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Smarandache Curves of the Evolute Curve
According to Sabban Frame

Siileyman Senyurt'*, Yasin Altun’

Abstract

The aim of this paper is to define Smarandache curves according to the Sabban frame belonging to the unit
Darboux vector of spherical indicatrix curve of the evolute curve. Also, we calculate the geodesic curvatures of
these curves. Finally, the results are expressed depending on the involute curve.

Keywords: Darboux vector, Involute curve, Evolute curve, Geodesic curvature, Sabban frame, Smarandache

curves.
2010 AMS: 53A04.

1. Introduction and Preliminaries

In the theory of curves in the Euclidean space, one of the interesting problems is the characterization of a regular curve. It is known
that the shape and size of a regular curve can be determined by using its curvature and torsion. Another approach to the solution of the
problem is to consider the relationship between the corresponding Frenet vectors of two curves. For example, involute and evolute curves
arise from this relationship. By definition, if the position vector of a curve is composed by the Frenet frame’s vectors of another curve, then
the curve is called a Smarandache curve [6]. Special Smarandache curves studied by some authors [1, 2, 5, 6, 7, 8], and related reference
therein [9, 10, 11].

Let o : I — E3 be a unit speed curve denoted by the moving Frenet apparatus of {T,N, B, k, 7}. The Frenet formulae is given by [3]

T'(s) = k(s)N(s), N'(s) = —k(s)T (s) +7(s)B(s), B'(s) = —7(s)N(s). (1.1)
The Darboux vector defined by

W =1T 4+ kB. (1.2)
The unit Darboux vector is given by

C =sinwT +cos wB
where
Z(W,B) = 0,[12]

sin@ = cos @ =

T K
Tarn? Marn?
Al W]l
Let o : I — E3 be a unit speed curve and a 1 — IE3 be a C2— differentiable curve. If the tangent vector of the curve « is orthogonal to the
tangent vector of the ¢, then ¢, is called evolute of the o.

If the curve ¢, is evolute of o, then we can write,

@, (s) = a(s) +p(s)N(s) — p(s) tan (@(s) +c) B(s)
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Figure 1.1. Evolute curve

1 ~S
wherec € R, p = p and @(s) = / 7(s)ds. Also the relations between the Frenet vectors of evolute involute curves are given as [3]
0

T,(s) = cos(@ +c) N(s) —sin(¢+c) B(s)
N (s) = *T(S)
B, (s) =sin(¢+c) N +cos(¢+c) B

1
and for the curvatures we have

—13sin(@ +¢) cos?(¢ +-¢)
KTsin(@ +¢) — k' cos(¢ +¢)

©3cos3 (@ +c)
kTsin(@ +c) — k' cos(9 +¢)’

K, (S) = T (S) =

Similarly (1.2), we can write of Darboux vector of evolut curve
W, =1T +xB,.
Let y: I — $2 be a unit speed spherical curve. We can write

¥(s) = =7 (s), d(s) =7(s) At(s), [3]

here the set {7¥(s),7(s),d(s)} denotes the Sabban frame of ¥ on S2. It follows that we also have the equations,

Y(5) = 1(5). 1'(5) = —¥(s) + Ke 5)d(s), d'(s) = ~Kels)1(s), [3].

where K, is the geodesic curvature of the curve y on 52 whose curvature is
Ke(s) = (t'(s),d(s)) [4, 5].
2. Smarandache curves of the evolute curve according to Sabban frame

Let C, be the unit Darboux vector of the evolute curve o and let (C,) be the unit speed spherical curve on S2. Then we can write
C, =sinw, T, +cosw,B,, Tc, =cos®, T, —sinw,B,, C, ANTc, = N,.

where Z(W,,B,) = o,. It follows from the equation (1.6) that of (C,) are

IIW |

W,
6/t T LAY

C/\TC,(C/\T )7

1

From the equation (1.7), we have the following geodesic curvature of (C,)

W,
kg = (T¢ .C A Te, ) = Ky = W ”

Definition 2.1. Let C, be a spherical curve on S* and let C, Tc, be the unit vectors of (C,). In this case B (s) can be defined by

Bl = €+ Tz,

(1.3)

(1.4)

(1.5)

(1.6)

(1.7)

2.1)

(2.2)

2.3)
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In other words, substituting the equation (2.1) into equation (2.3) we write

1
Bi(s) = 7 ((sina), +cosw, )T, + (cos @, —sin @, )Bl). 2.4
Theorem 2.2. The geodesic curvature of By (s)-Smarandache curve is given by
1 1 1~ —
v — (*M - =22 +2)~3>
where
2 i /
S — — 1 11 - 1 1 11 - 1 1 1
_ KT sm((p;—c)2 K‘TCOS((P"'C)’A] D T O P T T L N P K
K cos* (@ +c) n> o' U A nonon
Proof: By differentiating (2.3) we can write
0,/ (cos, —sinwl)T W, N o, (cos @, +sinw,) 25)

T = — .
P VAR T V2o P W V2 R W
Considering the equations (2.4) and (2.5) we get
W, ||(cos @, +sinaw,) o,’ [IW, ]| (cos @, +sina),)B . (2.6)

BiATp, = 5T - =N+ >
2[W, 1> +4(w,") 2[w, 1> +4(w,) 2[W, 1> +4(w,")

it follows by differentiating (2.5), with the coefficients

X, :_2_(IIZ.IH)Q(I\Z{II)'(IIZ,II)’ Nz:_2_3(\IZ.IH)2_(HGVZ,,II)“_(IIZ./\I>/<\IZ./H)7 RFZ(HGVZ./H>+(IIXIIII)3+<HZZ./H>’
@7

we can find out,

!

4 . 4 4 .
n (o) ﬁ(x151no)]+x2cosw,)T+ X3(0,)"'V2 . (o) \/E(}Zlcosa)l—xgslnwl)B

(Im R+ @) (wlr+(0)?) (w12 + (o))

From the equation (2.6) and (2.8), geodesic curvature Kf ' for the evolute curve B is

1 (HWIHKI_ W, I
(2+(|\W1/H)2)§ o,’ o,’

[

2.8)

T

K= (T} BIATE) = N2+2N3).

1

From the equation (1.3) and (1.4) Sabban apparatus of the f3;-Smarandache curve for involute curves are

1 1
Bi(s) = E(AH—B) T, _m(

~T+nN-17 B),

BIATs = \/ﬁ(—zn T—nN+B), T = (znfly(—nug T+n* 2 N+, 3)7

hence the proof is completed.

Definition 2.3. Let C, be a spherical curve on S* and let C, , C, A Tc, be the unit vectors of (C,). In this case By (s) can be defined by

1
Ba(s) = %(CI +C N Tg,). 2.9
From the equation (1.3), (1.4) and (2.1) we can write
1
= —(-1+5). 2.10
Bo= 2.10)
Theorem 2.4. The geodesic curvature of B, (s)-Smarandache curve is given by
1
ng _1+n

n—-1



Smarandache Curves of the Evolute Curve According to Sabban Frame — 4/8

Proof: By differentiating (2.10), we can write

Tg, =N. (2.11)
Considering the equations (2.10) and (2.11) it is easily seen that
1

and then differentiating (2.11) we can write

V2
1, = = (-T-nB).
B n—1 n
It follows that Kg * geodesic curvature for B, is
1
ng _n
n—1

emnnition Z.>. et e a spherical curve on and let I¢c A C, e the unit vectors o, . In this case P3(s) can be define y
Definition 2.5. Let C, be a spherical 2 andlet T, , C, NT¢, be the uni C,). In thi be defined b

1
Bz(s) = E(TC‘ +C] /\TCI). (2.12)
From the equations (2.1), (1.3) and (1.4) we can write
1
By = ﬁ<7T+N). 2.13)

Theorem 2.6. The geodesic curvature of B3(s)-Smarandache curve is given by

1 1
K = 75(2—61 —62+63). (2.14)
(2+3)
Proof: By differentiating (2.13) we have

T, = ¥(7T7an8). (2.15)

\V2+1n?

Considering the equations (2.13) and (2.15) it is easily seen that

1
s ATg, = 7<7 T - N+ZB>.
B3 N Tp, A\ 1T
By differentiating (2.15) with the coefficients

1 1 11 1 1 1 1 1 1

we get
V2 _ _ _
Tél = 72<—H4G3T+T]462N+ n4613).
‘ (n*+2)

By this way, geodesic curvature k;° for the involute curve of B3 is given by

o L (2%61 -5, +63). (2.16)

5
(2+5)°

Definition 2.7. Let C, be a spherical curve on S*and let Tc, . C, NTc, be the unit vectors of (C,). In this case P4 (s) can be defined by

Ba(s) = (Cl +TC1 +C, /\TCl ). (2.17)

L
V3
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From the equations (1.3), (1.4) and (2.1) we can write that

1
9 = —=(-T+N+B). 2.18
Bl = 5 218)
Theorem 2.8. The geodesic curvature of B4(s)-Smarandache curve is given by
Bi_ (2 ﬁ*l)WHF( *‘/’2+(2 )
8 = 5
12
w2 (1 —ot ?)
Proof: By differentiating (2.18), we get
1
T, = 7(7T+(n71)anB>, (2.19)
2(1-n+n?)
Considering the equations (2.18) and (2.19) it is easily seen that

1-27 n+1

2—
134/\7“[54 = N B
\/6— 6n+611 \/6 6n+6n \/676n+6n2

By differentiating (2.19), with the coefficients

1 1 1 1

1 1 1 1 1
:—2+47—4—+2—+2— 24 :—2+27—4—+2——2f——1+ S SN LI, YL S
Vi n nt 3 n(n)l’/ n o nt Tyl n4n(n)%nn2 n3 n“n/( n)
we can write that
| _ _ _
T = ——— (- T+ N+ in'B)
4(1+m+n2)

B+ for the involute curve Ba(sp,) as

then we get geodesic curvature K

KB_( -y + (= 1—7)w2+(2—7)w3
8 1 5
4\f(1——+n )

Example. Let us consider the unit speed spherical curve
1 2 1
a(t) = <7 sin (21) — 0 sin (81), 3 cos (2t) + — cos(8l) sm (3t))
and evolute of this curve,
1 165sin(2¢)sin(3¢)cos (1) —sin(8¢)sin(3)cos (1) +8 cos(5¢)cos (1) 1 8sin(1)sin(2¢) —2sin(1)sin(8¢)

o (t) = (4() s]n(?)t)cos(l) 40 sin(3t)cos(l) ’
1 16 cos(21)sin(3¢)cos (1) —cos(8¢)sin(3z)cos(l) 1 8sin(5¢)cos(1)—8sin(1)cos(2¢)—2sin(1)cos(81)
40 sin (31)cos (1) 30 sin (31) cos (1) '
1 7cos(1)—16cos (1) (cos(31))% + 12 sin (1) sin (37)
60 sin(3¢)cos (1) )
and Frenet vectors of the evolute curve
nn = (% cos (1) (cos (1))> — 16 cos (1) (cos (1)) +4 cos (1) cos (1) + %28 sin (1) sin (1) (cos (1))’ — 12—2 sin (1) sin (1) (cos (1))°

+16 sin (1) sin (¢) (cos (1))*, 65—4 cos (1)sin () (cos (1))* — ? sin (1) (cos (1)) cos (1) +g cos(1)sin(z) + 25—4 sin(1) (cos (t))2+% sin (1)

71§—8 sin(1) (cos(t))8 + 22—6 sin(1) (cos(t))6 —32sin(1) (cos (t))47*§ cos(1)— 15*6 sin (1)sin () (COS(I))Z+ % sin(l)sin(t)),
Ny = (—%cos(Zt)—&—écos(St),—%sin(2t)+%sin(8t),—% cos(3t)>,
B = (— 15& sin (1) (cos (1)) cos (1) + 12—2 sin () (cos (1)) cos (1) — 16 sin () (cos (£))* cos (1) + 65—4 (cos (1))’ sin (1)

716(cos(t))3sin(l)+4cos(t)sin(l)f% (cos (1)) cos (1) —3/5 cos (1) +— (cos (1))¥ cos (1)

29 cos (1) cos (1)° +32 (cos (1))* cos (1) + % sin (1) (cos (1))*sin(1)

7? sin (1) sin (1) (cos (1))> +4/5 sin(l)sin(t),ls—6 sin (1) (cos (1)) cos (1) —4/5 cos (1) sin (1) —3/5 sin(l))
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where c=1and ¢t =0 to 2.

Figure 2.1. C, TCl -Smarandache curve (f;-curve)

By = (12 sin(o) (cos (1) + 1o sin(r) (cos (1))° ~ 16:sin(e)(cos (1))’ + 5 (cos (1))* 16 (cos (1))* +4 cos 1),
24 3 128 256 64 48 4
— (cos (1) - 5+ (cos ()% - = (cos (1))° 432 (cos (1))* + % sin(r) (cos (1)} = % sin (e (cos )2+ Lsin(e).
? sin () (cos (1))* — g sin(f) — %)

)

054

0.5

Figure 2.2. C, (C, A Tc, )-Smarandache curve (f;-curve)

Bo(r) = (—8(cos(t))*+1+ 128 (cos (1)) — 26 (cos (£))® +32 (cos (1))* — 128 sin (¢) (cos (1)) + 192 sin (1) (cos (1)) — 16 sin (¢) (cos (1))*
5 5 5 5
16 sin (r)cos (¢) + 128 sin (£) (cos (1)) — 192 sin (1) (cos (1))’ + 16 sin (1) (cos (1)) — Eal (cos (1)) — 3 + 128 (cos (1))®
5 5 5 5 5 5

722—6 (cos (1))® +32 (cos (1))*, 715—6 (cos (1)) + 15—2 cos (f) + ? sin (1) (cos (1)) — ;_i sin (t))
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Figure 2.3. T¢, (C, A Tc, )-Smarandache curve (f33-curve)

Bi(t) = (78(003(1))2+1+15ﬁ(cos(t))872§—6(cos(t))6+32(cos(l))4+%(cos(l))s716(cos(t))3+4cos(t),

7? sin (1) cos (1) + % sin (1) (cos (1)) — 152 sin (£) (cos (£))° + 16 sin (1) (cos (1)) + 65—4 sin (£) (cos (1))

7? sin (1) (cos (1))? +g sin (,)7,? (cos (1))* + % cos (1) — %)

PN

08
06
04
£2

0.2

1

05
0
05
1

Figure 2.4. C, Tc, (C, A Tc, )-Smarandache curve (f34-curve)

Ba(t) = (f % sin (1) (cos (1)) + ISE sin (1) (cos (1))’ — 33—2 sin (1) (cos (1)) + % (cos (1))’ — 33—2 (cos (1)) + 2 cos (1) — %6 (cos (1))* + %
+% (cos (1))® — % (cos (1))° + % (cos (1))*, 715—6 (cos (1)) — % + % (cos (1))® — % (cos (1))° + % (cos (1))*
+% sin (1) (cos (1))* — 35—2 sin (1) (cos (1)) + % sin (1) — % sin (t) cos () + % sin () (cos (1)) — %8 sin (1) (cos (1))’

+33—2 sin (1) (cos (1)), % sin (1) (cos (1)) — % sin (1) — % - % (cos (1)) + g cos (t))
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Abstract

Spectral properties of analytic families of compact operators on a Hilbert space are studied. The results obtained
are then used to establish that an analytic family of self-adjoint compact operators on a Hilbert space #, which
commute with their derivative, must be functionally commutative.

Keywords: Compact operator, Spectral decomposition, Analytic projection, Analytic eigenvalue, Functional

commutativity, Analytic operator-valued function.
2010 AMS: Primary 47B15; Secondary 47A55

1. Preliminaries
In [6], Stuart Goff studied analytic hermitian function matrices which commute with their derivative on some real interval I, i.e,
A(1)A'(t) = A'(1)A(r) for all 1 € I. He obtained as a main result that these matrices are functionally commutative on /, i.e.,

A($)A(t) = A(1)A(s)

for all s, ¢t € I [[6], Theorem 3.6].
Subsequently, in [5], Jean-Claude Evard while studying the nonlinear differential equation

dA()) _ dA()

A(t
®) dt dt

A(t),t € Q,

where Q is an open interval in R and A is a differentiable map from Q into the C-Banach space M, of all n x n matrices (¢ ;),
with o ; € C for i, j € {1,--- ,n}, was led to consider the more general problem where Q is an open connected subset of a
Banach space on R or C. In his paper Evard generalized Goff’s theorem in([5], Theorem 4.3) and summarizes the history and
motivations behind the problem on matrix functions commuting with their derivative from 1950 to 1982. It also suggests further
paths of investigations such as the one of interest to us, indeed our main result, Theorem 3, extends the final dimensional result
of Goff [6] to the infinite-dimensional situation of compact self-adjoint operators on a Hilbert space.

In this paper, we study analytic families of compact self-adjoint operators, on a complex Hilbert space, which commute
with their derivative on some real interval /. Our main result establishes that these operators must be functionally commutative
on I, that is,

A()A(t) = A(1)A(s)
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for all 5, ¢ € I, extending the main result of [6] and [5] from the case of matrices to the infinite dimensional situation of operators
on a Hilbert space. Indeed, Stuart Goff studied the case of Hermitian function matrices which commute with their derivative in
[6] and Jean-Claude Evard extended Goff’s result to matrix functions defined on an open subset of a normed space in [5].

We recall that %(#) denotes the Banach algebra of all bounded operators on the complex Hilbert space % and by
definition the spectrum of T, denoted by Sp7, is the set of A € C such that T — A1 is not invertible in Z(5¢). In this paper
A(r) will denote an analytic family of compact self-adjoint operators on a complex Hilbert space and defined on a real
interval I = (a,b) with a < 0 < b. Let A be an eigenvalue of A(0). In fact, more generally A(f) can be an analytic family of
bounded self-adjoint operators on % with the property that A is an isolated point of the spectrum SpA(0), and such that the
A —eigenspace of A(0) is finite-dimensional. Let D be a closed disk centered at A such that SpA(0) "D = {A}. It follows
that, for ¢ sufficiently small, SpA(¢) Ny = 0 where ¥ = dD is the boundary of D. For such 7, we have the orthogonal Riesz
projections

P= %/y(él—A)_ld.‘;

with range 7 (t), depending analytically on ¢, such that P(0) is the orthogonal projection of 5 onto the A —eigenspace of
A(0).

We have the following important result in the general setting of a Banach algebra. Let f be an analytic function from
a domain D of C into the algebra of compact operators .# (X) on a Banach space X and let Ay € D, 0 € Sp f(Ag) with
o # 0. Suppose o is an eigenvalue of multiplicity one, or equivalently that the Riesz projection associated to the null space
N (f(A0)1 — apl) has rank one. Then there exist r, 6 > 0 such that |1 — Ag| < § implies that Sp(f(A)) N B(oy,r) contains
only one eigenvalue a(A). What can be said about ¢¢? In this particular case it is known that ¢ is holomorphic on B(4g,d). A
proof of the next theorem is given in [1], pp 59-60.

Theorem 1.1 (Holomorphic Variation of Isolated Spectral Values). Let f be an analytic function from a domain D of C into a
Banach algebra % . Suppose there exists Ay € D, o € Sp f(Ao) and r,8 > 0 such that |A — Ao| < 8 implies that A € D and
that Sp(f (X)) NB(aw, r) contains only one point a(A). Then o is holomorphic in a neighbourhood of A.

A more general discussion about the behaviour of isolated parts of the spectrum is dealt with in [2], Chapter 10. Another
source of interest on this topic is [8], Chapter XII, where a proof of the analyticity of discrete eigenvalues in the nondegenerate
case for analytic families of operators is given. We recall that a point A € Sp(A) is called discrete if A is isolated and its
associated Riesz projection Py is finite-dimensional; if Py, is one-dimensional, we say that A is a nondegenerate eigenvalue.These
results are contained in the Kato-Rellich theorem ([8], Chapter III, p.15). If A(z) is an operator depending analytically on a
complex parameter z near z = 0 and op is a component of Sp(A(0)), then the Riesz projection P(z) will still be defined for
sufficiently small z, and will represent an idempotent depending analytically on z. Our main result will be based essentially on
the possibility of decomposing an operator like A(z) into a sum Y ;P (z), where the P;(z) are mutually orthogonal analytic
projections, i.e. (P(z)Pi(z) = 0 for k # [), such that A(z)P(z) = Pi(z)A(z). It is a spectral decomposition with the added
condition of analyticity. For a more complete and comprehensive modern reference for spectral theory we refer the reader to
[3], Chapter VIIL.

2. Self-Adjoint Compact Operators on a Hilbert Space

It is well known that self-adjoint n x n matrices can be diagonalized, i.e. can be written as Z’fle AaPo, where the Py are
self-adjoint orthogonal projections and the Ay are real numbers. This result can be extended to self-adjoint compact operators
on a Hilbert space. A proof of the next theorem is given in [1], pp 25-26.

Theorem 2.1 (Spectral Theorem for Self-Adjoint Compact Operators on a Hilbert Space). Let ¢ be a Hilbert space and let T
be a self-adjoint compact operator on F€. Let { A } 1> be the discrete set of nonzero eigenvalues of T. Also let Eg = N (T)
and Ex = N (T — NI), for k > 1. Then we have the following properties:

(i) for k > 0 the closed subspaces Ej are orthogonal and their Hilbertian direct sum is 7. Moreover, if P, denotes the
self-adjoint projection on E; we have TP, = P,T for all k,

(ii) the series Y1 APy converges in norm in B(A’) and we have

T=Y MP.

k>1
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3. Analytic self-adjoint compact operators on a Hilbert space

The proof of the following lemma is suggested by the argument used in the proof of Theorem 3.5 of [5]. Here z € I where [ is
an interval in R. As in [5], we say that A(#) commutes with its derivative on a real interval [ if it satisfies the commutation
equation

dA() _ dA()

A(t
®) dt dt

(t),tel,
that we write simply as
AA (1) =A'()A(t),t € 1.

Lemma 3.1. Let A(t) be an analytic family of self-adjoint compact operators on a Hilbert space 7€ which commute with its
derivative. Then the projections associated to the eigenvalues of A(t) commute with their derivative.

Proof. Lett € I such that A’(r)A(r) = A(r)A’(t) and

=)

SpA(r) ¢ J(C-T),

n=1
where I} is a simple contour which does not meet SpA(¢). Then as in the proof of Theorem 3.5 of [5],

R) = o [ (=AW dz,

- 2mi

commutes with its derivative

P0) = 557 [ =A0) (A 0)e=A0) )z

T omi
because

AD)A(1) = A'(1)A(t)
and Iy, is compact (so differentiation inside the integral sign is justified). O

Evard proved in [4] that if P(¢t) commute with its derivative, its range ran(P(¢)) is not only invariant under their derivative,
but also constant. Indeed he proved in Theorem 6 of the same paper that the family P(z) itself is constant.

Lemma 3.2. [f a family of projections P(t) commutes with its derivative on an interval I € R, then P(t) is constant.

Proof. Since P(t) = P(t), it follows by differentiation of the two sides that
P(t)P(t)+P(t)P(t) =P (1).
Now by hypothesis
P'(1)P(1) = P(1)P'(1)
so we get
2P (1)P(1) = P'(1),
which by multiplication by P(¢) yields
2P (t)P(t) = P'(t)P(¢).
Hence, P'(t)P(t) = 0. Going back to the relation
2P (1)P(1) = P'(1),

we conclude that P'(¢) = 0, which means P(r) is constant. O



Analytic Families of Self-Adjoint Compact Operators Which Commute with Their Derivative — 12/12

Using the previous results, we establish our main result in the next theorem.

Theorem 3.3. Let A(t) be an analytic family of compact self-adjoint operators on a Hilbert space H. Suppose that A(t)
commutes with its derivative for all t € I C R. Then A(t) is functionally commutative, i.e. A(s)A(t) = A(t)A(s) for all s,t € I.

Proof. By Theorem 2, any compact self-adjoint operator on a Hilbert space admits a spectral decomposition, so we can write,
A(t) =), M(0)P(r)
k=1

where {4;} C SpA(t) and P?(t) = P(t). Moreover by Lemma 2, the projections P(¢) commute with their derivative, and by
Lemma 3 they are constant. Hence,

A(t) =Y A(t)P
i=1
where Pi2 = P, are constant projections. Consequently we get,
Als) =) i(0)P,
i=1

and
A(s)A(r) = A(r)A(s)for alls,t € 1.
O

Note. If T is a compact operator, then its point spectrum is nonempty and countable, which may not hold for noncompact
(normal) operators. But this is not the main role played by compact operators in the Spectral Theorem - we can deal with an
uncountable weighted sum of projections. What is actually special with a compact operator is that a compact normal operator
not only has a nonempty point spectrum but it has enough eigenspaces to span H. That makes the difference, since normal
(noncompact) operators may have an empty point spectrum or it may have eigenspaces but not enough to span the whole space
H. However, the Spectral Theorem survives the lack of compactness if the point spectrum is replaced with the whole spectrum
(which is never empty). Such an approach for the general case of the Spectral Theorem (i.e. for normal, not necessarily compact
operators) requires measure theory. This is a work that we intend to undertake in a future investigation.
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1. Introduction and Preliminary results

Let C be the complex plane. The set D = {z € C: |z] < 1}, is called the (open) unit disc. Let dA denote the area measure on I,
and for & € R, & > —1, we define a positive Borel measure dmy, on D by dmy(z) = (1 — |z|>)*dA(z). On the other hand, the
set U= {w € C:3(w) > 0} denotes the upper half of the complex plane C, and where 3(®) stands for the imaginary part
of @. Also, R(w) shall denote the real part of the complex number ®. For o > —1, we define a weighted measure on U by
dug(w) = (3(w))*dA(w). The Cayley transform y(z) := % maps the unit disc I conformally onto the upper half-plane
U with inverse y~! () = 81; mapping U conformally onto D.

For an open subset Q of C, let 57 (Q) denote the Fréchet space of analytic functions f : Q — C endowed with the topology of
uniform convergence on compact subsets of Q. Let Aut(Q) C 52 () denote the group of biholomorphic maps f : Q — Q. For
1 < p < oo, the Hardy spaces of the upper half plane, H” (U), are defined as

oo

—oo

1/p
HP(U) = {fG%(U)ZIIfHHP(U) = sup ( / If(X+iy)|”dX> <oo},
y>

while the Hardy spaces of the unit disc, H? (D), by
Lo
HP(D) = {f € HD): )= s o [ 1) a0 < oo} .

0<r<

We note that every function f € H?(U) (or H? (D)) has non-tangential boundary values almost everywhere on dU (or dD). In
particular, HP-functions my be identified with their boundary values and with this convention,

Il = ([ rorar)”
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and respectively,

2 . %
1Al ar () = (/0 £ ()P de)

On the other hand, for 1 < p < o, o > —1, the weighted Bergman spaces of the upper half plane, L5 (U, 1), are defined by

L(U ) i= {feff(U) Wl = (f,V@Paue(@)” <oo},

while the corresponding spaces of the disc, L (D, mg), by

LP(D,mg) == {f € HD): |l mmg) = (/D f(z)|1’dma(z)> T oo} .

In particular, L (U, ug) = LP(U, o) N #(U) and LE(D,mgy) = LP(D,mgy) N (D), where LP(U, ig) or simply LP(lg)
(LP (D, mg) or simply LP (m)) denotes the classical Lebesgue spaces associated with the weighted measure iy, and respectively
mg. It is important to note that the case @ = 0 yields the (unweighted) Bergman spaces.

As noted in [1] in the case of the disc, the Hardy space H” (U) behaves in many ways as the limiting case of L} (U, lg) as
a — —17. Therefore, we shall let X denote either the Hardy space H”(U) or the weighted Bergman space L (U, ug ), and
we associate with each X, a parameter Y = O‘—H, where @ = —1 in the case that X = H?(U). Also, we shall let X (D) denote
the corresponding spaces of analytic functions of the unit disc D. Therefore, we formulate the growth conditions for Hardy
and Bergman spaces simultaneously in the next results; while known, we provide much simpler proofs. But first we give the
following result which gives the isometries between the spaces X and X (D).

Proposition 1.1. Ler f € X, and define Syf = (W' )'foy. Then Sy : X — X(D) is continuous with inverse Sy-18 =
(v _1),)ygo v L. In fact, if X = HP(U), then Sy is an isometry, and, in the case X = L{(U, lig), ) =
292 Fll g )
Moreover; S, -1 is an isometry on H? (D), and if X(D) = L (D, mq,), then
I1y-18llzz 00 =27 N8l ey

In particular, S;,l =S8y-1in the setting of Bergman spaces as well as Hardy spaces.

Proof. First, we suppose that X = L} (U, ug). Let f € L5 (U, 1y, then change of variables yields

17022 e Z/UIf(w)l"(S(w))“dA(w)
:/le(w(z))l"(i’s(w(z)))“Iw’(z)\sz(z%

and 3(y(2) = Sy @) Thus [1£17 . =2 ISy F10p e
For the case X = H?(U), we may identify f € X with its boundary values. Then change of variables yields

Iy = [ L1 dx = /'D W)V (@) dm(z)
= [ W@ row)@P an(o)

where dm(e’®) = d@ denotes arc-length measure on dID. Thus ISy fllee ) = If | e (v
Similarly, if g € L} (D, mq), then again by change of variables, we obtain

[ — /D 8(2)IP (1~ [2)* dA(2)
=./U|g(llf_l(w))l(1—Illf_l(w)\z)a\(ll/_l)’\zdf\(w%
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where (1~ [y~ (0)) =2/(y~") (0)|3(@). Thus
I8l gy =2 1007115210y P(S (@) dA(@) = 275y 18y, -

If g € HP (D), then

18"l = [ lg(IPdm(z) = [ ey )l (w "

= ||SqugHHp(]R)

O

Lemma 1.2. Let X(D) denote either HP (D) or L (D,mg), 1 < p <ooand a > —1. Let y= “7*2 (a=—1lincase X(D) =
HP(ID)). Then there exists a constant C = Cxp) such that for every f € X(D) and z € D,

Cllfllx)
)N < —— . 1.1
Q)< G ops L
Proof. We begin by showing that |f(0)] < C|\f|| Let f € HP(D). Then Vr, 0 < r < 1, the mean value property implies that
£(0) = 2 (f”f(reie)de. Thus [£(0)] < 5= 2n 5" |f(re'®)|d6 and Jensen’s inequality implies
| A P
o G LR Ty

—2r

IFO)F <
Similarly, if f € L (mq), then Vr, 0 < r < 1, |£(0)[? < 5L [0 | f(re'®)|P d6. Thus
p [Py arar< [ (-2 ardrt [T a0 =
0 1-— < — — =
OF [[(=r)r2rdr< [ (=R 2rdr [7170¢%)7 a0 = £l 500,
IfaeD,let ¢.(z) = {=%

isometry on X (D).
Indeed, in the Hardy space case,

(D), where Aut(DD) denotes the group of automorphisms of ID. Then Sg, f := (¢,)"f o ¢, is an

27 o 0. i0 2 .
IS0, Wy = [, 17@aleDIP104()ie a0 = [ (e} .

In the Bergman space case, we note that, by the Schwarz-Pick Lemma [2, Lemma 1.1.2], (1 — |z*)|9.(z)| = 1 — |¢.(2)|* Vz € D,
and therefore a change of variables argument implies

100 gy = [ LFCQDI? (1= 1P 1041) 04l dAG)
= [Ir@)ra-loP) @) = £y,

Thus i

H(0)]71f(@)] = IS4,/ (0)] < C|[£] or | £(a)] < % as claimed. O
The following is an immediate consequence of the above Lemmas,

Corollary 1.3. Let X denote either H?(U) or Lf (), 1 <p <ooand o0 > —1. Let y = O‘T“ (oo = —1in case X = HP(U)).
Then there exists a constant C = Cx such that for every f € X andz € U,
cliflx

(S()Y

Proof. Let g = Sy f. Then by Proposition 1.1 above, ||g|lr» = || f]|mr and ||g]|12(m,) = 2 £ 1122 ey Now, if a =y~ (2),
then (1 —|a|?)|y’(a)| = 23(z) and

: _alfl
Y@M <18 < =y

If(2)] < (1.2)

implying that |f(z)] < ¢ o fy)y D
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As consequence of the growth conditions given by equations (1.1) and (1.2), both Hardy and Bergman spaces (X and X (D))

are Banach spaces. In fact, if p = 2, it turns out that these spaces are Hilbert spaces, and moreover, the Bergman space L5 (-) is
a closed subspace of the classical Lebesgue space L”(-). For a detailed theory of Hardy spaces, we refer to [2, 3, 4], while for
Bergman spaces, see [4, 5, 6, 7, 8].
The reproducing kernels for Hardy and Bergman spaces of the unit disk ID are well known in literature. See for instance [3] for
Hardy spaces, and [4, 8] for Bergman spaces. The corresponding reproducing kernels for the Hardy and Bergman spaces of the
upper half plane U is not well captured in literature. In general, the theory of analytic spaces of the upper half plane is much
less complete compared to the unit disk setting. In this paper, we determine explicitly the reproducing kernels on U for the two
spaces. As a result, we also give the corresponding projections and consequently, establish some known duality properties of
these spaces. These results are part of my Ph.D. dissertation [9].

2. Reproducing Kernels on the upper half plane

Let .77 denote a Hilbert space of functions defined on an open set Q C C. We call a reproducing kernel for .7, a complex
function K : Q x Q — C such that, if we put Ky(z) := K(z, @), then the following two properties hold:

1. for every m € Q, the function K belongs to .77, and

2. forall f € 7 and w € Q, we have
f(@) = (f,Ko).

It is clear that the above two properties imply that such a kernel K satisfies the identity K(z,0) = K(w,z) for all z, € Q.
Indeed

K(Z, (D) = Ka)(Z) = <Kw7KZ>
=(K;,Kp) = K;(0) = K(®,2).

The growth condition estimates ( for X and X (ID)) given by equations (1.1) and (1.2) and the Riesz representation theorem for
2%, imply that H?(-) and L2(-) are reproducing kernel Hilbert spaces.

2.1 Bergman spaces of the upper half plane

For the Bergman spaces (weighted), the reproducing kernel is also called the Bergman kernel (weighted). In particular, for the
weighted Bergman spaces, we denote the weighted Bergman kernels by Ko p and Ky, y on D and U, respectively. If the setting
D or U is understood, we simply write K.

For Bergman spaces of the unit disc, Lf (D, mg), o > —1, the weighted Bergman kernel has been computed in [8] and is given
by

1

Kop(z,0) = W. 2.1
The function Ky on the unit disc D has been exhaustively studied in literature and some of its properties, for example,
boundedness have far reaching consequences in the theory of analytic functions in L5 (ID,m,). For a comprehensive theory of
Bergman kernels and hence projections on D, see for instance [4] or [8], and references therein.
In this section, we shall present the corresponding theory of the Bergman kernels and projections on the upper half-plane U. In
the next result, we compute explicitly the weighted Bergman kernel on the upper half-plane U, which we denote by Ky = K¢ 1,
and is acting on the Hilbert space L2(U, ).

Theorem 2.1. If a > —1, then the weighted Bergman kernel of L2(U, 1) is given by

Z(Z

Ka(Z,a)) = W

2.2)

Proof. Let Koy, Ko be the weighted Bergman kernels of L2(U, ug) and L2(ID,my) respectively. Then Kop is given by
equation (2.1). We need to compute K, . The Cayley transform y(z) = % maps U conformally onto D with inverse,

v~ (@) = 2= It follows from Proposition 1.1 that T f(§) := 275 (W/(8))'2 f(w()) is an isometric surjective isomorphism
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of L2(U, g onto L2(ID,mg). Since L2(-) is a Hilbert space, it then follows that T is unitary, that is, 7* = T~
For every & € D, and by writing K, p ¢ = Ko p(+,&) simply as Kp ¢, we have using the definition of Kq,

- 1+9 71 (2i)1+%
TFE) =272 (W(E) I f(y(€)) = QW

= (T Kp.&)i2me) = T Kpg) 20 )

F(y(8)),

We now compute T’IKHM. For z € U, we have

(T 'Ko) (2) =22 (W' @)) " K (v (2).

But by equation (2.1),

P P SR 50 ik

D,& (‘I/ (Z)) (1_§+i§-)2+a (1 5)2+O€[ ( )]
Therefore,

275N W) = THE) = (1T Kng) 2y )

g (2 <f, 1 >
(1=8)*r \" (z—w(&))*
which implies that f(y(&)) = < 7 7775]2“» , and thus,

205
f(w):<f’[—i(z—w)]2+°‘>’ wel.
In particular, if we write (&) = @, then

2¢ .
KlU,a)(Z) = W, as desired.

O

It is important to note that a similar formula has been obtained through the use of Paley-Weiener theorem which in itself
involves Fourier transform, see [5]. We consider the method applied in this paper to be more direct and simple. Since L2(U, 1)
is a closed subspace of the Hilbert space L*(U, 114 ), there exists an orthogonal projection Py, : L?(U, ttg) — L2(U, tg ) which
we shall call the weighted Bergman projection on L*(U, g ).

Proposition 2.2. The weighted Bergman projection Py, from L*(U, L) onto the subspace L2(U, L) is given explicitly by

Puf(z) = /U Ko(z,0)£(0) dpio (), 23)

where Ky, is the weighted Bergman kernel on the half plane given by equation (2.2).

Proof. Indeed, by the reproducing property of Ky (z, @) and the self - adjointness of Py, on L?(U, i), we have
Pof(z) = (Paf,Ka(. 2 ))Lz(u = (f,PaKa(..z )>L2(,ua)
= (£ Ka(12))12(uq) / Ko(z,0)f(®) dug(w), as claimed.

O

At this point, it is natural to ask whether the Bergman projection Py, extends in some meaningful way to L} (U, ti,,) for the case
p # 2, and in that case, whether the reproducing property of Ko (z, ®), (that is, Py F = F) holds in L} (U, tis). These questions
were posed in [5]. In this section, we address these questions but first we prove some elementary results that will be useful in
the sequel.
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Proposition 2.3. Let X = H?(U) or L5 (U, ug), 1 < p < . Let a >0, b € R and define T f(z) = f(az+b) for every f € X,
then ||T|| <a™7.

Proof. If f € LY (U, lg), then

(S (az—i—b))

1711 = [ 1faz+ b)) adA(z)

= [ H@rEw >)“dA<w> @),

and if f € HP(U), then

T £l = sup/} Flax+iay+b)Pdx=sup | |flax+b+it)|?dx

>0 —

1
T If(s+lt)|"ds— *HfHP

t>0

O

The next two Lemmas give examples of analytic functions and the conditions they must satisfy to belong to the spaces X
and X (D).

Lemma 2.4. Let X (D) denote one of the spaces H (D) or L5 (D,my), 1 < p < ooand o > —1 (ot = —1 if X(D) = HP (D)),
and let y= (0t +2)/p. Then forn € C,

(e® —2)" € X(D) ifand only if Rn > —.

Proof. We first consider the Bergman space case, that is X (D) = L} (D, mg,).
Recall (¢ —2)1 € LE(D,mq) < [p|(€® —2)1|P dmg(z) < . Now,

/‘ )N dma(z) - = /D|(9i9—1)n|p(1—|2\2)adA(z)
L=z 0 a - ) aa)

. R PAY4
l@|l<lm)>dA&) 2.4)

—ze— 0 |7p9((n

It then follows immediately from [8, Lemma 3.10] that equation (2.4) is bounded if and only if —pR(n) —a —2 < 0, that is,
R(n) > “;2 as desired.

For X(D) = H? (D), we use the fact that functions in H” (D) can be identified with their boundary values. Fix 6 € R and let
f(z) = (¢'® —z)". Then f has boundary values f(e') = (e — )" and f € H?(DD) is equivalent to

[ uenra = [

T
= / 2% |sin(z/2) PR dr < oo, (2.5)
-7

(1—eit=enn|” g

But the equation (2.5) holds if and only if pR(n) > —1, as claimed. O

Lemma 2.5. Let X denote one of the spaces H (U) or Ly (U, ug), 1 <p <eoand @ > —1 (a = —1 if X = HP(U)), and let
y=(a+2)/p.IfccRand A, v €C, then

1. f(o)=(0—c)*(@+i)" € X ifand only if R(A +V) < —y < R(A). In particular, (o — c)* & X for any A € C, and
(w+i)Y € X if and only if Rv < —7.

2. f(w) =e€®/w € X ifand only if 1/p < ¢ < y. In particular, ¢° /&° ¢ HP(U) for any ¢ € R.
Proof. See [10, Lemma 3.2]. O

We now give the following proposition,
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Proposition 2.6. Let X = H?(U) or L5 (U, ig). If v > 0, then
(o+iv)Y € Xifandonlyif v > —y.
Proof. If f(w) = (w+iv)Y, then
1 v
flo) =" (Jo+i) = Te(o),
v

where Th(z) = h (1z) and g(®) = (@+1i)". Now Proposition 2.3 and Lemma 2.5 immediately yield the desired result. ~ [J

v

To begin addressing the questions mentioned earlier in this section concerning the extension of the Bergman kernel K, to
the cases p # 2, we give the following direct consequence of the above proposition.

Corollary 2.7. For fixed ® € U, the Bergman projection Py, belongs to Li(U, Ly, if and only if 1 < g < .

Proof. If Ky(z,0) = z,@ € U), then for fixed € U,

e
(_i(Z_a))lirZ ’ (
Ka(z 0) = 292 (2= R(0)) + 3 (@) ")

Therefore by Proposition 2.6, Ky(+, @) € L&(U, lg) if and only if —(ot +2) < —(a +2)/q, which is equivalent to g > 1.

Moreover, if z = x+ iy, y > 0, we have
o

(S(w))+?’
implying that Ky (-, @) € L7 (U, Uy ). O

Ko (2, 0) <

We can now prove the following result;

Proposition 2.8. Let 1 < p < oo, then for each f € L5 (U, iy,
1@ = [ F(@)Ka(z,0)dua(o).

Proof. If f € L (U, 11g), 1 < p < oo, then by Corollary 2.7, Ky(+,2) € LE (Lg), % +
that

% =1 and so Holder’s inequality implies

Frs /U F(0)Ko(z,0) dite (@) = (f,Ke(@,2))

is continuous; moreover, by the reproducing property,
flz)= /Uf(w)Ka(Z» ®) diio (o) forall f € Lf(a) N La(Ha)-

Since L (pg) NL2(1g) is dense in L (g ), we’re done. O

The following theorem characterizes when Py is a bounded projection from L? (U, ti) onto L5 (U, tg), see D. Békollé,
et.al. [5] for the details.

Theorem 2.9. The Bergman projection

Paf(2) = [ (@)Ka(z0)dia(@). a> -1,

is a bounded projection from LP (U, L) onto L5 (U, Ug) if and only if 1 < p < oo,

An immediate consequence of the boundedness of the Bergman projection Py on L5 (U, lg,) is the duality of Bergman spaces
L5 (U, 1) which we give in the following resul,
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Corollary 2.10. Let 1 < p < oo and q be conjugate to p in the sense that % + é = 1. Let (L}(U, ug))* be the dual space of
LL(U, 1g), then
(LE(U, o))" ~ LU, her), € >—1, (2.6)

under the sesquilinear pairing

(1.8) = [ f(@g(@)dua (f € Lh(ka). & € Li1a). @)
Proof. The classical duality between LP- spaces gives
(LP(U, 1a))" ~ L9(U, o).
By Hahn-Banach extension theorem and the boundedness of the Bergman projection Py, for 1 < p < eo, (Theorem 2.9), we have
(L2(U, )" = Po(LP(U, o))" ~ Pul (U, pio)) = LI(U, o), s desired.
O

It is important to take note that under the above duality pairing, see equation (2.7), the adjoint operator is conjugate linear.
Moreover, L (1) spaces for 1 < p < oo are reflexive and thus;

(La(Ha))" = (LG (Ha))™ = Ly (Ha)-

2.2 Hardy spaces of the upper half plane
The reproducing kernel for Hardy spaces is also called the Cauchy - Szegd kernel or simply the Szegd kernel, with the
corresponding projection called the Cauchy - Szego projection or simply the Szego projection. We refer to [6] or [11, Chapter
8] for a good account of the theory of the Szegd kernel and projection on Hardy spaces. Recall that functions in H” (D) have
boundary values almost everywhere in L (D) and that if 1 < p < eo, then H”(D) = cl;»(5p)Clz], where Cl[z] denotes analytic
polynomials in z, and ¢l;p(yp) is the L”(9D)-closure. In fact the Hilbert space H*(ID) has orthonormal basis ("),>0.
As noted in [6, Chapter 2], Cauchy’s theorem implies that the reproducing kernel for H 1 (D) is given by

Sp(z, @) = ;_ (ze dD, w e D). (2.8)

1—z®

Therefore, the Cauchy-Szego projection Pp is given by

Poo(2) = (9.5(0.9) = | _p(@)S(0.2)dn(w)

1 2 it
= — / Le),dt,
2nJo 1—e7iz
and satisfies Pp f = f for all f € H'(ID). The following theorem whose details can be found in [6, Chapter 2] characterizes the
boundedness of the Szego projection for the case when p # 1.

Theorem 2.11. If 1 < p < oo, then Py : LP(dD) — H? (D) is bounded and surjective.
In the next theorem, we establish the corresponding Cauchy-Szegd kernel on the upper half plane.
Theorem 2.12. The Cauchy - Szegi kernel for H>(U) is given by
i
SU(Zv é) = g 2.9)
=&

Proof. Let T : H?(U) — HP (D) be given by T f(z) = (¥'(2))"/? f(y(z)). Then by Proposition 1.1, T is surjective isometry. In
particular, T : H>(U) — H?(DD) is unitary with 7* = T~!, and T 'g(w) = ((w’l)’(a)))l/zg(w*(a))), where V is the Cayley
transform. We wish to compute the corresponding Szegé kernel on the upper half-plane, U: Let £ € U, z = w1 (£) € D. Also,
let f € H*(U) and g = T f. Then

80)= [ 8(@)50(z.@)dm(w) = (8.5¢.2)an = (T1.S5.)an
= <f> T*S]D).,Z>R-
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But we have

and

Thus
(202 x@ x
(&)= (§+i)_/]Rf( )<2(—i)(x—§)>d
*/Rf( )< 2(—i)(x— &) >d

Therefore, for every f € H*(U), £ € U,

16)= [ (L e

Thus the Szego kernel for H>(U) is given by

i

Su(z,€) = =
u(z,6) I
O
Corollary 2.13. The Cauchy - Szegd projection P from L*(R) onto H*(U) is given explicitly by
P(&) = [ oS (Ex)dx,
where Sy is the Cauchy - Szegd kernel given by equation (2.9).
Proof. Adopting the above notation, we have
Po(&) = [ o()Sy(x.E)dx
—1
= X —_— d.x
foooo (%)
i
= X dx
L owgt,
= [ olsu(E.0dx
O

Therefore, the upper half-plane analogue of Theorem 2.11 is the following,
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Theorem 2.14. If f € HP(U), 1 < p < oo, then for every & € U,

18 = [ f@Su(Ex)dx

and if p > 1, then the Szego projection P : LP(R) — HP(U) given by

P(&) = [ 9(Su(E.x)dx

is bounded and surjective.

The boundedness of the Szegd projection P on LP(R) given by Theorem 2.14 immediately yields the following duality of
Hardy spaces H”(U), for 1 < p < oo.

Corollary 2.15. Let 1 < p < o and q be such that % + % = 1. Let (HP(U))* be the dual space of H” (U). Then
(H"(U))" =~ H(U), (2.10)

via the sequilinear pairing

(.8) = [ Fsldx (€ H" (V). g € H(U)). @1
Proof. Tt is well known that
(L7(R))" =~ L1(R).
Now, the Hahn-Banach extension theorem together with the boundedness of the Szegd projection P for 1 < p < oo will yield,
(H?(U))" ~ (H?(R))" = P(L”(R))" ~ PLY(R) = H(R) ~ HI(U).
O

Again, we take note that under the pairing in equation (2.11), the adjoint operator from .Z(X) to .£’(X*) is also conjugate
linear. Since the Hardy spaces H”(U), 1 < p < oo, are reflexive Banach spaces, it follows that

(H*(U))" = (H?(U))*™ ~ H"(U).
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1. Introduction

A dynamical system is algebraic completely integrable in the sense of Adler-van Moerbeke [3, 6] if it can be linearized on a

complex algebraic torus (Abelian variety). The invariants (often called first integrals or constants) of the motion are polynomials

and the phase space coordinates, or some algebraic functions of these, restricted to a complex invariant variety defined by

putting these invariants equals to generic constants are meromorphic functions on an Abelian variety. These manifolds are

described explicitly as being affine part of complex algebraic tori and the flows (run with complex time) generated by the

constants of the motion can be solved by quadrature, that is to say their solutions can be expressed in terms of Abelian integrals.
Consider the group SO(n) and its Lie algebra so(n) paired with itself, via the customary inner product

(X,¥) = —% (X.Y), X,Y € so(n).

A left invariant metric on SO(n) is defined by a non-singular symmetric linear map

A:so(n) — so(n), Xr— AX,
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and by the following inner product; given two vectors gX and gY in the tangent space SO(n) at the point g € SO(n),
(gX,g¥) = (X, A7Y).

The question of classifying the metrics for which geodesic flow on SO(n) is algebraically completely integrable is difficult. For
SO(3), we know that the Euler rigid body motion [11] can be regarded as geodesic flow on SO(3) and this problem is always
algebraically completely integrable. For SO(4), Adler and van Moerbeke [4] have shown that the geodesic flow on SO(4) for
the metric defined by the above quadratic form is algebraically completely integrable in the three cases described in the section
5 and these are the only ones that exist. In addition, these three cases come up: two are linearly equivalent to cases of rigid body
motion in a perfect fluid studied there is a long time, respectively by Clebsch and Lyapunov-Steklov, an there is a third new
case namely the Kostant-Kirillov Hamiltonian flow on the dual of so(4). For n > 5, as was shown by Haine [14], Manakov’s
metrics are the only left invariant diagonal metrics on SO(n) for which the geodesic flow is algebraically completely integrable.

The paper is organized as follows. In Section 2, we explain the notion of algebraically completely integrable systems.
Section 3 deals with geodesic flow on SO(3) and Euler rigid body motion. In this section, we show that the Euler rigid body
motion is always algebraically completely integrable which can be regarded as geodesic flow on SO(3), and the integration
of the equations is done by means of elliptic Jacobi functions. In section 4, we briefly recall some results concerning the
Clebsch and Lyapunov-Steklov cases of a solid in an ideal fluid. Section 5 deals with the Adler-van Moerbeke classification
of algebraic integrable geodesic flow on the group SO(4). This classification concerns Manakov geodesic flow on the group
SO(4) which is linearly equivalent to Clebsch rigid body motion in a perfect fluid, geodesic flow on the group SO(4) which
is linearly equivalent to Lyapunov-Steklov rigid body motion in a perfect fluid and geodesic flow on SO(4) with a quartic
invariant. Section 6 deals with the algebraic complete integrability of geodesic flow on SO(n) for n > 5.

2. Algebraic complete integrability

The definition of the algebraic complete integrability of a Hamiltonian system varies according to the literature and is usually
found (with some minor variants) in any modern text on integrable systems. The integrable systems that we will deal with here
are complex integrable systems on an affine space C™, the algebra that we consider is just that of the polynomial functions and
we focus on algebraic complete integrability in the sense of Adler-van Moerbeke. We will work with complexes instead of real
ones. Concepts such as: Liouville integrability, involution, commutativity of vector fields and so on, can be defined as in the
real case. On the other hand difficulties arise : we know that there are no compact holomorphic submanifolds in the complex
space C" (maximum principle), therefore the complex tori that we can get in Arnold Liouville’s theorem are not compact.
The difficult problem of the compactification of invariant varieties therefore arises. In addition, the solutions of the system in
question are not uniform (single-valued). First, we will recall some results, define and explain the concept of algebraic complete
integrability of Hamiltonian systems in general (although for the problems studied in this paper, we will be concerned by the
affine space C™).
Consider a Hamiltonian completely integrable system

oH
XHIZ:JT = f(z),z€eR", m=2n+k, J(z)polynomialin z, 2.1
Z

with n + k functionally independent invariants Hj, ..., H,+ of which k invariants (Casimir functions) lead to zero vector fields

aI—In+j
dz

J (2)=0, 1<j<k,

the n = (m — k) /2 remaining ones are in involution (i.e., {Hi,H j} = 0),which give rise to n commuting vector fields. According
to the Arnold-Liouville theorem [7], if the invariant manifolds

n+k
ﬂ {Z cR™: H,'(Z) = C,‘},
i=1
are compact, then for most values of ¢; € R, their connected components are diffeomorphic to real tori R"/Lattice and the
flows gf(l (x),...,gf(" (x) defined by the vector fields X, ,....Xn, , are straight-line motions on these tori.
Consider now z € C" and t € C. Let A C C™ be a non-empty Zariski open set. By the functional independence of the first
integrals, the map (momentum mapping)

0= (Hl,...,Hn+k) C"— (Cn+k,
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is a generic submersion (i.e., dH;(z), ...,dH,(z) are linearly independent) on A. Let
Q= {e=(c) €T 130 € 97! (¢) with dHy (2) A ... AdHy11(2) =0},

be the set of critical values of the map @, i.e., Q = ¢ (C"™\A) and denote by Q the Zariski closure of Q in C"*.

Proposition 2.1. The set defined by
r— {z eC": () € (C””‘\ﬁ} ,
is everywhere dense in C™ for the usual topology.

Proof. Indeed, it suffices to show that the set '= ¢~ ((C”*k \ﬁ) , is a non-empty Zariski open set in C™. Since a polynomial
mapping between affine algebraic sets is continuous for the Zariski topology, then the above set is indeed a Zariski open set in
C™ and it is nonempty. Suppose this one is empty, that is ¢(C™) C Q. Since the map ¢ is submersive on a non-empty open set
of Zariski A C C™, then @(A) is open in C"**. By Sard’s theorem for varieties [33], C"*¥\Q is a non-empty Zariski open set
and therefore everywhere dense for the usual topology in C"**. So ¢(A) N (C"*\Q) # 0, which is absurd. This completes the
proof. O

Let M. be the complex affine variety defined by

n+k
M= ()= ({z€C": Hi(z) =i}, (2.2)

i=1
forall ¢ = (1, ...,cpsx) € C"H\Q, the fiber M, is smooth.

Definition 2.2. The system (2.1) is algebraic complete integrable (a.c.i.) in the sense of Adler-van Moerbeke with Abelian
functions z; [3, 6, 26] when, for every ¢ € C"™\Q, the fiber M. (2.2) is the affine part of an Abelian variety (complex algebraic
torus)

M, =T"~C"/L., (L. alatticeinC")

and moreover, the flows g&i (z), z€ M, t € C, defined by the vector fields Xy, 1 <i < n, are straight line on T", i.e.,

[ ()] = fi (pH1(k, 0 K))
where fj(t1,...,t,) are Abelian functions on T", f;(p) =z;, 1 < j<m.

We will be concerned with a.c.i. systems that are irreducible i.e., when the generic Abelian variety is irreducible (that is, it
does not contain a subtorus). The following remark is intended to present interrelated definitions, all involving a.c.i. systems.
For comments on definitions, see [38].

Remark 2.3. 1) [34] Let H be a smooth function on a 2n-dimensional symplectic manifold (M, ®). The Hamiltonian system
defined by the vector field Xy is a.c.i., if there exists a smooth algebraic variety .#, a co-symplectic structure ® which restricts
to @ along M, i.e., ® € AT ;7 and a morphism h: M# — U where % is a Zariski open subset of C", all defined over the real
field such that:

(i) h is a proper submersive whose components are in involution; that is,

{Xioh,Xjoh} = o(d(Xjoh),d(Xjoh)) =0,

Xi being coordinates on R".

(ii) M is a component of ./, the @ on M is the ® on .# along M, and H is a C™-function of Xj.oh|y.

2) [6] Let (M,{.,.}, @) be a complex integrable system where M is a non-singular affine variety and ¢ = (H,...,Hy) is
given by regular algebraic functions H;. We say that this system is an a.c.i. system if for generic ¢ € C* the fiber of 9~ '(c) is an
affine part of an Abelian variety and if the Hamiltonian vector fields Xy, are translation invariant, when restricted to these
fibers.

3) [9] Let (M,{.,.}) be a smooth Poisson variety. An a.c.i. Hamiltonian system consists of a proper flat morphism
H : M — B where B is a smooth variety such that, over the complement B\A of some proper closed subvariety A C B, the
morphism H is a Lagrangian fibration whose fibers are isomorphic to Abelian varieties.
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4) [18] Let M be a 2n-dimensional complex manifold with a holomorphic symplectic structure ®, a holomorphic function
H : M — C and n holomorphic functions which pairwise are in involution and also with H, i.e.,

{Hi,H;} = {H,H} =0, 1<i,j<n.
Let B be an open dense subset of C" and
F:FY(BycM— B,

a submersive map. The Hamiltonian system defined by the vector field Xy is an a.c.i. system if there exists a bundle 1 : A — B
of Abelian varieties, a divisor D C A, an isomorphism ¢ : F~'(B) — A\D, and a vector field Y on A\D which restricts to a
linear vector field on the fibers of T, so that the diagram :

F~(B) — A\D

F\, N
B

is commutative and such that the vector field Xy is c-related to Y .

5) Hitchin [15] gave a large class of interesting integrable systems that are almost by construction algebraic completely
integrable and showed that the cotangent bundle of moduli spaces of stable vector bundles on Riemann surfaces carry the
structure of integrable systems and are indeed a.c.i.

It will be interesting to insist a little more on the interpretation of the algebraic complete integrability of a Hamiltonian
system, especially in the sense of Adler-van Moerbeke.

Remark 2.4. a) The complete algebraic integrability in the sense of Adler-van Moerbeke in the case where M = C™ means
that :

(i) the system (2.1) with polynomial right hand possesses n+ k independent polynomial invariants Hy = H,H,, ...,H, . of
which k invariants lead to zero vector fields, the n = (m — k) /2 remaining ones are in involution, which give rise to n commuting
vector fields. For generic c;, the invariant manifolds

n+k

Nicer: b=c),
i=1

are assumed compact, connected and therefore real tori by the Arnold-Liouville theorem.
(ii) the invariant manifolds, thought of as affine varieties in C" (non-compact), can be completed into complex algebraic
tori, i.e.,

n+k

Nz €T Hiz) = e} =T\ {@ _ ( one or several codimension ) } 7

o one subvarieties
i

where the tori T" = C" [Lattice = complex algebraic torus (Abelian variety), depend on the c¢’s. In the natural coordinates
(t1,...,tn) Of these tori, the Hamiltonian flows (run with complex time) defined by the vector fields generated by the constants of
the motion are straight-line motions and the coordinates z; = 7;(ty, ...,t,) are meromorphic in (t, ..., t,).

b) It must be realized that the existence of polynomial first integrals (invariants) for a Hamiltonian system does not
necessarily imply the complete integrability of this system. For example, the Hamiltonian system where

2
H(x,y)= % +P(y), (P(y) being a polynomial in'y),

will be algebraically completely integrable with Abelian (here elliptic) functions if and only if P(y) is a polynomial of degree
3 or 4. Following Mumford [34], the commuting vector fields Xy, , ..., Xp, define on the real torus M. C R?" defined by the
intersection of the constants of the motion Hy = c1, ..., H, = ¢, an addition law

S M xMe — M, (x,y) —x®Dy=gs(p), pEM,,

withx=g:(p), y=gs(p), &:(p) = gffl ..‘gi” (p), where gff" (p) denote the flows generated by Xpy,. Algebraic complete integra-
bility means that this addition law is rational, that is:

(x@y)j :RJ (xivyivc)v
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where R; (x;,yi,c¢) is a rational function of all coordinates x;, y;, 1 <i<n. Puttingx=p,y = gi(" (p), in this formula, we notice
that on the real torus T, the flows gf(i (p) depend rationally on the initial condition p. Moreover, a Weierstrass theorem on
functions admitting an addition theorem states that the coordinates x; are restricted to the real torus:

R"/Lattice — Me,  (t1,...stn) — Xi (f1, s 1)

are Abelian functions. Geometrically, this means that the real torus M, ~ R" / Lattice is the affine part of an algebraic complex
torus (Abelian variety) C" [Lattice and that the real functions x; (t1,...,t,), (t; € R), are the restrictions on this real torus of the
meromorphic functions x; (t1,...,ty), (t; € C), of n complex variables, with 2n periods (n periods + n imaginary periods). In
degenerate situations, some of these periods may be infinite, as for example in the case of a harmonic oscillator.

c¢) If the Hamiltonian flow (2.1) is a.c.i., it means that the variables z; are meromorphic on the torus T"™ and by compactness
they must blow up along a codimension one subvariety (a divisor) 9 C T". By the a.c.i. definition, the flow (2.1) is a straight
line motion in T" and thus it must hit the divisor 9 in at least one place. Moreover through every point of 9, there is a straight
line motion and therefore a Laurent expansion around that point of intersection. Hence the differential equations must admit
Laurent expansions which depend on the n — 1 parameters defining 9 and the n+ k constants c; defining the torus T", the total
count is therefore m — 1 = dim(phase space) — 1 parameters. The fait that a.c.i. systems possess (m — 1)-dimensional families
of Laurent solutions, was implicitly used by Kowalewski [21] in her classification of integrable rigid body motions (see also the
Painlevé analysis for ordinary differential equations [35]). Such a necessary condition (see [5]) for a.c.i. can be formulated as
in the theorem below.

Theorem 2.5. If the Hamiltonian system (2.1) (with invariant tori not containing elliptic curves) is a.c.i., then each z; blows up
after a finite (complex) time, and for every z;, there is a family of solutions

zi = Z ZEJA)IJ'_S"7 s; €%, somes;>0, (2.3)
=0

depending on dim(phase space) — 1 = m — 1, free parameters. Moreover, the system (2.1) possesses families of Laurent
solutions depending on m —2,m —3,...,m —n free parameters. The coefficients of each one of these solutions are rational
Sfunctions on affine algebraic varieties of dimensions m—1,m—2,m—3,....m—n.

The question raised several years ago is whether this criterion is also sufficient. The main problem will be to complete
the affine variety M, (2.2) into an Abelian variety. A naive guess would be to take the natural compactification M. of M, by
projectivizing the equations. Indeed, this can never work for a general reason: an Abelian variety M, of dimension bigger or
equal than two is never a complete intersection, that is it can never be described in some projective space P" by n-dim M,
global polynomial homogeneous equations. In other words, if M, is to be the affine part of an Abelian variety, M. must have a
singularity somewhere along the locus at infinity. The trajectories of the vector fields (2.1) hit every point of the singular locus
at infinity and ignore the smooth locus at infinity. In fact, the existence of meromorphic solutions to the differential equations
(2.1) depending on some free parameters can be used to manufacture the tori, without ever going through the delicate procedure
of blowing up and down. Information about the tori can then be gathered from the divisor. More precisely, around the points
of hitting, the system of differential equations (2.1) admit a Laurent expansion solution depending on m — 1, free parameters
and in order to regularize the flow at infinity, we use these parameters to blowing up the variety M. along the singular locus
at infinity. The new complex variety obtained in this fashion is compact, smooth and has commuting vector fields on it; it is
therefore an Abelian variety.

The system (2.1) with k + n polynomial invariants has a coherent tree of Laurent solutions, when it has families of Laurent
solutions in ¢, depending on n — 1, n — 2,...,m — n free parameters. Adler and van Moerbeke [5] have shown that if the system
possesses several families of (n — 1)-dimensional Laurent solutions (principal Painlevé solutions) they must fit together in a
coherent way and as we mentioned above, the system must possess (n — 2)-, (n — 3)-,... dimensional Laurent solutions (lower
Painlevé solutions), which are the gluing agents of the (n — 1)-dimensional family. The gluing occurs via a rational change of
coordinates in which the lower parameter solutions are seen to be genuine limits of the higher parameter solutions an which in
turn appears due to a remarkable propriety of a.c.i. systems; they can be put into quadratic form both in the original variables
and in their ratios (to see further). As a whole, the full set of Painlevé solutions glue together to form a fiber bundle with
singular base. A partial converse to the above theorem can be formulated as follows [5]:

Theorem 2.6. If the Hamiltonian system (2.1) satisfies the condition a)(i) in the remark 2.2 of a.c.i. and if it possesses a
coherent tree of Laurent solutions, then the system is a.c.i. and there are no other m — 1-dimensional Laurent solutions but
those provided by the coherent set.
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‘We assume that the divisor is very ample and in addition projectively normal (see [12, 27] for definitions when needed).
Consider a point p € 9, a chart U; around p on the torus and a function y; in .Z’(Z) having a pole of maximal order at p. Then

the vector (1/y;,y1/y;j,...,yn/y;) provides a good system of coordinates in U;. Then taking the derivative with regard to one
of the flows
<yi>._ yiyj_zyiyj7 1<j<N,
Yj Y5

are finite on U; as well. Therefore, since y? has a double pole along &, the numerator must also have a double pole (at worst),
ie., yiy;—yiyj € £(22). Hence, when ¥ is projectively normal, we have that

6266

i.e., the ratios y;/y; form a closed system of coordinates under differentiation. At the bad points, the concept of projective
normality play an important role: this enables one to show that y;/y; is a bona fide Taylor series starting from every point in a
neighborhood of the point in question. Moreover, the Laurent solutions provide an effective tool for find the constants of the
motion. For that, just search polynomials H; of z, having the property that evaluated along all the Laurent solutions z() they
have no polar part. Indeed, since an invariant function of the flow does not blow up along a Laurent solution, the series obtained
by substituting the formal solutions (2.3) into the invariants should, in particular, have no polar part. The polynomial functions
H;(z(t)) being holomorphic and bounded in every direction of a compact space, (i.e., bounded along all principle solutions), are
thus constant by a Liouville type of argument. It thus an important ingredient in this argument to use all the generic solutions.
To make these informal arguments rigorous is an outstanding question of the subject.
Assume Hamiltonian flows to be weight-homogeneous with a weight s; € N, going with each variable z;, i.e.,

fi(@ iz, 0 2) = @ fi (21, .02m), Vo€ C.
Observe that then the constants of the motion H can be chosen to be weight-homogeneous:
H(as‘zl,...,as"’zm):(ka(zl,...,zm), keZ.

The study of the a.c.i. of Hamiltonian systems, includes several passages to prove rigorously. Here we mention the main
passages, leaving the detail when studying the different problems in the following sections. We saw that if the flow is
algebraically completely integrable, the differential equations (2.1) must admits Laurent series solutions (2.3) depending on
m — 1 free parameters. We must have k; = 5; and coefficients in the series must satisfy at the 0”*step non-linear equations,

fi (z§0)7 ...,ZES)) +e” =01<i<m, (2.4)

and at the k''step, linear systems of equations :

0 fork=1

_ (k) —
(L—kl)z { some polynomial in z(l),...,z(k”) fork > 1, 2:5)
where
. af
L = Jacobian map of (2.4) = 5. +8l .0 -
z z

If m — 1 free parameters are to appear in the Laurent series, they must either come from the non-linear equations (2.4) or from
the eigenvalue problem (2.5), i.e., L must have at least m — 1 integer eigenvalues. These are much less conditions than expected,
because of the fact that the homogeneity k of the constant H must be an eigenvalue of L. Moreover the formal series solutions
are convergent as a consequence of the majorant method [6, 24]. Thus, the first step is to show the existence of the Laurent
solutions, which requires an argument precisely every time k is an integer eigenvalue of L and therefore L — kI is not invertible.
One shows the existence of the remaining constants of the motion in involution so as to reach the number n + k. Then you have
to prove that for given cy, ..., ¢y, the set

g a0=r (04 P ) <i<m
Laurent solutions such that : H; (z;(¢)) = ¢; + Taylor part
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defines one or several n — 1 dimensional algebraic varieties ("Painlevé” divisor) having the property that M. U 2, is a smooth
compact, connected variety with » commuting vector fields independent at every point, i.e., a complex algebraic torus
C"/Lattice. The flows J 31;,?,- yeeyd alg';” are straight line motions on this torus. Let’s point out and we’ll see all this in more
detail later, that having computed the space of functions . (%) with simple poles at worst along the expansions, it is often
important to compute the space of functions .Z (k%) of functions having k-fold poles at worst along the expansions. These
functions play a crucial role in the study of the procedure for embedding the invariant tori into projective space.

The idea of the Adler-van Moerbeke’s proof [3] we shall give here is closely related to the geometric spirit of the Arnold-
Liouville theorem [7]. Namely, a compact complex n-dimensional variety on which there exist n holomorphic commuting
vector fields which are independent at every point is analytically isomorphic to a n-dimensional complex torus C" /Lattice and
the complex flows generated by the vector fields are straight lines on this complex torus.

Theorem 2.7. Let
o =(Z=(20,21,....2,) €PY(C) : B(Z) = 0},

be an irreducible variety defined by an intersection involving a large number of homogeneous polynomials F; with smooth and
irreducible affine part of = of N{Zy #0}. Put o = /U9, i.e., P = o/ N{Zy =0} and consider the map

f:od —PNQ), Z+— f(2).

Let

T= @) =T, 7=a #=12)=JF@) =)
i=1 i

where 9; are codimension 1 subvarieties. Assume that:

(i) f maps of smoothly and 1-1 onto f(<7).

(ii) There exist n holomorphic vector fields X, ..., X, on o/ which commute and are independent at every point. One vector
field, say X; (where 1 < k < n), extends holomorphically to a neighborhood of .%;. in the projective space PN (C).

(iii) For all p € %, the integral curve f(t) € PN(C) of the vector field Xy through f(0) = p € % has the property that

{f(t):0<|t|<e,teC}C f(H).

This condition means that the orbits of Xy through %), go immediately into the affine part and in particular, the vector field X;,
does not vanish on any point of 4.
Then

a) M is compact, connected and admits an embedding into PN (C).

b) o is diffeomorphic to a n-dimensional complex torus. The vector fields X1, ..., X, extend holomorphically and remain
independent on .

c) o is a Kéhler variety.

d) Misa Hodge variety. In particular, of is the affine part of an Abelian variety o

Proof. a) A crucial step is to show that the orbits running through .# form a smooth variety X,, p € % such that
L\ C . Let p € %, € > 0 small enough, g%k the flow generated by X on </ and {gl, :t € C,0 <[ |< €}, the orbit
going through the point p. The vector field X; is holomorphic in the neighborhood of any point p € .#} and non-vanishing,
by (ii) and (iii). Then the flow g\ can be straightened out after a holomorphic change of coordinates. Let 72" C PV(C) be a
hyperplane transversal to the direction of the flow at p and let X, be the surface element formed by the divisor .#; and the
orbits going through p. Consider the segment of ." = %’ NX, and so locally, we have X, = .%" x C. We shall show that £,
is smooth. Note that .#”" is smooth. Indeed, suppose that .7’ is singular at 0, then X, would be singular along the trajectory
(t-axis) which go immediately into the affine f(.%7), by condition (iii). Hence, the affine part would be singular which is
impossible by condition (i). So, " is smooth and by the implicit function theorem, £, is smooth too. Consider now the map

o CP"(C) —PY(C), Z+— f(Z),

where Z = (Zy,2,,...,Z,) € P"(C) and o = f(e/) = f(/). Recall that the flow exists in a full neighborhood of p in PV(C)
and it has been straightened out. Therefore, near p € .%;, we have £, = &/ and Zp\ﬂk C &7. Otherwise, there would exist an
element ¥, C o such that

{gy,:1€C,0<|t]|<e} =(Z,NE)\pC ,
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by condition (iif). In other words, X, N Z;J = t-axis and hence &7 would be singular along the #-axis which is impossible. Since
the variety .27 is irreducible and since the generic hyperplane section 7%, of o is also irreducible, all hyperplane sections are
connected and hence Z is also connected. Now consider the graph Gy C P"'(C) x PV(C) of the map f, which is irreducible

together with </ 1t follows from the irreducibility of G that a generic hyperplane section G N (#4en. x PV (C)) is irreducible,
hence the special hyperplane section G ({Zy = 0} x PV (C)) is connected and therefore the projection map

Projen(c)[GrN({Zo = 0} x PY(C))] = f(2) = .7,
is connected. Hence, the variety
A =AU (UpesEp) = 4 US4 CPY(C),

is compact, connected and embeds smoothly into PV (C) via f.

b) Let g' be the flow generated by X; on & and let p; € J\ /. For € > 0 and for all #; € C such that 0 < |#;| < €, note
that g = g (py) is well defined and gt (p;) € f (<), using condition (iii). Let U(g) C o be a neighborhood of ¢ and let

§H(p2) =g "og?og" (p2), Vp2eU(p)=g " (U(q)),
which is well defined since by commutativity one can see that the right hand side is independent of #;:

—(t1+¢€) t1+€( —(t1+¢€) —(t1+¢€)

g 0g?0g" " (py) =g og?ogogf(p) =g 0gf0g?0g"(py) =g "Mog?og" (p2).

Notice that g”2(p;) is a holomorphic function of p; and f,, because in U(p;) the function g'! is holomorphic and its image is
away from ., i.e., in the affine, g” is holomorphic. The same argument applies to g"(p3),...,g" (pn) where

In

g"(pn) =g " togmog" (pu), Ypp€U(pu1)=g "'(U(q)).

Thus Xj, ..., X, have been holomorphically extended, remain independent and commuting on o Therefore, we can show along
the same lines as in the Arnold-Liouville theorem [7] that ¢ is a complex torus C" /lattice. And that will done, by considering
the local diffeomorphism

C"—d, t=(t1,..ts) — g'p=g"0...08"(p),

for a fixed origin p € f(&). The additive subgroup L = {r € C" : g'p = p}, is a lattice of C" (spanned by 2n vectors in C",
independent over R), hence C"/L —» <7 is a biholomorphic diffeomorphism.
¢) Let

ds* =Y dy @ diy,
k=1

be a hermitian metric on the complex variety o/ and let @ its fundamental (1,1)-form. We have

1 V=1 & _
0 =—Imds* = ~—— Y dn A diy.
) mdas ) k;] k k
So we see that @ is closed and the metric ds? is kihler and consequently o is a Kihler variety.
d) On the Kihler variety o are defined periods of @. If these periods are integers (possibly after multiplication by a
number), we obtain a variety of Hodge. More specifically, integrals fyk o of the form @ (where ¥; are cycles in Hy (<7, 7))

determine the periods @. As they are integers, then o isa Hodge variety. The variety o is equipped with n holomorphic
vectors fields, independent and commuting. From a) and b) the variety < is both a projective variety and a complex torus and
hence an Abelian variety as a consequence of Chow theorem [12, 27]. Another proof is to use the result that we just show since
every Hodge torus is Abelian, the converse is also true. Note also that by Moishezon’s theorem [30], a compact complex kéhler
variety having as many independent meromorphic functions as its dimension is an Abelian variety. [
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3. Geodesic flow on the group SO(3) and Euler rigid body motion

The Euler rigid body motion [11] (also called Euler-Poinsot [36] motion of the solid) can be regarded as geodesic flow on
SO(3). This problem expresses the free motion of a rigid body around a fixed point and the motion of the body is governed by
the following equation

M = [M,AM], (3.1)
with
3 0 -m3 m
M= (Mif)lgi,jgis‘ = Zmiei = ms 0 —m | €s0(3),
i=1 —my  m 0
and
3 0 —Amz Aamy 1
AM =Y Amie; = Azms 0 —Aimy €so(3), A= 7
i=1 7121112 llml 0 i

where (m),my,m3) is the angular momentum, and I}, >, I3, the principal moments of inertia about the principal axes of inertia.
Equation (3.1) is written explicitly in the form

m = (A3—A2)moms,
my = (A —A3)mims, (3.2)
my = (Ay— A1) mimy,

and can also be written as a Hamiltonian vector field

) H
x=J=—, x=(m,my,m3)7,

ox

with the Hamiltonian

1
H = 5 (llm% + lzm% + l3m§) R

and
0 —m3 ny
J= m3 0 —m | €so0(3).
—my nq 0
. N . . JdH, . .
The system (3.2) has beside the energy H| = H, a trivial invariant H>, i.e., such that : Ja— =0, implying
X

1
Hy = 5 (m%er%wLm%)

The system evolves on the intersection of the sphere H; = ¢; and the ellipsoid H, = ¢;. In R3, this intersection will be

JoH
isomorphic to two circles (with /% << %) The system (3.2) is completely integrable and the vector J =— gives a flow on

ox

a variety
2
M. = ﬂ {xe R : H(x) = ci}, (c={(c1,c2) is not a critical value),
i=1
diffeomorphic to a real torus of dimension 1, that is to say a circle.
From the first integrals H; and H,, we express mj and m3 as a function of m,. These expressions are then introduced into

d
the second equation of the system (3.2) to obtain a differential equation in m; and % only. In more detail, the following

relationships are easily obtained from equations H; = c¢; and H, = ¢;:

 — 2c1 — I‘22y3 — (A —)»3)m%
1 2{1 713 )

(3.3)
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m2 _ 26‘211 — 261 — ()L] — xz)m%
} A=A

By substituting these expressions in the second equation of the system (3.2), we obtain

(3.4

np = \/(26‘1 — 2033 — (12 - 7L3)m%) (26‘22,1 —2c1 — (ﬂ,l — lz)m%)

By integrating this equation, we obtain a function 7(m,) in the form of an elliptic integral. To reduce this to the standard form,

we can assume that 2¢; > % (otherwise, it is enough to invert the indices 1 and 3 in all the previous formulas). We rewrite the

previous equation, in the form

di’l’lz _ (1_ (2,213)111%) (l— (ﬂ,llz)m%>
\/(2C1 — 26213)(20211 — ch)dt 2c1 — 260223 2c0A1 —2c¢y
By setting

- [
T—t\/(lz_l3)(26'2)u]—2c1), S =my m7

we obtain

ds _ (M= )(2c —20213)3
dz \/(1 ) (1 e )

which suggests choosing elliptic functions as a module

k2 _ (QL] — lz)(ZCl — 262&3)
(7Lz — 13) (2C211 — 26‘1)

Inequalities A; > A, > A3, 2/{—1‘ <20 < %‘ and 72 > 2/{—2‘ show that 0 < k> < 1. So we get

%: (1-2)(1—k252).

This equation admits the solution (we choose the origin of the times such that m, = 0 for t = 0):

N d
T:./o )15

It is the integral of a holomorphic differential on an elliptic curve
E:w? = (1-52)(1—k*s%). (3.5)

The inverse function s(7) is one of Jacobi’s elliptic functions [27] : s = snt, which also determines m; as a function of time,
that is,

2H; — I’zlg, snt
my={|——F-" .
2 — 23

According to the equalities (3.3) and (3.4), we know that the functions m; and mj3 are expressed algebraically as a function of
my, SO

2H1 77‘2).3
= _— 1— ZT
mi )Ll 7}(3 V sn-T,
}’2},1 —2H1

1 — kZsn2t.
T sn2t
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Given the definition of the other two elliptical functions [27] :

entT = +/1—sn?t, dnt = /1 —k?sn’t,

and the fact that T = t\/ (A2 — A3)(2c2A1 —2¢y), we finally get the following explicit formulas :

2C1 — 26223

m = = "en(t/ (A2 — A3) (2624 —2H))),
M—A3
M — 23

my = Mdn(l‘\/(ﬂz—)@)(ZCQll*26‘1))'
AM—2A3

In other words, the integration of the Euler equations is done by means of elliptic Jacobi functions. In fact, the Euler rigid body
motion is always algebraically completely integrable. The two circles of the intersection M., (with fl—l << %11’ otherwise it is
empty) forms the real part of a complex torus of dimension 1, defined by the elliptic curve & (3.5). The complex intersection
(C (C3) is the affine part of an elliptic curve

M. ={XeP*C): Hi(X)=c1X3} N{X € P*(C) : Hh(X) = c2X( } .

We show that M, is isomorphic to the elliptic curve &. In addition, the circle defined by {H; = ¢; } N {H = ¢} extends to
the complex torus C/lattice and the flow linearizes on this torus. If p(t) = (m;(z),mz(t),m3(t)), is a solution of the system
(3.2), the law connecting p (¢; +1,) to p(#1) and p(f2) is the the addition law on the elliptic curve &. From equations (3.2), the
unique holomorphic differential on M, is given by

dmy B dmy _ dm;

® = _ _ 7
(M —A)momz (A —A3)mimz  (Ap— Ay)mymy

p(1) _
sot = / o, p(0) € M,. The system (3.2) is invariant by the transformations  — o, m — amy, my — amy, m3 — ams.
0

We seek solutions of the system (3.2) or of equation (3.1) in the form of Laurent series
M) =1 (M<°>+M< )i+ M@y ) ZM i1 (3.6)

depending on dim(phase space) — 1 = 2 free parameters. Substituting (3.6) into equation (3.1), one obtains

i(j* M2 = i (Z]: {MU)’AM(”)D -2

j=0 j=0 \i=0

Therefore,

i=0
and we see that the coefficients M(©) M O ,..., satisfy the equations
MO {Mm)’ AM(O)} -0, (3.7)
(L—kI)M Z[ ’H} k>1,

where L Is the linear operator L : s0(3) — so(3) defined by

L(Y) =Y + [, AY | + [y, AM°] = Jacobian of (3.7).
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The matrix M©) appearing in L is a solution of the nonlinear equation (3.7). A simple calculation shows that the matrix (L—kI)
is always invertible except for k = 2 and therefore its rank is equal to 1. This shows that the coefficient M () contains two free
parameters and can be assimilated to ¢ and ¢,. In a detailed and explicit way, let us look for the solutions of the system (3.2) in
the form of Laurent’s series

1

m o= - (m§0>+m(11)t+m52)t2+--~),
t
1

my, = f(mgo)—i-mgl)t#—mg)tz—i---),
1
1

my = ;(mg0)+mg])t+mgz)t2+m),

depending on dim(phase space) — 1 = 2 free parameters. Substituting these equations into the system (3.2), we see that

1) the coefficients mso), mgo)’ mg()), satisfy the equations

m® + (A= 22)mIm? = o,
) + (M= 23)m"m? = o,
mgo) + (A — ll)mgo)mgo) = 0,
whose solutions are
1% case :
m% _ —1 ’ mg()) _ 1 : mgo) _ 1
Vv Pa=21) (A1 —23) (M2=21) (A1) (A1=243)(A3—22)
2 cage
my - = L ) mgm = : ) mgO) = L :
(A2=A1)(A1—23) (=M (A3—A2) vV A=243)(A3-42)
3" case :
m\” = 1 ’ mg()) _ ~1 ’ mgo) _ 1
(A2=A1)(A1—23) (=A)(A3—A2) (M=43)(A3—A2)
4 case

m® — ~1 m® — —1 m
1 - ) 2 5 3 T e
vV (d2=2A1)(A1—23) (=AM (A3—A2) (M=43)(A3—2A2)

2) the coefficients m(11>, mél) s mg”, satisfy equations

(A= 2)mml) + (25 — 1) mIm® = o,
= 23)mm) + (A = ) m"m? = o,
(A=) mml) + (2 —2)mUm? = o,

the solutions of which are in all cases : m(ll) = mgl) = mgl) =0.

3) the coefficients m(lz), mgz), mf), satisfy equations

m§2> — lgmgo)mgz) - l3m(21)mg]) - k3m£2)mgo)

-M»zm(zo) mgz) + lzmgl)mg” + lzmgz)mg()) 0,
mgz) — Mm(lo)mgz) — )L]m(11>m(31) —M azmgo)
+l3m(10)mg2) + l3m(ll)mgl) + l3m52)mg0> 0,

mg2> — lzmgo)bz — lgm<11>m;1) — lzm(lz)méo)

+l1m(10)m£2) + llmgl)mg) + A m(lz)mgo)

0,

whose solutions corresponding to the different cases are respectively,

@) _ VB—h) 24 M-2)  (2)

st . —

1 case : m|” = (M_wm2 (/lz—ll)m3 .
d . (2) VA&—d  (2) | VA3—h  (2)

2" case : m _\/M 7 my’ + Vo msy
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VA3—A VA3—A
4™ case : mgz) =— ;_; mgz) — ;_; mgz).

\/ 1—4A3 \/ 2—A
where mgz) et mgz) are two free parameters.

Therefore, for the first case, we have

i G () V& ()
= f4...
m rmz—mw—zzﬁ<\/<xl—mm2 ™ ) L

v/ (la=21) (A4 —-22)

_ 1 @, ...
M= iy M

Substituting these developments into the first integrals H; and H,, we get

VA 1 1 (2) Vi 1 1 (2)
Hi =2 ( _M—/ls)m2 +2 ( _lz—/ll)m3 R

Via—h \ 3=k Vit \ 3=k

VA (A A ?) AV A [ A 2 @)

H2_2\/}Lz—/1, (13—212_11—]/13)’”2 +2\/)L]_,13 (l3—312_12—]/1])m3 ’
and we deduce the relations :

(2) 1

S — - Hi—H)— (A — H —H
my = ey (A —A2) (M — ) — (A — A5) (o Hh — Hy)),
(2) 1

S — - Hi—H) — (A — Hi —H)).
my = e o (M2 —A) (Hi = H2) = (A3 = A) (MH1 — H2))

Obviously, similar expressions are obtained for the other cases.
We deduce from what precedes the following result:

Theorem 3.1. The Euler rigid body motion is always algebraically completely integrable and can be regarded as geodesic

flow on SO(3). In addition, the integration of the equations is done by means of elliptic Jacobi functions.

4. Clebsch and Lyapunov-Steklov cases of a solid in an ideal fluid

The equations of motion of a solid in an ideal fluid have the form (Kirchhoff’s equations [17]) :

. oH oH
P = 1728713_[7387[27
. oH oH
p2 = P38711—P187137
p3 = pl%,p2%7 4.1
L = H a—H+l a—H—l oH
1 Pzap3 P3ap2 2813 3812’

OH _ OH  OH _ oH
11738171 p18p3 3811 1813’

OH  9H  OH | IH
Pl&p2 p28p1 1812 2811’

L =

I

where (p1, p2, p3) is the velocity of a point fixed relatively to the solid, (;,1,13) the angular velocity of the body expressed
with regard to a frame of reference also fixed relatively to the solid and H is the Hamiltonian. Equations (4.1) can be regarded
as the equations of the geodesics of the right-invariant metric on the group E(3) = SO(3) x R3 of motions of 3-dimensional
Euclidean space R, generated by rotations and translations.

Equations (4.1) have the trivial first integrals (or invariants):

3 3
Hy=H, Hy=Y pi, Hy=Y pi. (4.2)
k=1 k=1

We distinguish two integrable cases: the case of Clebsch [8] and the case of Lyapunov-Steklov [28, 37].
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4.1 Clebsch’s case
In Clebsch’s case, we have

1 3
E Z akpk +bklk 4.3)
with
a—azy az—ay a—ay
=0.
by + by + b3
An additional integral is
1 3
=5 Z bepi +PI;) “.4)

where the constant p satisfies the conditions

_bi(by—=b3) by(b3—b1) _ b3(by—b)

az —das asz —dai ay—az

We shall study briefly Kétter’s solution [19] by quadratures of the equations (4.1), in terms of genus 2 hyperelliptic integrals. In
fact, the transformation to the separating coordinates s; and s> which leads to the quadratures in terms of hyperelliptic integrals
is quite involved. Finding this transformation require a great deal of luck and ingenuity. After the substitution by — pby,
1 <k <3, and after an appropriate linear combination of H; and H;, the equations (4.2), (4.3), (4.4) can be written in the form

Pi+pri+pi=A,
bipi +bap3+b3p3+1i+15+15=B
bil} +byl3 +bsl3 — bybspt — bibyp3 — bibap3 = C

pili+p2la+p3ls =D
where A, B,C, D are constants. Following [19, 10, 23], we introduce coordinates @, Wi, 1 <k < 3 by setting

V i (@1 - 1 (z2—bj) " (,/ et /7>’

V21— biq /aR/am \/22 —bi\/OR] Iz M&R/le NEES

VIT=i (z1 = b)) ./ (b (m_r\/i)

Ve = p| e eV «/8R/812 JaRjoz, NI

where

Ox = Dk

4
HZ Zl

i=1
and z1,22,23,24 are the roots of the equation

3

3
A? (zz—szk> +Bz—C+2Dy[[](z—bx) =0.

k=1

Let s; and s, be the roots of the equation

2 2 2
Vi 12} Y3
7 Tt
Vi—s Vvi—s Vi—s

=0,

where

\/23—by +\/_—1 \/z4—by

\/OR/dz; \/aR/8z4

= 1<k<3.
\/Z[*bl\ +\/7 A/ 22— bk - -
V/OR/dz \/OR/dz;
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An expression of the original variables p1, p2, p3,l1,l2,13 in terms of s; and s, can be found in [19]. After some algebraic
manipulations, we obtain the following equations for 51 and s,:

dsy _ (asi+b)+\/Ps(s1)
ﬁ - 52 — 81 ’
ds;  (asy+b)/Ps5(s2)
E o S1—952 ’

where a, b are constants and Ps () is a polynomial of degree 5 of the form
Ps(s) = s(s = vi)(s = v3)(s = V3) (s = viv3v3).
These equations can be integrated by the Abelian mapping
P P
H = Jac(H) = C2JA, Pr—s < el,/ 92> ,
JRy 50

where the hyperelliptic curve .7 of genus 2 is given by the equation w? = Ps(s), A is the lattice generated by the vectors
ny +Mna, (ny,ny) € Z*, M is the matrix of period of the curve /Z, (6, 8,) is a canonical basis of holomorphic differentials on
I, ie.,

ds 6= sds ’
P5 (S) P5 (S)

and Py is a fixed point. Consequently, we have

0, =

Theorem 4.1. The system of differential equations (4.1) in the Clebsch’s case can be integrated in terms of genus 2 hyperelliptic
functions of time.

4.2 Lyapunov-Steklov’s case
In Lyapunov-Steklov’case, we have

3 3
Hy=H=2Y (ap;+bli)+ Y ckpidi,
=1

k=1

| —

with
a1 =A%) (by—b3)>+B,  ar =A%y (b3—b1)*+B, a3 =A%bs3 (b1 —b2)* +B,
c1 =Abyb3+C, ¢y =Ab1b3+C, c3=Ab1by+C,

where A, B, C are constants. A fourth first integral is given by

1

3 3
Hy=2 Y (dpi+17) =AY, bipilk,
=1 =1

[\ ]

where
dy=A2(by—b3)*,  dy=A2(b3—b1)*,  d3=A(b1— b))
A long and delicate calculation [20] shows that in this case too, the integration is done using hyperelliptic functions of genus
two.
5. The classification of algebraic integrable geodesic flow on SO(4)

In several problems, , when studying the geodesic flow on SO(4), it is more convenient to use the coordinates u = (x,x3,x3)
and v = (x4,xs,X6), they correspond to the decomposition u @ v € so(4) =~ s0(3) ® so(3). In these coordinates, the geodesic
flow on the group SO(4) can be written as

JH JdH

Xg: u=uN—,v=vA—
" du’ ov’
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for invariant metric defined by the quadratic form

S
24

1

3
H= (3(36,‘ +di)x,-2 + (C,' + 3d,~)xl~2+3 + 6(dl' — c,~)x,~x,~+3) R 5.1)
=1

with coefficients

and ijk permutations of 123. This geodesic flow has three quadratic invariants, namely, the Casimir functions ||u|*> and
[|v||?, and the metric above, and one quartic invariant. The invariants ||u||> and ||v||? define the 4-dimensional non degenerate
symplectic leaves of Hamiltonian structure, which therefore are parameterized by the values of ||u||*> and ||v||>. More precisely,
in the classification [4, 6] of algebraic integrable geodesic flow on SO(4), three cases come up; two are linearly equivalent to
cases of rigid body motion in a perfect fluid studied last century, respectively by Clebsch and Lyapunov-Steklov, and there is a
third new case namely the Kostant-Kirillov Hamiltonian flow on the dual of so(4). The metric H is obviously written in the
quadratic form

6 3

1
H= 3 Y A+ ) uixjs,
=1 j=1

where 41,..., A6, 1, U2, 43 € C and 12423431 AusAseAsatli o3 7 O with A = A; — A. Explicitly, the equations above are
written

dx1
- = A32X2X3 4 U3X2X6 — H2X3X5,
de
e A13X3X1 + M1 X3X4 — U3X1X5,
dxs
i A21x1X2 4 HaX (X5 — L1 X2X4,
dX4
e Ags5X5X6 + U3X3X5 — HoX2Xe,
de
i AdeXeXq + U1 X1 X6 — U3X3X4,
dx6
i As4xaxs 4 UpXpX4 — L1 X1X5.

The equations have besides the energy H; = H, two trivial constants of the motion
H) = x% +x% +x§,H3 = xﬁ —Q—xg +x§.

Adler and van Moerbeke [4, 6] have shown that the geodesic flow on SO(4) for the metric defined by the above quadratic
form is algebraically completely integrable in the three cases described in the following subsections and these are the only ones
that exist.

5.1 Manakov geodesic flow on the group SO(4) and Clebsch rigid body motion in a perfect fluid
The geodesic flow for this metric takes the following commutator form (Euler-Arnold equations) :

. d
X =[X,AX], ‘EE 5.2)
where
0 —x3 x —x
6
X 0 —X] —X
X:(thg,jngXfeF —)3@ x| 01 —xZ € so(4),
i=1

X4 X5 X6 0
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and
0 —13)63 kzxz —14)64
6
o o o 13)63 0 7)4)61 7)L5X5
AX = ()Li./Xi./)lgi,j§4 = ; l,»x,-e,- = — Aoy Axi 0 _)LGX6 € S()(4).
)4)64 )‘5)65 k(,)C(, 0

In view of the isomorphism between (R®, A) and (so(4),[,]) we write the system (5.2) as

i = (A3—A)xx3+ (A6 — As) X5,
X2 = (M=) x1x3+ (A — A4g) xax,
K3o= (A=) xixg+(As — Ag) xaxs, (5.3)
X1 = (A3 —2s5)x3x5 + (A6 — A2) X2%e,

X5 = (A—A3)xxa+ (A — Ae) X1%6,
X6 = (/12—14))62)(44-(15—11))(1)65.

The quadratic form H is diagonal with regard to the customary so(4) coordinates (Manakov metric [29]), i.e.,

4
2H = Z A./kazka (Xjk)1<jk<4) € s0(4),

Jik=1
j<k
with
Ajk:ﬁj_ﬁkv (ajaﬁje(calgjgél')a
o — O

all A j; distinct. The extra invariant Hy is quadratic and we’ll see how this was done independently by Haine [13] and Mumford
(appendix in[2]) that the flow evolves on Abelian surfaces C? /lattice C IP’7((C), having period matrix

2 0 a c a ¢
<0 4 ¢ b)’ Im(c b>>0’ (a,b,c € C),

and also the linearization takes place on a Prym variety (For the definition and properties of Prym varieties, see for example
[13, 25]). The periods of this Prym variety provide the exact periods of the motion in terms of Abelian integrals. The problem
of the solid body in a fluid in the case of Clebsch is a particular case of this metric (see subsection 4.1).

Let’s see in more detail the linearization of this problem [13, 6, 22]. Let x € C%, r € C and Z C C® a non-empty Zariski
open set. The momentum map

g: (Hy,...,Hy): CO — C*,

is submersive on Z, i.e., dH, (x),...,dHy(x) are linearly independent on Z. Let
I=g <(C6\Z) ={c=(c;) € C*:Ix € g ' (c) with dH (x) A ... AdHy(x) =0},

be the set of critical values of g and I the Zariski closure of I in C*. The non-empty Zariski open set Z can be chosen as the set
Z= {x €Cl:g(x) € (C4\7}.

The invariant variety defined by
4
M, =g (c)= ﬂ {x € Cl: Hi(x) = c,-},
i=1

is the fibre of a morphism from C° to C*, thus M, is a smooth affine surface for generic ¢ = (ci,...,c4) € C* and the main
problem will be to complete M, into an Abelian surface. Now, how does one find the compactification of M, into an Abelian
surface? This compactification is not trivial and the simplest one obtained as a closure :

4
M, = (" {Hi(x) = caxg} CP*(C),
i=1
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1.€.,

X1X4 +X2X5 +X3X¢ = clx%,

2,2 2 _ 2

X|+x+--+xg = C2Xp,

M+ x5+ Aexz = 3%,

2 2 2 2

Hix7 +,LL2x2+---+Ll6x6 = C4Xp,
where [xg : x] : ... : X¢] are homogeneous coordinates on P%(C), does not lead to this result (in the following we will not

distinguish between x| as a homogeneous coordinates [xo : x;] and as an affine coordinate x; /xo). Indeed, an Abelian surface is
not simply-connected and therefore cannot be projective complete intersection. In other words, if M, is to be the affine part of
an Abelian surface, M. must have a singularity somewhere along the locus at infinity C = M, () {xo = 0}. A direct calculation
shows that C is an ordinary double curve of M. except at 16 ordinary pinch points of M,; the variety M, has a local analytic
equation x? = yz2. The reduced curve C, is a smooth elliptic curve. Now , it’s only after blowing up M, along the curve C, that
one gets the desired Abelian surface.

Theorem 5.1. a) The divisor of poles of the functions x1,x2, ..., x¢ is a Riemann surface 9 of genus 9. For generic constants,
the surface M. is the affine part of an Abelian surface M. obtained by gluing to M, the divisor 9.
b) The flow (5.3) evolves on an Abelian surface M, = C? /lattice of polarization

2 0 a c a c
<0 4 ¢ b)J’"(c b)>0'

c) The Abelian surface M, which completes the affine surface M, is the Prym variety Prymy (T) of the genus 3 Riemann
surface I':

s el I
’ v =z(o?z—1)(B%*z+1)

for the involution
o:I'—T (wyz)— (-my2),
interchanging the two sheets of the double covering
L—To,  (w,y,2) — (1.2),
where Ty is the elliptic curve defined by
Io:y* =z (azz— 1) (B%z+1).

Proof. a) Consider points at infinity which are limit points of trajectories of the flow. There is a Laurent decomposition of
such asymptotic solutions,

X(I) — t*l (X(O) +X(l)t +X(2)t2+. ) (54)

which depend on dim(phase space) — 1 = 5 free parameters. Putting (5.4) into (5.2), solving inductively for the X (%), one finds
at the 0" step a non-linear equation,

x© 4 {Xm), AX(O)} —0, (5.5)

and at the k" step, a linear system of equations

0 fork=1

_ (k)) —
(L= (X ) { quadratic polynomial in XV ... X*=1) for k > 2 (5:6)

where L denotes the linear map

L(Y)= [Y,A.X(O)} + [X<0),A.Y} +Y = Jacobian map of (5.5).
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One parameter appear at the 0" step, i.e., in the resolution of (5.5) and the 4 remaining ones at the k" step, k = 1,...,4. Taking
into account only solutions trajectories lying on the surface M., we obtain one-parameter families which are parameterized by a
Riemann surface. To be precise we search for the set & of Laurent solutions (5.4) restricted to the affine invariant surface M,
ie.,

2 = closure of the continuous components of
{Laurent solutions X (r) such that H; (X (1)) =¢;, 1 <i <4},

4
m {to — coefficient of H; (X (1)) = ¢;},
i=1

= aRiemann surface (algebraic curve) whose affine equation is

2 2 2
w2 +cC1 (xgo) xéo)) +C2 (xio)xém) +c3 (xf‘o) xgo) ) + C4x§0)x§0)xéo) s

5.7
=w?+F (xio)mgo),xéo)) =0
where w is an arbitrary parameter and where xio) ,xg()) ,xéo) parameterizes the elliptic curve
<o>)2 <o>)2 ( <o>)2 _
& (87) + (57) +(«") =0 (5.8)

(ﬁxgo) + Otxéo)) (ﬁxgo) — Otxéo)) =1

with (o, B) such that : &>+ 3% + 1 = 0. The Riemann surface & is a two-sheeted ramified covering of the elliptic curve & and
it easy to check that the elliptic curve & is exactly the reduced curve C,. The branch points are defined by the 16 zeroes of

F (x20)7xg0) pcéo)) on &. The Riemann surface Z is unramified at infinity and by Riemann-Hurwitz’s formula,
28(7)—2=N(2(&)—2) +R,

where N is the number of sheets and R the ramification index, the genus g (2) of 2 is 9. To show that M, is the affine part of
an Abelian surface AA/IZ with I\Z\MC = 2, we can use the method of Laurent’s developments (see Haine [13]) or theorem 2.3.
Here, by following Mumford (see appendix to [2]), we give an abstract algebro-geometrical proof that the four quadrics in this
problem intersect in the affine part of an Abelian surface using Enriques classification of algebraic surfaces. For this, we will
compute the invariants of M, and use Enriques classification of algebraic surfaces (see [12], p.590). We denote as usual by K/\Z

the canonical bundle, ¥ (&};) the Euler characteristic and q(M,) the irregularity of M.. Now if
¢ : M, — M. C P°(C)
is the normalization of M,, then the pullback map on sections
0" H (Mo, ) — H (M., 037 ).
is an isomorphism and
Ky =K =2, Kiz=9" (Kip)
and so for H a hyperplane in P¢(C),
4
Ky = ¢ (MC.KPs(C) + (,-; deg Hi).H) -9=0.
Also
X (ﬁﬁ) =X (¢*ﬁ@./ﬁm) +x(O) = x(0:02/0)+x (0).

Recall that the Riemann surface 2 (5.7) of genus 9, is a double cover ramified over 16 points of the elliptic curve & (5.8).
We shall use the Koszul complex to compute ) (ﬁMC). In the local ring at each point of P6(C) the localizations of the 4
homogeneous polynomials H; give a regular sequence, and the Koszul complex gives a canonical resolution

0 = Opo(cy(—8) = Opocy(=6)" = Opo(c) (—4)° = Opo(c) (—2)* = Tpo(c) = o —0
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Thus ¥ (ﬁMT) =8, hence ¥ (ﬁﬁ) =0andg (MVL) = 2. By Enriques-Kodaira’s classification theorem, it follows that M, is an

Abelian surface.
b) Let

L= {f : f meromorphic onAZ,(f)—i—.@ > 0}
be the set of meromorphic functions on MVL with at worst a simple pole along Z and let
%(2) = dimH° (ﬁcﬁ(.@)) — dimH! (Mi,ﬁ(@)) :
be the Euler characteristic of 2. The adjunction formula and the Riemann-Roch theorem for divisors on Abelian surfaces imply

that

_ Kﬁz.gﬂ-@.@

1
2 +h

87

and

1(2) = pa (M) +1 +% (2.(2-K)).

where g(2) is the geometric genus of & and p, (1\712) is the arithmetic genus of MVC Since AZ is an Abelian surface

(k=0 (7) =),
_77 _

§(7)—1=—

x2(2).

Using Kodaira-Serre duality [12, 27], Kodaira-Nakano vanishing theorem [12, 27] and a theorem on theta-functions [12, 27], it
easy to see that

8(2)—1=dimL(2) (=1°(L)) = &, (5.9)

where 8,8, € N, are the elementary divisors of the polarization ¢| (L) of M.. Note that the natural reflection about the origin of
C?, is given by

= —id: (x0,X1,---,%) — (—X0,X1,---,%6),

and has 16 fixed points on M., given by the 16 branch points on & covering the 16 roots of the polynomial F (xg,x(s),xg) 5.7).
Since L is symmetric (6*L ~ L), ¢ can be lifted to L as an involution ¢ in two ways differing in sign and for each section
(theta-function) s € H(L), we therefore have Gs = +s. Recall that a section s € H°(L) is called even (resp. odd) if s = +s
(resp.Gs = —s). Under G the vector space H’(L) splits into an even and odd subspace H(L) = H(L)®*" & H° (L)% with
HO(L)®" containing all the even sections and H°(L)?“ all odd ones. Using the inverse formula [12, 27], we see after a small
computation that

dimH® (2)" = foTiEeven Sy 2 (5.10)

816
2
dimHO(f)”dd = %_szﬁevené,(’k:l’z

Notice that c1(L) = ¢*(H) and (c1(L)?) = 16 (since the degree of M, is 16). By the classification theory of ample line bundles
on Abelian varieties, M, ~ C?/Lq with period lattice given by the columns of the matrix

(& 0 a ¢ a c
Q_<0 5 b),Im<C b>>0,

according to (5.9), with

5 & :hO(L) =g(9)—-1=8, 6|6, §¢eN"
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Hence we have two possibilities : (i) 6; = 1, & = 8 and (ii) 6; =2, 6, = 4. From formula (5.10), the corresponding line
bundle L has in case (i), 5 even sections, 3 odd ones and in case (if), 6 even sections, 2 odd ones. Now xj,...,xs are 6 even
sections, showing that case (ii) is the only alternative and the period matrix has the form

2 0 a ¢ a c
<0 4 ¢ b>’1m<c b)>0'
¢) After substitution z = (xg)z, the Riemann surface & can also be seen as a four-sheeted unramified covering of another
Riemann surface I', determined by the equation

:G(wz) = (w2 +c (x(s)xg)Z +c2 (xg)zz +c3 (xg)zz)z —c (x(s)xg)zz =0.
It is straightforward to verify that the equations (5.8) are equivalent to ()c(s))2 =B2%z+1and (xg)z = a’z— 1. To compute the
genus of I', we observe that the Riemann surface I is invariant under an involution

o:I' —TI, (wz)— (—w,2). (5.11)
Consider a map

p:I'—To=T/o, (wy2)— 23,
of the Riemann surface I" onto an elliptic curve I'y = I'/ o, that is given by the equation

Io:y* =z(a*z—1) (B*z+1). (5.12)
The genus of the Riemann surface

r: { 14/22:—01 (xgxg)z—cz (x2)2Z—C3 (xg)2Z+C4y (5.13)

v =z(o’z—1)(B%*z+1)

is calculated by means of the map p. The latter is two-sheeted ramified covering of the elliptic curve I'g with 4 branch points.
Using the Riemann-Hurwitz formula, we obtain g(T") = 3.

I now will proceed to show that the Abelian surface M., can be identified as Prym variety Prymq (T). Let (a1,a2,a3,b1,b2,b3)
be a basis of cycles in the Riemann surface I" with the intersection indices a;oa; = bjob; = 0, a;ob; = J;j, such that

(7(611)26137 G(bl):b3, G(az):—az, O'(bz):—bz
for the involution ¢ (5.11). By the Poincaré residue formula, the 3 holomorphic 1-forms @y, @;, @, in I" are the differentials

4 — P(w,2)-
(dG/Iw) (w,2) G(w,2)=0 4wy
for P a polynomial of degree < degG — 3 = 1. Therefore
dz zdz dz

W=—0=—,000=—,
y wy wy

P(w,z)

form a basis of holomorphic differentials on I" and obviously
G* (a)O):CU(),G*(CUk):*(Dk, (k:172)7

for the involution ¢ (5.11). It is well known that the period matrix Q of Prymg (') can be written as follows

Q:< 2y 0 Jy, @1 2, szﬂh)
2]0] a)z fllz (lb Zjb] a)z sz (lb ’

Let (dt;,dt,) be a basis of holomorphic 1-forms on M., such that dtj|@ =w;, (j=1,2),

2 .
dh dt
Lo = : S/
@ {kzlmk /a,’{ (dlz) + /b;( <dt2> s T }
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the lattice associated to the period matrix

o — Jaydiv - fydn [y di o fy dn
Jodta Jydny [y di fydn |’

where (d},d,b},b}) is a basis of H| (1\70,2) and let

— P (dt
M, — C?*/Lg : p— ! ,
Po dt2

be the uniformizing map. By the Lefschetz theorem on hyperplane section [12, 27], the map H,(%,7Z) — H\(M,,Z) induced
by the inclusion 2 < M, is surjective and consequently we can find 4 cycles a},d},b!, b, on the Riemann surface & such that

o _ [ Ja o o Jyon fy o ’
Jay @ Jy @ Jy o [y o

and

2 . .
(0} (0]
Lo = mk/ ( )—l—nk/ ( )ka,nkez .
{kzl a, ()] bl (97)

Recalling that F(xg,xg,xg) (5.7) has 4 zeroes on I'y (5.12) and 16 zeroes on & (5.8), it follows that the 4 cycles a},da}, b}, b} on
2 which we look for are 2ay,a;,2b;,b; and they form a basis of H; (M,,Z) such that

i 2o Jyon 2[00 [0\
Q = =Q,
2 [, 2f, @ [, o

is a Riemann matrix. Thus, AZ and Prymq () are two Abelian varieties analytically isomorphic to the same complex torus
C?/Lq. By Chow’s theorem [12, 27], M, and Prymg(I") are then algebraically isomorphic. This completes the proof of the
theorem. O

Remark 5.2. It is well known that this problem has been solved via the Lax spectral curve technique by Adler and van
Moerbeke [1]. Strange as it may seem, the use of the spectral curve method may not give the tori correctly, but perhaps with
period doubling, in contrast with the statement that the correct tori would be obtained by the Kowalewski-Painlevé analysis.
This indicated a need for caution in interpretation of the result for tori calculated from the Lax spectral curve technique.
A striking example of this phenomenon appears in the problem studied in this subsection. We know from [1, 22], that the
linearization of the Euler-Arnold equations obtained using the isospectral deformation method (Lax technique) takes place on
the Prym variety Prymq(€) of a genus 3 Riemann surface € ; the latter is a double ramified cover of an elliptic curve 6. Also,
we have just seen from the asymptotic analysis of the Euler-Arnold equations, the affine variety M. completes into an Abelian
surface M. upon adding a Riemann surface 9 of genus 9, which is a 4-fold unramified cover of another Riemann surface I of
genus 3; the latter is a double ramified cover of an elliptic curve I'g. The Abelian surface M, can also be identified as the Prym
variety Prymq(T") and the problem linearizes on Prymq (). From the fundamental exponential sequence

exp.
0=Z— O = ﬁ;Z -0,

we get the map
T (@,ﬁ%) — H? (AZ,Z) —

i.e., the first Chern class of a line bundle on MVL Recall that any line bundle with Chern class zero can be realized by constant

multipliers. Therefore the group Pic°® (II/IVC) of holomorphic line bundles on AA/IZ with Chern class zero is given by
pic” (M) = H' (Me, 07, ) /H' (M., Z)

—~V —

and is naturally isomorphic to the dual Abelian surface M.  of M. (¥ means the dual Abelian surface). The relationship
— —~V

between M. and M, is symmetric like the relationship between two vectors spaces set up a bilinear pairing. It is interesting
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to observe that the Abelian surfaces M, = Prymq (I) obtained from the asymptotic analysis of the differential equations and
Prymg (€ obtained from the orbits in the Kac-Moody Lie algebra are not identical but only isogenous, i.e., one can be obtained
from the other by doubling some periods and leaving other unchanged. The precise relation between these two Abelian surfaces
isM, = (Prymg(‘g))v, i.e., they are dual of each other. The functions x1, ...,x¢ are themselves meromorphic on M., while only
their squares are on Prymg(€). The relationship between the Riemann surfaces U and € is quite intricate. As usual we let ©
the theta divisor on Jac(T'), we have

Prymg(€)\I1 = ONPryms(¢) =T,
with I1 a Zariski open set of Pryms(€). Also
ONM, =%,
where © is a translate of the theta divisor of Jac(€) invariant under the involution o. Moser [31] was aware of a similar

situation in the context of the Jacobi’s geodesic flow problem on ellipsoids.

5.2 Manakov geodesic flow on the group SO(4) and Lyapunov-Steklov rigid body motion in a perfect fluid
The quadratic form H satisfies the conditions
_ Moz Az AasAseAes ((123 —2s6)* (M31—Aea)? (M2 — 145)2>
(146132 — 165&13)2 2f23 2f56 ’ 2/31/164 ’ 112145 ’
with the product p; i, i3 being rational in Ay, ..., A¢ and with the following sign specification

M2A23A31 Aas Ase Aes
it lts = - (M2 — Aas) (A3 — As6) (A31 — Aea)-
(AaoAz2 — Aeshi3)’
The problem of the solid body in a fluid in the case of Lyapunov-Steklov is a particular case of this metric (see subsection 4.2).
The extra invariant Hy is quadratic and the flow linearizes on 2-dimensional hyperelliptic Jacobians. More precisely

(Wi, p3.13)

4
ﬂ {x eCs: Qj(x)= cj} = Jac (hyperelliptic curve & of genus 2)\ 2,
j=1
where 2 is a divisor of genus 17, which contains 4 translates of the @-divisor in Jac(%’), each of which is isomorphic to %.
The hyperelliptic curve %’ is a double cover of the curve % (isomorphic to P!(C)) defined as

{t : 1 : 13 : 14] € P>(C) such that Y 4,0 has rank 3}.

The periods of the motion are given by the periods of the hyperelliptic curve . When studying the differential systems in this
case as well as the invariants via Kowalewski-Painlevé’s analysis, it is advantageous to rewrite them in a simpler form in order
to reduce the notations and thus avoid too much calculation, since it requires less variables (see [6] for more detail). We show
that this geodesic flow X; and a commuting flow X, can be written respectively in the form

X1 = xaXe,
. 1

X = EX3(X1—|—)C4),
. 1

X3 = 5)(2(X1+)C4),

X4 = X3Xs,

X5 = X3X4,

X6 = X1x2,

and

X1 = XsXg,

X2 = x3xa,

X3 = XXa,

X4 = x5(2x3—xg),

X5 = x4(2x3—xg),

X6 = X1X5.
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The Hamiltonian structure being determined by the Poisson bracket :

0H OF 0H OF
HF}={ = J=—)Y=YJij==—,
{H,F} <8x’ 8x> ;18)@8)6]-
where
0 X3 X2 0 0  2x —x5
—X3 0 O 0 0 0
J— —X 0 o0 0 0 0
0 0 o0 0 0 X5
0 0 O 0 0 X4
—2x+x5 0 0 —x5 —x4 0

The problem is to show, among other things, that the geodesic flow on SO(4) for a left invariant in the case of the second metric
is a weight homogeneous algebraic complete integrable system. Using the asymptotic expansion method as in the previous case
(Kowalewski-Painlevé’s analysis), we obtain the following results [6] :

Theorem 5.3. This geodesic flow has four quadric invariants :

H = —xi—l—x% =cq,
H, = —x%—l—x% =0,
c3
Hy = —-x¥3—-x3=-=,
3 ==
Ha = —(x —X4)2 +2(x, —xs)z +2(x3 —x6)2 = 4cy,

(with generic (c1,c2,c3,c4) € C*), and it evolues on some hyperelliptic Jacobians. The hyperelliptic curve is a double cover of
the curve of rank four quadrics (isomorphic to P') :

{t € P3 such that ty (Hy — c1x3) + 12 (Ha — c2x3) +13(H3 — C4—3x%) +14(Hy — 4c4x3) has rank 4} ,

ramified at the six points where the rank drops to 3. The system in question possesses Laurent solutions depending on 5 free
parameters and the affine surface defined by the constants of motion can be completed into a torus T by adjoining a singular
divisor 9. The latter consists of four copies F44,...,.74 of the genus two hyperelliptic curves. Analyze the points of intersection
of these curves. All these curves are translates of the ®-divisor by %-periods and three of these curves form a very ample and
projectively normal divisor which results in the embedding of the Jacobian in P® and the functions having poles there form a
closed system of quadratic equations under differentiations as well as their ratios. The line bundle [ 2] defines a polarization of
type (4,4) on T and leads to an embedding in P'. The three flows Xy, X, and 2X| — X, are doubly tangent to each of the four
curves J4,...,.76; at four points Py,...,Py and the sixteen half-periods on the torus are given by the total set of branch points of
these hyperelliptic curves. The values of the constants of motion ¢y /ca, ¢2/ca, ¢3/ca provide the three moduli for the full family
of 2-dimensional hyperelliptic Jacobians.

5.3 Geodesic flow on SO(4) with a quartic invariant
The form H satisfies

1 1 1
fod, 1) = Asdasrai Asa < I )
(i, 15, 13) = Ai3AagA21 AsaAz2 s Taohes’ AMatas’ Aot sa

The quantities {, & and 7} defined by

A A A
2_Ms pa_ts o hes
Cilm’ : Aoy’ m A3’

satisfy the quadratic relations
CE+En+ni+1=0, 3En+n—-E+1=0.

The geodesic flow has a quartic invariant, evolves on Abelian surfaces AC IP?3(C) having period matrix

2 0 a c a ¢
<O 12 ¢ b)’ Im(c b>>0’ (a,b,c €C),
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and it will be expressed in terms of Abelian integrals. See for details [3, 6]. After the following linear change of coordinates,
which is meaningful insofar a #£0,—1,1,—1/3,1/3,

() - (3 )i
<2> _m(;aﬂl 0 )((hf&zml)a»
() = vt w2 (ee),

the geodesic flow takes (after rescaling time) on the simple form :

21 = 3%,
22 = Z4%6,
l—a 1+a
3 = > 2475+ 2125 + R (5.14)
. 2a n a—1
4 = 7361_12526 3a7_122237
. 2a n a+1
5 = 7361_’_115% TI_HQZ&
., l+4a + " 1—a
6 = 2 2475 T 2224 ) 2132,
with three quadratic invariants (in z) :
H = abh+1—%Fp—a
1 = arm 3a+1 7 = A1,
a+1
H, = —aF — A
2 ari 301 2,
2F¢ F F;
Hy = . et e = A,
(Ba—1)(3a+1) 3a+1 3a-—1
and a quartics invariant (in z) :
H = - F{+F, — (F5 + F. —— (21, — F.
4 3a+1(1+4)+3a—1(2+5)+(3a—1)(3a—0—1)( 1~ F)
4(14a 4(1—a
+ ( ) FZ(FG +Fg) ( ) F (F6 +F7) = Ay, (5.15)

(Ba—1)(3a+1) T Ba—D)Bat1)

where

2
2 2
F=z-nsh=5-uuBb=un-uskh=17— (2223 — 25%6)
-2
3a+1
The geodesic flow in question admits one family of Laurent solutions,

¢ 1 1 22 v 2\ 2 3
=2 1+Uuy'r+ UG+ Y AV | 2 +o() ),
Il Y22+ 5 °+l.:1 i olt")
where 1= (1,1,...,1)T, ¥!,¥2,¥? are appropriate vectors depending on ¥,Z and a only, y = 4a, § = (a— 1)(3a+1) and

Y2 72 vy 4
C—diag< ZY—),

?777_27 ) Y

2 2 2 2
(2126 — 2324), F6 = 2124 + 2025 — 2326, F71 = 2] — 23 + 2124, F3 = 25 — 25+ 2225

Fs=

with ¥, Z € C such that Y? +Z2 = 1. The 5-dimensional family of Laurent solutions depend on the parameters Z,U,A1,A>
and Aj3. The vectors ¥ can be chosen such that H;(z(t)) = A; for i = 1,2,3. Confining the 5-dimensional family of Laurent
solutions to the invariant manifold

4
M. = ﬂ{z 1 Hi(z) = A},
i=1
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yields a relation between the free parameters, defining a curve

. (U,V,Y,Z) suchhat Z> =V,¥> =1 —V and
{ P(U,V):(U2(1fV)V((XV+ﬁ))2*2U2(1fV)VP(V)JrQ(V):0,

where

oa=16a%B = (a—1)*(3a+1),

and
P(V) = (aV+B)[((3a®+1)As—A; —A)(V — 1) +A1V —Ay(V —1)]
—2V(V—=1)[A1(1 —a)*(1+3a) + Ar(1 +a’ (1 —3a) — A3(1 — a*)(1 - 9d%)]
OV) = [(3a*+1)A3—A; —A)V(V—1) ~ AV + Ay (V — 1))
+V(V—1)[(4aV + (a—1)(3a+1))As +4A1A, — (a—1)(3a+1)(a+1)(3a— 1)A3].
Note that

P2(V)—(aV +B)*Q(V)=V(1=V)R(V), (5.16)
with R(V') being a cubic polynomial. The curve Z is an unramified 4 — 1 cover of the curve

¢ :PU,V)=0.
In view of (5.16), the curve % itself is a double cover of the hyperelliptic curve

H W =V(1-V)R(V),

of genus 2, ramified over four points where Q(V) = 0. Therefore € has genus 5 and 2 has genus 17. The curve 2 must be
thought of as being a very ample divisor on some Abelian surface M., to be constructed according to the method described in
the theorem 2.3. The curve &, wrapped around M, intersects itself transversally in 8 points, adding 8 to the genus 17. Therefore
the torus M, ~ C?/Lq on which the geodesic flow linearizes, is defined by a period lattice Q given by the columns of the matrix

(6 0 a c a c
Q—(o 5 b),lm(c b)>o,

016, =g(2)—-1=24, 6|6, §ecN.

with

So we have the following two possibilities : (i) 0y = 1, & = 24 and (ii) 8; =2, 6, = 12. The line bundle

L(‘@) = {17Z17"'7Z6af]7"'avag]7"'7g87h17"'7h4}7

is specified as follows
g1="2anf—(1-a)zfs, g =-2aufi—(1+a)zsfz, g=(1—a)zsfst(l+a)ufs,

ga=+a)zsfs+(1-aufs, g=0-aufa+t(1+anfs g =—-(1-aufi—(1+a)zf,
g1=2azsfr—(1—a)zfs,  g=-20ufi—(1+a)unfs, h=4fifri+(1-d")f3
m=22fifs—(1-a)fsfs, h3==2hfi—(+a)fsfs, h=22fafs+f((1+a) = (1=a)fi).

Now the reflection about the origin on the Abelian surface amounts to flipping the time for each linear flow on it, but since the

d
flow f given by (5.14) is quadratic and since the other flow ﬁ (commuting with the first) is quartic (as it derives from the
1

quartic Hamiltonian (5.15), flipping the signs of #; and #, for each of the flows amounts to the flip (z1,...,z6) — (—z1, ..., —26)-
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From formula (5.10), the above line bundle L(Z) has in case (i), 11 even sections, 13 odd ones and in case (ii), 10 even
sections, 14 odd ones, showing that case (ii) is the only alternative and the period matrix has the form

20acIac>O
012 ¢ b )™ ¢ b :

1 . . . .
Differentiating — and 2 with respect to #; (corresponding to the flow (5.14)) and #, (corresponding to the quartic flow

21 Z1
generated by Hy (5.15)), yield two differentials @; and @, defined on the curve % :
V)dv av
0 = o(V) 0 = ’
U\ V(1-=V)R(V) Uy V(1—=V)R(V)

where (V) is a rational function in V having the form

_ 4aV +(a—1)(3a+1)

o(V) Vi—v)

[(aV+B)UV(1—V)+(A3(3a* +1) —A; —A)(1 = V)V — AV — Ay (1-V))].

The restriction of the differentials dt; and dt, to the curve & are
dz
UYVR

Recall that € is a double ramified cover of a hyperelliptic curve .77 of genus 2, whose sheets are interchanged by the involution
(V,U) — (V,—U). Hence

oy =dt|g = (2}, 0 = db|y =

Jac(€) = Prym(€ | ) ® Jac(H).

Since @; and @, are both odd differentials for that involution, the flows evolve on the 3-dimensional Prym(% /.7 ) and therefore
M, C Prym(€ /#¢). This shows that Prym(€ / 7 ) splits further, up to isogenies, into an elliptic curve & and the 2-dimensional
invariant torus M, :

M.®E = Prym(€ | ).
In summary, we have

Theorem 5.4. The affine invariant surface M. for the Adler-van Moerbeke geodesic flow completes into a generic Abelian
surface M, of polarization (1,6), i.e., defined by a period matrix of the form

1 0 a ¢ a c
<o 6 ¢ b)’ Im<c b>>0’

by adjoining at infinity a curve of genus 25, with 8 normal crossings and smooth version 9. There exists an elliptic curve &
such that M, satisfies M. ® & = Prym(€ | 7). More precisely

4
ﬂ {x eC®: Hi(x) = cj} = M. \{a curve of genus 25 with 8 singular points}.
j=1

Put in a more geometrical language, the tori A//Iv( contain a very ample and projectively normal curve of geometric genus 25,
with 8 normal crossings whose smooth version 9 is a 4 — 1 unramified cover of a curve € of genus 5. The curve € itself
is a double cover ramified over 4 points of a genus 2 hyperelliptic curve 5¢. Moreover, the linearization takes place on a
2-dimensional subtorus of the 3-dimensional Prym variety Prym (€ | 7€) with

Prym (€ | ) :Z@éo,
where & is an elliptic curve.

This situation provides a full description of the moduli for the Abelian surfaces of polarization (1,6). For more information,
see [6].
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6. The algebraic complete integrability of geodesic flow on SO(n), n > 5

We have seen previously that if a system is algebraically completely integrable, then it must admit a family of meromorphic
Laurent series depending on “’dim (phase space) — 1” free parameters. Now, trying to generalize the result to the geodesic flow
on SO(n) for n > 5 using the same method leads to insurmountable calculations even with the help of a computer. Therefore, to
answer the question concerning the classification of the metrics for which the geodesic flow on SO(n) while taking into account
these difficulties, it was necessary to resonate differently.

The geodesic flow for this problem takes the following commutator form (Euler-Arnold equations) :

X =[X,AX], 6.1)
where

X = (xi;j) = Y xijeij € so(n),
i<j

and A.X = (A;;X;;), Aij = Aji. The quadratic form H is diagonal with regard to the customary so(n) coordinates (Manakov
metric [29]), with

Aji = Bi=hx — [X,B]+[a,A.X] = 0,VX € s0(n), 6.2)
: (Xj — O

with

a:diag(al,...,a,,), ﬁ :diag(ﬁl,...,ﬁn), H((Xifﬁj)#o,

i<j

all A distinct. Note that it turns out that the geodesic flow on SO(n) admits a lot of invariant manifolds on which they reduce
to geodesic flow on SO(3) and the solutions of the differential equation with initial conditions on these manifolds are elliptic
functions and this without any condition on the metric. Haine [14] has shown that looking at solutions near these special a priori
known solutions and imposing these solutions to be single-valued functions of ¢ € C, suffices to single out the left invariant
diagonal metrics for which the geodesic flow is algebraically completely integrable. Under the non-degeneracy assumption on
the diagonal metric A that all A;; be distinct, the system (6.1) is algebraically completely integrable with Abelian functions x;;
if and only if the metric A satisfies (6.2) (Manakov’s conditions).

Theorem 6.1. For n > 5, Manakov’s metrics are the only left invariant diagonal metrics on SO(n) for which the geodesic flow
is algebraically completely integrable.

This criterion was first used, without proof by Lyapunov [28] (the proof is due to Haine [14])), who showed that the only
integrable tops whose solutions have analytic properties belong to the classical known cases : Euler top, Lagrange top and
Kowalewski top.
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1. Introduction

In this paper, we deal with the lower bounds of the blow up time of solutions of the following hyperbolic type equations

gy — div (p (|Vu|2) Vu) — Augy + ||y = fi (w,v), (1) € Q% (0,T),
v —div (p (IV) V) = Al v = Lo wv), (01) € @ (0,7),

u(x,0) = o (x), u (x,0) = u (x), xeQ, (4.
v(x,0)=vo(x), v (x,0)=v(x), xXeQ,
u(x,t) =v(x,1) =0, x€dQ,

where Q C R"(n=1,2,3) is a bounded domain with a sufficiently smooth boundary dQ; m,r > 1 are constants, and
fi(u,v) : R”* = R (i = 1,2) are functions which will be specified later. Also,

p(s) = by +bys?, q,b1,by > 0.

In the absence of the dispersion terms (Au;, and Avy,), eq. (1.1) reduces to the following system

Uy — div (p (|Vu|2> Vu) — Auyy + |u,|m_1 u = fi(u,v),

_ (1.2)
Vi — div (p (|Vv|2) Vv) —Avg + |ve|” Y=p (u,v).

In [1], Wu et al. considered the global existence and the blow up of the solution of the problem (1.2). Later, Fei and Hongjun
[2] improved the blow up result in [1]. Finally, in [3], Piskin and Polat studied the existence, the decay and the blow up of the
solutions for the problem (1.2).
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The aim of this paper note is to derive a lower bound for the blow up time occurs. Before stating our main theorem, we give
some notations, lemmas and theorems.

2. Preliminaries

In this paper, we denote [|.|| = [|.|[;2(q) and ||.||, = ||| ,» (). Moreover, ¢; (i = 1,2,...) are arbitrary constants.
Let

fi () = (p+ 1) [l v ) +blw] 2]
and
fr(uv) = (p+1) [alwrv\"‘1 (u+v)+b|uv|”%‘u} :

where a,b > 0 are constant and p satisfies

1<p iftn<2,
{l<p§n"2 ifn>2. 2.0
By a simple calculation, we have
ufi (w,v) +vfr (u,v) = (p+1)F (u,v), (u,v)€R?, 2.2)
where
1
F(u,v) = {a|u+v\p+l+2b\uv|%} . (2.3)
We define
1 2 2 1 2+2 2q+2
16 =5 b1 (19l 4 1990P) |+ 525 [ (9B + 19913535) | - [ P (eva 24)
and
1(6) = b1 (VP +1991) ]+ [b2 (Vg 3+ 1991343) ] = (p+ 1) | F () @5)
We also define the energy functional as follows
1 2 2\, 1 2 2
E@) = 5 (lulP+l?) +3 [or (1vul®+1991P)
1 2+2 2q+2 1 2 2 '
oz (02 (195 + 1913 5) | + 5 (19wl 199 )P) = [ F () (2.6)
We also define
W = {(u,v) : (u,v) € W22 (Q) x W2 Q) T (u,v) < 0} . 2.7)
The next lemma shows that our energy functional (2.6) is a nonincreasing function along the solution of (1.1).
Lemma 2.1. Energy functional is a nonincreasing function fort > 0 and
E (1) == (lulipi + Il 731 <o. 28)

Proof. Multiplying the first equation in (1.1) by u; and the second equation by v;, integrating over Q. Then integrating by parts,
we get

t
EW=E©) =~ [ (luellti+lvell) ar fors =0 29)
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Lemma 2.2. (Sobolev-Poincare inequality) [4]. Let

{ 2<p<oo; n=1,2,
on .
2<p<,75 n>3
then there is a constant C, = C, (Q, p) such that

lull, < C.[|Vull, Vu € Hy (Q).

Lemma 2.3. [5, 6] There exist two positive constants c| and ¢, such that
L1 @wPax<en (19ulP +vol)”

and
L 1P ax< e (19ulP +vol?)”

are satisfied.

The local existence theorem which can be established combining the arguments of [3].

Theorem 2.4. (Existence-uniqueness). Assume that (2.1) holds. Then further that uy,vy € Wo1 2442 (Q)NLPY(Q) and
u,vy € L? (Q) .Then the system (1.1) has a unique local solution

uveC ([o, )W 242 (Q)n Lot (Q)) .

Theorem 2.5. [7]. Suppose that r > max {p,q} and E (0) < 0 hold. Then the solution u of the system blows up in finite time
T".
3. Lower bound for blow up time

In this section, our aim is to determine a lower bound for blow up time of the system (1.1).

Theorem 3.1. Let ugy, vy € W01,2q+2 (Q)NLPTH(Q), ur,vi € L2(Q), (uo,v0) € W-_and 1 < p,q < r. Assume that (2.1) holds.
Then the solutions u of the problem (1.1) become unbounded at finite time T*. Also, the lower bounds for the blow up time is
given by

/“’ dy(z) <7
w0 ¥ (T)+E(0)+ 952 (p+1)P yr (7) ~

Proof. We define

w(r) = /QF(u,v)dx 3.1)
By taking a derivative of (3.1), we get

v (1) = /Q (Fy +v,F,) dx (3.2)
Thanks to Young’s inequality, we have

v () < %/Q (uf +v?) dx+ % /Q (F2+F?)dx.

By the Lemma 3, we get

c1+e¢

1 p
VO <5 [ ) dxr D2 (1Vul+ vl (33)
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Since I (1) < 0, we have

b (19l + [19917) b2 (V33 + 1991313) < (p+ 1) [ Fw)ax (3.4)

Inserting (3.4) into (3.3), we have

Vi) < ;/gl(u,2+v,2)dx+C1§Cz ((p—i—l)/gF(u,v)dx)p
= %/Q(utz+v,2)dx+cl—gcz (p+1)?F </QF(u,v)dx)p

1 +
- 5/Q(u,2+v,2)dx+¥(p+1)1’1;/l’(z) (3.5)

By the definition E (¢), we get

(a+1) (el + 191) + g+ 1) b (17 + 9]

2q+2 2g+2 2 2
b2 (IIVul 343 +19v1553) + (a4 1) (V] + Vv

(zq+2)E(t)+(2q+2)/£;F(u,v)dx
(2g+2)E(0)+ (2¢+2) y(r) 3.6)

IN

Combining (3.5) and (3.6), we have

c1t+c

v (1) <w(t)+E(0)+ (p+1)PyP (1), 3.7

Applying Theorem 5, we have

lim [ F(u,v)dx =00 (3.8)
t—=T* JQ

According to (3.7), (3.8), we have

/°° dy(z) < T
Jy() W (7)+E(0)+ 952 (p+1)" wr (7) ~

This completes the proof. L

(11

(2]

31

(41
(5]

(6]

(71
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1. Introduction

Contact geometry has been seen to underly many physical phenomena and be related to many other mathematical structures.

5

Contact structures first appeared in the work of Sophus Lie [1] on partial differential equations. They reappeared in Gibbs
work on thermodynamics, Huygens’ work on geometric optics and in Hamiltonian dynamics. ([2], [3], [4]).

On the other hand, the notion of CR-submanifold of a Kaehler manifold was introduced by Bejancu [5]. Later, semi-invariant
(or contact CR-) submanifolds of a Sasakian manifold was studied by Shahid, Sharfuddin and Husain [6], Kobayashi [7],
Matsumoto [8] and many others. Submanifolds of cosymplectic manifold have been studied by Ludden [9], A. Cabras, A.lanus
and G.H. Pitis [10].

Later, the subject was considered for Riemannian manifolds with an almost contact structure. In this sense A. Bejancu and
N. Papaghiuc study semi-invariant submanifolds of a Sasakian manifold or Sasakian space form ( [11],[12], [13], [14] ) and
C.L. Bejan, A, et.al. study them on cosymplectic manifolds in ([15], [16]). B. B. Sinha and R. N. Yadav studied the integrable
conditions of distributions and the geometry of leaves on a semi-invariant submanifolds in a Kenmotsu manifold [17].

In 2014, Oztiirk et.al. introduced and studied almost a-cosymplectic f-manifold [18] defined for any real number o which
is defined a metric f-manifold with f-structure (@, &;,n’, g) satisfying the condition dn’ =0, dQ =27 A Q.

In this paper, we introduce properties of semi-invariant submanifolds of an almost ¢t-cosymplectic f-manifold. In Section
2, we review basic formulas and definitions for almost ¢-cosymplectic f-manifolds. In Section 3, we define semi-invariant
submanifolds of an almost a-cosymplectic f-manifold. We also present a way to build these submanifolds and give an example.
In Section 4, we obtain some basic results for semi-invariant submanifolds of an almost ¢-cosymplectic f-manifold. In Section
5, we investigate the integrability of the distributions involved in the definition of a semi-invariant submanifold. In last section
we focus mixed totally geodesic of semi-invariant submanifolds of an almost a-cosymplectic f-manifold.
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2. Preliminaries

Let M be a real (2n+s)-dimensional framed metric manifold [19] with a framed (¢,&,1n',g), i € {1,...,s}, that is, ¢ is a
non- Vamshmg tensor field of type (1,1) on M which satisfies (p + ¢ = 0 and has constant rank r = 2n; 51, &, are s vector

fields; n',...,n* are 1-forms and g is a Riemannian metric on M such that
(p22_1+ii{ni®§i @.1)
n'(&) =8, (&) =0, n'op =0, (2.2)
n'(X) =g(X,&), 2.3)
g(X,0Y) +g(9X,Y) =0, 2.4
£(9X,97) =8007) - L0 ) es)

forall X,Y € F(T[VI yand i,j € {1,...,s}. In above case, we say that M is a metric f-manifold and its associated structure will
be denoted by M(¢, &, 0, g) [19].

A 2-form Q is defined by Q(X,Y) = g(X,@Y), for any X,Y € [(TM), is called the fundamental 2-form. A framed metric
structure is called normal [19] if

[9.0]+2dn'® & =0
where [@, @] is denoting the Nijenhuis tensor field associated to ¢. Throughout this paper we denote by 7 = ' +n*+.. 47
E=E+&+. +Eand S =8 +82+.. 46

Definition 2.1. Let M((p &,ni g) be a (2n+s)- dimensional a metric f-manifold for each n',(1 <i<s) I-forms and each
2-form Q, if dn' = 0 and dQ = 201 A Q satisfy, then M is called almost - cosymplectic f-manifold [18].

Let M be an almost a-cosypmlectic f-manifold. Since the distribution D is integrable, we have L.);,-n’ =0,[&,¢]eDand
[X,&;] € D for any X € I'(D). Then the Levi-Civita connection is given by [18]:

28((Vx9)Y,Z) =20g (i(g(¢X,Y)€i - ni(Y)<PX)»Z) (2.6)

i=1
+g(N(Y7Z)7(PX)

for any X,Y € ['(TM). Putting X = & we obtain %éicp = 0 which implies %5,. &; € D* and then %éi &= %gféi, since [&;,&;] =0.

We put A;X = —%x & and h; = %(Léi ¢), where L denotes the Lie derivative operator. If M is almost a-cosymplectic f-manifold
with Kaehlerian leaves [20], we have

(Vx@)Y = i[ g(QPAX,Y)E+ 0 (Y)pAX]

i=

—

or

[a (s(@X, )& —1'(Y)@X) +g(hiX,Y)& — ' (Y)hiX] . 2.7

MH

(Vx@)Y =

Il
—_

i

Proposition 2.2. ([18]) For anyi € {1,...,s} the tensor field A; is a symmetric operator such that
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(i) (&) =0, forany j € {1,....5}
(ii) Ajo@+ QoA; = =20t
(iii) tr(A;) = —2o0n
(iv) Vy& = —a@?X — ohiX.
Proposition 2.3. ([21]) For any i € {1,...,s} the tensor field h; is a symmetric operator and satisfies
(i) hi(&;) =0, forany j € {1,...,s}
(ii) hijo® + @oh; =0
(iii) trh; =0
(iv) tr(oh;) =0.

Let M be an almost a-cosymplectic f-manifold with respect to the curvature tensor field R of V~7, the following formulas are
proved in [18], for all X,Y € I(TM), i,j € {1, ...,s}.

(" (¥)e’X —n*(X)e%Y) 2.8)

-

R(X,Y)& a?
1

(M*(X)@hY —n*(Y)phiX)

M- 7

-
k=1

+ (%y(ph,)X — (%X(Phi)ya

RX.E)E = Y 65c?X + aphX) 2.9)
k=1

+ aehX— h,‘/’le + (p(%g/h,)x

R(E,X)&— QR(Ej,0X)& = 2(—a?@°X +hihX). (2.10)
Moreover, by using the above formulas, in [18] it is obtained that
S(X,&) = —2n02 Y nk(X) — (diveh;)X @.11)
k=1

S(&,&)) = —2na® —1r(hjh;) (2.12)

forall X,Y € F(TM ), i,j €{1,...,s}, where S denote, the Ricci tensor field of the Riemannian connection.
From [18], we have the following result.

Proposition 2.4. Let M be an almost a-cosymplectic f-manifold and M be an integral manifold of D. Then
(i) when o =0, M is totally geodesic if and only if all the operators h; vanish;

(ii) when a. # 0, M is totally umbilic if and only if all the operators h; vanish.

3. Semi-Invariant Submanifolds of Almost x-Cosymplectic f-Manifolds

The submanifold M of the almost a-cosymplectic f-manifold M is said to be semi-invariant [22] if it is endowed with two pair
of ortogonal distribution D, D satisfying the conditions

(i) TM =D®D* & {&,&,.... &)
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(ii) the distribution D is invariant under ¢, that is

oD, =Dy, for each xeM,

(iii) the distribution D is anti-invariant under ¢, that is

(pDiCTxMLfor each xeM.

The distribution D (resp.D") is called the horizantal (resp. vertical) distribution. A semi-invariant submanifold M is said
to be invariant (resp. anti-invariant) submanifold if we have (D; = 0) respectively (D, = 0) for each x € M. We say that
M is proper semi-invariant submanifold if it is a semi-invariant submanifold which is neither an invariant nor anti-invariant
submanifold [22]. _

We denote by same symbol g both metrices on M and M. The projection morphism of M to D and D' are denoted by P
and Q respectively. For any X € ['(TM) and N € T(TM") we have

X=PX+0X+)Y n'(X)§ (3.1
i=1
@N = CN + DN (3.2
and
hiX =t;X + fiX 3.3)

where CN and #;X (resp.DN and f;X) denotes the tangential (resp. normal) of @N and £;X, respectively.

VxY = VxY +B(X,Y) (3.4)

VxN = —AyX + VEN (3.5)

forany X,Y € [(TM) and N € TM*, where V is the Levi-civita connection on M, V- is the linear connection induced by V on
the normal bundle TM ", B is the second fundamental form of M and Ay is the fundamental tensor of Weingarten with respect
to the normal section N. Also we have

g(B(X,Y),N) = g(AnX,Y) (3.6)

for any X,Y € I'(TM),N € T(TM*) [19].
We now give an example of semi-invariant submanifold of an almost ¢-cosymplectic f-manifold.

Example 3.1. Let us denote the standart coordinates Of RS (X1, ooy Xpy V1 ooy Vs 215 -0 25 ) and take (2n+ s)-dimensional
manifold M C R defined by
M = {(X[, e Xny Y1y e Y0 <1, “'7ZS)‘Zla ceey Zs 7é 0}

Consider following vector fields as a global basis of M:
n d d 0
X — olim1% Y= = =
i e axi ) i 8y,- ) J aZj , 1

The brackets of these vector fields are

w . 0
(&), X] = X1 5 (6= XX =X Y] =%, %] =0
1
foranyi k€ {1,...,n} and j € {1,...,s}. One may easily verify that putting
N =dzj,  g=Y[e AT 1 dyi+ Y ds,
i=1 j=1
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d d d
N — _ () Y _ _ (zttz)
(p(éj) 07 (P(a ) e 8)}17 (P(ayl) - e axiv

(9.&.m',g) is an almost contact metric f- structure on M. We shall check that (M 0,&,m',8) is an almost a-cosymplectic f-
manifold. Obviously, n/ = dz; = dn/ = dzzj =0 from pomcare metric we get dnJ = 0. To verify the condition d® = 207 A D,

considering that all ®;;’ s are zero except for ®;; = g( L4 3},,) e~ @4%) and hence
1 n
d= R e—— ZZZI dx; \dy;

holds. As a result, the exterior derivative d® is given by

dd = —e7(11+"‘+zs) de,' Ady; \ (dzl +... +dZs)
i=1

dq):e—(zl+...+zs) (ZI+‘“+ZS)(1>/\(TI] ++ns)

de=nNd= 2( )n/\(l)

Since the Nijenhuis torsion of @ is not zero, the manifold is an almost (%)-Cosymplectic f-manifold.
Now, we definite the distributions

D = sp{X1,Y1,X2,Y2,.... Xin, Y }
and
D* = sp{Xuni 1, Xons2s ooos X p } (m < ).
It is clear that TM = D & D+ @ {&y, ..., &}, dimM = 2m+ p+s. Let
TM* = (Y1, Y2, oo Yot py Yok prt 15 oo Yoos X prt 15 oo X }
then we have @D = D and oD C TM*. Consequently, M is a semi-invariant submanifold of an almost %-cosymplectic

f-manifold.

4. Basic Lemmas
For any X,Y € I'(TM), we put
M(X,Y):Vx(PPY—A(prX. (41)
We start with proving the following lemma.

Lemma 4.1. Let M be a semi-invariant submanifold of almost a- cosymplectic f- manifold with Kaehlerian leaves M. Then
we have

P(u(X,Y)) = @PVxY — Z an'(Y)pPX +n'(Y)Pt;X] 4.2)

O(u(X,Y)) = QCB(X,Y) — Zn )0tiX 4.3)
B(X,pPY)+Vx@QY = 9QVxY +DB(X,Y)

- i[anf(Y)wa —1'(Y)fiX] (4.4)
n'(u(X,Y))& Z ag(ePX,Y)& +g(hiX,Y)&]

Z N/ (X)&: (4.5)
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Proof. For X,Y € I'(TM), putting (3.1), (3.2) and (3.3) in the equation (2.7) we get

 [a(2(9PX,Y)& — n'(Y)PX —1'(Y) 9QX)

Il
-

(Vx@)Y

+
o0

~
= -

X, Y)E—n'(Y)hiX]

[o(g(@PX,Y)& —1'(Y)PX —1'(Y)9QOX) + g(hiX Y )&

I
™-

Il
—_

n'(Y)PtX —n'(Y)0rX —n'( Z -n'(Y)fiX.

On the other hand, by using (3.1), (3.2), (3.4) and (3.5) we have

(%X(p)Y = %x(pY — (p%XY
= Vx@PY +Vx QY — ¢(VxY +B(X,Y))
= Vx@PY +B(X,QPY) — AgorX + V¥ 9QY
— @PVxY — @QVyxY —CB(X,Y) —DB(X,Y)

~ s .
(VxQ)Y =PVx@PY +QVx@PY + Y 1'(Vx@PY)& +B(X, oPY)

i=1
— PAgoyX — QAgor X + Vy 0QY — ¥ n'(AgorX)&;
i=1
— @PVxY — pQVyxY —CB(X,Y) —DB(X,Y).

Taking the components of D, &, D and TM' in above equations, we have our assertion. O

Lemma 4.2. Let M be a semi-invariant submanifold of almost a- cosymplectic f- manifold with Kaehlerian leaves M. Then
we have

@OP(ANX)+P(VxCN) = P(ApyX) (4.6)
O((CV£N) +ApyX —VxCN) = 0 4.7
N(ApyX —VxCN) = og(X,CN)+g(hiX,N)&; (4.8)
B(X,CN) + @Q(ANX)+ViDN = DVyiN (4.9)

forany X € T(TM) and N € T(TM™)
Proof. By using the decompositions (3.1), (3.2) and the equations of Gauss and Weingarten in (2.7) we have
(VX@)N = VxoN — gVxN = Y [ag(9X.N)& +g(hiX . N)&]
i=1
N
VxCN +B(X,CN) — ApyX + Vi DN + QANX — oVxN = Y [ag(9X ,N)& + g(hiX . N)&]

i=1

= PVXCN+QVXCN+ ZT]’(V)(CN)&,—Q—B(X,CN) — PApyX — QApyX — Z(ADNX)gi

i=1

+ VDN 4 @PANX + @QANX — CVxN — DV N

- Z[ag(x,CN)éi +g(hiX ,N)&]
i=1

Then (4.6)- (4.9) follows by taking the components on each of the vector bundle D, D+, & and respectively TM*. O
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Lemma 4.3. Let M be a semi-invariant submanifold of almost a- cosymplectic f- manifold M. Then we have

Vx& = aX — ot;X —CfiX VX e T(D) (4.10)
Vx& = aX — ;X —CfiX VX e T(D1) (4.11)
VeEj=0, B(X,&)=—-DfX. (4.12)

Proof. For X € I(TM), using (3.2), (3.3) and (3.4) we obtain

Vx& = Vx&+B(X,&) = —a@’X — phiX
= aX —a ) ni(X)& - phX
i=1

=aX—a) n'(X)&—etX —ofiX
=

L

n'(X)& — ot:X — Cf:X — DfX. (4.13)
1

=o0X—0o

S

l

Thus (4.10)-(4.12) follows from (4.13). O

Lemma 4.4. Let M be a semi-invariant submanifold of almost a- cosymplectic f- manifold with Kaehlerian leaves M. Then
we have

ApxY =AprX (4.14)
forall X,Y € T(D4).
Proof. Forall X,Y € T(D*) and Z € T(TM), by using (3.4) and (3.6), we get
8(ApxY.2) = g(B(Y.2),9X) = g(V2Y. ¢X)
=—g(oVzY,X) = —g(VzoY — (V20)Y,X)

= —g(VzY,X) = g(9Y,VzX)
= g((PY7B(va)) :g(A¢YX72)a

which proves (4.14). ]

Lemma 4.5. Let M be a semi-invariant submanifold of almost o.- cosymplectic f- manifold M. Then we have,

VU €T(D), (4.15)
VeV eT(D"), (4.16)
[U.&] eT(D), (4.17)
[V,&] e T(DY) (4.18)

foranyic {1,2,...s}, U €T(D) andV € T(D").
Proof. ForU € ['(D) and V € T'(D4),
8(VeU,&j) = Eig(U, &) —g(U, Ve &) =0
and
g(VeU,V) = &ig(U,V) —g(U,VeV) = g(9*U, Ve V) = —g(@U, 9V V) = —g(@U, Ve, oV) = (Ve U, ¢V) =0,
SO V@_U € T'(D). In a similary way is deduced (4.16). On the other hand, using (4.10) and (4.11), we have
g([U,&],8) =8(Vu&i,— VU, &) =0
and
g([U7€I]>V) = g(VUghv) 7g(V§,U7V) =0.
Thus completes the proof. O
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Lemma 4.6. Let M be a semi-invariant submanifold of almost a- cosymplectic f- manifold M. Then we have

g(XatiY) :g(t,-X,Y)7 (419)
otX +1;0X +CfiX =0, (4.20)
DfiX+ fipX =0 4.21)

forany X, Y € T(M).
Proof. Since h; is symmetric, we get
g(X,hiY) = g(h,‘X7Y)
(XY + fi¥) = g(1X.Y) + g(fiX.Y)
8(X,nY) +8(X, fiY) = g(tiX,Y) +g(fiX,Y).
From above equation we get (4.19). By making use of proposotion 2.3 and using (3.2), (3.3), we get
ot X +1;0X +CfiX +DfiX + fi9X = 0. (4.22)

Comparing the tangential and normal part of (4.22), we get (4.20) and (4.21), respectively. L

5. Integrability of distribution on a semi-invariant submanifold in an almost «-
cosymplectic /- manifold

Theorem 5.1. Let M be a semi-invariant submanifold of almost a- cosymplectic f- manifold M. Then the distribution D is
never integrable.

Proof. Forall X,Y € I'(D), we have
g([XvY]vgl) = g(vxyv él) _g(Vvagl)
=—g(¥,Vx&) +8(X,Vr&)
=—3gY,aX —otX —CfiX)+g(X,aY —ot;,Y —Cf;Y)
=3g(Y,01:X) +g(Y,CfiX) — (X, pt;Y) — g(X,CfiY)
=Y, 01X +CfiX) — g(X, 1Y + CfY)
= —g(Y,5;0X) +g(X,1;pY)
= —g(tY, 0X) +g(tiX, ¢Y)
= —g(Y,1:9X) — g(@t:X,Y)
= —g(Y.:pX + ¢t;X)
— g(Y,CFX) £0.
This follows the non-integrability of D. O
Corollary 5.2. The distribution D @ D+ never involutive.

Theorem 5.3. Let M be a semi-invariant submanifold of almost - cosymplectic f- manifold with Kaehlerian leaves M. The
distribution D® {&, ..., &} is integrable if and only if

B(X,9Y) = B(¢X.Y) (5.1)
is satisfied.
Proof. From (4.4), the distribution D & {&;, ..., &} is integrable if and only if

B(X,0Y) = B(Y,0X) = Q[X,Y] =0
is satisfied so, B(X, oY) = B(Y, ¢X). O

Theorem 5.4. Let M be a semi-invariant submanifold of almost Q- cosymplectic f- manifold with Kaehlerian leaves M. Then
the distribution D™ is integrable.
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Proof. From (4.1), we have for X,Y € T'(D*)

UX,Y)= —AgorX
operating ¢ in (4.2) we get

PVxY = @P(AgyX) (5.2)
for any X,Y € ['(D*). By virtue of Lemma 4.4, (5.2) reduce to

P([X,Y])=0

which is prove that [X,Y] € T(D4). O

6. Mixed totally geodesic semi-invariant submanifolds

Definition 6.1. A semi-invariant submanifold M of an almost a- cosymplectic f- manifold M is called mixed totally geodesic
if the second fundamental form satisfies B(X,Y) = 0 for any X € D and Y € D*[5].

Theorem 6.2. Let M be a semi-invariant submanifold of almost - cosymplectic f- manifold M. Then M is mixed totally
geodesic submanifold of almost a.- cosymplectic f- manifold M if and only if

AyX €T(D) (VX €T(D), V € T(TM)") (6.1)
and
AyX eT(D)* (VX e T(D)*, V e T(TM)1Y). (6.2)

Proof. Consider AyX, let X € I'(D) and V € T(TM)* and Y € ['(D*), then we have
g(B(XaY)aV) = g(Avay)
= 0 AYX eI'(D).
On the other hand, if Ay X € T'(D), we get

g(AvX,V) = g(B(X,Y),V)
= 0&B(X,Y)=0.
In a similar way is deduced (6.2). O
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