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mation concerned is applicable to solve many classes of partial differential equations with
derivatives of order and integrals. Consequently, the fractional Delay Differential Equations
(DDEs) which we are going to study in this work. The resulting numerical proofs show that
the method converges favorably towards the analytical solution.

1. Introduction

Many physical problems can be described by mathematical models that involve ordinary or partial differential equations. A mathematical
model is a simplified description of physical reality expressed in mathematical terms. Thus, the investigation of the exact or approximation
solution helps us to understand the means of these mathematical models. Several numerical methods were developed for solving ordinary or
partial differential equations. the Aboodh transform method is used to solve the linear and nonlinear fractional delay differential equations
(FDDE?s). New integral transform Aboodh transform is particularly useful for finding solutions for fractional delay differential equation.
Aboodh transform is a useful technique for solving these equations but this transform is totally incapable of handling nonlinear equations
because of the difficulties that are caused by the nonlinear terms. [1,3—7]. Fractional delay differential equations (FDDEs) are a very recent
topic. Although it seems natural to model certain processes and systems in engineering and other science (with memory and heritage
properties) with this kind of equations, only in the last few years has the attention of the scientific community been devoted to them. The
purpose of this work is to find the approximate solution of delay differential equations of fractional order using aboodh transform and
adomian decomposition methods [9].

This work consists of three sections, as well as, this introduction. In Section 2, definition and properties of the Aboodh transform and method
of solution is presented. Section 3, basic concepts of delay differential equations and fractional calculus are given. Finally, the application of
the Aboodh transform method for solving delay differential equations of fractional order, with illustrative examples have been given.

2. The Aboodh Transform
The Aboodh transform is a new integral transform similar to the Laplace transform and other integral transforms that are defined in the time

domain 7 > 0, such as the Sumudu transform, the Natural transform and the Elzaki transform, respectively [4].
An Aboodh transform is defined for functions of exponential order. We consider functions in the set F' defined by:

F={f@): [f(t)] <Me™, ift €[0:00[, M ki, ky > 0;k <v<ky}.

For a given function in the set F, the constant M must be finite number and k1, k; may be infinite or finite with variable v define as k1 <v < kj.

Email addresses: mohamed.benattia74@yahoo (M. Elarbi Benattia) , belghaba@yahoo.fr (K. Belghaba)
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f(t) T(v) :lA [f(0)]
1 —
2
; T
5
n!
", n>1 Vn;rz
at
¢ V2 Tav
sin(at
sin(at) v(v2 +a?)
(@) 1
cos(a 2 ‘i’a2
inh(at ——
sinh(at) )
I
tcosh(at
cosh(at) 22

Table 1: Aboodh transform of some functions

Then, the Aboodh integral transform denoted by the operator A(:) is defined by the integral equation:
T (v)=A[f(1)] = f/f(t)e‘”dt, 120,k <v<k. Q2.1
v

Standard Aboodh transform for some special functions found are given below in Table 1.

Theorem 2.1. Aboodh transform of some partial derivatives :

() -Alr0) =) - LY,
(i) -l 0] =1 ) - Ly,
n—1 (k)
(iii) = T" (v) = A[f" ()] =V"T (v) — ZO{ zfn(gz . (2.2)

Remark 2.2. The Aboodh transform is linear, i.e., if & and B are any constants and f(t) and g(t) are functions defined over the set F above,
then :

Alaf()] £Bg(1)] = aA[f(1)] £ BA[g(r)].
2.1. Aboodh transform method

Let us consider the general nonlinear ordinary differential equation (ODE) of the form [8]:

d"y(t
dyﬂg)+P(y)+Q(t4)=g(t),n=1,z73, ..... 2.3)
with initial condition:
y®(0) =5, 24)

dy . o . . . . L .
where —’); is the derivative of y of order n, P is the linear bounded operator , Q is a nonlinear bounded operator and g(¢) is a given continuous

function, and y = y(r).

Inspired by Wu [4] method, if we take Abooth transform on both sides of Eqs((2.3)-(2.4)), the linear part with constant coefficients is then
transferred into an algebraic one, so that we can identify the Lagrange multiplier in a more straightforward way. Now, we extend this idea
to find the unknown Lagrange multiplier. Taking the above Aboodh transform to both sides of eq(2.3),and (2.2), then the linear part is
transformed into an algebraic equation as follows:

Applying the Aboodh transform , we obtain

A S0 A+ Al (- o] =Ale(0) .

But

A [d';yti’)} — VA (y(t)) — VZ_EW 2.6)
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n—1
where E = Y. g0 (0),
k=0

AB() = 55 v AP v "ALQ( — D))+ AL @7

The standard Aboodh decomposition method defines the solution y(¢) by the series:

y(t) = fym, (2.8)
n=0

the nonlinear operator is decomposed as:

Q(t—1)=Y By, (2.9)
n=0
where B, is the a domain polynomial of yg,y1, y2, ....... ,ynthat are given by:

1 d"* — 1
anam |:Q(n§‘67L )%)]7

then the Adomian series reads :

By = f (o)
Bi=y1f (lyo)

By =ya2f" (yo) + 5

}’%f// (vo) (2.10)
1
By =y3f (yo) +y1y2f” (vo) + gy?f”’ (o)

Applying (2.8) and (2.9) into (2.7), we obtain

o E B o B oo B
A <Zy,,> =Y "A P(Zyn)] —v"A | Y B, | +vT"A[g(1)], (2.11)
n=0 n=0 n=0
comparing both side of (2.11):
E —n

Aol = g +v"ALg0)], (2.12)

Aly1] = —v "A[Pyo] —v "A[By], (2.13)

Alya] = —v"A[Pyr] =v"A[By]. (2.14)
In general the recursive relation is given by:

Alyn] = —v "A[Py, 1] = v "A[B, 1], n>1 (2.15)

By the Aboodh transformed inverse method to(2.12)-(2.15), we get :

Yn = —A~! [VinA [Pynflu —-A™! [VinA [anlu , n=1

where K (1) is a function that satisfies the initial conditions.
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2.2. Illustrative examples

Example 2.3. Consider the following nonlinear delay differential equation (NDDE) of first order:
Y)=14+2%(5) ,0<t<1, (2.16)
with the initial condition y(0) = 0. The exact solution of the problem is :
y(r) = sinh(t).
Applying the Aboodh transform on both sides, we have:
AV @] =am+2a [ (5)],

By definition (ii) in theorem (2.1), we have :

! _ 7 f(()) _ i 2 5
AY O] =vT) - 5= = S+ [2(3)]-
So, we have :
1 2 1,/t
T(4) =AK() = 5+ -4 [y (Eﬂ @.17)
Applying the Aboodh inverse operator, A~ on both sides of (2.17), we obtain:
1 1 t
a1 1|l 20
(1) =A L3]+2A [VA[y (Z)H, 2.18)

Using the Table 1, we have: Al [v%] =t, hence:

=4[ 5] =1

V3

s0,

Yns1 =247" BA [Bn]] , (2.19)

Jfrom equation (2.10), we have :

For n =0, the equation (2.19), become :

-0 (L] 20 [ 2] -2 2] -2

So,
3
t t
n(3) =
For n =1, the equation (2.19), become :
1 1 t t 1 [ I
=247 |l =247 a2 (5)n (5)]| =247 A | | = 5
»2 (1) {v [1]] L Y0\ yl(z) v a8 T s

So,
(5) -5
2\2) T 3840°
For n =2, the equation (2.19), become:

=20 L] =20 [ o () (2) 3 ()]

1 16 10 17 6! 6! !
=247 | A ot o | [ =247 | S | s s || =
L [3840 2304” {v [3840v8+2304v8H 7!

Therefore the approximate solution is given as:

3 5 7

B35 ,
y(#) =yo(t) +y1(6) +y2(t) +.... =1+ 3 + 51 + TR = sinh(r).
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Example 2.4. Consider the following linear delay differential equation (NDDE) of first order:
Y =ey(5)+y) ,0<r<1

with the initial condition y(0) = 1.
The exact solution of the problem is :

y(t) = €*.

Applying the Aboodh transform on both sides, we have :
t

A [y/ (t)} =A [e’y (§> +y(t)] .
By definition (ii) in theorem (2.1), we have :

(0] -2 —a ey (L) +50]

A1) = Vig + %A [ety (%) +y(t)] : (2.20)

Applying the Aboodh inverse operator, A~ on both sides of (2.20), we obtain :
R g, ot
Yoy =A"" S|+ -A [e y (7) +y(t)} . 2.21)
1% v 2
By the Aboodh transform method, equation (2.21), can be written as :

| yo(t) =1
Ype1(x) =A71 {;A [e'ya (5) +yn(t)]} ,n>0."

Forn=0, we have :

1 t 1
yi(t)=A"" [;A [etyo (5) +y0(r)H =A"! {; [Ale] +A[1}]} (2.22)
But,
1 1 1 1 1 1 1 1 1 1
o _ — _ _ . —_ _ _
A[e]_v2—v_v2 _l _v2(1+v+v2+v3+““)_v2+v3+v4+““
v
Hence, equation (2.22), can be written as:
11 1 1 o8
_ 421 _
yi(t)=A V—3+v—4+v—5+ ......... +v—3}_2t+i+§+ﬂ+ ......

we obtain the following approximation for n > 1:

(t)73t2+513+llt4
=T T

915t 259/

y3(t) 7‘1‘7128 + 1920 + o

Thus the approximate becomes :

y(t) =yo(t) +y1(t) +y2(8) +y3(1) + ..

83 1614
_ 2 2t
=1+2t+2¢ —0——3! —|——4! T, =e~.

3. Fractional Delay Differential Equation

In this section we apply the Aboodh decomposition method to solve linear and nonlinear fractional delay differential equation.

Definition 3.1. The Aboodh transform of the Caputo fractional derivative is defined as follows [2]:

i) —A[DYf(t)] =v*A[f(r)] — :g;va’z’kf(k) 0), n—l<a<n

I'oe+1)

ih) A (%) = =5



98 Universal Journal of Mathematics and Applications

3.1. Analysis of the method
Let us consider the general nonlinear ordinary differential equation of the form:
D¥y1)+P(y)+Q(t—1)=g(), TeR, t<1, n—1<a<n 3.1)

With initial condition:

where D%y(r) is the term of the fractional order derivative , P is the linear bounded operator , Q is a nonlinear bounded operator and g(r) is a
given continuous function, and y = y(¢).
The Aboodh decomposition method consists of applying the Aboodh transform first on both side of(3.1), to give:

ADY O] +AP()]+AQ(—1)]=A[g(1)],

by definition (3.1)

AG()) = g —v “A[PO)] —v A7) +v %A lg(0)., 62)

n—1
where E = ¥, g(0).
k=0

The standard Aboodh decomposition method defines the solution y(¢) by the series:
y() =Y walt),, (3.3)
n=0

the nonlinear operator is decomposed as:

o

Q(t—1)=Y B 34

n=0

Where B, as in (2.9). The first a domain polynomials are given as in (2.10). Apply (3.3) and (3.4) in (3.2), we have:

o E - o - oo -
A [Zyn(t):| =Y AP Yn(l):| —v %A Y By +v %Ag(1)]. (3.5)
n=0 n=0 n=0
Comparing both side of (3.5):
E —

Aol = oz +v7ALg(], (3.6)

Aly] = —v *A[Pyo] —v™*A[By],

Alyp] = —v *A[Py|] —v *A[By] .. 3.7)
In general the recursive relation is given by:

Alyn] = —v %A[Pyy ] v “A[Byy], n>1, (3.8)
applying inverse Aboodh transform to(3.6)-(3.8), then:

yo=K(1),

yp=—A"" [vfaA [Pyn,lu —A7! [vfaA [B,,,l]] , nx=1, (3.9)

where K(¢) is a function that satisfies the initial conditions.

Example 3.2. Consider the nonlinear delay differential equation of first order:
t
Do‘y(t):l+2y2<§), 0<i<1, 0<a<l.

with initial condition:

y(0)=0,, (3.10)

apply Aboodh transform to both side of equation(3.9), we obtain :

A%y =A[1+22 (3)]
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by using definition (3.1) and initial condition(3.10), we get :

vEA ()] = viz-i-A [Zy2 <%>} )

b= g A (2)]

Applying the inverse Aboodh transform to (3.11), we obtain :

=7 [ha] +a [t P (9]

So, we have :

ta

t
0 (E) T 20T (at1)
And,
|1
Ynr1(t) =A vTxA[ZB"] .
From equation (2.10), we have:
_2(r
Bo’y0(2>
t t
B1=20(3)n (3)
t t 1,
Br=52(3) 0 (3) + 3%

For n =0, the equation (3.12), become

a0t o 2 (et | = [ [ (st |

a1 I'Ca+1) _ T'Ca+1) a1
- p3o+2 920—112 ((X+1) - 22(1711"2(06_’_ 1) p3a+2

 T(a+1) y 3
C 22012 (g 4-1) T T B+ 1)’

r2a+1)

m, sSo, we have :

we choose C =

tSa

yl(t):Cm,

and,

¢ c [305
1 (E) T 2% (Ba+1)

(3.11)

(3.12)
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for n =0, the equation (3.12), become :

alt) = | ]| =7 [ a i (5)n ()]

| 1 1% [3(1
=A"'|—Al4
o4 | (ztee) (arass) )
1 t40£
=A"1|—A
o4 | (wrr e |
! CT(4a+1) B CT(4a+1) It
N v3et2 2402 (q + NT B+ 1) | 249 2T'(a+ 1) T Ba+1) vsa+2
B CI(4a+1) y P
C 2402 (q+ )T (B3a+1) " T'(5a+1)"
The series solution is given by:
y(t) =yo(t) +y1(1) +y2(2) +y3(t) + ...
In particular case o = 1, then we obtain:
t
yO(Z) - F(Z) =t
C2a+1) 3¢ r'(3) B8
)= S5 X =529 < =73
22012 (¢ +1)  I'(3e+1) 212(2) r(4) 3!
() = CT(4a+1) y re  CI(5) y o
P2 T e (g + 1) T (3a+1)  T(Ga+l)  202)T@4) T 50
Recall that,
I'(n+1)=n!, VneN,

The exact solution when @ = 1 is given by :

3 5

t t
=t+ -+ _—+..=sinh

W=+ L 0.

Example 3.3. Consider the nonlinear delay differential equation of first order(n = 2)
t

Day(t):1—2y2<2>7 0<t<1, I<a<2

with initial condition

y(0)=1, y(0)=0.

Apply Aboodh transform to both side of (3.13), we get :

AD%y (1) =A[1-27 (%)] .

Using definition (3.1) and initial condition :

- (3)]

AD(0)] = VLZ + VZ% —2y%a [2y (%)] .

Applying the inverse Aboodh transform to(3.14), we get :
1 1 t
_ a1 -1 ot —a, [ 2(t
yir)=A L2]+A L’Ha} 2A [v A[y (2)”

1 1 1
~1 ~1
a7t ]t

+

VEA ()] = v 2y (0) —v Y (0)

}:H_F(aJrl)
ta

20T (a+1)

(3.13)

(3.14)



Universal Journal of Mathematics and Applications

101

yui1 = 247" [V TA[B,]],

Jfrom equation (2.10), we have :

(3.15)

t20¢

BO:f(yO)Zy%(%) - (1 20T a+1 )

By =y1f" (o) =20
Bz—y2< )2)70<

()

yl

=1+
z
)2

For n =0, the equation (3.15), become:

tOC

20-1T (o + 1)

e (o)

yi=-24"1 [y *A[B]] = —247" [V’O‘A {1 +

2010 (a + 1)

1 1 ra+1)

|

2t t20c

pot2 + 20—1,20+2 + 220y3a+212 (OC+ 1)

3T 2o+ 1)

t2a
+ 22°‘F2(a+1)H

The series solution is given by :

TT(atl) 202 2a+1) 2212 (a+1)T(B3a+1)

y(t)

1 2t%

=yo(t) +y1(t) +y2(6) +y3(t) + ...

2a 3a
t T 2o+ 1
=1+ 2a+1)

In particular case & = 2, then we obtain :

yi(t)=

C(a+1) C(a+1) 29 2TQa+1) 22012 (q+ )T (Ba+1)

? ? 12

N=lt—— =14 =1+—

200 =1+ =15 = 145
—2® 12 3T 200+ 1)

The exact solution when @ =2 is given by :
2

YO =500 F31(0) = 1= 5+ == cos(t).

4. Conclusion

C(a+1) 2972FQ2a+1) 222 (a+1)L (Ba+1)

2t res) 2 3
21 200 (5) 23r2(3)r() 4 axel

This study aims to propose an efficient algorithm for the solution of nonlinear fractional equations. The adomian decomposition method has
been recognized as a powerful technique to solve many nonlinear differential equations. In this work, a combined method which groups
together the transform (2.1) and the adomian decomposition are discussed to find an explicit approximate solution for fractional Delay

Differential Equations (DDEs).

References

[1] M. Elarbi Benattia, K. Belghaba, Application of the Galerkin method with Chebyshev polynomials for solving the integral equation, J. Comput. Sci.

Comp. Math., DOI: 10.20967/jcscm.2017.03.008.

[2] M. Elarbi Benattia, K. Belghaba, The analytical solution Of Telegraph equation Of space-fractional order derivative by the Aboodh transform Method,

Int. J. Anal. Appl., 18(2), (2020), 243-253.

[3] Ebimene, J. Mamadu, Ignatius N. Njoseh, Solving delay differential equationns by Elzaki transform method, Boson J. Modern Phys., (BIMP)3-1 (2017).
[4] H. Eltayeb, E. Abdeldaiem, Sumudu decomposition method for solving fractional delay differential equations, Res. Appl. Math,, 1 (2017), 1-13.
[5] F.Ismail, R.A. Al-Khasawneh, A.S. Lwin and M. Suleiman, Numerical treatment of delay differential equations by Runge-Kutta method using hermite

interpolation, Matematika, 18(2), (2002), 79-90.

[6] S.T. Demiray, H. Bulut and F.B.M. Belgacem, Sumudu transform method for analytical solutions of fractional type ordinary differential equations, J.

Math. Prob. Eng., (2015). http://dx.doi.org/10.1155/2014/131690.

[71 H. Smith, An Introduction to Delay Differential Equations with Applications to the Life Sciences, Springer, New York, NY, USA, 2011.
[8] S.T. Mohyud-Dina and A. Yildirim, Variational iteration method for delay differential equations using He’s polynomials, Z. Naturforsch. 65a (2010),

1045-1048.

[9] Abas.I. Khlaif. Approximate solutions for delay differential equations of fractional order. Thesis(B.Sc mathematics/ College science/ Al -Nahrain

university 2012).



Universal Journal of Mathematics and Applications, 3 (3) (2020) 102-108
Research paper UJMA

UJMA Universal Journal of Mathematics and Applications
A\ L
Journal Homepage: www.dergipark.gov.tr/ujma

ISSN 2619-9653
DOI: https://doi.org/10.32323/ujma.669276

On Geometric Circulant Matrices Whose Entries are Bi-Periodic
Fibonacci and Bi-Periodic Lucas Numbers

Emrah Polath !

Y Department of Mathematics, Faculty of Science and Arts, Biilent Ecevit University, Zonguldak, Turkey

Article Info Abstract
Keywords: Bi-periodic Fibonacci num- In this study, we obtain upper and lower bounds for the spectral norms of the geometric
bers, Bi-periodic Lucas numbers, Ge- circulant matrices with the bi—periodic Fibonacci numbers and bi—periodic Lucas numbers,

ometric circulant matrices, Spectral
norm.

2010 AMS: 15A60, 11B39, 15B0S.
Received: 2 February 2020
Accepted: 13 July 2020

Available online: 29 September 2020

respectively. Then we give some bounds for the spectral norms of Kronecker and Hadamard
products of these matrices.

1. Introduction

The well-known Fibonacci and Lucas sequences are given by the following recursive equations: for n > 0,
Fo=0,F=1 Fun=FKat+tF

and
Ly=2, L =1, Lytr =Lyt1 +Ln,

respectively.
Many researchers gave various generalizations of the Fibonacci sequence in past fifty years. An interesting one, called bi—periodic Fibonacci
sequence, was introduced by Edson and Yayenie in [5] as follows:

aqn—1+qu—n, ifniseven;
‘10207%:173[1(1%: (}’122)7
bgn—1+¢qn—n, ifnisodd.

where a and b are nonzero real numbers. They obtained many identities for the sequence {g,},_,. For instance, they gave the following
extended Binet formula

al—¢0) o' — "
"":<(ab)m> a—p =20

where o = (ab +Va2b? + 4ab) /2and B = (ab —va*b? + 4ab)/2. Here, & (n) = n—2| 5] is the parity function.
In [4], Bilgici gave a general form of the Lucas sequence similar to the generalized Fibonacci sequence {g, },_ as follows:
aly_1+1,—, ifnisodd;

lp=2,11=a,and [, = (n>2),
bl,_1+1,_», ifniseven.
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where a and b are nonzero real numbers. He also derived many identities for the sequence {/,},_,. For example, he gave the following
extended Binet formula

aé(” n n
In= ((ab)m> (" +B"), (n>0).

2

The n x n r—circulant matrix, C,, associated with the numbers cg, ¢y, ...,c,_1 is of the form
Ci—i Jj=>i
Cij =
TCn+ j—is J <t
that is
o 1 ¢ 2 Cp—1
tp—1 €0 C1 o Cp=3 Cp-2
tp—2 TCp—1 €O - Cp—4 Cp-3
Cr =
reyp res rcy cee [&)) C1
req rcy;  rey -+ rey,_1 CQ

For r = 1, the r—circulant matrix C, reduces to circulant matrix C, i.e.,

€0 €1 2 ot G2 Cp—
Cn—1 o ¢l 0 Cp3 Cp2
Cp—2 Cp—1 €0 -+ Cp—d Cp-3
C—=
c 3 ¢4 - 1
(9] 2 3 o Cp—] o

Circulant matrices, r—circulant matrices, and their versions have been studied in many papers. For example, in [20], Solak found some
bounds for the spectral norms of circulant matrices with the Fibonacci and Lucas number entries. Afterwards, Shen and Cen [16]
developed Solak’s results. Later, many researchers studied different types of these matrices. For more details, we refer the interested reader
to [1-3,6,8,9,12,15,17-19,21-23,25].

In [10], Kizilates and Tuglu defined the n x n geometric circulant matrix, Cy+, associated with the numbers cg, ¢y, ...,c,—1 as

€0 C1 (&) e Cp—2 Cn—1
SCp—1 o 1 vt Cp=3 Cp2
Szcn72 SCp—1 €0 vt Cp—4 Cp-3
Cey+ =
s"_2c2 s"_3c'3 s”_4C4 e co cl
slep § 2, §"3cs o sel co

They calculated bounds for the spectral norms of geometric circulant matrices with the generalized Fibonacci numbers and hyperharmonic
Fibonacci numbers. Same authors [11] also found the norms of geometric and symmetric geometric circulant matrices with the Tribonacci
numbers. In [13], Kome and Yazlik presented some bounds for the spectral norms of the r-circulant matrices with the bi—periodic Fibonacci
and Lucas numbers.

The purpose of this paper is to find some new upper and lower bounds for the spectral norms of the geometric circulant matrices with the
bi-periodic Fibonacci numbers and bi—periodic Lucas numbers, respectively.

Now we need the following definitions and lemmas to derive new bounds.

The Euclidean (Frobenius) norm of matrix A (A = (a[ j) be any m X n matrix) is defined as

m n

Y Y fayl.

i=1j=1

[Allg =

Let A is conjugate transpose of the matrix A. Then the spectral norm of matrix A is defined as

All, = Ai (AHA).
Al max. i (ATA)
The following inequality [7] holds:

1
T IAllg < [1All; < [|Allg (1.1)
Lemma 1.1 ( [7]). LetA = (aij) and B = (bij) be any m x n matrices and let A o B is the Hadamard product of A and B. Then

4Bl <Al [|B],-
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Lemma 1.2 ( [14]). Let A = (aij) and B = (b,'j) be any m x n matrices. Then
[AoBl, <ri(A)c(B)

where

Z }au|

and ¢y ( 1<nja<)§11/Z|b,j’

Lemma 1.3 ([7]). LetA = (a[j) and B = (b,-j) be any m x n matrices and let A ® B is the Kronecker product of A and B. Then

[A@ B, = [|All2[[Bll> -

2. Main Results

£(0) [0} &(n-1)
2 2

Theorem 2.1. Let F = C+ (%) qls-ees (%) 2 gn— 1) be an n x n geometric circulant matrix where a and b are nonzero

q0, (%)

positive real numbers and s € C. Then

(i) If |s| > 1, we have

2n—2
qn—19n Is| — 1\ gn-19n
S < ), <) (w_l .

(i) If |s| < 1, we have

V@[ 20 b b2 st (P - [0 e
bvab+4 Is|* = |s|* (ab+2)+1 s>+ 1 - b

£0) & E(n=1)
Proof. If we consider the definition of F = Cy= ((%) > q90,(%) 7 q1, () 7 qn_l) , then we have the following matrix:

50) &) Q) sn
(3) % o (5) * @ (5) % @ 5 dn—1
E(n—-1) £(0) 409} §(n-2
s() % g () * a0 (5) = @ (5) 7 an2
F= 5 E(n-2 4 G U} E-3)
ST\p > Gn2 S b > gn-1 (z) > qo0 z 2 Qn 3
O 2@ e G e 6w

Thus we get the Euclidean norm of the matrix F as

T

n—1
IFIE = X (0 o (4 %+Z

(i) If |s| > 1, from [24, Theorem 2.3], we obtain

n—1 n—1
2 a é(k> 2 a é(k) 2
IFIE= X 0=0(5)" i+ £ 4(5)

—n dn—149n
-
So we have

dn—19n

1
— ||Fl||lg =
LA

dn—14n
— < ||F|]5.
JE <

that is
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Now, let us choose the matrices
q0 1 1 1 1
s q0 1 1 1
2
A=| ¢ K q0 1 1 @.1)
Snfl Sn;Z 5"72 S 9
and
£ 40 @) §(n-1)
(5) 7 40 37 a (5) @ (5) 7 an
E(n—1) £(0) [400] &(n-2)
() 7 a1 (5) 7 a0 (5) 7 @ (5) 7 a2
B= N S0 N0 ay S0 22)
(8) a2 (5) 7 w1 (§)* a0 (5) * an-3

and

By Lemma 1.2, we get

qn—149n < HF” <‘ | Mhiz_l 4n—19n
— s .
Vo RN )

(if) If |s| < 1, then we have

n—1
IFIE > Y (n—k)
k=0

k=1
30} 2
n—1 a\ 2
:n|S|2nZ (b) qu
k=0 |s]

k k k
BTG S R G I =
blab+4) \ S \|slPab ) &6\ |s]*ab =0\ sl
ans® (205" — |/ (@b +2) ~|sP but bua_, (I~ (=1)"
b(ab+4) Is|* = |s]? (ab+2) +1 s>+ 1

Therefore we obtain the following lower bound:

s1v/ab | 215~ (s (@b +2) ~ IsPhoutboua (ISP (1)
bm 4 2 - 2 —H HZ
ab+ | —|s|” (ab+2)+1 |+ 1

In the meantime, let the matrices A and B be given in (2.1) and (2.2) such that F = A o B. Then we have

and

Combining the above equations, we get the following inequality:

b 2 2n+2 |20 b+2) — 21 b 2n 1" 1 B
|S|\/LT I‘Y‘ ‘S‘ ((1 + ) |S‘ 2n 1 lon 272 |S| ( ) < HFHZS (n )qn lqn.

byab+4 Is|* = |s|* (ab+2) +1 s> +1

b
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s 52 s

Theorem 2.2. Let L= Cg- (%) 2y, (%) 2, (%) 2 ln,1> be an n x n geometric circulant matrix where a and b are nonzero positive

real numbers and s € C. Then

(i) If |s] > 1, we have

L1y +2 2N byl +2
n—1ln + aSHL||2§ ‘S|2 n—1ln +2a
b Is|”—1 b

(if) If |s| < 1, we have

sl vVab | 2]s*"*2 — |s*" (ab+2) ~[sP b + b2, <s2" — ()"

n
S L S - l,ll +2a
b o~ s (b +2) 1 o > = it 2a)

Proof. Firstly, we have the following matrix:

(5) = lo (5) = h (5) * b (%) % ln-
o) 20 ) E-1)
s(§) 7 b (5) % lo (5) = h 5) 7 i
L=
£o-1) £n) 0! En-2)
S(5) % b2 s(5) 2 b ()7 ko (5) 7 s
snfl (%) §(22> I Sn72(%)¥12 Sn73 (%)¥I3 (%)@lo

Thus we get the Euclidean norm of the matrix L as

n—1 E(k+1) n—1
Ll =Y =) (3)" B+ Yk
k=0

12 raN§(k+1)
L §" k} <7) 12

b

(i) If |s| > 1, from [13, Theorem 2.1], we get

= Skr) o ol ray Ekt)
ILIE > Y -k (5 B+ Y k(5 7
E kgb (b) k k; (b) k
n—1 E(k+1)
g ()"

= 2 (1l +2a).

b
So we obtain
1 by1ly+2a
Ll > g ) T
7 e 2 /2=
that is
by 1ln+2a
e 17

In the meantime, let us choose the matrices

1 1 11
s 1 1 11
c—| ¢ s [T 2.3)
Snfl Sn;Z sn73 s 1
and
0] §@) £3) &)
(5) b (5)*h () 7k (%) % fn-
&) 50) @ Sn)
(B) 2 bt ()b (5)° @ 5) 7
D— 2.4)
15} £(n) &) dn2)
(5) "L (5)* b ()7l (5) 7 I3
;<72> £B3) £4) &)
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such that L = C o D. Therefore we have

and

bi—1ly+2a
—

)= max, [} Z jdij|* =

By Lemma 1.2, we obtain

2n
Li—1l,+2a <L, < |s| i 1 (l,,,lln—ﬁ-Za).
b P b

(if) If |s| < 1, then we get

()

n—1
ILIE > Y (n—k)
k=0

n—1 2
2 [n—1 2 \* a1 2 \* k
an|s| Y < o ) < B ) -1
= +) +2Y | —
b o\ Is|?ab o\ Is|?ab o \Isl?

2 E(k+1) n—
()" R g
a
4 l
2 k
:n|s| n Z (b)s|k
_ anlsf? <2|s|2"+2—s2" (ab+2) = |5 Lu+ D02 2s|2"—<—1>">

Ekt1) 2
k=0
b Is|* — |5 (ab+2) +1 Is|?+1

Thus we get the following inequality:

‘S' \4 ab 2‘S|2”+27|S|2n (ab+2)7 ‘s|212n+12n—2 +2 ‘s‘2n7(71)n < HLH
b Is|* |52 (ab+2) +1 sPer )T

In the meantime, let the matrices C and D be given in (2.3) and (2.4) such that L = C o D. Then we have

and

n—1

(g)é(kH)lz _ L1l +2a
b k b

D)= &}@;VZ il =

Combining the above equations, we have the following inequality:

k=0

sl vab | 2152~ |5 (ab+2) ~[sP*lon+ana | (sz" — (1"

n
<||L|l, £/ = (lh=1ln +2a).
b \s|4—\s\2(ab+2)+l |S'|2+1 ) H HZ b(n n )

O
Corollary 2.3. Let a and b be nonzero positive real numbers and the matrices F and L be as in Theorem 2.1 and Theorem 2.2, respectively.

(i) If |s| > 1, then we have

S _
[FoLll, < b(lel)\/(Sz" = 1) (Is\zn - l)qnqqn (In—11n +2a).
S2_

(if) If|s| <1, then we have

1
”FOLH2 S B\/n (n - I)Qn—lqn (ln—lln +2a).
Proof. The proof follows from Lemma 1.1, Theorem 2.1 and Theorem 2.2. O

Corollary 2.4. Let a and b be nonzero positive real numbers and the matrices F and L be as in Theorem 2.1 and Theorem 2.2, respectively.
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(i) If|s| > 1, then we have

1
”F®LH2 > Z\/qnfl‘]n (lnflln+2a)

and

IFeLl, < b(|||2|1)\/ (572 = 1) (52" = 1) 160 11 + 20).

(i) If |s| <1, then we have

2 2
als? (2 Is|21F2 — s[> (ab+2) — |s* Lo, +lzn2> _4 (|s|2" - (—l)”)

[FRL|, >
2= b\Jab+4 Is|* —|s|? (ab+2) + 1 Is]>+1
and
1
IF ®LH2 < b \/” (n—1)gn—1qn (li—11, +2a).
Proof. The proof follows from Lemma 1.3, Theorem 2.1 and Theorem 2.2. O
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differentiable trigonometrically convex functions.

1. Preliminaries

Q:1CR — R be aconvex function on the interval / of real numbers and r,s € I with r < s. The inequality

Q(r;s) - é ;Q(u)duﬂ Q(r);rQ(v)

is well known in the literature as Hermite-Hadamard’s (H-H) integral inequality for convex functions [13]. The classical H-H inequality
provides estimates of the mean value of a continuous convex or concave function. In recent years, significant improvements and generalizations
have been found on convexity theory and H-H inequality; see for example [1-6, 8, 13].

Definition 1.1. A function Q : 1 C R — R is said to be convex if the inequality
Qer+(1—¢€)s) <eQ(r)+(1—€)Q(s)
is valid for all r,s € I and € € [0, 1). If this inequality reverses, then Q is said to be concave on interval I # @.

For some inequalities, generalizations and applications concerning convexity see [2—4,6, 11-15]. Recently, in the literature there are so many
papers about n-times differentiable functions on several kinds of convexities. In references [2,4, 8, 14], readers can find some results about
this issue. Many papers have been written by a number of mathematicians concerning inequalities for different classes of convex functions
see for instance the recent papers [1,3,5,6] and the references within these papers.

In [9], Kadakal gave the concept of the trigonometrically convex functions and related Hermite-Hadamard type inequalities.

Definition 1.2 ( [9]). A non-negative function Q. : I — R is called trigonometrically convex function on interval [r,s), if for each r,s € I and
eel0,1],

Qer+(1—g)s) < (m%) Q@)+ (cos%) Qs).

If this inequality reveresed, then the function is called trigonometrically concave.

Email addresses and ORCID numbers: kebekar @gmail.com, https://orcid.org/0000-0002-7531-9345 (K. Bekar)
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Theorem 1.3 ([9]). Let the function Q : [r,s] = R, s > 0, be a trigonometrically convex function. If 0 <r < s and Q € L|r,s], then the
following inequality holds:

1 Powar< %[Q(r)m(s)]-

s—rJr

Remark 1.4. It is easily seen that, if the function Q : [r,s] = R, s > 0, be a trigonometrically concave function, then for 0 < r < s and
Q € LIr,s), then the following inequality holds:

1 owar > %[Q(rHQ(S)]-

s—rJr

Theorem 1.5 ( [9]). Let the function Q: [r,s] = R, s > 0,be a trigonometrically convex function. If 0 < r < s and Q € L|r,s], then the
following inequalities holds:

Q(S—I—r) S_r/ x

Remark 1.6. Ir is easily seen that, if the function Q : [r,s] — R, s > 0, be a trigonometrically concave function, then for 0 < r < s and
Q € L|[r,s|, then the following inequality holds:

Q(a+b> S_r/ ol

A refinement of Holder integral inequality better approach than Holder integral inequality can be given as follows:

Theorem 1.7 (Holder-Iscan Integral Inequality [7]). Let p > 1 and % + é = 1. If f and g are real functions defined on interval [r,s] and if
|fI?, |g|? are integrable functions on [r,s) then

1 1 1

[ |dx<1r{(/rs<sx>|f<x>"dx>” ([ s=nteoman)” +( [wnirwras)” ([ e-nlewirar)”

Let 0 < r < s, throughout this paper we will use

r+s
2

A(rs) =

gP 1 pptl

»
Ly(rs)=| ————=] , r#s, peR, —-1,0
for the arithmetic and generalized logarithmic mean, respectively.

2. Main Results

We will use the following Lemma for obtain our main results.

Lemma 2.1 ([10]). Let Q:1 C R — R be n-times differentiable mapping on I° for n € N and QW ¢ L{r,s], where r,s € I° with r < s, we
have the identity

where an empty sum is understood to be nil.

Theorem 2.2. Forn € N; let Q: 1 C (0,00) — R be n-times differentiable function on I° and r,s € I° with r < s. IFQm e L[r,s| and

‘ Q) , s, then the following inequality holds:

< () et (00" o)

n—1 Q(k)(s) k+1 _ ok k+1
B () o

Proof. Tf the function )Q<"> !

20 o = ‘gw (Hrﬂ‘%)
S—r S—r

[r,s], using Lemma 2.1, the Holder integral inequality and

q

I

7 m(s—x)

T(s—x)
SSmZ(s—r)

() (g
2(s—r) Q")

Q(”)(r)’qucos

}
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we get

(k+1)!

PG (9<k><s>sk+l —Q<k><r>r’<“) - [ ass

S
< i,/ ¥ [0 ()| dx
n! Jr
5
< L (/ x"pdx)[ </ Q(n)(x)‘qu) !
n! r r
1 1
1 s Pl m(s—x) q T(s—x) q a
< np (n) ‘ (n) ‘
< (/r X dx) (/r {SIHZ(s—r) Q" (a) +C0$2(s—r) QU (b)| | dx
1 1
1 S g\ () ’q/‘f . m(s—x) ‘ (n) ‘Q/S T(s—x) 4
= (/r X dx) <‘Q (r) : 51n2(s_r)dx+ Q" (s) : COS2(s—r)dx
1 1
1 (sl —pptIND (2 q 2 Y
S A Zis—rlam Zi(s—r|an ’
() (Gemnfeme)’+ F6-njato)
q q
1 i AN g+l _ pnpt H ’Q“‘)(r)} + ’Q(”) (s)’
=—(s—r)r(s—r)| =
n! T (np+1)(s—r) 2
1 q 974
s—r (4\u [Pt pwtl 0 ‘Q(n)(”) + ‘Q(n)(s)‘
ool (E) [(HPH)(S*F)] 2
1
s—r 4\ 1 q q
(4 gt ().
O
Corollary 2.3. Under the conditions Theorem 2.2 for n = 1 we have the following inequality:
_ 5 ; O 11 ()19 7
'Q(s)s s Lo < (i) "Ly(rs) {—lg O+
s—r s—rJr T 2
Proposition 2.4. Let r,s € (0,00) withr <s, ¢ > 1 and m € (—o0,0]U[1,00)\ {—2¢, —q}, we have
241 4\« 1
L%_H(ns) S (E) Lp(}”,S)Aq (rmvsm)
Proof. Under the assumption of the Proposition, let Q(x) = miﬂz xfm,ﬂ, x € (0,00). Then
{Q/(x)‘q ="
is trigonometrically convex on (0,0) and the result follows directly from Corollary 2.3. O

Theorem 2.5. For n € N; let Q: 1 C (0,00) — R be n-times differentiable function on I° and r,s € I° with r < s. If Q") € L[r,s| and

q
‘Q<”> for q > 1 is trigonometrically convex function on the interval [r,s|, then the following inequality holds:

P (Q<k><s>sk+1 —Q<k><r>r’<“) - [ aas

(k+1)!

S0 (aapnsy -3 n]) (2 o]+ 2552 o o)

S !
+ (S:l!r)é ([2r1:5) — aip(9)] ) ’ (y [+ % ’gz(n)(s)‘q) ‘ 2.3)

q .
Proof. If the function ‘Q(’” for ¢ > 1 is trigonometrically convex on the interval [r,s], using Lemma 2.1, the Holder-Igcan integral

inequality and

20 o = ‘gw (Hrﬂ‘%)

S—r S—r

q

I

T(s—x)
2(s—r)

7 m(s—x)
SSmZ(s—r)

‘Q(”) (r) ’q +cos ‘Q(”) (s)
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we get

n—1 (k) §)skH1 — (k) () pk+1 s

<— ’Q ))dx

< Wl—r) (/rY (s—x)xnﬁdx)‘l’ (/rY (s—x) {smgg:f)) ’Q(n)(a))q—i-cosgg f)) o
) (o=

1

. B 1

q/r (s—x)sm;r(j :)d —0—‘9” ‘/ (b—x cos;r((:: f)dx)q
/.

( )
q/S(x )smz((j f)d +‘Q )/ x—r) cos;t((sY ):))dx)g

:nwiq)@—ﬁ{y%”) L4 (s (4ww >V+2” 2f_’ )
+nN;—r)«s"WF$iKrs-—ﬂfprs <2 (s—r)* o ‘g+4@—r )
:(Sf([%ﬁ(ns) L ns)])’ ( ol ’+2 ,gm ’q)!:
+ (S;!rﬁ <[in}(rvs)*rlz%(r,s)])’% (2(7;;2) ‘Qw(r)’ r)é

O

Theorem 2.6. For n € N; let Q: 1 C (0,00) — R be n-times differentiable function on I° and r,s € I° with r < s. If Q") € L[r,s] and

‘ Qm

where

q
for q > 1 is trigonometrically convex on the interval [r,s], then the following inequality holds:

n—1 (K) (51551 — Q) () pht1 s (1=t ) ) .
kzo(‘”k@ o )‘ atis < =0 =4220 ) a0 51600+ 200 2009}

S1 (r,s):/rsx"sing((j::))dx., Sg(r,s):/rsx"cosggif))dx.

Proof. From Lemma 2.1 and Power-mean integral inequality, we have

=1 () (g)5k+1 _ Q0 () k1 s
ZP4VCE()%+S!U )—Agmm

<[]0t ) dx

< % (/:x”dx)l‘:’ (/xn [sin;é:__:;)) (Q<”>(r)\q+cos;((ss__:;)) ‘Q“’)(s)ﬂ a’x); |
= % (/rsx”dx>lq ( ’ / X! sm dx+ ’Q )’q/rxx”cos;((:__x) dx) ’

sn+l 7rn+1 1
(nt D)(s—r) (”)}

1 _1
s ] el o

- e e+ s
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Corollary 2.7. Under the conditions Theorem 2.6 for n = 1 we have the following inequality:

Q(s);v:i)(s)s 3 sir./rsg(x)dx‘ < (r—gs)ltlz {ZnAy—;z(s—r) ()7 + 4(s—7rr)2—27tr I (s))" .

Proposition 2.8. Let r,s € (0,00) withr <s, ¢ > 1 and m € (—o0,0]U[1,00)\ {—2¢,—q}, we have

241

L) <4 )|
q

1
271:5742(s7r)'m+ 4(s7r)27 27rrsm} .
T T

Proof. The result follows directly from Corollary 2.7 for the function

9 241
Q = —X1Y s (& 0700 .
()= o re (0,9

This completes the proof of Proposition. O

Corollary 2.9. Using Proposition 2.8. for m = 1, we have following inequality:

| 1—1
L) <A )|

+
Corollary 2.10. Using Proposition 2.8 for g = 1, we have following inequality:

2ns—4(s—r) o 4(s—r)— 277:rsm.

1
Lyii(ns) < = =

‘m+1

Corollary 2.11. Using Corollary 2.10 for m = 1, we have following inequality:

4(sfr)2

2
L5(r,s) < p

Corollary 2.12. With the conditions of the Theorem 2.6 for ¢ = 1 we have the following inequality:

n—1 Q) ()sk+1 — k) () k+1 s
%(-1)’{( (s) = () )-/ Q(x)dx

Sy

$1 () + Q" (5)] 82 (1)}

Theorem 2.13. Forn € N; let Q: 1 C (0,00) — R be n-times differentiable function on I° and r,s € I° with r < s. If Q") € L[r,s] and

q
‘Q(’o for q > 1 is trigonometrically concave on the interval [a,b] , then the following inequality holds:

n—1 Q) (5)sk+1 — Q) () h+1 s s—r 1\ % b
k n n
(-1) ( - [awar < =t (E) 1 ()2 (T)‘

(k+1)!
q
Proof. Since ’QW for g > 1 is trigonometrically concave on the interval [r,s], with respect to Hermite-Hadamard inequality we can write
O
QW (x)| dx < —

A 7120 ()

Using Lemma 2.1 and the Holder integral inequality we have

n—1 —l)k Q(k)(s)sk+1 *Q(’O(r)r’ﬁ“l
(k+1)!

s—r 4

) — SQ(x)dx

k=0

< % (/ Xx"”dx) ’ ( / ’ Q<">(x))qu) ’
s P(s=r | (TS q)lll
([eras) (1 (5°)
2]7 snp+1_rnp+1 % () r+s
[WH)(S_,)} @ (2 )‘
() (TES
o (73]

Corollary 2.14. With the conditions of the Theorem 2.13 for n = 1 we have the following inequality:

() sl (2)

Q(s)s—Q(s)s 1 .SQ.(x)dx

S—r S—rJr
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and memory in Hilbert space. By using semigroup theory, stochastic analysis techniques
and fixed point approach, we derive a new set of sufficient conditions for the approximate
controllability of nonlinear stochastic system under the assumption that the corresponding
linear system is approximately controllable. Finally, an example is provided to illustrate our
results.

1. Introduction

Approximate controllability is one of the important fundamental concepts in mathematical control theory and plays an important role in both
deterministic and stochastic control systems. Controllability generally means that it is possible to steer a dynamical control system from an
arbitrary initial state to an arbitrary final state using the set of admissible controls. The controllability of nonlinear stochastic systems in
infinite dimensional spaces has recently received a lot of attentions see [1-5,10, 11, 13] and the references therein. Moreover, the approximate
controllability means that the system can be steered to arbitrary small neighborhood of final state. Further, approximate controllable systems
are more prevalent and very often approximate controllability is completely adequate in applications see [7, 8] and the references cited
therein.

Likewise the theory of impulsive differential equations plays a major role in investigation of qualitative theory. Impulsive differential
equations are differential equations involving impulse effect, appear as a natural description of observed evolution phenomena of several
real life problems, for detail refer [6]. In other way, many dynamical systems (Physical, Social, Biological, Engineering etc.) can be
conveniently expressed in the form of differential equations. In case of physical systems such as air crafts, some external forces act which are
not continuous with respect to time and the duration of their effect is near negligible as compared with total duration of original process.
Same phenomena’s are observed in case of biological systems (e.g. heart beat, blood-flow, pulse frequency), social systems (e.g. price-index
frequency, demand and supply of goods) and in many other dynamical systems also such effects are called impulsive effects.

In recent years, stochastic differential equations driven by fractional Brownian motion have attracted much attention due to its a wide
applications in a verity of physical phenomena, such as in economic and finance, biology and communication networks. The fractional
Brownian motion was introduced by Kolmogorov in 1940 in [9], and later studied by Mandelbrot and Van Ness, who in 1968 provided in [10]
a stochastic integral representation of this process in terms of a standard Brownian motion. There has been some recent interest in studying
evolution equations driven by fractional Brownian motion. Recently, Lakhel [11] studied controllability results of neutral stochastic delay
partial functional integrodifferential equations perturbed by fractional Brownian motion by using the theory of semigroup. Very recently,
many interesting works have been done on stochastic differential equations driven by fractional Brownian motion see [3,11, 12,15] and the
references cited therein.

Email addresses and ORCID numbers: ramkumarkpsg@gmail.com, https://orcid.org/0000-0002-3624-5363 (K. Ramkumar), ravikumarkpsg@gmail.com,
https://orcid.org/0000-0002-5635-8517 (K. Ravikumar), emmelsayed @yahoo.com, (E. M. Elsayed), angurajpsg @yahoo.com, https://orcid.org/0000-0003-0517-2875 (A.
Anguraj)
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However, the study of the approximate controllability for time-dependent impulsive neutral stochastic partial differential equations with
fractional Brownian motion and memory has not been discussed in the standard literature. Motivated by the above consideration, the goal
of this paper is to study the approximate controllability for time-dependent impulsive neutral stochastic partial differential equations with
fractional Brownian motion and memory:

dx(t) — g(t,x(t = )] = A(t) [x(r) — g(t,x(t — r))] dt + [f (£, x(2),x(t = 1)) + Bu(t)]dt + 5 (t)dB (), t#1, t€J:=[0,T], (1.1)
Ax(te) = L(x(t)),  ke{l1,2,..,m}, (1.2)
x(t) = (1) € 6 = €5 ([-r,0:H), —r<r<0, r>0. (1.3)

where x(+) is a stochastic process taking values in a real separable Hilbert space H; A(7) : 2 C H — H is a family of unbounded operators
defined on a common domain &, which is dense in the space H and generates a strong evolution operator % (s,f), 0 <t < s < T and
g.f:JxH—-H,o6:J— .,2”20 are Borel measurable functions and I : H — H, k = 1,2, ...,m are continuous functions. The control function

u(-) takes values in fzs (J,U) of admissible control functions for a separable Hilbert space U and B is a bounded linear operator from U into
H. Furthermore, let 0 = #o < #; < -1y <ty = T be prefixed points, and Ax(ty) = x(t;) — x(t," ), represents the jump of the function x at
time with /; determining the size of the jump, where x(1,) and x(, ) represent the right and left limits of x(t) at 1 = #;, respectively. Let

o(t) : [-r,0] — H is an 3p-measurable random variables independent of the Wiener process W with E [sup,,gsgo H(,0||%I < oo,

2. Preliminaries

Let (Q,3,P) be a complete probability space. A standard fractional Brownian motion { 8¥(¢),r € R} with Hurst parameter H € (0,1) is a
zero mean Gaussian process with the covariance function

Rur = E[B*0B")] = 5 (WP 5P~ —sP¥) | rseR

Let H and K be two real separable Hilbert spaces and let .Z’(K, H) be the space of bounded linear operator from K to H. Let Q € .Z(H,K) be
an operator defined by Qe,, = A, e, with finite trace trQ =Y> | A, < co. where A, > 0 (n = 1,2,...) are non-negative real numbers and {e, }
(n=1,2,...) is a complete orthonormal basis in K. We define the infinite dimensional fractional Brownian motion on K with covariance Q
as B(1) = BZ(I) =Y | V2nenBE(t). where B} are real, independent fractional Brownian motion’s. This process is Gaussian, it starts from
0, has zero mean and covariance

E (B%(t),x) (B%(s),y) = R(s,t) (Q(x),y) for x,y € Yandt,s€ [0,T]

Now, define the Weiner integrals with respect to the Q-fractional Brownian motion, we introduce the space .20 = .,?ZO(KH) of all
Q-Hilbert-Schmidt operators § : K — H. We recall that { € .2 (K, H) is called a Q-Hilbert-Schmidt operator, if

2
< oo

)

1€ = X [VAcen

and that the space 320 equipped with the inner product < ¢, > = Yo | < @ey, e, > is a separable Hilbert space. Let ¢(s) : s € [0, 7]

be a function with values in XZO(K,H) such that Y, HI(*q)Ql/Ze,,

2
P < o0, The Weiner integral of ¢ with respect to BY is defined by
2
t o i
[ o0zt = ¥ [ Vabeidpis). @1
n=1"
t
Lemma 2.1. If{ :[0,7] — .3 (K,H) satisfies / HC(S)H;ZO ds < oo, then (2.1) is well defined as an H-valued random variable and
0

2 1
< oH ! /0 1€ 120 ds.

| [ coate

Let r > 0 and € := € ([—r,0];H) denotes the family of all continuous functions from [—r,0] to H. The space % is assumed to be equipped
with the norm

I8llz := sup (€@, E()€C.
—r<t<0
We also assume that ‘ﬁé’o ([=r,0];H) denotes the family of all almost surely bounded, 3p-measurable, € ([—r,0]; H)-value random variables.
Forallt > 0,x = {x(t+6): —r < 6 <0} is regarded as % ([—r,0]; H)-valued stochastic process. Further, let 2% (J,.£*(Q,H)) = {x(t) is

continuous everywhere except for some 7, at which x(r,") and x(r,") exist and x(r, ) = x(t¢), k = 1,2, ,m} be the Banach space of

piece-wise continuous function from J into .#%(Q, H) with the norm

[Ix]| o = sup |x(£)] < .
te]
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Let € = 2%(J,.£?) be the closed subspace of 2% (J,.Z%(Q,H)) consisting of measurable and 3;-adapted H-valued process x(-) €
PE(J,L*(Q,H)) endowed with the norm

2 2
¥l 5 = Esupx()][3z -
teJ

In what follows, we assume that {A(¢),r > 0} is a family of closed densely defined linear unbounded operators on H and with domain
2 = 2(A(t)) independent of ¢.

Definition 2.2. A family of bounded linear operators {?/ (, s)} (t5)€A
called an evolution system if the following properties are satisﬁed

1. % (t,t) = I where I is the identity operator in H.

2. U (t,8)U (s,r) = U (t,r) for0<r<s<t<T.

3. U (t,s) € £ (H) the space of bounded linear operators on H, where for every (t,s) € A and for each x € H, the mapping (t,s) — % (t,s)x
is strongly continuous.

U (t,s) :H—Hfor (t,s) €A:={(t,s) €/ xJ:0<s<t<T}is

Remark 2.3. IfA(t), t > 0 is a second order differential operator A, i.e. A(t) =A for eacht > 0. Then, A generates a ‘6y-semigroup
{eM,t>0}.

More details on evolution systems and their properties could be found on the books of Pazy [5].
It is convenient to introduce the relevant operators and the basic controllability condition.

(i) The operator %] € L(.,%S)(J,H,KQ(Q,ST,H)) is defined by
T
Llu= / U (T,s)Bu(s)ds,
Jo

where ,,?25 (J,H) is the space of all 3;-adapted, H-valued measurable square integrable processes on J x Q.
(i1) The linear controllability operator Hg which is associated with the operator .,%T is defined by

0 ()= (A ) = [ 2 T0BEw TR
which belongs to L(.iﬂzs)(J JH, % (Q,37,H)) and the controllability operator I7 ¢ L(H,H) is
r’ = /f U (T,)BB*%*(T,t)dt, 0<s<t.
Lemma 2.4. For any z € %5(Q,37,H), there exists ¢ € ,2”25 (J,LY) such that

z:Ez—Q—./OT(]S(s)dBH(s)A

Let x(¢; @, u) be the state value of the system (1.1)-(1.3) at terminal time 7 corresponding to the control u and the initial value ¢. Introduce
the set R(T, @) = {x(T;¢,u) 1 u(-) € .,3”23 (J,U)} is called the reachable set of the system (1.1)-(1.3).

Definition 2.5. The system (1.1)-(1.3) is said to be approximately controllable on the interval J if R(T,x) = £ (Q,37,H)

Definition 2.6. An 3;-adapted stochastic process x : J — X is called a mild solution of (1.1)-(1.3) if for each u € ,,2”23 (J,U) and fort € J,
P{o: / Hx(s)”ids < 4oo} =1 it satisfies the integral equation
J

x(t) =% (1,0)[¢(0) — (0, )] + g (t,x(t = 1)) + /ot U (t,5)f (s, x(s),x(s —r))ds

+/0t?/(ns)Bu(s)ds—Q—/ot?/(Ls)c(s)dBH(s)—l— Y %)), 1€ 0.T].

0<n <t
We improve the following hypotheses to prove our results:

(H1) % (t,s) is a compact operator for  —s > 0 and there exists a constant k > 1 such that
% (t,5) | 2.y <k, for (1,5) € A.

(H2) There exists a positive constant kg such that ¢t € J, x,y € H
lg(¢,%) = (e, )l < ko llx—yll5-

(H3) There exists a positive constant k1 such that for all x;,x5,y;,y2 € H
10 = £ < k1 (Il =l s =3alE)

(H4) There exists some positive constants Oy, k = 1,2,...,m such that for x,y € H

() = L) Iy < Qi llx =yl -
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(HS) For all ¢ € J, there exists a positive constant / such that
2 2 2
8@, 0) I v ILF(£,0)llig V (11 (0) I < 1.

(H6) The function o : [0,7] — .,2”20(K.,H) satisfies
13
/O lo(s)]1 2 ds <o, for T 0.

(H7) For 0 <t < T, the operator aR(a,IT) := a(al +TT)~! — 0 as a — 0% in the strong operator topology.
(H8) The functions f, g are uniformly bounded.

Remark 2.7. The assumption (H7) is equivalent to the linear system of (1.1)-(1.3) is approximately controllable.

3. Controllability Result
Leta > 0 and z € .%(Q,37,H). Define the control function
walt) = B (1.0) | R 1]) (B2 - % (1.0) [0(0) - (0.)] (050 1)

— ¥ w@an) )+ [ Ra@ID)s)dE ) — [ R (1,9 f(5.x(5) (s~ r)d
Y %Caha) ) + [ R@I):d8 )~ [ R@ T (T.9)f(5,x(5),x(s = r))ds

0<n<T
Theorem 3.1. Suppose that (H1)-(H8) hold. Then the operator ® has a fixed point in P€ provided that

A (a2 +3T2k*%3

m
— > {k0+2rzk2k, +mk* Y Qk} Ix=y1%y < 1. (3.1)
k=1

Proof. Consider the operator ® : € (J, £*(Q;H)) — PE€(J,.L2(Q;H)) defined by
(©x)(1) = % (1,0) [9(0) — 8(0,9)] + (1, x(t = r)) + /Ot U (1,9)f (s,x(s),x(t = r))ds

+ /(: U (t,5)Bug(s,x)ds+ /Ot U (t,5)0(s)dBl (s) + Z U (t,0) I (x(2 ).

0<n <t

In what follows, we shall show that system (1.1)-(1.3) is approximately controllable if for all a > O there exists a fixed point of the operator
0. By our assumptions, Holder’s inequality and the Doob martingale inequality, we obtain

7
E [lua(e.2)| < 5 K%k [|\Ezn2+zk2[1 +kJE[| 915 +2[M + ko) (B19] e + 1x]3)

m t
+2mk2ZQk(M+||x|@<g)+kzzm2H—l/0 lo(s)]0 ds
k=1

+2TIMT +haOE |9l + 27 I ).
Step 1: We claim that ®(P%) C % Then we have
1(©x)(1) |34 < 6 {kz(H(P(O) —4(0,0)|*) +E||g(t,x(t = r)) — g(1,0) +(1,0) |
TR [ 15,2(6).3(5 =) = £0,0,0)+ £0,0,0) s+ RGTE (5,0

t
+zk2Hz2H*1/ lo(s)| 5 ds+K°E Y ||Ix(x(t,:))—Ik(O)—i—Ik(O)HZ}
0 2 o<t <t

7 7
s6[—2T2k4k§<||Ezn2>+u+—2r2k4kéJ (2k2(1+k0)E||<P||29ﬂg

a a

m

+2[M + ko (B[ @[5 + ]3¢ )] +2mk Y QM + [1x] %)
k=1

t
FUTIMT B0l + 3] + 2080701 [ o) g ) | <o

Hence, (%) C ZE.

Now, we are going to use the Banach fixed point theorem to prove that ® has a unique fixed point in 2%
Step 2: We claim that ® is a contraction on Z%.

For any x,y € 2%, t € J then we have

1(©x)(r) — (8y) (1) |5y < 4 [ko 2722k +mk2} 3 =¥l %ep + AT K2UBE ||ua (1,) — ua(t,3) |1

2 21412 n

@ + 3Tk

§4<TB) {k0+2T2k2k1+mk22 Q| Ix =yl -
k=1
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By (3.1), we conclude that ® is a contraction mapping on &% . Thus by the Banach fixed point theorem, has a unique fixed point x(-) € 2%
Hence the proof. O

Theorem 3.2. Assume the condition in Theorem 3.1 and (H8) are satisfied, then system (1.1)-(1.3) is approximately controllable on [0,T].

Proof. By Theorem 3.1, ® has a unique fixed point x}, in &% . By using the stochastic Fubini theorem, it can easily be seen that
T -
V(T) = k(e TI) [ B2 2 (1.0)[9(0) ~ 0,9)] (0 (=) + || 8515
T
+/ aR(a, 1IN (T, s) f (s,x*,x* (s — r))ds
0

+/OTaR(a,HZ)%(T,s)o(s)dBH(s)+ Y w(T )k (1))

o<n <t

It follows from the assumption (H8) that there exists ¥ such that
2 2
I1F (s, (s),x™ (s = ) g + g (s, X" (2 = )10 -

Then there is a subsequence still denoted by { f(s,x*(s),x* (s —r)),g(s,x*(s —r)) } which converges weakly to say, { f(s),g(s) } in H x .Z}.
On the other hand, by (H7), forall o <t < T, aR(a,HST) — 0as a — 07 strongly and moreover HaR(a,HXT) ! < 1. Therefore, by the
Lebesgue dominated convergence theorem and the compactness of % (-, -) it follows that

E|x;(T) —z||* < SE

aR(a,TT) (Ez—ama,na >) [Ez— % (T,0)[9(0) - (0,0)] — g1, (1 — )

o a5 ([ @y r 6.6 01 () o))

+5E (/OT HaR(a,HsT)%(T,S)f(S)Hds)2 + 10721 /(;T HaR(a7HZ)%(T7S)G(S)H;ZO N

2

+5E|| Y aR(a, D)% (T,t)I(x"(t; )| —Oasa—0".
0<t<T
Thus, x;(T) — z holds in H and consequently we obtain the approximate controllability of system (1.1)-(1.3). O

4. An Example

We consider the following stochastic classical heat equation with memory of the form:

2

dfu(t,8) —g(t,u(t—r),8)] = a%u(h &) +alt, Q)u(t,§) —g(t,ult —r),§) | dt

+ f(tu(t, &) u(t —r), §)dt + u(t,8)dt + o (1)dB™ (1), ¢ € [0,x),t # 1, J = [0,7)

u(t,j',C)—u(tk_,C) =L(u(t, ,0)), ke{l,2,...,m},
u(t,0)=u(t,n)=0,1€0,T],
(

u(6,-) = (6,) e H=2%0,7, ¢(-{) € €([-r0}:R), 6 € [0,7]. .1
where B is a fractional Brownian motion and let H = K = U = .#2([0,7]) . Define A : H— H by Ax = x  with domain Z(A) = {x €H:
x,x are absolutely continuous x € H,x(0) = x(7) = O}. The spectrum of A consists of the eigenvalues —n? for n € N, with associated

eigenvectors e, = \/% sinnx, n=1,2,3,.. It is wellknown that A is the infinitesimal generator of a strongly continuous semigroup {S(¢)},
t > 0 on H is given by

S(t)x= Z e < x,ep > ey, x€H.
n=1

Now, define the fractional Brownian motion in K by
BY(r) = ). vV AuB(t)en,
n=1

where H € (1/2,1) and { ﬁ,‘f}n cn 18 a sequence of one dimensional fractional Brownian motions mutually independent. On the domain
2(A), we define the operators A(r) : Z(A) CH— Hby A(t)z(§) = Az(§) +a(t,§)z(). Let a(-,-) be continuous and a(f,§) < —A,A >0
forallr € J, €0, x|, it follows that the system

{du(r) =A(u(t)dt, t>s,

u(s)=z€H.
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has an associated evolution family {%(r,s)}t>s as % (t,5)z(¢) = (S(t - s)efl’a(PvC)d’z) (9
From the above expression, it follows that %/ (¢, s) is a compact operator and every ¢,s € J with 7 > s

1% (2,5)]] < &= (R,

Thus, (H1) is true.
Now we define the linear continuous mapping B : U — H by u(t) = u(t,{) where u(z,§) : J x [0, 7] — [0, 7] is continuous.

Define x(¢)(-) = u(t,-), f(t,u,u)(-) = f(t,u,u)(-),g(t,u)(-) = g(t,u)(-). Then, under the above conditions, we can represent the stochastic
control system (4.1) in the abstract from (1.1)-(1.3). Thus we can conclude that the stochastic control system (4.1) is approximately
controllable on [0, 7] provided that all the conditions of Theorem 3.2 are satisfied.
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differential equation. Also, we prove an equivalence between the Cauchy-type problem and
Volterra integral equation(VIE).

1. Introduction
We consider the Cauchy-type problem

uDLx(t) = p(tx(r)), n—1<a<n0<B<I,
| (1.1
uDIx(t)| _, =%a;, (j=1.2,...n), y=a+B(n—a).

From the above initial condition and by definition 2.3(in this paper), it is clear that
#DIx(t) = 8"yl x(r),

where HDaajrB is the Hilfer-Hadamard-type fractional derivative of order o and type 3 [1,2] Fractional differential equations have numerous
applications in science, physics, chemistry, and engineering [3, 6].

Recently, the theory and applications of fractional derivatives have received considerable attention by researchers. They have studied some
results of the existence and uniqueness of solutions for fractional differential equations on the different finite intervals such as the examples
in [1,21] and references therein.

In this paper, we find a variety of results for the initial values problem (1.1), which are equivalent with (VIE), existence and uniqueness. In
section 2, we present some preliminaries. In section 3, we establish the equivalence of the Cauchy-type problem (1.1) and (VIE). In section
4, we prove the existence and uniqueness results for a solution of the Cauchy-type problem (1.1) in the weighted space.

2. Preliminaries

In this section, we introduce some notations, Lemmas, definitions and weighted spaces, which are important for developing some theories in
this paper. For further explanations, see [5].

Let 0 < a < b < +oo. Assume that Cla,b],AC[a,b],C"[a,b] and Cj[a,b] be the spaces of continuous, absolutely continuous, n-times
continuous and continuously differentiable functions on [a, b] respectively. And let LP (a,b) with p > 1 be the space of Lebesgue integrable

Email addresses: ayousss83@gmail.com (A.Y.A. Salamooni), dypawar @yahoo.com (D.D. Pawar)
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functions on (a,b). Moreover, we recall some of weighted spaces [5] in definition 2.1.
Definition 2.1 [5] Let Q = [a,b] (0 < a < b < +0) is a finite interval and 0 < y < 1. We introduce the weighted space Cy; jog[a,b] of
continuous functions ¢ on (a, b]

C/,L,]og[avb] ={¢:(a,b] = R:[log(t/a)" ¢() € Cla,b]}

with the norm

s CO,log[a7b] = C[a7b]

10l = ] log(e/aot0)|

And forne Nand 6 = t%, we have
n—1 ‘ 0
2 lab] = {<p ol = X 130llc 118"l },ca,u [a,5] = Cy pogl -
The space C jog [a,b] is the complete metric space defined with the distance as

llog(t/a)}* [ () — x2(1)] ]

d(x1,x) = ||x; —x a,b] := max
(x1,%2) = |lx1 = %2/l ¢ 06 (@5 D] max,

where log(.) =log,(.).
Definition 2.2 [4,5] Let 0 < a < b < +oo. The Hadamard fractional integral of order & € R for a function ¢ : (a,+) — R is defined as

Hlgy o(t) = ﬁ/at(bg%)o‘*1 @dt, (t>a).

Definition 2.3 [4,5] Let 0 < a < b < +oo. The Hadamard fractional derivative of order ¢ applied to the function ¢ : (a,+o0) — R is defined

as
DI o(t) =8"(ul} %)), n—1<a<n, n=[a]+1,
where 6" = (t%)", and [or] denotes the integer part of the real number a.

Lemma 2.4 [5] Letn € Ny = {0,1,2,...} and let yi;, 4y € R such that 0 < u; < p, < 1. The following embeddings hold:
Csla,b] — Cg_’#l [a,b] — Cg’“z [a,b],
with
o=y
I#lcy,, < Ksloley, . ks =min|1,(logto/a)) |, a0
. "
In particular,

Cla,b] — Cu, log la,b] — Cup log [a,D]

with
Ho— My
10l < (log<b/a>) 10llc, s @ £0.

Lemma 2.5 [5]
(a1) fR(a) > 0,R(B) >0and 0 < a < b < +oo, then

[ 11 (log(t/a))* ™) () = %(log(r/anw-', x>,

[HD3‘+(log(r/a))ﬁ71] (x) = 1“(1;6(7[_3)[3)(log(t/a))"‘_ﬁ"_l7 x>a.

(a2) Let R(er) > 0,n = [R(er)]+ 1 and 0 < a < b < +eo. The equality ( DT, x)(1)
= 0 is valid if and only if

cx(log(t/a)* ¥,

=

x(t) =

k=1

where ¢, € R(k=1,
(a3) Let R(@) > 0,R(
¢ c Cu,log[a’b]

2,...,n) are arbitrary constants.
)>0and 0 < u < 1.1f0 < a < b < oo, then for

+
Hlgy H1£+‘P = uly; ﬁ‘P

holds at any point ¢ € (a,b]. When ¢ € Cla, ], then this relation will be valid
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at any point ¢ € (a,b].
Theorem 2.6 [5] Let R(a) > 0,n = [R(0)]+ 1, and 0 <a < b < +oo. Also, let gl % be the Hadamard-type fractional integral of order
n— o of the function @. If ¢ € Cyy 1ogla,b] (0 < p < 1) and gl %@ € Cs.u [a,b], then

i 5" k n;a(P))(a) (logi)(xfk.

1% yD%
( +H a+(p a k+1) a

Lemma 2.7 [5] Let 0 < a < b < +oo,R(a) > 0,n = [R(a)] +1and 0 <R(u) < 1
(a) If R(u) > R(ax) > 0, then the fractional integration operator zI%, is
bounded from Cy, jo¢[a, b] into Cyy_g 10¢[a, b]:
||H Jr(pHCM a,log —le(pHCu]0g7

where

7@ T[9R(0)]|T(1 - R(u))]
"1:(1°g(”/“)) [T (o) [T+ (o))

In particular, yIZ, is bounded in C,, jo[a,b].
(b) If R(u) < R(a), then the fractional integration operator I, is bounded
from C,, 1o¢[a, b] into Cla, b]:

| 1124 @llc < k2ll@llc, o

where
PO TR ()] |0(1 - R(w))]
ko= (ls/a) G e )
In particular, yI2, is bounded in C, jo[a, b].

Definition 2.8 [2] Letn— 1 < o < n,0 < < 1, and @ € L' (a,b). The Hilfer-Hadamard fractional derivative z D%# of order o and type 8
of ¢ is defined as

(uD*P @) (1) = (P~ (3)" ut"= 1 "Plg) (1)
= (PO (8) yI" ) (1); Y=o +nB—ap
= (Hlﬁ("—a) HDy(p) (1),

where 1) and D) is the Hadamard fractional integral and derivative defined by definitions 2.2 and 2.3 respectively.
Definition 2.9 [5, 13] Assume that @(x,y) is defined on set (a,b] x G,G C R. The function ¢(x,y) satisfies Lipschitz condition with respect
to y, if for all x € (a,b] and for all y1,y, € G,

[@(x,y1) = @(x,y2)| < Lly1 —y2l,
where L > 0 is Lipschitz constant.
Definition 2.10 [1,12] Let 0 < & < 1,0 < 8 < 1. The weighted space Cf‘;@[a,b] is defined by

P lab)={p eCrylab]: DI p e Ciyabl},y=a+B—aB.

Lemma 2.11 [9] Let 0 <a < b < 400, > 0,0 < u < 1 and ¢ € Cy; joga, b]. If & > p, then I, @ is continuous on [a, b] and

nlgy@(a) = lim ylIg\ @(1) =
t—a

Lemma 2.12 [2] Let R(a) > 0,0< B < L,y=a+nf—afn—1<y<n n=[R(a)+1land0<a<b <. If ¢ € L' (a,b) and
(uly"9)(t) € AC%a,b], then

n (n—j "*Y
s DL 90 = 1 b)) = 00~ X © s OV 1 )1

Lemma 2.13 [13] Let 0 < a < b < 40,0 <t < 1,9 € Cy joga,c] and @ € Cyy jog[c,b]. Then, ¢ € Cy jogla,b] and
u
1000 o) < max{||<p|\c,l,bgw, (mg(b/a)) 19l }

Theorem 2.14 [5] Let (U,d) be a non-empty complete metric space. Let 0 < @ < 1 and let T: U — U be the map such that, for every
u,v € U, the relation

d(Tu,Tv) < @ d(u,v), 0<w<1

holds. Then, the operator T has a unique fixed point u* € U.
Furthermore, if Tk(k € N) is the sequence of operators defined by

T'=T, T=TT"'eN\ {1},

then, for any ug € U, the sequence {Tkuo}kt'] converges to the above fixed point u*.
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3. Equivalence of the Cauchy-Type Problem (1.1) and (VIE)

In this section, we are going to prove the equivalence of the Cauchy-type problem (1.1) and (VIE). So, we need the following definition:
Definition 3.1 Letn—1<a<n, 0<B <1, y=o+nP —af and 0 < pu < 1. We consider the underlying spaces defined by

gl lab) = {9 € Gy yioglab]: uDF @ € Cyrogla,b]}
and

Cly1ogla:b] = {@ € Cuylogla.b] - Dl @ € Coylogla, ]},

where Cy,_y 10g[a,b] and Cy, jog[a, ] are weighted spaces of continuous functions on (a, b] defined by
Cyiogla.b] = {@: (a,b] = R: (logt/a) (1) € Cla,b]}.
In the next theorem, we studied the equivalence between the Cauchy-type problem (1.1) and (VIE) of the second kind

drt

Zj‘. o oelt/a) ™+ s [ logle/0)* N p(rxe) T 1> G

Theorem3.2Letn—1<a <n,0<B <1,y=a+f(n—a),and assume that ¢(.,x(.)) € Cy 10g[a, b], where ¢ : (a,b] x R — R be a function

forany x € Cyy jog[a,b](n—y < <n—B(n—a)). Ifxec!

n—7,log [a,b], then x satisfies (1.1) if and only if x satisfies the integral equation (3.1).

Proof. First part, we will prove the necessity.
Assume that x € C7 [a,b] is a solution of (1.1). We prove that x is a solution of (3.1) as follows:

n—y,log
By the definition 3.1 of C [a,b], Lemma 2.7 (b) and definition 2.3, we have

—Vlog
HIgIYXEC[a,b], HDa+x—5"H n+ x € Cy_ylogla, b].
Thus, by definition 2.1, we get
HIZ;yx c Cg"nfy[a,b}.

Now, by applying Theorem 2.6, we obtain

(8" Kl " e)@) by
wll. uDY x(1) ; STy (ga)y , 1€ (a,b],
or
n
I+HDa+x ; ,y k+1) Og )}’ tE(avb]v (3.2)

where x,, comes from the initial condition of (1.1). By our hypothesis @(.,x(.)) € C 10¢la,b] and since x € C_y 10g[a,b] C Cyy 10g[a, b],
Lemma 2.7, we can see that the integral zI%, @(.,x(.)) € Cy_g 1ogla,b] for u > o and xI ¢(.,x(.)) € Cla,b] for u < . By applying the
operator yI%, to both sides of the problem of Cauchy-type (1.1) and Lemma 2.12 we obtain

wlly wDyx = ull uDEPx= wIf (uDIPx) = wid o, (33

From (3.2) and (3.3) we get

i Foy ey loe L™+ oz x(@)](0), 1€ (a.b)] oY

which is the (VIE)(3.1).

Second part, we will prove the sufficiency.
Assume that x € C ylog [a, b] satisfies (3.1) which is written as (3.4). Then, yD._ x exists and yD!, x € Cy—y,log[a, b]. Now, by applying
the operator HDa to both sides of (3.4), we get

n

w0 = Dl | B ey 1oe 7+ i [o(a(0)) 0|
=1

By using Lemma 2.5 (a;) and (a3), and definition 2.3, we obtain
#DLx= D [, 0]
= 8" (uly " ull9)
_ 5n( Infﬁ(nfoc)q))
= uDP" g 3.5)
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From (3.5) and the hypothesis HDZ X € Cy_yogla,b], we have

B(n—o)

HDa+ [ORS Cn—}’,]og [a, b] .

Now, by applying H]ﬂn—a) to both sides of (3.5) we obtain

(a2 yD? (1) = (wlP"™® yDE" Y (2, x(0)))(1);
that is,

alP & Il ) (1) = (ulP " DB o(1,x(1)) (1),
Since

8"l P (t,x(1)) = uDE" M @(,x()) € Cuyoglasbl,

[op-a)

and ¥ > f(n— a) and by definition 2.1, we have g peCy, Y[a, b] (also that which is found in the first part of this proof, or by

Lemma 2.7 (b) with 4 < n— f(n— o), for a continuity of HIZ;ﬁ (n—c) @). Then, Theorem 2.6 with definition 2.8 allow us to write

5" (Il P 9))(a)
T(B(k—a))

since it < n— f(n— o). Then, it follows by Lemma 2.11 that

[ uly,? ("‘“)w)} (a) = 0.

Therefore, we can write the relation (3.6) as

WDEPx(e) = ple.x(r) - Y. (log L =), (6)
k=1

HDg‘fx(t) = o(1,x(1)), t € (a,b].

Finally, we will show that the initial condition of (1.1) also holds. For that, we apply HDZ? =& HIZ;Y(j =1,2,...,n) to both sides of
(3.4) and by using Lemma 2.5 (a;) and (a3 ), we obtain

HDLx(t) = xa + [ 8" (P Yo (r,x(1)) | (1) 3.7)
Now, taking the limit as # — a, in (3.7), we get

HDZ:J)C(I,‘)L:H:xa/7 (j=1,2,...,n).

The proof of this theorem is complete.

Remark 3.3 For 0 < a < 1, Theorem 3.2 is reduced to Theorem 21 (see[9]).

4. Existence and Uniqueness

In this section, we will prove the existence and uniqueness results for a solution of the Cauchy-type problem (1.1) in the weighted space
c*P

nylog [a,b] by using the Banach fixed point theorem. For that, we need the following Lemma.

Lemma 4.1 If u € R(0 < p < 1), then the Hadamard-type fractional integral operator yI%, with oo € C(9R(a) > 0) is bounded from
Cu logla, b] into Cy 10g[a, b] such that,

r(1—p)
I HIanr(PHCu_log[aﬁb] < m(10g(t/a))aH‘PHCu_mg[a,b]- “.1

Proof. By Lemma 2.7, the result of this Lemma follows. Now, we will prove the inequality (4.1). By definition 2.1 of the weighted space
Cu,logla, b], we have
I #1124 0l cypgias) = || 108/ @) 112 0] i
< 10lle, yian it Qoglt/a) e, o

Now, by using Lemma 2.5 (a;) (with B replaced by 1 — 1) we obtain

r(l—p)
| BG4 @llCy sogab] < m(log(t/a))aH‘Pch,log[a,hy

Hence, the proof of this Lemma is complete.

Theorem 4.2 Let n — 1 < a <n,0 < B < 1,y = o+ B(n— a), and assume that ¢(.,x(.)) € Cy 1og[a,b], where ¢ : (a,b] xR — R be
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a function for any x € Cy, jogla,b](n—y < u < n— B(n— a)) and satisfies the Lipschitz condition given in definition 2.9 with respect to x.
Then, there exists a unique solution x(¢) for the Cauchy-type problem (1.1) in the weighted space Cg,’fﬁ i [a,b].

Proof. First, we will prove the existence of the unique solution x(r) € C,_y,10g[a,b]. According to Theorem 3.2, it is sufficient to prove the
existence of the unique solution x(r) € Ch—ylog [a,b] to the nonlinear (VIE)(3.1) and that is based on Theorem 2.14 (Banach fixed point
theorem). Since the equation (3.1) makes sense in any interval [a,;] C [a,b], then we choose 1| € (a,b] such that the following estimate
holds

I'(y—n+1)

m(log(h/ﬂ))a <1, 4.2)

W =

where L > 0 is a Lipschitz constant. So, we will prove the existence of the unique solution x(¢) € C,,_y,10¢|a,11] to the equation (3.1) on the
interval (a,#]. For this we know that the space C,,_y,j0¢[a,1] is a complete metric space defined with the distance as

d(x1,%2) = [[x1 —x2lc, e last1] := max, [log(t/a)]" ™" [x1 () —x2(t)]|.
al
The equation (3.1) we be rewritten as the following:
x(t) = (Tx)(2),
where T is the operator defined by
(Tx)() = x0(1) + [ g’ (7, (%)) | (1). 4.3)
with

g Tly— k+1) (log(t/a))"*. 4.4

Now, we claim that T maps from C,_y jog[a,1] into C,_y0gla,t1]. In fact, it is clear from (4.4) that xo(t) € C,—y10gla,t1]. And since
@(t,x(t)) € Ch—ylogla,t1], then, by Lemma 2.7 and Lemma 4.1 [with 4 = n—7y,b =1t; and @(.) = @(.,x(.))], the integral in the right-hand
side of (4.1) is relevant to C,_y1og[a,t1]. Thus, (Tx)(t) € Cp_y 10g[a, 1]

Next, we will prove that T is the contraction. That is, we will prove that the following estimate holds:

HTxl —Txy

6, oglan) S @1 =22l, g O< @ <1 (4.5)
By equations (4.1) and (4.4), and using the Lipschitz condition given in definition 2.9 and applying the estimate (4.1) [with u =n—7y,b =1,
and (1) = @(1,x1 (1)) — (1, x2(1))], we get

| Tx; — Txy Coytoglat] = = || uId @(t,x1(1)) — wI @t x(1)) Co—yioglasti]
| #1g [|<P () = ot20)]le, . an)
L || g [l () =20 le,, o

I'(y—n+1)
Cla+y—n+1)

= Hxl _XZHC,l,y,log lan]»

IA

IA

(log(t1/a))*|lx1 = x2llc, poelan]

which yields (4.5), 0 < w; < 1. According to (4.2) and by applying the Theorem 2.14 (Banach fixed point theorem), we obtain a unique
solution x* € C,_y 10g[a, 1] to (VIE)(3.1) on the interval (a,1].
This solution x* is given from a limit of the convergent sequence (T"x()(t) :

*

”llig}wHmeE; —x =0,

Cn—y.log [“Jl]
where x is any function in G,y j0gla, 1] and
(T"x5)(1) = (TT" ') (1)
=x0(1)+ [ algy (2, (T"'x5) (2)] (1),

Let us put x(t) = xo(t) with xo(¢), which is defined by (4.4).
If we indicate x,,(¢) := (meo)( ), then it is clear that
(1) =

lim Hx
m—seo 17

=0. 4.6)

Cn—y‘log [‘/’Jl]
Next, we consider the interval [f],b]. From the (VIE)(3.1) we have

i e Uosle/a) ™ + s [ (og(0/5) % o(e.x()
* @ J, tox/9) Moexto)
dt

=01+ gy [ oe(t/1)* p(r.x(e) T @)
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where xq; is defined by

dt

0= $ ey et/ 4 s [ o/ et “

and is the known function. We note that xo; € C,—y 10¢[t1,b]. Now, we will prove the existence of the unique solution x(¢) € C,_y 10g[1, 5]
to the equation (3.1) on the interval (71,b]. Also, we use Theorem 2.14 (Banach fixed point theorem) for the space Ch—ylog [f1,%2], where
) € (11,b]) (with ty =11 + hy, hy > 0, 1, < D) satisfies

I'(y—n+1)

Fla ry—ny1)lost/n)* <1

o =L

The space C,,_y,10g[t1,2] is a complete metric space defined with the distance as
dx1,x2) = [lx1 —x2lc, e t1:22] = o log(t/a)]" " [x1 () — x2(1)] |-
[A5)

Also, we can rewrite equation (4.6) as the following:
x(t) = (Tx) (), (4.9)

where T is the operator given by

(Tx)(t) = xo1 (1) + [ w1 @(7.x(7))] (1)

As in the beginning part of this proof, since xo1(f) € Cy—y10g[t1, 2] and @(t,x(t)) € Cy—y10g[t1,12], then, by Lemma 2.7 and Lemma 4.1
[with g =n—7v,b =1 and @(.) = @(.,x(.))], the integral in the right-hand side of (4.9) also belongs to C,_y 10¢|f1,2]. Thus, (Tx)(z) €
Co—yloglt1, 12]-

Furthermore, using the Lipschitz condition given in definition 2.9 and applying the estimate (4.1) [with 4 =n—7y,b =1, and @(r) =
@(t,x1 (1)) — @(t,x2(1))], we get

HTx1 —Tx, Copioglti ] = H H11?+‘P(t7xl(t)) - HI,(I"+(p(t,x2(t)) |c”7%h‘g[;] ]
< | atis llox ) = o2 lic, i
S L H H ll+[‘x1 (l)) _xz(l))” Cn—y,log[flylz]

IA

o lx1 =x2l¢, el

This, together with (4.8), 0 < w, < 1, indicates that T is a contraction. And by applying the Theorem 2.14 (Banach fixed point theorem),
we obtain a unique solution x} € C,_y 1og[t1,%2] to (VIE)(3.1) on the interval (t;,#,]. Moreover, this solution x7 is given from a limit of the
convergent sequence (T"x5,)(¢) :

lim || T"x, fx’fHC =0,

M—s o0 n—ylog|l1:12]
where x§;, is any function in C,,_y,j0g[f1,%2]. Again, we can put xj, () = xo1(¢) defined by (4.7). Hence,

lim Hx x*H
Mmoo 117 HICy—yi10g [ 112]

=0,
where
xm(t) = (T"xg1) (1)
dt

= x01) + g [ Gog/)*p(r.xe) T

Next, if 7, # b, we consider the interval [t;,#3] such that 13 = 1, 4+ hy with iy > 0, t3 < b and

I'(y—n+1)

m(log(%/lz))a <1.

w3:=L
By using the same argument as above, we conclude that there exists a unique solution x3 € C,_y 10¢[t2,#3] to (VIE)(3.1) on [tp,13]. If t3 # b,
then we continue the previous process until we get a unique solution x(r) to the (VIE)(3.1) and x() = x; such that x; € C,—y,j0g[ti—1,4] for
i=1,2,..,L,wherea=1ty <t <t) <..<t,=Dband

I(y—n+1)

m(log(h’/li—l))a <1l

;=

Thus, by using Lemma 2.13, it yields that there exists a unique solution x(¢) € C,_y,10g[a, ] to the (VIE)(3.1) on the whole interval (a,b].
Therefore, x(t) € C,—y,10g]a, b] is a unique solution to the Cauchy-type problem (1.1).

Finally, we will show that such unique solution x(t) € C,_y 10¢[a,b] is in the weighted space Cgﬁ,_’ ula,b]. By definition 3.1, it is sufficient to

prove that HDngB x € Cy jogla, b]. From the above proof, a solution x(t) € C,_y 10¢[a, b] is a limit of the sequence Xy, (¢) € C,_y 10g[a, b] such
that

lim | —x =0. (4.10)

m—»+-oo

Cn—y,log [a‘,b]
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Hence, by using equation (1.1), Lipschitz condition given in definition 2.9 and Lemma 2.4, we have

| DBt~ D0y iy = 9050 000 o
< L (log(b/a))* =" | xm (1) — x(1)]

A

Copaoglad]’ 4.11)

Clearly, the equations (4.10) and (4.10) yield that

lim H HD;xjﬁﬁxm([) — HDZ:’Lﬁx

m—s4-oo (Z) chvlog[aab] =0,

and, hence, ( HDg’f x) € Cylogla,b]. Thus, the proof of this theorem is complete.

Remark 4.3 For 0 < o < 1, Theorem 4.2 is reduced to Theorem 22 (see[9]).
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appear as an inevitable tool. In the past century, considerable efforts have been made and
will continue to be made to solve many nonlinear differential equations. This study is also a
step towards analytical solution of the complex Ginzburg-Landau equation (CGLE) used to
describe many phenomena on a wide scale. In this study, the CGLE was solved analytically
by (1/G’)-expansion method.

1. Introduction

In recent years mathematical and physical aspects of nonlinear phenomena draw much attention [1-4]. Since true laws of nature are drawn
by nonlinear interactions. And, one of the inevitable tools for translating these laws into a mathematical language are nonlinear differential
equations. It would not be an exaggeration to say that the past century was a century of nonlinear equations. Many different nonlinear
differential equations have been the subject of studies to explain various nonlinear phenomena. Some of the most famous of these equations
are Korteweg - de Vries (KdV) [5], Boussinesq [6], Cahn-Hilliard [7], nonlinear Schrodinger [8] and Ginzburg- Landau [9], etc. Especially
complex form of Ginzburg-Landau equation (CGLE) is very interesting due to its capability of explaining very complex events in physics
such as superconductivity, superfluidity [10], strings in field theory [11], Bose-Einstein condensation [12], etc. Due to its flexibility CGLE
has been studied extensively by physicist and mathematicians.

In recent years, analytical and numerical solutions of fractional differential partial differential equations have been obtained by different
methods [7, 13-16]. (1/G’)-expansion method has been widely used to obtain analytical solutions of partial differential equations [17-19].
This method stands out for its flexibility, reliability and convenience. In this study, new wave solutions of conformable time fractional CGLE
were obtained by (1/G’)-expansion method.

2. Governing Equation
In this study, conformable time fractional CGLE is taken account as the governing equation which is in the form of;

iDf + ag+bG (1) = o [Pl Bl(la)e] +74 @
where 1 € (0, 1), x represents the distance along the fibers, while 7 represents the time; a,b, &, 8 and y are constants. The coefficients a and
b arrise from the group velocity dispersion (GVD) and nonlinearity. The terms ¢, 3 and ¥ arrise from the perturbation effects in particular, y

occurs from the debasement effect. In Eq. (2.1), function G must possess the uniformity of the complex function G(\q\z)q which is & times
continuously differentiable, consequently

G(lgP)ge |J C*((=n,n) x (—m,m):R?). 2.2)

m,n=I

Email address and ORCID number: tozarali@gmail.com, https://orcid.org/0000-0003-3039-1834 (A. Tozar)
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To obtain the solution of Eq. (2.1), the usual decomposition into phase-amplitude components produces:
m
q(x,1) = H(E)e 707 ) 2.3)
where the & is defined as
Al
ézk(x—vﬁ). 2.4)

The function H denotes the pulse shape, v implies the speed of the soliton, k denotes the soliton frequency; @ represents the soliton wave
number, 6 represents the phase constant. When the amplitude-phase decomposition subrogated into Eq. (2.1) and separating into real and
imaginary parts, the following equations yields:

(Hg)?

—0H +a(k®Hgg — K°H) + bG(H*)H = 2k* (o — 28) — 2k’ aHg g +yH (2.5)
and

v = —2aK.
By decides on

oa=2f
the first term on the right-hand side of Eq. (2.5) set to zero. Thus Eq. (2.1) becomes

D] +age-+06(af)a = o [2aP e~ (o] + 70 .6
and Eq. (2.5) becomes

k*(a—4P)Hgz — (0 +ax® +y)H +bG(H*)H = 0. @2.7)

3. (1/G’)-Expansion Method

The (1/G’)-expansion method is implemented to various partial differential equations (PDEs) [17-19]. This method is a powerful analtical
method for the computation of analytical solutions of PDEs. Now, lets deal with the nonlinear conformable time fractional partial differential
equation for @(x,?) in the form

Mg dg ¢ I’¢
=y | = .1
where @(x,7) is the unknown function and H is the polynomial of ¢(x,7) and its partial derivatives.
Presentation the wave variable as
Al
(P(X,l):({)(é),gzk(x—v?)‘ (32)

where k and c¢ are parameters. Using Eq. (3.2), we get Eq. (3.1) becomes an ordinary differential equation for ¢ = ¢(&)
F(9,¢', 9", 9",...)=0. (33)

where prime implies derivative respect to £. According to (1/G’)-expansion method, it is supposed that the analytical solutions of Eq. (3.3)
can be expressed as a polynomial of (1/G’) as

<P(‘§)=iai (Gl,)i7 an #0 (3.4)

i=0
where G = G(&) satisfies the second order ordinary differential equation
G'+AG +p=0 (3.5)

and g;(i =0,...,n),A, U are constants to be determined later. To obtain the solution of Eq. (3.5) with G = G(&), the Eq. (3.4) will contain
the following equation

1 1

G(&) —4 +Atanh(A&) — Asinh(A&) G0
where A is integral constant.
Stepl.
The positive integer n in Eq. (3.4) can be stated by figuring out the homogeneous balance between the highest order derivatives and the
highest nonlinear terms of ¢(&) in Eq. (3.3).
Step2.
Replacing (3.4) with Eq. (3.5) into Eq. (3.3) and simplifying by collecting together all the same powered terms of (1/G’), the left hand side
of Eq. (3.3) is turns into a polynomial. After equalizing each coefficient of this polynomial to zero, we get a set of algebraic equations in
terms of ¢;(i =0,...,n),A,U,c, k.
Step3.
By solving the system by symbolic computer software, then replacing the results with the solutions of Eq. (3.5) into Eq. (3.4) leads to
analytical solutions of Eq. (3.3).
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4. Analytical Solutions of Complex Ginzburg-Landau Equation

As it can be seen Kerr law nonlinearity can be applied to Eq. (4.2). Since, non-harmonic motion of electrons with an external electric field
cause to nonlinear responses in the optical fiber. Due to the Kerr law nonlinearity, G(u) is can be taken as u, hence Eq. (2.6) becomes

D]+ aguc+ laPa = o (20 () ()] +34 @
and Eq. (4.2) turns into
k*(a—4B)Hzz — (0 +ak® +y)H + bH> = 0. 4.2)

According to the balance principle, we obtain n = 1. Consequently, the analytical solution of Eq.(4.2) can be obtanied as

H(E) = ag+ay (é) . @3
and thus
¢ (&) =2a,u* (G/zg))s +3a1ApA ((;/25))2 +ajA? (%) . (4.4)

By replacing Egs. (4.3)-(4.4) by Eq. (4.2) and gathering together all the same powered terms of (1/G’), the left hand side of Eq.(4.2) is
turned into another polynomial in (1/G’). Equalizing each coefficient of this polynomial to zero, gets a set of algebraic equations as follows:

0
1
( g ) :faKzaOfa)aOeranyaO:O,

G'(6)
1 \!
(G’(é)) : —4k2ﬁa17tz — way —aka; — Ya, +3ba(2)a1 +Kaa))? =0,
LY L 2 2
:3kfaa A — 12k“Bay Au + 3bagai =0,
(G’(é)) :
Ly 2 2 223
:—=8k“Bau” +2k“aa u” +baj = 0.
() - !
4.5)
Solving the system above, gets
V2aK? +2y4+ 2w Vak +y+o 2ur/ak? +y+ o
/N Dt N 0 M PP R Y 0 W PR B o R 4.6
AVAP—a 0 NG 1 N (4.0)

By the help of the statements (4.6), (4.3) and (3.6), we obtain analytical solutions of Eq. (4.1) as follows:

2 : ol ey
Dol = £ Y AITO o PG
’ Vb A (FAsinh(8&) +Acosh(8&) — &)
where
2axkt
¢ = n
and

V2aKk? +274+ 2w
VB

5. Conclusions

In this study, the complex Ginzburg-Landau equation (CGLE) used in the evaluation of many physical phenomena such as Bose-Einstein
condensation, superconductivity, super-fluidity, semiconductor laser excitations was solved analytically. In order to solve the CGLE, the
(1/G’)-expansion method, which mathematicians have being used in analytical solution of nonlinear partial differential equations in recent
years, has been used. In this study, it has been shown that the (1/G’)-expansion method can be successfully applied in the analytical solutions
of the CGLE. In addition, the flexibility, reliability and convenience of the method have been demonstrated with a new study.
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