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Abstract

The multiple decrement life table application in this study shows that, social insurances for surviving daughters
in Turkey is considerably generous. When causes other than death are eliminated, expected benefit duration for
surviving daughters, is higher than that is calculated for women pensioners who have earned their benefits after
their career. Survivor pensioner daughters are encouraged to remain out of the labour force and receive their
orphan’s pensions, rather than start working. However, benefiting from the demographic dividend requires
covering both men and women in the labour force.

Keywords: Multiple decrement life table, Survivor pensions, Orphan daughters.

Oz

Bu ¢alismadaki ¢ok-azalanl yasam tablosu uygulamasi, 6liim ayligi alan yetim kiz ¢ocuklart i¢in sosyal
sigortalarmn olduk¢a comert oldugunu ortaya koymaktadir. Oliim disindaki ayrilis nedenleri analizden
ctkarildiginda, Tiirkiye'de yetim kiz ¢ocuklar: i¢in beklenen ayhik odeme siiresi, kendi calismalarindan
kaynakl emeklilige hak kazanan kadin sigortalilarin beklenen emekli ayligi alma siirelerinden fazladir. Yetim
ayligr alan kiz ¢ocuklart ¢alismak yerine, iy giicii disinda kalarak yetim ayhiklarimi alma yéniinde
cesaretlendirilmektedir. Ote yandan, demografik firsattan faydalanabilmek kadin ve erkeklerin birlikte is
giiciine dahil olmasindan ge¢mektedir.

Anahtar sozciikler: Cok azalanli yasam tablosu, Oliim ayliklari, Yetim kiz cocuklart.

1. Introduction

Life expectancies at all ages have risen due to the progress in quality of life, an increase in the number of
people seeking health, and an increase in the availability and accessibility of sanitary and health services.
Despite the difference in the phase of epidemiologic transition that countries are passing through, there is
a worldwide trend in increased expected duration of life at old age, not only in the developed world but
also in developing countries. According to the United Nations [1], life expectancy (LE) at birth has risen
10 to 25 years in different regions of the world. At individual level and for society as a whole, to live
longer is a gift. However, if the prolonged life is in ill health, the process becomes burdensome for both
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the individual and the country. At the individual level, the quality of life is low, while at the country level
it is the public pressure on finance, which makes the process difficult. Longevity leads to a rise at the
durations of retirement benefits, thus putting more pressure on the national budget. The expenditure on
public pensions when measured as percentage of Gross Domestic Product, have risen 2.5% on average
since 1990 [2]. Therefore, increased life span and low levels of mortality during retirement is more
frequently discussed in academic and policy oriented literature.

Pay As You Go financed public pension systems sustain the expenditures of current pensioners from
today’s active working population. Similarly, future contributors will finance future pension payments to
today’s active contributors. Nevertheless, population ageing disrupts the balance between contributors and
beneficiaries. Pension reforms become indispensable instruments for tackling the burden of population
ageing. If there is not enough number of contributors to pay for the liabilities of pensioners, public pension
systems face financial unsustainability and budget deficits. In case, that the country manages the
demographic gift appropriately, a cumulative burden on labour, sustainable pensions and economic
growth is avoidable until the opportunity window closes [3]. In this respect, Turkey anticipates a window
of opportunity until 2040 [4]. Turkish pension system has a challenge for the next 20 years to solve
current problems regarding; early retirement, generous rights for surviving women and meanwhile has to
prepare for the contemporary issues for creating jobs during the “gift’.

The popular opinion about ‘retirement’ in Turkey covers benefits that are transferred from deceased
family members. Common people call their survivor benefits as their ‘retirement’. Besides, long term
insurance branch in Turkey covers old age, disability and survivor insurance. The contribution load is 20%
of declared wage. The person is under the insurance umbrella for the aforementioned risks by paying the
contribution that is calculated on actual earnings. Survivors of two different insured groups can get
survivor pensions. Firstly, the deceased person who was receiving (or was entitled to receive) an old age
or disability pension before death is under coverage. Secondly, active working people who have paid at
least 900 Days of Contribution (DoC) with at least five Years of Service before death are covered.
Spouses are directly eligible to benefits regardless of their own pensions or active salaries. Children under
18 (20 if pre-university student and 25 if university student), disabled sons sor daughters at any age,
unmarried, divorced or widowed daughters who are not insured or receive any sort of social security
benefits are also eligible [5]. 50% of the pension amount of the deceased is paid to the spouse whereas
orphans receive 25%. Apart from these, surviving daughters receive two years accumulated value of
suvivor pensions as at marriage date, as a marriage grant.

In addition to the old-age pension which is paid to the retired individual, Social Security Institution (SSI)
provides death benefits to survivors of the deceased according to special conditions. Surviving spouses,
children, mother and father may be eligible to death benefits. Benefits are also stopped, not only by a
single decrement “death” but also by marriage, by working or by reaching a specific age. Therefore a
multiple decrement process is on duty.

In Turkey, major life table (LT) studies rely on indirect methods on account of the poor death registration
in the country. Incompleteness of death counts was estimated to be around 17% in 2005 by Hosgor [6].
The dataset, that is used, is either Turkey Demographic and Health Survey-TDHS (see [7-11]), population
census data of Turkish Statistical Institute-TurkStat ([12-14]) or burial records [15]. All the authors who
have used the TDHS data, estimate adult mortality with “orphanhood” method which is popular in case
that the death registration is poor. Taylan and Yapar [16] use address based population register system
data of Turkey and obtain period LTs for 2009, 2010 and 2011.

There are examples of LTs which are constructed via direct techniques with deaths records of pensioners
or employees of SSI. In 2005, Tuzgol [17] constructed a life table for pensioners beyond age 30, with four
years (2000-2003) of SSI administrative data. Death rates were graduated by the method proposed by
Whittaker [18]. In addition, she had to borrow the rates from Turkish national data of TurkStat or apply
specific constant increment coefficients for crude death rates for females beyond 90 (and males 75+
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respectively). Other LT technique applications with SSI data in recent native literature include, multiple
incerement-decrement LTs for the actively insured employees ([19-20]) and the 2008 SSI table which was
prepared under Life and Annuity Life Table Construction Project of the Turkish Treasury [21]. LTs were
constructed with data of mixed groups of insured persons (retirees, invalidity pensioners, active
contributors) as units of analysis.

The aim of this study is to construct multiple decrement life tables for survivor pensioner daughters. SSI
data on withdrawals from survivor benefits and mid-year beneficiaries for 2012 to 2016 is used as input
data. Units of analysis for the multiple decrement LT application in this study are daughters thar are
receiving survivor pensions. In the following parts of the study, age specific expected duration of survivor
benefits of daughters are analysed with multiple decrement LT application.

2. Data and Methods

In this section, the steps of calculations and the assumptions that is used for producing different columns
of the LTs.are highlighted.

2.1. Data sources and description of data

SSl is the major information source in Turkey for the life events for the retired, as the institution pays the
monthly benefits to the pensioners. Main events that requires the cessation of benefits is tracked.
Therefore SSI has data on, in-year deaths, withdrawals and mid-year number of beneficiaries, which is the
key material when constructing LTs. In this study, withdrawals and pensioner figures for 2012 to 2016 is
used to depict average pension payment durations of surviving daughters. LTs are modelled with big data.
In total, 140,740 withdrawals and 2,403,655 daughters that are exposed to risk are covered. Information
for event and exposure is loaded to SSI server and data is prepared by SAS Enterprise Guide.

2.2. Description of age and ‘daughter’

“Age at last birthday” which is also known as “age in completed years” or “actual age”, takes the number
of years completed alive by the person for a date of reference into account [22]. In this study, age is
defined as “age at last birthday”. Completed age at death is calculated by the exact date of death and the
exact date of birth. Similarly, exact date of birth and mid-year data of pensioners (July 1) gives the age at
mid-year for a specific year.

The daughter definition is made according to the current legislation. The surviving daughter of a deceased
pensioner (or active contributor, with at least 1800 DoC -or 5 years of service with 900 DoC- for longterm
insurances before death) is under coverage with specific additional conditions. The additional conditions
are as follows:

- “The ones who have completed the age of 18, the age of 20 in case receiving education in high
school or equivalent, or the age of 25 in case receiving higher education; or

- The ones who are found to be disabled by losing minimum 60% of working power based on
Institution Health Committee decision (regardless of his or her marital status); or

- The daughters, whatever the ages are, not married, divorced or widow.” (see [5]).



i. Sirin | istatistikgiler Dergisi: Istatistik&Aktiierya, 2020, 2, 48-60 51

2.3. Multiple decrement processes

Let DL describe the number of decrements from cause i between age x to x +n, where ,D.. is the

number of deaths between age x and x +n then, a “constant of proportionality” [23] reflecting
decrements other than cause i between age x to x + n is given by:

n‘Dx - nDalc

nDe L
Probability of surviving ,,p.., death probabilities , q. and the average person years lived between
age x and x + n, by those die in n years ,a.., the number of survivors [, are received from the

all-cause LT. For the probability of surviving from x to x +n, where only decrements due to
causes other than i between age x to x +n is at force, is equal to:
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Similarly, one can calculate survivors at age x + n, with
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where the superscript —i reflect the causes other than i that are in effect. In order to get the
person years lived L.,
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the average person years lived between age * and * T 7 by those die due to causes other than £

in the interval =% and the number of pensioners that die between age * to * + ™ s needed. For
the first age group x = 45 and the last age x = 84 before the open ended interval, the approach
proposed by Preston et al. [24] is used and ,;a" is obtained with the equation,

jaf=n+REEE (g _n).
nlx 5)



i. Sirin | istatistikgiler Dergisi: Istatistik&Aktiierya, 2020, 2, 48-60 52

All Decrements

1800
1600 ™=

1400 Q
1200 -
1000

800 \A
400

200
L o o e e L B e o o e e e L B o oo o o o e e e e ML o e e o o o e e e e e

v =1.461x? - 88.774x + 1610.7 s All Decrements
R2=10.9689 Polinom. (All Decrements)

Figure 1. Distribution of all cause decrements that is needed to decide on the suitable nly'

Since all cause decrements support the assumption of second degree polynomial distribution with a R of
97% (Figure 1), for the ages in between (x=46 to x=83), following Keyfitz [25], »% is calculated by the
equation;
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The LT functions for the open ended interval are as follows:
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Life expectancy at age * in the absence of cause L s, e, E, and can be calculated by the following
equations.
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3. Results

Figure 2 shows expected survivor benefit payment duration to daughters at selected ages when all causes
are at force and when causes except death are eliminated. Life table details for all single ages are
presented in Annex. Naturally, more decrements imply increased transition probability from the
‘beneficiary’ status and thus lower expected benefit duration. However, at each consecutive age, the



i. Sirin | istatistikgiler Dergisi: Istatistik&Aktiierya, 2020, 2, 48-60 53

contribution of causes other than death diminishes. As daughters get older, it is less likely that they work
or get married. That is visible with shorter difference between the bars in Figure 2. After 70, the principal
cause that affects expected years to be spent as survivor pensioner, is death. Finally, the survivor pension
has to cease for some reason and that is death of the beneficiary daughter.
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Figure 2. Expected duration of survivor benefits in years (Daughters).

In reality, all causes are at force according to the current legislation. The red bars in Figure 2 show that a
50 year surviving daughter is expected to reveice pension benefits during the remaining 28.2 years. Long
benefit payment durations and generosity of the pension system in Turkey is visible. In other words, SSI is
expected to pay pensions in the next 23.3 years to a 60 year old surviving daughter, under the assumption
that daughters will be subject to transition rates during 2012-2016 in their remaning ‘life’. But it is
noteworthy that ‘life’ hereby represents duration that is spent as survivor beneficiary and life is not only
continuable by being alive but also by not exiting to other causes.

Figure 3 is derived from Figure 2 and it represents the details of the difference between all cause and
cause eliminated (causes other than death) LT application results. In Figure 3, the difference is
decomposed by causes. Causes other than death have three categories; work, marriage and other. If deaths
were the only cause, a 55 year old daughter would be expected to receive survivor benefits for the
remaining 28.7 years. But work, marriage or other causes provide 2.7 years reduction in the average
duration. Finding a job and starting to work and as a result losing the benefit is figured with ‘Work’. It has
the lowest contribution to the gap. ‘Marriage’ is the second reason in the ranking and finally the highest
contribution to the gap is due to annulment, suspension, absence or other remaining reasons.
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Figure 3. Relative contribution of causes other than death to the expected duration of survivor benefits.

The striking behaviour observed in recent years is the unregistered work of the surviving daughters in
order not to lose the benefit that they get. Moreover, surviving daughters avoid marriage or if married,
they get divorced and continue to live in the same household with the ex-husband. According to Figure 3,
an additional duration can be gained by daughters (for instance 1.6+0.6=2.2 at age 50) if some life events
are not declared to SSI. From the perspective of SSI, there is a potential abuse possibility which may
increase the financial burden that is on the institution. Daughters, who get involved in such abuse are
expected to continue being survivor pensioners considerably long.

The comparison of average benefit durations between orphan daughters and women old age pensioners is
in Figure 4. Although survivor beneficiary daughters do not earn their own pension by working, but have a
transfered pension, they are expected to get benefits less than max 6.5 years shorter (age 50) than an old
age pensioner.

At all ages below 70, daughters receive benefits for durations that is equal to or considerably close to the
average pension payment durations of women who have earned their benefits after life time working
history. Weighted average durations are even 3.3 years higher for surviving daughters (26.9 years) when
compared with women pensioners (26.6 years).
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Figure 4. Expected duration of retirement benefits and survivor benefits.

4. Conclusion

The multiple decrement life table application in this study shows that, social insurances for surviving
daughters in Turkey is generous. Weighted average of expected benefit payment duration to daughters,
with number of beneficiaries as weights, is 26.9 years which is higher than the weighted average of 26.6
years calculated for women receiving old age pensions. Put it differently, the period SSI is expected to pay
benefits to daughters that do not work, participate in the labour force, is more than the period that women
pensioners are expected to receive as retirement pension.

Gruber and Wise [26] discuss whether social security has impacts on low labour force participation in the
industiralized countries. They suggest that, social security contributed to the decline in participation rates
via generous benefits at young ages, early retirement or easy pathways to disability insurance. In this
sense, survivor benefit regime in Turkey is also generous that, non working daughters are encouraged to
stay out of labour force and receive their pensions, rather than start working and lose their survivor
benefits. However, the demographic window of opportunity is forecasted to end after 2040. To benefit
from the dividend and develop sustainably, both men and women are needed in the economic production
process. 2023 targets or benefiting from demographic dividend can not be possible by leaving half of the
population outside the labour force. Therefore, encouraging survivor beneficiary daughters to earn their
own pensions and offering incentives to those taking part in the labour force may be among suitable policy
options.

An important posit hereby is the contradiction between government policies. Under main policy pillars of
National Employment Strategy, policies to strenghten labour partcipation of women are discussed in the
section “Increasing employment of those needing special policies” [27]. However, neither this section, nor
the section on “strengthening links between employment and social protection” provides criticism for the
existing generous survivor pensions system in the country.
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ANNEX. Multiple Decrement LTs
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LT in the absence of causes other than deaths&marria
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Oz

Finansal ve aktiieryal bagimlilik modellemesi ¢aligmalarinda siklikla tercih edilen eliptik kopulalar, dinamik
bagimlilik modellemesi elde etmek ve kuyruk bagimlilig: ile eliptik bagimliligin modellenebilmesi gibi ¢esitli
nedenler ile diizenlenebilir. Diizenlenmis s6zde-kopula ile esnek bir bagimlilik modellemesi elde edilir. Bu
caligmada, diizenlenmis sozde-kopula fonkiyonlarinin diizenlemeden sonra da sozde-kopula fonksiyonu
ozelligini korudugu gosterilmis ve bu fonksiyonlarin elde edilme agamalari verilmistir. Uygulama boliimiinde,
s6zde-kopula fonksiyonlarinin diizenlenmesinin etkinligi perspektif ve izohips egrileri ile incelenmis ve
diizenlemenin sagladig1 fayda, diizenlenmis sdzde-kopula regresyon modelleri yardimiyla gosterilmistir.

Anahtar sozciikler: Bagimlilik, Diizenlenmis sozde-Gauss kopula, Eliptik kopula, Kuyruk bagimhilig:, Sézde-
gozlemler.

Abstract
Flexible dependence modelling with elliptical pseudo-copulas

Elliptical copulas, which are frequently preferred in financial and actuarial dependency modeling studies, can
be modified for various reasons such as obtaining dynamic dependency modeling and modeling tail dependency
and elliptic dependence. With the modified pseudo-copula, a flexible dependency modeling is obtained. In this
study, it is shown that the modified pseudo-copula functions preserve pseudo-copula function feature after the
modification and the stages of obtaining these functions are given. In the application part, the efficiency of the
modification of the pseudo-copula functions is examined with perpective curves and contour lines, and the
benefit provided by the modification is demonstrated with the help of modified pseudo-copula regression
models.

Keywords: Dependence, Modified Gaussian pseudo-copula, Elliptical copula,, Tail dependence, Pseudo-
observation.
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1. Giris

Bagimlilik modellemesi denince akla ilk gelen modeller kuskusuz kopula fonksiyonlaridir. Ortak olasilik
dagilim fonksiyonlarmin, marjinal olasilik dagilim fonksiyonlar ile ifade edilmesini saglayan Sklar’in
Teoremi, birgok bagimlilik ¢alismasinin temelini olusturur [1]. Bagimlilik ¢aligmalarinda kopula, daha ¢ok
finansal ve istatistiksel veriler i¢in kullanilmus, aktiierya bilimlerinde ise bagimliligin kopula ile
modellenmesi yakin gegmiste ¢aligilmigtir.

Aktiieryal galismalarda kopula ile bagimliligin modellenmesinde, Frees ve Valdez’in [2] ¢aligmas1 6nemli
ve temel kaynak niteligindedir. Hayat sigortalarinda ¢oklu azalim modellerinde ve birlesik yasam
rtinlerinde [3, 4], saglik sigortalarinda hasar tutari ile sayisi arasindaki [5, 6] bagimlilik kopula ile
modellenmistir. Hayat dis1 sigortalarda ise, hasar tutari ile sayisi arasindaki bagimliligin [7, 8, 9], hasar
sayilart arasindaki bagimliligin [10, 11], hasar tiirleri arasindaki bagimliligin [12-14], hasar nedenleri
arasindaki bagimliligin [15, 16], hasar siiresi ve hasar tutari arasindaki bagimhigin [17] ve mekansal
bagimliligin [18, 19] modellemesinde kopula fonksiyonundan yararlanilmaktadir. Hayat dis1 sigortalarin
rezerv hesaplamalarinda [20-23] ve aktiieryal verilerle yapilan finansal ¢alismalarda da [24-26] bagimliligin
modellenmesinde kopula kullanilmigtir.

Eliptik dagilimlarin toplami yine bir eliptik dagilim oldugundan, ¢ok degiskenli eliptik dagilimlardan elde
edilen eliptik kopula fonksiyonlari, finansal g¢aligmalarda varlik portfoylerindeki bagimligin ve aktiierya
bilimlerinde toplam hasardaki bagimliligin modellenmesinde tercih edilir [27]. Eliptik dagilim ailesinin en
sik kullanilan tiyeleri Gauss kopula ve t-kopula fonksiyonlaridir. Gauss kopula fonksiyonu, ¢ok degiskenli
normal dagilima bagli olarak tanimlandigindan ve degisken sayisinin ¢ok olmasi durumunda, diger
parametrik kopula fonksiyonlarina gore ¢alisilmasi daha kolay oldugundan tercih edilir [28, 29]. Gauss
kopula fonksiyonu sahip oldugu bu avantajlarin yaninda, asimetrik bagimliligin, eliptik bagimliligin,
dairesel simetriye gore bagimliligin ve kuyruk bagimliliginin modellenmesinde yetersiz kalmaktadir [28,
30, 31, 32].

Bagimlilik calismalarinda, var olan kopula fonksiyonlar1 daha dinamik bagimlilik yapilar1 elde etmek ya da
kuyruk bagimlilig1 ve eliptik bagimliligin modellenebilmesi gibi gesitli sebeplerle diizenlenmistir. Patton
[33, 34] zamana bagli olarak degisen kosullu bagimliligin ve ¢ok degiskenli bagimliligin modellenebilmesi
amactyla kosullu kopula tanimmini gelistirmistir. Fermanian ve Wegkamp [35, 36], kosullu kopula
fonksiyonlarin1 gelistirerek sozde-kopula fonksiyonlarini tanimlamustir. S6zde-kopula fonksiyonu ile
kopulanin duragan yapisindan uzaklasarak, dinamik yani zamana gdre degisen bir yap1 kazanmasi
amaglanmaktadir. So6zde-kopula fonksiyonunun iligki katsayisi, ¢esitli fonksiyonlar yardimiyla
degistirilerek, diizenlenmis s6zde-Gauss kopula gelistirilmistir [30, 31]. Kopula fonksiyonlarinda yapilan
degisikliklerin etkisinin test edilmesi ve farkli kopula fonksiyonlarmin karsilastirilastirilarak uygun
kopulanin segilmesi ile ilgili calismalar da yapilmistir [37, 38].

Bagimlilik ve iligkili olma durumu farkli olmakla birlikte, birbiri ile baglantilidir. Gauss kopula gibi baz1
bagimlilik modelleme yontemlerinde parametrenin direkt iliski katsayisi olmasindan dolay1 bagimlilik iligki
katsayisi ile dogrudan iliskilendirilebilir. Degiskenler arasindaki iliski; kovaryans, varyans-kovaryans
matrisi, iliski katsayis1 ve iliski matrisi ile dl¢iilebilir. Iliski katsayis1 ve iliski matrisi; kovaryans ve varyans-
kovaryans matrisinin standartlastirilmig halidir. Rastlant1 degiskenleri arasindaki iliski; Pearson dogrusal
iligki katsayist, sira iligki katsayilarindan Spearman’in p ile Kendall’in 7 katsayilart ve kuyruk bagimlilig
katsayis1 olarak siniflandirilan bagimlilik l¢iimleri ile incelenebilir.

Bu c¢alismada, s6zde-Gauss kopula fonksiyonlarinin diizenlenmesiyle elde edilen diizenlenmis s6zde-kopula
fonksiyonlari ile esnek bir bagimlilik modellemesi sunulmustur. Diizenleme yardimiyla verideki bagimliliga
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uygun kopula fonksiyonu ile dogru bir bagimlilik modellemesi elde edilerek, bagimlilik hesaplamalara dahil
edilebilir ve gercege daha yakin hesaplamalar yapilabilir.

Bu calismada Ikinci Boliim’de genel olarak kopula fonksiyonlari, dzellikleri ile eliptik kopulalardan Gauss
kopula ve sdzde-Gauss kopula fonksiyonlar1 hakkinda kisaca bilgi verilmistir. Ugiincii Béliim’de
diizenlenmis s6zde-kopula fonkiyonlarinin elde edilme asamalari ve diizenlemeden sonra da kopula
fonksiyonunun s6zde-kopula fonksiyonu 6zelligini korudugu gosterilmistir. Dordiincti Boliim’de
diizenlenmis s6zde-kopula regresyon model yardimiyla bagimlilik varsayimi altinda hasar tutan ile
sayisinin ortak dagilim ve ortak olasilik yogunluk fonksiyonlarinin ¢ikarimina kisaca yer verilmistir. Besinci
Bolim’de Sigorta Bilgi Merkezi (SBM)’den alinan verinin kullanildigi uygulamada, s6zde-kopula
fonksiyonlarinda diizenleme yapmanin etkinligi perspektif ve izohips egileri ile incelenmis ve diizenlemenin
sagladig1 esneklik diizenlenmis sdzde-kopula regresyon modeli yardimiyla gosterilmistir. Calismanin
sonucunda elde edilen sonug ve bulgulara ise Altinc1 Boliim’de yer verilmistir.

2. Yontem

2.1. Kopula

Bagimlilik modellemesi denince akla ilk gelen kopula fonksiyonu 1959 yilinda Sklar tarafindan ortaya
atilmis ve hala bircok c¢alismanin temelini olusturmaktadir [1]. Istatistik, ekonomi, ekonometri ve finans
gibi bir¢ok bilim dalinda degiskenler arasindaki bagimliligin modellenmesinde kopula fonksiyonlarindan
yararlanilmaktadir. Aktiierya Bilimleri alaninda kopulanin ilk kullanildigi c¢alismalar agirlikli olarak
finansal ¢aligmalar olmakla birlikte, zaman i¢inde hayat ve hayat dis1 sigortalar matematiginde bagimlilik
modellemesinde tercih edilmistir.

Bag, iligki ve birlikte hareket eden anlamlarina gelen kopula, ¢ok degiskenli ve normal olmayan dagilimlarin
tanimlanmasinda ve bagimliligin modellenmesinde kullanilir. Kopula fonksiyonu, marjinal dagilimlar
birlestiren ¢cok degiskenli dagilim fonksiyonu olarak tanimlanabilir [39]. Dagilim fonksiyonlariin tanim
araligi 1=[0,1] oldugu i¢in kopula; marjinal uniform dagilimli rastlanti degiskenlerini birlestiren ¢ok
degiskenli bir dagilim fonksiyonu olarak da tanimlanabilir.

Kopula fonksiyonlarmin daha iyi anlasilabilmesi i¢in reel eksen, genisletilmis reel eksen, artan ve azalan
fonksiyonlarin 6zellikleri, bir fonksiyonun hacmi gibi temel matematiksel bilgilerin verilmesinde fayda
vardir. (—o0,00) agik araligi R reel eksenini, [—oo, o] kapali aralig1 ise R genisletilmis reel ekseni ifade
eder. Benzer bigimde; R? = RxR reel diizlem iken, R? = R xR genisletilmis reel diizlemdir.
Genisletilmis reel diizlem tizerinde iki kapal araligin kartezyen carpimi; koseleri (xq,V1), (X1,¥2),
(x2,v1) ve (x3,y,) olan B = [xq, x5]x[yy, ¥2] dikdortgenidir. iki degiskenli H(.,.) fonksiyonunun
tanim kiimesi DomH, R ? genisletilmis reel diizlemin alt kiimesidir ve aym fonksiyonun gériintii kiimesi
RanH fonksiyonu, R reel eksenin alt kiimesidir [39].

S; ve S5, R genisletilmis reel ekseninin bos olmayan alt kiimeleri ve H(.,.) tamim kiimesi DomH =
S1xS, olan bir fonksiyon olsun. B = [xq, x31x[y1,¥2], H(.,.) nin tamm bdlgesindeki tiim noktalar
iceren bir bolge olsun. B bolgesinin H-hacmi,

Vy(B) = H(x2,¥,) — H(x3,y1) — H(x1,¥2) — H(x1,y1) 1)
bi¢imindedir.
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Kose noktalari, H(.,.) fonksiyonunun tanim kiimesi DomH iizerinde olan tiim B dikddrtgenleri igin
Vy(B) = 0 ise, iki degiskenli H(.,.) fonksiyonu 2-artandr.

1°=[0,1]x[0,17’den 1=[0,17’e¢ tamimlanan ve C(.,.) ile gosterilen iki-degiskenli kopula fonksiyonu
calismalarda kisaca C kopula fonksiyonu olarak kullanilmaktadir. u = (uq,u,) ve v = (v4, v,) olmak
iizere C: I? — I 2-degiskenli kopula fonksiyonunun saglamas: gereken zellikler asagida belirtilmistir [39]:

1. Her ue[0,1] i¢in, w’nun iiyelerinden biri 0 iken, kopula fonksiyonu 0 degerini alir.
C(uy,0) =C(0,uy) =0
2. Herue[0,1] igin asagidaki esitlikler saglanmalidir.
Cluy, 1) =u; veC(,uy,) =u,
3. Her uel0,1] veve[0,1] icin u; < u, ve vy < v, ise kopula hacmi Vi = Vi 1 1xuy.,]
pozitiftir.
Ve = C(up, v2) — C(ug, v1) — C(uy, vz) — C(uy,v1) 20

Kopula fonksiyonu, u ve v degiskenleri kullanilarak tanimlanabildigi gibi, Sklar’in Teoremi yardimiyla
dagilm fonksiyonlar1 kullanilarak da tanimlanabilir  [1]. Dagilim fonksiyonlari  Fy, (x1),

Fy,(x3),....Fx, (xy,) olan n rastlanti degiskeni olsun. Sklar’in Teoremi’ne gore,

Fx, .x, (X1) o) Xp) = C[Fy, (x1), e Fx, (x)] (2

esitligini saglayan bir C kopula fonksiyonu mevcuttur.

Fy, (x1), ..., Fx, (x,) marjinal dagilim fonksiyonlar: siirekli ise, C kopula fonksiyonu tektir ve deger
kiimeleri tizerinde tek olarak tammlanir. Diger taraftan, C bir kopula fonksiyonu ve Fx, (x1), ..., Fx, (xp,)
marjinal dagilim fonksiyonlart ise C[Fy, (x1), ..., Fx, (x,)] fonksiyonu n rastlanti degiskeninin ortak
olasilik dagilim fonksiyonudur. Sklar’in Teoremi, kopula fonksiyonlarinin varligin1 gosteren bir teoremdir.

Kopula fonksiyonunun elemanlar1 kesikli veya karma ise C fonksiyonu tek degildir ancak bir kopula
fonksiyonudur.

Kopulalar parametrik ve parametrik olmayan kopulalar olarak ayrilabilir. Parametrik kopulalar genel olarak
eliptik kopula (t-kopula (Student) ve Gauss kopula) ve Arsimet kopula (Clayton kopula, Gumbel kopula,
Frank kopula) olarak ayrilir [40]. Parametrik olmayan kopulalar Bernstein, grid-tip ve kernel kopulalar
olarak siiflandirilabilir. Bu kopula fonksiyonlarinin disinda bir¢ok kopula fonksiyonu mevcut olup, farkli
bagimlilik yapilarinin modellenmesinde kullanilirlar. Eliptik kopula tiirlerinden biri olan Gauss kopula
fonksiyonu olduke¢a yaygin kullanilan bir kopula tiiriidiir.

2.1.1. Gauss Kopula

®(.) tek degiskenli standart normal dagilima ait dagilim fonksiyonunu, ®,, (. |I") T iliski matrisine sahip n
degiskenli standart normal dagilima ait dagilim fonksiyonunu gostersin. 4 = (uy, ..., U,) € I olmak
tizere C: I — I n-degiskenli Gauss kopula fonksiyonu asagidaki gibi yazilir:

C(uli '--Junlr) = q)n(q)_l(ul)t B q)_l(un)lr) (3)

n=2 durumunda elde edilecek 2-degiskenli Gauss kopula fonksiyonu asagidaki gibi elde edilir:
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C(uy, u,|I) = ¢n(¢_1(u1);¢_1(u2)|r) (4)
0 @M (ug) P (uyR) 1 52—2pq,st+t?
CluupD) =5, 7 [, " oo P {—m} dsdt (5)
1 pp2
r= [
Pz 1

Bagimlilik modellemesi ¢alismalarinda Gauss kopula diger kopula tiirlerine gore daha ¢ok tercih edilir.
Gauss Kopula fonksiyonunun avantajlar1 Brigo ve digerleri [28] ile Song [29] tarafindan asagidaki gibi
siralanmustir:
= Kopula fonksiyonundaki degisken sayis1 ¢ok oldugunda, Gauss kopula fonksiyonu ile ¢aligmak
diger parametrik kopula fonksiyonlarina gére daha kolaydir.
= (Cok degiskenli normal dagilima bagli olarak tanimlanan Gauss kopula fonksiyonundaki iliski ve
bagimlilik 6l¢timleri kolay tanimlanir.
»  Gauss kopula fonksiyonunun tiim bilesenleri klasik dogrusal regresyon modeli oldugunda, vektor
genellestirilmis dogrusal model (VGDM), klasik ¢ok degiskenli dogrusal modele doniisiir. Ancak
diger parametrik kopula tiirleri ile olugturulan VGDM’ler i¢in ayn1 durum s6z konusu degildir.

Gauss kopula fonksiyonunun avantajlari olmasina karsin; asimetrik bagimliligin, eliptik bagimliligin,

kuyruk bagimliliginin ve dairesel simetriye gére bagimliligin modellenmesinde yetersiz kalmaktadir [28,
30, 31, 32].

Dagilim fonksiyonlar1 Fy (x) ve Fy, (x;) olan iki rastlant1 degiskeni olsun. Eger,
Ay = lim P (X2 > Fy ! (u)|X1 > Fy ! (u)) 6)
u-1
ise X; ve X, rastlant1 degiskenleri iist kuyruk bagimliligina sahiptir ve A;; € (0,1] dir. Eger,
A, =1im P (X, < Fe@)|X, < Fw) )
u—0

ise X; ve X, rastlant1 degiskenleri alt kuyruk bagimliligina sahiptir ve A; € (0,1] dir. Eger X; ve X,
rastlant1 degiskenleri bagimsiz ise Ay = A; = 0’dir [28]. Gauss kopula fonksiyonunda iist ve alt kuyruk
bagimliligi olmadigi icin Ay = A, = 0°dur.

Finansal ve aktiieryal verilerde asimetrik bagimlilik ve kuyruk bagimliligi ile karsilasma olasilig: yiiksektir.
Bu nedenle ozellikle gergek veri ile yapilan uygulamalarda, bagimlihigin modellenmesinde kopula
fonksiyonlarinda belirli diizenlemeler yapilabilmektedir [30, 31].

2.2. Sozde-Kopula

Kopula fonksiyonlarn ile bagimlilik duragan olarak modellenmektedir, ancak finansal ve aktiieryal
verilerdeki bagimlilik dinamik bir yapiya sahiptir. Fermanian ve Wegkamp [35, 36] ¢alismalarinda daha
dinamik bir bagimlilik yapisi elde etmek amaciyla Patton [33, 34] tarafindan 6ne siiriilen kosullu kopulay1
gelistirerek sdzde-kopula fonksiyonunu tanimlamiglardir. Patton’un [34] kosullu kopula tanimi, Fermanian
ve Wegkamp [36] tarafindan 6l¢iim kurami ve Sklar’in Teoremi’ne ait Ozellikleri saglayacak sekilde
gelistirilmigtir. Kosullu ve sézde-kopulalar, Cherubini ve digerleri [41] tarafindan parametreleri ve sekli
zamana gore degisen dinamik kopulalar olarak adlandirilmustir.

u = (uy, .., u,) ve v = (v, ..., v,) olmak iizere PC: I — I n-degiskenli s6zde-kopula fonksiyonun
saglamasi gereken 6zellikler agsagida belirtilmistir:
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1. Her wue[0,1]" icin, wnun iiyelerinden en az biri 0 iken i=1,..,n icin
PC(uq, ., Uj—1, 0, Uj4q, o, Upy) = 0°dir.

2. PC(1,..,1) = 1’dir.
3. Her uel0,1]" ve ve[0,1]" igin, u < v (uy < vy, ..., Uy < V) iken, [w, v]’nin kopula hacmi

olan Viy, v,1x..x[unvy) POZitiftir [35, 41].

Sézde-kopulalar, bir 6zellik diginda kopula fonksiyonu 6zelliklerini saglar. S6zde-kopulalara has olan bu
ozellik, PC (uy, ..., Uy ) ¢ok degiskenli kopula fonksiyonunda 1 < k < n i¢in u;, disinda tiim elemanlarin
1’e esit olma kosulunun aranmamasidir.

Fermanian ve Wegkamp [35] ile Cherubini ve digerleri [41] s6zde-kopulanin diger 6zelliklerini tanimlamak
amaciyla baz1 teoremlerden yararlanmislardir. H(.) R™ de tanimli n-degiskenli bir dagilim fonksiyonu ve
Fi(.),...,FE,(.) R de tamml tek degiskenli n adet dagilim fonksiyonu olsun. Her x = (x4, ..., X,), X =
(%y, ..., %) i¢in 1 < j < n iken Fj(x;) = F;(¥;) ise H(x) = H(%) olur. Her x = (xy, ..., ;) i¢in
H(x) = C(F;(x1), ..., F,(x,) ) esitliginin saglandigi bir C(.) sozde-kopula fonksiyonu mevcuttur.
Ayrica C(.) eger bir sdzde-kopula fonksiyonu ve F;(.), ..., F,(.) fonksiyonlar tek degiskenli dagilim
fonksiyonlari ise, H (. ) fonksiyonu n-degiskenli bir dagilim fonksiyonudur [35]. C(.) sdzde-kopulasi her
j=1,..,n ve x = (xq,..,xX,) € R™ igin ancak ve ancak H(OO, s Xj, ...,00) = F}-(xj) esitligini
sagliyorsa bir kopula fonksiyonudur [41].

S6zde-Gauss kopula, en yaygin kullanilan sézde-kopula fonksiyonudur ve bir tiir eliptik kopuladir. Eliptik
kopulalar, eliptik dagilimlar i¢in Onerilmis kopulalardir. Gauss dagilimi diginda finansal galigmalara
uygunluk saglayan t-dagilimimin kullanildigi kopula fonksiyonlar1 da vardir. Eliptik sdzde-kopulalar ile
daha dinamik bir yap1 elde edilmektedir. Ancak dairesel simetriden dolayr alt ve iist kuyrugu ayni
algilandigindan, alt ve {ist kuyruk bagimliligin1t modelleme de yetersiz kalirlar. Zaman i¢inde bu sorunlari
gidermek i¢in Arsimet ve s6zde-Arsimet kopula fonksiyonlar: tanimlanmustir [39]. Arsimet kopulalarla ¢ok
degiskenli ¢alismalar yapmak zor oldugundan ve gergek veriye uyum saglamada sorun yasandigindan
bagimliligin modellenmesinde yetersiz kalmistir. Kopula fonksiyonlari belirli diizenlemelerle degistirilerek
[30, 31] veya farkli kopula fonksiyonlar1 agirlikli ortalama veya dogrusal kombinasyon gibi belirli
fonksiyonlarla bir araya getirilerek [42] bu sorunlar giderilmeye ¢alisilmaktadir.

2.3. Diizenlenmis Sozde-Kopula

Kuyruk bagimliliginin olmamasi, 6zellikle gercek veri uygulamalarinda oldukga kullanigh olan Gauss
kopula fonksiyonunun eksik yonlerinden biridir. Standart Gauss kopula yerine s6zde-Gauss kopula
fonksiyonunu kullanan Fang [30] ile Fang ve Madsen [31] ¢alismalarinda eliptik ve kuyruk bagimliligini
daha iyi modellemek amaciyla bu kopula fonksiyonlarini diizenlemislerdir. Gergek sigorta verileri ile
kullanilabilecek dinamik yapida, eliptik bagimliligi ve kuyruk bagimliligin1 modelleyebilen diizenlenmis
sozde-kopula fonksiyonlari 6nerilmistir. S6zde-kopula fonksiyonlari yeniden tanimlanirken iliski matrisi
diizenlenmistir. I' iligki matrisinin elemanlar1 olan iliski katsayilarini; modelin kuyruga yakinsama hizini
kontrol eden a;; parametresi, modelin kuyruk seklini kontrol eden b;; parametresi ile kopulanin

elemanlarinin (U4, ..., Uy, ) bir fonksiyonu olarak diizenleyerek I'* diizenlenmis iliski matrisi elde edilmistir.
Yapilan diizenlemeler agsagida kisaca 6zetlenmistir:
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*  (C(uy, ..., Uy) standart bir kopula fonksiyonudur. Kesim 2.1°de verilen tiim 6zellikleri sagladigi
varsayilir.

» PC(uq,...,u,) bir sozde-kopula ise, standart kopulanin saglamasi gereken 6zelliklerden,

c@,..,ug, ...1) = u, 1<k <p esitligini saglamak zorunda degildir.

» PC(uq,..,u,) bir diizenlenmis sdzde-kopula ise, standart kopulamin saglamasi gereken
ozelliklerinden biri olan; C(1,...,uy,...1) = ug, 1 < k < p esitliginin saglanmas1 gerekmez.
I'* diizenlenmis iligki matrisinin elemanlari olan p; j iliski katsayilari, modelin kuyruga yakinsama
hizin1 kontrol eden a;; parametresi ve modelin kuyruk seklini kontrol eden b;; parametresi ile
kopula fonksiyonunun elemanlari olan u = (uy, ..., U,) nun bir fonksiyonu olarak p; =
f (ui, uj; agj, by;) bigimindedir. I'* diizenlenmis iliski matrisi asagida verilmistir.

1 piz = f(A12,b12;Uq,up) o Pin = (@1 b1ns Uy, Up)
r* = P12 = f (@12, b12;uy,u3) 1
pIn = f(alnr bin; ul'un) 1

Fang ve Madsen [31] iliski katsayisin1 tanimlamak i¢in bes farkli fonksiyon ele almistir. Bu fonksiyonlarin
se¢iminde eliptik yapidan dolay trigonometrik fonksiyonlar tercih edilmistir. Fang ve Madsen [31], p;; =
f(ayj, bij, u;, u;) fonksiyonunu kisaca p(u, v; a, b) olarak ele alip, tammlama yapmustir. Iliski katsayisin

tamimlamak icin ele aldiklar1 fonksiyonlar b(1 — auv), b cos (ga(l - uv)), b sin (ga(l — uv)),

b tan (% a(l— uv)) ve b exp{—a(1 — uv)} dur. Ilk dért fonksiyon igin @ € [0,1], son fonksiyon igin
a € [0, 00)’dir. Tim fonksiyonlar i¢in b € [—1,1] alinmustur.

Bu fonksiyonlar 0 ve 1 arahiginda deger alan fonksiyonlardir. @ = 0 ve b = 0 oldugunda, diizenlenen
kopula fonksiyonlar1 bilinen kopula fonksiyonlarina déniismektedir. Tamimlanan bes fonksiyonda, b = 0
ise p = 0 olacagindan kopula modeli C (1, V) = uv bigiminde bagimsiz kopula modeline déniismektedir.
a = 0 iken, Fonksiyon 3 ve Fonksiyon 4 i¢in, p = 0 olacagindan kopula modeli bagimsiz kopula modeline

dontismektedir. a = 0 iken; Fonksiyon 1, Fonksiyon 2 ve Fonksiyon 5 kopula modeli s6zde- Gauss kopula
modelidir [31].

Fang ve Madsen [31] tarafindan 6nerilen diizenlenmis kopula fonksiyonunun Gauss kopula fonksiyonuna
gore daha kullanish olmasini saglayan ozellikler asagidaki gibi siralanabilir:

Kalin kuyruklu, alt/iist kuyruklu ve eliptik dagilimlar ile iyi sonuglar verir.

Simetriklik ve asimetriklik sorununa ¢6ziim sunar.

Pozitif ve negatif bagimlilik sorununa ¢6ziim sunar.

S6zde-kopula, olasilik yogunluk fonksiyonu i¢in kapali form tanimlayabilir.

3. Sozde-Kopula Fonksiyonlarinin Diizenlenmesi

Sozde-kopula fonksiyonlari, Kesim 2.3’te verilen diizenlemeden sonra da sdzde-kopula fonksiyonu olma
ozelliklerini korur. Bu 6zelliklerin saglandig1 agagida gosterilmistir. PC (U1, U2 |T™) esitliginde q;1 Ve ;i
normal skorlarmin ®~1(u;;) ve ®1(u;,) degerlerine esit oldugu bilgisiyle, degiskenler y ve z olarak
degistirilirse asagidaki esitlik elde edilir:
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1 71 (2071, 0 @M

PC (w1, up|T™) = NO ¢(q)—1(y))q.’)(¢_l(z))

dydz

F [ pa(@1 (), 0L (DIT)
N = dyd
| | ey
1 pi
p12 1

Ozellik: u;; veya u;, degerlerinden herhangi biri 0 oldugunda PC (u;;, u;, |T*) kopula fonksiyonu 0

degerini alir.

uj; =0
0 Uiz

N Ll[[ 0 e @Ir) 1
PC(0,u;|I") = Nf P10 PO (D) dydz =5+0=0
U =0

Uiz 0 Ujq

N[ (@7 @) o 1 1

PC(u;1,0IT") = N_[ qb(CD‘l(y))qb(Cb‘l(z)) dydz = Nbf 0dz = N 0=0

0 0

Ozellik: u;; ve u;, degerlerinden ikisi de 1 oldugunda PC (u;1,u;»|T'*) kopula fonksiyonunu 1
degerini alir.

Ui =1lveuy, =1
11

o1 [ (92007, @I
PC(1,1|T*) = NOJ ) ¢>(CI>‘1(}/))¢>(CD_1(Z))

16207, 7N
N=1Jy ko $(@71 ()¢ (@1 (2)

dydz

dydz bigiminde tammlandigindan,

1
PCLAM) =~ +N =1

Ozellik: Kopula hacmi Viy,, v, 1xfu,v;,] = 0°dir.

N ve dolayisiyla % pozitif degerlidir.

v _ l 71 Uiz ¢2 (CI)_l(}/); q)—l(z)ll-*)
pktetel TN ) 6@T00)8(07@)

Ujr Uj2

dydz
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o f f $2(071(), @ (I
I O CR®)
S50
N
Integralin i¢indeki tiim degerler pozitif degerlidir.
0 < ¢ (@71(y), @ 1(2)|T*) < 1 (iki degiskenli olasilik yogunluk fonksiyonu)
0<¢(dt(y) <1 (tek degiskenli olasilik yogunluk fonksiyonu)
0< (],')(CD_l(Z)) <1 (tek degiskenli olasilik yogunluk fonksiyonu)
(],’)(CI)_l (y))(;b((b_l (Z)) > 0 (tek degiskenli olasilik yogunluk fonksiyonu)
Integrali olusturan tiim degerler 0 veya 0’dan biiyiik oldugundan kopula hacmi 0 veya 0’dan biiyiiktiir.

V[uil'viﬂx[uiz'viz] =0

Iki degiskenli kopula fonksiyonu ile ilgili 6zel bir durum séz konusudur. iki degiskenli kopula
fonksiyonunda kopula hacmi, 0 < u;; < uj; < 1ve 0 < vy < v, < 1 olmak iizere,

Viug v lxluip vin] = C(uiz, viz) — C(ugy, viz) — C(uiz, viq) + C (g, vig)
esitligi ile ifade edilir. Bu fonksiyon, [u;1, Vi1 |x[1;,, Vi ] bOlgesinde,

P(ujy <u<uyy,v; <v<v5,) bir dagilm fonksiyonudur. Bir dagilim fonksiyonu oldugu igin
P(uj; Su<uy,vy <v <) = 0dir Diger bir ifade ile, Viwgy wiIxl
ozelligin de saglandigi goriiliir.

wipviy] = 0 olur ve lgiinci

Fang ve Madsen [30, 31]¢alismalarinda onerdikleri diizenlenmis s6zde-Gauss kopula fonksiyonlarinin,
standart Gauss kopula fonksiyonuna goére daha iyi oldugunu uyum iyiligi testleri ile incelemislerdir. Ayrica
diizenlenmis s6zde-kopula fonksiyonun diger sdzde-kopulara gore daha iyi performans gosterdigi ve daha
esnek bir model oldugu sigorta ve finans verisini igeren gercek veri analizi ve Kendall’in t yaklagimina gére
yapilan benzetim ¢aligmasi ile gosterilmistir. Diizenlenmis sdzde-Gauss kopula fonksiyonun, s6zde-Gauss
kopula fonksiyona gore kuyruk bagimliligin1 daha iyi modelledigi ve yine diizenlenmis sézde Gauss kopula
fonksiyonun, parametrik kopula tiirlerinden biri olan Arsimet kopulalara gore dairesel simetriye gore
bagimlilig1 daha iyi modelledigi gosterilmistir.

4. Bagimhlik Varsayimi Altinda Hasar Tutar1 ile Sayisinin Ortak Dagilim ve Ortak Olasilik Yogunluk
Fonksiyonlari

Bu calismada s6zde-kopula fonksiyonlari tizerindeki diizenleme, diizenlenmis s6zde-kopula regresyon
modelleri [43] yardimiyla bagimlilik varsayimi altinda elde edilen hasar tutari ile sayisinin ortak dagilim ve
ortak olasilik yogunluk fonksiyonlari ile gdsterilmistir. Bu nedenle kopula regresyon modelleri [7, 8] ile
diizenlenmis sdzde-kopula regresyon modellerine [43] kisaca deginilmistir.

Hasar tutarinin gamma ve hasar sayisinin Poisson dagilimli oldugu varsaymmu altinda, I' iligki matrisi ve
C(.,.|T) Gauss kopula fonksiyonunu gdstermek iizere, kopula regresyon modeli,

C(Gamma GDM, Poisson GDM|T")
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bi¢iminde olusturulmaktadir. Diizenlenmis s6zde-kopula regresyon modelinin elde edilmesi amaciyla Fang
[30] tarafindan 6nerilen diizenlenmis sdzde-kopula fonksiyonu, Czado ve digerleri [7] tarafindan 6nerilen
karma regresyon modeli i¢ine dahil edilmis ve 6zellikle hayat-dis1 sigortalarda hasar tutari ile sayisi
arasindaki bagimliligin modellenmesinde kullanilan modeller 6nerilmistir. '™ diizenlenmis iliski matrisi ve
PC(.,.|T*) diizenlenmis sbzde-Gauss kopula fonksiyonu olmak iizere, diizenlenmis sdzde-kopula
regresyon modeli,

PC(Gamma GDM, Poisson GDM|I'*)

bi¢iminde olusturulabilir [43]. Kastenmeirer [8] ile Czado ve arkadaslarinin [7] ¢alismasina benzer sekilde
kopula fonksiyonun tiirevi, kismi artik test istatistigi yardimiyla ifade edilirse,

: . O~ ()1 uy) |
Py, upT7) = @ (TOLLLE ) o ) ©

iligkisi elde edilir. Hasar sayisina iliskin kesikli kismin kopula tiirevi i¢in

/ —p* D (uip ) —p P (ug) -
P (s, ™ IT7) 1= @ (SO0 o p ) (yu,) ©)

iligkisi kurulmustur.

PC{(uq,u;2|T*) kopula tiirevi, ortak olasilik yogunluk fonksiyonuna ge¢gmek amactyla bulunmustur.
Kopula fonksiyonu ortak olasilik dagilim fonksiyonu ile kopula tiirevi de ortak olasilik yogunluk fonksiyonu
ile iligkilidir. Bagimlilik varsayimi altinda hasar tutar1 ile sayisina ait ortak olasilik dagilim fonksiyonu
Skalar’in Teoremi yardimiyla Egitlik (10) ile ve ortak olasilik yogunluk fonksiyonu karma kopula yaklagimi
[7], Radon-Nikodym Tiirevi [29] yardimiyla Esitlik (11) ile asagidaki gibi elde edilmistir:

Fy,x, (xi1, Xi2) = PC (1, u;2|T™) (10)
lexz (Xi1, Xi2) = fx1 (x;1)[PCy (Ui, u2 [T™) — PCy (g, ui~ IT™)] (11)

PCi(.,.,IT") :=D,: (.,.) oldugundan Esitlik (11),

fry 1) [ D, (F, Gein), P, (i) )|, iz =0
fx, (xi1) [Dp”;z (FX1 (xi1), Fy, (xiz)) — Dy, (FX1 (xi1),Fx2 (xi2 — 1))] Xip 21

(12)
bi¢iminde Esitlik (12) ile ifade edilebilir. Burada Karadag Erdemir [43] tarafindan onerilen diizenlenmis
sozde-kopula regresyon modeli yardimiyla elde edilmis hasar tutari ile sayisina ait ortak olasilik dagilim ve
ortak olsilik yogunluk fonksiyonlari en sade sekliyle 6zetlenmistir. Model varsayimlari, fonksiyonlarin elde
edilme asamalar1 hakkinda detayli bilgi i¢in Karadag Erdemir’in [43] ¢alismast incelenebilir.

fxlx2 (xi1,%i2) =

5. Uygulama

Sozde-kopula fonksiyonunun uygulamalarinda s6zde-gézlemlerden yararlamlir [30, 31]. R;j, X;; rastlanti
R; I
(n+1)
X; = (Xiq, ..., X;q)T rastlanti degiskenlerinden rank yardimiyla hesaplamir (i=1,...n; j=1,...d). E()

degiskeninin ranki ve 4l;; = olmak iizere, W; = (fljy, ..., jq) T sozde-gozlemlerini gostermektedir.
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n nFi(X;;)
(n+1) (n+1)
dagilm fonksiyonu yardimiyla da ifade edilir [44]. Gauss kopula fonksiyonu iginde U; =
(fij1, 0j2)€[0,1]? sozde-gdzlemlerinden yararlamlmustir. Sozde-gozlemler ile calismanin avantaju, kitleyi
en iyi sekilde temsil edecek o6rneklemle calisma olanagi saglamasidir [45]. S6zde-gozlemler R’da copula
paketi altindaki pobs() fonksiyonundan yararlanarak, Sigorta Bilgi Merkezi’nden (SBM) alinan 2017 yili
Tiirkiye kasko sigortalarina ait hasar tutar1 ve sayilarindan iretilmistir. SBM’den elde edilen hasar
degiskenlerine ait betimleyici istatistikler Cizelge 1’de verilmistir.

dagilim fonksiyonu ve olgekleme katsayisi olmak tizere, bir sozde-gozlem 1i; j= bi¢ciminde

Cizelge 1. Hasar degiskenlerinin betimleyici istatistikleri

Minimum 1.Ceyrek Medyan Ortalama 3.Ceyrek Maximum

Toplam Hasar Tutari 51,67 425 1.000 2.128,48 2.350 174.206
Ortalama Hasar Tutar1 51,67 429 966,43 2.068,57 2.249,37 130.000
Hasar Sayisi 1 1 1 1,035 1 8

Hasar tutar1 degiskenini modellemek i¢cin Gamma GDM ve hasar sayist degiskenini modellemek igin
Poisson GDM’den yararlanilmistir. Bu iki marjial GDM, diizenlenmis s6zde-Gauss kopula fonksiyonu i¢ine
dahil edilerek Dordiincti B6lim ’de bahsedilen diizenlenmis sézde-kopula regresyon modelleri elde
edilmistir.

S6zde-Gauss kopula fonksiyonu, kopulanin parametresi olan iligki katsayisi yardimiyla diizenlendiginden,
diizenlemenin faydasini analiz etmek amaciyla, sabit iliski katsayili sozde-Gauss kopula fonksiyonu ve
cesitli fonksiyonlarla diizenlenmis s6zde-Gauss kopula fonksiyonlarinin perspektif ve izohips grafikleri elde
edilmistir. Diizenlemede Fang ve Madsen’in [31] ¢alismasindaki ii¢ fonksiyon ele alinmistir. a;,, modelin
kuyruga yakinsama hizin1 ve b;,, modelin kuyruk seklini kontrol eden parametreler, (ti;,1,) sozde-
gozlemler olmak iizere bu fonksiyonlar;

piz = byzcos (g a;p(1 - ﬁ1172)), aiz € [0,00) ve by, € [-1,1] (13)
pi5 = bypsin (g a;2(1— ﬁlaz)): ai; € [0,00) ve by, € [-1,1] (14)
pi5 = byptan (% a;z(1— ﬁ1ﬁ2)): aiz € [0,00) ve by, € [-1,1] (15)

bigimindedir. Fonksiyon 1, 2 ve 3 sirasiyla pj2, pi5 ve pf% ile gosterilmistir.

Diizenlenmis Gauss kopula fonksiyonlarinin persfektif ve izohips grafiklerini vermeden once kisaca bu
grafiklerin tanimimin ve ozelliklerinin verilmesi faydalidir. Perspektif grafikleri degiskenler arasindaki
iliskileri incelemek amaciyla kullanilmaktadir. Ug boyutlu grafik yorumlar1 zor oldugundan, perspektif
grafikleri yerine genellikle iki boyutlu izohips egrileri yorumlanir. Bagka bir ifade ile izohips egrileri li¢
boyutlu sekilleri iki boyutlu olarak ifade eder. Gauss kopula fonksiyonu ile ¢alisildigindan ¢ok degiskenli
normal dagilimdan yararlanilir. Izohips egrileri 6zdegerler ve varyans-kovaryans matrisinin 6zvektorleri
yardimuyla cizilir. izohips egrileri grafiginde cizgiler esit olasilikli olaylar1 gsterir ve olasilik izohipsleri
eliptik bir sekle sahiptir. Elipslerin yonii 6zdegerlerin yoniine, elipslerin uzunlugu ise 6zvektor ¢arpimlarina
baghdir [46].

(iy, t,) s6zde-gdzlem ¢ifti yardimiyla sabit iliski katsayisi, fonksiyon 1, 2 ve 3’e gore diizenlenmis iliski
katsayilarina gore izohips egrileri verilmistir. Cok sayida farkli p , a;5 ve by, degerleri ile grafikler
cizdirilmistir. Kopula fonksiyonlari tizerinde iligki matrisi yardimiyla diizenleme yapmanin avantajmin daha
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iyi anlagilmasi i¢in sabit ve diizenlenmis iliski katsayili fonksiyonlar i¢in p=0,30, a;,=0,75 ve b;,=0,75
alindiginda elde edilen grafik ¢izimleri Sekil 1’de verilmistir.

W

00 02 04 06 08 10

00 02 04 06 08 1.0

u

W

00 02 04 06 08 10

Fonksiyoen 1 Fonksiyon 2 Fonksiyon 3

W
W

00 02 04 06 0B 10

00 02 04 06 08 10

00 02 04 08 08 1.0 00 02 04 06 08 1.0 00 02 04 06 08 1.0

u u u

Sekil 1. Sabit ve diizenlenmis iliski katsayili s6zde-Gauss kopula fonksiyonlara gore ortak olasilik

yogunluk fonksiyonlarinin izohips egrileri

Sabit ve her bir diizenlenmis iliski katsayisi i¢in ortak olasilik yogunluk fonksiyonlarimin grafiklerine
bakilirsa farkli kuyruk bolgesi olasiliklar1 goriilmiistiir. iliski katsayisinin sabit bir deger yerine, fonksiyon
seklinde diizenlenmesi daha esnek ve dinamik bir bagimlilik modellemesi saglamaktadir. Ayrica kuyrugun
sekli fonksiyondan fonksiyona degistigi icin farkli kuyruk bagimhilik yapilar elde edilebilmektedir. Bu
diizenleme risk grubunun o6zelligine gore farkli iliski katsayilar1 ve dolayisiyla farkl iligki matrisleri ile
caligilmasina olanak tanimaktadir.

Diizenlemenin etkisi incelendikten sonra, diizenlenmis s6zde-kopula regresyon modeli ile bulunan hasar
tutar1 ve sayisinin ortak olasilik dagilim ve ortak olasilik yogunluk fonksiyonlarimin ii¢ boyutlu perspektif
ve iki boyutu izohips egrileri sabit p1,=0,25 iliski katsayis1 i¢in sirasiyla Sekil 2’de ve Sekil 3°te verilmistir.

Ortak Dagilim Fonksiyonu Ortak Olasilik Yogunluk Fonksiyonu

Sekil 2. Ortak olasilik dagilim ve ortak olasilik yogunluk fonksiyonunun perspektif grafigi (sdzde-

Gauss kopula)
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Ortak Dagiim Fonksiyonu Ortak Olasilik Yogunluk Fonksiyonu

o |
- [ ——————
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Sekil 3. Hasar tutar ve sayisinin ortak olasilik dagilim ve ortak olasilik yogunluk fonksiyonunun
izohips egrileri (s6zde-Gauss kopula)

Sabit iliski katsayili s6zde-Gauss kopulanin kullanildigi durumda, Sekil 2°de {i¢ boyutlu olarak verilen ortak
olasilik dagilim ve ortak olasilik yogunluk fonksiyonlari, Sekil 3’te iki boyutlu ifade edilmistir. Ortak
olasilik yogunluk fonksiyonuna ait izohips egrisinden, pozitif yonli ve diigik diizeyli bir iligki
gozlemlenmektedir ve p=0,25 gibi pozitif kii¢iik bir deger oldugundan bu beklenen bir sonugtur.

Diizenlenmis fonksiyonlardan p{% i¢in, a,,=0,75 ve b;,=0,75 iken hasar tutar1 ve sayisinin ortak olasilik
dagilim ve ortak olasilik yogunluk fonksiyonlariin ii¢ boyutlu perspektif ve iki boyutu izohips egrilerini
sirasiyla Sekil 4’te ve Sekil 5’te verilmistir.

Ortak Dagiim Fonksiyonu Ortak Olasilik Yogunluk Fonksiyonu

Sekil 4. Ortak olasilik dagilim ve ortak olasilik yogunluk fonksiyonunun perspektif grafigi
(dtizenlenmis so6zde-Gauss kopula)

Ortak Dagiim Fonksiyonu Ortak Olasilik Yogunluk Fonksiyonu

| \ | Teom
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Sekil 5. Ortak olasilik dagilim ve ortak olasilik yogunluk fonksiyonunun izohips egrileri (diizenlenmis
s6zde-Gauss kopula)
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Ucgiincii fonksiyona gore diizenlenmis iliski katsayili sozde-Gauss kopulanim kullanildigi durumda, Sekil
4’te li¢ boyutlu olarak verilen ortak olasilik dagilim ve ortak olasilik yogunluk fonksiyonlari, Sekil 5’te iki
boyuta indirgenmistir. Ortak olasilik yogunluk fonksiyonuna ait izohips egrisinden pozitif yonlii ve yiiksek
diizeyli bir iliski g6zlemlenmektedir. a,,=0,75 ve b;,=0,75 Katsayilar1 pozitif ve bulundugu deger araligina
gore yiiksek degerler oldugundan, izohips egrisinden gozlenen iligki beklenen bir sonugtur.

Yukarida Sekil 1, Sekil 3 ve Sekil 5 ile incelenen tiim ortak olasilik yogunluk fonksiyonlarinin grafiklerine
bakildiginda, farkli kuyruk bolgesi olasiliklar1 goriilmiistiir. Standart Gauss kopula fonksiyonunda kuyruk
bagimlilig1 yoktur. Diizenleme ile Gauss kopulanin bu eksikligi esnetilir ve farkli kuyruk bagimlilik yapilari
elde edilebilir [30, 31]. Normal dagilim simetrik bir dagilim oldugundan, alt ve iist kuyruk bolgesindeki
olasilik degerleri ayn1 ve simetriktir. p = 0 oldugunda, s6zde-Gauss kopula fonksiyonu bagimsiz sézde-
Gauss kopula fonksiyonu C(iiq,1,) = 1,1, ye doniisiir. Gauss kopula fonksiyonunda iliski durumu
bagimlilik ile dogrudan iliskilendirilebildiginden, degiskenler arasinda iliski olmadig1 durumda diger bir
ifade ile bagimsizlik durumunda (p,,=0) grafikler, Sekil 6 ve Sekil 7 ile verilmistir.

Ortak Dagilim Fonksiyonu Ortak Olasilik Yogunluk Fonksiyonu

Sekil 6. Ortak olasilik dagilim ve ortak olasilik yogunluk fonksiyonunun izohips egrileri
(bagimsiz s6zde-Gauss kopula)

Ortak Dagilim Fonksiyonu Ortak Olasilik Yogunluk Fonksiyonu
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Sekil 7. Ortak olasilik dagilim ve ortak olasilik yogunluk fonksiyonunun izohips egrileri
(bagimsiz s6zde-Gauss kopula)

Ortak olasilik yogunluk fonksiyonunun perspektif grafigi, iliski olmamasi diger bir ifade ile bagimsizlik
durumunda dikdortgensel bir sekil almistir. Ortak olasilik yogunluk fonksiyonunun izohips grafiginden ise
bagimsizlik durumu agikca goriilmektedir.
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6. Sonuc ve oneriler

Istatistiksel ve finansal bagimlilik modellemesi ¢alismalarinda siklikla kullanilan kopula fonksiyonlari
zaman i¢inde aktiierya bilimlerinde de yogun olarak kullanilmaya baglamistir. Hayat sigortalarindan saglik
sigortalarina, saglik sigortalarindan hayat dis1 sigortalara kadar aktiierya bilimlerinin bir¢ok alt bransinda
ve finansal aktiieryal verilerdeki bagimlilik ¢alismalarinda kopula fonksiyonlarindan yararlanilmaktadir.

Ozellikle eliptik sdzde-kopula fonksiyonlarindan sdzde-Gauss kopula fonksiyonlari eliptik dagilim
ozellikleri nedeniyle diger kopula tiirlerine gére daha cok tercih edilmektedir. Avantajlarinin yaninda Gauss
kopula fonksiyonlarinin bagimlilik modellemesinde yetersiz kaldigi noktalarda vardir. Gauss kopula
fonksiyonlari, 6zellikle gercek sigorta ve finans verilerinde karsilasilma olasiligi yiiksek olan kuyruk
bagimliligi, asimetrik bagimlilik, eliptik bagimlilik ve dairesel simetriye gére bagimlilik gibi bazi bagimlilik
tiirlerini modellemede eksik kalmaktadir. Bu soruna ¢6ziim tiretmek amaciyla Gauss kopula fonksiyonunun
parametresi olan iligki katsayisi, belirli fonksiyonlarla diizenlenerek esnek bir bagimlilik modellemesi elde
edilmistir.

Fang ve Madsen [31] tarafindan dnerilen diizenleme yaklasimi, Karadag Erdemir [43] tarafindan s6zde-
kopula regresyon modellerine dahil edilmistir. Bu kombinasyon sonucunda diizenlenmis s6zde-kopula
regresyon modelleri tanimlanmis ve bagimlilik varsayimi altinda hasar tutar1 ile sayisinin ortak dagilim ve
ortak olasilik yogunluk fonksiyonlarinin kapali formlar elde edilmistir.

Kopula fonksiyonlar: iizerinde diizenleme yapilmasi sonucunda esnek bir bagimlilik modellemesi elde
edilmistir. Diizenlemenin sagladig etkinlik, bagimlilik varsayimi altinda hasar tutar1 ve sayisinin ortak
dagilim ve ortak olasilik yogunluk fonksiyonlarinin perspektif ve izohips egrilerinin grafikleri ile
incelenmistir. Calisilan verideki hasar tutari ve sayisi arasindaki iliskiye gore belirlenebilecek fonksiyonlar
ve yine fonksiyonlarda kullanilacak kuyruga yakinsama hizim ve kuyrugun seklini kontrol eden
parametreler yardimiyla kullanici tarafindan kontrol edilebilen esnek bir bagimlilik modellemesi elde
edilmistir. S6zde fonksiyonlarin kullanilmasiyla birlikte daha dinamik ve farkli fonksiyonlarin
kullanilabilmesiyle daha esnek bir bagimlilik modellemesi sunulmustur.
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Abstract

In this paper, we are interested in a consensus generator which combine two belief functions obtained from
equally reliable and independent sources of information. The independence mentioned here is between
occurrences of the sources of information. We propose a new consensus generator called “Analytic Fusion
Process” which satisfy the idempotent and commutative law. Furthermore, this method also produces a measure
of conflict shows whether the original beliefs were in harmony or in conflict. Another advantage is that the
measure of conflict produced by this method reflects both qualitative and quantitative conflict.

Keywords: Mathematical theory of evidence; Dempster-Shafer theory, Belief function; Data fusion; Consensus
generator; Analytic fusion process; Integer programming.

Ozet

Kanit kuraminda yeni bir birlestirme yontemi “Analitik Birlestirme Siireci”

Bu ¢alismada, esit derecede giivenilir ve bagimsiz bilgi kaynaklarimdan elde edilen iki kanaat fonksiyonunu
birlestiren bir uzlagma olusturucu ile ilgileniyoruz. Burada bahsedilen bagimsizlik, bilgi kaynaklarinin
olusumlary arasindadir. Es kuvvetlilik ve degisme ozelliklerini saglayan "Analitik Birlestirme Siireci” adli yeni
bir uzlagma olusturucu oneriyoruz. Bu yontem aymi zamanda orijinal kanaatlerin uyum iginde mi yoksa ¢eliski
halinde mi oldugunu gésteren bir c¢eliski oOlgiisii iiretir. Diger bir avantaj, bu yontemle iiretilen celiski
Olgiisiiniin hem nitel hem de nicel ¢eliskiyi yansitmasidir.

Keywords: Kanit kurami, Dempter-Shafer kurami, Kanaat fonksiyonu, Veri birlestirme, Uzlasi tiretici, Analitik
birlestirme stireci, Tam sayui programlama.

1. Introduction

The mathematical theory of evidence (MTE), also known as Dempster-Shafer (DS) theory of evidence,
has gained relatively wide acceptance as a reasonable tool for the representation, and combination such as
revision, updating and conditioning of uncertain knowledge, evidence or information. The seminal work
[1] on this subject is carried out by G. Shafer in 1976. This work was an expansion of A. Dempster’s study
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[2] about upper and lower probabilities dated 1967. In a finite discrete space, MTE can be interpreted as a
generalization of probability theory where probabilities are assigned to sets as opposed to mutually
exclusive singletons [3]. On the other hand, there are also some theoritical contributions which can be
considered as an extension of the classical MTE but includes fundamental differences [4, 5, 6, 7].

Aggregation or fusion of information are basic concerns for all kinds of knowledge-based systems from
image processing to decision making, from pattern recognition to machine learning [8]. The basic rule of
combination to aggregate or fusion of information from distinct bodies of evidence in the framework of
MTE is Dempster’s rule of combination (DRC). However, after L. A. Zadeh presented an example for
which this method gives counter-intuitive results especially in the case of existence of high conflict
between bodies of evidence [9, 10], the success story of DS theory was abruptly slowed down [11]. In
literature, also other examples claiming that DRC gives counter-intuitive results can be found [12, 13, 14,
15, 16]. Although R. Haenni and many others state that the counter-intuitive results are not a problem of
DRC, but rather a problem of misunderstandings and misapplications [17, 11]; many alternative
combination rules have been proposed in the framework of the MTE [18, 19, 20, 21, 13, 14, 22, 23, 24,
25, 26] for situations where DRC is not applicable, where its assumptions are not satisfied. D. Dubois and
H. Prade have stated that many alternative rules can potentially occupy a continuum between conjunction
(AND-based on set intersection) and disjunction (OR-based on set union) [27]. DRC is a conjunctive
operation, because in the pairwise combination phase, the intersections of focal elements from distinct
bodies of evidence are used. In this phase of some combination rules, the union of focal elements are used.
These rules are called disjunctive operation. There is also a third type of combination rules called tradeoff
operation in which task is carried out by using both intersection and union operators [27].

There are some alternative combination rules that have different assumptions from MTE on dependency
of the sources of information or on reliability of the sources. R. Haenni and S. Hartmann’s paper
approaches the problem of independent and partially reliable information source from a very general
perspective by using the theory of probabilistic argumentation [6] as modeling and DS theory of evidence
as the underlying mathematical mechanism [28]. If the independency of the sources of information
assumption is questionable, M. E. G. V. Cattaneo suggests using the least specific combination
minimizing the conflict among the ones allowed by a simple generalization of Dempster’s rule [29], does
not propose a new method. In MTE, if the requirement of independence between sources of information is
not satisfied, it is prevented a direct application of Dempster’s rule. So, in [30] P. A. Monney and M. Chan
proposed a method for dealing with this situation. The method relies on the ability of the theory of hints
[5] to explicitly represent variables for which probabilistic information is avalibale. The fundamental
limitation of DRC lies in the assumption that the belief functions combined be based on distinct bodies of
evidence. So, in the case of nondistinct bodies of evidence, T. Denceux proposed two new commutative,
associative and idempotent operators for belief functions; the cautious conjunctive rule, and the bold
disjunctive rule [31]. These operators rely on the transferable belief model [4]. Beside the distinctness
assumption, the choice of one operator between two depends on assumptions regarding reliability of the
sources. If all are reliable then the cautious conjunctive rule, or if at least one is reliable then the bold
disjunctive rule was recommended. In the recently paper, K. Yamada proposed a new model of
combination and a new rule of combination called combination by compromise as a consensus generator
[32]. This combination model for consensus generation is based on the assumptions that the information
sources are independent in the sense of occurrance but may collide with each other over their contents,
and that the information sources may not be totally reliable.

Experts and researchers in the fields today have no agreement on the superiority on one combination
method over the others [33, 17, 34, 15]. To prevent this confusion about the belief combination, it should
be clear what it means to combine belief functions; conditioning, revisioning, updating, consensus
generating or anything else. Then, it should be stated expressly what kind of dependence or independence
assumed. There are many concepts of dependence. In [30], P. A. Monney and M. Chan discriminate
between dependence at the sources level, namely at the level of the assumption variables and dependence
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at the ® level, namely distinctness [15] of bodies of evidence. In two papers [35, 36], B. B. Yaghlane et
al. introduce the concept of doxastic independency. This concept of independence is once again
represented at the ® level [30]. K. Yamada asserts that the problem comes from confusion of
independence between occurences of bodies of evidence with comsistency between contents of the
information [32]. It also should be stated expressly how reliable the sources of information are; partially or
totally? Are the reliabilities of the sources of information equally or not?

A set of experts or other sources of information can provide more information than a single expert.
Although it is sometimes reasonable to provide a decision maker with only the individual experts’
opinions seperately, it is often necessary to combine the opinions into a single one [37]. In many cases, a
single belief function is needed for input into a decision model. Even if this is not the case, it can also be
informative and effective to generate a combined belief function as a summary of the available
information. So, a consensus generator in the framework of the MTE is needed. A consensus generator is
expected to be idempotent and commutative, but associativity is dispensable such as in the case of simple
aritmethic mean operator. Also, a measure of conflict is useful to show whether the original beliefs were in
harmony or in conflict. A consensus generator and measure of conflict are more informative if they are
given together as in the case mean and variance. Recently, K. Yamada’s rule of combination called
combination by compromise as a consensus generator is commutative; however, it does not satisfy the
idempotent law nor the associative law [32]. The weighted average operator [38] also can be tought as a
consensus generator. The weighted average operator also does not satisfy the idempotent law nor the
associative law. Furthermore, neither of both does not generate any measure of conflict.

In MTE, there are some rules which also produce a measure of conflict. However, there are no
mechanisms to measure the degree of conflict other than using the mass of the combined belief assigned to
the emptyset before normalization [39]. Is the mass of the combined belief to the emptyset before
normalization real conflict? Under this consideration W. Liu has proposed a method to measure the
conflict among beliefs using a pair of values, and then investigated the effect of these measures on
deciding when Dempster’s rule can be applied [39]. Still, there is not any real single measure of conflict
which measures how the original beliefs were in conflict.

In this paper, we are interested in a consensus generator which combines two belief functions obtained
from equally reliable and independent sources of information. The independence mentioned here is
between occurrences of the sources of information. We propose a new consensus generator called Analytic
Fusion Process (AFP) which satisfies the idempotent and commutative law. Furthermore, this method also
produces a measure of conflict which shows how the original beliefs were in conflict. Another advantage
of the AFP is that the measure of conflict produced by AFP reflects both qualitative and quantitative
conflict. Section 2 presents a background on MTE and DRC. Some definitions and principles of the AFP
are given in Section 3, and Section 4 introduces the three stages of the AFP: definition, matching, and
combination stages. Section 5 gives two examples, one of them is for a general case example and the other
for a special case example. A comparison among the combination by compromise, the weighted average
operator and the AFP is provided in Section 6, and the conclusion is provided at Section 7.

2. Mathematical Theory of Evidence

In MTE, knowledge is represented by basic belief assignment (bba) or belief function. These two
functions have one-to-one correspondence [1]. The set called sample space in the traditional probability
theory is called frame of discernment in the MTE. The frame of discernment is a finite set of mutually
exclusive elements, denoted by ® hereafter. The set of all subsets of ® is called the power set of ® and

is denoted by 2°. The bba is defined as follows:
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Definition 1. Let’s assume © is a frame of discernment, then a function 7 :2° — [0,1] is called a bba
whenever it satisfies the following conditions:

(1) m(@)=0
(2) 2m(A)=1.

AcO

The quantity of m(A4) is called basic belief mass (bbm), and it is meant to be the measure of the belief that
is committed exactly to 4 (exactly in A in nothing smaller). Each subset 4 = ® with m(4) >0 is called a

focal element of m and their set is represented by ¢. In this case body of evidence is represented by
E(e,m). If the true state of interest is denoted by € and the set of its possible values by ®, then the

propositions of interest are precisely those of the form “the true value of & is exactly in 4” where A4 is a
subset of ® [1]. In this paper we will use the word “proposition” to refer not only to set A4 but also to its
bbm m(A). In this case, if we denote the true state (or value) of interest by & and the set of its possible

values by ®, any focal element A of m and its bbm m(A4) can also thought as a proposition which asserts
that “the true state of @ is exactly in 4 with a quantity of belief m(4)”. Thus, a proposition is composed

of two parts: a focal element, which we call the qualitative part of the proposition because it gives the
content of the proposition, and a bbm, which we call the quantitative part of the proposition because it
gives the quantity of the proposition.

The belief function measures how much the information from a body of evidence supports the belief in a
set specified elements as the right answer [18]. A definition of the belief function which can be
equivalently represented by m is given as follows:

Definition 2. A function Bel:2° — [0,1] is called a belief function over © ifitis given for some bba

m:2° —[0,1] as follows:

Bel(A) = Y.m(B).

BcA

The quantity Bel(A) is called 4’s degree of belief, and it is meant to be the measure of the total belief that
is committed to 4. If all the focal elements are singletons than this is the Bayesian belief function [1].

Let Bel, and Bel, be two belief functions from two distinct bodies of evidence E,(s,m;) and
E,(&,,m,) over the same frame of discernment @ . If Bel,’s focal elements are denoted by ¢, = {4,,..., 4, }
and Bel, ’s focal elements by ¢, ={B,,...,B,,}, then the combination result (denoted here by index D) is
given by the following equation.

D my(4)x my(B))

ij
ANB . =X

mp(X)=—=< , X#Dand X O
1= my(4)xmy(B))

1,]
4;NB ;=0

mp(X) is a proper bba, for all non-empty X < @, if and only if the denominator in above equation is
non-zero. The degree of conflict between the bodies of evidence E,(¢,,m,) and E,(¢,,m,) is defined by
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Kp = Zml(Ai)XmZ(Bj)'

i,j
A4;NB;=0
Shafer explained in [1] at pg. 66 what the combination means if it is obtained by DRC as follows:

“Dempster’s rule of combination permits a simple description of how the assimilation of new
evidence should change our beliefs: if our initial beliefs are expressed by a belief function Bel,

over ©, and the new evidence alone determines a belief function Bel, over ©, then after
assimilating the new evidence we should have the beliefs given by Bel, ® Bel,. This description

avoids the doctrine that a body of evidence can always be cast in the form of a single proposition
known with certainty.”

Shafer revealed that if the effect of the new evidence on the frame of discernment © is to establish any
particular subset with certainty then the result of DRC is similar to the result of Bayes’ rule of
conditioning. When the new evidence occurs in the form of a certainty, he called this special case of DRC
as Dempster’s rule of conditioning [1]. So it is obvious to say that DRC is a conditioning operation which
generalize Bayes’ rule of conditioning to the case where it is not necessary for the new evidence to occur
in the form of certainty.

3. Foundations of the Analytic Fusion Process

Mathematical aggregation methods range from simple summary measures such as arithmetic or geometric
means of probabilities to procedures based on axiomatic approaches or on various models of the
information aggregation process requiring inputs regarding characteristics such as the quality of and
dependence among the experts’ probabilities [37]. C. Genest and J. V. Zidek declared that the
“logarithmic opinion pool” involves many advantages over the “linear opinion pool” when finding the
consensus distribution of the subjective probability distributions. For details, you can see [40]. If all the
weights are equal, as in the case of equally reliable sources of information, the consensus distribution is
proportional to the geometric mean of the individual distributions. So, as a consensus generation process,
AFP is a geometric mean based analytical method that operates on the individual belief functions to
produce a single combined belief function when the individual belief functions comes from equally
reliable and occurrence independent sources of information.

It is now appropriate to give some definitions of AFP before it is explained in detail. In any context in this
paper even it is not denoted, belief functions which will be combined are from equally reliable and
occurrence independent sources of information.

3.1. Pairwise combination

Let E,(e;,m,) and E,(e,,m,) be two occurrence independent bodies of evidence defined over the same
frame of discernment © . In this way, a belief function Be/, with a focal element set e, and bba m, and
another belief function Be/, with a focal element set e, and bba m, are given. If the number of focal
elements of the Bel, is taken as n, each focal element of this function is shown by e, i=1,..,n.
Similarly, if the number of focal elements of the Bel, is taken as m, each focal element of this function
is shown by e, o J=Lle,m. In other words, there is n propositions for Bel/, and m for Bel,. So, it is

obvious that reciprocal propositions of two bbas defined above can produce 7 x m pairs. In a consensus
generation process, since we are looking the answer of how can we generate a new compromised
proposition which embody the joint effect of the two propositions, one needs a kind of summarizing
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process for each one of the 7 xm pairs. The summarizing process of a pair of propositions is called
pairwise combination. A pairwise combination process is expected to generate a compromised proposition
which has its own qualitative parts and quantitative parts. In Section 3.1.1 generating qualitative parts and
in Section 3.1.3 calculating quantitative parts of the compromised proposition will be given.

3.1.1. Compromised focal element

We called the qualitative parts of compromised proposition as compromised focal element (cfe).
According to the concept of reliability of the information sources, three ideas might be possible to
generate cfes if information sources are equally reliable. If information sources are completely reliable
e;; Mey; should be chosen as in DRC [1], if at least an unknown one of the sources reliable e); Ue,;

should be chosen as in Dubois and Prade’s combination rule [20]. K. Yamada proposes a third approach,

combination by compromise, as a natural consensus [32]. In this paper we use this third approach to
generate a cfe. According to this approach cfe composed of three subsets of e;; Ue,; @ e; Nne,;, e}\\f , and

2\1

e;; - It is obvious to see that the first subset e;; Ne,; is just an intersection set. The second subset el?

VAR

2\1

the set of all elements which are members of ¢;;, but not members of e, ;. Similarly, the third subset e;;

is the set of all elements which are members of e, ;, but not members of e,;. The reason why /12 is used

as a superscript is that so as to exterminate the confusion which may occur under the condition that i and j
focal element numbers given in subscript are the same. In AFP additionally, we called the e; ne,; as

12
i\j

2\1

agreement set, e;; as conflict set one, and e;;

as conflict set two. Consequently, the cfe can be
represented as follows:
(en) (e Nz (el ) - (1)

3.1.2. Region sharing of compromised focal element

The focal elements, namely qualitative parts of two propositions, e, e,, and the bbms of the focal
elements, namely quantitative parts of the same propositions, m,(e;;), m,(e,;) are given. A pairwise
combination of two propositions includes two issues: how to make qualitative summarizing, and how to
make quantitative summarizing. Producing the cfe releases the first issue. The second issue can be

rewritten as how to share the region of m, (e);)xm,(e,;), namely the size of pairwise combination region,

among subsets e, Ne,;, e}\;, and e} . The justification of using the word “region” is simple: When the
bbms of m, and m, are depicted graphically on line segments on y-axis and x-axis respectively with both
sizes one, the size of m,(e;;)xm,(e,;) of any pairwise combination is equal to a region in the total area
equal to one (See Fig. 2 in Section 3.2). In each pairwise combination region, we called the parts as
agreement region belonging to agreement set elements e;; Ne,; and the remaining parts as conflict region

12
i\j

2\1

one and conflict region two belonging to conflict set elements ¢;; and e;;,

respectively. The region

sharing can be made proportionally with respect to both their bbas assigned by the information sources
and the cardinalities of the subsets. Thus, if the size of agreement region is given as r;/ whereas the size of

conflict regions is given as rlf’ , and r,.;’ respectively, the pairwise combination region sharing can be made

as in Fig. 1.
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Fig. 1. Illustration of region sharing.

In Fig. 1, four small rectangles represent how a pairwise combination region can be allocated to the
subsets of cfe proportionally with respect to both their bbas and the cardinalities of the subsets. Firstly, In
Fig.1, the vertical line shares the biggest rectangle two parts proportionally with respect to their bbas.
Secondly, the two horizontal lines share the two separated parts proportionally with respect to their
subset’s cardinalities. So, the region sharing can be made by the following equations:

a _ m(ey;) |eli ﬁez_/| my(e;) |eli ﬁezj|

T
my(ey;)+my(ey;) |eliﬁezj|+‘e}\\12»‘ my(ey;)+my(ey;) |elime2j|+‘ei2\\jl

‘ xmy(ey;)xmy(ey;),

n2
b my(ey;) €ij

my(ey;)+my(ey;) |eh- me2j|+‘el-l\\jz-

‘Xml(eli)xmz(ezj) 5

2\
d _ my(ey;) €ij

my(ey;)+my(ey;) |eh- me2j|+‘el-2\\}

‘Xml(eu)xmz(ez,') .

3.1.3. Mass sharing of compromised focal element

It is important in the case of consensus generation to emphasize that the geometric mean of hbms should
be used for quantitative summarizing not just the area of the pairwise combination region as in the case of
conditioning with DRC. In conditioning case, multiplying of two bbms is reasonable, but in the case of
consensus generation averaging is expected. So, after sharing out of the region m, (e;;)xm,(e,;) between

the agreement region, the conflict region one and the conflict region two, it is need to take square roots of
distributed region as in the case of two probabilities’ geometric mean. We called the parts as mass of
agreement belonging to agreement set elements e, Ne,;, mass of conflict one belonging to conflict set

12

i » and mass of conflict two belonging to conflict set e2'. If the mass of agreement is given by

e ij o+

a;(e; Mey;) or shortlya; , the mass of conflict one and two are given by b; (e}\\jz-) or shortly b;, and

d; (eiz\?}) or shortly d;; respectively, the mass sharing can be made by the following equations:

—

@y = [ > 2)
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by = 7 G)
[ ¢

Sum of the mass of conflict one and the mass of conflict two, that is b; +d,; , is called mass of conflict.

i
3.1.4. Qualitative and quantitative conflicts

In the phase of pairwise combination, the elements which are involved in one of the focal elements which
will be combined but not involved in the other one cause a qualitative conflict. As a measure of qualitative
conflict, we use the proportion of the mass of conflict in sum of the mass of agreement and the mass of
conflict for each pairwise combination. Since this is a proportion, it takes value on [0, 1]. So, if the size of

qualitative conflict is given by ¢;;, it can be formulated as follows:

i
¢y = by +d; )flay +b;+d;) (%)

Whether there is a qualitative conflict or not, there can be a quantitative conflict. Quantitative conflict is a
conflict which stems from inequality of m(e;) and mj,(e,;) bbms. It has been stated that mass of

agreement and mass of conflicts are geometric means of parts of m,(e;;) and m,(e,;) bbms which belong

to agreement set elements and conflict sets elements. As a measure of quantitative conflict we use the
measure of deviation from geometric mean g, of m(e;) and my(e,;) bbms, namely geometric variance

v;. When n =2, geometric mean and geometric variance values can be obtained as in Eq. (6) and Eq.

(7).

gij:\/mli(eli)mej(er) (6)

max mli(eli)’ gij
& my; (ey;)

max{mll- (e1;)s my; (er )}

rnin{mli (ey;),my; (621')}

(7

/A

In Eq. (7) geometric variance is developed for AFP as being defined on [0, 1]. It represents the size of

quantitative conflict. This value is closer to 0 in situations where the difference between bbms is low and it
is closer to 1 in situations where the difference between bbms is high.

3.2. Matching the most suitable propositions
In this section, to determine the matching the most suitable propositions principle of the AFP, we will start
making analogy between the simple case of averaging two Bayesian belief functions and the general case

of averaging two belief functions.

Example 1. Given two Bayesian belief functions, Be/, and Bel,, over the same frame of discernment
®={a,b,c} from two bodies of evidence E,(g,m,)and E,(&,,m,) as follows:

E\(g;,m)={m(a)=0.1; m(b)=0.2; m;(c)=0.7 }
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E,(gy,my)={my(a)=0.2; my(b)=0.3; m,(c)=0.5}.

In this simple case, to obtain a single combined belief function from given these two Bayesian belief
functions, we simply match the propositions which have the same focal elements reciprocally and average
the bbms of matched propositions. Since we use the geometric mean as an averaging operator, it is needed
normalization. Normalization is carried out by calculating the portions of these geometric means in their
sum. The combined belief function obtained with matching, averaging and normalization process is as

follows: my,,(a)=0.1446, m,,,(b) =0.2505, m,,,(c) =0.6049 .
my
1 T
m(a) =0.1—>
m, (b) = 0.2—>
m (c) =0.7—>
0o Vv v
my@=02| mMm(@=05 1 my
m, (b) = 0.3

Fig. 2. [llustration of pairwise combinations of propositions.

The matching situations can be seen graphically in Fig. 2. The propositions m,(a) =0.1, m,(b) =0.2, and
m,(c)=0.7 of Bel, were matched and pairwise combined with the propositions m,(a)=0.2, m,(b)=0.3,
and m,(c)=0.5 of Bel,, respectively. In the figure, when the shaded regions correspond to matched
pairwise combinations, the clear regions correspond to the unmatched pairwise combinations.

It is important in the case of consensus generation to emphasize that the clear regions in this example
neither represent the conflict mass nor have any other sense. So, the right way of matching a proposition
from a body of evidence would be to match it with only one proposition in the other body of evidence. In
other words, proposition m,(a)=0.1 of Bel, has to be matched with most suitable one m,(a)=0.2 of

Bel, . The propositions m, (a)=0.1 and m,(a) =0.2 must not be pairwise combined with others. Therefore,

in Fig. 2, only one matching must be made in each row and column. So, a proposition from a body of
evidence must be matched and pairwise combined with the most suitable proposition from the other body
of evidence. The size of qualitative conflict, and the size of quantitative conflict lead determination of the
most agreeable matching among propositions. This will be explained in Section 4.2.

4. Stages of the Analytic Fusion Process

AFP is composed of three stages. These three stages are called definition, matching, and combination
stages respectively. In the definition stage, a general combination table which lays outs the outputs
produced by pairwise combinations the propositions of the bbas which will be combined. In the matching
stage, the propositions are matched so as to minimize the conflict by an integer programming problem for
conflict minimization. In the combination stage, the combined bba is obtained based on the matches of the
previous stage.
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4.1. Definition stage

A bba having n focal elements and a bba having m focal elements are to be combined. In the definition
stage of the process, the pairwise combinations are performed #n x m times; then cfe, mass of agreement

a; , mass of conflicts b; and d;, the size of qualitative conflict c;, and the size of quantitative conflict

v; are obtained in the result of each combination as explained in Section 3.1. So, all results are achieved

for each of nxm combinations. The table in which the results obtained through nxm numbered
pairwise combinations of propositions which belong to two bbas is called general combination table (See
Table 1 in Section 5.1). In the i th row and the ; th column of this table, pairwise combinations results of

i

the the i th proposition of the first bba and the j th proposition of the second bba are given.

4.2. Matching stage

A linear programming [41] problem is an optimization problem for which we attempt to maximize or
minimize a linear function of the decision variables. The function that is to be maximized or minimized is
called the objective function. The values of the decision variables must satisfy a set of constraints. Each
constraint must be a linear equation or linear inequality. In any linear programming model, the decision
variables should completely describe the decisions to be made [41]. As a special case of the linear
programming problem, if all decision variables are restricted to be integers the problem is called integer
programming, if all decision variables are restricted to 0 or 1 values the problem is called 0-1 integer
programming [41, 42].

In Section 3.2 with Example 1 we explained why it is needed to match the most suitable propositions of
the bbas. So, the propositions of two bbas which are closest to each other in the sense of quality and
quantity aspects should be matched. The combined bba should be calculated based on the results of these
matching. In matching stage, we propose to make the matching with the assistance of a 0-1 integer
programming problem, shortly we said matching problem. Decision variables, constraints and objective
function of matching problem will be given in Section 4.2.1, Section 4.2.2, and Section 4.2.3, respectively.
In Section 4.2.4 the matching problem will be given as a whole.

4.2.1. Decision variables

Taking the general combination table with n row and m column into consideration, the matching of the
propositions is made by valuing the matching decision variable of the cells as / where the matching is
agreed, and valuing the matching decision variable of the cells as 0 where the matching is not agreed.
Thus, x;; the matching decision variable is defined as:

1, if'the ith focal element of the first bba is matched
with the j th focal element of the second bba (8)

0, otherwise

After the definition of the decision variables about the matching of the propositions, the constraints and
the objective function should be determined using the decision variables.

4.2.2. Constraints

In the case that the numbers of propositions of the two bbas to be combined, » and m, are equal, each
proposition bba should have been matched with a proposition of the other bba or vice versa. However, in
the case that the numbers of propositions, #» and m are not equal, it is natural that some of the propositions
will be out of matching. When a generalization is made by considering this situation, the sum of matching
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decision variables in each row and also each column of the general combination table can be at most /. So,
the constraints related to each row cells are as follows,

m

D x <l i=l..n. (9)

J=1

The constraints related to each column cells are as follows,

n

le-j <1 j=1..,m. (10)

i=1

The sum of matching decision variables in each row and each column does not exceed / and this has been
acquired with the constraints given in Eq. (9) and Eq. (10).

However, in such a case, all the matching decision variables would be 0 in a conflict minimization
problem. By adding the constraint that the total of all the matching decision variables will be min{n,m},
the smallest value of the numbers of row or column is matched. To this end, the constraint

izm:xy = min{n, m} (11)

i=l j=1

is added to the problem. Lastly, the constraints showing that the matching decision variables can be only 0
orl,

.X'ij :{071} i=l,...,l’l, j=1""’m (12)

are added to the problem. These constraints have the generalized forms for the situations that the numbers
of propositions, n and m, are equal or not.

4.2.3. Objective function

As the matching decision variables and the related constraints have been determined, the fact that under
which circumstances the matching decision variables will take the value 0 or 1 based on constraints Eq.
(9), Eq. (10), Eq. (11) and Eq. (12) should be determined. Following the pairwise combination phase a;;
mass of agreement, c¢; size of qualitative conflict and v; size of quantitative conflict for each of the
pairwise combinations have been calculated and all of these results have been shown in the general
combination table.

Taking only the size of qualitative conflict or the size of quantitative conflict in the objective function into
account would be not enough. So, the objective function should be a form of minimizing a function of
both. Such an objective function can be given as shown in Eq. (13) in order to minimize the total of the
generalized means [37] of the size of qualitative conflict ¢, and the size of quantitative conflict vj.

o (2402 1/2
minzz [ U2 U} XX (13)

i=l j=1
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Either the arithmetic or the geometric mean of the ¢; and v; could have been used in Eq. (13). However,
the generalized mean has been preferred here as it always yields in a bigger value than the arithmetic and
geometric mean. So, it has been made harder to make matching between propositions have bigger
qualitative and/or quantitative conflict.

4.2.4. Matching problem

The problem as how to match the min{n,m} pair from nx m probable pairwise combinations under
constraints given in Eq. (9), Eq. (10), Eq. (11) and Eq. (12) with objective function given in Eq. (13) can
be overcome through optimal solution of 0-1 integer programming problem. Thus; matching problem of
the AFP given as follows in Eq. (14):

s

m
ny.gl, i=1,..,n

J=1

M:

min

i

inj <1, j=l..,m (14)

=

m
Zx” = min{n, m}

i=l j=

=0,1 i=1.,n, j=1..,m.

The nx m cells of the general combination table had n x m matching decision variables x;;, in a matching
problem. In linear programming, a feasible solution is a choice of values for decision variables that
satisfies all constraints. For a minimization problem as in the case matching problem, the optimal solution
is a feasible solution that gives the smallest objective function value. If an optimization problem has more
than one optimal solution, it is said that it has alternative optimal solutions [41]. In an optimal solution of
a model of Eq. (14) created in matching stage; min{n,m} of them get / and the rest get 0. As stated in

Section 4.2.1, matching decision variables which have value / in optimal solution determine the matched
pairwise combinations. The optimal solution method of Eq. (14) is not subject of this paper. Detailed
information about solving this mathematical model can be found at [41, 42]. There are also many
computer programs solving this kind of optimization problem.

4.3. Combination stage

In the calculation of combined bba; the matched pairwise combinations will be used as base and if
necessary, the other non-base pairwise combinations will be considered with a lower weight than the
weight of the matched pairwise combinations. A pairwise combination of matched propositions is called
base of pairwise combination. The cell corresponding to this pairwise combination in the general
combination table will be called base cell of pairwise combination. In other words, the cells corresponding
to the matching decision variables which get / in the general combination table are called base cells of
pairwise combination. The weights of the cells of pairwise combination on the general combination result
are shown with wj; at the first row of every cell of pairwise combination in the general combination table.

The weight of base cell of pairwise combination will be shown with wy , the size of qualitative conflict

with ci/ and the size of quantitative conflict with vi/ . The general combination table in which the weights
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are also shown is called weighted general combination table. Table 2 in Section 5.1 gives a weighted
general combination table for Example 2.

The weights of the base cells of pairwise combination on the general combination result are calculated as
shown in Eq. (15).

b2 b2 )2
wszl—[—(c”') ;(v"f) ] (15)

Then, firstly the one with the biggest weight of the base cells of pairwise combination is considered. The
weight of the non-base cells of pairwise combination that is positioned in the same row or column with the
base cell of pairwise combination with the biggest weight is calculated as shown in Eq. (16).

Wy =1-w’ (16)

If there is neither qualitative nor quantitative conflict (cfj’- =0, vfj’- =0) between two bbas of the base cell of

pairwise combination; Eq. (15) and Eq. (16) provide that the combination weight of the base cell of

pairwise combination is wfj’- =1. Thus, the combination weight of the other cells of pairwise combination

that are in the same row or column as this base cell of pairwise combination are zero as in the case of
Example 1. If there is any measure of qualitative or quantitative conflict, Eq. (15) and Eq. (16) provide
that the weight of the base cell of pairwise combination on the combination is measured by subtracting the
generalized mean of this qualitative or quantitative measure from /. In such a case, the combination
weight of other pairwise combinations that are in the same row or column with this base cell of pairwise
combination equals to the generalized mean of conflicts in the base cell of pairwise combination.

A non-base cell of pairwise combination can be in the same row with a base cell of pairwise combination
and in the same column with another base cell of pairwise combination. If this is the case, how can the
combination weight for a non-base cell of pairwise combination be achieved? Which one of the base cells
of pairwise combination is affecting the non-base cell of pairwise combination? It will be wise firstly to
calculate combination weights of the non-base cells of pairwise combination, which are in the same row or
column with the base cell of pairwise combination with the biggest combination weight of all base cells of
pairwise combination. Once the weight of a non-base cell of pairwise combination is determined, it will
not change then.

In the general combination table, after the weights for all the cells of pairwise combination are calculated
the general combination results are calculated as in Eq. (17),

LY wyxag(X) + XX wy xby (X)+ L2 wy xd; (X)
l;iX e‘\lz. i)( e?\l.l’i)(

My (X) _ Cin, i\j i\ , X220 (17)
22wy xay(A) + 22wy xby (A)+ 22wy xd; (4)
A;/ZO A’EIZ(') A;/zf"

and then the combined bba and so the combined belief function is achieved. Eq. (17) shows the combined
bba m ,p(X), which is given for any of the subsets X €2° products of agreement or conflict sets

achieved through pairwise combination phases. It can be seen in the numerator of Eq. (17) that the mass of
agreement or conflict (ay by dyj) committed to the sets with X agreement or conflict sets (¢;~; =X,

12 2\1

e)j =X, o0r e;; = X) of all the cells of pairwise combination are added by multiplying with their weights

(w;). In the denominator the mass of agreement and conflict committed to all the agreement and conflict
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sets (A €29) are added by multiplying with their weights. Indeed, this is normalization. So, the value N in
Eq. (18) is called normalization constant.

N=2XX wyxa;(A) + 22 wy xby(A)+ L2 wy xd; (4) (18)
i i.j ij

4e2° A4e2° Ae2°

Then, given Eq. (18), Eq. (17) can be rewritten as Eq. (19).

Mypp (X)=| XX wyxa;(X) + X2 w; xby(X)+ XX wyxd;(X)| /N, X =D (19)
i,j i,j L]
€ =X e,]\\f =X e,z\\/] =X

The normalization term N given in Eq. (18) of the combined bba is composed of three terms. In the first
term the mass of agreement committed to all of the agreement sets are added by multiplying with their
weights. In the second and third terms the mass of conflict committed to all of the conflict sets are added

by multiplying with their weights. In the Eq. (18) if the first term is shown by N, and the total of the
second term and the third term is shown by N, Eq. (18) can be rewritten as Eq. (20). The total measure of

conflict K as an indicator of the effect of the conflict sets over the general combination results is achieved
by the Eq. (21).

N=N,+N, (20)
k=N, /(N,+N,)=N, /N 21)
It is said that as the total measure of conflict approaches / the conflict between the bbas which will be
combined is high and as it approaches 0 the conflict between the bbas which will be combined is low. The

fact that the conflict is high does not make the result meaningless but it stresses the existence of the high
conflict between the data from two evidence sources.

5. Numerical examples

In this section we give two numerical examples. In these examples, we are interested in two individual
belief functions to produce a single combined belief function when the individual belief functions come
from equally reliable and occurrence independent sources of information. In Section 5.1, an example is
illustrated to show the use of the AFP for general case. On the other hand, in Section 5.2, we chosen a
special case example which have alternative optimal solution for its matching problem.

5.1. General case example

Example 2 has an optimal solution in the matching stage, so it serves showing the use of the AFP for
general case.

Example 2. Given two belief functions, Bel/, and Bel,, over the same frame of discernment ® = {a,b,c}
from two bodies of evidence E,(s,,m,)and E,(s,,m,) as follows:

E\(g1,m) = {m(a,b,c)=0.3;m(c)=0.1; m(c,d)=0.2; m(a,b,c,d)=04}

E,(g5,my)={m,(a,b)=0.4; my(c,d)=0.6}.
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Definition stage

The focal element set of the first bba is e, and the number of focal elements is »n =|e1| =4. The focal

element set of the second bba is e, and the number of focal elements is m = |e2| =2.

The agreement set of the cfe set to be obtained as a result of pairwise combination of the first focal
element (i=1) of the first bba, namely e, =(a,b,c) and the first focal element (j=1) of the second bba,

namely e,, =(a,b); is
e~ =€ Ney=14a,b,ctnia,b} ={a,b}.
The conflict sets of the cfe, are obtained as;
N2 _ _ _
en; =ej-€y =1a,b,c}-{a,by={c}
21 _ _ _
ey =ey-€y; =1a,b}-{a,b,c}={J}
So with respect to the conflict set one is {c}, the agreement set is {a,b}, and the conflict set two is {J};

by using the Eq. (1), the cfe of the first pairwise combination can be represented in the first cell of Table 1
as follows:

(€)((ab)) () -

By using the Eq. (2), Eq. (3), and Eq. (4) for mass sharing, the mass of agreement, mass of conflict one
and mass of conflict two are calculated as follows:

ay =a,,(a,b) = r =~0.103 20.321, by, =b,,(c) =1 =+/0.017 =0.131, and

dyy =dy, (@) =yn] =0.
By using the Eq. (5) the size of qualitative conflict is calculated as,

by+dy 0.131+0
ay +b,+d;;  0.321+0.131+0

¢ = =0.290.

By using the Eq. (6) and Eq. (7) the size of quantitative conflict is calculated as,

g1 =/0.3%0.4 =/0.12 = 0.346,,

max{mll(ell)’ g1 } max{m,m}

vy =1 g mule)) 0.346" 03 J _ 15,
max{mn(en):mzl(ezl)} max{0.3,0.4}
min{m,, (e;,), my, (e} min{0.3,0.4}

Up to here, only the results of the first pairwise combination have been obtained but the rest of the 4*2-
1=7 pairwise combinations will not be given here in detail. The results of all pairwise combinations are
given in Table 1.
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Table 1. General combination table for Example 2

| m2 (ab)=0.400 | m2 (cd)=0.600
ml \ (c) ((ab)) () \ (ab) ((c)) (d) \
(abc) | bll all dl1 | bl2z al2 dl2
0.300 [ 0.131 0.321 0.000 | 0.200 0.283 0.245 |
| c11=0.290 wv11=0.134 | cl12=0.611 wv12=0.293 |
ml \ (c) (0)) (ab) \ () ((c)) (d)
(c) | b21 a21 d21 | b22 a22 d22
0.100 | 0.089 0.000 0.179 | 0.000 0.185 0.160 |
| c21=1.000 wv21=0.500 | c22=0.464 v22=0.592 |
ml \ (cd) (()) (ab) \ () ((cd)) ()
(cd) | b3l a31 d31 | b32 a32 d32
0.200 | 0.163 0.000 0.231 | 0.000 0.346 0.000 |
| ¢31=1.000 wv31=0.293 | c¢32=0.000 wv32=0.423 |
ml \ (cd) ((ab)) () \ (ab) ((cd)) ()
(abcd) | b4l a4l d4l | b42 ad42 d42
0.400 | 0.200 0.346 0.000 | 0.219 0.438 0.000 |
\ \ \

c41=0.366 v41=0.000 c42=0.333 v42=0.184

Matching stage

In the matching stage for this example, the matching problem formulation by utilizing Eq. (14) is obtained
as:

min  0.226x;; +0.479x,, +0.791x,, +0.532x5, +0.737x5, +0.299x5, +0.259x,;, +0.269x 4,
Xpp X0 S1, Xpp +x95 K1, X5y +X35 <1, Xy + x4y <1
Xpp + Xy X3+ x4 <1, Xp FXg X3 +Hxyy <1
Xpp+Xpp X+ X + X3 X5y + Xy F Xy =2

, i=L...4 j=12

In the optimal solution of the matching problem stated above, the values of the two matching decision
variables are obtained as x;; =1, x,, =1 and the others are obtained as 0. Thus, the Ist proposition of the

first bba and the /st proposition of the second bba are matched and also the 4th proposition of the first bba
and the 2nd proposition of the second bba are matched.

Combination stage
In conformity with the above stated matching, the cells (7,1) and (4,2) of the general combination table

become base cells of pairwise combination. Thus, the weights of the base cells of pairwise combination
from the Eq: (15) are:

wh 21-0226=0.774, wh, 21-0.269=0.731

As the largest weight between the base cells of pairwise combination is w{, =0.774, the weights of the

cells (1,2) existing in the same row with the base cell (7,1) and the weights of the cells (2,1), (3,1) and
(4,1) existing in the same column with the base cell (7,7) are calculated by the Eq (16) as:



M. Bilyiikyazici, M. Sucu / Istatistikgiler Dergisi: istatistik&Aktiierya, 2020, 2, 78-100 94

Wy = W3 =Wy, =0.226

As the second largest weight between the base cells of pairwise combination is w5, =0.731 the weights of

the cells (2,2) and (3,2), existing in the same column with the base cell (4,2) are (using the Eq (16))
obtained as:

Wyy = W3, =0.269

If these obtained weight values are placed in the general combination table, the weighted general
combination table will be obtained as given in Table 2.

Table 2. Weighted general combination table for Example 2

| 2 (ab)=0.400 | 2 (cd)=0.600
| wll=0.774 | wl2=0.226
ml \ (c) ((ab)) () \ (ab) ((c)) (d) \
(abc) | bll all dll | bl2 al2 dil2
0.300 [ 0.131 0.321 0.000 | 0.200 0.283 0.245 |
| c11=0.290 wv11=0.134 | cl12=0.611 v12=0.293 |
| w21=0.226 | w22=0.269
ml \ (c) (0)) (ab) \ () ((c)) (d)
(c) | b21 a21 d21 | b22 a22 d22
0.100 | 0.089 0.000 0.179 | 0.000 0.185 0.160 |
| c21=1.000 wv21=0.500 | c22=0.464 v22=0.592 |
| w31=0.226 | w32=0.269
ml \ (cd) (()) (ab) \ () ((cd)) ()
(cd) | b31 a3l d31 | b32 a32 d32
0.200 | 0.163 0.000 0.231 | 0.000 0.346 0.000 |
| ¢31=1.000 wv31=0.293 | ¢32=0.000 wv32=0.423 |
| w41=0.226 | w42=0.731
ml \ (cd) ((ab)) O \ (ab) ((cd)) () \
(abcd) | b4l a4l d41l | b42 ad42 d42
0.400 | 0.200 0.346 0.000 | 0.219 0.438 0.000 |
| c41=0.366 v41=0.000 | c42=0.333 wv42=0.184 |

By using the Table 2, Eq. (18), and Eq. (20) the normalization coefficient N is obtained as:

N,=0854, N.=0.600, N=0.854+0.600=1.454.

By using the Table 2 and the Eq. (19) the combined bba is obtained as:

m ypp () = (W12a12 +Wydy +wy by +W21b21)/N =0.162

m pp (d) = (Wipdyy +wydy )/ N =0.068

m ypp(a,b) = (wlla“ Wyt T Wby F Wby +Wodsy +w31d31) N =0.429

m pp(c,d) = (w32a32 + Wy +wy b3y +w41b41) N =0.341.

The total measure of conflict from the Eq. (21) is obtained as,

xk=0.510/1.330=0.413 .
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5.2. Special case example
As a special case, some of the matching problems may have alternative optimal solutions. Example 3 has
alternative optimal solutions in the matching stage, so it serves showing how can be obtained a final

combined bba from alternative combined bbas.

Example 3. Given two belief functions, Bel/, and Bel,, over the same frame of discernment ® = {a,b,c}
from two bodies of evidence E,(g,,m,)and E,(s,,m,) as follows:

Ey(&1,m)={m(a,b,c)=1}
E,(g5,my)={m,(a,b)=0.5; m,(b,c)=0.5}.

Definition stage

The general combination table in which the results obtained through 1x2=2 numbered pairwise
combinations of propositions which belong to two bbas is given in Table 3.

Table 3. General combination table for Example 3

| m2 (ab)=0.500 | m2 (bc)=0.500
ml \ (c) ((ab)) () \ (a) ((bc)) () \
(abc) | bll all dll | bl2 al2 dil2
1.000 | 0.333 0.624 0.000 | 0.333 0.624 0.000 |
\ \

cl1=0.348 v11=0.293 | cl12=0.348 v12=0.293

Matching stage

In the matching stage for this example, the matching problem formulation by utilizing Eq. (14) is obtained
as:

min 0.308x;, +0.308x,,
X+ x5 <1, x7 <1, x5 £1
X +x, =1

=0,1

X1 B j:1;2

J

The matching problem stated above has alternative optimal solutions. One of the alternative solutions is
x;; =1, x;, =0, and the other is x;;, =0, x;, =1.

Combination stage

The weighted general combination tables according to the two alternative optimal solutions are given in
Table 4a and Table 4b, respectively.
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Table 4a. Weighted general combination table for first alternative optimal solution of Example 3

| m2 (ab)=0.500 | m2 (bc)=0.500
| wll=0.678 | wl2=0.322
ml | (c) ((ab)) () | (a) ((bc)) () |
(abc) | bll all dll | bl2 al2 dil2
1.000 | 0.333 0.624 0.000 | 0.333 0.624 0.000 |
| |

cl11=0.348 v11=0.293 | cl12=0.348 v12=0.293

| m2 (ab)=0.500 | m2 (bc)=0.500
| wll=0.322 | wl2=0.678
ml | (c) ((ab)) () | (a) ((bc)) () |
(abc) | bll all dl1l | blz al2 dl2
1.000 | 0.333 0.624 0.000 | 0.333 0.624 0.000 |
| |

cl1=0.348 v11=0.293 | cl12=0.348 v12=0.293

So according to two weighted general combination tables given in Table 4a and 4b, two alternatives
combined bba are obtained. Then, as doing in Example 1 in Section 3.2, the geometric mean of these two
alternatives combined bba can be used as the final combined bba. The results are given as follows:

The first alternative The second alternative The final combined bba
combined bba combined bba with geometric mean
m yep(a)=0.112 m ep(a) =0.236 m ep(a)=0.174
m 4zp(c) =0.236 m ep(c)=0.112 m ep(c)=0.174
m p(a,b) = 0.442 m p(a,b)=0.210 m 4gp(a,b) =0.326
m 4mp (b,¢)=0.210 m 4mp (b,c) =0.442 m 4pp(b,c) =0.326
x =0.348, x =0.348, x =0.348.

6. Comparison of three methods

This section describes four examples that compare weighted average operator (WAO), combination by
compromise (CBC) and the AFP. The definitions of the WAO and the CBC can be seen in [38] and [32],
respectively.

Example 4: Zadeh’s example

In the literature, Zadeh’s example appears in different but essentially equivalent versions of disagreeing
experts. We will present Zadeh’s example by the story of that a patient examined by two doctors [9, 10].
Assume that the first doctor diagnosis is that patient has either meningitis, with probability 0.99, or brain
tumor, with probability 0.01. The second doctor agrees with the first one that the probability of brain
tumor is 0.01, but believes that it is the probability of concussion rather than meningitis that is 0.99. So,
they provide the following diagnosis:

m;(m)=0.99 m,(¢)=0.01 and m,(c)=0.99 m,(¢)=0.01.



M. Bilyiikyazici, M. Sucu / Istatistikgiler Dergisi: istatistik&Aktiierya, 2020, 2, 78-100 97

The combination results are given in Table 5. In the columns for the WAO and AFP, it is observed that the
bbm of the agreed ¢ increases and the bbm of conflicted m and ¢ decreases. However, with CBC, the bbm
of the agreed ¢ decreases. According to the AFP, the measure of conflict for Zadeh’s example is 0.976.
The other methods did not give a measure of conflict.

Table 5. Comparison of methods in Zadeh’s example

m m; WAO CBC AFP
m 0.99 0.00 0.494951 0.499851 0.488097
t 0.01 0.01 0.010099 0.000298 0.023805
Cc 0.00 0.99 0.494951 0.499851 0.488097
conflict, k¥ - - 0.976000

Example 5: Zadeh’s modified example

When introducing a small amount of uncertainty in the doctor’s opinions, the bbms and the results of
applying the methods are given in Table 6. In this case, only in the column for the AFP, it is observed that
the bbm of the agreed ¢ and the bbm of the agreed ® increases. According to the AFP, the measure of
conflict for Zadeh’s modified example is 0.953. When comparing with the measure of conflict of Zadeh’s
example, there is a decrease in the measure of conflict. This decrease is also a consistent result.

Table 6. Comparison of methods in Zadeh’s modified example

m; my WAO CBC AFP
m 0.98 0.00 0.490000 0.494801 0.476522
t 0.01 0.01 0.010100 0.000398 0.023478
c 0.00 0.98 0.490000 0.494801 0.476522
m,t 0.00 0.00 0.000000 0.004900 0.000000
m,c 0.00 0.00 0.000000 0.000100 0.000000
t,c 0.00 0.00 0.000000 0.004900 0.000000
® 0.01 0.01 0.009900 0.000100 0.023478
conflict, k¥ - - 0.953000

Example 6: Bayesian belief functions

Let m, and m, belong to two Bayesian belief functions over the © = {a,b,c}. The bbms and the results of

applying the methods are given in Table 7. In this example, the results are expected to be between
(0.10,0.20) for singleton a, (0.20,0.30) for singleton &, and (0.50,0.70) for singleton c. The results

produced by CBC are not corresponding to these expectations. The WAO produce results in expected
intervals, however the results are very close to the borders. In the columns for the AFP the results are
consistent with expectations. Furthermore, the results are consistent with geometric means between m, ’s

and m,’s bbms of same singletons. According to the AFP, the measure of conflict for this example is
0.242. It is reasonable since the existence of the quantitative conflict between bbms.

Table 7. Comparison of methods in Bayesian belief functions

m m; WAO CBC AFP
a 0.10 0.20 0.105500 0.086944 0.152085
b 0.20 0.30 0.202500 0.194071 0.264078
c 0.70 0.50 0.692000 0.718984 0.583837

conflict, k¥ - - 0.242000
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Example 7: Identical Bayesian belief functions

Let m, and m, belong to two identical Bayesian belief functions over the @ = {a,b,c}. The bbms and the

results of applying the methods are given in Table 8. In this case, according to the idempotency rule, the
results are expected to be the same with these identical bbas. Only the AFP produced the expected results.
According to the AFP, the measure of conflict for this example is zero. It is reasonable since there is no
conflict between two bbas with respect both qualitative and quantitative.

Table 8. Comparison of methods in identical Bayesian belief functions

m; my WAO CBC AFP
a 0.10 0.10 0.056000 0.040833 0.100000
b 0.20 0.20 0.132000 0.128889 0.200000
c 0.70 0.70 0.812000 0.830278 0.700000
conflict, k¥ - - 0.000000

7. Conclusions

We propose a new consensus generator called “Analytic Fusion Process” in the framework of
mathematical theory of evidence. The proposed method is a geometric mean based analytical method that
operate on the individual belief functions to produce a single combined belief function when the
individual belief functions comes from equally reliable and occurrence independent sources of
information. This method satisfies the idempotent and commutative law. Furthermore, this method also
produces a measure of conflict shows whether the original beliefs were in harmony or in conflict. Another
advantage is that the measure of conflict produced by this method reflects both qualitative and quantitative
conflict. Unfortunately, Analytic Fusion Process is not associative. However, an n-ary version of the
method can be developed, and combining # basic belief assignments simultaneously can be a practical
substitute for associativity in many real world application. The other disadvantage of the proposed method
is it needs many calculation process. However, using a computer program to accomplish the whole
calculation process of the methods simplifies the task. We have written such a program that accomplish
the whole calculation process of the Analytic Fusion Process.

The proposed method, the weighted average operator, and the combination by compromise method are
compared with each other using four examples. The results show that the Analytic Fusion Process produce
results that are much more convincing than the others. Furthermore, it is seen that measure of conflict
produced by Analytic Fusion Process is really reasonable. To our knowledge it is the only real single
measure of conflict which measures how the original beliefs were in conflict in the framework of
mathematical theory of evidence.
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