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Abstract

Folded distributions are commonly used for the data set which is obtained without regarding the algebraic
signs of the measurements. Therefore, they have extensive applications in different fields such as engineering,
finance, insurance and so on. Folded exponential power (FEP) distribution is a newly proposed distribution
which has modeling flexibility and easy usage [1]. In this study, we therefore consider different parametric
methods for estimating the unknown parameters of FEP distribution. Maximum likelihood (ML), ordinary and
weighted least squares (LS and WLS), Cramer von Mises (CVM) and maximum product of spacings (MPS)
methods are used during the estimation process. The performances of the considered estimators are compared
in a Monte-Carlo simulation study via bias and mean squared error (MSE) criteria. Results show that MPS
method outperforms its rivals. Two real life applications taken from the literature are also considered.

Keywords: Bias, Efficiency, Estimation, Folded exponential power distribution.

Oz
Katlanmus iistel giic dagiliminin parametrelerinin tahmini icin karsilastirmal bir calisma

Katlanmig dagilimlar, élciimlerin cebirsel isaretlerinin dnemli olmadigi veri setleri igin yaygin olarak
kullamilirlar. Bu nedenle, miihendislik, finans, ekonomi v.b. bir ¢ok alanda kapsamli uygulamalar: vardir.
Modelleme esnekligi ve kolay kullanimi olan katlanmus tistel giic (FEP) dagilimi yeni onerilmistir [1]. Bu
calismada bu nedenle, FEP dagilimmmin bilinmeyen parametrelerinin farkli parametrik yontemlerle tahmin
edilmesi ele alinmigtir. En ¢ok olabilirlik (ML), siradan ve agirliklandirilmis en kiigiik karerler (LS ve WLS),
Cramer von Mises (CVM) ve araliklarin carpuminin maksimumu (MPS) metotlart tahmin siirecinde
kullamlmistir. Ele alinan tahmin edicilerin performansi, Monte-Carlo simiilasyon ¢alismasinda yan ve hata
kareler ortalamasi (MSE) kriterleri kullanilarak karsilastirilmistir. Sonuglar, MPS yénteminin rakiplerinden
daha iyi bir performansa sahip oldugunu géstermistir. Literatiirden alinan iki gercek hayat uygulamas: ele
alinmustir.

Anahtar sozciikler: Yan, Etkinlik, Tahmin, Katlanmus iistel gii¢ dagilimi.
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1. Introduction

Folded distributions have many applications in different fields of science such as engineering, economics,
medicine and so on [2 - 6]. Folded distributions are useful when the algebraic signs of the measurements
are ignored. Some examples for these kind of measurements can be given as differences, deviations,
lengths and angels. Therefore, the distribution of these measurements are mostly described by folded
distributions which are defined as the distribution of absolute measurements.

Suppose that random variable X has probability density function (pdf) and cumulative distribution
function (cdf) g(-) and G(-), respectively and define ¥ = | X|. The distribution of Y is a folded distribution
and its pdf and cdf are then given by

f) =g +g(-y) and F(y)=G(y) - G(-y) @

respectively. If one take g(-) as the pdf of N(u, %), ¥ has folded normal (FN) distribution which is

proposed by Leone et al. [5]. In the same manner, folded t distribution is suggested by Psarakis and
Panareteos [7]. Cooray et al. [8] introduce folded logistic (FL) distribution. Nadarajah and Bakar [1] also
consider some folded distributions to model the log-transformed Norwegian data. Among these, they
originate three new distributions namely folded generalized t, folded Gumbel and folded exponential
power (FEP) distributions and study some statistical properties and maximum likelihood (ML) estimation
of the parameters.

In this study, we consider FEP distribution because of its simplicity and modeling flexibility. The pdf and
cdf of FEP distribution are given by

fx;uo,p) = ! [exp {_|x—u|p} + exp {_M} )

2pV/PI(1 + 1/p)o paP poP
and
1 ) 1 |x—ul?P ) 1 |x+ ul?
F(x: = - - - —x - - '
(x;p, 0, p) AP {Slgn(x 1)y (p, P ) sign(—x — u)y (p, prrad 16 3)

respectively. Here, x > 0, u >0, ¢ > 0 and p > 0. It should be mentioned that p stands for the shape
parameter and u, o have their standard meanings, i.e the former and the latter are location and scale

parameters, respectively. I'(-) is the well-known gamma function and y(-) denotes the incomplete gamma

function which is defined as y(a, x) = [, t® ‘exp(—t)dt, a >0, x> 0.
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Figure 1. The pdf plots of FEP distribution for some certain values of the parameters.

FEP distribution is obtained using exponential power (EP), which is also known as generalized normal
distribution [9], therefore it inherits properties of EP. For example, FEP distribution is platykurtic when
p > 2 otherwise it is leptokurtic, see Figure 1 in which density plots of FEP distribution are provided for
some representative values of the parameters. FEP reduces to folded Laplace [10] and folded normal
distributions for p = 1 and p = 2, respectively. Furthermore, half exponential power distribution [11] is
obtained when u = 0 and o = 1. It is clear that half normal distribution is a special case of FEP
distribution

if u=0, 0=1 and p =2. We refer to Nadarajah and Bakar [1] for further information about FEP
distribution.

As mentioned above, FEP distribution has attractive properties and modelling flexibility. However, there
are no previous studies concerning different parametric estimation methods for the parameters of FEP
distribution to the best of our knowledge. We therefore consider least squares (LS), weighted LS, Cramer
von Mises (CVM) and maximum product of spacings (MPS) methods for estimating the parameters of
FEP distribution. The performances of these estimation methods are compared using different settings of
parameter values and sample sizes according to the bias, mean squared error (MSE) and deficiency (Def)
criteria. We aim to evaluate the best method for estimating the parameters of FEP distibution. There are
plenty of studies in which performances of the different estimation methods are compared in the context
of different distributions, see for example [12 - 14].

The rest of the paper is organized as follows. Brief descriptions of the estimation methods are given in
Section 2. Section 3 consists of a Monte-Carlo simulation study and its results. Real life data applications
are considered in Section 4. The paper is finalized with some concluding remarks.

2. Methods of estimation

In this section, brief descriptions of the ML, LS, WLS, CVM and MPS methods are provided. We first
provide a common notation which will be used in descriptions of the methods. Let x4,x%5,...,x, be a

random sample drawn from FEP distribution. The order statistics of this sample are then denoted by
X (13 X2y oo s X
@y @y e tm)
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2.1. ML method

The ML estimators of the parameters p, o and p are obtained by maximizing the following loglikelihood
function:

1
logl = —nlog2—Elogp—nloga—nlogl"(l+—)+ (4)
p
P CLoulp
Zlog (exp{ ,u| }+exp{—M})
poP

After taking partial derivatives of the logL function with respect to the parameters of interest and setting
them equal to zero, we obtain the following likelihood equations [1]:

. P
o Ixi — a7 sign(x; — ) exp {—u}

dlogL Z poP (5)
ou — { |xi —/l|p} { |xi+,u|p}
exp{——— +exp{———
poP poP
1 |xi — pl?
|x; + p|P~" sign(x; + u)exp{— -
5, oL
— { |xi —/1|p} { |xi+,u|p} ’
exp{——— +exp{————
poP poP
p — ylP
R e R e
dlog L » poP poP 6
—== = o +Z (6)
do P ) { |x —ul”} { |x1+u|”H
p-oP [exp + exp
po poP
dlogl nlo n+n$]+1+
I p (7)
P
n le—ﬂl”exp{—l’ ffl }(1_P10g|xi—ﬂ|+P10g0')
+
; lx; — pl? lx; + pl?
exXp{———— +exp{————
poP po?
+ ulP
n |xi+,u|l’exp{—|l }1)1| }(1—p10g|x,~+u|+plog0')
o
=0
p

£ - -+ ulP
po? po?

where () is the digamma function.

It is clear that equations (5)-(7) cannot be solved explicitly since they involve nonlinear functions of the
parameters. Therefore, some numerical methods should be employed to obtain the ML estimates.

2.2. LS method

The LS estimators of the parameters u, o and p are obtained by minimizing the following function with
respect to the parameters of interest [15]:



S. Acitas | Istatistikgiler Dergisi: Istatistik&Akttierya, 2019, 2, 43-57 47

n

N
l
S = F l ; & b - 7 .
izl( (os ) n+l) ®)
Here, F(-) is the cdf of FEP distribution. LS estimators can also be obtained by solving the following
equations:

oS n ;
_ = F s M T, —-—— 1A e -0
ou Z‘( (X(i)s 1, 075 p) n+1) 1(X(0ys 1 T, p) o
o - Zn:F(x" O-)_LA(X-' o,p)=0 10
(90- - i=1 (l)’/'l’ ’p I’l+1 2 (1)9/19 ,p =V ( )
@ = iF(x.. o )—L As(xiy; o o, p) = 0 .
ap B P (l)’/'l9 4 n+1 3 (1)’#, ,P) = ( )
where
. ! i (11X —pl?
it = W[Slg“<x<f>-ﬂ>n ) 2
i (1 Ixa +pl?
sign(=x() — ()Y, (E’W ‘
: ! 1 |x) = plP
Aol¥wi b = ——F(x@sp0,p) + 5| si n— oy |- ——] - (13)
i ’ 1 |xi +/,t|p
sign(—x() — W)Y (_, ()—p
p po
and
dn
: 1 i 1 |x@) = pl?
Aslw; 1 0 = ——Fuxispuo,p)t ————— 0 — - — 14
3(X()s b 0, p) 2 (X(i)s 4 0, P) zr(l/p)a[mgn(x() WYy (p ey (14)
i (1 xa + P
—sign(—xg) — Wy, (;’7 .

Here, ¥,'(*), ¥,'(-) and ¥,"(-) denote the partial derivatives of incomplete gamma function with respect to
the parameters p, o and p, respectively.

Equations (9)-(11) include nonlinear functions of the parameters and thus numerical methods should be
performed.

2.3. WLS method

The WLS estimators of the parameters g, o and p are obtained by minimizing the following function:
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2

n

Sy = Z Wi (F(x(,-);p, o,p)—

i=1

n+1 (15)

where w; denotes the weights which are computed by

1 _(n+12(n+2)
Var(F(xq)  i(n—i+1) "’

i=12,...,n.

Wi =

After incorporating the cdf of FEP distribution into the function §,, and taking the partial derivatives with
respect to the parameters of interest, we obtain the following nonlinear equations:

aSW n i
Su - Z Wi (F (X(@); 1, T, p) = )A1(X(z> W0, p) = (16)
ﬂ i=1
dS,, = i
8_0' = ; wi (F(x(i)’ M O, p) - m) AZ(X(I'),,U, O-’p) - O’ (17)
85 n .
6_; = sz (F(x(z) Ko, p) = )A3(X(z) W0, p) = (18)
i=1

where A;, A, and A; are given in equations (12), (13) and (14), respectively. Numerical methods should
be utilized since equations (16)-(18) cannot be solved explicitly.

2.4. CVM method

CVM method is based on minimizing the distance between the estimated cdf and empirical distribution
function. Therefore, CVM estimators are in the class of minimum distance estimators which are also
known as maximum goodness of fit test, see i.e. [14] and references therein.

The CVM estimators of the parameters of FEP distribution are obtained by minimizing the following
function with respect to the parameters u, ¢ and p:

1 n 2~ 1)\2
C=— E F(xgy; w0, p) —
12n+i:1( (X(),UO'p) 2n ) (19)

where F(-) is the cdf of FEP distribution. It is clear that this minimization problem yields following
nonlinear equations:

aC 4 -1
E = ’Z:; (F(X(l) uo,p)— 2n )Al(x(l) o, p) =0, (20)
aC 9 2i— 1
o ; (F (%3 0 ) = — ) Ao (x(i); 07, p) = 0, (21)
aC g 2i—1

Here, A;, A, and A5 are same as given in equations (12), (13) and (14), respectively. As it is clear from
equations (20)-(22), the explicit solutions cannot be obtained and thus numerical methods should be
employed.
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2.5. MPS method

The MPS method is originated by Cheng and Amin [16] and Ranneby [17]. The MPS estimator is
obtained by maximizing the geometric mean of spacings. The spacings are defined as follows:

Di(p, o, p) = F(x4); i, 0 p) — F(xi-1ys po oy p),  i=12,...,n+1 (23)

where F(-) is the cdf of FEP distribution, x g, = —oo and x,,, 1, = +oo. Then, the MPS estimators of i, o
and p are defined as maximizers of the following function:

1 n
D=——> logD;(u,c,p).
n+1; og Di(u, 0, p) (24)

The corresponding partial derivatives are obtained as follows:

dD 1 o A(xy o, p) — Ai(x—1ys 1, 0, p)

ob - _ z i)y M T, P 1{X(i-1)5 4 p:O, (25)
ou n+14 Di(p, o, p)

3D 1 - AZ(xi; , 0, )_Azxi— Ny VA O )

D _ Z ()} M0 P (X(i-1); P_o (26)
oo n+1l & Di(u, o, p)

oD 1 & A3y o 0, p) = As(xmnys i 0,

D _ Z () o O P - koD 27)
dp n+l1 Di(p, o, p)

i=1

See equations (12), (13) and (14) for definitions of A;, A, and Aj, respectively. It is clear that MPS
estimators should also be obtained using numerical methods.

It should also be noted that if there are ties in the data set, i.e. x;, = x(;_4), D;(1,0,p) is replaced by the
corresponding log density [16].

3. Simulation study

This section consists of a Monte-Carlo simulation study to determine the estimator having the best
performance. The bias and MSE criteria are used to compare the performances of the ML, LS, WLS,
CVM and MPS estimators. The bias and MSE are respectively formulated as follows:

Bias(d) = E(0 —d) and MSE(&) = E(0 - §)*.

Here, & shows true parameter value and stands for j, o or p.  denotes the estimator of & obtained based
on one of the methods given in the previous section. We also compute the joint efficiencies of the
estimators using deficiency criterion which is formulated by

Def = MSE(4) + MSE(6) + MSE(p).
For further information on Def, see Kantar and Senoglu [13].

All computations are done using R software. Since the estimators cannot be obtained explicitly, we use
“optim” function with “Nelder-Mead” algorithm. Random numbers are generated from FEP distribution
using the “rpe” function in the “LaplacesDemon” package [18]. Without loss of generality, the true values
of the parameters are taken as follows:
(1 p=2oru=>5, (i)o=1and (iii)p =0.8, 1,
1.5,2 and 2.5.
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The sample size is taken to be n = 100 and 200. Therefore, we have 20 different simulation schemes. The
results are tabulated in Table 1 — Table 4.

Conclusions obtained from Table 1:

All estimators of u and o have negligible biases. In other words, they are almost unbiased. However,
estimators of p, except MPS, have bias. MPS estimator of p have lower bias values.

The MSE values of ML, LS, WLS, CVM and MPS estimators of i are low and more or less the same.
This conclusion is also true for those of @. Therefore, all of the estimators can be preferred for estimating
u and a. For p, we have similar conclusions given for bias. In other words, the MSEs of the estimators of
p are relatively large compared to those of u and a. Furthermore, WLS has the worst performance. MPS
estimator of p is the best since it has the minimum value of MSE among the others.

As indicated previously, Def is a measure of joint efficiency. Therefore, it can be seen as total efficiency
measure for ML, LS, WLS, CVM and MPS methods. From this point of view, MPS outperforms its rivals.
ML method is following MPS and also giving promising results.

Conclusions obtained from Table 2:

It is clear from bias values of u given in second column of Table 2 that all estimators are almost unbiased.
However, it should be noticed that ML method has larger bias values. All estimators of o have relatively
smaller biases. It should also be mentioned that CVM and MPS underestimates o in most of the cases. We
have comments similar to those obtained from Table 1 for the estimators of p in terms of bias criterion.
They have larger biases and LS and WL are more preferable in most of the cases.

The MSEs of all estimators of u are close to each other and all of them are preferable. Similarly, all
estimators of o can also be used confidentially. However, we cannot say the same for estimating p since
the corresponding MSEs are large. Among all estimators, MPS estimator of p is more preferable.

According to the Def criterion, MPS is the best estimator and it is followed by ML. There are no
remarkable efficiencies of WLS and CVM but the performance of LS method is promising in some cases,
i.e.p =0.8.

Conclusions obtained from Table 3 and Table 4 :

The conclusions obtained from Table 3 and Table 4 are similar those obtained from Table 1 and Table 2.
In Table 3 and Table 4, the sample size is increased to 200 therefore all estimators gain efficiency. For
example, biases, MSEs and therefore Def values decrease as expected. Results show that MPS is more
preferable to its rivals in most of the cases. ML is the second best and LS presents relatively good results
in some cases.

Overall, we recommend to use MPS method used to estimate the parameters of FEP distribution since it
has the smallest bias, MSE and Def values in most of the cases.
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Table 1. Simulated biases, MSEs and Def values of the ML, LS, WLS, CVM and MPS estimators for
p=2,0=1andn = 100.

Estimation u o 14
- - - Def
Method Bias MSE Bias MSE Bias MSE
p=08
ML 0.0035 | 0.0108 | -0.0017 | 0.0225 | 0.0549 | 0.0578 | 0.0911
LS -0.0084 | 0.0108 | 0.0281 | 0.0240 | 0.0713 | 0.0865 | 0.1214

WLS -0.0061 | 0.0119 | 0.0219 | 0.0247 | 0.0670 | 0.8715 | 0.9081
CVM -0.0030 | 0.0107 | 0.0072 | 0.0223 | 0.0865 | 0.0979 | 0.1310
MPS -0.0041 | 0.0114 | 0.0147 | 0.0232 | -0.0198 | 0.0394 | 0.0739

r=1
ML -0.0049 | 0.0125 | 0.0009 | 0.0184 | 0.0774 | 0.1034 | 0.1342
LS -0.0170 | 0.0125 | 0.0242 | 0.0192 | 0.0670 | 0.1301 | 0.1618

WLS -0.0135 | 0.0131 | 0.0184 | 0.0193 | 0.0685 | 1.0731 | 1.1055
CVM -0.0122 | 0.0123 | 0.0047 | 0.0179 | 0.0930 | 0.1484 | 0.1786
MPS -0.0130 | 0.0129 | 0.0157 | 0.0190 | -0.0303 | 0.0676 | 0.0995

p=15
ML 0.0003 | 0.0137 | 0.0138 | 0.0178 | 0.2179 | 0.6035 | 0.6351
LS -0.0098 | 0.0139 | 0.0223 | 0.0173 | 0.1027 | 0.5064 | 0.5376

WLS -0.0060 | 0.0134 | 0.0165 | 0.0173 | 0.1188 | 1.6329 | 1.6636
CVM -0.0072 | 0.0136 | 0.0072 | 0.0166 | 0.1641 | 0.6004 | 0.6307
MPS -0.0072 | 0.0142 | 0.0176 | 0.0173 | -0.0047 | 0.3261 | 0.3576

p=2
ML -0.0044 | 0.0121 | 0.0252 | 0.0172 | 0.3314 | 0.9214 | 0.9508
LS -0.0095 | 0.0126 | 0.0232 | 0.0150 | 0.1414 | 0.9621 | 0.9897

WLS -0.0071 | 0.0118 | 0.0186 | 0.0146 | 0.1702 | 2.1992 | 2.2256
CVM -0.0082 | 0.0124 | 0.0117 | 0.0147 | 0.2408 | 1.1537 | 1.1808
MPS -0.0095 | 0.0125 | 0.0174 | 0.0146 | -0.0045 | 0.5180 | 0.5452

p=25
ML -0.0059 | 0.0092 | 0.0178 | 0.0171 | 0.3494 | 1.1601 | 1.1865
LS -0.0060 | 0.0105 | 0.0094 | 0.0138 | 0.2253 | 2.4578 | 2.4821

WLS -0.0055 | 0.0094 | 0.0054 | 0.0124 | 0.1919 | 2.7287 | 2.7505
CVM -0.0054 | 0.0103 | 0.0003 | 0.0139 | 0.3618 | 2.7212 | 2.7454
MPS -0.0077 | 0.0095 | 0.0015 | 0.0123 | -0.0586 | 0.9356 | 0.9575
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Table 2. Simulated biases, MSEs and Def values of the ML, LS, WLS, CVM and MPS estimators for
p=5,0=1andn = 100.

Estimation u o 14
- - - Def
Method Bias MSE Bias MSE Bias MSE
p=08
ML -0.0762 | 0.0099 | -0.0092 | 0.0204 | 0.0131 | 0.0338 | 0.0641
LS 0.0055 | 0.0125 | 0.0229 | 0.0205 | 0.0146 | 0.0485 | 0.0815

WLS 0.0064 | 0.0136 | 0.0147 | 0.0204 | 0.0217 | 0.8222 | 0.8562
CVvM 0.0064 | 0.0126 | 0.0059 | 0.0196 | 0.0431 | 0.0547 | 0.0869
MPS 0.0060 | 0.0102 | 0.0018 | 0.0190 | -0.0674 | 0.0286 | 0.0577
p=1
ML -0.0810 | 0.0107 | -0.0106 | 0.0183 | 0.0105 | 0.0502 | 0.0792

LS 0.0024 | 0.0122 | 0.0142 | 0.0177 | 0.0278 | 0.0802 | 0.1101
WLS 0.0029 | 0.0127 | 0.0072 | 0.0177 | 0.0334 | 1.0345 | 1.0650
CVvM 0.0027 | 0.0122 | -0.0003 | 0.0174 | 0.0652 | 0.0920 | 0.1216
MPS 0.0015 | 0.0117 | -0.0049 | 0.0171 | -0.0835 | 0.0451 | 0.0738

p=15
ML -0.0901 | 0.0124 | 0.0059 | 0.0140 | 0.1186 | 0.2061 | 0.2325
LS 0.0035 | 0.0117 | 0.0075 | 0.0151 | 0.0568 | 0.2770 | 0.3037

WLS 0.0028 | 0.0116 | 0.0028 | 0.0145 | 0.0609 | 1.5646 | 1.5908
CVM 0.0035 | 0.0117 | -0.0037 | 0.0151 | 0.1205 | 0.3272 | 0.3540
MPS 0.0043 | 0.0125 | -0.0091 | 0.0136 | -0.1139 | 0.1162 | 0.1424

p=2
ML -0.0838 | 0.0111 | 0.0105 | 0.0148 | 0.2480 | 0.7436 | 0.7695
LS -0.0005 | 0.0117 | 0.0040 | 0.0137 | 0.0943 | 0.8095 | 0.8349

WLS 0.0004 | 0.0112 | 0.0006 | 0.0128 | 0.0932 | 2.1019 | 2.1259
CVM -0.0005 | 0.0117 | -0.0053 | 0.0139 | 0.1936 | 0.9926 | 1.0183
MPS 0.0003 | 0.0114 | -0.0083 | 0.0119 | -0.1309 | 0.3034 | 0.3268

p=25
ML -0.0733 | 0.0085 | 0.0139 | 0.0152 | 0.3781 | 1.8727 | 1.8965
LS 0.0008 | 0.0095 | 0.0028 | 0.0155 | 0.1895 | 2.4575 | 2.4825

WLS 0.0008 | 0.0085 | -0.0006 | 0.0139 | 0.1587 | 2.6839 | 2.7063
CVM 0.0007 | 0.0095 | -0.0051 | 0.0158 | 0.3405 | 3.2004 | 3.2257
MPS 0.0006 | 0.0083 | -0.0111 | 0.0124 | -0.1708 | 0.6494 | 0.6701
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Table 3. Simulated biases, MSEs and Def values of the ML, LS, WLS, CVM and MPS estimators for
p=2,0=1andn = 200.

Estimation u o 14
- - - Def
Method Bias MSE Bias MSE Bias MSE
p=08
ML -0.0017 | 0.0052 | -0.0009 | 0.0125 | 0.0120 | 0.0187 | 0.0364
LS -0.0077 | 0.0056 | 0.0139 | 0.0129 | 0.0234 | 0.0306 | 0.0491

WLS -0.0065 | 0.0061 | 0.0100 | 0.0129 | 0.0181 | 0.8185 | 0.8375
CVM -0.0050 | 0.0056 | 0.0033 | 0.0125 | 0.0292 | 0.0322 | 0.0503
MPS -0.0050 | 0.0053 | 0.0075 | 0.0127 | -0.0292 | 0.0166 | 0.0345
=1

ML -0.0014 | 0.0065 | -0.0010 | 0.0092 | 0.0429 | 0.0355 | 0.0512

LS -0.0057 | 0.0064 | 0.0104 | 0.0094 | 0.0530 | 0.0639 | 0.0797
WLS -0.0042 | 0.0068 | 0.0071 | 0.0096 | 0.0440 | 1.0459 | 1.0622
CVM -0.0034 | 0.0064 | 0.0007 | 0.0091 | 0.0652 | 0.0687 | 0.0842
MPS -0.0064 | 0.0066 | 0.0064 | 0.0094 | -0.0187 | 0.0283 | 0.0443

p=15
ML 0.0031 | 0.0059 | 0.0012 | 0.0069 | 0.0802 | 0.1021 | 0.1150
LS -0.0007 | 0.0059 | 0.0067 | 0.0070 | 0.0393 | 0.1513 | 0.1643

WLS 0.0010 | 0.0059 | 0.0040 | 0.0070 | 0.0522 | 1.5549 | 1.5677
CVM 0.0004 | 0.0059 | -0.0007 | 0.0069 | 0.0675 | 0.1643 | 0.1771
MPS -0.0006 | 0.0060 | 0.0019 | 0.0068 | -0.0376 | 0.0774 | 0.0902

p =
ML 0.0009 | 0.0052 | 0.0100 | 0.0065 | 0.1262 | 0.2496 | 0.2613
LS -0.0009 | 0.0058 | 0.0081 | 0.0067 | 0.0219 | 0.3589 | 0.3715

WLS 0.0001 | 0.0054 | 0.0070 | 0.0064 | 0.0541 | 2.0570 | 2.0688
CVM -0.0004 | 0.0058 | 0.0025 | 0.0067 | 0.0661 | 0.3900 | 0.4025
MPS -0.0014 | 0.0053 | 0.0042 | 0.0060 | -0.0591 | 0.1720 | 0.1833

p=25
ML 0.0008 | 0.0042 | 0.0052 | 0.0064 | 0.1546 | 0.4281 | 0.4387
LS 0.0020 | 0.0050 | 0.0028 | 0.0072 | 0.0674 | 0.6629 | 0.6751

WLS 0.0018 | 0.0045 | 0.0011 | 0.0066 | 0.0739 | 2.5793 | 2.5904
CVM 0.0022 | 0.0050 | -0.0015 | 0.0072 | 0.1292 | 0.7253 | 0.7375
MPS 0.0000 | 0.0043 | -0.0045 | 0.0059 | -0.0949 | 0.2915 | 0.3017
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Table 4. Simulated biases, MSEs and Def values of the ML, LS, WLS, CVM and MPS estimators for
ip=5,0=1andn = 200.

Estimation u o 14
- - - Def
Method Bias MSE Bias MSE Bias MSE
p=08
ML -0.0538 | 0.0048 | -0.0068 | 0.0090 | 0.0054 | 0.0146 | 0.0284
LS -0.0017 | 0.0062 | 0.0090 | 0.0091 | 0.0019 | 0.0211 | 0.0364

WLS -0.0013 | 0.0068 | 0.0055 | 0.0091 | 0.0096 | 0.8097 | 0.8255
CVM -0.0013 | 0.0062 | 0.0006 | 0.0089 | 0.0152 | 0.0222 | 0.0373
MPS 0.0008 | 0.0047 | -0.0022 | 0.0088 | -0.0439 | 0.0144 | 0.0279
=1

ML -0.0631 | 0.0062 | -0.0057 | 0.0086 | 0.0032 | 0.0253 | 0.0401

LS 0.0009 | 0.0068 | 0.0049 | 0.0084 | 0.0063 | 0.0385 | 0.0537
WLS 0.0008 | 0.0072 | 0.0019 | 0.0083 | 0.0140 | 1.0142 | 1.0296
CVvM 0.0010 | 0.0068 | -0.0024 | 0.0083 | 0.0236 | 0.0409 | 0.0560
MPS 0.0020 | 0.0063 | -0.0058 | 0.0082 | -0.0545 | 0.0245 | 0.0389

p=15
ML -0.0643 | 0.0065 | 0.0010 | 0.0072 | 0.0509 | 0.0580 | 0.0718
LS -0.0003 | 0.0062 | 0.0052 | 0.0078 | 0.0320 | 0.1262 | 0.1402

WLS -0.0004 | 0.0061 | 0.0032 | 0.0074 | 0.0381 | 1.5396 | 1.5531
CVM -0.0003 | 0.0062 | -0.0005 | 0.0078 | 0.0613 | 0.1368 | 0.1507
MPS -0.0004 | 0.0062 | -0.0057 | 0.0069 | -0.0740 | 0.0519 | 0.0651

p =
ML -0.0584 | 0.0055 | 0.0048 | 0.0059 | 0.0984 | 0.1578 | 0.1692
LS -0.0007 | 0.0058 | 0.0039 | 0.0072 | 0.0435 | 0.3222 | 0.3352

WLS -0.0013 | 0.0054 | 0.0028 | 0.0066 | 0.0498 | 2.0523 | 2.0643
CVM -0.0007 | 0.0058 | -0.0008 | 0.0073 | 0.0869 | 0.3524 | 0.3655
MPS -0.0018 | 0.0053 | -0.0068 | 0.0060 | -0.1061 | 0.1184 | 0.1297

p=25
ML -0.0510 | 0.0041 | -0.0005 | 0.0059 | 0.1202 | 0.2914 | 0.3015
LS 0.0008 | 0.0051 | -0.0054 | 0.0070 | 0.0309 | 0.5913 | 0.6034

WLS 0.0006 | 0.0046 | -0.0063 | 0.0063 | 0.0368 | 2.5381 | 2.5490
CVM 0.0008 | 0.0051 | -0.0095 | 0.0071 | 0.0900 | 0.6484 | 0.6606
MPS 0.0009 | 0.0043 | -0.0156 | 0.0058 | -0.1685 | 0.2196 | 0.2297
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4. Applications

In this section two real life data set taken from the literature is analyzed. It should be mentioned that we
use ML and MPS methods in this section since they are more preferable in terms of efficiency, see Table 1
- Table 4. In applications, we also conduct Kolmogorov-Simornov tests. Therefore, test statistic (KS) and
corresponding p —Vvalues obtained from Kolmogrov-Smirnov test are also provided. The method having
smaller (larger) KS (p —) value is more desirable.

4.1. Lead wires data

This application is taken from Leone et al. [5] in which FN distribution is used. The data consists of
camber of 497 lead wires which are used in manufacture of miniature radio tubes. The full data set and
more explanation are available in Leone et al. [5]. See also Cooray et al. [8] in which FL distribution is
considered for modelling purposes. Different from these studies, we here use FEP distribution to model
lead wires data. Parameter estimates based on FEP, FN and FL distributions and corresponding KS test
results are given in Table 5. It should be noted that parameter estimates are obtained using the ML and
MPS methods for FEP distibution. On the other hand, results for FN and FL distributions are based on the
ML method. It is clear from Table 5 that the ML is more desirable according to KS and p — values for
FEP distribution. It should be recognized that the fitting performances of the ML and MPS methods are
similar, see Figure 2 in which histogram of data is given along with fitted densities based on ML and MPS
estimates. Cooray et al. [8] show that FL distribution is more appropriate than FN distribution for
modelling this data. Results given in Table 5 provide that the FEP distribution can also be considered as
an alternative to FL distribution.

Table 5. Parameter estimates, KS and p —values for lead wires data.

Estimation N - N

Distribution Method Jii a p KS p —value
FEP ML 13.1291 | 7.7628 | 1.4488 | 0.0612 0.0482
MPS 13.0694 | 7.7759 | 1.3951 | 0.0632 0.0375
FN ML 13.6120 | 8.4626 - 0.0709 0.0135
FL ML 13.2860 | 4.8400 - 0.0611 0.0487

0.06
|

0.04
|

Frequency

0.02
|

N

[ T T T 1
0 10 20 30 40

0.00
L

Camber of 497 lead wires

Figure 2. The histogram and fitted densities for lead wires data.
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4.2. Log-Norwegian fire claim data

Brazauskas and Kleefeld [2] use this data in the context of insurance claims distributional modeling. The
full data set is available at the following web site with name NORWEGIANFIRE.TXT:
http://Istat.kuleuven.be/Wiley/. It should be noted that log-Norwegian fire claim data is obtained by taking
logarithm of original data divided by 500 and is for the year 1988.

Nadarajah and Bakar [1] consider different folded distributions, including FEP, to model log-Norwegian
fire claim data. They show that FEP is the best distribution modeling log-Norwegian fire claim by using
ML estimates. In addition to ML, we use MPS method to estimate the parameters of FEP distribution in
the current study. Results are given in Table 6. It is clear that MPS method is more preferable for this data
set. See also Figure 3 in which histogram and fitted densities are provided.

Table 6. Parameter estimates, KS and p —values for log-Norwegian fire claim data.

s Estimation . - .
Dsitribution Method i e} il KS p —value
FEP ML 0.6109 | 0.9322 | 1.1282 | 0.0213 0.8475
MPS 0.6109 | 0.9259 | 1.0981 | 0.0211 0.8566

0.7

05 0.6
1 1

Frequency
0.3 0.4

0.2

0.1

0.0

I T T T T T T 1
0 1 2 3 4 5 6 7

log(Fire/500)

Figure 3. The histogram and fitted densities log-Norwegian fire claim data.

5. Conclusion

In this study, we consider the ML, LS, WLS, CVM and MPS methods to estimate the unknown
parameters of FEP distribution. As far as we know, LS, WLS, CVM and MPS methods have not been
used for FEP distribution previously. We aim to investigate the most efficient estimator in terms of some
criteria such as bias, MSE and Def. Results of the simulation study show that MPS is slightly better than
the other estimators. It should be noticed that the ML estimator has also a remarkable performance since it
is the second best estimator. Two real life examples taken from literature are considered in the application,
i.e. Lead wires and log Norwegian data. They are modelled using FEP distribution and the corresponding
parameter estimates are obtained based on ML and MPS methods. KS test results show that these methods
are desirable for modelling the data sets.
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Abstract

In this paper we have proposed a general class of estimators under median ranked set sampling (MRSS) both
one auxiliary and multi-auxiliary variables are known. The mean square error (MSE) and bias formulas are
derived by theoretically. We have conducted a simulation study to see the performance of proposed
estimators. Also it is shown that the proposed estimators are always more efficient than existing estimators by
theoretically. From simulation study we can say that suggested class of estimator performs better than Al-
Omari [1] estimator and conclude that regression type estimator gives always more efficient results than Al-
Omari [1] estimator.

Keywords: Auxiliary information, Efficiency, Median ranked set sampling, Monte Carlo simulation, Ratio
estimator.

Oz

Bu calismada, medyan sirali kiime Grneklemesi (MSKO) altinda hem bir yardime: degisken hem de birden ¢cok
yardimct degisken bilinmesi durumunda genel bir tahmin edici sinifi onerilmistir. Hata kareler ortalamast
(HKO) ve yanhilik formiilleri teorik olarak elde edilmistir. Onerilen tahmin edicilerin performansmn gérmek
icin bir benzetim ¢alismast yapilmistir. Ayrica onerilen tahmin edicilerin mevcut tahmin edicilerden her
zaman daha etkin oldugu teorik olarak gésterilmistir. Benzetim ¢alismasindan, 6nerilen tahmin edici sinifinin
Al-Omari [1] tahmin edicisinden daha iyi performans gosterdigi sdylenebilir ve regresyon tipi tahmin
edicinin, Al-Omari[l] tahmin edicisinden her zaman daha etkin sonuglar verdigi sonucuna varilabilir.

Anahtar sozciikler: Yardimci degisken, Etkinlik, Medyan swrali kiime érneklemesi, Monte Carlo benzetimi,
Oransal Tahmin.

1. Introduction

Ranked set sampling (RSS) is more efficient sampling plan than simple random sampling (SRS) when the
measurements are difficult or expensive to obtain but ranking of units is relatively easy and cheap. Many
authors developed and modified this sampling plan to estimate population parameters such as Al-Saleh
and Al-Omari [2], Jemain and Al-Omari [3], Jemain et al. [4], Ozturk and Jafari Jozani [5], Amiri et al. [6]
etc. Recently Al-Omari and Al-Nasser [7], used robust extreme ranked set sampling to estimate median.
Al-Omari and Ragab [8] studied truncation-based ranked set samples to estimate population mean and
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median. Haq et al. [9-10] introduced partial ranked set sampling and mixed ranked set sampling designs
respectively. Some authors prefered various ranked set sampling designs to estimate parameters of
distributions. Bhoj and Kushary [11-12] proposed a ranked set sampling procedure with unequal samples
and unequal replications to estimate the population mean and have extended their study for skewed
distributions. Samuh and Qtait [13] used median ranked set sampling to estimate parameters of
exponentiated exponential distribution. Omar and lbrahim [14] used extreme ranked set sampling to
estimate shape and scale parameters of the Pareto distribution.

In sampling literature another way to get more efficient estimates is that using ratio estimator when the
information of auxiliary variable is available. Moving this point, many authors proposed ratio estimators
under different sampling desings (see [15-17]). But in median ranked set sampling (MRSS) there are a few
studies related with ratio estimators. Al-Omari [1] first defined ratio estimators in MRSS and Koyuncu
[18-19] proposed new ratio estimators in MRSS and extended ratio estimators to extreme ranked set and
double robust extreme ranked set sampling.

In this study we have proposed more general class of estimators in MRSS when one auxiliary is known.
Also we have extended our results for the case: multi-auxiliary variables are known. SRS and MRSS are
defined in Section2 and Section3 respectively. In Section4, we have suggested a class of estimators in
MRSS. Simulation study is given in Section5 and we have summarized our results in this section.

2. Simple Random Sampling

We have reviewed some well known estimators in SRS. Let U:(ul,uz,...,uN) denote a finite

population of size N. Let Y be the study; X and Z be two auxiliary variables associated with each unit
u;(j=1...,N) of the population. A sample of size n is drawn without replacement from the population.

Let (X,,Z,,Y,).(X,.Z,,Y,),....(X,,Z,.,Y,) denote the observed values of Y, X and Z. Moreover let

Y, > X, >z,
1 2 _ =1

Hyo by By o Yops =, Xepg = - , Zens =-——— be the population and sample means of study
n n
and two auxiliary variables respectively.

The well known ratio estimator using SRS is defined by

/’lX (1)

Yr srs = Ysrs =
SRS

where Xz # 0. If the quantiles of auxiliary variable, q,,q, are known Al-Omari [1] defined ratio type
estimators in SRS as

iV IV Hy + ql

Yr1 srs = Ysrs = 2
B Xsrs T 01

v v Hy + q3

Yr2_srs = Ysrs = 3)
N Xsrs T U3

The regression-type estimator of population mean using one auxiliary variable is defined by

Yre gl SRS — Ysrs + bSRSl (;ux — Xsps ) (4)
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S :
where by, = ——=" denotes the estimator of regression coefficient and s%RS_X ==L n :
SRS _x n-
n
Z(yi = Vers ) (% = Xsps )
Ssrs_yx = = n_1 , [20]).

If two auxiliary variables are available the ratio type and regression-type estimators are, respectively,
defined as

v g M M
Yrs srs = Yors =~ o 5)
SRS ZSRS
yRegZ_SRS = Veps + bSRSl (;ux — Xsps ) + bSRsz (/uz — Zgps ) (6)
S
where bggs, =y denotes the estimator of regression coefficient for second auxiliary variable and
SRS z
n _ 2 n
) _ 1(Zi_ZSR5) Z(yi_ySRS)(Zi_ZSRS)
S — 1= , S = i=1 y 20 .
SRS z n—1 SRS _yz n—1 [20])

3. Median Ranked Set Sampling
For the sake of brevity we follow Al-Omari [1] sampling design and notations given by

1. Randomly select n samples each of size N multivariate units from the population.

2. The units within each sample are ranked with respect to a variable of interest.

n+1
3. If n is odd, select the [Tjth—smallest ranked unit auxiliary variables together with the associated
. . . . . .n
study variable from each set, i.e., the median of each set. If n is even, from the first E sets select the

n . - . . . . n
(—] th ranked unit auxiliary variables together with the associated study variable and from the other >
n+2 N : : : :
sets select the T th ranked unit auxiliary variables together with the associated study variables.

4. The above procedure can be repeated m times to obtain a sample of size nm units.

To extend our results to multivariate case we assume that Y is study variable and X and Z are auxiliary
variable. In application to ranked the samples we prefer higly correlated auxiliary variable with study
variable.
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Let (Xi(l),Zi(l),Yi[l]), (X i) i Y[Z]) (Xi(n ,Zi(n),Yi[n]) be the order statistics of X, X;,,..., Xj,,

Z,,Z,,...,Z, and thejudgement order of Y,;,Y;,,....Y,, (i=12,...,n), where ( ) and [ | indicate
that the ranking of X, Z is perfect and ranking of Y has errors. For odd and even sample sizes the units
measured using MRSS are denoted by MRSSO and MRSSE, respectively.

For odd sample size let

[UUMMUUHHUUHJ

= 18 - 13
denote the observed units by MRSSO. XMRSSO:_ZXKMJ’ Zyrsso = — 2, Z } and
ne (M

N '(n%l

1 n
Virsso :HZY-[M} be the sample mean of X ,Zand Y respectively.

S

For even sample size let

[X{zrz{zj’f[;ﬂ’(thzrzz@ﬁz{:ﬂ""’(X;@’Zz{zﬂzm]’(X“fm’zm;m’“;m

X Z Y o X g Z Y
{ Bty HJ [ (CHRLCYILE

ﬂ denote the observed units by MRSSE.

n

1| 2 1| 2
=— + X , Z, =— .
MRSSE n Zl (Ej i%z (n;—Z] MRSSE n Z]; '[*) I:nizz |[ 22)

n
- 1] 2 g . .
and Yypsse = — Z ..»1 | be the sample mean of X, Zand Y respectively. Let rewrite the
IRKENRNES
sample Means as Xyyess ;) Zurss )+ Ywrss(j) Where J =(E,O) denote the sample size even or odd.

In MRSS we can re-write estimators in defined in section two as given by, respectively

Hy

yR_MRSS = yMRSS( Ve ()
MRSS( j)
o . T O
Yri mrss = Ywrss() = o (8)
0 XMRSS +0
_ _ +q
Yr2_mrss = Ywrss(j) 2 9)

XMRSS + q3



N. Koyuncu / Istatistikgiler Dergisi: Istatistik&Aktiierya, 2019, 2, 58-71 62

Yreg1_mrss = Yurss(j) T Burss: (:ux - XMRSS(])) (10)

where by, denotes the estimator of regression coefficient under MRSS

p n+. S N+
—1ﬂiillil;l,n is odd

b

wessi(j) = ( ] * oot j [Syxm ] }
)

s sttty (il s

and 'Oxy{”i}’ Yol m represent correlation coefficient between study and auxiliary variable for odd and

,niseven

2 2
even sample sizes.

If the two auxiliary variables are known, following estimators can be used

v - H K,

Yrs_mrss = Ywrss(j) = —— (11)
MRss(j) ZMRss(j)

Yreg2_wrss = Yurss(j) + Burss: (:ux ~ Xurss(j) ) +DByess2 (,uz - zMRSS(j)) (12)

where b5, denotes the estimator of regression coefficient of second auxiliary variable under MRSS

,0 n+S n+
—ji—jlliiil,n is odd

,niseven

RG]

(Swm+szy[“ﬂ]:[’)zv[z}“’zv[“ﬂ](s{ﬂ”{“fﬂ(svm“vm]'
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4. Suggested Classes of Estimators

Following Srivastava and Jhajj [21] and Koyuncu and Kadilar [22], we have defined a class of estimators
of population mean using MRSS as

ty = YurssyH (U) (13)

X _
where u=—"250 and H () is a function of U satisfies the following regularity conditions:
Hy

a) H(1)=1

b) The first and second order partial derivatives of H with respect to U exist and are known constants at
a given point U =1. Note that the estimators are defined in (7)-(9) are members of t,. Let us define
following expectations under MRSS as follows

P Yurss() ~ Ay e = YMRSS(j) Ay
0(i) 1 () P ’
y X

such that E (go(j)) =E (51(1)) =0 and j=(E,O) denote the sample size even or odd.

If sample size N is odd we can write

1 1
E (‘912(5)) = T [O'XZ@ +0':(n+22]], E («95(5)) = 2,2 {O‘jm + O-j{”;zﬂ

Expanding H (u) in a second order Taylor’s series we have

H(8) =H (1 (0 1)=H @)+ (0-) 5]

2
r(u-1y? LM

(14)
i 2 ou’

u=1

Note that |u —]4 < 1thus the higher order terms can be neglected. Putting (14) in (13) we have

ty = Vumss | 1+ (U=2) Hy +(u=1) H, +.. (15)
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_10°H

R =00 . Expressing (15) with & terms and extracting g, from both

u=l

where H, = 0
u u=1

sides we have

t, — 4y, = p, [51(,-)H1 +gf(j)H2 + &5+ €oyx5) Ha +] (16)

Taking expectation on both sides, the bias of class is given by

1
_[&“f@;l

)Hz +o-xy[MjHl} if odd

2

(17

B(tg ) = _p
_ = 2y 2 2 H H f
2nL, [/ux (GX(;J +O-X(n;2]] 2 +(o-yx[ﬂ +O_yx[”;1} l:l IT even

Squaring both sides of (16) and taking expectation we obtain the MSE is given by
2
(tg —,uy) =~ ,uj [gg(j) + 512(1.)H12 + 280(1.)81(1.)H1]

_a:(njof N ZZ—iaXy(M)Hl] if odd

2

Alor ot nzeots H, | if
i (“{z)“’wﬂ o ("y{;r‘wﬂ }

(18)

MSE (t, ) =

Differentiating (18) with respect to H, and putting again we obtain minimum MSE as

1 2 2 -
- 1- , nis odd
U[ ”xm] ”

) O e

Note that this is also MSE of V.1 wrss - (Se€ Koyuncu [19] for details )

MSE,,, (t, ) =

Srivastava [23] defined a wider class in simple random sampling. Secondly taking motivation from
Srivastava [23] we have suggested wider class of estimators as

t,=H (VMRSS(j)’u) (20)

where H (VMRSS(D,U) is a function of Yyqss(;) and U satisfy the following regularity conditions:

a) The point (VMRSS(D,U) assumes the value in a bounded, closed convex subset R, of two-

dimensional real space containing the point (\7,1) .
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b) The function H (VMRSS(j)’u) is continuous and bounded in R, .
¢) H(Y,1)=Y and H,(Y,1)=1 which is first order partial derivative of H with respect to

VMRSS '
d) The first and second order partial derivatives of H (VMRSS,U) exist and are continuous and
bounded inR, .

Expanding H (VMRSS(D , u) about point of (\7,1) in a second order Taylor series we have
t,=H (VMRSS(j)’u) =H |:(Y_+(7MRSS(j) _ﬂy)>a(1+(u _1)” (21)

_ _ _ 2
t, = Vyrss(jy T (U—1)H, +(u —1)2 H, +(yMRssm _/”y)(u ~1)H, +(yMRSS(J') _ﬂy) H,

where
oH 1 0°H 1 0°H 1 0°H
T BT e St R
Ymrss =4y U=1 Ymrss =4y U=l WMRSS Ymrss =4y U=1 y Tnarss =4y U=1
Extracting 4, from both sides of (21) we obtain
t,—u, = HyE( i) +51(j)H1 +812(J.)H2 +<9O(J.)<C,‘1(J.)H3 +g§(j)H4 (22)
The bias of t,, is, given by
l(%az n+1 H2+ < O rha H3+i20-2 n+1 H4] if odd
g ) e ST g oY
B(t,)=
S iz[azn +o’ JH2+ ! (0 o ]H3+i2[62n +o’ JH4 if even
an| (3] A A m B
(23)
The MSE of t, is, given by
E(GZ n+1 +i262 n+l le +2i6 n+l HlJ If Odd
n( % o e o)

MSE(t,)=

1 2 2 1 2 2 2 1 i
2n 2 H +2— H, | if
2n &%m + Uy[n;zﬂ+ ,sz Lax(g) + ax(”f]] .t m [va[ﬂ + ny[”*ﬂ] 1} if even

(24)
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After differentiating with respect to H, and putting it (24) we obtain the MSE_ (tw) is equal to

MSE ;.. (tg). This means that the usual linear regression estimator is special case of wider class of
estimator.

Now we define a general class of estimators using multivariate auxiliary variable as

Y = VMRSS(j)H (ul’UZ""'up): VMRSS(j)H (H) (25)
YMRss(j)k . . .
where U, = k=1,2,..., p and H(u) is a parametric function such that H(e)=1 for
/uxk
€= (1,1,...,1)*p, satisfying certain regularity condition such as the first and second order partial

derivatives of H with respect to U exist and are known. Expanding H(g) around the € by using second
order Taylor’s series we have

, A2
1) =l b-gl=HEru-o S+l oo )
Putting (26) in (25) we have
= 1 '
Y. =ﬂy{1+80(,-)+(u—§)i+§(u—§) i(u—g)ﬂo(,-)(u—g)iJr--} (27)
2
where H,=— d H,= 2 - are the matrices consisting of first and second order partial
o — lu=e o u—! u=e

derivatives of the function H with respect to U and evaluated at U = €.

1 ’
B(5.) = E| 3(u-2) Hy(u-) oy (u-2) . 9
Lyt oYt o H if odd
_ n"’ia Hy Xk[%] k=1 My My ka[TJrj
B(V,)=
iﬂy Zp:iz o’ tol H2k+zp: L O (1 +0 o |Hu | if even
2n T p\ ) ) S gty oz
(29)

where H,; and H,; denote jth diagonal element of H, and jth component of H , respectively.

MSE (7, )= ﬂje{gg +H, (u-e) (u—e)H, +26,(u—e) Hl} (30)
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,u_j iaz st Zk:p 0.0 H, + ! Zkzzk:HnHlptp c,.0C if odd
n ,Uj V(n%l) HyHy =1 e HytHys =1 s=1 Mo
I 1 1 <
MSE (V,) = —| o +ok,. }LZ [ ato . JH
R e o) o2 CR ) L I
2n 1 k&
H,H

(31)

On differentiating with respect to H, = (Hll,..., Hlp)t and equating to zero, we will obtain a set of p
equations, as

A D) Tl G
TR s T Hyg by, g gty
H
O-x1x2(n;rl) i 2 O-xzxp(%lj H;l L O-yxz(”;'lj
oty 1 % motty o ITL T sy,
: : : : H,, :

lexp(%l) O-XZXp[%l] iaz y nyp{nzlj
/uxlﬂxp :uxzﬂxp :ufp Xp(%—l)_ L ’ ’UY‘UXP n

or AH, =C . This equation can easily be solved for unknown parametersas H, = A‘lc

1 -
MSE(Y,),,, = ”_“502["2”] (1R if odd )
s Jmin = 1 2 2 2 |
Znuj (Gy{;} +Gy[n;—2}}|:1_ Ry-XlXZ...xp:I If even

Note that this MSE is same with MSE of multivariate regression estimator.

Corollary: A wider class of estimators for estimating population mean , using p auxiliary variables
Ly My, CaN €asily be defined as

Y. =H (VMRSS(j)’g)

where H ( , ) is a parametric function such that H (V,g) =1, satisfying certain regularity conditions. It is
easy to show that a wider class of estimators Y, has the same asymtotic mean square error as that of the

general class of ratio type estimators of population mean defined at VMRSS( J.)H ( u ) :
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5. Simulation Study

In this section, we conducted a simulation study to investigate the properties of proposed estimators. In

the simulation study, we track following steps:

1. Generate correlated four finite populations of size N =10000 using bivariate normal distribution
using “mvrnorm” function in R programme. In the simulation, we considered &, =2, u, =3, Hy = 4.

To see the efficiency of correlation we consider different correlations. To use the ratio type estimators we
have taken into account only positive correlations. We have generated populations with different
covariance matrices as given below:

Population |
18 3 29
2| 3 3 11| Pw70408 Py =0.3418 p,, =0.3175
29 11 4
Population |1
14 3 29
2_| 3 2 11 P, =0.5669 p,, =0.5480 p. =055
29 11 2
Population I11
10 3 29
o=l 3 2 11|P»= 0.6708 Py, =0.6485 p. =055
29 11 2
Population IV
6 3 29
2_| 3 2 11 P, =0.8660 p,, =0.8372 p. =055
29 11 2

2. Select samples size from bivariate normal distributions using SRS and MRSS for n=5,6,7,8 on the

basis of 60.000 replications respectively.

3. CompUte mean estimation USing nysRS’ VRLSRS’ VRZ_SRS' VRS_SRS' yReglfSRS’ 7R99275RS 'nyMRSS'
Yr1 wmrss© Yr2 Mrss+ YR3 Mrss @ Yregr mrss @N0 Yrego wrss from samples.

4. Computed MSEs and percent relative efficiencies (PREs) of estimators with respect to Y g for

n=>5,6,7,8 on the basis of 60.000 replications and displayed in Table 1-Table 4. We used following

formula to calculate PRE values:



PRE,; =

MSE (Vx_ses )
MSE(Y,)
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where i=R_SRS, R1_SRS, R2_SRS, R3_SRS, Regl_SRS, Reg2_SRS, R_MRSS, R1_MRSS, R2_MRSS,
R3_MRSS, Regl_MRSS, Reg2_ MRRS

Table 1: MSE and Efficiency of Estimators for Population |

n=>5 n=6 n=7 n=8
Estimator MSE PRE MSE PRE MSE PRE MSE PRE
VR_SRS 13164.0042 | 100.00 948.5593 | 100.00 753.8487 | 100.00 52.6932 | 100.00
le_SRS 8.6828 151609.71 | 4.1258 22991.10 | 2.9104 25901.97 | 2.4331 2165.68
yRZ_SRS 3.3443 393622.86 | 2.7754 34177.35 | 2.3691 31819.90 | 2.0342 2590.32
yRS_SRS 26038.5650 | 50.56 2531.9695 | 37.46 2295.0400 | 32.85 172.1833 | 30.60
yRegl_SRS 3.0754 428046.87 | 2.5875 36658.93 | 2.2239 33897.70 | 1.9212 2742.74
VRGQZ_SRS 2.9395 447824.38 | 2.4802 38245.61 | 2.1325 35350.10 | 1.8431 2858.95
yR_MRSS 3.8511 341828.74 | 1.5494 61222.79 | 2.4876 30304.07 | 1.0921 4824.86
le_MRSS 3.3535 392550.28 | 1.3704 69216.08 | 2.3136 32582.96 | 1.0117 5208.15
VRZ_MRSS 3.1856 413229.24 | 1.3215 71779.46 | 2.2542 33442.67 | 0.9921 5311.12
7R3_MRSS 115.7138 11376.35 2.1826 43460.93 | 3.9730 18974.23 | 1.3606 3872.78
yRegl_MRSS 3.1153 422555.38 | 1.2978 73089.57 | 2.2225 33918.36 | 0.9807 5372.81
VRGQZ_MRSS 2.9281 449576.12 | 1.2190 77812.19 | 2.0765 36304.05 | 0.9137 5766.88
Table 2: MSE and Efficiency of Estimators for Population 11
n=5 n=6 n=7 n=28
Estimator MSE PRE MSE PRE MSE PRE MSE PRE
yR_SRS 211.6173 | 100.00 6.7393 | 100.00 7.7910 | 100.00 216.1899 | 100.00
VRl_SRS 2.1825 9696.16 1.7635 | 382.16 1.4788 | 526.85 1.2896 16764.36
yRZ_SRS 2.1703 9750.69 1.7939 | 375.68 1.5215 | 512.07 1.3375 16163.55
yRS_SRS 445.1171 | 47.54 16.1187 | 41.81 20.0734 | 38.81 519.0859 | 41.65
yRegl_SRS 1.8579 11390.24 15479 | 435.40 1.3277 | 586.80 1.1668 18528.53
7RegZ_SRS 1.9815 10679.46 1.6448 | 409.72 1.4072 | 553.63 1.2367 17480.73
VR_MRss 2.0655 10245.43 0.8371 | 805.03 1.4182 | 549.37 0.6235 34672.35
VRl_MRSS 1.9183 11031.28 0.7906 | 852.48 1.3612 | 572.35 0.5986 36118.91
VRLMRSS 1.9222 11009.15 0.8097 | 832.31 1.3687 | 569.23 0.6098 35455.12
7R37MRSS 24221 8736.95 0.9280 | 726.25 15159 | 513.94 0.6480 33360.22
yRegl,MRSS 1.8496 11440.94 0.7730 | 871.86 1.3374 | 582.54 0.5914 36555.78
VRGQZ_MRSS 1.7780 11901.87 0.7588 | 888.11 1.2653 | 615.75 0.5643 38307.82
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Table 3: MSE and Efficiency of Estimators for Population 111
n=5 n=6 n=7 n=8

Estimator MSE PRE MSE PRE MSE PRE MSE PRE
VR_SRS 27.3732 | 100.00 24.3081 | 100.00 1.7696 | 100.00 1.2123 | 100.00
le_SRS 1.2764 2144.49 1.0329 | 2353.35 0.8629 | 205.07 0.7527 | 161.07
sz_SRS 1.3489 2029.24 1.1142 | 2181.74 0.9431 | 187.63 0.8285 | 146.33

7R3_SRS 145.0732 | 18.87 52.8522 | 45.99 3.1282 | 56.57 2.0634 | 58.75
yRe@u_SRS 1.0813 2531.59 0.9002 | 2700.33 0.7720 | 229.23 0.6776 | 178.91
VREQZ_SRS 1.1961 2288.51 0.9925 | 2449.24 0.8450 | 209.42 0.7432 | 163.12
yR_MRSS 1.2418 2204.27 0.4960 | 4900.34 0.8261 | 214.21 0.3642 | 332.85
le_MRSS 1.1382 2404.96 0.4618 | 5263.39 0.7906 | 223.84 0.3462 | 350.19
7RZ_MRSS 1.1614 2356.98 0.4856 | 5005.79 0.8082 | 218.97 0.3604 | 336.36
yRs_MRss 1.4280 1916.88 0.5558 | 4373.20 0.8517 | 207.78 0.3737 | 324.38
VRegl_MRSS 1.1006 2487.15 0.4517 | 5381.40 0.7789 | 227.20 0.3426 | 353.82
7R992_MRSS 1.0248 2671.10 0.4398 | 5527.28 0.7112 | 248.83 0.3194 | 379.52
Table 4: MSE and Efficiency of Estimators for Population IV
n=5 n=6 n="7 n=8

Estimator MSE PRE MSE PRE MSE PRE MSE PRE
VR_SRS 30.9339 | 100.00 10.1850 | 100.00 0.6340 | 100.00 0.4334 | 100.00
le_SRS 0.3656 8461.66 0.2963 | 3437.76 0.2449 | 258.86 0.2137 | 202.82
yRZ_SRS 0.5267 5872.75 0.4340 | 2346.62 0.3649 | 173.73 0.3202 | 135.35

7R3_SRS 73.7932 | 41.92 27.3506 | 37.24 1.3909 | 45.58 0.8715 | 49.73

yRegl_SRS 0.2965 10433.07 0.2464 | 4133.89 0.2111 | 300.29 0.1854 | 233.77
yRegZ_SRS 0.4061 7617.18 0.3399 | 2996.27 0.2880 | 220.19 0.2556 | 169.59
VR_MRSS 0.3590 8617.02 0.1481 | 6879.10 0.2347 | 270.11 0.1047 | 413.83
le_MRSS 0.3132 9876.42 0.1272 | 8008.96 0.2161 | 293.41 0.0952 | 455.33
VRZ_MRSS 0.3601 8590.04 0.1577 | 6459.30 0.2407 | 263.38 0.1137 | 381.20
7R3_MRSS 0.4688 6598.32 0.1785 | 5706.77 0.2098 | 302.23 0.1094 | 396.31
VRegl_MRSS 0.2964 10435.62 0.1217 | 8370.56 0.2097 | 302.28 0.0922 | 469.95
yRegZ_MRSS 0.2325 13302.55 0.1105 | 9213.11 0.1534 | 413.41 0.0766 | 565.93

From the simulation results given in Tables 1-4, we can conclude that:

1. When we compare same type estimators in SRS and MRSS sampling designs we can say that MRSS
estimators give more efficient results than SRS estimators.

2. Ratio type estimator using two auxiliary variables Y, ¢ is the worst estimator in SRS design for all

populations. And Yp; yges 1S the worst estimator in MRSS except the sample size n = 7 for Population
V.
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3. From the Table 1-Table 4, we can say that suggested class of estimator performs better than Al-Omari
(2012) estimator. We can conclude that regression type estimator gives always more efficient results than
Al-Omari (2012) estimator.

4. If we use any function of U in our estimator we can not reduced the MSE than MSE of regression
estimator. The usual ratio, product and power estimators are special case of class of estimator.

5. To use ratio type estimators in SRS or MRSS, we assume that there are positive correlations between
study and auxiliary variables. Otherwise to get efficiency we need to use product type estimators.
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Oz

Bu ¢alismada, herhangi bir dagilim varsayimi olmadan sira istatistiklerine dayali ortalamaya iliskin kalite kontrol
karti limitlerinin belirlenmesi konusu ele alinmistir. Dagilimdan bagimsiz kontrol kartlari, ¢carpik ya da agir kuyruklu
dagilimlar icin dayanikli bir yontemdir. Ayrica, ¢izilecek kontrol kartinin dagilimmin varyansimi bilmeye ya da
tahmin etmeye gerek yoktur. Farkli 6rnek hacimleri igin dagilimdan bagimsiz kontrol limitleri, yanlis alarm orani ve
ortalama calisma uzunlugu hesaplamalar1 tablo halinde sunulmugtur. Shewhart kontrol karti ve medyan kontol
kartinin ¢izimi hakkinda bir uygulama yapilmistir.

Anahtar Sozciikler: Dagilimdan bagimsiz kalite kontrol, kontrol karti, medyan kontrol karti,sira istatistikleri, 6n
istatistikler

Abstract
Quality control cards based on order statistics to monitoring process average

In this study, determination of quality control card limits based on order statistics without any distribution
assumption is discussed. Distribution-free control cards are a robust method for skewed or heavily tailed
distributions. In addition, there is no need to estimate the variance of the distribution of the control card to
be drawn. Distribution independent control limits for different sample volumes, false alarm rate, and
average run length calculations are presented in a table. An application was made about drawing of
Shewhart control card and median control card graph.

Keywords: Distribution-free quality control, control charts, median control charts, order statistics,
precedence statistics.

1. Giris
Kontrol kartlarin1  kullanmanin temel amaci, siire¢ dagiliminda meydana gelebilecek

degisiklikleri hizlica belirleyebilmektir. Dogal nedenlerden kaynaklanan degisimler gbz ardi
edilerek 6zel sebeplerin yol agabilecegi degisim yakalanmak istenilmektedir. Bir imalat siirecinde
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ham maddeden, iiretimde kullanilan cihazlardan veya gorevli kisilerden kaynaklanan degisimler
0zel sebepler olarak adlandirilir.

Kontrol kartlarin ¢ogu, dagilim varsayimina dayanan prosediirlerdir. Siire¢ ¢iktisinin belirli bir
olasilik dagiliminina (genellikle normal dagilima) sahip oldugu varsayilir.

Kalite kontrol Kkartlari, hipotez testleri ile yakindan iliskilidir. Kitle ortalamasina iliskin
Ho:u = poiddiasina karsilik H, = (44 = g+ 6o) iddiasmim dogru olup olmadiginin

a anlam diizeyinde arastirildig1 hipotez testi sonucunda H, hipotezinin reddedilememesi siirecin

kontrol altinda olmasina denktir. X -kalite kontrol kartlarmm amact, stire¢ ortalamasindaki
kaymalarin hizli bir sekilde tespit edilmesidir. Kontrol kartinin limitleri  p; ¥ko, dir. Siireg

7 ?

kontrol dis1 iken 6rneklem ortalamasi X 'nin kontrol limitlerinin disina ¢ikmasi olasiligi

to—ka /0 o
P=1-p= [ f(X|w)dx+ [ f(X|w)dx
—0 ty+koln

dir. Burada P, dogru alarm verme olasiligi, £ ise II. Tip hata yapma olasihigidir (tiiketici
riskidir) ve = P(SUreg kontrol aItmda|Siire<; kontrol diginda iken) bi¢iminde ifade edilir. Burada yer

alan u, ve p parametreleri sirasiyla siireg kontrol altinda ve siireg kontrol disinda iken

X rasgele degiskeninin kitle ortalamasini gostermektedir. X rasgele degiskeninin dagilimi
normal dagilim oldugunda

P=1-®(k-ns)+®(-k+ns)

dir. Burada @, standart normal dagilim fonksiyonu ve &=z — )/ o dir. Yanlis alarm verme
olasiligt yani L tip hata olasiligt (liretici riski) ise
a = P(Stireg kontrol disi|Siire¢ kontrol altinda iken) = 2 (—k) dir [1]. Kontrol kartinda isaretlenen

ornek ortalamasinin kontrol limitlerinin disina ¢ikmadan oOnce g¢izilmesi beklenen noktalarin
sayisi, ortalama calisma uzunlugu (average run lenght-ARL) olarak adlandirilir ve kontrol

kartinin performansini degerlendirmek i¢in kullanilir. Siire¢ kontrol altindayken ARL = i, suireg
a

kontrol disinda iken ARL:Ldlr. Orneklemin dagilimi Normal dagilim iken ortalama igin

Shewhart Kontrol kartinin ortalama ¢alisma uzunlugu « =0.0027 i¢in 370’dir. Yani siire¢ kontrol
altindayken ortalama 370 noktada bir kez kontrol karit, siire¢ kontrol disinda sinyali verecektir

[2].

Bir¢ok durumda ilgilenilen kalite degiskeninin gosterdigi dagilim normal dagilim olmayabilir,
carptk ya da agir kuyruklu dagilimlar olabilir. Bu durumda Kontrol kartlarinin ¢iziminde
parametrik olmayan (dagilimdan bagimsiz) yontemler gelistirilmistir. Ozellikle kiigiik drneklem
hacmi ile ¢alisildiginda parametrik olmayan yontemler tercih edilmektedir. Ancak parametrik
olmayan kartlarin algilanan dezavantaji, hesaplamalarin zorlugundan dolay1 6zel tablolara ihtiyag
duymasidir. Literatiirde, 6rnegin yerini kontrol etmek i¢in farkli parametrik olmayan kontrol karti
tablolar1 bulunmaktadir. Isaret testine dayanan kontrol kartlari, Hodges-Lehmann tahmincisine
dayanan kontrol kartlar1 ve Mann-Whitney istatistiklerine dayanan kontrol kartlar1 konumdaki
kaymay tespit etmek icin kullanilan yontemlerdir [3].
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Parametrik olmayan kalite kontrol hakkinda ilk calisma Bakir ve Reynolds [4] tarafindan
yapilmistir ve Wilcoxon isaretli sira istatistiklerine dayali olarak bir prosediir gelistirmislerdir.
Daha sonraki yillarda Janacek ve Meikle [5], Chakraborti ve ark.[6,7], Balakrishnan ve ark. [8,9],
Triantafyllou [10,11] nin parametrik olmayan kalite kontrol kartlar1 hakkinda 6nemli ¢aligmalar1
bulunmaktadir.

Bakir [12], isaret istatistiklerine dayali bir Shewhart tipi kontrol kartlar1 hazirlamistir.
Chakraborti ve Eryilmaz [13], daha kiiciik yanlis alarm oranlar1 ve daha biiyilik kontrol ortalama
calisma uzunluklarina sahip Wilcoxon istatistigine dayanan alternatif bir yontem gelistirmislerdir.
Chakraborti, van der Laan ve van de Wiel [7], kontrol i¢i (referans) 6rneklemden hesaplanan
kontrol limitleriyle sira istatistiklerine dayanan, parametrik olmayan kontrol kartlar1 tanitti.

Balakrishnan, Triantafyllou ve Koutras [14], test 6rnekleminin bir sira istatistigi (ortanca gibi)
olmasinin yani sira test drnekleminden kontrol limitleri arasina diisen gozlem sayisin1 da modele
dahil etmistir. Ek olarak, Balakrishnan, Triantafyllou ve Koutras [15] izlenen bir siirecin olasi
kaymalarin1 saptamak i¢in kosu (run) ve Wilcoxon sira (rank) toplami istatistiklerinden
yararlanirken, Mukherjee ve Chakraborti [16], Shewhart-Lepage grafigi olarak adlandirilan
Lepage istatistigine dayali olarak konum ve 6lgegin ortak izlenmesi i¢in bir grafik onermistir.
Benzer bir cergevede, Chowdhury ve ark. [17], Shewhart-Cucconi semas1 olarak adlandirilan
Cucconi istatistiklerine dayanan, dagilim varsayimi gerektirmeyen Shewhart tipi kart hazirladi.

Dagilimdan bagimsiz kontrol kartlari ile ilgili son gelismeler, Chakraborti ve ark. [6,7],
Chakraborti ve Graham [18], Chakraborti [19], Malela-Majika ve ark. [20] tarafindan yapilmustir.
Stirekli degiskenler igin dagilimdan bagimsiz kontrol kartlarina genel bakis i¢in, ilgilenen
okuyucular bu ¢alismalarini okumasi 6nerilir.

Triantafyllou [21] , test 6rnekleminin iki sira istatistiginin ayni anda kontrol limitleri arasinda
olmasint dikkate alan yaklagimi ile dagilimdan bagimsiz Shewhart tipi kontrol kartlarinin
kurulumunu ayrintili olarak agiklamis, yanlis alarm orani ve ¢alisma karakteristigi islevi i¢in
formiiller elde etmistir.

Ayrica carpik dagilmlar i¢in X ve R kontrol kart1 igin kontrol limitlerinin olusturulmasi igin
Bai ve Choi [22] agirlikli varyans yontemini, Chan ve Cui [23] ¢arpiklik diizeltmesi yontemini,
Tadikamalla ve Popescu [24] basiklik diizeltmesi yontemin onerilmistir. Chan ve Cui [23] nin
yontemine dayali olarak Kan ve Yazici [25], Normal dagilimina sahip olmayan veriler asimetrik
kontrol limitlerini olusturmak i¢in yeni bir teknik sunmuslardir.

Karagdz ve Hamurkaroglu [26] carpik dagilmlar icin X ve R kontrol kartlarmin limitlerini,
klasik, agirlikli varyans, agirlikli standart sapma ve carpiklik diizeltmesi yontemlerini kullanarak
elde etmislerdir. Bu yontemlerin Monte Carlo simiilasyonu kullanilarak karsilastiriimasi
sonucunda Weibull, Gamma ve Lognormal dagilimlari i¢in ¢arpiklik diizeltmesi yonteminin I. tip
hata olasiligimin daha disiik oldugu ifade etmislerdir. Yildiz ve Vahaplar [27], Balakrishnan,
Triantafyllou ve Koutras [14] calismasinda verilen teoriyi kullanarak bayan gomlekleri igin
dokuma yapan bir fabrikaya ait verilerin analizi ile siirecin istatistiksel olarak kontrol altinda olup
olmadigini incelemiglerdir.

Kontrol dis1 bir sinyal alana kadar kartta ¢izilen orneklerin sayis1 bir rasgele degiskendir ve
calisma uzunlugu (run length) olarak adlandirilir. Bir rastgele degisken olan bu calisma
uzunlugunun beklenen degeri, kontrol kartinin performansimi 6lgmek icin ¢ok sik olarak
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kullanilan Ortalama Calisma Uzunlugu (average run length-ARL) 'dur. Siire¢ kontrol altindayken
ARL’nin biiylik (uzun), siire¢ kontrol disindayken ise ARL’nin kiigiik (kisa) olmasi ve varsa
degisimin hizli bir sekilde tespit edilmesi arzulanir. Siiregte incelenen degiskenlerin dagilimi
hangi dagilim olursa olsun, siire¢ kontrol altindayken calisma uzunlugunun dagilimi aym
kaliyorsa o zaman kontrol kart1 dagilimdan bagimsizdir denir.

Bu calismada silire¢ ortalamasindaki degisimi tespit edebilmek icin herhangi bir dagilim
varsayimi yapilmadan sira istatistikleri teorisine dayali 6n istatistikleri kullanilarak medyan
kontrol kartlar1 incelenmistir. Shewhart kontrol kartlarindaki aritmetik ortalama yerine medyan
istatistigi kullanilmistir. Dagilimdan bagimsiz kontrol kartlari, ¢arpik ya da agir kuyruklu
dagilimlar icin dayanikli (robust) bir yontemdir. Test Ornekleminin medyaninin, referans
ornekleminden belirlenen kontrol limitleri arasinda olup olmadigini arastirmak i¢in kullanilacak
formiiller Chakraborti ve ark [7]’nin ¢alismasindan verilmistir. Uygulama bdliimii iki kisimdan
olusmaktadir. Once farkli &rneklem hacimleri i¢in dagilimdan bagimsiz kontrol limitleri
bulunmustur.

Ayrica, bu kontrol limitlerinin iyilik 6l¢iitii olarak yanlis alarm orani (False Alarm Rate-FAR) ve
ortalama calisma uzunlugu (ARL) hesaplamalar1 yapilarak 3 yeni tablo hazirlanmistir. Daha
sonra da tablolarin nasil kullanilacagini gostermek igin literatiirden alinan veriler kullanilarak
parametrik olmayan kontrol kartlarin ¢izimi ayrintili bir sekilde agiklanmistir. Shewhart kontrol
kart1 ile medyan kontrol kartinin karsilastirmasi bir uygulama iizerinde karsilagtirmali olarak
verilmistir.

2. On (Precedence) istatistikler

Bir imalat siirecinde ortaya konulan {irtiniin kalitesi hakkinda incelenebilecek tiim 6zellikleri bir
rasgele degiskendir. Bir iirlinden 6lgme yoluyla elde edilen uzunluk, agirlik, dayaniklilik, en, boy,
cap, vb. karakteristiklerini kaydedip, gerekli kalite kontrollerini yapmak isletmelerin verimliligini
artirmastm saglar. Uriiniin belli bir karakteristiinin 6lgiilen degerleri 6rneklem kiimesini
olusturur.

Bir orneklemde ki 6n istatistigi (precedence statistics) S, =#{j <ny; < X}, j=12,..,n
biciminde tanimlanir. Burada X rasgele degiskeni, ilk 6rneklemden alinan bir rasgele bariyer
noktasini, Y; ise sonradan elde edilen 6rneklemi gostermektedir. S, on istatistigi, X ’den kiiciik

olan Y ’lerin sayisin1 gostermektedir. On istatistikler iizerine kurulan testlere de on testler
denilmektedir. On testler iki bagimsiz 6rneklemden belirlenmis iki sira istatistigine dayanan
oldukga kullanish testlerdir. H, hipotezinin dogru olmasi, yani H,:F(x)=G(x) durumunda 6n

olasiliklar rahatlikla hesaplanabilmektedir. Bu istatistik bircok alanda kullanildig1 gibi
istatistiksel kalite kontroliinde de kullanilabilmektedir.

Farz edelim ki X,,X,,..,X

Siirecin kontrol altinda olup olmadigmi test ermek igin alinan Y,Y,,....Y, test drneklemi G(x, u,)

» referans &rneklemi F(x,x,) dagilim fonksiyonuna sahip olsun.

dagilimina sahip olsun. Referans oOrneklemin sira istatistikleri X, X X ., test

Im» 2 ¥2mo=7 ¥ nm
ornekleminin sira istatistikleri ise Y,,Y,.,...,Y,, olsun. I, ile de tiim siirekli dagilim

fonksiyonlar1 siifim gdsterelim. Istatistiksel kalite kontroliin temel problemi F ve G dagilim
arasinda bir farklilik olup olmadigini yani, F,Ge3J_ olmak tizere H,:F(x)=G(x) hipotezine
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karst H, : F(x)=G(x) hipotezini test etmektir. G dagiliminin konum parametresinin 4 = p4, + 6o

bi¢iminde bir kayma olmasi durumunda siirecin kontrol disina ¢ikip ¢ikmadigi arastiriimak
istenebilir. Bu ¢alismada normal dagilim varsayiminin saglanamadigi durumlarda Shewhart
ortalama kontrol kartlar1 yerine parametrik olmayan kontrol kartlari iizerinde durulmustur. On
istatistikleri kullanilarak kontrol limitleri olusturulmustur.

UKL = X
1<a<b<m olarak belirlenir. Yj:n test ornekleminden alinmis j. sira istatistigini gostersin.

Referans Ornekleminden kontrol kartinin alt ve st kontrol limitleri AKL=X,,, b

Y jn» AKL ve UKL arasina diiserse siire¢ kontrol altindadir denir. Eger Y jin o bu araligin disinda
kalirsa siire¢ kontrol disindadir denir. Y, *den kiigiik olan X gozlemlerinin sayisim1 W; istatistigi
ile gosterilsin. W;’ye 6n istatistik (precedence statistics) denir. Siire¢ kontrol altindayken (K

indisi ile gdsterilsin) W; istatistiginin dagilimi

[j+w—1](m+n—j—w)
1
PK(WJ'ZW): . m+nm_W ’ w=0,12,..,m @)

bi¢imindedir [7]. W, istatistiginin dagilimi, sadece m,n ve j ’ye baghdir, F ve G dagilimlarina

bagl degildir. Dolayisiyla W;, dagilimdan bagimsiz istatistiktir. Onerilen kartin "sinyal
vermemesi" olasili1, on istatistigi W, cinsinden ifade edilebilir. Test &rnekleminin j. sira
istatistiginin a ve b-1

istatistigi olan Yj:n ‘nin  X,, ve X, arasma diismesi olay1 ile W,

arasinda olmasi ayni olaylardir.Boylece

p=p(m n,j, a b, F,G)=P(X,, <Y, <X,,)=P@sw, <b-1 (2)

am — " Jin —
dir. Boylece siire¢ kontrol altindayken

P, = PK(asWj <b-1)=p(m,n,j,a,b,F,F)

olacaktir. (1) ve (2) esitlikleri kullanilarak a ve b sabitleri (1S a<h< m)

[j+w—1}[m+n—j—wj (3)
b-1 w m-w
WZ::; m+n = Po

")

esitliginden bulunabilir [7]. Kontrol kartinin AKL=X__ ve UKL=X, , 1<a<b<m limitlerinde
yer alan a ve b degerleri belirlenmis p, (veya 1-p,) degerine bagl olarak bulunur. Siireg
kontrol altindayken yani H, : F =G olmasi durumunda yanlig alarm oran1 (FAR)

FAR =1-p(m,n, j,a,b,F,F)
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seklinde hesaplanir. Orneklemin dagilimmin Normal dagilim oldugu varsayimina dayali olarak
cizilen kontrol kartlarinda yanlis alarm orani genellikle 0.0027 kabul edilir. Kesikli bir rasgele
degisken olan On istatistiginin yanlis alarm olasiligi p,>P, olacak sekilde bir deger secilir.

Belirlenen bu degere bagh olarak FAR, 1-P, degerinden daha biiyiik bir deger olamaz.

3. Medyan Kontrol Karti
Medyan, dayanikli bir tahmin edicidir ve biiyiik 6l¢iim hatalarinin olmasi durumunda tercih

edilir. Medyan, orneklem ortalamasinin aksine daha esnek bir konum tahmin edicidir ve ug
degerlerden etkilenmez. Orneklem hacmi n=2s+1 (tek) iken Y drnekleminin medyanm j=s+1

olmak iizere Y, ’dir. Medyan istatisti§i kullanildigindan dolay1 (3) esitliginde b=m-a+1
olmalidir. (3) esitliginde b=m-—a+1yerine yazildiginda a (a 2 1) degeri

[j+w—1}(m+n—j—w}

m-a _ (4)

ga w m+nm w > b,
")

ile verilen (4) esitligini saglayacak bicimde bulunur.

4. Calisma Uzunlugu Dagilim

Bir kontrol kartinin performans: genellikle, ¢alisma uzunlugu dagilimina gore incelenir.
Faz | asamasinda test 0rneklemi ile ¢izilen kartta kontrol limitleri arasinda kalan (isaretlenen)
nokta  sayist  olan  c¢alisma  uzunlugu N rastgele  degiskenin  dagilimi

P(N=k)=E,_ x,, (P"~P"), k=12.. dir. Burada B X om ( p") ifadesinde yer alan p
niceligi
p P(xam— Jn— ) P(GF_l{ am}<UJnSGF_1{U })

esitligi ile hesaplanir. Burada U,, ve U,  siirekli diizgiin dagilmmin ave b. sira
istatistikleridir. Calisma uzunlugu dagilimi iki yanli kartlar i¢in

MB(J n—j+D) h; (:)h (n_hjj(GF_l( 0" -6 (s)")

“(a-1)i(b—a-1)}(m—b)!

=D"(k)

k

s*H(t—s)* (1-t)"" dsdt ®)

bi¢iminde elde edilir [7]. Bu durumda iki yanli kontrol kartlarinda ¢alisma uzunlugunun dagilimi
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P(N=k)=D"(k-1)-D"(k), k=123,.. ve D'(0)=1 (6)
dir. (5) formiiliinde F =G oldugunda, siire¢ kontrol altindadir denir.

4.1 Sistem kontrol altinda iken ¢alisma uzunlugunun dagilimi

Iki yanli kontrol kart1 igin, (6) esitliginde verilen siire¢ kontrol altindayken c¢alisma uzunlugunun
dagilimi

P(N=k)=D(k-1)-D(k), k=123,.., D(0)=1 @)

dir. Burada (6) esitliginden

=

T 1 (=) (=0 uien (e k
D(k)—!_([ TR j+h[ H J(t( ) gl ))} (8)
m!

“anip-a—mop)y° (1-t)™" dsdt

elde edilir [6]. (8) esitligi kullanilarak siire¢ kontrol altindayken On istatistiklere dayali kalite
kontrol kartinin ¢aligma uzunlugu dagiliminin olasiliklar1 hesaplanir.

4.2 Ortalama ¢alisma uzunlugu

Shewhart kartlarinda, ¢alisma uzunlugunun dagilmi  P(X =x)= (1— p(s ))Xf1 p(8), x=12,...

olasilik fonksiyonu ile Geometrik dagilimdir. Burada O , incelenen islem parametresindeki
kayma miktar1 ve p parametresi kartta isaretlenen istatistiklerin kontrol limitlerinin disina ¢ikma
olasiligidir. Bu nedenle, Shewhart tiirii kartta islem parametresi delta kaymasi igerdiginde,

ARL = % olur. Siire¢ kontrol altinda iken ARL, olarak adlandirilir. Siiregte isaretlenen
p

istatistikler cok uzun bir siire kontrol limitleri icinde oldugunda, siirecin kararli durumda oldugu

bilinmektedir. Bu kararli durumda stirecin ARL'si, kararli durum ARL'si olarak bilinir. Burada yer

alan p, (2) esitliginden hesaplanir. Boylece X,, ve X, ile kosullu ARL denklemi

ARL:iP(N >k)=ipk
k=0

= k=0

ve kosulsuz ARL denklemi

ARL = Z Ex(a:m)'x(b:m) ( pk ) - Z D’ (k)

k=0 =0

=

dir. (5) esitligini kullanarak
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e - -1 m! a1 b-a-1 m-b
RL = !! [1-C(s:t, j,n,F,G)] (a—l)!(b—a—l)!(m—b)!s (t—s)""*(1-t) " dsdt
elde edilir [7]. Burada
) B 1 n—j (—1)h n-— J 1 (j+h) B 4 (j+h)
C(s,t,J,n,F,G)—B(j,n_jJrl)hZ:;‘ j+h[ i j({GF (O ~{GF*(s)) )

dir. Siire¢ kontrol altindayken G=F olacagindan (9) esitligi

ARL, =3 D(K)

k=0

j[l C(s.t, j, n)

m! (10)

(a-1)i(b—a—1)(m—b)!

s*H(t—s)"**(1-t)"" dsdt

Il
O ey

bigimine gelir [7].

Burada,

C(s,t, j,n) =

(-1) j+h j+h
B(Jn—J+1)ZJ+h[ j(t( =)

dir. Bu kesimde verilen formuller iki yanli kontrol kart1 i¢indir.

ARL, >1n sonlu olmas i¢in a, b, j, m ve n sabitleri igin belirli kosullar saglamalidir. Chakraborti ve
ark.(2004)’m  calismasinda  ARL;'m sonlu olmasi igin gerek ve yeter kosulun
(a—j)(n=j+1)+j(m-b+1)>0 oldugu ispatlanmustur.

Verilerin geldigi dagilimin ¢arpik ya da agir kuyruklu dagilim olmasi durumunda hesaplanan
ARL, degerleri asagidaki Tablo 1’de verilmistir.

Tablo 1- Bazi dagilimlar i¢in ARL, degerleri

Dagilim Medyan Kontrol Karti igin | X Shewhart Kontrol Karti
ARL,* icin ARL, **

Normal (0,1) 501.89 500

Laplace (0,1) 501.89 200.01

Gamma (1,1) 501.89 118.13

t(4) 501.89 141.51

* m=1000, N=5, P,=0.9978, a=48, b =953
** =5, P,=0998

On istatistikleri kullanarak olusturulan medyan kontrol kartlar1 dagilimdan bagimsizdir. Medyan
kontrol kartlar1 dayanikli kartlardir ve Shewhart ortalama kontrol kartlarina gére daha biiyiik

ARL, degerine sahiptir. Bu durumda Shewart X kontrol kartlar1 yerine 6n istatistiklere dayali
kontrol kartlar tercih edilmelidir [7].

9)
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5. Uygulama

Bilgisayar destegi, istatistiksel siire¢ kontroliiniin uygulanmasinda 6nemli bir rol oynamaktadir.
Buglin piyasada c¢ok ¢esitli istatistiksel programlar, yazilimlar bulunmaktadir. Bunlardan bazilari:
JPM [28], MINITAB [29], SAS [30], R [31], MATLAB [32], NCSS [33] PALSTAT [34], QC
EXPERT [35], SIGMAXL [36], SPSS [37], STATGRAPHICS CENTURION [38],
STATISTICA[39] dir. Ancak bu programlar parametrik Shewhart kontrol kartlar1 i¢in gerekli
hesaplamalar1 yapip, grafikleri ¢izdiren programlardir [41]. Tereza ve Darja [41], baz1 parametrik
olmayan kartlar i¢in EXCEL[40] uygulamas1 hazirlamislardir. Parametrik olmayan kontrol karti
hakkinda literatiirde yeterince teorik bilgi olmasina ragmen sanayi uygulamalar1 hakkinda pratik
bilgiler yetersizdir. Parametrik olmayan kalite kontrol kartlar1 i¢in kontrol limitlerinin
hesaplanmasi, ARL ve FAR degerlerinin hesaplanmasi olduk¢a zahmetlidir. lyi bilgisayar
programlama bilmek gerektirmektedir. Bu calismada iiretim yapan sanayi kuruluslarmin ve
kisilerin parametrik olmayan kontrol kartlarini ¢izebilmeleri i¢in kontrol limitlerini, ARL ve FAR
degerlerini kolayca bulabilmeleri i¢in tablolar olusturulmustur. Bilinmektedir ki Shewhart kontrol
kartlarinin limitlerinin hesaplanmasinda yer alan katsayilarin tablo olarak sunulmus olmasi
kullanicilara biiyiik kolaylik saglamaktadir [2].

Bu c¢aligmanin uygulama kisminda FAR hesab1 icin (4), ARL hesabt icin (10) esitligi
kullanilmigtir. Bu tablolar1 hazirlamak i¢in R programi kullanilmistir.

5.1. Medyan Kontrol Karti icin hesaplamalar

m =50, 100, 250, 500, 750, 1000, n=5, 11, 15, 25, 31 igin @, b=m-a+1, ARL, FAR degerleri
Tablo 2°de P, =0.9973 i¢in, Tablo 3’de P, =0.99 i¢in ve Tablo 4’de P, =0.995 igin verilmistir.

Tablo 2-4, bu ¢aligmanin 6zgiin yanini olusturmaktadir. Bu tablolarda literatiirde yer almayan ve
sanayi uygulamalarinda ihtiya¢ duyulabilecek olan n=15, 21, 31 ve m=200, 250, 750 degerleri
icin gerekli hesaplamalar yapilmistir. Calismanin 6zgiin yanini bu tablolar olusturmaktadir.
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Tablo 2 -Siire¢ kontrol altindayken medyan kontrol kart1 i¢in segilen keyfi m, n ve B, =0.9973

degerlerine gore belirlenen AKL=a, UKL= b degerleri i¢in hesaplanan FAR ve ARL degerlerinin

tablosu
Referans orneklem hacmi - m
P, n| i 50 100 200 250 500 750 1000

(ab) | (1,50) | (4,97) | (9,192) | (12,238) | (25,476) | (38,712) | (51,950)

0.9973 | 5 | 3 | FAR | 0.0004 | 0.00102 | 0.00109 | 0.00125 | 0.00127 | 0.00128 | 0.00129
ARL o0 1550 728.6 565.5 460.2 432.3 419.5
(a,b) | (546) | (11,90) | (24,177) | (31,220) | (64,437) | (97,654) | (130,871)

0.9973 |11 | 6 | FAR | 0.00125 | 0.00106 | 0.00115 | 0.00128 | 0.00131 | 0.00132 | 0.00131
ARL | 9503 1630 | 726.18 | 579.2 456.1 424.2 409.8
(a,b) | (6,45) | (14,87) | (31,170) | (40,211) | (82,418) | (124,626) | (166,835)

0.9973 | 15| 8 | FAR | 0.00090 | 0.00098 | 0.0012 | 0.00135 | 0.00134 | 0.00134 | 0.00133
ARL | 44789.1 | 2320 763.2 581.8 439.5 427.2 413.1
(a,b) | (8,42) | (18,83) | (38,163) | (49,201) | (101,400) | (153,598) | (205,795)

0.9973 | 21 | 11 | FAR | 0.00130 | 0.00488 | 0.0011 | 0.00129 | 0.00133 | 0.00488 | 0.00135
ARL | 51690.4 | 2477.1 | 966.4 623.4 484.7 437.6 417
(a,b) | (8,43) | (19,82) | (42,159) | (53,198) | (110,391) | (167,584) | (224,777)

0.9973 | 25 | 13 | FAR | 0.00075 | 0.00092 | 0.00119 | 0.00116 | 0.00127 | 0.00131 | 0.00133
ARL | 173700 | 5183 986.2 839.6 526.2 458.9 430.2
(a,b) | (9,41) | (21,80) | (46,155) | (59,192) | (122,379) | (184,567) | (247,754)

0.9973 | 31 | 16 | FAR | 0.00083 | 0.00092 | 0.0011 | 0.00127 | 0.00135 | 0.00130 | 0.00133
ARL | 18143.5 | 5680.6 | 1262.1 | 848.8 516.2 476.5 438.4
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Tablo 3 - Siire¢ kontrol altindayken medyan kontrol kart1 i¢in segilen keyfi m, n ve P,=0.99

degerlerine gore belirlenen AKL=a, UKL= b degerleri i¢cin hesaplanan FAR ve ARL degerlerinin

tablosu
Referans orneklem hacmi - m
Pl n| 50 100 200 250 500 750 1000
(a,b) | (3,48) | (7,94) |(15,186) | (19,232) | (40,461) | (60,691) | (82,919)
099 | 5| 3| FAR | 0.0036 | 0.00432 | 0.0043 | 0,00436 | 0,00477 | 0,00469 | 0,00499
ARL | 635.7 214.9 148.4 139.1 114.5 113.1 104.6
(ab) | (7,44) | (15,86) | (32,169) | (40,211) | (83,418) | (125,626) | (167,834)
099 |11 | 6 | FAR | 0.00465 | 0.00428 | 0.00469 | 0.00450 | 0.00494 | 0.0047 0.00487
ARL | 6422 245 146.1 142.8 113.3 110 108.4
(a,b) | (8,43) | (18,83) | (39,162) | (49,202) | (100,401) | (152,599) | (203,798)
099 |15| 8 | FAR | 0.00351 | 0.00397 | 0.00482 | 0.00472 | 0.00478 0,005 0.00495
ARL | 18159 | 3214 151.2 142.5 120 109.1 107.6
(a,b) | (10,41) | (22,79) | (46,155) | (58,193) | (118,383) | (153,598) | (240,761)
099 |21 |11| FAR | 0.00472 | 0.00488 | 0.0048 | 0.00478 | 0.00470 | 0.00134 | 0.00498
ARL | 23305 | 3174 168.7 152 126.2 114 108.7
(a,b) | (10,41) | (23,78) | (49,152) | (62,189) | (127,374) | (192,559) | (258,743)
0.99 | 25|13 | FAR | 0.00305 | 0.00402 | 0.0048 | 0.00457 | 0.00473 | 0.00478 | 0.00497
ARL | 10990 | 510.8 197.1 168.9 128.3 118.3 109.8
(a,b) | (11,40) | (25,76) | (53,148) | (67,184) | (138,363) | (208,543) | (279,722)
099 |31|16| FAR | 0.00343 | 0.00422 | 0.0045 | 0.00454 | 0.00495 | 0.00484 | 0.00497
ARL | 4401.6 642 219.4 184.9 126.3 119.1 111.5
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Tablo 4 -Siire¢ kontrol altindayken medyan kontrol karti i¢in se¢ilen keyfi m, nve P, =0.995

degerlerine gore belirlenen AKL=a, UKL= b degerleri icin hesaplanan FAR ve ARL degerlerinin

cizelgesi
Referans orneklem hacmi m
P, ni|i 50 100 200 250 500 750 1000
(ab) | (249) | (5,96) | (12,189) | (15,236) | (31,470) | (48,702) | (64,937)
0995 | 5| 3 | FAR | 0.0015 | 0.00176 | 0.00236 | 0.00229 | 0.00233 | 0.00249 | 0.00246
ARL | 5671 678.4 293.9 284.1 242.3 216.9 215.1
(a,b) | (5.46) | (13,88) | (28,173) | (35,216) | (72,429) | (109,642) | (146,855)
0995 | 11| 6 | FAR | 0.00125 | 0.00225 | 0.00246 | 0.00233 | 0.0024 | 0.00243 | 0.00244
ARL | 9503 574.5 304 294.9 240.9 226.4 219.8
(a,b) | (7,44) | (16,85) | (34,167) | (44,207) | (90,411) | (136,615) | (182,819)
0.995| 15| 8 | FAR | 0.00186 | 0.00206 | 0.00211 | 0.00244 | 0.00245 | 0.00245 | 0.00245
ARL | 7289.1 | 7924 392.8 297.6 242.5 228.1 2215
(ab) | (9,42) | (19,82) | (42,159) | (53,198) | (109,392) | (164,587) | (220,780)
0.995| 21 | 11 | FAR | 0.00256 | 0.00178 | 0.00242 | 0.00238 | 0.00249 | 0.00240 | 0.00244
ARL | 9887.4 | 13934 | 380.6 335.8 248.2 239.1 226.1
(a,b) | (9,42) | (21,80) | (45,156) | (57,194) | (118,383) | (178,573) | (239,762)
0.995 | 25| 13 | FAR | 0.00155 | 0.002 | 0.00217 | 0.00221 | 0.00243 | 0.00239 | 0.00245
ARL | 4475 148.8 472.4 393 261 244.3 227.5
(a,b) | (10,41) | (23,74) | (49,152) | (63,188) | (129,372) | (195,556) | (261,740)
0.995 | 31|16 | FAR | 0.00175 | 0.00205 | 0.0021 | 0.00247 | 0.00246 | 0.00244 | 0.00244
ARL | 9906 585.3 | 567.38 381 269.5 244.1 233.2
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5.2. Veri seti iizerinde bir uygulama

Bu kesimde yukarida verilen tablolarin nasil kullanilacagin1 agiklamak igin bir veri seti tizerinde
uygulama yapilmistir. Keyfi m, n ve P, degerlerinin kombinasyonlarina gére bulunan a, b

degerlerini Tablo 2’den okuyarak medyan kontrol kartinin ¢izimine 6rnek vermek icin bir veri
seti lizerinde uygulama yapilmstir.

Bunun i¢in Montgomery [2]” den alinan sert firinda islem i¢in akis genisligi (mikron) verisi
kullanilmigtir. Bu veri seti i¢in Minitab 17°de yapilan analizler sonucunda X =1.51342,
st.sapma = 0.132989 , medyan=1.51025, min=1.0931, maks=1,8698, carpiklik
katsay1s1=0,0164794, basiklik katsayisi=0,278253 olarak bulunmustur. Anderson Darling uyum
iyiligi sonuglarina gore veri setinin Normal dagilima, Log-Normal dagilima, Logistic dagilima ve
Loglogistic dagilima uydugu (p>0.05) gorilmiistir.

Referans 6rnekleminden

ZY, i(ni _1)Si2

X=4Lt =15134 , $2= L =0.01802 ve 6= \/g =0.134237 olarak hesaplanmistir ve

p

Shewhart ortalama kontrol karinin limitleri

AKL =X —3— =1.333,

Jn

UKL =X +3-2-=1.6938

Jn
olarak elde edilir.

m=40x5=200, n=5, j =3 i¢in simetrik parametrik olmayan kontrol kartlar1 i¢in P, =0.9973 i¢in
Tablo 2°den a=9, b=192 olarak okunur. Buna gore referans érneklemden AKL =X, =1.2831
ve UKL = X,,,, =1,7473 olarak bulunur.
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Veri Seti- Sert firinda islem i¢in akis genisligi (mikron) verisi

85

SiraNo | X, X, X, X, X, ORTALAMA |ORTANCA - X,
1 1,3235 |1,4128 |1,6744 |1,4573 |1,6914 |1,51188 1,4573
2 1,4314 [1,3592 |1,6075 |1,4666 |1,6109 |1,49512 1,4666
3 14284 [1,4871 |1,4932 |1,4324 |1,5674 |1,4817 1,4871
4 15028 ]1,6352 |1,3841 |1,2831 |1,5507 |1,47118 1,5028
5 15604 [1,2735 |1,5265 |1,4363 |1,6441 |1,48816 1,5265
6 15955 15451 |1,3574 [1,3281 |1,4198 |1,44918 1,4198
7 16274 15064 |1,8366 |1,4177 |1,5144 |1,5805 1,5144
8 1,419 11,4303 |1,6637 |1,6067 |1,5519 |1,53432 1,5519
9 1,3884 |1,7277 |1,5355 [1,5176 |1,3688 |1,5076 1,5176
10 1,4039 [1,6697 [1,5089 |1,4627 |1,5522 |1,51344 1,5089
11 1,4158 |1,7667 |1,4278 [1,5928 |1,4181 |1,52424 1,4278
12 15821 [1,3355 |1,5777 [1,3908 |1,7559 |1,5284 1,5777
13 1,2856 |1,4106 |1,4447 [1,6398 |1,1928 |1,3947 1,4106
14 1,4951 [1,4036 [1,5893 [1,6458 |1,4969 |1,52614 1,4969
15 1,3589 [1,2863 |1,5996 |1,2497 |1,5471 |1,40832 1,3589
16 15747 11,5301 |1,5171 |1,1839 |1,8662 |1,5344 1,5301
17 1,368 [1,7269 |1,3957 |1,5014 |1,4449 |1,48738 1,4449
18 1,4163 ]1,3864 |1,3057 [1,621 |1,5573 |1,45734 1,4163
19 15796 [1,4185 |1,6541 |1,5116 |1,7247 |1,5777 1,5796
20 1,7106 |1,4412 |1,2361 |1,382 |1,7601 |1,506 1,4412
21 1,4371 15051 |1,3485 [1,567 |1,488 |1,46914 1,488
22 1,4738 [1,5936 |1,6583 |1,4973 |1472 |1,539 1,4973
23 15917 ]1,4333 |1,5551 [1,5295 |1,6866 |1,55924 1,5551
24 16399 [1,5243 |1,5705 |1,5563 |1,553 |1,5688 1,5563
25 15797 11,3663 |1,624 |1,3732 |1,6887 |1,52638 1,5797
26 1,4483 [1,5458 |1,4538 |1,4303 |1,6206 |1,49976 1,4538
27 15435 [1,6899 |1,5583 ]1,3358 |1,4187 |1,51418 1,5435
28 15175 |1,3446 |1,4723 |1,6657 |1,6661 |1,53324 1,5175
29 15454 [1,0931 |1,4072 |1,5039 |1,5264 |1,4152 1,5039
30 1,4418 |1,5059 |1,5124 |1,462 |1,6263 |1,50968 1,5059
31 1,4301 [1,2725 |1,5945 |1,5397 |1,5252 |1,4724 1,5252
32 1,4981 |1,4506 |1,6174 |1,5837 |1,4962 |1,5292 1,4981
33 1,3009 |1,506 |1,6231 |1,5831 |1,6454 |1,5317 1,5831
34 1,4132 |1,4603 |1,5808 |1,7111 |1,7313 |1,57934 1,5808
35 1,3817 |1,3135 |1,4953 |1,4894 |1,4596 |1,4279 1,4596
36 1,5765 [1,7014 [1,4026 |1,2773 |1,4541 |1,48238 1,4541
37 1,4936 |1,4373 |1,5139 |1,4808 |1,5293 |1,49098 1,4936
38 1,5729 |1,6738 |1,5048 |1,5651 |1,7473 |1,61278 1,5729
39 1,8089 |1,5513 1,825 [1,4389 |1,6558 |1,65598 1,6558
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Veri Setinin devami

SiraNo | X, X, X, X, X, ORTALAMA | ORTANCA — X,
40 1,6236 [1,5393 |1,6738 |1,8698 |1,5036 |1,64202 1,6236
41 1,412 [1,7931 |1,7345 |1,6391 |1,7791 |1,67156 1,7345
42 1,7372 |1,5663 |1,491 |1,7809 |1,5504 |1,62516 1,5663
43 1,5971 |1,7394 [1,6832 |1,6677 |1,7974 |1,69696 1,6832
44 1,4295 [1,6536 [1,9134 |1,7272 |1,437 |1,63214 1,6536
45 1,6217 (1,822 [1,7915 |1,6744 [1,9404 |1,77 1,7915

Yukarida verilen veri seti kullanilarak medyan kontrol karti ve Shewhart kontrol kart1 ¢izilerek
sirasiyla Sekil-1 ve Sekil-2’de verilmistir. Faz I de 40 6rneklem kullanilmistir. Son 5 6rneklem
Faz II’de kullanilmigtir. Medyan kontrol karti i¢in bulunan kontrol limitleri (1.2831, 1.7473)
olarak Shewhart kontrol karti i¢in bulunan kontrol limitleri ise (1.3330, 1.6938) olarak
bulunmustur. Buna gére Shewhart kontrol kart1 i¢in bulunan kontrol limitlerinin daha dar oldugu
goriilmektedir. Sert firinda islem icin akis genisligi 6l¢iimleri (mikron) verisi i¢in Shewhart
kontrol kartt ¢iziminde varyanslarin tahmin edicisi olarak birlestirilmis Orneklem varyansi
kullanilmigtir. Medyan kontrol karti i¢in Tablo 2’den FAR=0.00109 ve ARL=728.6 oldugu
goriiliir. Shewhart kontrol kart1 icin FAR=0.002 ve ARL=500 olarak hesaplanmistir.

180 DKL=1,7473 /

1,70 /
N

FAZI
N\

1,60

7 - |
1,50 //\//\H A ___/ \/\x_./\/ / |
e / |
N / FAZII
140 |

130

AKL=1,2831

|
1 2 3 45 6 7 &8 9 101112 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 41 42 43 44 45

1,20

Sekil 1- Sert firinda islem igin akis genisligi 6lgtimleri (mikron) verisi igin medyan kontrol karti
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Sekil 2- Sert firinda iglem i¢in akis genisligi dl¢timleri (mikron) verisi i¢in Shewhart kontrol karti

Sekil 1 ve Sekil-2’de goriilen medyan ve Shewhart ortalama kontrol kartlarinda Faz II’de siireg
kontrol digina ¢ikmistir. Ancak Shewhart kontrol kartina gére medyan kontrol kartinin ARL,

degeri daha biiyiik ve FAR degeri daha kiigiik ¢ikmistir. Medyan kontrol kartina gére 729 iiriinde
1 kez sistemin dogal nedenlerle kontrol disina ¢ikacagi beklenmektedir.

6. Sonuc ve oneriler

Sanayide iiretilen iriiniin kalite kontrolii i¢in Shewhart ortalama kontrol kartlar1 yaygin olarak
kullanilmaktadir. Ancak kiiciik 6rneklem durumunda, normal dagilim varsayimimin siipheli
oldugu durumda, ¢arpik ya da agir kuyruklu dagilim s6z konusu oldugunda shewhart kontrol
kart1 ile sistemi takip etmek riskli olacaktir. Bu nedenle iiretim yapan fabrikalara iiriin kalitesini
takip etmede on istatistiklere dayali ve dagilimdan bagimsiz olan medyan kontrol kartlarinin
kullanmasi Onerilir. Bir imalat hattinda siirecin istatistiksel kontrolii i¢in yapilan denetlemeler ile
verimliligi artirmak, yiiksek kar elde etmek ve zaman tasarrufu elde etmek agisindan dogru
kontrol kartinin secilmesi ¢cok 6nemlidir. Bu ¢alismada dagilimdan bagimsiz kontrol kartlarinin
kullanimi igin farkli Py, m, n degerleri i¢in sira istatistiklerine dayali kontrol limitlerinin ARL ve
FAR degerleri hesaplanmis ve tablo olarak verilmistir. Ulkemizde iiretim yapan ve istatistiksel
kalite kontrol siirecine 6nem veren sanayi kuruluslart i¢in hazirlanan bu tablolar biiyiik kullanim
kolaylig1 saglayacaktir.
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