber floor 

Timber joist width bt 18 [cm]

Timber joist height ht 24 [cm]

Span length l 5 [m]

Joist spacing e 90 [cm]
 

5.1.1. Mechanical Properties of the Timber Floor Joists 

The timber class of the timber joists was defined as C24 and the serviceability class as S2. 
The mechanical properties are given in Table 4. 

 

Table 4 - Mechanical properties of timber class C24 

Characteristic bending strength fm.k 24.00 [MPa] 

Characteristic tensile strength along the grain ft.0.k 14.00 [MPa] 

Characteristic shear strength fv.k 2.50 [MPa] 

Mean value of modulus of elasticity Emean 11.00 [GPa] 

Mean value of shear modulus Gmean 0.69 [GPa] 

Mean density ρ
m
 420.00 kg

m3൨ 
 

5.1.2. Structural Calculation 

To assess the load-bearing capacity of the given timber floor an analysis is performed 
according to Eurocode 5 [26]. The combination factors for area category C3 were used. The 
area category C3 in Eurocode 1 [14] has a prescribed imposed load of 5 kN/m2 and is defined 
as an area without obstacles for moving people. The input parameters for the structural 
calculation are given in Table 5. 

Although the actual span is 5 meters, calculations of maximum imposed loads (Q) are carried 
out for different spans, different ultimate and serviceability limit states criteria. Deflections 
from shear deformations are also considered. The final deflection is calculated taking timber 
creep into account. The static system is a simply supported beam. The design strengths are 
used for strength verifications (Xd=kmod∙ Xk

γM
).  
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Table 5 - Input parameters for the structural calculation 

Floor self-weight G 1.55 kN
m2൨ 

Filling density ρfill 1300 kg
m3൨ 

Partial factor for permanent actions γG 1.35 / 

Partial factor for variable actions γQ 1.50 / 

Modification factor for duration of load and moisture content kmod 0.80 / 

Crack factor for shear resistance kcr 0.67 / 

Factor for quasi-permanent value of a variable action ψ2 0.60 / 

Deformation factor kdef 0.80 / 

Partial factor for material properties γM 1.30 / 
 

Considered criteria in the calculation are: 

•  Ultimate limit state – Bending: 

σm,d= MEd
It,y

∙ ht
2

≤fm,d (1) 

•  Ultimate limit state – Shear 

τd= VEd∙Sy

It,y∙bef
≤fv,d (2) 

•  Serviceability limit state – Instantaneous deflection (deflection limit: span/300) 

u൴nst= MEd,y0ሺx)∙MEd,y1(x)
Et∙It,y

l
0 + VEd,z0ሺx)∙VEd,z1(x)

Gt∙At,s

l
0 ≤ l

300
 (3) 

•  Serviceability limit state – Final deflection (deflection limit: span/250) 

uf൴n≅∑ u൴nst,൴∙(1+ψ2,൴∙kdef)N
I=1 ≤ l

250
 (4) 

where σm,d is the design bending stress, MEd the design bending moment, Et the modulus of 
elasticity of timber, It,y  the timber joist cross section moment of inertia about the y-axis, fm,d  
the design bending strength, τd  the design shear stress, VEd  the design shear force, Sy the 
first moment of area for the half of the timber joist cross-section, bef the effective width of 
the timber joist cross-section (bef=bt∙kcr), fv,d the design shear strength, uinst the instantaneous 
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deflection, MEd,y0ሺx) and VEd,z0ሺx) the functions of the actual timber joist inner forces, 
MEd,y1ሺx) and VEd,z1ሺx) the functions of the timber joist inner forces due to virtual forces in 
the point and direction of the maximum deflections (middle span point and gravity direction), 
Gt the shear modulus of timber, At,s the effective shear area of the timber joist (At,s=

At
1.2

 for 
rectangular cross-sections), At the cross-section area of the timber joist, ufin the final 
deflection, uinst,i the instantaneous deflection for the individual load (permanent or variable). 

The instantaneous deflection is calculated for the characteristic load combination, whereas 
the final deflection is calculated for the quasi-permanent load combination. The combination 
of actions for permenent or transient design situations is used for the ultimate limit state 
checks. 

 

5.1.3. Results 

The results for the calculation of maximum imposed loads for the classic timber floor are 
presented in Fig. 10. 

 
Fig. 10 - The dependence of maximum allowable imposed load on the span length – timber 

floor (the vertical dashed line labels the actual floor span) 

 
Fig. 10 shows that the final deflection is the most critical criterion. The maximum allowable 
imposed load for our timber floor is about 2.5 kN/m2 as allowed by the serviceability criteria. 
Considering our chosen area category (C3), the maximum calculated allowable imposed load 
from the serviceability criteria is too low, the ULS criteria, on the other hand, are met. 
Moreover, the shear strength seems to be the most uncritical criterion. If the floor is used for 
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category A (floors), both the ULS and SLS criteria will be met, as the characteristic value for 
category A the imposed load is 2.0 kN/m2 However, considering the high floor filling weight 
of about 1.0 kN/m2, a replacement of the filling material with a modern and light insulation 
material will result in considerably higher allowable (maximum) imposed loads. To 
conclude, it can be also seen that the SLS criteria are the most critical for spans longer than 
3.0 m, for spans shorter than 3.0 m the ULS criteria are more critical.  

 

5.2. Timber-Concrete Composite Floor  

As previously presented, the timber floor does not meet the ULS and SLS criteria for area 
category C3. Our next analysis includes a contribution of the concrete slab to the load-bearing 
capacity in a composite floor element with the same timber joist properties as in the 
investigated timber floor (5.1. Timber Floor).  The timber-concrete composite floor section 
(with all details) is given in Fig. 11 and, in comparison to the timber floor section, presents a 
modern floor which should also comply with today’s housing culture. The concrete slab 
segment geometric properties are given in Table 6. The mechanical connectors between the 
concrete slab and timber joists were steel dowels.  

 

 
Fig. 11 - Timber-concrete composite section detail 

 

Table 6 - Geometric properties of the concrete slab (segment) 

Concrete slab segment width bc(=e) 90 [cm] 

Concrete slab thickness hc 5 [cm] 

Uncracked concrete slab thickness (initial value for all limit states) xc 5 [cm] 

Thickness of wooden boards between the timber joist and concrete 
slab (for considering the gap between the timber joists and concrete 
slab) 

twb 1 [cm] 
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5.2.1. Mechanical Properties of the Concrete Slab  

The strength class of the concrete slab is defined as C20. The mechanical properties are given 
in Table 7. 

 

Table 7 - Mechanical properties of concrete class C20 

Characteristic compressive cylinder strength of concrete at 28 days fck 20 [MPa] 

Secant modulus of elasticity Ecm 30 [GPa] 

Mean density ρ
c,m

2500 kg
m3൨ 

 

5.2.2. Structural Calculation 

The calculations are performed in compliance with the so-called “gamma method” from 
Annex B of Eurocode 5 [26]. The input parameters for the structural calculation are given in 
Table 8. 

The connectors are only used for stiffness requirements and are not structurally checked. 
During construction, the floor should be fully supported consequently, the floor self-weight 
and imposed loads are defined as completely resisted by the composite section. The concrete 
tensile strength is considered to be zero; therefore concrete is understood as to fail under 
tension. Although minimum reinforcement should be present in the concrete slab, this is not 
taken into consideration in structural calculation. The uncracked concrete slab thickness is 
calculated iteratively (if the first step of the calculation shows tensile stresses in the concrete 
slab). The new thickness or uncracked section thickness, xc, is used to recalculate the floor 
bending stiffness of each iteration step, although γ, the coefficient of composite action, is 
calculated only for the uncracked concrete thickness. The reason for this is the reflection of 
the global composite beam behavior through the γ coefficient. The static system is a simply 
supported beam. 

 

Table 8 - Input parameters for the structural calculation 

Floor self-weight G 2.8 kN
m2൨ 

Concrete creep coefficient ϕc 3.0 / 

Dowel diameter ddow 20 ሾmmሿ 
Dowel spacing sdow 10 ሾcmሿ 
Modification factor for duration of load and moisture content kmod 0.8 / 

Partial factor for concrete for ultimate limit states γC 1.5 / 
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Creep of both materials (timber and concrete) is considered in the calculation. The ULS 
criteria depend only on timber tensile and bending strength, as the concrete compressive 
strength ൬fck

γc
=13.3 MPa൰ is never exceeded. Although the actual span is 5 meters, calculations 

of maximum imposed loads (Q) for different spans, different ultimate and serviceability limit 
states criteria are carried out. Deflections from shear deformations are not considered. The 
whole concrete slab width is considered for calculation, as the determination of the effective 
flange width (according to Eurocode 2 [27]), beff, shows that the calculated effective flange 
width is greater than the actual concrete slab segment width, bc, for spans longer than 
approximately 3.4 m. The results for spans shorter than 3.4 m are therefore slightly 
overestimated. 

The effective bending stiffness ((EI)ef) of the composite floor is defined with: 

(EI)ef=∑ ൫E൴∙I൴+γ൴∙E൴∙A൴∙a൴
2൯N

I=1  (5) 

where Ei is the modulus of elasticity of the individual material, Ai the (uncracked) cross-
section area of the individual member, at the distance between the centers of gravity of the 
individual cross-section and composite cross-section and Ii the moment of inertia of the 
individual cross section. 

The γ coefficient for timber is equal to 1.0, the γ coefficient for the concrete slab (for the 
appropriate limit state) is defined with: 

γ= 1

1+
(π2∙Ec∙hc∙bc∙sdow)

K൴∙l
2

 (6) 

where Ki is the slip modulus for the considered limit state. The instantaneous slip modulus 
for serviceability limit states is defined with: 

Kser=
2∙ቆρm

kg

m3

ቇ1.5

∙
ddow
mm

23
∙ N

mm
 (7) 

The instantaneous slip modulus for ultimate limit states is defined with: 

Ku= 2
3
∙Kser (8) 

The final slip modulus for ultimate limit states is defined with: 

Ku,f൴n= Ku

1+
(kdef∙ψ2+ϕc)

2

 (9) 

The final slip modulus for serviceability limit states is defined with: 
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Kser,f൴n= Kser

1+
(kdef+ϕc)

2

 (10) 

For the instantaneous design checks the mean values of moduli of elasticity (Ec=Ecm and 
Et=Emean) are used, whereas modified values are used for the final design checks (due to 
creep). 

The timber final modulus of elasticity for ultimate limit states is defined with: 

Et,u= Emean
1+kdef∙ψ2

 (11) 

The timber final modulus of elasticity for serviceability limit states is defined with: 

Et,ser=
Emean
1+kdef

 (12) 

The concrete final modulus of elasticity for the ultimate and serviceability limit states is 
defined with: 

Ec=
Ecm
1+ϕc

 (13) 

The axial force (due to composite action) stress component of the individual cross section is 
defined with: 

σN,൴=
γ൴∙E൴∙a൴∙MEd

(EI)ef
 (14) 

The bending moment stress component of the individual cross section is defined with: 

σM,൴=
0.5∙E൴∙h൴∙MEd

(EI)ef
 (15) 

where hi is the uncracked height (in case of the concrete slab xc). 

The total normal stress of the individual cross section is defined with: 

σ൴=σN,൴+σM,൴ (16) 

In the calculation considered criteria are: 

 Serviceability limit state – Instantaneous deflection (deflection limit: span/300)  

The characteristic load combination is used for checking instantaneous deflection. 

u൴nst= MEd,y0ሺx)∙MEd,y1(x)ሺEI)ef

l
0 ≤ l

300
 (17) 

 Serviceability limit state – Final deflection (deflection limit: span/250) 
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The quasi-permanent load combination is used for checking the final deflection. This limit 
state considers creep of both materials (timber and concrete). 

uf൴n= MEd,y0ሺx)∙MEd,y1(x)ሺEI)ef

l
0 ≤ l

250
 (18) 

 Ultimate limit state – Bending Instantaneous  

σN,t
ft,0,d

+ σM,t
fm,d

≤1 (19) 

 Ultimate limit state – Bending Final 

This limit state considers creep of both materials (timber and concrete). The equation (19) is 
applied with appropriate input parameters. 

 Ultimate limit state – Shear 

Only the shear capacity of the timber joists is used, which means that the results for the 
maximum imposed load from the ULS – Shear criterion are conservative. The equation (2) 
is applied. 

 

5.2.3. Results 

The results for the calculation of maximum imposed loads for the timber-concrete composite 
floor are given in Fig. 12. 

 
Fig. 12 - Dependence of the maximum allowable imposed load on the span length – timber-

concrete composite floor (the vertical dashed line labels the actual floor span) 
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It can be seen from Fig. 12 that the most critical criterion for the composite floor of 5 m span 
is the ULS Bending criteria. The maximum allowable imposed load regarding the SLS – Fin. 
Def. criterion for the timber-concrete composite floor is about 9.0 kN/m2, whereas for the 
ULS – Bending Final criterion the maximum allowable imposed load is about 5.9 kN/m2.  

The ULS – Bending criteria are the decisive criteria for spans shorter than 6.5 m, for longer 
spans the SLS Fin. Def. maximum imposed load is the decisive criterion. The ULS – Shear 
criterion is mostly uncritical, even after the shear load is (computationally) completely 
resisted by the timber joists.  

According to our chosen category of use and span length, the calculated maximum allowable 
imposed loads from the serviceability and ultimate criteria are high enough for the category 
C3. 

Detailed results for each criterion and span length (σc.top is the concrete slab top stress and  
σc,bot is the uncracked concrete slab bottom stress): 

 Ultimate limit state – Bending Instantaneous (results are given in Table 9) 

 

Table 9 - Results for »Ultimate limit state – Bending Instantaneous« 

l Q σc.top σc,bot xc (EI)ef K γ ሾmሿ kN
m2 ൨ ሾMPaሿ ሾMPaሿ ሾcmሿ ሾGN∙cm2ሿ kN

cm൨ / 

2.0 37.60 -3.23 0.00 1.00 25.20 99.80 0.03 

2.5 24.75 -4.58 0.00 1.49 28.04 99.80 0.04 

3.0 17.85 -5.78 0.00 2.00 32.20 99.80 0.06 

3.5 13.59 -6.71 0.00 2.51 37.44 99.80 0.08 

4.0 10.63 -7.36 0.00 2.99 43.32 99.80 0.11 

4.5 8.43 -7.78 0.00 3.42 49.39 99.80 0.13 

5.0 6.72 -8.04 0.00 3.79 55.29 99.80 0.16 

5.5 5.36 -8.19 0.00 4.11 60.80 99.80 0.18 

6.0 4.26 -8.27 0.00 4.39 65.81 99.80 0.21 

6.5 3.36 -8.31 0.00 4.62 70.30 99.80 0.24 

7.0 2.63 -8.33 0.00 4.82 74.28 99.80 0.27 

7.5 2.01 -8.33 0.00 4.99 77.78 99.80 0.30 

8.0 1.49 -8.33 -0.19 5.00 80.34 99.80 0.32 
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 Ultimate limit state – Bending Final (results are given in Table 10) 

 

Table 10 - Results for »Ultimate limit state – Bending Final« 

l Q σc.top σc,bot xc (EI)ef K γ ሾmሿ kN
m2 ൨ ሾMPaሿ ሾMPaሿ ሾcmሿ ሾGN∙cm2ሿ kN

cm൨ / 

2.0 37.02 -1.72 0.00 1.43 16.62 36.42 0.04 

2.5 23.96 -2.45 0.00 2.11 18.01 36.42 0.06 

3.0 16.93 -3.13 0.00 2.82 20.00 36.42 0.09 

3.5 12.63 -3.69 0.00 3.53 22.48 36.42 0.12 

4.0 9.71 -4.12 0.00 4.19 25.24 36.42 0.15 

4.5 7.59 -4.42 0.00 4.79 28.09 36.42 0.18 

5.0 5.91 -4.60 -0.19 5.00 30.32 36.42 0.21 

5.5 4.59 -4.73 -0.47 5.00 32.09 36.42 0.25 

6.0 3.57 -4.84 -0.72 5.00 33.77 36.42 0.28 

6.5 2.75 -4.94 -0.94 5.00 35.35 36.42 0.32 

7.0 2.08 -5.03 -1.13 5.00 36.81 36.42 0.35 

7.5 1.53 -5.11 -1.30 5.00 38.17 36.42 0.38 

8.0 1.08 -5.18 -1.45 5.00 39.41 36.42 0.41 
 

 Ultimate limit state – Shear (results are given in Table 11) 

 

Table 11 - Results for »Ultimate limit state – Shear« 

l ሾmሿ 2.0 2.5 3.0 3.5 4.0 4.5 5.0 5.5 6.0 6.5 7.0 7.5 8.0 

Q kN
m2 ൨ 30.28 23.71 19.34 16.21 13.87 12.04 10.58 9.39 8.40 7.56 6.83 6.21 5.66 

 

 Serviceability limit state – Instantaneous deflection (deflection limit: span/300) 
(results are given in Table 12) 
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Table 12 - Results for »Serviceability limit state – Instantaneous deflection« 

l Q σc.top σc,bot xc (EI)ef K γ ሾmሿ kN
m2 ൨ ሾMPaሿ ሾMPaሿ ሾcmሿ ሾGN∙cm2ሿ kN

cm൨ / 

2.0 95.62 -6.89 0.00 1.44 27.69 149.69 0.04 

2.5 56.88 -7.94 0.00 2.07 32.80 149.69 0.07 

3.0 38.72 -8.59 0.00 2.68 39.44 149.69 0.09 

3.5 28.22 -8.89 0.00 3.24 46.80 149.69 0.12 

4.0 21.23 -8.93 0.00 3.72 54.12 149.69 0.15 

4.5 16.19 -8.79 0.00 4.12 60.92 149.69 0.19 

5.0 12.41 -8.54 0.00 4.45 66.97 149.69 0.22 

5.5 9.52 -8.24 0.00 4.72 72.24 149.69 0.25 

6.0 7.28 -7.91 0.00 4.94 76.77 149.69 0.29 

6.5 5.48 -7.54 -0.16 5.00 80.15 149.69 0.32 

7.0 4.05 -7.19 -0.33 5.00 82.95 149.69 0.36 

7.5 2.93 -6.86 -0.46 5.00 85.43 149.69 0.39 

8.0 2.04 -6.56 -0.56 5.00 87.62 149.69 0.42 
 

The results for bending and deflection limits states (Table 9, Table 10, Table 12 and Table 
13) show that creep has a negative impact on the load-bearing capacity and it also affects the 
distribution of stresses. Although the concrete slab compressive stresses are averagely higher 
before creep, the concrete slab is more likely to be uncracked after creep (for longer spans). 
It is also noticed that the coefficient of composite behavior, γ, is higher after creep. A deeper 
look into this fact reveals that timber creep decreases the γ coefficient, concrete creep, on the 
other hand, increases the γ coefficient. As the chosen value for the concrete creep coefficient, 
ϕc, was higher than the timber creep (kdef) for serviceability limit state or kdef∙ψ2 for the 
ultimate limit state), this results in a higher γ coefficient. Moreover, if the creep values for 
concrete and timber are equal, the creep will have no effect on the γ coefficient. Furthermore, 
observations reveal that the maximum imposed loads for the serviceability limit state after 
creep (Table 13) for spans shorter than 3 m are higher than the maximum imposed loads for 
the serviceability limit state before creep (Table 12). This is also a consequence of the γ 
coefficients being higher after creep and of the fact that the percentage difference between 
the γ coefficients (between the before and after creep values) is higher for shorter spans. 
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The concrete stresses are for all limit states considerably lower than the design concrete 
compressive strength ൬fck

γc
=13.3 MPa൰, which insinuates that using a higher concrete strength 

class would not give better results (higher maximum imposed loads) considering the rather 
small differences in the moduli of elasticity for different concrete strength classes. 

 

 Serviceability limit state – Final deflection (deflection limit: span/250) (results are 
given in Table 13) 

 

Table 13 - Results for »Serviceability limit state – Final deflection« 

l Q σc.top σc,bot xc (EI)ef K γ ሾmሿ kN
m2 ൨ ሾMPaሿ ሾMPaሿ ሾcmሿ ሾGN∙cm2ሿ kN

cm൨ / 

2.0 100.96 -2.78 0.00 1.93 14.86 51.62 0.06 

2.5 57.44 -3.18 0.00 2.76 17.07 51.62 0.09 

3.0 37.23 -3.43 0.00 3.57 19.90 51.62 0.12 

3.5 25.83 -3.54 0.00 4.30 23.02 51.62 0.16 

4.0 18.50 -3.55 0.00 4.93 26.11 51.62 0.20 

4.5 12.90 -3.42 -0.22 5.00 28.21 51.62 0.24 

5.0 8.97 -3.28 -0.40 5.00 30.06 51.62 0.28 

5.5 6.15 -3.15 -0.53 5.00 31.75 51.62 0.32 

6.0 4.06 -3.03 -0.63 5.00 33.29 51.62 0.36 

6.5 2.47 -2.91 -0.70 5.00 34.68 51.62 0.40 

7.0 1.25 -2.80 -0.75 5.00 35.93 51.62 0.43 

7.5 0.28 -2.70 -0.78 5.00 37.05 51.62 0.47 

8.0 -0.48 -2.60 -0.80 5.00 38.05 51.62 0.50 
 

5.2.4. Impact of Concrete Slab Thickness on the Maximum Imposed Load 

In addition to the span length, the concrete slab thickness is also varied. The results for the 
maximum imposed load regarding the »Ultimate limit state – Bending Final« criterion can 
be seen in Fig. 13.  The criterion is chosen because it is the most critical criterion in the 
previously presented example. 
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Fig. 13 - Dependence of the timber-concrete composite floor maximum allowable imposed 
load on the concrete slab thickness – »Ultimate limit state – Bending Final« criterion (the 

dashed line labels the chosen concrete slab thickness) 

 
The results clearly show that increasing the concrete slab thickness does not result in a higher 
load-bearing capacity (maximum imposed load) of the TCC floor. The load-bearing capacity 
of the composite floor is limited by the timber strength, as the concrete compressive strength ൬fck

γc
=13.3 MPa൰ is not even nearly exceeded. This is a consequence of the concrete slab only 

strengthening the compressive zone of the composite section. Detailed results can be 
extracted from Table 14. 

Table 14 shows that increasing the concrete slab thickness decreases the concrete slab 
compressive stresses. Furthermore, it can be seen that the highest imposed load is achieved 
with the concrete slab thickness of 5 cm, for which the whole concrete slab thickness is still 
under compression. With higher concrete slab thicknesses there is no increase in the load-
bearing capacity anymore. The effective bending stiffness stagnates and starts to decrease 
with thicknesses higher than 5 cm because the concrete is defined to fail under tension. The 
coefficient of composite action, γ, is calculated only for the uncracked concrete slab thickness 
and decreases with higher concrete slab thicknesses. With increasing concrete slab thickness, 
the design bending moment is counterbalanced with inner bending moments rather than inner 
forces of the partial cross sections (timber joist cross-section and concrete slab cross-section). 
The increasing inner bending moments in the concrete slab results in concrete slab tensile 
cracking as concrete is considered to fail under tension. Another reason for the higher 
concrete slab thicknesses not resulting in higher maximum imposed loads is also the 
increasing self-weight of the floor. 
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Table 14 - Results for »Ultimate limit state - Bending Final« and varying concrete slab 
thickness 

hc Q σc.top σc,bot xc (EI)ef K γ G ሾcmሿ kN
m2 ൨ ሾMPaሿ ሾMPaሿ ሾcmሿ ሾGN∙cm2ሿ  kN

cm2൨ / kg
m2൨ 

1.0 5.42 -7.66 -6.63 1.00 21.75 36.42 0.58 182.66 

2.0 5.62 -5.63 -3.71 2.00 24.63 36.42 0.41 207.66 

3.0 5.72 -4.90 -2.12 3.00 26.69 36.42 0.31 232.66 

4.0 5.80 -4.64 -1.03 4.00 28.51 36.42 0.25 257.66 

5.0 5.91 -4.60 -0.19 5.00 30.32 36.42 0.21 282.66 

6.0 5.86 -4.55 0.00 5.09 30.56 36.42 0.19 307.66 

7.0 5.75 -4.48 0.00 4.91 30.33 36.42 0.16 332.66 

8.0 5.63 -4.40 0.00 4.75 30.17 36.42 0.15 357.66 

9.0 5.51 -4.34 0.00 4.61 30.06 36.42 0.13 382.66 

10.0 5.38 -4.28 0.00 4.48 30.00 36.42 0.12 407.66 
 

5.3. Comparison of the Classic Timber Floor and the Timber-Concrete Composite  
       Floor 

For easier comparison, we took the lowest maximum imposed loads of both floors (5.1. 
Timber Floor and 5.2. Timber-Concrete Composite Floor) and compared them in one 
diagram (Fig. 14).  
The difference between the lowest maximum imposed loads of the two floors is higher for 
greater spans. The TCC floor proved its structural superiority compared to the timber floor, 
as its lowest maximum imposed load (load-bearing capacity) is higher for almost all spans. 
For the 2 m span, the timber floor has a higher load-bearing capacity, but this is a consequence 
of the fact that only the timber joists are used for the shear resistance of the TCC floor. If the 
concrete slab was also considered for the shear resistance, the results for the 2 m span would 
also be in favor of the TCC floor. 

For the 5 m span the difference between the lowest maximum imposed loads is ቀ5.9 kN
m2 - 2.2 kN

m2ቁ=3.7 kN
m2. Even if the floor filling of the timber floor (with an area weight of 

1.0 kN
m2 ) was removed, the difference would still be 2.7 kN

m2. Interestingly, the most critical 
criteria for the timber floor are the serviceability criteria and on the other hand, ultimate 
criteria are most critical for the TCC floor.  This is probably the consequence of the concrete 
slab contributing to the effective bending stiffness more than to the bending strength. 
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Fig. 14 - Comparison of the lowest maximum imposed load for the timber and TCC floor 

(the basis for the percent changes is the load-bearing capacity of the timber floor) 

 

6. CONCLUSION 

Firstly, floor structure evolution and timber floor types in Central Europe were briefly 
presented. The study showed that the timber floor filling presents a large part of the whole 
floor weight, which can be of high importance when reconstructing old timber floors. 
Moreover, the example from Slovenia explains how changes of building standards can cause 
that a floor is not in compliance with the valid building standards anymore. Although the 
filling removal may considerably lower the floor self-weight, the influence on other criteria 
should not be forgotten or disregarded. Especially the impact on the sound insulation should 
be controlled in the case of filling removal. 

Further, timber floor strengthening techniques were presented, leading to the conclusion that 
numerous techniques differ only in the “strengthening target”. They can strengthen the timber 
joists’ compressive or tensile zone, moreover, they can also act as additional bending 
elements. Since it rarely happens (as in the case of apartment buildings) that the timber floor 
covers more rooms of one owner, the strengthening techniques should also be arranged 
regarding the preferable or required access side for the measure to be executed. 

Despite many variants of old timber floors, the studied timber floor was declared as a classic 
timber floor and presented the basis of the numerical example, which showed that the load-
bearing capacity of timber floors is usually limited with their serviceability criteria.  

Thus, the standard timber floor, refurbished with a concrete slab, resulted in a timber-concrete 
composite floor and could meet the current building standard requirements. The calculations 
for the composite section showed the limitation of the load-bearing capacity (considering the 
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ultimate bending criteria) with the timber tensile and bending strength. In addition, a 
calculation of the load-bearing capacity (considering the final ultimate bending criteria) for 
different concrete slab thicknesses was performed. It showed that a higher concrete slab 
thickness did not necessarily result in a higher load-bearing capacity. To increase the load 
bearing capacity further, strengthening of the timber joist tensile zone (or side) is needed. An 
example of this measure is the use of CFRP strips [28]. However, as CFRP strips negatively 
impact the timber floor appearance, more “transparent” strengthening techniques are 
favorable.  

The findings of this article should encourage responsible authorities to preserve the 
originality of old timber floors or to re-build old timber floors in a modified way, similar to 
the timber-concrete composite section. Furthermore, other technical criteria, such as sound 
insulation, fire safety and thermal conductivity should be taken into account when planning 
timber floor renovation. Considering the results regarding structural calculation for the 
timber-concrete composite floor and the literature review it seems that this floor system has 
the potential to fulfill all relevant criteria. 
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ABSTRACT 

This study investigates the effects of rotary inertia and higher modes on the dynamic response 
of the axially loaded Timoshenko beams on two-parameter foundation with generalized 
elastic end conditions. A simplified modal analysis procedure is presented by using the 
conventional separation of variables method. The effect of rotary inertia on the solution of 
free vibration differential equation is discussed. A numerical example is presented to 
investigate the coupled effect of rotary inertia and higher modes on the bending moment and 
shear force responses.   

Keywords: Rotary inertia, higher modes effect, separation of variables method, two 
parameter-foundation. 
 

1. INTRODUCTION 

The dynamic behavior of axially loaded beams on elastic foundation has gained the attention 
of many researchers. The Winkler type foundation, which is the best known of the elastic soil 
models, has been widely used for the estimation of soil-structure interaction. A great number 
of studies exist in the literature regarding the dynamic response of Euler or Timoshenko 
beams on Winkler type foundations [1-2]. Çatal [3, 4] obtained the fourth order differential 
equations by using the separation of variables method for the beams partially resting on 
Winkler foundation with the axial force and rotary inertia effects. A particular case, in which 
the free vibration equation of motion has five different solutions depending on the subgrade 
modulus was highlighted. Yeşilce and Çatal [5] investigated the free vibration of the 
Timoshenko beams on Winkler foundation with different subgrade reactions. Differential 
transform method (DTM) was adopted by Çatal [6] to the free vibration equations of the 
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Timoshenko beams resting on Winkler type foundation and verified by the analytical results. 
Yeşilce et al. used the DTM for the free vibration analysis of axially loaded Reddy-Bickford 
beams [7-8]. Sapountzakis and Kampitsis [9] investigated the nonlinear behavior of the 
beams partially supported by tensionless Winkler foundation. Çatal [10] obtained the 
displacement response of forced Euler-Bernoulli beams on Winkler foundation by using the 
DTM. Öztürk and Coskun [11] obtained the analytical solution for the free vibration of beams 
on Winkler foundation with different support conditions. 

In the Winkler model, the elastic soil is represented by independent linear springs within an 
infinitesimal part of the beam. More realistic approaches such as the two-parameter elastic 
foundation approach was proposed by Pasternak [12], and Vlasov and Leont’ev [13], 
respectively. These type of foundation models suppose that an interaction is constituted 
between Winkler springs by the transverse displacement [12-13]. This interaction is defined 
by a second parameter which represents the shear coefficient of an incompressible shear layer 
on the soil surface. In Pasternak model, the influence of the soil to both sides of the foundation 
beam is ignored as opposed to the Vlasov Model. Despite this difference, the second 
parameter can be taken equal for both models by considering the soil layer as a semi-infinite 
elastic medium [14]. Various researchers studied the behavior of the beams on two parameter 
foundations. Yokoyama [15] obtained the stiffness and mass matrices for the free vibration 
of Timoshenko beam-columns on two-parameter foundation with the effect of rotary inertia. 
Arboleda-Monsalve et al. [16] analyzed axially Timoshenko beam-columns with generalized 
end conditions on two parameter elastic foundation with rotary inertia by using the dynamic 
stiffness approach. Balkaya et al. [17] analyzed the dynamic response of the beams on 
Winkler and Pasternak foundation by using DTM. Celep et al. [18] calculated the response 
of a completely free beam on a tensionless Pasternak foundation subjected to dynamic 
loading. Malekzadeh and Karami [19] analyzed the free vibration of thick beams on two-
parameter elastic foundations by using the differential quadrature and finite element method.  
Morfidis [20] obtained the exact finite element formulation for the dynamic analysis of beams 
on two and three-parameter foundations. Calio and Greco [21] investigated the exact free 
vibrations of Timoshenko beams and compared their results by Yokoyama [15]. Hassan and 
Nassar [22] obtained the dynamic displacement response of the axially loaded Timoshenko 
beams on two-parameter foundation.  

Most previous studies investigate the dynamic response considering a few modes (commonly 
3 or 5 modes). The effect of higher modes on the vibration is generally omitted. Although, 
the contribution of first 3-5 modes generally yield the exact results for displacement response, 
the bending moment and shear force response might be affected ultimately by the higher 
modes. Hızal and Çatal [23] mentioned that case and gave a small illustrative example. 
However, their study focused on the comparison of dynamic response of the Euler and 
Timoshenko beams on modified Vlasov foundation. In addition to the mentioned problems, 
the solution of the differential equation of free vibration might be affected by the rotary 
inertia in higher modes. For this reason, the required number of modes should be investigated 
considering the coupled effect of rotary inertia and higher modes.  

In this study, a general solution for the dynamic behavior of axially loaded Timoshenko 
beams on two-parameter foundation with generalized end condition is presented. To the 
knowledge of the authors, the effect of higher modes on the dynamic response incorporated 
with the rotary inertia effect is not investigated in the literature. Different from the previous 
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researches, a comprehensive study is presented to show the coupled effect of higher modes 
and rotary inertia on the dynamic response. The effect of the rotary inertia on the solution 
procedure is discussed. Modal variations in the bending moment and shear force responses 
of Euler and Timoshenko beams with respect to the foundation type, axial force and rotary 
inertia are presented. 

 

2. GOVERNING EQUATIONS 

In Fig. (1), the free body diagram of an infinitesimal part of an axially loaded Timoshenko 
beam element is presented. Here, the transverse force and moment equilibrium of the given 
infinitesimal part can be written as below according to the non-dimensional coordinate, 
z=x/L. 

 
Figure 1 - (a) Timoshenko beam resting on two-parameter elastic foundation (b) Free 

body-diagram of infinitesimal element obtained from the beam 
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In the equations above, y(z,t), θ(z,t), M(z,t), T(z,t), and f(z,t) denote the transverse 
displacement, angle of rotation, bending moment and shear force functions, and the dynamic 
external load, respectively. Further, N, m, r and L are the axial compressive load, distributed 
mass, radius of gyration and length of the beam element. In addition, the coefficients of CS 
and CG represent the elastic spring coefficients of the soil. According to the Timoshenko 
beam theory, with the effect of axial deformation, the first and fourth order derivatives of 
transverse displacement with respect to z are written as below [16];    
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where E, I, G, κ and A denote the modulus of elasticity, second moment of inertia, shear 
modulus of the beam material, shear correction factor and area of the beam cross section, 
respectively. In addition, EI and κAG denote the bending and shear rigidity of the beam cross 
section. Substituting Eq. (3) into Eq. (2) and taking the first order derivative with respect to 
z leads to 
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Substituting Eq. (5) into Eq. (4) gives 
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Finally, the equation of motion can be written as below by substituting Eq. (1) into (6), 
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3. MODAL ANALYSIS PROCEDURE 

3.1. Free Vibration Analysis  

In Eqs. (1-7), deformations and internal forces of the beam element are defined as 
depending on the location and time variables. These parameters can be divided into two parts 
with the implementation of the method of the separation of variables as follows; 
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where i denotes the mode number and 𝑌(𝑧), 𝛩(𝑧), 𝑀ഥ(𝑧), 𝑇ത(𝑧) and q୧(t) are the 
displacement, angle of rotation, bending moment, shear force shape functions and the normal 
coordinate function, respectively. In the free vibration case (for f(z,t)=0), the normal 
coordinate function can be taken as qi(t)=sin(ωit+𝜑). Thus, the Eq. (7) can be written in the 
following form. 
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where ωi and φ denote the natural angular frequency of ith mode and the phase angle. Then, 
the shape functions of the bending moment, shear force and angle of rotation are obtained as 
[23]. 
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In Eq. (13), it is seen that the displacement shape function is required to obtain 𝑀ഥ(𝑧), 𝑇ത(𝑧) and  𝛩(𝑧). For this reason, the displacement shape function should be obtained at first. 
For this purpose, Eq. (12) can be written as; 
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The roots of the differential equation given in Eq. (14) are obtained as;  
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2
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  (17) 

Although the differential equation given in Eq. (14) involves six different solutions 
depending on the sign of λ1

2 and λ2
2, only three of them, Case-I: λ1

2 < 0 and λ2
2 > 0, Case-II: 

λ1
2 < 0 and λ2

2 = 0, and Case-III: λ1
2 < 0 and λ2

2 < 0 are physically possible. If the beam rests 
on a uniform elastic soil and the rotary inertia is considered, the lower modes satisfy Case-I 
for ωi

2 < κAG/(mr2). However, this case is violated for higher modes and case-II and III is 
satisfied for ωi

2 = κAG/(mr2) and ωi
2 > κAG/(mr2), respectively. In the case that the rotary 

inertia is neglected, the Case-I will satisfy all modes since the κAG/(mr2) will be infinite. 
Thus, the shape functions are obtained for Case-I, Case-II and Case-III as follows.  

For Case-I: λ1
2 < 0 and λ2

2 > 0;  
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For Case-II: λ1
2 < 0 and λ2

2 = 0;  

  1 1 2 1 3 4cos cosiY z C λ z C λ z C z C     (24) 

  1 5 1 2 6 1 3 7sin siniΘ z C K λ z C K λ z C K    (25) 

  1 1 1 2 1 1 3 2 4 2cos cosiM z C K λ z C K λ z C K z C K     (26) 

  1 3 1 2 3 1 3 4sin siniT z C K λ z C K λ z C K    (27) 

and 
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For Case-III: λ1
2 < 0 and λ2

2 < 0;  
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An iterative computer program that determines the natural angular frequencies and mode 
shapes for the beam on an elastic foundation has been prepared by the authors. This program 
obtains the natural angular frequencies, and mode shapes for generalized end conditions. 
Here, the end conditions are defined by elastic supports with the coefficients of Cy0, Cθ0, Cy1, 
Cθ1 as below; 
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Then, the coefficient matrix is obtained as follows; 

for Case-I; 
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y yC K C
K K C

        
     

2

1 1 3 1 1 1 3 1 1 2 3 1 2

1 5 1 1 1 1 6 1 1 1 1 7 2 1

0

cos sin sin cos cos sin

sin cos cos sin sin

  

  

                                         
                                    

                    
y y y y

K

C K C K C K C

C K K C K K C K K  

     

     0

 
 
 
 
 
 
  

 (37) 

for Case-III; 

0 3 0 4

1 6 0

- -



                                                                                                                          
                                                         

y yC K C K
K K C

        
 

2 7 0

1 1 3 1 1 1 3 1 1 2 3 1 1 2 4 2

1 5 1 1 1 1

cos sin sin cos cos sin sin cos

sin cos

   



                                                                
                                      

      
y y y y

K K C

C K C K C K C K

C K K C



 

       

       6 1 1 1 1 7 2 1 21 1 8 2 2 2cos sin sin cos cos sin

 
 
 
 
 
                   K K C K K C K K      

  (38) 

The coefficients of C2, C3 and C4 can be obtained as below by setting, C1 = 1. 

1
22 23 342 21

3 32 33 34 31

4 42 43 44 41

-
-
-

                 
              
              

C
C
C

   
   
   


    
         

    
    

 (39) 

Once, C2, C3 and C4 are obtained, Yi(z) can be normalized so that its maximum value will be 
equal to 1.  

 

3.2. Forced Vibration Analysis 

Once the natural angular frequencies and free vibration mode shapes are obtained, the rest of 
the problem can be easily solved numerically. The forced vibration case can be handled as a 
set of linear algebraic equations by deriving the uncoupled equations of motion. Finally, a 
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linear dynamic analysis can be performed. For this propose, the separation of variables 
method can be applied to the Eqs. (1) and (2).  

2
1

1 1( ) ( ) ( ) ( ) ( ) ( ) ( , )ıı ı
i i S i G i i i

i
mY ξ q t C Y z C Y ξ T z q t f z t

L L





         
   (40) 

2

1

1 1( ) ( ) ( ) ( ) ( ) ( ) 0ı ı
i i i i i i

i
mr z q t M z NY z T z q t

L L
Θ





         
   (41) 

Multiplying the both sides of Eq. (40) by Yj(z), and Eq. (41) by Θj(z), and integrating them 
along the beam length, the following equation is obtained according to the rule of the 
orthogonality of modes.  

1 1 1
2

0 0 0

( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

II
G j

j j j S j j j j j

C Y z
mLY z q t dz Y z LC Y z T z q t dz mLY z q t dz

L
 

     
 

       (42) 

 
1 1

2

0 0

( ) ( ) ( ) ( ) ( ) ( ) ( ) 0I I
j j j j j jmLΘ z q t dz Θ z M z NY z LT z q t dz       (43) 

Assembling Eqs. (42) and (43) yields, 

( ) ( ) ( )j j j j jM q t K q t F t   (44) 

where Mj, Kj, and Fj(t) denote the generalized mass, stiffness, and load at the jth mode, 
respectively. 

 

   

1
2 2 2

0

1

0

1

0

( ) ( )

( )
( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ,

j j j

II
G j I I

j j S j j j j j

j j

M mL Y z r Θ z dz

C Y z
K Y z LC Y z T z Θ z M z NY z LT z dz

L

F t L Y z f z t dz

   

              









   (45) 

Substituting Kj=Mjωj
2 into Eq. (44) leads to the following equation 

2 ( )
( ) ( ) j

j j j
j

F t
q t ω q t dz

M
    (46) 

Thus, the normal coordinate function can be obtained by the solution of Eq. (46).  
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4. CALCULATION OF SOIL PARAMETERS 

The first parameter of the elastic soil which represents the modulus of transverse deformation 
can be evaluated by using the formulas given for the Winkler foundation model. On the other 
hand, the calculation of the second parameter is directly related to the type of the two-
parameter elastic soil model. Vlasov and Leont’ev [13] proposed a formula for the calculation 
of the first and second parameters for rectangular beams on an elastic soil layer. These 
formulas were simplified by Zhaohua and Cook [24] for a semi-infinite elastic medium as 
given below. 

l
bEC o

S


 )1(2 2
0


 

lbE
C o

G )1(4 0


 
(47) 

where, 𝑏ത denotes the width of the beam. The parameter of �̅� is defined by Vlasov and 
Leont’ev as a coefficient that characterizes the decrease of deflections with depth and 
commonly taken as �̅� = 1. Parameters of l, Eo, υo are given in the following equation. 

3

0
2

2
0

)1(
)1(2

bE
EI

l






  (48) 

s

s
o

s

s
o

E
E





 





11 2

 
(49) 

where Es, υs and υ denotes the modulus of elasticity and Poisson’s ratio of the soil and the 
beam, respectively.  

 

5. NUMERICAL RESULTS AND DISCUSSIONS 

5.1. Verification Example 

A numerical example which was previously studied by Yokoyama [15], and Calio and Greco 
[21] is presented to verify the presented solution procedure. The free vibration of the axially 
loaded hinged-hinged and fixed-hinged beam on Winkler and Pasternak foundation is 
investigated and analysis results are compared with those of the Yokoyama [15], and Calio 
and Greco [21]. The beam and soil properties are calculated according to the non-dimensional 
parameters below [25].  

EI
NLn 2

2


  (50) 

EI
LC

c S
s

2

  (51) 
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EI
LCc G

g 2

2


  (52) 

Where 𝑛ത, 𝑐௦̅ and 𝑐̅ denotes the dimensionless axial force, the first and second parameters of 
the elastic soil. The dimensionless frequency parameters, Ωi = EI /(L4ωi

2m) of the first three 
modes obtained for the hinged-hinged and fixed-hinged beam are presented in Table-1 and 
2, respectively. In Table-1, the frequency parameter obtained by the present study is found 
to be very close to the results presented by Yokoyama [15]. A small difference is obtained in 
second and third mode due to the fact that Yokoyama [15] presents a finite element solution 
by using 16 bar elements. Note that the difference with the Yokoyama solution [15] decreases 
for Vlasov type foundation as given in Table-2. In addition, a good agreement is obtained 
with the exact analytical results presented by Calio and Greco [21].  

 

Table 1 - Frequency parameters obtained for 𝑛ത=0.6, 𝑐௦̅=0.6π4 and 𝑐̅=0 (κ=2/3 and 
L/r=10.0) 

 
Mode Number 

Hinged-Hinged Fixed-Hinged 
Present 
Study 

Yokoyama 
[15] 

Present 
Study 

Yokoyama [15] 

1 8.22 8.22 10.46 10.49 
2 20.59 20.67 22.20 22.30 
3 35.86 36.25 36.50 36.90 

 

Table 2 - Frequency parameters obtained for 𝑛ത=0.6, 𝑐௦̅=0.6π4 and 𝑐̅=1 (κ=2/3 and 
L/r=10.0) 

 
Mode 

Number 

Hinged-Hinged Fixed-Hinged 
Present 
Study 

Yokoyama 
[15] 

Calio and 
Greco [21] 

Present Study Yokoyama [15] 

1 12.64 12.64 12.64 14.42 14.42 
2 28.03 28.10 28.02 29.30 29.34 
3 45.92 46.34 45.92 46.70 46.74 

 

The variation of dimensionless eigenvalues µ1 = λ1
2
 EI /(L4ωi

2m) and µ2 = λ2
2
 EI /(L4ωi

2m) for 
the hinged-hinged and fixed-hinged support conditions are given in Figures 3-4, respectively. 
When the rotary inertia is neglected, Case-I is satisfied for all modes. For the hinged-hinged 
beam, when the rotary inertia is considered, Case-I is violated starting from the 4th and 5th 
modes, for the Winkler and Vlasov foundations, respectively. However, the higher modes 
satisfy Case-III. For the fixed-hinged beam, Case-I is satisfied up to the 3rd mode.  
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Figure 2 - Normalized mode shape functions obtained for first three modes 

 
Figure 3 - Normalized eigenvalues for the hinged-hinged beam 

 
Figure 4 - Normalized eigenvalues for the fixed-hinged beam 
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Figure 5 - Variation of the number of modes satisfying Case-I versus slenderness ratio 

 

Figure 5 shows the variation of the number of modes that satisfy Case-I versus the 
slenderness ratio, L/r. It is seen that the number of modes that satisfy the Case-I is 
proportional to the slenderness ratio while some differences are observed according to the 
boundary conditions and soil model. 

 

5.2. Comprehensive Example  

In this numerical analysis, the dynamic response of an axially loaded 1m×1m square beam on 
Vlasov foundation is investigated. The beam has distributed mass and elasticity, and it is 
subjected to a concentrated dynamic load f(z,t) = δ(z-1/2)F(t). The material properties of the 
beam: E = 28,000 MPa, G = 11,666.67 MPa, m = 2.548 kN.s2/m, r = 0.2887m and κ = 2/3. 
Elastic soil properties are calculated as CS = 17,470 kN/m2 and CG = 68,688 kN (for sand and 
gravel, Es = 100,000 MPa, υs = 0.25). In the analysis, four different boundary conditions; 
free-free (Cy0 = Cθ0 = Cy1 = Cθ1= 0), hinged-hinged (Cy0 = Cy1 ≈ ∞ and Cθ1= Cθ0 = 0), fixed-
hinged (Cy0 = Cθ0= Cy1 ≈ ∞ and Cθ1= 0), and fixed-fixed (Cy0 = Cθ0= Cy1 = Cθ1 ≈ ∞) are 
considered. Axial compressive load of the beam is calculated by Euler critical buckling load 
formula, Nb = π2EI/Lb

2, for all boundary conditions (see Table-3).  

 

 
Figure 6 - Timoshenko beam on Vlasov foundation and time dependent load function 
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Table 3 - Effective length and critical buckling loads according to the end conditions 

End Conditions Effective Length, Lb Buckling Load, Nb (kN) 
Free-Free L 23029 

Hinged-Hinged L 23029 
Fixed-Hinged 0.7L 46998 
Fixed-Fixed 0.5L 92116 

 

In Figures 7-8, the variation of the maximum bending moment at z ≈ 0.5 versus the number 
of considered modes is presented. 95 % convergence to the exact value is observed by the 
contribution of first 5-6 for all boundary conditions. In addition, it is observed that the 
maximum bending moment is less affected by the rotary inertia when the axial compressive 
force effect is omitted. An increase about 4%, however, is observed for hinged-hinged beam 
on Winkler foundation with the rotary inertia effect. In addition, the bending moment 
response for the Winkler foundation is observed to be larger than Vlasov type foundation 
about 15, 8 and 7.5 % for hinged-hinged, fixed-hinged and fixed-fixed cases, respectively. In 
the case where the axial compressive load is considered, the convergence speed of the 
bending moment response does not change significantly except for the free-free and hinged-
hinged beam on the Vlasov foundation. For this case, the exact response can be obtained by 
the first mode only. However, an increase 125, 312, 324% in the bending moment response 
is observed for the free-free, hinged-hinged and fixed-hinged beam on Vlasov and Winkler 
foundations, while no difference is detected for the fixed-fixed beam. 

 
Figure 7 - Variation of maximum bending moment at z = 0.5 versus considered number of 

modes for N = 0 
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Figure 8 - Variation of maximum bending moment at z = 0.5 versus considered number of 

modes for N = Nb 

 

In Figures 9-10, the variation of the maximum shear force at z ≈ 0.5 versus considered mode 
number is presented. At first, it appears that the shear force responses with and without the 
rotary inertia are the same in lower modes for both Winkler and Vlasov foundations. 
However, a difference is observed with the contribution of higher modes. The exact shear 
force responses have similar values for Winkler and Vlasov foundations. The convergence 
to the exact value is obtained with less number of modes without the effect of rotary inertia.  
For the free-free and hinged-hinged beam, it is observed that taking of first 25-30 modes into 
account gives 90-95% convergence to the exact value without the rotary inertia effect. This 
convergence value, however, is satisfied by taking 40-45 modes into account if the rotary 
inertia is considered. For the fixed-hinged and fixed-fixed beam, this convergence is obtained 
by 15-20 and 25-30 modes without and with the rotary inertia effect, respectively. On the 
other hand, in the case that the axial compressive load is considered, these convergence ratios 
are obtained for free-free and hinged-hinged beam without rotary inertia by the contribution 
of 35-40 modes and 55-60 modes with rotary inertia. For the fixed-hinged and fixed-fixed 
beam, 90-95% convergence is obtained by the contribution of 40-50 modes except the fixed-
fixed beam on Vlasov type foundation. If the axial compressive load is neglected, a small 
decrease occurs in the maximum shear force response for Winkler and Vlasov type 
foundations with rotary inertia.  
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Figure 9 - Variation of maximum shear force at z ≈ 0.5 versus considered number of modes 

for N=0 

 
Figure 10 - Variation of maximum shear force at z ≈ 0.5 versus considered number of 

modes for N= Nb 
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In the case when the axial compressive load contribution is considered, an increase about 
4.50%, 20.50% for Winkler, and 3.50%, 28% for Vlasov foundation is observed by the effect 
of rotary inertia for the hinged-hinged and fixed-fixed beams, respectively. In addition, a 
decrease is observed about 19.25% for the fixed-hinged beam on Winkler foundation. Vlasov 
type foundation causes an increase about 11% and 38% in the shear force response for fixed-
hinged beam with and without the rotary inertia, respectively. On the other hand, a negligible 
difference is observed for free-free, hinged-hinged and fixed-fixed beams. 

 

6. CONCLUSIONS 

In this study, a comprehensive analysis on the effect of rotary inertia and higher modes on 
the dynamic response of Timoshenko beams on two-parameter foundation with generalized 
end condition is presented. The results are summarized below. 

 In case of the consideration of rotary inertia, the solution of the differential equation 
for the free vibration case may change depending on the slenderness ratio, L/r. Here, 
three different cases (Case- I, II and III) are possible due to the slenderness ratio. In 
most researches in the literature, only the Case-I is considered as the solution. When 
the higher modes are considered, however, Case-II and/or III may arise. 

 According to the numerical results, it is seen that the number of modes which satisfy 
Case-I increases with the slenderness ratio. In addition, it is seen that the number of 
modes that satisfy Case-I not only depends on the slenderness ratio but are also 
affected by the boundary conditions and elastic soil model.  

 Numerical results indicate that the required number of modes increases by the effect 
of rotary inertia. On the other hand, the exact solution may be obtained by the 
contribution of less number of modes as depending on the number of constrained 
degrees of freedom at the ends.  

 For the fixed-hinged beam on Winkler foundation and fixed-fixed beam on Winkler 
and Vlasov foundations, the axial compressive load causes a significant difference in 
the shear force response of the beam by the rotary inertia. In addition, the axial force 
increases the required number of modes for the shear force response except the fixed-
fixed beam with rotary inertia. 
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ABSTRACT 

When highly calcinated water is transferred through the penstock of a hydropower plant it 
leaves a residue on the pipe surface. Accumulated residue over time causes a change in the 
roughness of the pipe surface thus leads to friction losses in the system.  The effect is a change 
in head and discharge relation for the turbines. A multimethodology is proposed for 
determining the apparent surface roughness value (ε) by means of friction factor f and 
measuring arithmetic mean deviation of the roughness profile (Ra), root mean square 
roughness (Rq) and peak and valley roughness (Rz).  It is found that a surface roughness 
value (ε) of 0.3mm can be used for calcinated surfaces which is much higher than steel 
surfaces but smaller than a concrete surface. 

Keywords: Friction factor, surface roughness, calcination. 

 

1. INTRODUCTION 

Energy output of hydropower plants (HPP) depends on the net head and flow rate supplied 
to the turbines. Water is conveyed from a reservoir or a head pond to the power house by 
means of water conduits called penstocks. Systems are designed such that the energy output 
is maximized while minimizing the cost [1]. Part of the available energy is lost due to pipe 
friction and other local losses. Available energy conveyed to the turbines, hence the amount 
of energy produced, depends on the amount left after these losses.  

When highly calcinated water is transferred through the penstock of a hydropower plant it 
leaves a residue on the pipe surface. Such residues accumulate over time forming a thick 
layer on the surfaces in contact with water.  There are two important aspects of this 
calcination, one is the change in the surface roughness coefficient the other is the change in 
the actual flow diameter. While the effect of the first one is not known a priori, the second 
one causes a decrease in flow diameter and an increase in the average velocity, increasing 
losses in the penstock system. 
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Recently, a rehabilitation project for and old powerhouse (KEPEZ 1 HPP), located in the 
province of Antalya, was started. The Hydropower plant is equipped with three Francis type 
turbines with an installed capacity of 26.4 MW. It is the sixth largest power house in the 
region. The power house had been in operation for more than 30 years. The net head of the 
turbines is 162 m with a discharge of 6.1 m3/s. The aim of the rehabilitation project is to 
increase efficiency and output of the old turbines in the HPP by replacing them with new 
ones while renewing all auxiliary systems up to state-of-the-art requirements.  

The hydro power plant consists of a head pond and an intake structure and diverts the flow 
through a pressurized concrete pipe followed by a surge tank and a long steel pipe. A problem 
concerning quality of water exists in the region, causing heavy calcination of pipes. Operating 
records of the power house suggests a calcination period that is as short as six months and a 
calcination thicknesses of up to 30 mm were observed in the penstock. Continuous cleaning 
of the water conduit is very costly and interrupts energy production because it requires 
emptying the penstock and hard scrubbing of the full conduit system. Thus, a new turbine to 
be installed on the old calcinated pipeline system will operate at different head than its design 
head and at different discharge conditions than its initial design. Therefore, the new turbine 
design should account for calcination and change in the friction losses in the system for 
varying flowrates.  

Initial design net head and discharge through the turbines are determined using the design 
drawings.  They are calculated from the well-established Darcy-Weisbach relation. When 
designing a new system, the equivalent roughness values of steel (ε=0.02 - 0.05mm) and 
concrete pipes (ε=0.5mm) are easily obtained from various engineering tables and the net 
head available to the turbine can easily be calculated [2]. Roughness coefficients of selected 
residue materials are also available in the literature [3]. But no information is available in 
literature for the apparent surface roughness value (ε) of a highly calcinated pipe surface. For 
this reason, a multimethodology is proposed that includes: 

1.) A one-dimensional numerical model of the existing system which is built to 
calculate the steady state head and discharge relation for   varying apparent surface 
roughness values (ε) 

2.) Determination of combined friction coefficient based on site measurements of flow 
rate and turbine inlet pressure and head water level variations 

3.) Determination of apparent surface roughness using laboratory measurements of 
surface profile and waviness of a sample calcinated block obtained from the site. 

The numerical model is used to observe the variation in the combined friction coefficient of 
the system by changing the surface roughness values (ε) of individual pipes.  Then, site 
measurements are used to calculate the friction coefficient of the system. This coefficient is 
compared with the surface roughness values (ε) of the numerical model to estimate how a 
calcinated pipe surface behaves for the heavily calcinated penstock so that the turbine 
operating range can be determined. Lastly, during the dismantling of the old turbines, the 
penstock is emptied and became accessible to receive samples from the penstock surface. 
Surface roughness of the sample is measured in the laboratory to confirm the friction slopes, 
apparent surface roughness values (ε), and measured roughness profiles that point to the same 
result. 
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2. NUMERICAL MODEL 

A convenient form of the Energy Equation for a steady, incompressible flow with uniformly 
distributed velocity profiles can be written between the two sections in a straight pipe as: 

భఘ + భమଶ + 𝑍ଵ = మఘ + మమଶ + 𝑍ଶ + 𝐻 (1) 

where, P is the pressure, V is the average velocity, Z is the elevation of the pipe axis, ρ is the 
density of the fluid, g is the gravitational acceleration, and HL is the frictional head loss 
between these two sections, given that there are no minor losses. In 1845, Julius Weisbach  
[4] proposed an equation that predicts the losses due to fluid friction on the pipe wall as; 𝐻 = 𝑓  మଶ (2) 

𝑓 = 𝑓𝑢𝑛𝑐 ቀఌ , 𝑅𝑒ቁ (3) 

where L is the pipe length, D is the pipe diameter, f is a friction factor, Re is the Reynolds 
number and is defined by Re=VD/ν and ν is the kinematic viscosity of the fluid. This equation 
set the standard for all following engineering text books [2]. With Darcy’s estimates of the 
friction factor [5] and additional work by Colebrook and White [6] on non-uniform 
roughness, estimates of the friction factor f can be made as functions of Reynold number (Re) 
and relative roughness (ε/D). Later Moody [7]  published the famous Moody’s chart and 
Swamee and Jain [8] expanded the form to the explicit equations for pipe diameter, head loss 
and the discharge through a pipe, based on the Colebrook-White equation [6]. 

For long penstock systems, friction in each pipe segment can be calculated separately. Pipe 
diameters, lengths and corresponding Reynolds numbers are different in each pipe segment.  
Minor losses due to bends, expansions, contractions etc. can be calculated separately as a 
function of discharge and all of these losses can be added to obtain the system loss. In order 
to generalize the equation of losses, the Darcy-Weisbach equation can be written such that 
the head loss due to friction becomes a function of discharge: 𝐻 = (8𝑓𝐿 𝑔𝜋ଶ𝐷ହ⁄ )𝑄ଶ = 𝑘ி௧𝑄ଶ (4) 

Minor (local) losses such as those due to bends, expansions contractions etc. can also be 
formulated as a function of discharge; 𝐻 = 𝑘𝑄ଶ (5) 

Then the total loss in the system can be calculated by adding all friction and local losses.  𝐻௦௦ௌ௬௦௧ =  ∑ 𝑘𝑄ଶ + ∑ 𝑘ி௧𝑄ଶ = 𝑘𝑄ଶ + 𝑘ி௧𝑄ଶ = 𝑘𝑄ଶ (6) 

Where k is a combined friction coefficient for the entire system. A numerical one-
dimensional model is designed for the existing system as shown in Figure 1, where the head 
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pond is modeled as reservoir 1 (R1). Water is conveyed through a concrete pipe (E1) and a 
series of steel pipes (P1-P9, B1, S1) to turbine and then to the Tailrace Channel (T1). The 
model is set up with one turbine in operation in order to compare the results with the 
measurements.  

 
Figure 1 - Layout of the Kepez 1 HPP 

 

Basic parameters including minor loss coefficients of the pipe system are given in Table 1.  

 

Table 1 - System parameters 

Label Material Diameter (cm) Minor Loss Coefficient Length (m) 
P2 Steel 240 0.040 62.16 
P4 Steel 240 0.000 164.60 
P6 Steel 210 0.110 103.87 
P3 Steel 240 0.006 44.33 
P5 Steel 240 0.000 100.50 
P1 Steel 240 0.062 23.01 
T1 Concrete 500 0.000 5.00 
P7 Steel 210 0.019 206.66 
P8 Steel 210 0.060 62.88 
E1 Concrete 250 0.346 589.00 
B1 Steel 130 0.052 1.00 
S1 Steel 90 0.169 3.60 
P9 Steel 210 0.096 19.97 

 

The head pond and tailrace levels are set to constant values for each simulation and the 
corresponding friction and minor losses are calculated. The discharge passing through the 
system is controlled by the guide vanes of the Francis turbine. The model is set such that the 
simulated discharge range covers the operation of the installed Francis turbine. A head 
discharge curve is used for each guide vane opening for the Francis Turbine. A total of 12 
simulations are performed for three discharge sets (Table 2) and four roughness values (Table 
3). Simulations are iterated until the discharge values are seen to converge with the preset 
values. 
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Table 2 - Simulated flowrates 

 
Q1 

(m3/s) 
Q2 

(m3/s) 
Q3 

(m3/s) 
Case 3.0344 5.3758 6.1471 

 

Table 3 - Apparent surface roughness values 

  ε1 (mm) ε2 (mm) ε3 (mm) ε4 (mm) 
Case 0.5 0.3 0.05 0.02 

 

There are various engineering tables that present the apparent roughness values (ε) of 
different materials [2]. The values of interest in this study are for smooth and rough steel 
pipes (0.02 mm and 0.05 mm) and concrete (0.3~3 mm).  A representative value of 0.5 mm 
is selected for smooth concrete. A comparative study is performed to observe how the 
roughness of calcinated surface changes with respect to steel and concrete.  So, simulated 
values for the calcinated pipes included these values in addition to an intermediate value of 
0.3mm. Since calcination occurs both in concrete and steel surfaces, roughness values are 
kept constant for all simulations throughout the system. During measurements, sensor taps 
were drilled on the steel pipe to install acoustic flow meters. The drilled hole and calcinated 
layer are shown in Figure 2. The thickness of the calcinated layers can be seen through these 
holes and found to vary between 11 mm and 15 mm. Although the effect of change in the 
flow diameter due to this accumulation is small, it is considered in all of the simulations and 
all pipe diameters presented in Table 1 is reduced by 30mm. 

 
Figure 2 - Calcination in the pipe seen from a sensor tap 

 

Friction and minor losses are calculated for each pipe segment and tabulated for each 
simulation. These values are summed up to calculate the total loss in each simulation. A 
sample computation for the flow rate of 6.147 m3/s, head pond elevation of 278.2 m, tailwater 
elevation of 110.04 m and an apparent roughness values (ε) of 0.3 mm is given in Table 4. 
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Table 4 - Solution values for a case 

Label Material 
Velocity 
(m/s) 

Headloss 
(m) 

Headloss 
(Friction) 
(m) 

Headloss 
(Minor) 
(m) 

P2 Steel 1.39 0.038 0.034 0.004 
P4 Steel 1.39 0.090 0.090 0.000 
P6 Steel 1.77 0.123 0.105 0.018 
P3 Steel 1.39 0.025 0.024 0.001 
P5 Steel 1.39 0.055 0.055 0.000 
P1 Steel 1.39 0.019 0.013 0.006 
T1 Concrete 0.31 0.000 0.000 0.000 
P7 Steel 1.77 0.213 0.210 0.003 
P8 Steel 1.77 0.073 0.064 0.010 
E1 Concrete 1.28 0.289 0.260 0.029 
B1 Steel 4.85 0.076 0.014 0.063 
S1 Steel 9.77 1.122 0.301 0.821 
P9 Steel 1.77 0.036 0.020 0.015 

Sum 2.157 1.188 0.969 
 

In order to calculate the combined system friction constant k for each apparent roughness 
value (ε), total head loss in each simulation is calculated and tabulated against flowrate and 
square of the flowrate. Results of all simulations are summarized in Table 5.  

 

Table 5 - Head loss values in meters for 12 cases 

 ε1 (mm) ε2 (mm) ε3 (mm) ε4 (mm) 

Q (m3/s) 0.5 0.3 0.05 0.02 
6.1471 2.275 2.157 1.898 1.835 
5.3758 1.742 1.653 1.459 1.413 
3.0344 0.559 0.532 0.477 0.465 

 

As the head loss changes linearly with Q2 value according to Darcy-Weisbach equation, 
results are plotted and a line is fitted to obtain friction head loss slope coefficient as shown 
in Figure 3. Coefficient values of 0.0488, 0.0504, 0.0572 and 0.0603 are obtained for 
roughness values of 0.02 mm, 0.05mm, 0.3mm and 0.5mm respectively. 
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Figure 3 - Calculation of friction head loss slope for different roughness coefficients 

 

3. CALCULATION OF FRICTION COEFFICIENT BASED ON SITE  
    MEASUREMENT 

Kepez HPP has been in operation for more than 30 years. During this period significant 
improvement in turbine design was achieved with the help of computational fluid dynamics 
(CFD)[9]. Efficiency and cavitation characteristics of runner is investigated and 
characteristics over operating region of the old Kepez turbine is determined by means of CFD 
[10][12]. Design of the new turbine is significantly improved to better characterize the current 
operating regime [13]. The new turbine efficiency is obtained by means of both CFD [13] 
and model tests [14] performed at ETU HYDRO Turbine Design and Test Center. Although 
these works give significant insight on the turbine performance, project requirements dictate 
comparison of efficiencies with in-situ site measurements. For this reason, an efficiency 
measurement setup is installed at site as part of the project[15]. Using this setup, hydraulic 
efficiency of the turbine is measured at different operating points [15]. Available hydraulic 
energy to the turbine and power output of the generator are required to calculate efficiency 
of the turbine generator set. To obtain the available hydraulic energy, the turbine net head 
and flowrate must be known. Pressure measurement taps are installed for measuring the inlet 
and outlet pressures before and after the turbine. An ultrasonic flow measurement system is 
installed for measuring the flow rate. For efficiency calculations, the mechanical power out 
of the turbine must also be determined.  Power output of the generator can be measured 
through the current and voltage transformers.  Energy analyzers were installed at outputs of 
generator current and voltage transformers to obtain the electrical output of the generator. 
With known generator efficiency curve and output of the generator, shaft power can be 
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calculated.  So, hydraulic efficiency of the turbine can be calculated from available hydraulic 
energy and mechanical power. Using this methodology efficiency of the old turbine is 
measured [15]. Via these pressure taps and ultrasonic flow meters, the pressure at the turbine 
inlet as well as the discharge passing through the system is readily available and given in 
Table 6. 

 

Table 6 - Flowrate, Pressure and Change in Head pond levels 

Q [m³/s] P (kPa) ΔHHPL (m) 
6.1471 1619.67 0.65 
6.0696 1619.90 0.77 
5.7974 1622.51 0.77 
5.6236 1626.25 0.20 
5.5628 1626.44 0.69 
5.3758 1627.50 0.77 
5.1572 1629.19 0.12 
4.8804 1630.61 0.00 
4.2254 1636.40 0.65 
3.0344 1642.69 0.74 

 

Table 7 - System curve calculations 

Q [m³/s]  V2/2g 
(m) P/γ (m) Hinlet (m) 

Hinlet -
ΔHHPL (m) 

6.1471  1.094 165.296 166.390 165.740 
6.0696  1.067 165.319 166.386 165.616 
5.7974  0.973 165.586 166.559 165.789 
5.6236  0.916 165.967 166.883 166.683 
5.5628  0.896 165.986 166.883 166.193 
5.3758  0.837 166.095 166.932 166.162 
5.1572  0.770 166.267 167.037 166.917 
4.8804  0.690 166.412 167.101 167.101 
4.2254  0.517 167.003 167.520 166.870 
3.0344  0.267 167.645 167.911 167.171 

 

This data set is used to calculate the head discharge relation of the system and the friction 
slope coefficient of the conduit. An additional data, head pond level, is required to calculate 
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a system curve. Since no digital measurement system for the head pond levels was available, 
hourly operating records of head pond level change with respect to crest elevation using a 
rod installed at the head pond is used.  The change in the reservoir level is measured and 
tabulated below together with flowrate and pressure (Table 6).  

System losses are calculated from the slope of the curve Hinlet -ΔHHPL vs Q2. The 
corresponding values are obtained by adding the velocity head, pressure head and subtracting 
the variation in the head pond level as given in Table 7.  

Results are plotted for total head vs square of flowrate and a line is fitted to obtain friction 
slope coefficient from measurements as shown in Figure 4. As the head loss changes linearly 
with Q2 value according to Darcy-Weisbach equation, a line is fitted and slope is calculated 
as -0.0562 (Figure 4).   

 
Figure 4 - Calculation of friction slope from measurements 

 

The curve represents the change in the total head with increasing discharge, thus a negative 
value. Absolute value of this slope is 0.0562 which is compared with the various roughness 
values calculated and plotted via the numerical model, the surface roughness value (ε), 
0.3mm shows a similar a slope of 0.0572.  

 

4. LABORATORY MEASUREMENTS OF SURFACE ROUGHNESS 

Once the design and manufacturing of the new turbine was completed, dismantling of the old 
turbine system was started.  Energy production interrupted, the penstock was emptied. The 
old turbine system as well as the inlet valve was removed. At that stage, access to the penstock 
was available.  A sample block of calcinated residue is carefully taken for testing purposes 
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without disturbing the surface, size and thickness of the calcinated sample taken from the 
penstock are shown in Figure 5.  

 

 
Figure 5 - Calcinated sample from penstock 

 

Sides of the block are grinded and the block is attached to a clamp. A Zeiss Surfcom 130 A 
surface profiler is used to measure the surface profile of the block.  

 

 
Figure 5 - Measurement of Surface profile 

 

A sampling section is measured with a length of 38 mm. A probe with a tip radius of 2 μm, 
a speed of 0.6mm/s is used. The primary (total) profile, which is the surface height measured 
throughout the sampling section, is measured and shown in Figure 6. The waviness 
component is obtained from an electronic low-pass filtering of the primary profile with a cut 
off wavelength value of 8.0 mm (Figure 6). Finally, roughness profile is obtained (Figure 7). 
By doing so, the measured profile is filtered for large scale waviness effects and a 
representative data set for the surface characteristics that effect friction is obtained. This data 
set is necessary to calculate measurable surface roughness characteristics Ra, Rq and Rz.  
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Figure 6 - Total profile and waviness 

 

 
Figure 7 - Roughness profile 

 

Once the roughness profile is obtained, standard surface roughness parameters (Ra, Rq, Rz) 
are calculated using equations 7, 8 and 9. The first parameter Ra represents the arithmetical 
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mean of the absolute values of the profile deviations from the mean line of the roughness and 
is given by: 𝑅𝑎 = ଵ  |𝑧(𝑥)|𝑑𝑥  (7) 

whereas the root mean square roughness Rq is given by: 

𝑅𝑞 = ටଵ  𝑧ଶ(𝑥)𝑑𝑥  (8) 

The last parameter Rz is called ten-point height roughness which gives the average absolute 
value of five highest peaks and five lowest valleys over the evaluation length. 𝑅𝑧 = ∑ ௭ೌೣ()ି௭()ହହୀଵ  (9) 

These three measured parameters are the parameters that are commonly used to describe the 
surface finish of materials.  The calculated values for each of these parameters are given in 
Table 8. 

 

Table 8 - Surface roughness parameters 

Ra (μm) Rq (μm) Rz (μm) 
47.20 59.46 287.45 

 

The surface roughness value (ε) is not directly measurable. The friction factor given by 
Moody’s chart derived from the friction coefficient of various fluid experiments conducted 
originally by Nikuradse by the evaluation of loss terms and equivalent sand roughness. There 
are numerous studies that relate the directly measurable quantities Ra, Rq and Rz to the 
surface roughness values (ε) used to calculate the friction factor f in Darcy-Weisbach 
equation. 

Computational models that utilize surface roughness values (ε) for pipes, pumps and turbines 
simulate roughness data acquired from experiments that include many different roughness 
characterizations. On the other hand, manufacturers use directly measurable quantities Ra, 
Rq and Rz to represent the surface texture of their products. Equations available in literature 
[16- 31] that try to relate these parameters vary greatly and there is no consensus on a single 
relation on these parameters. Equations proposed by [19-24] mostly use sand grains, emery 
papers or machined surfaces to produce the empirical equations using Ra, while suggested 
equations for groove height or liquid crystal surfaces, Rq [26-27] is mostly used for surfaces 
with sprayed particles as an alternative. 

Naturally occurring calcination deposits were not studied in any of these works; however, for 
a wide range of surfaces, a general trend is to use Rz, peak to valley roughness height, equal 
to surface roughness value (ε) (Rz ≈ ε) [16][17]. This corresponds to 287.45 μm for the 
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calcinated surface sample. Regardless, a table is prepared from available literature to 
calculate and check surface roughness values (ε) using all three parameters Ra, Rq, Rz.  
Values of surface roughness (ε) are calculated using these three parameters as given in Table 
9 [16-31].  

These values are averaged to find a single representative number for ε which is found to be 
281.70 μm. The calculated average surface roughness (ε) value of 281.70 μm is also found 
to be very close to simulated 300 μm roughness value which corresponds to combined friction 
coefficient of 0.0572 for the system. 

 

Table 9 - Calculated values of surface roughness (ε) in μm 

Reference Equation proposed ε (calculated) 
[18] ε=Rz/5 57.49 
[18] ε=Rz/2.56 112.29 
[19] ε=2Ra 94.40 
[19] ε=7Ra 330.41 
[20] ε=6Ra 283.21 

[21] ε=2.2Ra0.88 65.39 
[22] ε=8.9Ra 420.09 
[23] ε=2Ra 94.40 
[24] ε=16Ra 755.22 
[16] ε=Rz 287.45 
[17] ε=Rz 287.45 
[25] ε=4Ra 188.80 
[26] ε=2.1Rq 124.87 
[27] ε=4.8Rq 285.41 
[28] ε=10Ra 472.01 
[29] ε=8.9Ra 420.09 
[30] ε=1.9Rz 546.16 
[31] ε=5.2Ra 245.45 

 Average 281.70 
 

5. CONCLUSIONS  

For turbine rehabilitation, roughness of old penstocks must be known in order to calculate 
head-discharge characteristics of the system. The case of interest is the roughness of highly 
calcinated pipeline system for which no prior information is available in the literature. A 
multimethodology is proposed to obtain apparent surface roughness coefficient (ε) of 
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calcinated pipes. For this reason, a one-dimensional numerical model of the existing system 
is built to calculate the steady state head and discharge relation by varying apparent surface 
roughness values. A set of curves are obtained for the system to specify the relation between 
friction coefficient and apparent surface roughness. Friction coefficient is also calculated 
based on site measurements of flow rate, head pond level and inlet pressure of turbines. The 
measured friction slope is compared with the slopes obtained from the numerical model. The 
closest match points to a roughness value of 0.3 mm for calcinated surfaces. Lastly, a sample 
calcinated block is obtained from site to measure surface roughness parameters at the 
laboratory. Measurable surface roughness parameters of arithmetic mean deviation of the 
roughness profile (Ra), root mean square roughness (Rq) and peak and valley roughness (Rz) 
are obtained. Empirical equations available in literature that relate these parameters to 
apparent surface roughness (ε) are used to find an average roughness value of 0.282 mm for 
the sample. It is determined that, for all practical purposes, a surface roughness value of 0.3 
mm can be used for calcinated surfaces which is much higher than steel surfaces but smaller 
than concrete. 

Surface roughness values of both steel and concrete is widely used in both the theoretical 
studies in literature and practical applications. However, the obtained value for the surface 
roughness of calcinated pipes based on site measurements, laboratory experiments and the 
numerical study presented here, is different than the values of both of these materials. This 
study clearly shows that the surface roughness of the calcinated pipe is 0.3 and the design 
process for rehabilitation and output of turbines and related equipment is affected drastically, 
if the change in surface roughness is not considered where calcination is present. Therefore, 
utilization of the methodology presented here, would provide the hydraulic power equipment 
designer the information necessary for rehabilitation works. 

 

Symbols 

D Diameter of the pipe segment 

f Darcy - Weisbach friction factor 

HL Head loss 

k  Combined friction coefficient 

kFriction Friction coefficient caused by friction losses in the pipe 

kLocal Friction coefficient caused by local losses 

L Length of the pipe segment 

P Pressure 

Ra Arithmetic mean deviation of roughness height 

Re Reynolds number 

Rq Root mean square roughness height 

Rz 10 point roughness height (peak and valley roughness height) 
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V Average velocity in pipe 

Z Elevation head 

g Gravitational acceleration 

z Height of each measured surface 

ΔHHPL Deviation in elevation of the head pond level 

ε Apparent surface roughness 

ρ  Density of water 
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ABSTRACT 

An axisymmetric scaled boundary finite element method for the elastodynamic analysis of 
3D layered systems is derived in frequency domain. The general three-dimensional problem 
of unbounded domain can be divided into a number of independent two-dimensional 
problems and a pseudo three-dimensional analysis can be performed. The aforementioned 
analysis offers considerable savings in terms of storage and computation cost when compared 
with a full three-dimensional analysis. A new coupled strategy is proposed in order to match 
the axi-symmetrically modeled unbounded far field to a general 3D finite element model of 
the near field. The derived formulation is implemented for frequency domain analysis of 
foundation embedded in or resting on the surface of 3D layered homogenous or 
inhomogeneous soil deposits over rigid bedrock. The dynamic response calculated using the 
proposed method is compared with analytical or numerical solutions. Numerical examples 
demonstrate the accuracy and high efficiency of the new proposed method.  

Keywords: Axisymmetric scaled boundary finite element method, layered soil, dynamic 
soil-structure interaction, Fourier series, dynamic stiffness. 

 

1. INTRODUCTION 

Dynamic response of heavy and embedded structures such as nuclear reactors, turbine towers 
and offshore wind plants, liquid-storage tanks and high-rise buildings are affected by the 
interaction between the structures and their foundations. These problems are known as soil-
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structure interaction (SSI) problems. The main goal of many related engineering studies is to 
develop SSI models, which are reliable and easy to implement. 

One of the major challenges in this area is the lack of a precise and consistent template to 
model radiation damping of the unbounded soil domain. Consequently, the conventional 
finite element method is not directly applicable, since outgoing waves are reflected at the 
artificial boundaries of the finite element mesh. Over the past five decades, various 
approaches have been introduced in order to overcome this problem [1-6]. 

Most of the common approaches to model dynamic soil-structure interaction problems in 
layered media can be classified as the boundary element method [7-9], the thin layer method 
(TLM) [10-15] or approximate methods based on physical models [16-22] and semi-
analytical methods [23, 24]. 

The boundary element method is a popular tool for the solution of dynamic problems in 
unbounded domains since it is based on the use of fundamental solutions, which satisfies the 
radiation condition explicitly. Green's functions for layered media are complex and 
computationally expensive [25-27]. 

A widely used method for dynamic analysis of layered media is the thin-layer method which 
has mainly been applied to plane and cylindrical problems [28].  It is a semi-analytical 
approach based on the coupling of an axisymmetric finite element formulation with an 
analytical solution in the wave number and frequency-domain in the direction of wave 
propagation. The latter is obtained by discretization in the direction of layering. 

Interesting from a practical point of view, simplified or physical models lead to approximate 
solutions. Cone models [29] have been introduced for the analysis of rigid foundations by 
one-dimensional wave propagation formulation in the frequency-domain. Semi-analytical 
solutions are based on a discretization of the footing-subsoil interface and the element-wise 
use of Green's functions [24,30]. 

A relatively recent semi-analytical approach, which shows certain parallels to the thin-layer 
method, is the scaled boundary finite element method (SBFEM) [31]. It is particularly 
suitable for the analysis of dynamic problems in unbounded domains. The SBFEM combines 
some important advantages of the finite element method (FEM) and the boundary element 
method (BEM). When this method is applied, the spatial dimension of the problem is reduced 
by one eliminating the need for fundamental solution. The material anisotropy only affects 
the constitutive matrix and is implemented straightforwardly. A SBFE model of an 
unbounded domain can be coupled seamlessly with a finite element model of the near-field. 
The combined formulation has been used for dynamic 2D and 3D SSI problems in both the 
frequency domain and time domain [32-37]. 

The original SBFEM [31] is based on the use of a scaling centre, somehow the reference 
point for assessing the visibility of the complete boundary. It defines a transformation of the 
geometry such that the problem can be solved numerically in the circumferential directions 
and analytically in the radial direction. It can be used for the description of 2D or 3D half-
space or full-space unbounded domains.   

A modified version of the SBFEM for two-dimensional domains with parallel boundaries 
[38], for three-dimensional prismatic domains [39] and for axisymmetric domain [40] exists. 
All three versions of the SBFEM, however, are not used to model a truly three-dimensional 
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layered system. Recently, a Modified SBFEM for the analysis of dynamic problems in three-
dimensional layered continua is derived [28]. The latter is based on the use of a scaling line, 
rather than a scaling centre and it fully couples the 3D FEM with 2D SBFEM. In order to 
reduce the computational cost and accuracy of the solution, the formulation has been 
modified to an axisymmetric SBFEM, in which only a line discretization is needed and the 
solution could be obtained for each term of the Fourier series separately [41].  

The recently derived formulation by Aslmand et al. [41] for coupling a semi-analytical 
axisymmetric far field formulation and a 3D finite element model is available. The coupling 
is done by the aid of Fourier coefficients and the time domain developments were achieved 
by FFT. The proposed novel SBFEM for 3D layered media is considerably different from the 
original SBFEM. In combination with a finite element model of the near field, it can be used 
efficiently for the dynamic analysis of flexible three-dimensional foundations of arbitrary 
shape embedded in or resting on the surface of layered soil deposits over rigid bedrock. 

The radiation condition states that there are not any incoming waves. For special cases the 
radiation requirement can be expressed as a local formulation, such as Sommerfeld radiation 
condition [42] for the Hemholtz's equation in infinite homogeneous domains. Generalized 
radiation conditions involve elastodynamic Green's functions for the semi-infinite solid and 
for the layered half-space which have been established in studies of Guzina et al. [43] and 
Madyarov and Guzina [44].  Nevertheless, in this study, the radiation condition at infinity is 
satisfied automatically by using the SBFEM [31, 45] to model the far field with axisymmetric 
formulation.  

This paper focuses on frequency domain examples by coupling between axisymmetric 
SBFEM and 3D FEM. The further outline of this paper is as follows. In the first section, the 
assumptions in this paper to analyze three-dimensional foundation-soil systems are 
summarized. Then, the formulation of axisymmetric SBFEM for unbounded layered media 
is summarized. The coupling to a 3D finite element model of the near field is addressed in 
the next section, and finally frequency domain analysis of various layered soil-foundation 
systems are held for verification and present the efficiency of the newly developed coupling 
method.  

 

2. PROBLEM DEFINITION 

The substructure method has been used for the analysis of structures with flexible foundations 
embedded in a layered soil (Figure 1). The material properties of layer 𝑗 which is unbounded 
in horizontal direction has been defined as shear modulus (𝐺), Poisson's ratio (𝜈), mass 
density (𝜌) and thickness (𝑑) and a constant damping ratio 𝐷 for all layers. 

In order to have an axisymmetric geometry for the interface of near field/far field, the near 
field shall be defined by a cylinder containing the arbitrary shaped foundation and a certain 
part of the irregular soil. Within this context, the near field/far field interface is denoted as 𝑆 
as depicted in Figure 1. For modeling of the near field, traditional 3D FEM technique is 
adopted. On the other hand, the far field is analyzed through utilization of an axisymmetric 
SBFEM where this approach has been previously implemented and validated in the study 
conducted by Aslmand et al. [41]. In the next section, executed axisymmetric SBFEM 
analysis is summarized. 
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It is assumed that dynamic loads are concentrated either in the near field or on the structure 
system only and hence outwardly propagating waves including surface and interfacial waves 
are generated.  

 
Figure 1 - 3D soil-structure system with foundation embedded in layered soil deposit 

resting on rigid bedrock 

 

2.1. Axisymmetric Scaled Boundary Finite Element Method 

2.1.1. Scaled Boundary Transformation of the Geometry 

The modified SBFEM uses a coordinate system, which scales a defining curve S relative to 
a scaling line. As shown in Figure 2, in axisymmetric SBFEM the scaling line is identical to 
the axis of symmetry (the zො-axis). The radial direction 𝜉 is described by a series of parallel 
rays, which are perpendicular to the scaling line. Radial coordinate 𝜉 is equal to 0 and 1 at 
the intersection with the �̂�-axis and the line S, respectively. But also, 𝜉 could be considered 
greater than 1 (0   𝜉 ൏  ∞ ).  

Due to consideration of axisymmetric geometry, using the advantage of cylindrical 
coordinates (𝑟, 𝑧, 𝜃) in the far field is more convenient (Figure 2). 

The governing equation for the linear elastodynamics in cylindrical coordinate state, Lത்𝜎 + 𝜔ଶ𝜌u = 0              (1) 
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where 𝝈, 𝐮 and �̅� are stresses, displacements and the equilibrium operator in cylindrical 
coordinate, respectively. Assuming linear elasticity, the stress-strain relationship can be 
expressed according to Hooks’ law 

 
Figure 2 - Definition of SBFE local coordinates for an axisymmetric unbounded domain 

 𝜎 = D𝜀  (2) 

where, D is constitutive matrix and  𝜀 = Lu     (3) 

where L is a differential operator in cylindrical coordinate [41]. The approximate solution of 
Eq. (1) is obtained using a Fourier series in the circumferential 𝜃 direction and using 
conventional one-dimensional finite-element shape functions along the boundary S which 
leads to a series of ordinary differential equations in terms of the radial coordinate 𝜉 [41]. 
Hence, a solution is written in the form 

ቐ𝑢(𝜉, 𝑠, 𝜃)𝑢௭(𝜉, 𝑠, 𝜃)𝑢ఏ(𝜉, 𝑠, 𝜃)ቑ =  ∑ ሼ𝐅௨௦(𝜃, 𝑛)𝐍(𝑠)𝐮௦(𝜉, 𝑛) + 𝐅௨(𝜃, 𝑛)𝐍(𝑠)𝐮(𝜉, 𝑛)}ஶୀ    (4) 

where, 

𝐅௨௦(𝜃, 𝑛) =  cos n 𝜃 0 00 cos n 𝜃 00 0 − sin 𝑛𝜃൩ ,    𝐅௨(𝜃, 𝑛) =  sin n 𝜃 0 00 sin n 𝜃 00 0 cos 𝑛𝜃൩  (5) 
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N(s) is the shape functions matrix corresponding to the discretization of s, and 𝐮௦(𝜉, 𝑛) and 𝐮(𝜉, 𝑛) represent the variation of the nodal displacement in the 𝜉 direction for the symmetric 
and anti-symmetric Fourier terms, respectively.  

Mapping to the scaled boundary co-ordinate system, the linear operator L can be expressed 
as 𝐋 = 𝐛ଵ(𝑠) డడ + 𝐛ଶ(𝑠) డడ௭ + 𝐛ଷ(𝑠) ଵ + 𝐛ସ(𝑠) ଵ డడఏ + 𝐛ହ(𝑠) ଵ  డడఏ            (6) 

Where 𝐛ଵ(𝑠) to 𝐛ହ(𝑠) are defined in [41]. 

Substituting Eqs. (4), (6) and (3) in Hooks’ law (2), the stress can be expressed more clearly 
[41]. 

The virtual work principle for the dynamic case (in absence of body loads) reads  𝛿𝛆(𝜉, 𝑠, 𝜃)𝛔 (𝜉, 𝑠, 𝜃)dV  + 𝛿𝐮(𝜉, 𝑠, 𝜃)𝜌𝐮ሷ (𝜉, 𝑠, 𝜃)dV            −  𝛿𝐮(𝑠, 𝜃)𝐭(𝑠, 𝜃)|𝐽(𝑠)|ଶగௌ d𝜃d𝑠 = 0                                                                    (7) 

The first term denotes the virtual work of internal strain energy. The second term is the virtual 
work of inertia forces and last but not least, the third term is the virtual work of external 
forces such as surface tractions 𝐭(𝑠, 𝜃) acting on the discretized boundary (It is assumed that 
all of the surface tractions are in the near field). As aforementioned, the contribution of the 
three terms to the virtual work is already derived in the study of Aslmand et al. [41] to obtain 
the SBFE equations in displacement for an unbounded layered axisymmetric medium as 
given in Eqs. (8)-(11). It is a must for these equations to satisfy each symmetric and anti-
symmetric component of the Fourier series. 𝐏௦(𝑛) = 𝐄௦(𝑛)𝐮௦(𝑛),క + ൫𝐄ଵ௦(𝑛) + 𝐄ଷ௦(𝑛)൯ 𝐮௦(𝑛)     (8) 𝐄௦(𝑛)𝜉 𝐮௦(𝜉, 𝑛),కక + (𝐄௦(𝑛) − 𝐄ଵ௦(𝑛) + 𝐄ଵ௦(𝑛) + 𝜉𝐄ଷ௦(𝑛) − 𝜉𝐄ଷ௦(𝑛))𝐮௦(𝜉, 𝑛),క + ൭1𝜉 𝐄ଶ௦(𝑛) + 𝐄ଷ௦(𝑛) − 𝐄ସ௦(𝑛) − 𝐄ସ௦(𝑛) − 𝜉𝐄ହ௦(𝑛)൱ 𝐮௦(𝜉, 𝑛) + 𝜔ଶ𝐌௦(𝑛)𝜉𝐮௦(𝜉, 𝑛) = 0   (9) 𝐏(𝑛) = 𝐄(𝑛)𝐮(𝑛),క + ൫𝐄ଵ(𝑛) + 𝐄ଷ(𝑛)൯ 𝐮(𝑛)     (10) 𝐄(𝑛)𝜉 𝐮(𝜉, 𝑛),కక + (𝐄(𝑛) − 𝐄ଵ(𝑛) + 𝐄ଵ(𝑛) + 𝜉𝐄ଷ(𝑛) − 𝜉𝐄ଷ(𝑛))𝐮(𝜉, 𝑛),క + ൭1𝜉 𝐄ଶ(𝑛) + 𝐄ଷ(𝑛) − 𝐄ସ(𝑛) − 𝐄ସ(𝑛) − 𝜉𝐄ହ(𝑛)൱ 𝐮(𝜉, 𝑛) + 𝜔ଶ𝐌(𝑛)𝜉𝐮(𝜉, 𝑛) = 0   (11) 

The solution of Eqs. (9) and (11) must be sought for each term of the Fourier Series 
independently. Eqs. (9) and (11) are the scaled boundary finite element equation in 
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displacement for each term of Fourier series in an unbounded layered system. A particular 
solution for 𝑢(𝜉, 𝑛)} is less interesting compared to a general solution for the dynamic 
stiffness matrix which relates the amplitude of coupling forces to the amplitudes of coupling. 

The significance of this is that the system of equations decouples into pairs of equations for 
each symmetric and anti-symmetric term in the Fourier series representing the applied 
loading and displacement. Should a particular Fourier term in the loading series be zero, the 
corresponding term in the displacement series will also be zero. Thus, if the loading series 
only contains a single Fourier term, only a single set of equations need to be solved. Should 
the loading series contain more than one term, the set of equations for each term can be solved 
independently, and the resulting displacements and stresses superposed [40]. 

With the intention of obtaining equations in dynamic stiffness, the linear second-order 
differential Eqs. (9) and (11) in displacement are transformed into equivalent nonlinear first-
order differential equations as in Ref. [28], Eq. (60). After the derivation, Equations for the 
dynamic stiffness matrix of unbounded medium is obtained, (𝐒௦(𝜔, 𝜉, 𝑛) + 𝐄ଵ௦(𝑛) + 𝜉𝐄ଷ௦(𝑛))𝐄௦(𝑛)ିଵ൫𝐒௦(𝜔, 𝜉, 𝑛) + 𝐄ଵ௦(𝑛) + 𝜉𝐄ଷ௦(𝑛)൯ −𝜉𝐒௦(𝜔, 𝜉, 𝑛),క − 𝜉 (𝐄ସ௦(𝑛) + 𝐄ସ௦(𝑛)) − 𝜉ଶ𝐄ହ௦(𝑛) + 𝜔ଶ𝜉ଶ𝐌௦(𝑛) = 0    (12) 

(𝐒(𝜔, 𝜉, 𝑛) + 𝐄ଵ(𝑛) + 𝜉𝐄ଷ(𝑛))𝐄(𝑛)ିଵ൫𝐒(𝜔, 𝜉, 𝑛) + 𝐄ଵ(𝑛) + 𝜉𝐄ଷ(𝑛)൯ −𝜉𝐒(𝜔, 𝜉, 𝑛),క − 𝜉 ( 𝐄ସ(𝑛) + 𝐄ସ(𝑛) ) − 𝜉ଶ𝐄ହ(𝑛) + 𝜔ଶ𝜉ଶ𝐌(𝑛) = 0    (13) 

Eqs. (12) and (13) are the scaled boundary finite element equations in dynamic stiffness for 
an unbounded axisymmetric layered medium.  

The nonlinear first-order differential equation with respect to 𝜉 is solved numerically using a 
Runge-Kutta scheme for a given frequency 𝜔∗ instead. An initial value is required to start the 
numerical integration scheme. It is calculated in the following using an asymptotic expansion 
of the dynamic stiffness 𝐒ஶ(𝜔∗, 𝜉) with respect to the radial coordinate 𝜉. 
 

2.1.2. Asymptotic Expansion of Dynamic Stiffness in 𝝃 

The unknown dynamic stiffness matrix 𝐒ஶ(𝜉, 𝑛) for both symmetric and anti-symmetric is 
expressed as a power series in (𝜉) with decreasing exponent. In the following the superscript 
s and a and the series number n has been omitted for convenience 𝐒ஶ(𝜉) ≈ (𝜉)ଵ𝐂ஶ + (𝜉)𝐊ஶ + ∑ ଵ(క)ೕ 𝐀𝐣ୀଵ      (14) 

The eigenvalue problem 𝐌𝚽 = 𝐄𝚽𝐦,      𝚽𝐄𝚽 = 𝐈,      𝚽𝐌𝚽 = 𝐦 (15) 

is used to transform Eqs. (12) and (14) into 
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ቀ𝐬ஶ(𝜉) + 𝐞ଵ + 𝜉𝐞ଷቁ ቀ𝐬ஶ(𝜉) + 𝐞ଵ + 𝜉𝐞ଷቁ − 𝜉 𝐬ஶ(𝜉),క − 𝐞ଶ − 𝜉 ቀ𝐞ସ + 𝐞ସቁ −𝜉ଶ𝐞ହ + 𝜔ଶ𝜉ଶ𝐦 = 0    (16) 

With 𝐬ஶ(𝜉) = 𝚽𝐒ஶ(𝜉)𝚽,        𝐞 =  𝚽𝐄𝚽,      𝑗 = 1,2, … ,5       (17) 

Note that both 𝐌 and 𝐄 are positive definite values, thus all eigenvalues are real positive. 
Thus, Eq. (14) is transformed analogously, 𝐬ஶ(𝜉) ≈ (𝜉)ଵ𝐜ஶ + (𝜉)𝐤ஶ + ∑ ଵ(క)ೕ 𝐚ୀଵ     (18) 

Where 𝐜ஶ = 𝚽𝐂ஶ𝚽,         𝐤ஶ = 𝚽 𝐤ஶ𝚽,        𝒂 = 𝚽𝐀𝚽        (19) 

The derivative with respect to 𝐬ஶ(𝜉),క is expressed as 𝐬ஶ(𝜉),క ≈ 𝐜ஶ − ∑ (క)ೕ 𝐚ୀଵ          (20) 

The power series Eq. (18) and its derivative Eq. (20) are substituted in Eq. (16). The 
coefficients 𝐜ஶ, 𝐤ஶ and 𝐚 are calculated equating terms in the resulting formulation 
corresponding to decreasing powers of 𝜉 to zero. The quadratic term yields 𝐜ஶ𝐜ஶ + 𝐞ଷ𝐜ஶ𝐞ଷ + 𝐞ଷ𝐞ଷ − 𝐞ହ + 𝜔ଶ𝐦 = 0     (21) 

Eq. (21) is an algebraic Riccati equation for the coefficient 𝐂ஶ [46].  

Its solution involves the Schur decomposition of an associated Hamiltonian matrix H. The 
eigenvalues occur in pairs ±𝛌 where 𝛌 contains all eigenvalues with negative real part or 
positive imaginary part, if 𝛌 is purely imaginary. Complex eigenvalues with negative real 
parts correspond to modes which are decaying with 𝜉 → ∞  purely imaginary eigenvalues 
with positive imaginary part correspond to physically acceptable outwardly propagating 
modes. Only the Schur vectors associated with ±𝛌 are used to construct 𝐂ஶ. In doing so, the 
radiation condition is taken into account.  

The linear term yields (𝐜ஶ + 𝐞ଷ)𝐤ஶ + 𝐤ஶ 𝐜ஶ + 𝐞ଷ= - (𝐜ஶ + 𝐞ଷ)𝐞ଵ − 𝐞ଵ(𝐜ஶ + 𝐞ଷ) + 𝐜ஶ + (𝐞ସ + 𝐞ସ)    (22) 
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Eq. (22) is a Lyapunov equation for the coefficient 𝐤ஶ with a symmetric coefficient matrix 𝐜ஶ.  Its solution is computed using Schur decomposition and subsequently solving a 
Sylvester equation [47].  

The constant term yields (𝐜ஶ + 𝐞ଷ)𝐚ଵ + 𝐚ଵ(𝐜ஶ + 𝐞ଷ) = - (𝐤ஶ + 𝑒ଵ)(𝐤ஶ + 𝐞ଵ) + 𝐞ଶ       (23) 

Eq. (23) is again a Lyapunov equation for the coefficient a1, which is solved analogously to 
Eq. (22).  

Equations for higher order terms aj, j>1, can be derived in an analogous manner. The initial 
value of the dynamic stiffness is constructed evaluating Eq. (24) for a high but finite value 𝜉. 𝐒ஶ(𝜔∗, 𝜉) ≈ (𝚽ିଵ) 𝜉𝐂ஶ + 𝐤ஶ + ∑ (క)ೕ 𝐚𝐣𝚽ିଵୀଵ    (24) 

In order to consider material damping in the formulation given above, Linear hysteretic 
material damping is incorporated to the proposed method by using a complex-valued shear 
modulus G* instead of the real-valued quantity G, 𝐺∗ = (1 + 𝑖2𝐷)𝐺        (25) 

In Eq. (25) the symbols i and D denote the imaginary unit and the damping ratio, respectively. 

 

3. COUPLING OF 3D FEM-AXISYMMETRIC SBFEM  

The interior domain is modeled by using an ordinary 3D finite element approach. The 
coupling between the finite element model of the near field and the axisymmetric scaled 
boundary finite element model of the far field is not straightforward, provided that the 2D 
near field/ far field interface surface shall be presented by the 1D discretization of a line 
regarding axisymmetric SBFEM. 

To couple axisymmetric and non-axisymmetric domains each mesh node in the 
circumference of the cylinder enclosing the near field (interface) should be considered to find 
the corresponding columns of the unbounded stiffness matrix. The rth column of the 
unbounded stiffness matrix represents the nodal load vector to enforce a certain deformation 
configuration, where the rth nodal dof is unity and the rest are zero. The stiffness matrix of 
the interface will be constructed from this concept. For instance, supposition a unit value of 
displacement in r direction of point i as is depicted in Figure (3(a)), the variation of 
displacement around the circumferential line contain node i would be a linear function which 
has the value of unity at node i and zero elsewhere (Figure 3(b)). Note that the variation of 
displacement in z direction would be satisfied with the shape functions of linear elements on 
the line of discretization matching with the finite element ones (here the mesh is restricted to 
8-node brick elements for the near field and linear elements for the far field). The Fourier 
series of the corresponding function named u(𝜃) is written as: 
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Figure 3 - (a) Interface of near field/far field (b) Linear variation of displacement around 

circumference due to the imposed unit displacement 

 𝑢(𝜃) =  బଶ + ∑ (𝑎𝑐𝑜𝑠𝑘𝜃 + 𝑏𝑠𝑖𝑛𝑘𝜃)   ୀଵ       (26) 

where the Fourier coefficients ak, k=0,1,2,…,n and bk, k=1,2,…,n are given by 𝑎 = ଵగ  𝑢(𝜃)𝑐𝑜𝑠𝑘𝜃 𝑑𝜃,గିగ     𝑏 = ଵగ  𝑢(𝜃) sin 𝑘𝜃𝑑𝜃గିగ       (27) 

Each of these Fourier coefficients corresponds to the symmetric and anti-symmetric 
displacement of node i for a particular Fourier term on the discretized line. Having the 
corresponding stiffness matrix for each particular Fourier series, one could find the loading 
contribution as: 𝑓௦(𝜔, 𝑘) =  𝐒௦(𝜔, 𝑘)𝐮௦ (𝜔, 𝑘),         𝐮௦ = ሼ0,0 … 𝑎 … 0}         𝑘 = 0, 1, 2, …    (28a) 𝑓(𝜔, 𝑘) =  𝐒(𝜔, 𝑘)𝐮(𝜔, 𝑘),        𝐮 = ሼ0,0 … 𝑏 … 0}            (28b) 

where  𝐮௦  are 𝐮 the displacement vectors of our discretized line which have only one non 
zero element on the corresponding degrees of freedom of node i (See Fig. 3). Superposing 
the results of forces for each term of Fourier series, the total forces for each particular position (𝜃, 𝑠) becomes obtainable with the help of the following equation: 

ቐ𝐹(𝜃, 𝑠)𝐹௭(𝜃, 𝑠)𝐹ఏ(𝜃, 𝑠)ቑ = ∑ ሼ𝐅௨௦(𝜃, 𝑛)𝐍(𝑠)𝐟௦(𝑛) + 𝐅௨(𝜃, 𝑛)𝐍(𝑠)𝐟(𝑛)}ஶୀ      (29) 

Where 𝐅௨௦(𝜃, 𝑛) and 𝐅௨(𝜃, 𝑛) were given in Eq. (5), and N(s) is the one-dimensional finite-
element shape functions.  
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The Eq. (29) should be set for each node on the near field/far field interface to obtain one 
column of total stiffness matrix due to the particular deformation in node i. This procedure 
shall be repeated for all degrees of freedom for all the nodes to obtain the total stiffness 
matrix. 

In the frequency-domain, the interior FEM model is represented by the following finite 
element equation: (𝐊 − 𝜔ଶ𝐌)𝐮ෝ = 𝐏       (30) 

with the static stiffness matrix 𝐊, the mass matrix  𝐌, the vector of unknown displacement 
amplitudes 𝐮ෝ and the vector of nodal forces 𝐏.  The system matrices and the nodal vectors 
are partitioned such that all degrees of freedom corresponding to the soil-structure interface 
are assembled in 𝐮ෝ, whereas all remaining interior degrees of freedom are denoted as 𝐮ෝଵ. 
൬𝐊 𝐊𝐊 𝐊൨ − 𝜔ଶ 𝐌 𝐌𝐌 𝐌൨൰ 𝐮ෝ𝐮ෝ൨ = ቈ𝐏𝐏 −  𝟎𝐑 ൨        (31) 

Here, the vector of nodal forces 𝐏 is split into contributions due to external loads 𝐏௫ =ሾ𝐏 𝐏ሿ and due to the coupling forces 𝐑 . The external loads are partitioned into the 
interior loads 𝐏 and interface loads 𝐏𝐛. This is illustrated in Figure 4. The dynamic stiffness 
matrix 𝐒ஶ(𝜔∗, 𝜉 = 1) relates the amplitudes of the coupling forces to the amplitudes of the 
displacements at the near field/far field interface all in cylindrical coordinate. To obtain the 
coupling force vector 𝐑 (𝜃, 𝑠) in cylindrical coordinate  𝐑 (𝜃, 𝑠) =  𝐓𝐒ஶ(𝜔∗, 𝜉 = 1) 𝐓𝐮ෝ   (32) 

 
Figure 4 - FEM-SBFEM coupling: partitioning of degrees of freedom 

 

Where the transformation matrix T is for converting cylindrical to Cartesian coordinate. 
Substituting Eq. (32) into Eq. (31) 

K − 𝜔ଶM        K − 𝜔ଶሾMሿK − 𝜔ଶM      K − 𝜔ଶM + TSஶ(𝜔∗, 𝜉 = 1) T்൨ uොuො൨ = ቈPP    (33) 
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or 𝐒ீ(𝜔)𝐮ෝ= 𝐏௫                            (34) 

with the complex dynamic stiffness matrix 𝐒ீ(𝜔) of the coupled soil-structure system. Using 
Eq. (34), the displacement amplitudes of the near field due to time-harmonic external loads 𝐏௫ can be calculated. 

 

4. NUMERICAL EXAMPLES 

In this section, dynamic response of various foundations has been calculated with respect to 
the aforementioned derivation. A combined 3D FEM-Axisymmetric SBFEM program has 
been developed in the MATLAB programming language. In the solution procedure, 3D 8-
node isoparametric brick elements are used for the FE mesh and a conforming mesh of 2-
node linear elements are utilized for the SBFEM. The mesh needed for modeling the structure 
are first created in ANSYS commercial software [48] and then imported into the program as 
input. The numerical results obtained using the proposed method is later compared to 
reference solutions. Stiffness coefficients are presented in numerical results which is defined 
by: 𝐒(𝑎) =  𝐊௦௧௧ ൫𝐤(𝑎) +  𝑖𝑎𝐜(𝑎)൯     (35) 

In Eq. (35), the symbols Kstat, k(a0) and  c(a0)  denote the static stiffness coefficient and the 
frequency-dependent spring and damping coefficient, respectively. The dimensionless 
frequency a0 is defined as 𝑎 =  𝜔 బೞ               (36) 

where r0 is a typical physical dimension of the foundation and cs is the shear wave velocity, 𝑐௦ = ඥ𝐺/𝜌. 
 

4.1. Rigid Circular Foundation on Homogeneous Soil Layer  

A rigid, massless circular foundation of radius r0 resting on a homogeneous soil layer of 
thickness d=3r0 and Poisson’s ratio 𝜐 = 1/3  is considered. The influence of the 
discretization on the static stiffness coefficient computed using the proposed method is 
studied. For the particular problem considered here, only the first two terms of the Fourier 
series is needed. Only the first term (n=0) is necessary for the analysis of vertical vibration 
(symmetric case) or torsional vibration (antisymmetric case), and only the second term (n=1) 
is needed for the study of horizontal or rocking vibration. The vertical, horizontal, rocking or 
torsional static stiffness coefficients of the rigid foundation computed using different meshes 
are summarized in Table 1. Four of these meshes are shown in Figure 5 for illustration 
purpose. 
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Good agreement between these reference solutions [30] and the numerical results is obtained 
modeling the near field with only 6 finite elements (discretization 2). Using this coarse mesh, 
the static stiffness coefficients calculated using the proposed method differ from the reference 
solutions by 8%, 8%, 9% and 23% for vertical, horizontal, rocking and torsional excitation, 
respectively. Table 1 provides the computed static stiffness coefficients that converge to the 
values given by Gazetas when the mesh is refined. Using discretization 4 (1430 finite 
elements, 12 scaled boundary elements), the vertical, horizontal, rocking and torsional 
stiffness coefficients obtained numerically differ from the reference solutions by only 4%, 
1%, 1% and 11% respectively. This confirms that the derivation of the proposed 
axisymmetric SBFEM and the novel coupling method for three-dimensional layered systems 
is correctly implemented. 

    

Figure 5 - Rigid circular foundation resting on homogeneous soil over rigid bedrock: 
Discretization 1 to 4 

 

Table 1 - Convergence of static stiffness coefficients with decreasing mesh size 
Discretization  Vertical  

n=0 
kstat.v  
[G0r0] 

Horizontal 
n=1 
kstat,h  
[G0r0] 

Rocking  
n=1 
kstat,r  

[G0r30] 

Torsion  
n=0 
kstat,t  

[G0r30] 

Nr. Number 
of layers  

1 4 9.541 6.430 4.907 7.221 
2 6 9.213 6.060 4.603 6.570 
3 8 9.052 5.870 4.449 6.258 
4 12 8.882 5.667 4.285 5.948 

Reference solution 
[30] 8.560 5.600 4.222 5.333 
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4.2. Rigid Circular Foundation on Homogeneous Soil Layer under Dynamic Load 

Consider a rigid, massless circular foundation of radius r0 which is resting on a homogeneous 
soil layer of thickness d = r0 which the axisymmetric system is discretized using 10 2-node 
scaled boundary elements and 4752 8-node finite elements, as shown in Figure 6. 

The computed dynamic spring and damping coefficients are given by Figures 7 and 8 for 
horizontal and vertical, rocking and torsional motion, respectively.  

The numerically obtained static stiffness coefficients Kstat are summarized in Table 2. 

The dynamic stiffness coefficients computed using the proposed method are compared to 
reference solutions, where original results were previously published in Ref. [28, 29].  

In general, the dynamic stiffness coefficients of layered soil resting over bedrock are strongly 
frequency-dependent. The first three eigen frequencies of the homogeneous layer 
corresponding to propagating P-waves or shear waves, respectively, are given in Table 3. 

As depicted in Figures 7 and 8, the cutoff-frequency and higher Eigen frequencies are 
represented accurately using the proposed method. For all four modes of vibration, the 
damping coefficient is zero below the cutoff-frequency (that is 1.571). In general, the 
stiffness coefficients computed using the proposed method agrees well with the reference 
solutions. For the horizontal vibration which is obtained from the second term of series (n=1), 
the curves produced using the proposed method are more different than those calculated using 
TLM. This could be due to the fact that solid elements produced by the ANSYS mesh 
generator [49] suffer from shear locking in numerical modelling while they have not been 
used in TLM. Moreover the components of coupled swaying-rocking stiffness could be 
defined differently with the results of TLM published in [29]. 

 

 
Figure 6 - Rigid circular foundation of radius r0 resting on homogeneous soil layer of 

thickness d = r0. System and discretization 
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Figure 7 - Dynamic stiffness coefficients of rigid circular foundation of radius r0 resting on 

a homogeneous soil layer of thickness d0: (a) horizontal (n=1), (b) vertical (n=0). 

 

 
Figure 8 - Dynamic stiffness coefficients of rigid circular foundation of radius r0 resting on 

a homogeneous soil layer of thickness d0: (a) torsion (n=0), (b) rocking (n=1). 
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Table 2 - Static stiffness coefficients of rigid circular foundation of radius r0 resting on 
homogeneous soil layer of thickness d=r0 

 Vertical  
kstat.v  

Horizontal 
kstat,h  

Rocking  
kstat,r  

Torsion  
kstat,t  

Birk and Behnke [28]  15.927 G0r0 7.775 G0r0 5.514 G0r3
0 6.027 G0r3

0 
Axisymmetric SBFEM-
FEM 15.956 G0r0 8.081 G0r0 5.603 G0r3

0 6.124 G0r3
0 

 

Table 3 - Dimensionless eigen frequencies of homogeneous soil layer of depth d 

Eigen frequency j Shear waves cs 

horizontal and torsion 
P-waves cp 

vertical and rocking 

1 (Cut-off frequency) 12 𝜋 = 1.570 𝜋 = 3.141 

2 32 𝜋 = 4.712 3𝜋 = 9.424 

3 52 𝜋 = 7.853 5𝜋 = 15.707 

 

4.3. Rigid Circular Foundation on Inhomogeneous Soil Layer  

Considering a rigid circular foundation resting on a three parallel soil strata, as shown in 
Figure 9, the proposed method has been used to analyze a layered system with 
inhomogeneous material properties. 

A constant hysteretic damping ratio of D=0.05 is assumed throughout the total thickness of 
the layer.  This system has also been analyzed by Wolf and Preisig [18], and Birk and Behnke 
[28].  

The soil depth has been discretized using 20 2-node scaled boundary elements and 7392 8-
node finite elements. The corresponding mesh is shown in Figure 9. 

Figure 10 shows the computed dynamic stiffness coefficients normalized using 
corresponding static stiffness.  

The reference solutions shown in Figure 10 are the `TLM exact' solutions published in Ref. 
[29] by thin-layer method and 3D-modifeid scaled boundary method published in Ref. [28].  

The numerical results shown in Figure 10 agree well with the reference solutions. 

Moreover, the explanation for deviation of horizontal vibration overlaps with the discussions 
made under section 4.2. 
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4.4. Rigid Circular Foundation Embedded in Homogeneous Soil Layer 

A rigid circular foundation of radius r0 is embedded with depth t = r0 in a homogeneous soil 
layer of thickness d =3r0 with Poisson’s ratio 𝜐 = 1/3. Hysteretic damping of D=0.05 is 
assumed. 

 

 
  

Figure 9 - Rigid circular foundation resting on inhomogeneous soil layer - discretization 

 

The cylinder is modeled using 10 2-node scaled boundary elements and 440 8-nodes finite 
elements, as shown in Figure 11. 

The static stiffness coefficients given in Refs. [18, 28] and the corresponding values 
calculated using the proposed method are summarized in Table 4. 

The vertical and torsional dynamic stiffness coefficients which are calculated by using the 
proposed method are given in Figure 12. 

These numerical results are compared to reference solutions which have been published in 
Refs. [18, 28]. The `exact' solutions in Ref. [18] and in Figure 12 have been calculated by 
Emperador and Dominguez [50] using the boundary element method with a very fine 
discretization. 

The agreement of the stiffness coefficient computed using the proposed method with the 
reference solutions based on the boundary element method and modified 3D SBFEM is found 
to be excellent. 
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Figure 10 - Dynamic stiffness coefficients of rigid circular foundation of radius r0 resting 
on inhomogeneous soil layer shown in Figure 9: (a) horizontal (n=1), (b) vertical (n=0), 

(c) rocking (n=1), (d) torsion (n=0). 

 

4.5. Rigid Rectangular Foundation on Homogeneous Soil Layer 

To demonstrate the suitability of the proposed method for dynamic analysis of arbitrary shape 
foundation and study the effect of Fourier series terms, a rigid rectangular foundation of 
L/B=2 on a homogenous soil layer is considered, where B and L are half width and half length 
of foundation respectively. A constant Hysteretic damping of D=0.05 is assumed. The 
rectangular foundation enclosed by a cylinder of radius=3B which is the near field.  

      
Figure 11 - Rigid circular foundation of radius r0 embedded in homogeneous soil layer of 

thickness d = 3r0 – dicretization 
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Figure 12 - Dynamic stiffness coefficients of rigid circular foundation of radius r0 

embedded with depth t = r0 in homogeneous soil layer of depth d = 3r0: (a) vertical (n=0), 
(b) torsion (n=0) 

 

Two cases with different depth ratios (h=4B and 6B) are considered. The boundaries of these 
two systems have been discretized using 16 and 24 scaled boundary elements respectively 
(Figure 13). 

 

Table 4 - Static stiffness coefficients of rigid circular foundation of radius r0 embedded with 
depth r=r0 in homogeneous soil layer of thickness d=3r0 

 Vertical 
kstat,v 

Torsion 
kstat,s 

Axisymmetric SBFEM- FEM 16.509 G0r0 20.482 G0r3
0 

Wolf and Preisig [17] 16.14 G0r0 20.22 G0r3
0 

Birk and Behnke [28] 14.771 G0r0 20.641 G0r3
0 
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Three terms of series are needed to accurately represent the problem. Figure 14 shows the 
numerically obtained vertical impedances for n=2 along with values obtained by other 
researcher. The other results were obtained using the boundary solution method by Chow 
[51] and 3D frequency-dependent infinite element method by Seo et al., [52]. The proposed 
solution is found to be close to the reference values. Obtained results revealed that for a rigid 
rectangular foundation under vertical pressure, the Fourier series terms up to n=2 is sufficient. 

 
Figure 13 - Rigid rectangular foundation (L=B=2) resting on homogeneous soil layer - 

discretization: (a) h/B = 4, (b) h/B = 6 

 

5. CONCLUSION 

In this paper, an efficient computational model is presented for harmonic analysis of soil-
structure interaction problem via a novel coupling of Axisymmetric SBFEM-3D FEM model. 

It is based on deriving an axisymmetric scaled boundary finite element method for 
elastodynamic problems in three-dimensional layered media. Major differences both with 
respect to formulation and solution techniques occur with the original scaled boundary finite 
element method. 

In the next step, the axisymmetric SBFEM formulation of unbounded domain will be coupled 
to the 3D finite element of the near field by a novel idea using the Fourier coefficients. The 
proposed method has been validated by calculating the static and dynamic stiffness of various 
foundation-soil systems.  

The near field which can be of arbitrary complexity should be enclosed by a cylinder. Only 
the first term of series (n=0) is needed for the vertical and torsional vibration of rigid circular 
foundation, while for the horizontal and rocking vibration, the second term (n=1) should be 
used. The study demonstrate the need of three terms of Fourier series (n=2) for a rigid 
rectangular foundation.  
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To sum up, it can be said that the proposed method is very well suited for the frequency 
analysis of three-dimensional foundations of arbitrary shape, which are embedded in or 
resting on layered inhomogeneous soil. 

 
Figure 14 - Vertical impedances of rigid rectangular foundation resting on homogeneous 

soil layer (L/B = 2, ν = 0.33, D = 0.05) (a) h/B = 4, (b) h/B = 6 

 

Symbols 𝜉               : Scaled radial coordinate 𝜔              : Angular frequency σ               : Stress 

D              : Constitutive matrix u               : Displacement ε               : Strain 

L               : Differential operator in cylindrical coordinate Lത               : Equilibrium operator in cylindrical coordinate 

N(s)          : Shape function matrix 

n               : Term of Fourier series (n>=0)  F௨௦ ,    F௨    : Symmetric and anti-symmetric trigonometric matrix 
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P௦, P       : Symmetric and anti-symmetric equivalent nodal force E ௦,  E  : Symmetric and anti-symmetric coefficient matrix (0=<i<=5) M௦,  M    : Symmetric and anti-symmetric mass matrix S௦,  S       : Symmetric and anti-symmetric stiffness matrix   𝑎,  𝑏      : Fourier coefficients  f௦, f        : Symmetric and anti-symmetric loading vector of the discretized line K              : Static stiffness matrix M              : Mass matrix P               : Nodal force R            : Coupling force P௫            : External loads P              : Interior loads Pୠ             : Interface loads 

T               : Transformation matrix 𝑎             : Dimensionless frequency 𝐺              : Shear modulus 𝜌               : Density 𝜐               : Poisson’s ratio 

cs                      : Shear Wave velocity 

Kstat                : Static stiffness coefficient 
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