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Oz: Epstein-Barr Virus (EBV) Herpesviridae familyasma ait diinyada yaygin olarak gériilen, orofarinks
salgilari ile yakin temas, kan ve kontamine esyalarla bulagabilen DNA yapili bir viriistiir. EBV enfeksiyonlar1
genel itibariyle ergenlik doneminde gelismekte ve asemptomatik olarak seyretmektedir. EBV yapisinda
bulundurdugu Epstein Barr Niikleer Antijenleri (EBNA), Viral kapsid antijeni (VCA) ve Latent membran
protein (LMP) ile konakg1 hiicreyi enfekte edebilen ve enfeksiyon esnasinda latent olarak kalabilen giiglii bir
viriistiir. Dogal sartlarda konakgida latent halde bulunan EBYV, firsat buldugu zaman Infeksiyoz Mononiikleoz
(IM), Burkitt Lenfoma (BL) gibi ciddi hastaliklara neden olabilmektedir. EBV’nin neden oldugu en riskli ve
ciddi hastalik BL’dir. BL, 6zellikle MY C (Myelocytomatosis, Avian myeloblastosis virus oncogene cellular
homolog) genlerinin immunoglobulin zincirlerindeki translokasyonu sonucu ortaya ¢ikmaktadir.

Anahtar Kelimeler — Epstein Barr Viriisii (EBV), Burkitt Lenfoma (BL), EBNA , VCA, LMP.

Abstract: Epstein-Barr Virus (EBV) belongs to the Herpesviridae family is a DNA virus that widely seen all
the world and it can be transmitted through close contact, oropharyngeal secretions, blood and contaminated
belongings. EBV infections generally emerge in childhood and remains asymptomatic. Epstein Barr Nuclear
Antigens (EBNA), Viral capsid antigen (VCA) and Latent Membrane Protein (LMP) are strong a virus that
can infect host cells and remain latent during infection. If EBV is latent in the host under natural conditions,
it can affect the cell and cause severe diseases such as Infectious Mononucleosis (IM), Burkitt's lymphoma
(BL). BL is undoubtedly the most risk and serious disease cause of EBV. BL is especially an emerge as the
translocation genes of MYC a results immunoglobulin chains.

Keywords — Epstein Barr Virus (EBV), Burkitt’s Lymphoma (BL), EBNA, VCA, LMP.

GIRIS

[k izole edilen insan tiimér viriisii olan Epstein-Barr viriisii (EBV), 1964'te Epstein'in grubu
tarafindan Burkitt lenfomasindan tiiretilen bir hiicre hattinda tanimlanmistir (Epstein et al.,
1964). EBV, hem bulasict mononiikleozise hem de lenfoproliferatif hastalia neden olabilen
yaygin bir insan herpes viriisiidiir. EBV 6zellikle yakin temasla bulagsmakta ve ilk olarak oral

kavitedeki lenfoepitelyal hiicrelere ve B lenfositlere yerleserek burada persistan
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enfeksiyonlara neden olmaktadir. EBV, kisilerde her yasta goriilmesine karsin &zellikle
primer enfeksiyonu ¢ocukluk doneminde ortaya ¢ikmakta ve geg¢ ergenlik ¢caginda veya ileri
yaglarda bulasict mononiikleoz ile sonuclanmayarak spesifik olmayan semptomlara neden
olabilmektedir (Maeda et al., 2009). EBV ozellikle iki yas altinda genellikle asemptomatik
olmakla beraber klinik bulgular1 ates, halsizlik, bogaz agrisi, eksudatif tonsillit ve
lenfadenopati seklinde belirmektedir. Tonsiller, viriisiin ilk tutulum yeri ve ayn1 zamanda
kaynagi durumundadir (Caglar et al., 2014). Hastaligin seyrinde genellikle litik evreler
birincil enfeksiyonlarda rol alirken, tekrarlayan enfeksiyonlarda daha ¢ok latent (gizli) evreler
onem arz etmektedir. Primer enfeksiyon olustuktan sonra EBV latent hale gelebilmekte ve
periferal kan i¢indeki lenfositlere giderek enfekte kisiye Omiir boyu siirecek bir EBV
tastyiciligr saglamaktadir (Liebowitz and Kieff, 1993). Bu esnada viriis konak¢1 B hiicrelerini
ve epitelyumu enfekte edebilmektedir. Viriisiin hiicreye girisi ile konak hiicre ¢ekirdeginde
EBV niikleer antijenleri saptanmaktadir. EBV niikleer antijenlerinin olusturdugu bir dizi uyari
sonucu basta latent membran proteinleri 1 ve 2 (LMP-1 ve 2) olmak {iizere ¢esitli proteinler
sentezlenmektedir. Bu proteinlerin karmasik iligkileri sonucu hiicre DNA’sina entegre olan
proviriis latent halde kalmakta ve immiin sistemi baskilanmis kisilerde sonradan yeniden
reaktive olabilmektedir (Fidan ve ark., 2005). Litik dongii ile iliskili mekanizmalar
incelendiginde ise bu mekanizmalarin viriisiin yatay yayilim: ve B hiicrelerinin ¢ogalmasina

onemli oranda katkida bulundugu gériilmektedir (Young and Rickinson, 2004).

EBV’nin Tanimlanmasi

Fiziksel yapisi

EBV, toroid (oval) bi¢imli, zarfl1 bir DNA viriisii olup, 162 kapsomeri olan bir niikleokapsid
ile niikleokapsid ve zarf arasinda bir protein zar bulunduran tipik bir herpesviriistiir

(Liebowitz and Kieff, 1993). EBV genomu 85’den fazla geni kodlayan dogrusal, ¢ift iplikli ve
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yaklagik 172 kb biiyiikliiginde DNA molekiiliine sahiptir (Sample and Sample, 2008). Viral
genomun yapisinda diziye 6zgii kesim noktalart bulunmaktadir (BamHI, BamHIIA, BARF1
ve BARFII). EBV’de asil enfeksiyon isleminden sorumlu olan EBNA (Epstein-Barr niiklear
antijenleri) ve LMP’ler ile genomda EBERs (Epstein—Barr virus-encoded small RNAS) olarak
adlandirilan kodlanmayan RNA’lardir. EBV nin hiicrede ¢ogalmasi i¢in gerekli olan ZEBRA
(Z Epstein-Barr Viriis Cogaltma Aktivatorii) protein aktivatorii de viral genomun olusumu

esnasinda yapisina katilmaktadir (Miller, 1990). (Sekil 1.)

1 25 50 75 100 125 150 172
L 1 | | | 1 | J

TR IR1 U2 IR2 IR3 IR4 TR

U1 j{m U3 | U4 | Us
m [ |
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BCRF1 gp350 ZEBRA Viral Polymerase
Capsid Antigen

Thymidine Kinase

enycones Q)1 (TN i N
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Sekil 1. Epstein Barr Viriisii Genomu ve Enfeksiyonu Isleminde Kullanilan Proteinler (Straus et al. 1993)

Biyolojik ozellikler

Insanlarda EBV-1 ve EBV-2 olmak iizere iki temel EBV tipi tespit edilmistir. Bu iki tipin
ayiriminda, EBV niikleer antijenlerini (EBNA-2, EBNA-3A, EBNA 3B / 4 ve EBNA-3C)
kodlayan genlerin dizilisindeki farkliliklar esas alinmistir (Sample and Sample 2008). Bu
genlerin farkliligina dayali olarak, EBV-1’in B hiicreleri iizerindeki etkisi, EBV-2’nin
etkisinden daha fazla olmakta ve boylelikle lenfoblastoid hiicre dizilerinin yagama yetenegi de
EBV-1’de daha az olmaktadir (Rickinson et al., 1987). Yapilan c¢alismalarda; EBV

reseptorleri (CD21) insan ve primat B lenfositlerinin yilizeyinde ve nadir olarak da
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nazofarengeal epitel hiicrelerinde var oldugu bildirilmektedir. B lenfositlerinin uyarilmasinda,
EBV genomunda bulunan ve ORIP olarak adlandirilan viral promotér’e EBNA-1 proteinin
baglanmasi biiyiikk 6nem arz etmektedir. Dolayisiyla, B lenfositlerdeki enfeksiyonda en ilk
beliren viral antijen EBNA-1’dir, EBNA-1, EBNA-2 proteinini EBNA-2’de EBV’nin
kodladigi LMP’leri aktive etmektedir (LMP1-2). Membranoz proteinlerden biri olan LMP-1,
hiicreler aras1 bazi adezyon molekiilleri ile B hiicrelerinde otokrin biiyiime faktorlerini stimiile
ederek B hiicrelerinde belirsiz tiimorijenik ¢ogalmalara neden olmakta, boylelikle, B-
hiicrelerini  kontrolsiiz ¢ogalan hiicrelere doniistiirerek onkogeneziste 6nemli bir rol

oynamaktadir (Wang et al., 1985).

Konak hiicre

EBV icin tek konak insanlar olup tiire spesifik EBV homologlarina kars1 ¢apraz reaktif
antikorlarin varligindan dolayr bazi yiiksek primatlarda da EBV benzeri viriisler tespit
edilmistir. Yapilan caligmalarda bazi marmosetler ile insanlarda bulunan EBV arasinda

benzerlikler ortaya koyulmustur (Cox et al., 1996).

Epidemiyolojisi

EBV'in neden oldugu IM ve belirli kanserler diinyanin belirli bélgelerinde yaygin olarak
goriilmekte ve epidemisi bolgesel olarak farklilik gostermektedir. Diinya iizerinde goriilme
sikligit % 90-95 oranlarinda oldugu bilinen EBV o&zellikle tiikiirik temas: ile kolayca
bulagsmakta ve bulastig1 kisilerde litik ve latent enfeksiyonlara yol agmaktadir. Bulasma orani

yiiksek oldugu icin viriisti onlemede koruyucu tedbirler ¢ogu zaman miimkiin olamamaktadir

(Abdel-Hamid et al., 1992).

EBV, hiicreye giris i¢in birgok glikoprotein kullanmakta ve bu zarf glikoproteinlerden
ozellikle gB, gH ve gL epitelyal hiicrelere girmek ve niikleokapsidlerini birakmak i¢in bir

dimer olusturmaktadirlar (Matsuura, 2010). Epitelyal hiicrelerin enfeksiyonunda genellikle
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litik evre tetiklenirken B hiicrelerinin enfeksiyonunda ise 6zellikle latent evre goriilmektedir.
B hiicrelerinin EBV enfeksiyonunun, viral zarf glikoprotein gp350/220'nin C3d kompleman
bileseni ve CR2 (CD21) hiicresel reseptorlerinin etkilesimi aracilifiyla basladig: bilinmektedir
(Fingeroth et al., 1984). EBV’nin konak¢1 hiicrenin yilizeyine tutunmasindan sonra, diger ii¢
viral glikoproteinin (gp85, gp25 ve gp42) konakg1 hiicrenin membrani ile birlestigi (Li et al.,
2004), 6zelikle gp42'nin major histo-kompatibilite kompleksi (MHC) sinif II'ye baglanabildigi
ve EBV'nin bunu B lenfositlerin enfeksiyonunda bir kofaktor olarak kullandigi belirlenmistir.
Bu sekilde EBV, latent evrede B hiicrelerini aktive edecegi proteinleri sentezletmek suretiyle
cogaltmakta ve oOliimsiizlestirmektedir. Boylelikle enfekte olmus hiicrelerin replikasyonu

onlenememekte ve EBV ile iliskili hastaliklar olusmaktadir (Liebowitz and Kieff., 1993).

EBV'nin, CD21'den bagimsiz mekanizmalar yoluyla, az da olsa hiicreleri enfekte edebilecegi
ve ayrica gp350/220'si eksik olan bir virlisiin de hala enfeksiyoz olabildigi bilinmektedir.
CD21l'den bagimsiz enfeksiyon yollari, B lenfositleri disindaki hiicrelerin EBV
enfeksiyonundan sorumlu olabilecegini diisiindiirmektedir (Imai et al., 1998). EBV'nin B-
lenfotropik bir virlis oldugu diisiiniilse de T lenfositler veya epitelyal hiicreleri de enfekte
edebilme yetisi oldugu bazi galismalarda ortaya koyulmustur. (Thompson and Kurzrock,
2004). EBV ile enfekte olmus bireylerin bazilarinda epitelyal hiicrelerde enfeksiyon tespit
edilmigse de yapilan g¢alismalarin ¢ogunda enfeksiyonun B hiicreleri ile sinirli kaldig
belirtilmistir. EBV’nin epitelyal hiicreler ile enfeksiyonu i¢in en uygun ve olas1 rol, kalic
latent enfeksiyon olusturmaktan ziyade replikasyonu ve amplifikasyonunu en uygun bigimde
yapmak i¢in bir alan olusturma egilimidir (Kieff, 1996). EBV’nin tiim diinyada yasayan insan
popiilasyonlarinda 6zellikle latent formda bulunmasi nedeniyle epidemisini ¢calismak oldukca
giictlir. Ayn1 zamanda EBV’nin farkli bolgelerde yogun olarak goriilmesi nedeniyle de EBV
ile iliskili kanserlerin olusmasinda siklik frekans1 tam olarak belirlenememektedir. Ozellikle

sosyoekonomik durumun diisiik oldugu bolgelerde diger bolgelere nazaran % 60 oraninda
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enfeksiyon riski fazlaligi gozlemlenmektedir. Genetik ve 1k, enfeksiyonun olusmasi i¢in
heniiz bir faktdr olarak nitelendirilmemektedir. Disi bireylerin EBV enfeksiyonlarma karsi
yiiksek oranlarda antikor olusturduklari, bu nedenle de daha ciddi bagisiklik sagladiklart
bilinmektedir. EBV enfeksiyonunda etkili olabilecek c¢esitli faktorler calisilmakta ancak

tatmin edici sonuclar alinamamaktadir.

Patolojisi

EBYV enfeksiyonlarinin biiyiik ¢cogunlugu non-semptomatik oldugu i¢in teshisi olduk¢a zordur
(Klein et al., 2007). EBV ile iliskilendirilen ve ilk tespit edilen hastalik Enfeksiy6z
mononiikleoz (IM)’dur. Mononiikleoz, ara sira hayati tehdit eden komplikasyonlara neden
olabilen bir hastalilk olsa da bazi durumlarda tedavi edilmeye bile gerek
duyulmayabilmektedir. Bu hastaligin disinda, nazofaringeal karsinoma, Burkitt Lenfoma ve
gastrik karsinom gibi ciddi hastaliklarin da EBV ile baglantili oldugu tespit edilmistir (Gruhne

et al., 2009).

EBV ile iliskili kanserlerin teshisinde genellikle in-situ hibridizasyonu ve bu amagla viriisiin
viral proteinleri i¢in dizayn edilen problar kullanilmaktadir. Bu amagcla hastalardan alinan
biyopsi Ornekleri floresan olarak isaretlenmis problarla muamele edilerek virlisiin varligi
floresan mikroskobunda tespit edilmektedir. Yine bu amaca uygun olarak gelistirilen
monoklonal antikorlar, tip uzmanlarinin son yillarda EBV ile iligkili farkli kanser tiirlerini

daha kolay tanimlamalarini da saglamaktadir.

EBV ve Burkitt Lenfoma

B-lenfositlerin neoplastik proliferasyonu sonucu olugan Burkit lenfoma, ilk kez 1958 yilinda
Afrikali ¢ocuklarda, 6zellikle ¢cenede goriilen, oldukca hizli gelisen ve dliimciil seyredebilen
bir lenfoma tiirii olarak, “Denis Burkitt” tarafindan tanimlanmistir (Yavuz, 2002). Burkitt

lenfoma (BL), endemik (eBL), sporadik (sBL) ve immiin yetmezlik ile iligkili varyantlara
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sahip agresif bir B hiicre malignitesidir. BL'nin olusumunda MYC onkogeninin belirli
immunoglobulin bdlgelerine translokasyonu sonucunda gergeklesen transformasyon olayinin
onemi biiyiiktiir. BL hiicreleri yuvarlak nukleuslu, birka¢ niikleol ve yogun sitoplazmaya
sahip orta biiyiikliikkteki hiicrelerdir. BL tiimorleri, yiiksek sayida apoptoz ve fagositoz
yetenegine sahip makrofajlarin varligindan otiirti, bir “yildizli gokyiizii paterni” sergilerler

(Ferry,. 2006).

BL, insanlarda en hizli biiyiiyen tiimor olup 24 saatlik bir katlanma zamani vardir. Bu
nedenle, BL hastalarinda kemik iligi infiltrasyonuna bagli olarak kemik agrilari, bisitopeni
veya pansitopeni, halsizlik, yorgunluk, solukluk, cilt ve mukoza kanamalar1 ve
enfeksiyonlarla iligkili ates gibi belirtiler hizli bir sekilde ortaya gikabilir (Sandlund et al.,.
2003). BL oldukga agresif bir malign olmasina ragmen kemoterapiye karsi olduk¢a duyarlidir
ozellikle endemik ve sporadik varyasyonlari potansiyel olarak daha fazla iyilesme giicline
sahiptir. Timor yiikiiniin hizla ikiye katlanmasi nedeni ile BL/l6semi tan1 ve tedavi agisindan
en hizli yaklagimi gerektiren malignitedir. Bu nedenle miimkiin olan en kisa siirede tedaviye

baslanmalidir (Brady et al., 2007)

Diinya Saglik Orgiitii (WHO) tarafindan lenfoid neoplazi siniflamasinda son derece agresif
olarak tanimlanan BL’nin endemik, sporadik ve immiin yetmezlik ile iligkili (HIV) tim
varyantlarinda EBV’nin varligi bildirilmistir. EBV ile ¢ok az iligkili olan sBL’nin diinya
capinda yayginlhig: oldukca azdir, Bati1 Avrupa ve Amerika’daki yetigskin lenfomalarin %1-
2’sinden sorumludur. Fakat eBL vakalarinin %95’inden fazlasi EBV ile iliskilidir ve
Afrika’nin ekvatoral kusaginda ve sitmanin hiperendemik oldugu diinyanin diger bolgelerinde
baskindir. (Blum et al., 2004). Afrika'nin ekvatoryal kismi ile sitmanin hiperendemik olarak
goriildiigi bolgelerde EBV’nin daha baskin ve EBV ile iliskili eBL’nin, ¢ocuklarda 5-

10/100.000 insidansa sahip oldugu bununla birlikte bu oranin Afrika ekvatoryal kusaginda
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goriilen ¢ocukluk ¢agindaki malignitelerin % 74'line tekabiil ettigi rapor edilmistir (Van den

Bosch, 2004).

EBV’nin burkitt lenfomadaki rolii

Bazi tiimor hiicrelerinde EBV genomlarinin tespiti, progenitér tiimor hiicresinin EBV ile
enfekteli oldugunu ve tiimoriin tiimoérogenez sathasiin erken bir asamasinda rol oynadigini
gostermektedir (Neri et al., 1991). Ancak, EBV ile enfekteli hiicrelerde viral kapsid antijenine
(VCA) kars1 antikorlarin olusumundan sonra zamanla BL belirtileri ortaya c¢ikmaktadir

(Pagano et al., 2004).

EBV latent gen ekspresyonu ii¢ evrede tamamlamaktadir; latens I (latent evre), latens II
(olusum evresi) ve latens III (gelisim evresi)’diir. Enfeksiyonun III. evresinde, tim latent
genlerin (EBNA, LMP ve EBERS) ekspresyonu gozlemlenmekte ve EBV'nin hiicre
proliferasyonu ile B hiicreleri {izerinde birincil enfeksiyonlar olugmaktadir. eBL hiicreleri
genellikle latent evrede EBNA-1 proteinini ve EBER'leri eksprese etmekte ve bu durumun
EBV'nin tiimor biiylimesine katki da bulunabilecegi bildirilmektedir (Tao et al., 1998). EBV
gen ekspresyonu, MHC smif I genleri, antijen isleme molekiilleri (TAP) ve tiimor
hiicrelerinde yer alan proteozom alt tinitesi LMP7’nin gen ekspresyonun azalmasi ile tiimdoriin
immiin sistemden ka¢gmasi kolaylasmakta bununla birlikte EBV gen {iriinleri de tiimorlerde
BL hiicrelerinin canliligini siirdiirmesine yardimci olmaktadir. BL hiicrelerinde EBNA-1 ve
EBER'lerin ekspresyonu yeterince gergeklesmezse, EBV’nin hiicre icinde canliligini
stirdiirmesi s6z konusu olamayabilmektedir (Hammerschmidt and Sugden, 2004). Apoptozun
onlenmesinde ve BL hiicrelerinin hayatta kalmasinda EBNA-1 ve EBER'lerin 6nemi pek ¢ok
caligmada bildirilmistir. B hiicrelerinde EBNA-1 eksprese eden transgenik fareler iizerinde
yapilan bir ¢aligmada, bu B hiicrelerinin tiimor olusturmaya egilimli oldugu ve B hiicrelerinde

eksprese olan EBNA-1’in inhibisyonu sonucunda da EBV’nin sag kalim oraninin diistiigii
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gozlemlenilmistir. EBNA-1'in inhibe edildigi hiicrelerde, sadece EBV genomunun kayb1 veya
EBER'lerin seviyesindeki degisiklikler degil ayn1 zamanda apoptoz seviyesinde de ciddi
artiglar oldugu bildirilmistir (Wilson et al., 1996). EBER'lerin (EBER1) dsRNA ile aktive
olan protein kinaz reseptorlerine (PKR) baglanarak bu reseptorleri ve ayni zamanda apoptozu
indiikleyen IFN-a’y1 inhibe ettigi bildirilmistir (Nanbo et al., 2005). Hiicresel stres ve
apoptotik yollar1 diizenleyen PKR’nin ayn1 zamanda timor baskilayici ozelliklerinin de,
tiimorogenez olusumunda 6nem arz eden EBER'ler tarafindan inhibe edildigi rapor edilmistir.
IL-10'un EBV-pozitif BL tiimor hiicrelerinde daha yiiksek seviyelerde eksprese edildigi,
nazofaringeal karsinom gibi diger EBV ile iliskili hastaliklarda ¢ok fazla oranda eksprese
edilen mikroRNA'larin ise BL hiicrelerinde ¢ok fazla goriilmedigi bildirilmistir (Kitagawa et
al., 2000). eBL’lerde EBNA-1 ve EBER'lerin ifade edilen tek EBV genleri oldugu
diisiiniiliirken, son zamanlarda yapilan ¢aligmalarda, eBL tiimorlerinin bazilarinda EBNA-3A,
3B, 3C ve LP latent genlerinin de varlig1 gosterilmistir (Cai et al., 2006). Yapilan ¢aligmalar
sonucunda, EBNA-1, 3A, 3B, 3C ve LP pozitif EBNA-2 ile LMP negatif BL hiicrelerinin
apoptozise direngli oldugu, EBNA-2 , LMP1-negatif BL hiicrelerinin ise apoptoz direncinin
daha az oldugu ortaya ¢ikarilmistir (Xue et al., 2002). Dolayisiyla eBL tiimérlerinin, her biri
apoptoza kars1 farkli bir direng seviyesi veren, farkli EBV geninin eksprese edildigi timor

hiicrelerinden olusabilecegi gosterilmistir (Kelly et al., 2006)

SONUC

EBV latent enfeksiyonlarda uzun yillar kalabilmesi nedeniyle hastalik olusmasa bile konak
hiicre i¢in her zaman risk faktorii olarak degerlendirilmektedir. EBV ile enfeksiyona ugramis
bireylerde latent enfeksiyonlarda dahi virlis, B hiicrelerinde c¢ogalmakta ve bagisiklik
yanitindan kurtulmaktadir. Viriis kalitsal materyalini konak hiicre ¢ekirdegine aktardigindan
hicbir zaman ortadan kaldirilamamaktadir. EBV’nin neden oldugu en ciddi hastaliklardan biri

BL olarak bilinmektedir. BL’nin bir¢cok patolojik faktoériin olusumunda katkisi oldugu
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bilindiginden, hastaligin olusumuna neden olan EBV ile ilgili yapilacak giincel aragtirmalarla

bu mekanizmalarin daha da aydinlatilmasi gerekmektedir.

KAYNAKLAR

Abdel-Hamid M, Chen J, Constantine N, Massoud M, Raab-Traub N. 1992. EBV strain variation: geographical

distribution and relation to disease state. Virology. 190:168-175.
Blum KA, Lozanski G, Byrd JC. Adult Burkitt leukemia and lymphoma. Blood 2004;104:3009-20.

Brady G, MacArthur GJ, Farrell PJ, 2007. Epstein—Barr virus and Burkitt lymphoma. J Clin Pathol. 60(12):

1397-402.

Cai X, Schafer A, Lu S. 2006. Epstein—Barr virus microRNAs are evolutionarily conserved and differentially

expressed. PLoS Pathog 2006;2:e23.

Cox C, Chang S, Karran L. 1996. Persistent Epstein-Barr virus infection in the common marmoset (Callithrix

jacchus). J Gen Virol. 77:1173-1180.

Caglar M, Balct Y, Polat A, Cevahir N, Colgecen S. 2014. Enfeksiydoz mononiikleoz tanisi alan hastalarin
degerlendirilmesi. Pamukkale Tip Dergisi, (3), 210-213. Retrieved from

http://dergipark.gov.tr/patd/issue/35413/393437.

Epstein MA, Achong BG, Barr YM. 1964. Virus particles in cultured lymphoblasts from Burkitt’s

lymphma. Lancet. 703-283:702.

Epstein-Barr Virus and Infectious Mononucleosis." Centers for Disease

Control.http://www.cdc.gov/ncidod/diseases/ebv.htm. Accessed: 11/3/12.

Epstein-Barr Virus." International Agency for Research on Cancer. IARC Monographs. 1997. 49-92.

http://monographs.iarc.fr/fENG/Monographs/vol100B/mono100B-6.pdf. Accessed: 11/3/12.

Ferry JA. Burkitt’s lymphoma: clinicopathologic features and differential diagnosis. Oncologist 2006;11:375.
Fidan I, Yuksel S, Imir T. 2005. Degisik yas gruplarinda Epstein-Barr virus antikorlarinin arastirilmasi. J Infect

2005;19:453-456. Cohen JI. Epstein-Barr virus infection. N Engl J Med 2000;343:481-492

TJOS © 2018
http://dergipark.gov.tr/tjos



http://dergipark.gov.tr/tjos
https://www.ncbi.nlm.nih.gov/pubmed/18042696

Vol. 111, Issue 1, 2018 Epstein Barr Viriisii ve Burkitt Lenfoma 11

Fingeroth JD, Weis JJ, Tedder TF, Strominger JL, Biro PA, Fearon DT. 1984 Epstein-Barr virus receptor of

human B lymphocytes is the C3d receptor CR2. 1984; 81(14): 4510-4514.

Gruhne B, Sompalle R, Marescotti D, Kamranvar SA, Gastaldello S, Masucci MG. 2009. The Epstein-Barr virus
nuclear antigen-1 promotes genomic instability via induction of reactive oxygen species. PNAS. 106(7):
2313-2318.

Hammerschmidt W, Sugden B. 2004. Epstein—Barr virus sustains Burkitt’s lymphomas and Hodgkin’s disease.

Trends Mol Med 6-10:331.

Imai S, Nishikawa J, Takada K. 1998. Cell-to-cell contact as an efficient mode of Epstein-Barr virus infection of

diverse human epithelial cells. 1998 May;72(5):4371-8
Kelly GL, Milner AE, Baldwin GS. 2006. Three restricted forms of Epstein—Barr virus latency counteracting

apoptosis in c-myc-expressing Burkitt lymphoma cells. Proc Natl Acad Sci USA 40-103:14935.

Kieff E, 1996. Epstein-Barr virus and its replication. In: Fields Virology. Fields BN, Knipe DM, Howley P et al.,
editors. Philadelphia, PA: Lippincott—Raven, pp. 2343-2396.
Kitagawa N, Goto M, Kurozumi K. 2000. Epstein—Barr virus-encoded poly(A)(-) RNA supports Burkitt’s

lymphoma growth through interleukin-10 induction. Embo J 50-19:6742.

Klein E, Kis LL, Klein G. 2007. Epstein-Barr virus infection in humans: from harmless to life endangering virus-
lymphocyte interactions.Oncogene. 26:1297-1305.

Li Y, Webster-Cyriaque J, Tomlinson C, Yohe M, Kenney S. 2004. Fatty acid synthase expression is induced by
the Epstein—Barr virus immediate-early protein BRLF1 and required for lytic viral gene expression J.
Virol. 78(8), in press

Liebowitz D, Kieff E. 1993. Epstein-Barr virus. In: The Human Herpesvirus. Roizman B, Whitley RJ, Lopez C,

editors. New York. 107-172.

Maeda E, Akahane M, Kiryu S, Kato N, Yoshikawa T, Hayashi N, Aoki S, Minami M, Fukayama H, Ohtomo K,

2009. Spectrum of Epstein-Barr virus-related diseases: a pictorial review 15: 8-12.

Matsuura H, Austin N, Longnecker R, Theodore S. 2010. Crystal structure of the Epstein-Barr virus (EBV)

glycoprotein H/glycoprotein L (gH/gL) complex. PMID: 21149717.

Miller G. 1990. The switch between latency and replication of Epstein-Barr virus. J Infect Dis. 44-161:833.

TJOS © 2018
http://dergipark.gov.tr/tjos



http://dergipark.gov.tr/tjos
https://www.ncbi.nlm.nih.gov/pubmed/?term=Fingeroth%20JD%5BAuthor%5D&cauthor=true&cauthor_uid=6087328
https://www.ncbi.nlm.nih.gov/pubmed/?term=Weis%20JJ%5BAuthor%5D&cauthor=true&cauthor_uid=6087328
https://www.ncbi.nlm.nih.gov/pubmed/?term=Tedder%20TF%5BAuthor%5D&cauthor=true&cauthor_uid=6087328
https://www.ncbi.nlm.nih.gov/pubmed/?term=Strominger%20JL%5BAuthor%5D&cauthor=true&cauthor_uid=6087328
https://www.ncbi.nlm.nih.gov/pubmed/?term=Biro%20PA%5BAuthor%5D&cauthor=true&cauthor_uid=6087328
https://www.ncbi.nlm.nih.gov/pubmed/?term=Fearon%20DT%5BAuthor%5D&cauthor=true&cauthor_uid=6087328
https://www.ncbi.nlm.nih.gov/pubmed/?term=Imai%20S%5BAuthor%5D&cauthor=true&cauthor_uid=9557727
https://www.ncbi.nlm.nih.gov/pubmed/?term=Nishikawa%20J%5BAuthor%5D&cauthor=true&cauthor_uid=9557727
https://www.ncbi.nlm.nih.gov/pubmed/?term=Takada%20K%5BAuthor%5D&cauthor=true&cauthor_uid=9557727

12 Y.E. Uslu and A. Gérmez Vol. Ill, Issue I, 2018

Nanbo A, Yoshiyama H, Takada K. 2005. Epstein—Barr virus-encoded poly(A)- RNA confers resistance to
apoptosis mediated through Fas by blocking the PKR pathway in human epithelial intestine 407 cells. J

Virol 5-79:12280.

Neri A, Barriga F, Inghirami G. 1991. Epstein—Barr virus infection precedes clonal expansion in Burkitt’s and

acquired immunodeficiency syndromeassociated lymphoma. Blood 77:1092-5.

Pagano JS, Blaser M, Buendia MA. 2004. Infectious agents and cancer: criteria for a causal relation. Semin

Cancer Biol 14:453-71.

Rickinson AB, Young LS, Rowe M. 1987. Influence of the Epstein-Barr virus nuclear antigen EBNA 2 on the

growth phenotype of virus-transformed B cells. J Virol, 61: 1310-1317. PMID:3033261

Sample JT, Sample CE. 2008. Epstein-Barr Virus: Molecular Biology. In: Encyclopedia of Virology. Mahy

BWJ, van Regenmortel MHV, editors. Oxford: Academic Press, pp 157-167.

Sandlund JT, Murphy SB, Santana VM, Behm F, Jones D, Berard CW, Furman WL, Ribeiro R, Crist

WM, Greenwald C, Chen G, Walter A, Pui CH, 2000. CNS involvement in children with newly

diagnosed non-Hodgkin's lymphoma.

Straus SE, Cohen JI, Tosato G and Meier J, 1993. Epstein-Barr Virus Infections: Biology, Pathogenesis, and

Management. Annals of Internal Medicine. 118:45-58.

Tao Q, Robertson KD, Manns A. 1998. Epstein—Barr virus (EBV) in endemic Burkitt’s lymphoma: molecular

analysis of primary tumor tissue. Blood 91:1373-81.

Thompson MP, Kurzrock R, 2004. Epstein-Barr virus and cancer. 2004 Feb 1;10(3):803-21

Van den Bosch CA. 2004. Is endemic Burkitt’s lymphoma an alliance between three infections and a tumour
promoter? Lancet Oncol 5:738-46.
Wang D, Liebowitz D, Kieff E. 1985. An EBV Membrane Protein Expressed in Immortalized Lymphocytes

Transforms Established Rodent Cells. Cell. 43: 831-840.

Wilson JB, Bell JL, Levine AJ. 1996. Expression of Epstein—Barr virus nuclear antigen-1 induces B cell

neoplasia in transgenic mice. Embo J 26-15:3117.

Xue SA, Labrecque LG, Lu QL 2002. Promiscuous expression of Epstein—Barr virus genes in Burkitt’s

lymphoma from the central African country Malawi. Int J Cancer 43-99:635.

TJOS © 2018
http://dergipark.gov.tr/tjos



http://dergipark.gov.tr/tjos
https://www.ncbi.nlm.nih.gov/pubmed/?term=Sandlund%20JT%5BAuthor%5D&cauthor=true&cauthor_uid=10944136
https://www.ncbi.nlm.nih.gov/pubmed/?term=Murphy%20SB%5BAuthor%5D&cauthor=true&cauthor_uid=10944136
https://www.ncbi.nlm.nih.gov/pubmed/?term=Santana%20VM%5BAuthor%5D&cauthor=true&cauthor_uid=10944136
https://www.ncbi.nlm.nih.gov/pubmed/?term=Behm%20F%5BAuthor%5D&cauthor=true&cauthor_uid=10944136
https://www.ncbi.nlm.nih.gov/pubmed/?term=Jones%20D%5BAuthor%5D&cauthor=true&cauthor_uid=10944136
https://www.ncbi.nlm.nih.gov/pubmed/?term=Berard%20CW%5BAuthor%5D&cauthor=true&cauthor_uid=10944136
https://www.ncbi.nlm.nih.gov/pubmed/?term=Furman%20WL%5BAuthor%5D&cauthor=true&cauthor_uid=10944136
https://www.ncbi.nlm.nih.gov/pubmed/?term=Ribeiro%20R%5BAuthor%5D&cauthor=true&cauthor_uid=10944136
https://www.ncbi.nlm.nih.gov/pubmed/?term=Crist%20WM%5BAuthor%5D&cauthor=true&cauthor_uid=10944136
https://www.ncbi.nlm.nih.gov/pubmed/?term=Crist%20WM%5BAuthor%5D&cauthor=true&cauthor_uid=10944136
https://www.ncbi.nlm.nih.gov/pubmed/?term=Greenwald%20C%5BAuthor%5D&cauthor=true&cauthor_uid=10944136
https://www.ncbi.nlm.nih.gov/pubmed/?term=Chen%20G%5BAuthor%5D&cauthor=true&cauthor_uid=10944136
https://www.ncbi.nlm.nih.gov/pubmed/?term=Walter%20A%5BAuthor%5D&cauthor=true&cauthor_uid=10944136
https://www.ncbi.nlm.nih.gov/pubmed/?term=Pui%20CH%5BAuthor%5D&cauthor=true&cauthor_uid=10944136
https://www.ncbi.nlm.nih.gov/pubmed/?term=Thompson%20MP%5BAuthor%5D&cauthor=true&cauthor_uid=14871955
https://www.ncbi.nlm.nih.gov/pubmed/?term=Kurzrock%20R%5BAuthor%5D&cauthor=true&cauthor_uid=14871955

Vol. 111, Issue 1, 2018 Epstein Barr Viriisii ve Burkitt Lenfoma 13

Yavuz G, 2002. Burkitt lenfomasi1 ve Tiirkiye, XII. 7. Tiirk Pediatrik Onkoloji Grubu Kongresi, Yu-varlak

hiicreli tiimorler, 22-25 Mayis, 2002, Istanbul, Kongre kitab1,42-49)

Young LS, Rickinson AB. 2004. Epstein-Barr Virus: 40 Years On. Nature Reviews. 4:757-768.

TJOS © 2018
http://dergipark.gov.tr/tjos



http://dergipark.gov.tr/tjos

TURKISH JOURNAL OF SCIENCE
VOLUME III, ISSUE I, 14-31 http://dergipark.gov.tr/tjos
ISSN: 2587-0971

Tiirevlenebilen Geometrik Konveks Fonksiyonlar icin Hadamard Tipli integral
Esitsizlikler

Hadamard Type Integral Inequalities for Differentiable Geometrically Convex
Functions

Nurullah KILIC! and Ahmet Ocak AKDEMIR?"

. Ministery of National Education, Agr1, Turkey
2Agr1 Ibrahim Cegen University, Faculty of Science and Letters, Department of Mathematics, Agr1, Turkey
*Sorumlu yazar / Corresponding Author: aocakakdemir@gmail.com

Gelis Tarihi / Received Date: 23 August 2018
Kabul Tarihi / Accepted Date: 29 December 2018

“Bu ¢alisma “Geometrik konveks fonksiyonlar {izerine baz1 integral esitsizlikler” baslikli (Nurullah KILIC, Agr1 Ibrahim
Cecen Universitesi, Fen Bilimleri Enstitiisii, 2016) yiiksek lisans tezinden iiretilmistir.

Oz: Bu caligmada oncelikle iki integral esitsizligi elde edilmis ve bu iki esitlik yardimiyla tiirevlenebilen
geometrik konveks fonksiyonlar i¢in bazi Hadamard tipli integral esitsizlikler ispat edilmistir. Ayrica elde
edilen bulgulara ait bazi uygulamalar verilmistir.

Anahtar Kelimeler — Hadamard Esitsizligi, Geometrik konvekslik, Holder Esitsizligi.
Abstract: In this study, firstly two integral identity have been obtained and some Hadamard type integral
inequalities have been proved for geometrically convex functions by using these two integral identities. Also,

some applications related to findings have been given.

Keywords — Hadamard Inequality, Geometrically convexity, Holder inequality.

1. GIRIS

Bu boliimde c¢alismada kullanilacak olan bazi temel tamimlar ve literatirde mevcut bazi
teoremler verilecektir.

Tanim 1.1. (Geometrik Konveks Fonksiyon) f:/ c R, —» R, fonksiyonu verilsin. Eger f
fonksiyonu, her x,y € I ve t € [0,1] igin

Oy < F IO

esitsizligini sagliyorsa f fonksiyonuna geometrik konveks fonksiyon denir (Zhang et al. 2012).

Tanum 1.2. (Harmonik Konveks Fonksiyon) Ic R/{0} bir agik aralik olsun. f:1 - R bir

fonksiyon olmak tizere eger Vx,y € [ ve a € [0,1] igin
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(o) < f )+ - f (x)

ax+(1-a)y

esitsizligini sagliyorsa f fonksiyonuna harmonik konveks fonksiyon denir (Anderson et al.
2007).

Tamm 1.3. (Ortalama Fonksiyonu) M fonksiyonu M: (0, ) X (0,00) — (0,) seklinde

verilsin. Eger

(DM, y) = M(y,x)
2)M((x,x) =x
BRx<Mxy)<y,x<y

() M(ax,ay) = aM(x,y), a>0

sartlar1 saglaniyorsa M fonksiyonuna ortalama fonksiyonu denir (Anderson et al. 2007).

Tammm 1.4. (MN- Konveks (Konkav) fonksiyon): f:1 — (0,0) siirekli fonksiyonu

verilsin./ € (0,00)ve M, N herhangi iki ortalama fonksiyonu olsun. Eger Vx, ye I i¢in
f(M(x,3) < (IN(f(x), f()

sart1 saglantyor ise f fonksiyonuna MN —konveks(konkav) fonksiyonu denir (Anderson 2007).

Teorem 1.1. I © (0,00) ve f:1 — (0,00) siirekli fonksiyonu verilsin.(4)-(9) segenekleri igin

I =(0,b),0 < b < o olarak verilsin.

(1) f nin AA —konveks (konkav) olmasi igin gerek ve yeter sart f nin konveks (konkav)

olmasidir.

(2) f nin AG —konveks (konkav) olmasi i¢in gerek ve yeter sart logf nin konveks (konkav)

olmasidir.

(3) f nin AH —konveks (konkav) olmasi igin gerek ve yeter sart 1/f nin konveks (konkav)

olmasidir.

(4) f nin GA —konveks (konkav) olmasi i¢in gerek ve yeter sart f(be~") nin(0, ) iizerinde

konveks (konkav) olmasidir.

(5) f nin GG —konveks (konkav) olmasi igin gerek ve yeter sart f(be™%) nin (0, o) iizerinde

konveks (konkav) olmasidir.
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(6) f nin GH —konveks (konkav) olmasi i¢in gerek ve yeter sart 1/ Fb e_t)nin(O, o) tizerinde
konveks (konkav) olmasidir.

(7) f nin HA —konveks (konkav) olmasi i¢in gerek ve yeter sart f (1/ x) nin (1/ p» ) lzerinde

konveks (konkav) olmasidir.

(8) f nin HG —konveks (konkav) olmasi igin gerek ve yeter sart logf(l/x) nin (1/b,oo)

iizerinde konveks (konkav) olmasidir.
(9) f nin HH —konveks (konkav) olmasi i¢in gerek ve yeter sart 1 /f (1 / ) nin (1/b,oo)
x

iizerinde konveks (konkav) olmasidir (Anderson 2007).

Teorem 1.2. I € (0,) ve f:I— (0,) diferensiyellenebilir fonksiyonu verilsin. (4)-(9)

secenekleri igin I = (0,b) ,0 < b < oo olarak verilsin.

(1) f nin AA —konveks (konkav) olmasi igin gerek ve yeter sart f’(x) nin artan (azalan)

olmasidir.

(2) f nin AG —konveks (konkav) olmasi igin gerek ve yeter sart f (x)/ £ nin artan (azalan)

olmasidir.

(3) f nin AH —konveks (konkav) olmasi i¢in gerek ve yeter sart f (x)/ F(x)? nin artan (azalan)
olmasidir.

(4) f nin GA —konveks (konkav) olmasi i¢in gerek ve yeter sart xf'(x) nin artan (azalan)

olmasidir.

(5) f nin GG —konveks (konkav) olmasi i¢in gerek ve yeter sart xf (x)/ F0 nin artan (azalan)

olmasidir.
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(6) f nin GH —konveks (konkav) olmasi i¢in gerek ve yeter sart xf (x)/ F0)? nin artan (azalan)

olmasidir.

(7) f nin HA —konveks (konkav) olmasi i¢in gerek ve yeter sart x? f’(x) nin artan (azalan)

olmasidir.

2 U
(8) f nin HG —konveks (konkav) olmasi i¢in gerek ve yeter sart xf (x)/ £ nin artan (azalan)

olmasidir.

2 U
(9) f nin HH —konveks (konkav) olmasi i¢in gerek ve yeter sart x'f (x)/ F0? nin artan
(azalan) olmasidir (Anderson 2007).

Teorem 1.3. f:1 € R, — R fonksiyonu I tizerinde diferensiyellenebilir bir fonksiyon, a < b
ve f' € L[a, b] olsun. Eger|f'(x)|qfonksiyonu [a, b] araliginda GA —konveks iseq > 1 i¢in;

b
[bf () = af @] - | feodx

{[L(a® b?) — a®lIf"(@)|? + [b? — L(a® b)]If ' (B)|9}4

<

[~ A D)]' T
20

esitsizligi gegerlidir (Zhang et. al. 2013).

Teorem 1.4. f:1 € R, — R fonksiyonu I tizerinde diferensiyellenebilir bir fonksiyon, a < b

ve f' € L[a, b] olsun. Eger|f'(x)|qfonksiyonu [a, b] araliginda GA —konveks ise g > 1 igin;

1 1

b 2 2 \'Tq g g3
Ibf )= af @] - | f@dx s(lnb—lna)[L(aw—D,b(q—l))] [A|f @['|f o1

esitsizligi gegerlidir (Zhang et. al. 2013).

Teorem 1.5. f:1 € R, — R fonksiyonu I iizerinde diferensiyellenebilir bir fonksiyon, a < b
ve f € Lla, b] olsun. Eger| f'(x)|qfonksiyonu [a, b] arahginda GA —konveks ise g > 1 igin;

b
bf(b) — af (a) — j FOOdx
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1

1
(Inb—Ina) @y ; 24 2a\1*7q
A
g

x {[L(a®, b)) — a®]|f"(@)|? + [b?? — L(a™, bzq)]lf’(b)lq}%
esitsizligi gegerlidir (Zhang et. al. 2013).
Teorem 1.6. f:1 € R, = R fonksiyonu [ iizerinde diferensiyellenebilen bir doniisiim ve
a,b € I° a<b, f e L[a,b] olsun. Eger|f (x)| fonksiyonu [a, b] araliginda GA —konveks ise
bu takdirde

b
‘bf(b) —af(a) - f Fwdu

L(x2, b?) — L(a?, 2 L(a? x?) — a? b? — L(x* b*
S(u )~ L x)>|f'(x)|+((“ - “>|f'<a)|+< “ )>If’(b)l

esitsizligi Vx € [a, b] igin gegerlidir (Avci-Ardig et. al. 2015).

Teorem 1.7. f:1 € R, = R fonksiyonu I tiizerinde diferensiyellenebilen bir doniisim ve
a,b€ I° a<b, f eL[a,b] olsun. Eger| f'(x)|q fonksiyonu [a, b] araliginda GA —konveks ise
bu takdirde

b
bf(b) — af(@) — f fwdu

(@) — If’(x)l"f

-1 11
< (Inx — lna)” a(L(a? x?) —x?)" a 5

+(Inb — lnx)l_%(L(bZ,xZ) _ bz)l—% <|f’(b)|q ; |f’(x)|q>5

esitsizligi Vx € [a, b] ve q = 1 i¢in gegerlidir (Avci-Ardig et. al. 2015).
Teorem 1.8.f:1 € R, - R fonksiyonu [ {izerinde diferensiyellenebilen bir doniisim ve

a,b € 1°, a<b, f' € L[a,b] olsun. Eger|f’(x)|q fonksiyonu [a, b] araliginda GA —konveks ise

bu taktirde

b
bf(b) — af(a) — f fwdu
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Esitsizlikler

1 — 1-2 2 2 1-= / ’ =
< (Inx — lna)4 (qqu) 1 (xq_—ql _ aq_—q1> q <|f )9 ‘; |f (a)|q>q

_ 1 1% 1-1 , , 1
+anb_znx>%(q2q1) q(b%_x%> q<|f (b)|q;|f (x)|q>q

esitsizligi Vx € [a, b] ve ¢ > 1 igin gegerlidir (Avci-Ardig et. al. 2015).
Teorem 1.9. f:1 < R/{0} - R harmonik fonksiyon a,b € I ve a < b olmak iizere eger
f € Lla,b] ise bu durumda

2ab ab (P f(x) f(a) + f(b)
(a+b)S b—a,f x2 dx < 2

a

esitsizligi gecerlidir (Iscan 2014).

Teorem 1.10. f:1 € R, — R fonksiyonu [ iizerinde diferensiyellenebilir bir fonksiyon, a < b

ve f' € L[a, b] olsun. Eger |f'(x)|9fonksiyonu [a, b] araliginda harmonik konveks ise ¢ > 1

i¢in;

fl@+ f(b) ab f

2 b—a [&:1f" (@)1 + &s|f'(D)I9]2

b 1
f(x) ab(b—a) 1—;
2 dx ST‘{l 1

a

esitsizligi gecerlidir ve burada

o 1 2 (a + b)?
L= b—a)? " 4ab
-1 3a+b l (a + b)?

£ =
2= T h=ap " ab
ve

3 1 3a+bl (a+b)2_1{ .
“alb—-a) (b-a)3 "' aap TR

seklinde tamimlidir (Iscan 2014).

43

Teorem 1.11. f: 1 € R, — R fonksiyonu I iizerinde diferensiyellenebilir bir fonksiyon, a < b

ve f' € L[a, b] olsun. Eger |f'(x)|?fonksiyonu [a, b] araliginda harmonik konveks ise
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1

%) 1
>p [ lf' @1 + wlf ()14

f@+ f(b) ab [Pf(x) ab(b—a) 1
2 _b—af x2 dx‘s 2 <p+1

a

esitsizligi % + % = 1 olacak sekilde g > 1 icin gecerlidir ve burada

a’”% + b2 [(b — a)(1 — 2q) — a]]

M T 20 - (- (- 20)
_ @ — a1 — a)(1 - 29) — a]
S TR I CR IR T
seklinde tanimlidir (Iscan 2014).

2. GEOMETRIK KONVEKS FONKSIYONLAR ICIN INTEGRAL ESITSIZLIKLER

Lemma 2.1. f:1 € R* - Rfonksiyonu [ iizerinde diferansiyellenebilen bir doniisiim ve
a,b €I’ ve a < b olsun. Eger f' € L[a,b] ise n € N,n > 1 i¢cin asagidaki esitlik gecerlidir:

b 1
b"f(b) —a™f(a) — n f x"f (x)dx = (Inb — Ina) f aDEpDA-D 1 (qtpl=t)qg
a 0

Ispat: Bu lemmay ispatlamak igin,

1
j a(n+1)tb(n+1)(1—t)fl(atbl—t)dt
0

integralinde,

x = athl-t

degiken degistirmesi yapilirsa,

1 a
Ina) fb x"f'(x)dx

1
M+t (+1)(A—t) £1( ot 1=t 5 —
joa b f(@ bt ==

1 b
= b~y L") — @ (@) _nf 1 ()dx ]

elde edilir. Daha sonra esitligin her tarafi  (Inb — Ina) ile garpilirsa ispat tamamlanmus olur.

Lemma 2.2. f:1 < R* > R f fonksiyonu [ lizerinde diferansiyellenebilen bir doniisiim ve
a,b €I’ ve a < bolsun. Eger f € L[a,b] isen € N,n > 1 iken asagidaki esitlik V u € [a, b]
icin gecerlidir:
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Esitsizlikler

b 1
b"f(b) —a™f(a) — nf x" 1 (x)dx = (Inu — lna)f Dt g+ DA-0) £1(ytgl-ty gt
a 0

1
+ (Inb — lnu)f p+t b(nﬂ)(l_t)f'(utbl‘f)dt,
0

Ispat: Bu lemmay ispatlamak igin once;
1
11 — f u(n+1)t a(n+1)(1—t)fr(uta1—t)dt
0
ve
1
12 — f u(n+1)t b(n+1)(1—t)fr(utb1—t)dt
0

alalim. x = uta'~tdegisken degistirmesi yapilir ve integral alinirsa;

1
I = f y+t a(n+1)(1—t)fr(uta1—t)dt
0

- (Inu — Ina)

W) - a"f@) —n | x”‘lf(x)dxl (1)
elde edilir. Benzer sekilde

1
12 =] u(n+1)t b(n+1)(1—t)fl(utb1—t)dt
0
u

W F(w) — B (b) — n f XG0 dx| (2)

- (Inu — Inb) b
(1) esitlik (Inu —Ina) ile ve (2) esitlik (Inb —Inu) ile garpilir ve taraf tarafa toplanirsa
ispat tamamlanmis olur.

Teorem 2.1. f:1 c R = R fonksiyonu [° de diferensiyellenebilen bir fonksiyon, a < b, n €
N,n > 1ve f' € L[a,b] olsun. Eger[a, b] araliginda |’ (x)|?fonksiyonu GG —konveks ise;

b
b"f(b) — a"f(a) — nf x"1f(x)dx

< (Inb — lna)LPl(a(”“)p, b("“)p)qu(lf'(a)Iq, |f'(B)I)

esitsizligip > 1 ve % + i =1 igin gegerlidir.
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Ispat: Lemma 2.1 ve |f'(x)|? nin GG-konveks oldugu kullanilarak

b
b"f(b) — a™f(a) — nf x"1f (x)dx

1
< (Inb — Ina) f QDDA £ (gt b1-E) |t
0

1
< (lnb _ lna)f a(n+1)tb(n+1)(1—t) |fr(a)|t|fr(b)|(1—t)dt
0

f@f

La
= (inb = ) VU] [ Qe (s e
0

elde edilir. Holder integral esitsizligi kullanilarak

b
b"f(b) — a"f(a) — nj x"1f(x)dx

'@

= —mane o[ Q) |76

= (Inb — lna)LPl(a("“)p, b(”“)p)qu(lf'(aNq. ' (D)17)

1
tq q
dt]

elde edilir ve ispat tamamlanmis olur.

Teorem 2.2. f:1 c R — R fonksiyonu [° de diferensiyellenebilen bir fonksiyon, a < b, n €
N,n>=1ve f' € Lla,b] olsun. Eger[a, b] araliginda |f'(x)|?fonksiyonu GA —konveks ise;

b
b"f(b) — a"*f(a) — nf x"1f(x)dx

1

< (Inb - Ina) (pﬁ)5 L3 (a9, b+ 09) (| ()] + [ (B)1)

esitsizligi p > 1 ve % + % =1 icin gecerlidir.

Ispat: Lemma 2.1, |f'(x)|? in GA —konveksligi ve Holder integral esitsizligi kullanilarak:

b
b"f(b) — a"*f(a) — nf x" 1 f(x)dx

1
< (Inb — lna)f a(n+1)tb(n+1)(1—t)|fr(atb1—t)|dt
0

(n+1)t

< (Inb — lna)p™*V U (%) (tlf' (@] + (1 = D)If (b)) dt
0
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Esitsizlikler
< (Inb — Ina)b™*V || ()] <f1tp>5 (fl (%)(nﬂ)tq)E
0 0
5 1
+ ' (b)] <.[:(1 — t)p>p <.I'1 (%)(nﬂ)tq)q

1

< ( : )E (Inb — lna)qu(a(”“)q bV (|f (@) + |f (b))
T \p+1 ’

elde edilir ve ispat tamamlanmais olur.

Teorem 2.3. f:1 c R— R fonksiyonu I° de diferensiyellenebilen bir fonksiyon, a < b,n €
N,n>1 ve f' €L[a,b] olsun. Eger[a, b] araliginda |f'(x)|?fonksiyonu GG —konveks ise
Yu € [a, b] igin;

b
b"f(b) — a™f(a) — nj x"f (x)dx

1 1
< (Inu — @) LP (u™* VP, q 0P La (| )9, |f'(a)]7)
1 1
+ (Inb — Inw)LP (u+ 0P, p+OP) L@ (| £/ (w)|9, |f'(h)]9)
esitsizligip > 1 ve % + é =1 igin gegerlidir.

Ispat: Lemma 2.2, |f'(x)|? in GG —konveksligi ve Holder integral esitsizligi kullanilarak;
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b
bnf(b) — anf(a) _ nJ. xn_lf(X)dx
¢ 1
< (lnu — lna)f u(n+1)ta(n+1)(1—t)|f’(uta1—t)|dt
0
1
+ (Inb — lnu)f u(n+1)tb(n+1)(1—t)If,(utbl_t)ldt
0
1
< (= Ina) [ w2 e 000 P @[If (@0 Ode
0

1
+ (Inb — Inu) f D EDATOI £ @) (b)| 40 de
0

t

1 (n+Dt | £/
<o 0
0
1 n+1t | £/ t
+ (Inb — W) b™D|£(b)| f (%)( V ;83 dt
0
1 1
[ 1 n+1 1» 1 ¢/ tq
S(lnu—lna)a(”“)lf’(a)l_JO (3)( )tpdt_p L ;Eg dt_q
1

o1

(n+)tp f’ (u) tq

+ (Inb — ln)b@* | (b)] fol(%) dt fol ) dt-

1 1 )
< (Inu — @) LP (w07, g+ OP) L (£ ()19, |f' (a)]9)
1 1
+ (Inb — ) LP (u™+ VP p+DP) L@ (| £ ()9, |f'(b)]9)
elde edilir ve ispat tamamlanmis olur

Teorem 2.4. f:1 c R = R fonksiyonu [° de diferensiyellenebilen bir fonksiyon, a < b, n €
N,n>1 ve f'€L[a,b] olsun. Eger [a, b] araliginda |f'(x)|?fonksiyonu GA —konveks ise
Yu € [a, b] igin

b
BRF(b) — a™f(a) — n f XL () dx

1
1 \» 1
= (—p n 1)p [Unu — In@) L7 (u™D9, D) (| @), I (@)
+ (Inb — lnu)qu(u(n”)q, D) (|7 (w)], | f’(b)l)]

esitsizligi p > 1 ve % + é =1 icin gecerlidir.

Ispat: Lemma 2.2, |f'(x)|? in GA —konveksligi ve Holder integral esitsizligi kullanilarak
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Esitsizlikler

b

b"f(b) —a"f(a) — nf x" 1 (x)dx

1
< (lng)f u(n+1)ta(n+1)(1—t)|f/(uta1_t)|dt

5
clo

+

1
)f uMHFDEEDA-0| 1yt p1-t) | 0

1
DL EADA=0 (¢ £/ (W) | + (1 — B)|f(a)])dt

o

IA
5

clT v

~
o

DR MDA=0 (¢ | £/ ()| + (1 — £)|f' (b)) dt
- 1
)a(n+1) |f’(u)| f t —

pn+D) If W j

e [=N

(n+1)t

5

1 (n+1)t
dt+|f’(a)|] (1-1 g) dtl

(n+1)t

+
5
clT o)|e

(n+1)t
dt-+|f'(b)Lf (1-1) Z) dtl

) 1 u (n+1)tq\q
|f<u)|<j0 tp) (j “) )
, 1 1 u (n+1)tq
sir@i([a-o) ([ 6) )
1
b 1 (n+1)t
(ln )b(n+1) I (u)|<J;) tP) < % q>q
'h 1 . ) % u (n+Dtq\q
+|f<)|<f(—t))( ) )

= (p m 1) [(lnu — @)L (w1, ), (| ), I (@)

+
~—~ T/~ —~ T/~ —~
=

IA
5
LS
N—r
Q/‘\
S
+
\’

=

n (lnﬁ) L (w04, e+ Da) (|7 (1)), |f’(b)|)]

elde edilir ve ispat tamamlanmis olur.

Teorem 2.5. f:1 c R = R fonksiyonu I° de diferensiyellenebilen bir fonksiyon, a < b, n €
N,n=1ve f' € Lla,b] olsun. Eger [a, b] araliginda |f'(x)|? fonksiyonu GA —konveks ise;

b
b"f(b) —a"f(a) — nj x"1f(x)dx

1 1

1 ya o1 @10 — |f (b1 \a
_ (n+1) (n+1)
< (nb — tna) ()" 17 (a7, b ”)< F @I =1 ®)] )

wmm@p>1w%+§=1@mg@m@:

Ispat: Lemma 2.1, |f'(x)|? in GA —konveksligi ve Holder integral esitsizligi kullanilarak
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b
b"f(b) —a™f(a) — n.f x"1f(x)dx

1
< (lnE)f a(n+1)tb(n+1)(1—t)Ifl(atbl_t)ldt
a’ Jo

<(i2)oen | [[0)" @@+ a- ool

1

< (oo (""" ) ([ @i+ a-oir @)

elde edilir. Eger burada
tlf' ()] + (1 —t)|f'(b)|= u degisken degistirmesi yapilirsa

b
b"f(b) — a"*f(a) — nj x"1f(x)dx

1

1 \q¢ 1
< _ - p(q(n+Dp p(n+1)p
< (Inb — Ina) (q - 1) L7 (a b )<

f'(@)1+D — |f'<b)|<q+1>>3
THOITHO]

elde edilir ve ispat tamamlanmis olur.

Teorem 2.6. f:1 c R — R fonksiyonu I° de diferensiyellenebilen bir fonksiyon, a < b,n €
N,n=1vef' € Lla,b]olsun. Eger[a, b] arahiginda |f'(x)|?fonksiyonu GA —konveks ise
Yu € [a, b] igin

b
b"f(b) — a"f(a) — nL x" 1 f(x)dx
<(;59

+ (1n E) Lpl(u(”“)p, p(n+1p) f
u

QR

@l - If’(a)l("+1)>5
Fl-1f @I

uy L
_ n+1)p ,(n+1)
(lna)LP(u" P qn p)(

(W] @D - |f'<b)|<q+1>>5
F@I =17 B

esitsizligip > 1 ve % + é =1 icin gegerlidir.

Ispat: Lemma 2.2, |f'(x)|9 in GA —konveksligi ve Holder integral esitsizligi kullanilarak
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Esitsizlikler

b
b™f(b) —af(a) — nf x" 1 (x)dx

1
< (lng)f u(n+1)ta(n+1)(1—t)|f/(uta1_t)|dt
0

1
+ <lnE)f u(n+1)tb(n+1)(1—t)|f/(utb1—t)|dtu
u/Jo

< (in5)al [ fo ' ©)

b 1 (n+1)t
+ (In2) e [ [ arwi+a- t)If’(b)I)dtl

u 1y (m+Dtp P 1 Cll
< (In2)a+y ( [ & dt) <f (tlf’(u)l+(1—t)If’(a)I)"dt>

1
#(mg)seen ()" @) ([ e+ a-oirwa)

(n+1)t

@l + (1 - t)lf’(a)l)dtl

|~

SIS

elde edilir. Eger burada

tif'(@)] + (1 —t)|f'(b)|= u degisken degistirmesi yapilirsa

b
b"f(b) — a"f(a) — nf x"1f(x)dx

L 1
L\ (10 13 (0w, gy (/G117 (@) €7)@
= (m) (11’1 ;) L (u( 1)p, a( 1)20) < If’(u)l _ If’(a)l )

by L /@I — |/ (B)|@+D\a
- (n+1) (n+1)
+ (“‘u) L7 (ut P, b p)< F @] — 1F ()l >

elde edilir ve ispat tamamlanmis olur.

Teorem 2.7. f:I c R— R* fonksiyonu I° de diferensiyellenebilen bir fonksiyon, a < b,

ne€N,n>1ve f'€Lla,b] olsun. Eger [a, b] araliginda |f'(x)|? fonksiyonu GH —konveks
ise;

b
Mﬂm—wﬂ@—nfﬂAﬂ@m

< (i 9) (_q1+ 1)% F@IIFBIL? (P, b r) (

I @I |f'(b)|<-q+1>>ﬁ
@I 17 ®)
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esitsizligip > 1 ve 1;+ i =1 icin gecerlidir.

Ispat: Lemma 2.1, |f'(x)|9 in GH —konveksligi ve Holder integral esitsizligi kullanilarak

b
b"f(b) — a™f(a) — nf x"1f (x)dx

1
(lnE> g DEpHDA-D| £1 (gt p1-6Y| di
a

0

b (n+1)t I (@Ilf'(b)l l
~Vr(n+1)
(‘“a b U (tlf’(a)l+(1—t)|f'(b)|>dt

1

b 1 (n+1)tp 1 q q
< (in7) 1P @Il (b)'U dtl U tlf’(a)|+(1—t)|f’(b)|> dtl
1

I (@) o+ — |f'(b)|(-q+1>>a

1
b 1 q 1
_ _ / / (n+1) (n+1)
= (103) () I @lIF @I (0 or, b ”)( =17 ®)

ispat tamamlanmis olur

Teorem 2.8. f:1 c R —» R* fonksiyonu I° de diferensiyellenebilen bir fonksiyon,a < b, n €
N,n>1ve f' € L[a,b] olsun. Eger [a,b] araliginda |f'(x)|? fonksiyonu GH —konveks ise
Yu € [a, b] igin;

b
b"f(b) — a™f(a) — nf X" f (x)dx

1
(—q+D\ q

Fal " - |f @|
f |- |f @]

(ot

Fal " =|Ff |
IF @l - |f @)

+ |f (b)| <ln g) Lz% (u(n+1)p, b(n+1)p)

esitsizligip > 1 ve 1;+ $ =1 icin gegerlidir.

Ispat: Lemma 2.2 |f'(x)| in GH —konveksligi ve Holder integral esitsizligi kullanilarak
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Esitsizlikler

b
b"f(b) — a™f(a) — nf XL (x)dx

1 U
= (lnu — lna)f p Dt (et DA-0) |f (utal—t)| dt
0

+ (Inb — lnw) flu(n+1)tb(n+1)(1—t) |f' (utbl—t)| dt
0

< (s — Iy _fl uy (D |f’(u)| |f’(a) it
- 0 \a tf w|+a-vlf@|) |
e |f w||f ® n
b tif w|+a-olfm|) |

[ 1
+ (Inb — Inw)b™+D f (
0

1r

.
, , 1oy iDep o] 1 1
< (Inu — lna)a®™*" |f @) |f (“)”o @ fo (tlf'(u)|+(1—t) |f'(a>|) )

d L
RPN

1 q
) , , [l o (Dep 1| 1 1
+ (nb = b ™V |f @) |f (b)|_f0 (5) at fo (tlf’(u)lﬂl—t) |f'<b>|> “

1

= <_q1+ 1)5 |f'(u)| |(ln g) |f’(a)| Lpl(u(n-i-l)p, a(n+1)p)
|

Fal ™" -|f@|”
If | = |f @]

N
|f:(u)|(—q+1) _ |f:(b)|(—q+1) q
|f @] = |f @)

() [F | (o)

ispat tamamlanmais olur.

3. ELDE EDILEN BULGULARA DAIR BAZI SONUC VE UYGULAMAR

Sonug¢ 3.1. Teorem 2.1 de n=1 segilirse

< (Inb — Ina) L7 (a2, bP)LA (| (@] | ()]

b

‘bf(b) - af@ - [ fGodx
a

esitsizligi p > 1 ve % + % =1 icin elde edilir.

Sonug 3.2. Teorem 2.2 de n=1 segilirse

1

1 v L
< (b —na) (=) L9 @, 5200 @I + 1 &)

b
|bf(b) —af(a) - f FG)dx

TJOS © 2018
http://dergipark.gov.tr/tjos



http://dergipark.gov.tr/tjos

30 N. Kilig and A.O. Akdemir Vol. I, Issue I, 2018

esitsizligi p > 1 ve % + i =1 igin elde edilir.

Sonug 3.3. Teorem 2.5 de n=1 segilirse

b
bf(b) — af(a) — f FG)dx

< (Inb — Ina) (L)E Lpl(azl’ b?P)
- q+1 ’

' @)@V — |f’(b)|<q+1>>3
THOIRITEO]

esitsizligi p > 1 ve % + g =1 igin elde edilir.

Sonug¢ 3.4. Teorem 2.7 de n=1 segilirse

b
bf(b) - af (a) — j FG)dx

Juy

! (q+1) _ |/ (q+1) i
< (inb — ina) ( If' (@D — | (b)]@ )q

a ’ ! > 2 2 <
) I @Il oI @, b2 (s s

—q+1
esitsizligi p > 1 ve % + g =1 icin elde edilir.

Uygulama 3.1. a,b € R*ve a < b olsun. Bu durumda

1 1
le?(b—1) —e%(a—1)| < (Inb — Ina)LP (a??,b?P)L4 (e™, eP9)

esitsizligi p > 1 ve % + ; =1 icin gegerlidir.
Ispat: Sonuc 3.1 de f:R —» R*, f(x) = e¥ GG — konveks fonksiyonu segilirse istenen sonug
elde edilir.

Uygulama 3.2. a,b € R*ve a < b olsun. Bu durumda

1
b+1

Joe e+ ()] = o = no () e (5 + i)

esitsizligi p > 1 ve %+ 5 =1 icin gegerlidir.

Ispat: Sonu¢ 3.2 de f:(—1,0) > R, f(x) =log(x+ 1) GA — konveks fonksiyonu segilirse
istenen sonug

elde edilir.

Uygulama 3.3. a,b € R*ve a < b olsun. Bu durumda
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Esitsizlikler

1
q+1) q+1)\ q

1 (
~ 5]

: 1
log | ce-2) (2%)” = (inb = fna) (qul)q e . |1| 1~ 5l
a +

esitsizligi p > 1 ve % + g =1 icin gecerlidir.
Ispat: Sonug 3.3de f:(—1,0) > R, f(x)=log(x +1) GA — konveks fonksiyonu
secilirse istenen sonug elde edilir

Uygulama 3.4. a,b € R* ve a < b olsun. Bu durumda

1

2 1 \q 1
3 (b® —a3) < (Inb — Ina) (WY 2abLp (a?P,b?P) <

a—>b

1
AGUE b(—q+1)>6

esitsizligi p>1 ve + - =1 i¢in gegerlidir.

< |-
Q|-

Ispat: Sonug 3.4 te f:(—00,0) = (0,0) ve f( x) =x? GH — konveks fonksiyonu

secilirse istenen sonug elde edilir.
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ABSTRACT. In this work, the g—analogue of Bernoulli inequality is proved. Some
other related results are presented.

Aeywords g-Bernoulli inequality, g-Calculus, Combinatorial inequalities

1. INTRODUCTION

Throughout this work, we consider ¢ € (0,1). The g-number is defined to be the
number of the form

P for any a € C.
q-—

In particular, if @« = n € N, then the positive g-integer is defined to be

—1
[n]qzqq_1 =1+q+q*+-¢""

In special case, we have [1], =1 and [0], = 1%(1 = [o0],-

We define the g-factorial of the number [n], and the g-binomial coefficient by

nj !
[0],! =1, [n,! = [nl, [n—1],---[2], - [1], { n } _ ¢

m Y m _0, Vi1,
0 J
q q

The g-Pochammer symbol is defined to be

with the convention that

_ » .
(x —a)" 1;[ z—¢’a), with (xfa)éo)zl, and (z —a), :m.

This formula plays an important role in combinatorics. For instance, forz =1 and z = a
this formula make sense as n = oo:

(I+x); = (14 ¢z).

—

I
o

J

The above infinite product converges if ¢ € (0, 00).
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We adopt the symbol

. by
= iy

for any number a. Clearly, this definition coincides with definition of (1 + ), when
a=n€cN.

Lemma 1. [2] For any two numbers « and 3, we have

1+ a+p
1+ x)j = 7( )
(1+q*z),
and
D, (1+2)% = [a], (1+q2)2 7"
The g-derivative of any real valued function f is defined to be
flqz) — f (z)
D,f () = ——————=, x # 0.
q ( ) (q . 1) T

Clearly, as ¢ — 1~ then D, f (z) tends to f’(z), provided that f is differentiable.
Two fundamentals ¢-binomial formulas are well know in Literature. The g-Gauss
binomial which has the form

(1+4a); = Z { n } PU—D/ 2y
j=0 T 1q
and the g-Heine’s binomial formula

e xl

j=
However, since

1 [ n } 1

im . = .

n—oo | J q (17(])(17(]2)...(17(]3)

Applying this for ¢-Gauss and ¢-Heine’s binomial formulas, we get two formal power
series in x. Namely, we have

x j—1)/2 - .
(1.1) (1+ Zq 1-q¢)(1-¢?)...1—¢)’

and
o0

1 x’
(2 o = T—g0-@. (-]

q

These two series are very useful in the theory of g-calculus, since they were used to define
the g-analogue of exponential function. From (1.2)

(1-a)7 jZ<1 q> (f(j)..(w) :Z[lh[z}q---mq
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or we write
1
eg == —OO'
1-(1-qu),

Similarly, if we use (1.1) the companion g-exponential function is defined to be

n P2 (ﬁ)J n gili-1/2 (1%1)” n (1%0’ =
(1 + x)go - Z 1—q 1—¢° 1—¢7 - Z g - Z i - qu !
2 (o) (20 ()~ & LB O !

1—q 1—q 1—q

§=0
or we write
Ef=(1+(1-qa), .
The derivatives of the above two g-exponential functions are given as
D,E; = EI*, Dgey = e
We note that the additive property of the exponentials does not hold in general, i.e.,

ToY — oTTY
€qeq =€ ' 7.

However, if x and y satisfy the commutation relation yxr = gxy, then the additive prop-
erty holds.
The two functions Ef and ej are connected to each other by the relations

—x T _ x _ T
E, %e; =1, €7/, = Ey.

Naturally, it is important to know the relation between these g-quantities. One of
the most effective method is to use inequalities. Among others, one of the most famous
and applicable inequalities used in mathematics is the Bernoulli inequality, which is well
known as:

(1.3) (1+2)" >1+nx

for every x > —1 and every positive integer n > 1. This was extended to more general
form such as [3]:

(1.4) (1+2)* > 1+ az, a>1
and
(1.5) (1+2)* <1+ ar, 0<a<l.

This inequality has important applications in proving some classical theorems in Anal-
ysis and Statistics. Due to its important role, in this work we prove the g-analogue of
Bernoulli inequality and give some other related inequalities.
2. ¢-BERNOULLI INEQUALITY
Let us begin with the following version of ¢-Bernoulli inequality for integers.
Theorem 1. Let g € (0,1). If x > —1 then the g-Bernoulli inequality
(2.1) 1+ x)g >1+[n], =,

is valid for every positive integer n > 1.
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Proof. Our proof carries by Induction. Define the statement
(2.2) P(n): (I+z), >1+[n],=
Case I: If x = 0, then the we get equality for all n and thus (2.1) holds.
Case II: If —1 <2 < 0. Let x = —y, 0 < y < 1, so that (2.2) becomes
P(n):  (1-y)y =1+
For n = 1, we have
P(1): 1-y)y=0-y)>1-y=1-[1] vy
Assume P (n) holds for n =k, i.e.,
P(k): (1- y)]; >1—[k],y is true.
We need to show that
Pk+1):  (L+ye ™t >1-[k+1]y
is true?.
L=yt =1 -yt (1-q*y)

> (1 — [K], y) (1- qky) (follows by assumption (2.2) for n = k)

=1-q"y— [kl y+d" [k,

>1-q"y —[K],y

>1—y—[kl,y (since 0 > —¢F > —1)
:1—(1—|—[k}q>y

>1-[k+1],y (since ([k+ 1], =q[k], +1 < [k], +1)

which means the statement P (k4 1) is true and thus by Mathematical Induction hy-
pothesis the inequality in (2.1) holds for every n € N and —1 < 2 < 0.

Case III: If z > 0. Then,
P(1): (1+2),=(1+z)>1+z=1+[1]
Assume (2.2) holds for n =k, i.e.,
P (k) : (1+ 33) >1+[k],z  is true.
We need to show that
Pk+1): (42" >1+k+1],2

is true?.
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Starting with the left-hand side
k k
(1+2), (1+q"z)

> (1 + (K], x) (1+ qkm) (follows by assumption (2.2) for n = k)

k+1
S =

(1+2x)
= 1+[k]qx+qu+qk [k:]qx2

1
> 14 qlk],z + qux

q

e e ) (e 1), =gl )

“r g (el 1)

—1+%([k+1]q+(q—1) [k+1]q)x (since ¢! — 1= (¢ = 1) [k +1],)
=1+[k+1],,

which means the statement P (k4 1) is true and thus by Mathematical Induction hy-
pothesis the inequality in (2.1) holds for every n € N and 2 > 0. Combining all above
three cases I, IT and III the inequality (2.1) holds for all n > 1 and all z > —1. O

Remark 1. As ¢ — 1 in (2.1), then the q-Bernoulli inequality (2.1) reduces to the
original version of Bernoulli inequality (1.3) for integer case.

Remark 2. For the case —1 < x < 0, we prefer to write (2.1) in the form
(1-y); >1-[n],y
for every0 <y <1 andn > 1.
Corollary 1. Let g € (0,1). If x > —1, then the generalization q-Bernoulli inequality
L+ 2)y " = (14 ), @) (0 +q")]
is valid for every m € N and n € Z.

Proof. The result is an immediate consequence of Theorem 1, by substituting (1 + x);n =
(I4z)ote

g™ 0 (2.1). So that the result follows for every m € N and n € Z. O

The following generalization of (2.1) is valid for any real number a > 0.

Theorem 2. Let g € (0,1). If x > 0 then the g-Bernoulli inequality

(2.3) (I+az); > 1+ o],z a>1
and

(2.4) (I+a2); <1+, 2, 0<a<l
is valid.

Proof. Let us recall that [1], for 0 < a < b (or 0 > a > b), a function f(x) is said
to be g-increasing (respectively, g-decreasing) on [a,b], if f(qx) < f(x) (respectively,
f(qz) > f(x)) whenever, z € [a,b] and gz € [a,b]. As a direct consequence we have,
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f(z) is g-increasing (respectively, g-decreasing) on [a,b] iff D,f(z) > 0 (respectively,
D, f(z) <0), whenever, z € [a,b] and qx € [a, b].

Let f(z) = (1+2); =[],z =1, 2 > 0. Since (1+z); = %, inserting g
instead of z and replace a by o — 1 we get (1 + qm)z_l = %. Therefore, we have

Dyf (z) = [o], (1 +q2); " — [a],
o Ot
= [a]q m [a]q

S FU-n/2

Jd
J=0 kllll(l—q’“) 0 _
pr— c= _ . . _ J .
= [o], = TS E— [a], (with the convention H (1-¢)=1)
> g k=1
=0 1T (1—¢*)
k=1
oo Soa X
1+ Z 3.7(1 1)/2 qj.ljj
= 00
~ [a] ],
|+ FUTV
i=1 11 a-ab)
k=1
X i-1/2 .
Z:l “]7 1 k ( - qja) :L‘]
_ [a]q J= ,}%( —'.q'v)1 : ~o.
1+ S 02 i)y
j=1 kllll(lqu)

since ¢ € (0,1) and o > 1 then (qj — qj“) > 0, and this implies that D, f (z) > 0 for all
2 > 0, which means that f is g-increasing and thus the inequality (2.3) is proved.

The inequality (2.4) is deduced from the above proof by noting that (qj — qja) <0
forall 0 < a < 1. ]

Remark 3. Setting« = n € N in (2.3), then the inequality (2.3) reduces to the g-version
of Bernoulli inequality (2.1) for integer case but for x > 0. Moreover, as ¢ — 1 (2.3)
and (2.4) reduces to the classical versions (1.4) and (1.5); respectively.

Testing the validity of (2.3) and (2.4) for —1 < = < 0 arbitrarily, we find that these
inequalities can be extended but with additional restriction on ¢ € (0, 1), as given in the
following result.

Theorem 3. There exists ¢ € (0,1) such that the inequalities (2.3) and (2.4) are hold
for every q € (q,1) and every x > —1.

Proof. Firstly, we need to recall the ¢-Mean Value Theorem (¢-MVT) given in [4], it
states that: For a continuous function g defined on [a,b] (0 < a < b), there exist
n € (a,b) and ¢ € (0, 1) such that

(2.5) g(b) —g(a) = Dyg(n)(b—a)
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for all ¢ € (q,1).

Case I. If x > 0. We consider the function f (t) = (1 + t)g defined for ¢ > 0. Clearly f
is continuous for ¢ € [0,2] C [0,00), and Dy f (c) = [a], (1 + gc)
a =0 and b = x then there exist n € (a,b) and g € (0,1)

(1+a)y —1=[a],(1+an); " (z=0)>[a],z Vg€ (@1).
This yields that

L Applying, (2.5) for

a—
q

(I+z)y >1+[a],z
Vg € (g, 1), and this proves (2.3).

Case II. If —1 < 2 < 0. Let us write (2.3) as follows:
(2.6) 1—[a]qx§(1—x)g.
Consider the function f () = (1 — t)g‘ defined for 0 < ¢ < 1. Clearly f is continuous for
t €10,2] C [0,1], and Dy f (c) = [o], (1 + qc)gﬁl. Applying, (2.5) for a =0 and b = =
then there exist n € (0,2) and ¢ € (0,1)
@7 (-a)f—1=—[, (1) @-0)> [,z Vg€ @1).
This yields that
(1 —I)Z >1-la],

Vg € (g,1) with —1 < 2 < 0, and this proves the inequality. The reverse inequality in
(2.6) holds since the inequality in (2.7) is reversed for 0 < o < 1, which proves (2.4) O

A generalization of (2.3) and (2.4) is given as follows:

Proposition 1. Let § € R. There exists ¢ € (0,1) such that for every x > —1 the
inequalities

(2.8) 1+ 96);%’8 > (1 + [a]qx) (1+ qa:v)qﬁ a>1
and
(2.9) (1+ x)g‘ﬂi < (1 + [a]qx> (1+ qo‘x)qﬁ 0<a<l1
are hold for every q € (q,1).
a+p3
Proof. From Lemma 1 we have (1+ ), = %. Substituting in (2.3) we get the
required result. ’ O

Remark 4. Setting § =0 in (2.8) and (2.9) we recapture (2.3) and (2.4), respectively.

Corollary 2. Let § € R. There exists ¢ € (0,1) such that for every x > —1 the
inequalities

(2.10) (1+2)%° > (1+[a]qx) (1+q"0)] (1+¢°P2)  a>1

and

(2.11) (I+z)7 < (1 + [oz}qz> (1+ qax)g (1+ qa+ﬁz):o 0<a<l
TJOS © 2018
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are hold for every q € (q,1)

Proof. Substituting (1 + z)gﬂg = % in (2.8) and (2.9); respectively, we get the

required result. O

Remark 5. Replacing ‘(1 — q)x’ instead of ‘x’ in (2.10) and (2.11), we get inequalities
for the exponential function E* for all x > 1;—111' Similarly, for e* wit a bit changes in
the substitution.

Corollary 3. There exists ¢ € (0,1) such that for every x > —1 the inequalities

(2.12) (1+2)%° > (1 + [oz]qa:> (L+¢* ) a>1
and
(2.13) (1+2)° < (1 + [a]qx> (1+¢2)°  0<a<l

are hold for every q € (q,1)
Proof. Setting 8 = 0 in (2.10) and (2.11); respectively, we get the required result. O
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Oz: Bu calismanin amac1; Katugampola kesirli integraller yardimiyla birinci mertebeden tiirevlerinin mutlak
degeri s-konveks olan fonksiyonlar i¢cin Hermite-Hadamard tipli integral esitsizlikler elde etmektir.

Anahtar Kelimeler — s-konveks fonksiyon, Hermite-Hadamard tipli esitsizlikler, Katugampola kesirli
integraller.

Abstract: The aim of this paper is to the Hermite-Hadamard type inequalities for functions whose first
derivatives in absolute value is s-convex through the instrument of generalized Katugampola fractional

integrals.

Keywords — s-convex function, Hermite-Hadamard type inequalities, Katugampola fractional integrals.

1. INTRODUCTION

The most well-known inequalities related to the integral mean of a convex function are the
Hermite-Hadamard inequalities. Let f: 1 ¢ R — R be convex function defined on the interval |
of real number and a,be |, with a<b. Then the following double inequality is known in the

literature as the Hermite-Hadamard’s inequality for convex functions [7]:

f(a;bjﬁéj‘:f(x)dxﬁ—f(a); fb) (1.0)

The beginning fractional integral calculus accompanies the beginning of the integral calculus,
developed by Riemann. It originates in the research of Liouville from 1832 related to practical
technical problems. Now we point few stages in evolution of the fractional calculus, as needed in
developing the new results. More details on the fractional differentiation and integration are in
(see, [6, 11, 13]), for example. The Riemann-Liouville fractional integral is, from historic point
of view, at the origin of the fractional calculus. It comes from the following Cauchy n —times
iterative integration process,
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X th_1 1 x a1
[dt,["dt,...[ f(tn)oltn_m [ (=t £ (et

forn € N.

By formally replacing n by a number « >0, one gets the classical Riemann-Liouville
fractional integral, defined by:

Definition 1.1. Let f € L[a, b]. The Riemann-Liouville integrals J::f and J;ﬁf of order ¢ >0

with a>0 are defined by

(J:; f Xx) = % j:(x —tf i)t (x>a) (1.2)

N—

and
(0 )= %a) [e-xy* @t (x<b), (1.3)

where T'(a)= [ e™x“dx is the Gamma function.

Hadamard developed in the second method of fractional integration based on the generalization
of another iterative integral. Katugampola ([9] and [10]) considered the following iterative
process in 2011:

[trat, ["tydt,... [t £ ¢, ), = (o+2f" [ et (2,

(n-1)

for n € N. This generates Katugampola’s concept of fractional integral, defined in [9] and also in
[10].

Definition 1.2. ([9]) Let f € L[a, b], the left-sided Katugampola fractional integral » I;f of
order a € C, Re(ar)> 0 is defined by

1-a X -1
Ntz L[ ()t x>a, (L1.4)

F(a) a (XP _tp)l‘a

the right-sided Katugampola fractional integral ” I;ﬂf of order @ € C, Re (a)> 0 is defined by

l-a -1
Ntz 2 [Pt x<b. (L5)

F(a) X (tp _Xp)l‘a

Katugampola’s operators are generalizations of A. Erdélyi and H. Kober operators introduced in
1940 (see [5] and [12]), as well. Other similar approaches on moving iterative integrals and
derivatives into fractional framework in connection with theoretic and practical applications are
in the mathematical literature of the last decade. For example, the results of Cristescu [4] in 2016.
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Remark 1.1. If p=1 then the Katugampola fractional integrals become Riemann-Liouville
fractional integrals.

Now we reviewed some definitions and theorems which will be used in the proof of our
main cumulative results.

Definition 1.3. ([1]) Let s €(0,1]. A function f :[0,00)—[0,00) is said to be s—convex (in the
second sense), or that f belongs to the class KZ, if

f(AX+A-x)y)< 2 f(x)+@1-A) f(y)
forall x,y[0,0) and 1 ¢(0,1}

An s—convex function was introduced in Breckner’s paper [1] and a number of properties and
connections with s— convexity in the first sense were discussed in paper [8].

The main purpose of this paper is to introduce new type Hermite Hadamard and midpoint integral
inequalities with the aid of generalized Katugampola fractional integral for s— convex functions

and establish some results connected with the them (see for example, [2], [3] and [14]).
2. MAIN RESULTS

In this section, we will give Hermite-Hadamard type inequalities for the Katugampola
fractional integrals by using s— convex functions.

Theorem 2.1. Let f:[a”, bP] — R be a function on with 0<a<b and f e ch(ap,bp). If fis
also a s—convex on [a,b], then the following inequalities hold:

s P L P
2—f(a Zb J 2.1)
P

) 2% p (g +1) e f(bp)+p “ f(ap)

(b —a7f [ambp] [apsz]

2
. 2“*)B, (a,5+1)
+ 2
pla+s) p

![Re(zi zlJv Re[Z’t < OJV 2% z R] ARe(p)>0ARe(ap)> O]

<2[f(a)+ f(b°)

where

1

B,(a,s+1)= jfu"”(l—u)sdu
2
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the fractional integrals are considered for the function f(x") and evaluated at a and b,
respectively.

Proof. Since f is s— convex function on [a,b], we have for x,y e[a,b]

f(xp+y”J< f(x7 )+ f(y”)

2 2
P _tp P _tP
for x” :%ap+2Ttbp and y” :%bp+2 t a”, we obtain
P P P _tp P _tp
2 f| A [V 2 g [ Ve, 2 2.2)
2 2 2 2 2

Multiplying both sides of (2.2) by t*™, >0 and then integrating with respect to t over [0,1],
we get

s P L WP
2—{& Zb J 2.3)
P

p _tp P Y.
< [t Vi 27U dt+ [t U 278 o gt
0 2 2 0 2 2

JZp et ) e e ffar)

(br —a”) {ambp ] [ap;bp]

2
and the first inequality is proved. For the proof of the second inequality (2.3), we first note that if
f isa s—convex function, it yields

f[ﬁau 2=t bp)sE f(a)+ 2-v] £(b°)

2 2 2° 2°

and
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_tp P _tr¥ 3
f Z_tap +t_bp SM f(ap)+t_ f( P)
2 2 2° 2°

By adding these inequalities together, one has the following inequality:

(Gor 25w e g s bl bl o

Then multiplying both sides of and (2.4) by t*“and integrating the resulting inequality with
respect to t over [0,1] we obtain

zapa—ll"(a+1) Pl +f(bp)+p |« 7f(ap)

(br —a”f [ampr [apgbp]

2
2*)B, (a,5+1)

SZ‘S[f(ap)+f( ”) p(a1+s)+ Zp ,

![Re(zfi 21} v Re[Z’lJ < OJ v 2% ¢ R] ARe(p)>0ARe(ap)> O]

In this way the proof is completed.

Corollary 2.1. If we write p =1 in inequality (2.1), we obtain;

s .(a+h <2“F(a+1) . e a
Zf( j_ [u o)+ Jf()]

RECURIC R

<27[f(a)+ f(b){ L o) Bl(a,s+1)}

(a+s5) K

with Re(er)> 0.

Remark 2.1. Choosing s =1 in Corollary 2.1, we obtain following inequality

f[a+bj<zalr(“+1)[|“ f(b)+1° jf(a)]<—f(a)”(b)

2 ) oy e e T

which was given by Sarikaya and Yildirim in [15].
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Now, we need to give a lemma for differentiable functions which help us to prove our main
theorems.

Lemma 2.1. Let f: [a”, b”] — R be a differentiable mapping on (ap,b") with 0<a<b, then the
following equality holds:

27 p T(a+1)| , . )+ _f(ap)_f(a”bpj (2.5)

P _apr aP +bP a” +b” 2
b -2 [f] )
_ p t? _tP
v -ajp jtapf 2= gt jt“ﬂf U 1 271 ot
2 2 2

Proof. Integrating by parts gives

Lo et 17 2-t”
lejotpf(?au 2 jdt (2.6)

2 f[ap+b’“’}L 2‘”11“(a+232+1p % +f( p),

p(bp _ ap) 2 P (bp _a” [apmpJ
2

and

A 2-t”
szjotﬂf(?bu , a”jdt (2.7)

a+l P
_ ,,2 . a’+b” ) 2 r(a+12[+1 P f(a)
p(b —a ) 2 pl a(bp_ap) [apmp}
2

by subtracting equation (2.7) from (2.6), we have

-4 a’ +b”
Hl_H2:p(bp_aP)f( 2 j

2“*11"(a +1) pya f(b)+p | f(a) _

—a +1 + -
pl ( p_ap)" [ampr [ap;bp]

2
By re-arranging the last equality above, we get the desired result.
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Theorem 2.2. Let f: [a?,b?] — R be a differentiable mapping on (a”,b”) with 0<a<b. If ]

IS s—convex on [ap,bp], then the following inequality holds:

2°7 pT(a +1) Y +f(b'”)+p e 7f(ap) _ f[apszj

‘ (bp — ap)a [ap+bp] a” +b”

2

< (bpz;?p)ﬂf'(apl—i_‘f‘( p)‘:p(a fs)+l+2[a+s+pj Bl(a-i—%,s-l-l)];

[Re(p) >0An Re(ap) > —1}

B, is defined as in Theorem 2.1.
2

Proof. Taking modulus of (2.5) and using s — convexity of ‘f‘ , We have

2a71p“1“(a+1) ple f(bp)-i-p |« _f(ap) B f(ap +bpj

\<b“a”f WT SRR
e G
(H
el e[ e (5
e[ e (5 e

dt

+ _th w»

25+2

[Re(0)>0ARe(ap)> -1}
where B, is defined above. Thus, the proof is completed.

2
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Corollary 2.2. If we write p =1 in inequality (2.8), we obtain;

M@ f(b)+1° jf(a)]f(ibj

bear |y T

< (b_a)ﬂf'(ajjt‘f'(bj{ 1 e B, (a +1,s+1)}.

2%+ a+s+1 :

Remark 2.2. Choosing s =1 in Corollary 2.2, we obtain following inequality

M@ f(b)+1° jf(a)]f(ib)

bear |y T

. b-a) [ (a)+|f ©)]

Mo +1)

which was given by Sarikaya and Yildirim in [15].

Theorem 2.3. Let f: [a?,b?] — R be a differentiable mapping on (a”,b”) with 0<a<b. If ‘f"q

,q>1,is s—convex on [ap,b’”], then the following inequality holds:

2“_lpar(a+1) Pla f( p)+p |« 7f(ap) _ f(ap-i-bpj (29)

‘ (br -ar [ambp]* {ap;bp]

2

Q|-

P
2 p 2°(ps+1)

A (1,s+1j\f‘(ap}q + )

. (Re(p)=0)

where i+E =1 and B, is defined as in Theorem 2.1.
P q 2
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Proof. Taking modulus of (2.5) and using well-known Hoélder inequality, we obtain

Za—lpar(a+1) oy +f(bp)+p | _f(ap) B f(af’;bpj

P _AaP aP +bP a” +b”
et e ]

P _tp
f'(t—ap+2 t b”j

2 2

p 4P
f'[t—buz t apjdt}

2 2

1

Sw( fremat)
4 0
1|
i
Since ‘f"q, q>1,is s—convex, we have
I“f'(zap S22 b”J
0 2 2

. Eﬁ%}s‘f'(ap)q (2 ﬂdt

dt

_br-a”)p { [t
L2l

+ jolt w»

P 4P
3 P Y
2 2

1
“ \a p 4P
dtJ +(j:‘f'(%bp+22t a”J

q
dt

g ar - (Re(p)20)
and similarly
jo“f‘(%buz_ztp apJ dt
(%HJ Lsitlt@) oy
S 2 B;(p, 1j\f () () o))

2°p T2 (s +1)’

By substituting inequalities (2.11) and (2.12) into (2.10), we get the desired result (2.9).
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Corollary 2.3. If we write p =1 in inequality (2.9), we obtain;

2 T(a+1)| |, Ll N a+b
o I[M]+f(b)l f(a) f[ j

2

2(5+1)Bl(1,s+1)(f'(a)|q ‘f'(b)‘q
2 +
2° 2°(s+1)

Remark 2.3. Choosing s =1 in Corollary 2.3, we obtain following inequality

2 T(a+1)| o Ll )| ¢[a+h
o {nmf(b) I(Mjfu] f(250)

2

g(b_a)( 1 ]i ‘f'(ajq+3‘f£b)‘q

4 lap+l 4

<(b%a)[if)ﬂf(a)(+‘f'(bﬂ

ap+1
which is the same result given by Sarikaya and Yildirim in [15].
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