2021-

MATHEMATICAL
SCIENCES

AND APPLICATIONS
E-NOTES

MATHEMATICAL SCIENCES
AND APPLICATIONS E-NOTES

VOLUME IX - ISSUE III




VOLUME IX ISSUE III September 2021
ISSN 2147-6268 www.dergipark.org.tr/en/pub/mathenot

MATHEMATICAL SCIENCES
AND APPLICATIONS
E-NOTES

MATHEMATICAL
SCIENCES

AND APPLICATIONS
E-NOTES




Honorary Editor-in-Chief

H. Hilmi Hacisalihoglu
Emeritus Professor, Turkey

Editors
Editor in Chief Managing Editor
Murat Tosun Emrah Evren Kara
Department of Mathematics, Department of Mathematics,
Faculty of Arts and Sciences, Sakarya University, Faculty of Arts and Sciences, Diizce University,
Sakarya-Turkey Diizce-Turkey
tosun@sakarya.edu.tr eevrenkara@duzce.edu.tr

Managing Editor

Fuat Usta

Department of Mathematics,

Faculty of Arts and Sciences, Diizce University,
Diizce-Turkey

fuatusta@duzce.edu.tr

Editorial Board of Mathematical Sciences and Applications E-Notes

Serkan Araci Martin Bohner
Hasan Kalyoncu University, Missouri University of Science and Technology,
Turkey USA
Marcelo Moreira Cavalcanti David Cruz-Uribe
Universidade Estadual de Maringa, The University of Alabama,
Brazil USA
Roberto B. Corcino Juan Luis Garcia Guirao
Cebu Normal University, Universidad Politécnica de Cartagena,
Philippines Spain
Snezhana Hristova Taekyun Kim
Plovdiv University, Kwangwoon University,
Bulgaria South Korea
Anthony To-Ming Lau Tongxing Li
University of Alberta, Shandong University,

Canada P. R. China



Mohammed Mursaleen
Aligarh Muslim University,
India

Reza Saadati
Iran University of Science and Technology,
Iran

ii

Toan Rasa
Technical University of Cluj-Napoca,
Romania



Contents

1 A New Hybrid Iterative Method for Solving Fixed Points Problems for a Finite Family of
Multivalued Strictly Pseudo-Contractive Mappings and Convex Minimization Problems in
Real Hilbert Spaces
Thierno SOW 95 - 107

2 SITEM for the Conformable Space-Time Fractional (241)-Dimensional Breaking Soliton, Third-
Order KdV and Burger’s Equations
Handan CERDIK YASLAN 108 - 123

3 Geodesics of Twisted-Sasaki Metric
Zagane ABDERRAHIM 124 - 132

4 Structure Preserving Algorithm for the Logarithm of Symplectic Matrices
Bahar ARSLAN 133 - 141

5 Decay Estimate for the Time-Delayed Fourth-Order Wave Equations
Mriige MEYVACI 142 - 150

iii



MATHEMATICAL SCIENCES AND APPLICATIONS MATHENATIEAL

AND APPLICATIONS
E-NOTES E-NOTES

https://doi.org/10.36753/mathenot.592227
9 (3) 95-107 (2021) - Research Article
ISSN: 2147-6268

©MSAEN

A New Hybrid Iterative Method for Solving Fixed

Points Problems for a Finite Family of Multivalued

Strictly Pseudo-Contractive Mappings and Convex
Minimization Problems in Real Hilbert Spaces

Thierno M. M. Sow

Abstract

In this paper, we investigate the problem of finding a common solution to fixed point problem involving
a finite family of multivalued strictly pseudo-contractive mappings and convex minimization problem
in the framework of Hilbert spaces. Inspired by the proximal point algorithm and general iterative
method, a new iterative method for solving the problem is introduced. Strong convergence theorem of
the proposed method is established without any compactness assumption. Our scheme generalize and
extend some of the existing results in the literature.

Keywords: Fixed points problems, Convex minimization problem, Set-valued operators, Iterative methods

AMS Subject Classification (2020): Primary: 47H09; Secondary: 49]20; 49]40

1. Introduction

Let H be a real Hilbert space with the inner product (., .) and norm ||.|| respectively. Let K be a nonempty closed
convex subset of H. Consider the following convex minimization problem: find 2 € K such that

g(x) = ;rgg 9(y),

where g : H — (—00, +00) be a proper convex and lower semi-continuous. The set of all minimizers of g on K is
denoted by argmin, _,- g(y). In 1970, Martinet [21] introduced and studied the proximal point algorithm (PPA) for
solving optimization problems. Thereafter the likes of Rockafellar [29], find a solution of the constrained convex
minimization problem in the frame work of Hilbert space by using PPA. Let g be a proper convex and lower
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semi-continuous function on H. The PPA is defined as

r1 € H,
. 1.1
Fuen = argmin,cy [9() + =z — 9112, D
n

where A,, > 0 for all n > 1. It was proved that the sequence {z,,} converges weakly to a minimizer of g provided

Z An = oo. In [12], it was shown that a PPA does not necessarily converges strongly. The fact that a PPA does
n=0

not necessarily converges strongly have been overcome by researchers in this area by introducing a more general
PPA in different spaces to obtain a weak and strong convergence . Over the years, researcher have been able to
further extend the convex minimization problems by finding a common element of the set of solutions of various
convex minimization problems and the set of fixed points for nonexpansive mappings in Hilbert spaces and Banach
spaces ( see, e.g., Giiler [12], Solodov and Svaiter [31], Kamimura and Takahashi [14], Lehdili and Moudafi [15],
Reich, [28], Chidume and Djitte [7, 8] and the references therein).

Let (X, d) be a metric space, K be a nonempty subset of X and 7' : K — 2K be a multivalued mapping. An element
x € K is called a fixed point of T' if = € T'x. For single valued mapping, this reduces to 7'z = «. The fixed point set
of T'is denoted by F(T') := {x € D(T) : © € Tx}.

The fixed point theory of multi-valued mappings is much more complicated and harder than the corresponding
theory of single-valued mappings. However, some classical fixed point theorems for single-valued mappings have
already been extended to multi-valued mappings; (see, for example, Brouwer [4], Kakutani [13], Nash [24, 25],
Garcia-Falset et al. [27]). The recent fixed point results for multi-valued mappings can be found Blasi et al. [3], Sow
[32], Sene et al. [30], Sow et al. [30] and the references cited therein.

Interest in the study of fixed point theory for multi-valued nonlinear mappings stems, perhaps, mainly from its
usefulness in real-world applications such as Game Theory and Non-Smooth Differential Equations, Optimization.

Let D be a nonempty subset of a normed space E. The set D is called proximinal (see, e.g., [26]) if for each x € F,
there exists u € D such that

d(z,u) = nf{[lz —y[| : y € D} = d(=, D),

where d(z,y) = ||z — y|| for all z,y € E. Every nonempty, closed and convex subset of a real Hilbert space is
proximinal. Let CB(D), K(D) and P(D) denote the family of nonempty closed bounded subsets, nonempty
compact subsets, and nonempty proximinal bounded subsets of D respectively. The Pompeiu Hausdorff metric on
CB(D) is defined by:

H(A, B) = max { 31613 d(a, B), :gg d(b, A)}

forall A, B € CB(D) (see, Berinde [2]). A multi-valued mapping T': D(T) C E — CB(FE) is called L- Lipschitzian
if there exists L > 0 such that

H(Tz,Ty) < Llz —yl, Yo,y € D(T). (1.2)
When L € (0,1), we say that T is a contraction, and T is called nonexpansive if L = 1.
A mapping A : K — H is said to be k-strongly monotone if there exists k € (0, 1) such that forall z,y € K,
(Ax — Ay, — ) > kllz —y|>
A mapping A : K — H is said to be strongly positive bounded linear if there exists a constant k& > 0 such that
(Az,2)g > k||z|?, VoeK.

Remark 1.1. From the definition of A, we note that strongly positive bounded linear operator A is a || A||-Lipschitzian
and k-strongly monotone operator.
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Great attention has been paid to single-valued nonexpansive mappings (a special kind of strictly pseudo-contractive
mappings) because many nonlinear problems can be reduced to fixed point problems of nonexpansive mappings.
Among these iterative methods, the Mann iteration method is the mostfavour fixed point algorithm for nonexpansive
mappings since many algorithms can be reducedto Mann iteration. Recall that Mann’s iteration process [16] is
defined as follows: Let C be a nonempty, closed and convex subset of a Banach space X, Mann’s scheme is defined

by

Tnt1 = QpZp + (1 — ap)Ta,,

{ o € C, (1.3)

{a } is a sequence in (0, 1). But Mann’s iteration process has only weak convergence, even in Hilbert space setting.
Therefore, many authors try to modify Mann’s iteration to have strong convergence for nonlinear operators (see,

In 2009, Yao et al. motivated by the fact that Mann’s algorithm method is remarkably useful for finding fixed
points of a nonexpansive mapping, they proved the following theorem.

Theorem 1.1. [37] Let H be a real Hilbert space. Let T : H — H be a nonexpansive mapping with F(T') # (). For given
xo € H, let the sequences {x,,} and {y,,} be generated iteratively by

Yn = (1 — an)zn
{ Tn+1 = ﬂnyn + (1 - Bn)Tyna (14)

{Bn} and {«a,,} are a real sequences in (0, 1) satisfying:
(7) nh—{{.lo an, =0; (i) ;)ozn = 0.
Then the sequences {x,,} and {y, } generated by (1.4) converge strongly to fixed point of T.

Recently, iterative methods for single-valued nonexpansive mappings have been applied to solve fixed points
problems and variational inequality problems in Hilbert spaces, see, e.g.,[18, 19, 35] and the references therein.

A typical problem is to minimize a quadratic function over the set of the fixed points of a nonexpansive mapping
on a real Hilbert space H:

1
; A — . 1.5
zenrn(n ) 2( x,x) — (b, x) (1.5)

In [35], Xu proved that the sequence {xz,} defined by iterative method below with initial guess o € H chosen
arbitrary:
Tpy1 = anb+ (I — anA)Ta,, n>0, (1.6)

converges strongly to the unique solution of the minimization problem (1.5), where T is a nonexpansive mappings
in H and A a strongly positive bounded linear operator. In 2006 Marino and Xu [18] extended Moudafi’s results
[20] and Xu'’s results [35] via the following general iteration zy € H and

Tnt1 = @Y f(2n) + (I — @, A)Txy,, n >0, (1.7)

where{a, }nen C (0,1), A is bounded linear operator on H and T is a nonexpansive. Under suitable conditions,
they proved the sequence {z,,} defined by (1.7) converges strongly to the fixed point of T, which is a unique solution
of the following variational inequality

(Az* —~f(z"), 2" —p) <0, Vpe F(T).
The important class of single-valued k-strictly pseudo-contractive maps on Hilbert spaces was introduced by
Browder and Petryshyn [5] as a generalization of the class of nonexpansive mappings.
Definition 1.1. Let K be a nonempty subset of a real Hilbert space H. A map T' : K — H is called k-strictly
pseudo-contractive if there exists & € (0, 1) such that

1Tz =Ty|* < oyl +klz—y— (Tz-Ty)|?* Vao,yeKkK. (1.8)
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It is trivial to see that every nonexpansive map is strictly pseudo-contractive. Motivated by this, Chidume et al.
[10] introduced the of multivalued strictly pseudo-contractive mappings in real Hilbert as follows.

Definition 1.2. A multi-valued mapping 7' : D(T') C H — CB(H) is said to be k-strictly pseudo-contractive, if there
exists k € (0,1) such for all z,y € D(T), we have

2
(H(T2,Ty))" < o= ylP + Kl —w) = (y = 0)|%, Yue To,ve Ty, 19)

if k = 1in (1.9), the map T is said to be pseudo-contractive.

Remark 1.2. 1t is easily seen that any multivalued nonexpansive mapping is k-strictly pseudocontractive for any
k € (0,1). Moreover the inverse is not true (see,e.g., Sene et al. [30]).

With this definition at hand, many mathematicians proved some strong convergence theorems for approximating
fixed points of multivalued k-strictly pseudo-contrcative mappings under some compactness conditions (see, for
example, Sene et al. [30], Chidume et .al [10], Sow et al. [34] ).

In 2019, A. A. Mebawondu [22] introduced the following iterative method to find a common element of the set of
minimizers of a convex function and the set of common fixed points of a finite family of multivalued nonexpansive
mappings, proved the following theorem.

Theorem 1.2 ( A. A. Mebawondu [22] ). Let K be a nonempty closed convex subset of a real Hilbert space H. Let m > 1 be
a fixed number, for i,1 <i <m, let T; : K — CB(K) be a multivalued nonexpansive mappings and f : K — (—oo, +00)

m

be a proper convex and lower semi-continuous function such that I' := ﬂF(Tl) Nargmin, . f(y) # 0 and T;p = {p} for
i=1

allp € ﬂF(T,) Let {x,,} be a sequence defined iteratively from arbitrary z, € K by:

i=1
Yn = J)J\cnxn»

m

Zn = Yn'Tp + Z’yniy;, v € Tyuy, (1.10)
=1

Tn41 = anozn + (1 - ano)wn7 Wy € Tllzn

where = o, C (0,1),v,° € (0,1) and {\,} C]0, oo] satisfy:
(4) Z an’ = Z ' =1, (i5){\,} is a sequence such that \,, > X\ > 0 for all n > 1 and some . Then, the sequence {x,}
n=0

gener;zted by (37.13) converges weakly to an element of I

In the recent years, the problem of finding a common element of the set of solutions of convex minimization
and fixed point problems in real Hilbert spaces have been intensively studied by many authors; see, for example,
[10, 16, 18, 34? , 35] and the references therein.

In this paper, motivated by above results, the fact that the class of multivalued strictly pseudo-contractive
mappings contains those of multivalued nonexpansive and multivalued firmly nonexpansive mappings as sub-
classes and general proximal point algorithm is remarkably useful for solving most important problems with
nonlinear operators, we construct and study an explicit iterative method and prove strong convergence theorems
by using a modified general proximal point algorithm for approximating for approximating a common element
of the set of minimizers of a convex function and the set of common fixed points of a finite family of multivalued
strictly pseudo-contractive mappings in the setting of a real Hilbert space which is a solution of some variational
inequalities problems. Our result extends and improves the results of A. A. Mebawondu [22], Yao et al. [37], Marino
and Xu [18] Rockafellar [29] and many other authors.

2. Preliminaries

Let us recall the following definitions and results which will be used in the sequel.
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Let H be a real Hilbert space. Let {z,,} be a sequence in H, and let z € H. Weak convergence of x,, to z is
denoted by x,, — z and strong convergence by z,, — z. Let K be a nonempty, closed convex subset of H. The
nearest point projection from H to K, denoted by Px assigns to each x € H the unique Pk« with the property

[ = Pl <y — ||
for all y € K. It is well know that Py satisfies
(x — Pgx,y — Pgx) <0 (2.1)
forally € K.

Definition 2.1. Let H be a real Hilbert space and T : D(T) C H — 2" be a multivalued mapping. I — 7 is said to
be demiclosed at 0 if for any sequence {z, } C D(T) such that {x,,} converges weakly to p and d(z,,, Tz, ) converges
to zero, then p € T'p.

Lemma 2.1 (Demiclosedness Principle, [4]). Let H be a real Hilbert space, K be a nonempty closed and convex subset of
H.LetT : K — CB(K) be a multivalued nonexpansive mapping with convex-values. Then I — T is demi-closed at zero.

Lemma 2.2 ([6]). Let H be a real Hilbert space. Then for any x,y € H, the following inequality hold:

lz +yll* < ll2ll* + 2{y, = + v).

Lemma 2.3 (Xu, [36]). Assume that {a,,} is a sequence of nonnegative real numbers such that a,1 < (1 — ay,)an + apo,
forallm > 0, where {a, } is a sequence in (0, 1) and {o,,} is a sequence in R such that

o0 o0
(a) z%ozn =00, (b) limsup o, <0or Z |onan| < oo. Then nh—{go a, = 0.
—

n— o0
n=0

Lemma 2.4. [17] Let t,, be a sequence of real numbers that does not decrease at infinity in a sense that there exists a subsequence
tn, Of tn such that t,,, such that t,, <t foralli > 0. For sufficiently large numbers n € N, an integer sequence {7(n)} is
defined as follows:

7(n) = max{k <n: tx <tp41}.

Then, T7(n) — oo as n — oo and
maX{tT(n)7 tn} < t'r(n)+1~

Lemma 2.5. [19] Let K be a nonempty closed convex subset of a real Hilbert space H and T : K — K be a mapping.
() If T is a k-strictly pseudo-contractive mapping, then T satisfies the Lipschitzian condition

1+k
T —Ty| <
T~ Tyl < 1

Iz = yll-

(23) If T is a k-strictly pseudo-contractive mapping, then the mapping I — T is demiclosed at 0.

Lemma 2.6. [38] Let H be a real Hilbert space. Let K be a nonempty, closed convex subset of H and A : K — H be a
. " ) 2k L?

k-strongly monotone and L-Lipschitzian operator with k > 0, L > 0. Assume that 0 < n < 12 and T = n(k - 777) Then

foreacht € (O,mz’n{l, 1}), we have
T
(I —tnA)z — (I —tnA)y|| < (1 —tr)||lz -y, =,y € K.

Lemma 2.7 (Sene et al. [30]). Let K be a nonempty, closed and convex subset of a real Hilbert space H and 3; €10,1[,i =
1,---,n such that Zﬂi = 1. Then,

i=1

n
H > Biug
i=1

2 . 2 2
:ZBZH’U,H —Z,@l)\jHuz—uJH Vul,uz,--~ , Uy € K. (22)
=1

i<j
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Let g : K = (—00, 4+00) be a proper convex and lower semi-continuous function. For any A > 0, define the
Moreau-Yosida resolvent of g in a real Hilbert space H as follows:

. 1
Jix = argmin, {g(u) + ﬁHx — u||2} ,
for all z € H. It was shown in [12] that the set of fixed points of the resolvent associated with g coincides with the
set of minimizers of g. Also, the resolvent J{ of g is nonexpansive for all A > 0 (see [11]).

Lemma 2.8. (Miyadera [23]) For any r > 0 and p > 0, the following holds:
90— 79 H _ Py
Jix J#JZ(Ter(l T)er).

Lemma 2.9 (Sub-differential inequality, [1]). Let g : H — (—o00, +00) be a proper convex and lower semicontinuous
function. Then, for all x,y € H and X > 0, the following sub-differential inequality holds:

1 1 1
T8z =l = Sl = ol* + Sl = J{2]* + 9(J{2) < g(y). (2.3)

3. Main Results

Throughout this section, we will assume that H be a real Hilbert space and K be a nonempty, closed convex subset

of H. Let A: K — H be an a-strongly monotone and L-Lipschitzian operator, m > 1 be a fixed number, for

1,1 <i<m,letT; : K — CB(K) be amultivalued k;-strictly pseudo-contractive mapping and g : K — (—o0, +00)
m

be a proper convex and lower semi-continuous function such that I' := ﬂ F(T;) Nargmin, . g(y) # 0.
i=1
We consider the following fixed point problem:

Problem 1. .
find x € K such that = € (| F(T)). (3.1)

i=1
We consider the following convex minimization problem:

Problem 2.
find x € K such that g(z) <g(y), Vye€ K. (3.2)

Remark 3.1. We can observe that 2* solves Problem 3.1 and Problem 3.2 if and only if 2* € I
We show the main result of this paper, that is, the strong convergence analysis for Algorithm 1.

Algorithm 1. Step 0. Take {«,,} C (0,1), n > 0,and {\,} C]0, co[ arbitrarily choose xo € K; and let n := 0.
Step 1. Given z,, € K, compute x, 1 € K as

) 1 2
Uy = argmin, . . {g(u) + K”U — x| },

Yn = Botn + ¥ _ Bivh, vh € Tyup (3.3)
=1

Tpnt1 = Px(I — apnA)yn, n>0.

Update n := n + 1 and go to Step 1.
Where By €]p, 1[, p:= max{k:i, 1=1, ....,m}, Bi €]0,1[and Bo+ P11+ -+ PBm = 1.

Theorem 3.1. Assume that I — T; is demiclosed at origin and T;p = {p} for all p € T'. Suppose that:
2 o0
(4) lim «a, =0; (1©W)0<n< L—O;, and E oy, = oo and {\,} is a sequence such that A, > X > 0 for all n > 0 and some
n—oo

n=0
A. Then, the sequences {x, } and {u,} defined by Algorithm 1 converge strongly to «* € I, which is a unique solution of the
following variational inequality:
(Az*,2* —p) <0, VpeT. (3.4)
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Proof. From the choice of n, properties of Pr, and A is strongly monotone, then the variational inequality (3.4) has a

1 L?
unique solution in I'. Without loss of generality, we can assume «,, € (O, min{l , f}) where 7 =17 (k - J) In
T

what follows, we denote z* to be the unique solution of (3.4). Now, we prove that the sequences {x,,} is bounded.
Letp € I'. Then, g(p) < g(u) for all u € K This implies that

1 2 1 2
— lp — < My —
9(p) + o lp = plI* < g(u) + . [lu—pl
and hence J fn p = pforall n > 0, where J fn is the Moreau-Yosida resolvent of g in K. We have
lun = pll = |73, #n = pll < [lzn —pll, Y0 >0. (3.5)

By Using (3.3) and Lemma 2.7, we have

=l = [Bot— )+ S A0 )|
=1

m m m
Bollun = plI* + D _Billvs, = plI* =Y BoBillvh, — unll® = > BiBjllvi, — vil|*.

i=1 i=1 1<i<y

Using the fact that, fori = 1,--- ,m, T;p = {p}, we get

m 2 m ) m ) )
o =7 < Bollun —pl* + S8 (H (T, Tip)) = D obill, — ual® = 3 i8], — i ”
=1 =1

1<i<y

Using the fact that, fori = 1,--- ,m, T; is k;-strictly pseudo-contractive, we have
m m
lyn =21 < Bollun = plI? + 28 (Ihn = pI? + Killvg, = wall?) = D BoBillvh = ual®
i=1 i=1

m
=" BiByloi, — i

1<i<j
Hence,
lyn = plI? < llun = pI* =D Bi(Bo = ki) v}, — unl*. (3.6)
i=1
Since 5y €]u, 1[, we obtain,
o = o < llwn = o < 2 =l (3.7)

From (3.3), (3.7) and Lemma 2.6, we have

[ene1r =pll < (I = annA)yn —pl|
< (I=7on)llzn = pll + onllnAp|
nAp
< max [z, - pl. 2221y,
By induction, it is easy to see that
Ap
e~ pll < mase (o — ol 2203 > 0

Hence {z,} is bounded also are {u,)}, and {y,}.



102 T. M. M. Sow

Consequently, by inequality (3.6) and property of 11, we obtain

|zt = ol = [1Pr(I — aunA)yn —pll?
< yn—p— anTIAynH2
= ”yn _p||2 + 2an77“yn —p”HAynH + 04721||77Ayn||2
m
< lun = pl” =D Bi(Bo = ki)llv), — wnll* + 200y — pll| Ayall + a7 1Ay |
i=1
< lon —pl? - Zﬁz ki)llvg, = wnll® + 200nllyn — pll| Aynll + ai 10 Aynl.

Thus, for every i,1 < i < m, we get

Zﬁz Bo — k)|, = va % < [n — Dl = [@ns1 — % + 20mllym — pllI|Ayn]l + 02 [In Ayl

Since {x,,} is bounded, then there exists a constant B > 0 such that for every i,1 < i <m,
Zﬁz Bo — k)l[vh, — unl® < lzm — pI = 2ns1 — pI> + an B,

Now we prove that {z,,} converges strongly to 2*. Now we divide the rest of the proof into two cases.

(3.8)

Case 1. Assume that there is ny € N such that {||z,, — p||} is decreasing for all n > ng. Since {||z,, —p||} is monotonic

and bounded, {||z,, — p||} is convergent. Clearly, we have
Jim [lle, = pl? = 21 - pl?
It then implies from (3.8) that
Jim 3 BB = kol —uall* =

Since By €]u, 1], we have

12
lim ||uy, —v;,|| =0.
n—oo

Since v¢, € Tyuy, it follows that
lim d(up, Tiu,) =0, Vi=1,---,m

n—oo
Letp € I'. Using Lemma 2.9 and since g(p) < g(u,), we get
ln = wnll® < [l =l = llun — pl|.

Therefore, from (3.3), Lemma 2.2 and inequality (3.13), we get that

(I = annA)yn — pl?

Hyn ' Zia annAyn||2

1Yn — Pl + 200n|yn — Pl Aynll + o [0 Ays,||

[un — pl|* + 2000 yn — P Aynll + 2|0 Ay ||°

2n = plI* = |20 — unll® + 20mnllyn — pllllAyall + o InAyn

lzns1 = pII?

VAN VAN VAN VAN

12
and hence
[2n —unll® < [lzn = plI* = l2ns1 — 2l + 2annllyn — Pl Aynll + o [0 Aya||>.

Thanks inequality (3.9) and «,, — 0 as n — oo, we have

lim ||, — un| = 0.
n—oo

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)
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Next, we prove that lim sup(z*, ™ — x,,) < 0. Since H is reflexive and {z,,} is bounded, there exists a subsequence
n—+oo

{xn, } of {x,,} such that z,,; converges weakly to w in K and

limsup(Az*, 2" — z,) = lim (Az*,2* — z,,).
n—-+oo Jtoo

m

From (3.12) and the fact that I — T; are demiclosed, we obtain w € ﬂF ). Using (3.3) and Lemma 2.8 we arrive at

i=1
[zn = Jzall < Nlun — J@all + [lun — za
< ”anxn - J,!\anH + [Jun — zn|
An — A A
< un =l + 1 (S5 w0+ 1) = Sl
Ap — A A
A
< = @all+ (1= £ ) llun -
A
< (2= 2 ) lun = zall
< (20 lun =l
Hence,
lim ||z, — J{z,| = 0. (3.15)
n—oo

Since J{ is single valued and nonexpasive, using (3.15) and Lemma 2.1, then w € F(J{) = argmin,_, g(u).
Therefore, w € I'. On other hand, using the fact that z* solves (3.4), we then have

limsup(Az*, 2" —x,) = lim (Az" 2" —x,;)
n——+oo Jj—+o0

= (Az*, 2" —w) <0.

Finally, we show that x,, — z*.

1 — 2| 1Pk (1 = nan A)yn — 2|2

< (U —nand)yn — 2", Tp41 — 27)
= (I —noap, Ay, — a* — apnAx* + apnAx™® v, — %)
< T = annd)(yn — ) lzntr — 27|
+an (nAx™, 2" — xpyq)
< (I —an7)lzn — a™||[|zntr — 27| + an(nAz”, 2" — 2pq)
< (1= apn)||zn — 2|? + 20,n{Az*, 2% — 2y y1).

From Lemma 2.3, its follows that z,, — z*. We can check that all the assumptions of Lemma 2.3 are satisfied.
Therefore, we deduce x,, — z*.

Case 2. Assume that there is not ny € N such that {|z, — z*||} is not monotonically decreasing sequence. Set
Q,, = ||z, — 2*|| and 7 : N = N be a mapping for all n > ng (for some n, large enough) by 7(n) = max{k e N: k <
n, Qp < gy}

We have 7 is a non-decreasing sequence such that 7(n) — oo as n — oo and Q,(,,) < ()41 for n > ng. From
(3.8), we have

m 2

Zﬁz 60 -

Ur(n) — U 7(n) < aT(n)B-

Furthermore, we have

2
= 0.

lim Zﬁl ﬂO - |u7(n - U:—(n)

n—-+0oo
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Since By €]y, 1], we have
2

nll_}rr;o Ur(n) = VUp(my|| =0 (3.16)
Since vi(n) € Tyt (n), it follows that
lim d(uT(n),TiuT(n)> —O0Vi=1,---,m. (3.17)

By same argument as in case 1, we can show that .,y converges weakly in K and limsup(Az*, 2" — 2,(,)) < 0.
n—-+oo

We have for all n > nyg,
0 < 271 — 2* 1 = 2r(n) — 217 < arm) =727 ) — 2% )17 + 20(A2™, 2% — 27 () 41)],

which implies that

|Zr(n) — ||2 < 7<Aac T = Tr(n)41)-

Then, we have

. K12 —
nh_)rrolonT(n) || = 0.

Therefore,

W By = 1, Brima =0

Thus, by Lemma 2.4, we conclude that
0<B, < maX{BT(n)v B'r(n)+1} = BT(TL)—‘,—l'

Hence, ILm B,, =0, thatis {z,,} converges strongly to z*. This completes the proof. O

Now, we apply Algorithm 1 for solving fixed points problem involving multivalued nonexpansive mappings
and convex minimization problem without demiclosedness assumption.

Theorem 3.2. Let H be a real Hilbert space and K be a nonempty, closed convex cone of H. Let A : K — H be an a-strongly
monotone and L-Lipschitzian operator, m > 1 be a fixed number, for i,1 <i < m, let T, : K — CB(K) be a multivalued
ki-strictly pseudo-contractive mapping and g : K — (—o00, 400) be a proper convex and lower semi-continuous function

such that T' := mF(Ti) Nargmin, . 9(y) # 0. Let {x,} be a sequence defined iteratively from arbitrary xo € K by:
i=1

. 1 2
Up, = AYGMIN,, g {g(u) + o llu— 2, || }»
2,

Yn = Boun + Y _ Bivh, v}, € Tyup (3.18)
=1
Tny1 = Px(I — annA)yn, n>0.

With conditions {c, } C (0,1) and n > 0 satisfy:

n—oo

2 oo
(i) lim a, =0, (ii)0<n<L—O;and 3 an = oo,
n=0

(#1) Bo €)p, 1], p:= max{k‘i, =1, ....,m}, B: €]0,1]and Bo+ 51+ -+ B = 1.
(tv) {A\n} is a sequence such that X, > X > 0 for all n > 1 and some \. Then, the sequences {x,,} and {u,} defined by
Algorithm 1 converge strongly to x* € T, which is a minimizer of g in K as well as it is also a common fixed points of T; in K.

Proof. Since every multivalued nonexpansive mapping is multivalued strictly pseudo-contractive mapping, then,
the proof follows Lemma 2.1 and Theorem 3.1.
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Corollary 3.1. Let H be a real Hilbert space. Let m > 1 be a fixed number, for i,1 < i <m, let T; : H — H be a k;-strictly
pseudo-contractive mapping and g : H — (—oo, +00) be a proper convex and lower semi-continuous function such that

I:= ﬂF(E) Nargmin, .z g(y) # 0. Let {2} be a sequence defined iteratively from arbitrary zo € H by:
i=1

. 1
U = argmin,, [g(u) + KHH - »Tn||2] ,

Yn = Botn + ¥ BiTiun (3.19)
i=1
Tp+1 = (1 - an)yna n > 0.

With conditions {ay,} C (0, 1) satisfies:

oo

(i) im o, =0, (i)Y ayp = oo,
n=0

n—oo

(#i7) Bo €]p, 1[, p:= max{ki, i=1, ....,m}, B; €]0,1[and By + b1+ -+ Bm = 1.
(tv) {A\n} is a sequence such that X, > X > 0 for all n > 1 and some \. Then, the sequences {x,,} and {u,} defined by
Algorithm 1 converge strongly to x* € I.

Proof. Since every single-valued strictly pseudo-contractive is multivalued strictly pseudo-contractive mapping,
then, the proof follows Theorem 3.1. O

4. Conclusion

The problem of finding a common element of the set of fixed points of nonlinear operators and the set of
solutions of convex minimization problem has attracted much attention because of its extraordinary utility and
broad applicability in many branches of mathematical science and engineering. General terative algorithm and
proximal point algorithm are remarkably useful methods for solving most important problems with nonlinear
operators. In this article, we introduce and analyze a new iterative algorithm for approximating a common
solution of an equilibrium problem, variational inequality problems and fixed point problems with a finite family
of multivalued strictly pseudo-contractive mappings without imposing any compactness-type condition on either
the operators or the space considered. The results obtained in this paper are important improvements of recent
important results in this field.
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Abstract

In the present paper, new analytical solutions for the conformable space-time fractional (2+1)-dimensional
breaking soliton, third-order KdV and Burger’s equations are obtained by using the simplified tan(@)—
expansion method (SITEM). Here, fractional derivatives are described in conformable sense. The obtained
traveling wave solutions are expressed by the trigonometric, hyperbolic, exponential and rational func-
tions. Simulation of the obtained solutions are given at the end of the paper.

Keywords: Space-time fractional (2+1)-dimensional breaking soliton equations; Space-time fractional third-order KAV equation;
Space-time fractional Burger’s equation; Simplified tan(@)—expansion method (SITEM).
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1. Introduction

Nonlinear fractional partial differential equations have significant applications in various fields of science and
engineering such as fluid mechanics, mechanics of materials, biology, plasma physics, finance, chemistry, image
processing (see, for example, [1-5]). Traveling wave solutions to nonlinear fractional partial differential equations
play an important role in the study of nonlinear physical phenomena. The traveling wave solutions of the nonlinear
partial differential equations have been investigated by using various method such as exponential rational function
method, (G’/G)-expansion method, Exp-function method, extended sinh-Gordon equation expansion method,
modified exponential rational function method, Jacobi elliptic equation method (see, for example,[6-10]).

(2+1)-dimensional breaking soliton equations describe the (2 + 1)-dimensional interaction of a Riemann wave
propagating along the y-axis with a long wave along the x-axis. (G’ /G)-expansion method, extended tanh-function
method, improved Riccati equations method, sine-cosine method, improved extended Fan sub-equation method,
generalized (G’/G)-expansion method and extended three wave method have been applied to the (2+1)-dimensional
breaking soliton equations [11-18]. The space-time fractional (2 + 1)-dimensional breaking soliton equations with
modified Riemann-Liouville derivative have been solved by using new fractional Jacobi elliptic equation method,
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new fractional sub-equation method, modified simple equation method, improved fractional sub-equation method,
exponential rational function method, new fractional Jacobi elliptic equation method [19-23]. (G’/G)-expansion
method has been studied for the space fractional (2 + 1)-dimensional breaking soliton equations with modified
Riemann-Liouville derivative [24].

The general projective Riccati equation method, Exp-function method, extended hyperbolic function method and
collocation method with the modified exponential cubic B-spline have been applied to the third-order KdV equation
[25-28]. Time-fractional generalized third-order KdV equation with modified Riemann-Liouville derivative has
been solved by using generalized Kudryashov method [29].

Burger’s equation plays a major role in the study of nonlinear waves since it is used as a mathematical
model in turbulence problems, in the theory of shock waves, and in continuous stochastic processes [30]. Hopf-
Cole transformation and a reproducing kernel function method, a semi-analytical iterative method, (G'/G,1/G)-
expansion method have been applied to the Burger’s equation [31-33].

In this paper, the conformable space-time fractional (2+1)-dimensional breaking soliton, third-order KdV and
Burger’s equations have been solved by using the simplified tan(%@)—expansion method (SITEM). SITEM has
been applied to the Kundu-Eckhaus equation only for the parameter p = 0 in [34]. In our work, SITEM for the
nonzero parameter p has been applied to the space-time fractional some evolution equations with conformable
fractional derivative. New analytic solutions for these equations have been reported. Note that space-time fractional
(2+1)-dimensional breaking soliton, third-order KdV and Burger’s equations including conformable derivatives
have not yet been solved.

2. Description of the conformable fractional derivative and its properties

For a function f : (0,00) — R, the conformable fractional derivative of f of order 0 < « < 1 is defined as (see,
for example, [35])

flt+et=) — £(t)

TY f(1) = lim - @1)
Some important properties of the the conformable fractional derivative are as follows:
T (af +b9)(t) = T f(t) +bT7g(t), Va,be R,
T = e, 22)

’

T (fg(t) = 79 () f (9(1))-

3. Analytic solutions to the conformable space-time fractional (2+1)-dimensional breaking
soliton equations

The breaking soliton equations can be used to describe the (2 + 1)-dimensional interaction of a Riemann wave
propagating along the y-axis with a long wave propagating along the x-axis. The u(z, y,t) and v(z, y, t) represent
the physical field and some potential, respectively. This equation was studied by Bogoyavenskii [36].

Conformable space-time fractional (2+1)-dimensional breaking soliton equations are given in the following
form[23]

TPu+TPTI T u+ T fv + wTfu =0, (3.1)
TJu=T/v, 0<a<1l,0<B<1, 0<0<1 (3.2)

Let us consider the following transformation

u(z,y,t) =U(E), v(x,y,t) =V () f—kﬁ—l—mﬁ—kny—g (3.3)
7y7 - b) 7y7 - b - a B 0, .
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where k, m and n are constants. Using the third property in Eq.(2.2), we can compute the following derivatives

Tru(ent) = TU(E) = - E 0 —wwg)

Tue,.0) = T20(E) = o 2 e,

Tiute,.t) = T0() =y £ OE — e,

T T u(w, y, t) = nm*kU" (£),

T0(a,.0) = TIV(E) =P E D (e, (34

Substituting Eqs.(3.4) into Egs.(3.1)-(3.2), we obtain the following differential equations

kU +m*nU" +4mUV’' +4mVU’' =0, (3.5)
nU' = mV’. (3.6)

Integrating of Egs.(3.5)-(3.6) with zero constant of integration and eliminating V', we have
kU +m?nU" + 4nU? = 0. (3.7)

Let us suppose that the solution of Eq.(3.7) can be expressed in the following form

N N -
U(ﬁ)kzoAk[p+tan (qs(za)rJr’;Bk{antan (@)] k. (3.8)

Here, ¢(&) satisfies the following ordinary differential equation

¢'(§) = asin((S)) + beos(4(§)) + ¢, (3.9)

and a, b, ¢, Ax(0 < k < N)and Bi(1 < k < N) are constants to be determined. The solution of Eq. (3.9) is given
as follows:
Forb=¢, a=0,

tan(%) =bl+c1 —p.
Forb=c¢, a#0,
tan(g) = ¢y exp(a&) — g.

Forb#c, A=a?>+b>—-c?>0,

10} _ 2 cm exp(ﬁf) + caro eXP(T2§)
tan(g) T b—c exp(r1€) + cq exp(raf) P

Forb#c¢, A=a’>+b>—-c2=0,

10) __a n 2 Co .
—c b—ccp+ ¢

Forb#c¢, A=a’>+12-c?<0,

p o, V=A —c1sin(Y52€) + ¢3 cos(Y52¢)

tan(f)z )
2 b—c b—c 1 cos( EA§)+02sin( EAE)

where c; and ¢, are arbitrary constants, 7, = (a + p(b — ¢) + VA)/2and ro = (a + p(b — ¢) — VA)/2.
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Substituting Eq.(3.8) into Eq.(3.7) and then by balancing the highest order derivative term and nonlinear term in
result equation, the value of N can be determined as 2. Therefore, Eq.(3.8) reduces to

U(€) = Ao+ Ay [p+tan (@)} + As [ert‘cm (@)r

v B [p+tan (@)r + By [p+tan(@)}72. (3.10)

Substituting Eq.(3.10) into Eq.(3.7), collecting all the terms with the same power of tan(%), we can obtain a set of
algebraic equations for the unknowns Ay, 41,43, B, Bs, k, m, n

8nA3 + 3nAsb?m? — 6nAsbem? + 3nAac*m? =0,
64npAZ +

Solving the algebraic equations in the Mathematica, we obtain the following set of solutions:

Case 1: Aoz—%(b—c)mz( b c+2ap+bp? —cp?), Ay =0,A, =0,B; = 4m 2(—ab — ac+ 2a%p — b*p + *p +
3abp? — 3acp? + b?p3 — 2bep?® + ?p3), By = —émQ(—b —c+2ap +bp? — cp?)? k= —Am?n :
Forb=cand a =0,

Ui (€) = fgm2b2 [bg + cl} ) (3.11)
Forb=cand a # 0,
3, ) b1-1 3 )
Uz(§) = ym”(=2ab + 2a°p) {p + c1 exp(ag) — ﬂ — gm*(=2b+ 2ap)
[p + c1 exp(af) — g} - (3.12)

For A > 0and b # ¢,

3
Us(€) = _§(b —)m?(—=b — ¢+ 2ap + bp* — cp?)

3 . . .
+ Zmz(fab — ac+ 2a*p — b?p + Zp + 3abp? — 3acp?® + b?p> — 2bep® + 2p?)

2 cyry exp(ri€) + corgexp(ra€) -
[b } (3.13)

—c cexp(ri€) + co exp(raf)

2 crrypexp(ri) + cora exp(r26) } -2

3 2 242
— —m“(=b—c+2ap+bp° —c [
( p+bp” —p) b—c c1exp(ri€) + coexp(raf)

8

For A < 0and b # ¢,

3
Us(§) = -5 (b= c)m*(—=b— ¢+ 2ap + bp* — cp?)

3
+  Sm?(—ab — ac+ 2a*p — b?p + *p + 3abp® — 3acp® + b*p? — 2bep® + *p?)

N V—A —cp sin(¥ gAf) + ¢o cos(¥ ;A )}—1
b—c b-c ¢ cos(—v_Aﬁ)Jchsin(—V;Af)

(3.14)

4
[p+
3 m?(—b— ¢+ 2ap + bp* — ¢ )[
8 P+ 0p P b_
V—A —c1sin(¥Y5 26) + ¢y cos(YL52 f]
b—c c1 cos(¥Y5= 2¢6) + ¢y sin(Y52¢)

HereE——Amn —|—m —|—n0
Case2: Ag = —gm (2a —b? + ¢® + 6abp — 6acp+3b2 2—6bcp —|—302p2) A =0, A2—0 31 3m2(—ab—ac+
2a2p—b2p—|—02p+3abp — 3acp?® + b2p3 — 2bcp? + 2p3), By = —2m?(=b — ¢+ 2ap + bp? — cp?)%, k = Am®n :
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Forb=cand a =0,

Forb=cand a # 0,

For A > 0and b # ¢,

For A <0and b # ¢,

+

Here ¢ = Am? n +m

Case 3: Ay = —f(b -

8
0,By =0,k =—-Am?n:

Us(€) = —%m2b2 [bg + cl} - (3.15)

Us(§) = _im%z + gm (—ab + a”p) {p + 1 exp(ag) — g] -

3 b1—2
+ —imz(—b—&—ap)Q p+ c1exp(al) — ﬂ . (3.16)

1
Uz (¢) = f§m2(2a2 —b? + ¢ + 6abp — 6acp + 3b°p? — 6bep? + 3¢%p?)

Sm?(—ab — ac + 2a®p — b*p + *p + 3abp® — 3acp® + b*p® — 2bcp® + *p?)

For A > 0and b # ¢,

For A <0and b # ¢,

[ 2 cyry exp(ri€) + corg exp(ra€) } - (3.17)
b—c crexp(ri§) + cz2 exp(rzf) '
2 crryexp(rif) + carg exp(r2f) 12
2.2 —bh— 2 b 2 2\2 171
8m ( ¢+ 2ap + op cp ) [b—c 1 exp(r1£)+02exp(r2§) }
1
Us(€) = —§m2(2a2 — b® + ® + 6abp — 6acp + 3b°p* — 6bep® + 3¢*p?)
“m2(—ab — ac + 2a*p — b*p + Ap + 3abp® — 3acp® + b*p® — 2bep® + *p?)
[+ + VEA —arsin(Y526) + e cos(¥52 >} - (3.18)
p .
b—c¢ b—c clcos("_Af)—l—CQSin(“gAf)
3
g™m m?(—b — ¢+ 2ap + bp? — cp?)? [p—f—ﬁ
vV—A —cy sin(—VgAE) + ¢3 cos( ‘/275)] -2
b—c ¢ COS(—VEAS) + co sin(—vgb‘f)
o
° 4+ n.
c)m2( b—c+2ap+bp* —cp?), A1 = 3(b—c)m*(a+bp— cp), Ay = —2(b—¢)?m?, B, =
Uy(€) = b—C)m (—=b— ¢+ 2ap + bp® — cp?)
3 c1ry exp(ri) + corp exp(raé)
+ +bp —
™M m(a+bp—c )[ c1 exp(ri€) + o exp(r2€) }
3 oreiriexp(rif) + carg exp(raé) 12
_ 3. 3.19
2 [ c1 exp(ri€) + cz exp(ra€) G2
3
Uio(€) = _§(b —c)m?(=b — ¢ + 2ap + bp* — cp?)
— V=R 6) 4 ¢y cos(Y5E¢E)
S+ bp — ) [plo — ) + o+ A S FercoslTy
{ c1 cos( Y5 26) + ¢y s1n(TA§) }
e g (Y=A VA2
%mQ [p(b —¢)+at+v-A cisin(*5=8) +ezcos(F5 f)] ) (3.20)

c1 COS(@&) +co sin(@f)
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Here ¢ = —Am? n —|—m —|—n0
Case 4: Ay = —gm (2a —b% + ¢ + 6abp — 6acp + 3b%p? — 6bep? + 3cp?), Ay = %(b —c)m?(a + bp — cp), Ay =

—%(b —¢)’m?, By =0,By =0,k = Am?n :
Forb=canda # 0,
1
Ui (€) = jm?a?. (3.21)
For A > 0and b # ¢,

1
Ui2(€) = f§m2(2a2 —b? 4 ¢® 4 6abp — 6acp + 3b%p? — 6bep? + 3cp?)

ciry exp(r§) + cara eXP(Tzf)}

3
2 bp —
+ 2m (a+bp )[ c1 exp(ri1€) + coexp(raf)

3 2[c1r1exp(ri€) + cary exp(raé)
R 3.22
2" { c1exp(ri§) + cz exp(raf) } 022
For A <0and b # ¢,
Ui3(§) = —ém2(2a2 — b2 4 ¢ + 6abp — 6acp + 3b%p? — 6bep? + 302p2)
3, —cp sin(¥5= 26) + ¢ cos(¥5 2¢)
+ -m“(a+bp—cp)|lp(b—c)+a+VvV—-A
4 ( )[ ( ) c1 cos( Y5 §)+0281H(C§) }
(V=A V=4
3 —c1sin(¥Y5=&) 4 ¢z cos(Y5=¢) 72
- —-m7lplb—c)+a+V-A . (3.23)
8 [ ( ) c1 COS(—V;A@ + co sin(—ngg) ]
Here £ = Am*nt- =+ mi C 4l . Usmg formula V(¢) = 2U(&) the unknown function V' (£) can be computed.

The solutlons us(z, y, t), uz(z,y,t) and uy(z,y,t) of the Egs.(3.1)-(3.2) are simulated as traveling wave solutions
for various values of the physical parameters in Fig.1-Fig.6. Figs.1, 2 show kink waves solutions, Figs.3 and 4 show
solitary waves solutions, Figs.5, 6 show periodic waves solutions of Eqs.(3.1)-(3.2). Figs.1 and 2 are 3D and 2D
plots of the traveling wave solution us(x, 1,t) and us(z, 1, 1) in Eq.(3.12)for parameters o = 0.75, § =1, § = 0.5,
m = —0.05n=05a=1 b=5 c=5, ¢t =1, coc = 2and p = 0.1. Figs.3 and 4 are 3D and 2D plots
of the traveling wave solution us(z,1,t) and us(z,1,1) in Eq.(3.13) for « = 0.75, § =1, 6§ = 0.5, m = 0.5,
n=202a=01 bb=05 ¢c=002 ¢ =1, ¢ =1andp = 2. Figs.5 and 6 are 3D and 2D plots of the
traveling wave solution u4(z,1,t) and u4(x,1,1) in Eq.(3.14) for = 0.5, 8 =1, § = 0.5, m = 0.5, n = 0.2,
a=0.05, b=10.2, c=0.6, ¢c; =1, co =1and p = 1. Note that the 3D graphs describe the behavior of u in space
and time ¢ at fixed y = 1, which represents the change of amplitude and shape for each obtained traveling wave
solutions. 2D graphs describe the behavior of u in space « at fixed time ¢ = 1 and fixed y = 1. All graphics in figures
are drawn by the aid of Mathematica 10.

4. Analytic solutions to the conformable space-time fractional Korteweg-de Vries (KdV)
equation

Conformable space-time fractional KdV equation is given in the following form[25]

TPu+ TPTPT u + 6uTPu=00<a<1, 0<B<1. (4.1)

Let us consider the following transformation
to 8
u(x,t) =U(E), {= k— +m— 5 (4.2)

where k, m are constants. Substituting (4.2) into Eq.(4.1) we obtain the following differential equations

kU +m3U" 4+ 6mUU’ = 0. (4.3)
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Integrating of Eq.(4.3)with zero constant of integration, we have
kU +m3U"” + 3mU? = 0. (4.4)

Let us suppose that the solution of Eq.(4.4) can be expressed in the form Eq.(3.8). Substituting Eq.(3.8) into Eq.(4.4)
and then by balancing the highest order derivative term and nonlinear term in result equation, the value of N can be

determined as 2. Therefore, Eq.(3.8) reduces to Eq.(3.10). Substituting Eq.(3.10) into Eq.(4.4), collecting all the terms

with the same power of tan(%), we can obtain a set of algebraic equations for the unknowns Ao, A1,42, B1,Bs, k, m:

6A%m + 3A450°m® — 6Asbem® + 3A5¢2m? = 0,
48pAZm + ...
Solving the algebraic equations in the Mathematica, we obtain the following set of solutions:
Case 1: Ay = —3(b— c)m?*(—=b— ¢+ 2ap + bp? — cp?), Ay = 0, A3 = 0, B = m*(—ab — ac + 2ap — b*p + *p +
3abp? — 3acp? + b?p3 — 2bep?® + ?p3), By = f%mQ(fb —c+2ap +bp? — cp?)? k= —Am?3 :
Forb=cand a =0,

Uy (€) = —2m?b? [bg n cl} - (4.5)

Forb=cand a # 0,

—2

Us(€) = 2m2(a2p —ab)|p+ ¢y exp(a) — S} - — 2m2(ap — b)2 [p + ¢y exp(a&) — 2} . (4.6)

For A > 0and b # ¢,

1
Us(€) = —5(6 —)m?(—=b — ¢+ 2ap + bp* — cp?)

+ m2(—ab — ac + 2a*p — b*p + *p + 3abp® — 3acp® + b*p® — 2bep® + *p?)

2 cyryexp(ri€) + cars exp(rgf)} -1 47
b—c crexp(ri§) + caexp(rzf) .
1, 2 2192 2 can eXp(Tlf) + core eXP(TQS) —2
— mP(—b— e+ 2ap + bp? —
2" ( ¢+ 2ap +bp” = cp’) [b—c c1 exp(r1€) + co exp(r2€)
For A <0and b # ¢,
1
Us(€) = fi(b — c)mz(fb — ¢+ 2ap + bp? — cp2)
+ m?%(—ab — ac + 2ap — b*p + p + 3abp® — 3acp® + b*p?® — 2bep® + Pp?)
[p L V—A—c1 sin(—ngf) + co cos( ;A )} -1 (48)
b—c b—c ¢ cos(vgA )—i—cQsin(—VgAf)

1 V=A —c;sin(¥=2¢) + V=Agy -2
— §m2(—b—c+2ap+bp2—cp2)2[p+ a + 1 sin{ 2 §) + ez cos( 2 ) .

b—c b—c ¢ cos(—ngg)Jchsin( ;Ag)

Here ¢ = —~Am®L + m‘%.

Case 2: Ag = —tm?(2a® — b + ¢ + 6abp — 6acp + 3b*p? — 6bep? + 3¢?p?), Ay =0, A2 = 0, By = m?*(—ab — ac +
2a%p — b%p + 2p + 3abp? — 3acp® + b2p3 — 2bcp3 + 2p?), By = —%mQ(—b —c+2ap +bp? — cp?)?, k= Am3 :
Forb=canda =0,

Us(€) = —2m?b? [bg + cl} - (4.9)

Forb=cand a # 0,

Us(§) = _%m%z +2m?(a®p — ab) [P + c1exp(af) — g B
— 2m?(ap — b)? [p + ¢y exp(a&) — g} _2, (4.10)
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For A > 0and b # ¢,

1
Uz () = 76m2(2a2 —b? 4 ® 4 6abp — 6acp + 3b%p? — 6bep? + 3¢p?)

+ m%(—ab — ac + 2ap — b*p + p + 3abp® — 3acp® + b*p® — 2bep® + *p?)
2 ariexp(rf) +cors exp(?’z&)} -

b—c c1exp(ri€) + coexp(r2€) (4.11)
— %m2(—b — ¢+ 2ap + bp* — cp2)2 [b 3 . 012 Eigg:ig I 2213?:2(55) B
For A <0and b # ¢,
Us(§) = —ém2(2a2 — % + ¢ + 6abp — 6acp + 3b%p* — 6bep? + 3c2p?)
4+ m?*(—ab — ac + 2a*p — b*p + *p + 3abp® — 3acp® + b*p?® — 2bep® + *p?)
[p Lo V=A —csin(Y52€) + ¢ cos(Y526) - @12)

b—c b-—c clcos(V_A§)+CQSin(V;A§)

1
— §m2(—b—c+2ap+bp — cp?)? [

b
V—A —cysin(¥5= 26) + ¢y cos(L52¢) }
b—c c1 cos(¥Y5= 26) + ey sin( Y52 5

— 3t~ il
Here ¢ = Am E—l—m%

Case 3: Ag = —1(b— c)m*(=b — c+ 2ap + bp® — cp?), A1 = (b — c)m?*(a + bp — cp), Ay = —1(b— ¢)*m?, By =
O,BQ:O,k:—Am?’:
For A > 0and b # ¢,

Uy(§) = (b m2(=b — ¢ + 2ap + bp?* — cp?)

+ 2m2(a+bp —cp

c1 exp(ri€) + cz exp(ra€)

)
{cm exp(ri€) + cara exp(?‘zﬁ)}
)
)

)
C o2 [clrl exp(rlg

+ corg exp(raf)
413
c1 exp(ri§) + cz exp(r2) ] (4.13)
For A <0and b # ¢,
1
Uro(§) = *i(b — C)m2(fb — ¢+ 2ap + bp? — cp?)
+ (b= c)m>(a+bp —cp) {p L% V-A —c1 sin(@f) +co cos(\/?g)}
b—c b= ¢ycos(Y5RE) + cpsin(Y3E)
TN o oain( V=D (VAo

+ —%(b — ¢)?m? [p—i— @ . V—A —cisin(¥5=E) + cp cos( Y5 g)} w1

b—c b-c ¢ cos(ngf)—FcQsin(—ngf)

— 3" z”
Here § = —Am” = -l—m%

Case 4: Ag = —%m2(2a2 — b2 + ¢ + 6abp — 6acp + 3b*p* — 6bep? + 3c¢?p?), Ay = (b — c)m?(a + bp — cp), Ay =
—3(b—¢)*m?, By =0,By = 0,k = Am? :
Forb=cand a # 0,

Ui (€) = —%m2a2. (4.15)
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For A > 0and b # ¢,
1
Ui2(€) = 76m2(2a2 —b? 4 ® 4 6abp — 6acp + 3b%p? — 6bep? + 3c%p?)

+ 2m*(a+bp —

ep) [clrl exp(ri€) + core exp(rgﬁ)}
c1exp(ri§) + ca2 exp(rz€)

cir1 exp(ri) + corg exp(r2f)
_ 416
" { crexp(ri§) + ez exp(r2f) } (410
For A <0and b # ¢,
Ui3(€) = f%m2(2a2 —b? 4 ¢ 4 6abp — 6acp + 3b%p? — 6bep? + 3¢%p?)
vV-A V-4
—cy sin(¥5=¢&) + ¢ cos(Y5=¢)
+ m%(a+bp—cp)|plb—c)+a+V-A
( ){ ( ) c1 cos( Y5 26) + ey sm(‘/if) ]
_ V-A \/7

_ %m2 [p(b O tatvV A2 sin(*5¢) +ezcos(*5- 5)} . (4.17)

c1 cos( \/75) + ¢y Sln(gﬁ)

Here ¢ = Am3L + m2- 5

The solutlon uis(x,t) of the Eq.(4.1) is simulated in Fig.7-Fig.8 as periodic waves solutions. 3D plot of the
obtained solution uq3(z, t) is given for parametersa = 0.5, 8 =1,m =0.5,a =05, b=0.25, c=1, ¢c;1 =1, co =3
and p = 1 in Fig.7. Fig.8 demonstrate the same solution with 2D plot for —40 <z <40 att = 1.

5. Analytic solutions to the conformable space-time fractional Burger’s equation

Conformable space-time fractional Burger’s equation is given in the following form[31]

Teu+uTPu—TPTPu=0,0<a<1, 0<pg<1. (5.1)
Let us consider the following transformation
u(z,t) =U(E), {= Ko 4 mi (5.2)
o B
where k, m are constants. Substituting Eq.(5.2) into Eq.(5.1) we obtain the following differential equations
kU +mUU —m2U" = 0. (5.3)
Integrating of Eq.(5.3)with zero constant of integration, we have
kU + %UZ —m2U’ = 0. (5.4)

Let us suppose that the solution of Eq.(5.4) can be expressed in the form Eq.(3.8). Substituting Eq.(3.8) into Eq.(5.4)
and then by balancing the highest order derivative term and nonlinear term in result equation, the value of N can
be determined as 1. Therefore, Eq.(3.8) reduces to

UE) = Ao + A [p+tan (@)} + B [p+tan (@)} B (5.5)
Substituting Eq.(5.5) into Eq.(5.4), collecting all the terms with the same power of tan(%), we can obtain a set of
algebraic equations for the unknowns Ay, 41,B;, k, m:
A%m + A1bm? — Ajem?® =0,
241k 4+ 240A1m — 2aA;m? + 4A?mp + 24:bm?p — 2A1em®p = 0,
2A0k + Agm + 6A2mp? 4+ 2A, Bym + 6A1kp — Ajbm? — Ajem? — bBym?
+ Bijem?-— 4aA1m2p + A1bm?p? — Arem®p? + 6A9A1mp = 0,
2Bk +4A2 mp + 240Biym + 4Aokp + 2aBym? + 6 A1 kp? + 2A2 smp
+ 6A40Aimp? — 2A,bm*p — 2A1em?p — 2aA1m2p? + 4A, Bymp = 0,
Bim + Admp? + A3mp* + 2B1kp + bBym? + Biem?® + 2Aokp® + 24, kp?
+ 240A mp® + 24, Bymp? — A1bm?p? — Arem?®p? 4+ 2A0Bimp = 0.
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Solving the algebraic equations in the Mathematica, we obtain the following set of solutions:
Case 1: Ag = —am = Vm2A —mp(b—c¢), Ay = 0, B; = m(—b— c+ 2ap + bp? — cp?), k = FmvVm?2A :

Forb=cand a =0,

Uy (€) = —2bm [bg + cl] - (5.6)

For b= cand a # 0,
Us.s(€) = —am + Vim?a? + 2m(ap — b) [ p + e1 explag) — 2] - (57)

For A >0and b # ¢,
Uss(€) = —am + Vm2A — mp(b — ¢) (5.8)

2 cyryexp(ri€) + corgexp(ra€) -1
b—c ¢ exp(ri€) + coexp(raf)

+  m(=b—c+ 2ap + bp* — cp?)

For A <0and b # ¢,

Us,7(§) = —am £ Vm2A — mp(b — ¢) (5.9)
9 a vV—A —clsin(ﬂg)—i—chos( Bg)-1
+om(=b et 2ap +bp *CPQ)[” b—c ' b—c o cos( ‘2A£)+cQsin( ‘Z)Aé) '

2 2

Here £ = :Fm\/m2A% + m%.

Case2: Ag =am £ Vm2A+mp(b—rc),A1 = —m(b—c),By =0,k =Fmvm2A:
For A > 0and b # ¢,

Uso(§) =am £+ vm2A+ mp(b—c) (5.10)
c1ry exp(ri€) + cara exp(raﬁ)}
c1exp(rié) + caexp(rad) 1

— 2m

For A < 0and b # ¢,

U10711(€) =am =+t Vm2A + mp(b — C) (511)

VA V=A
—cq sin( &) + c2 cos( )
— mpb—c)+a+V-A 2 2 .
[< ) clcos(V;A )—f—CQSin(V;A )}

Here £ = IFm\/mzA% + m%.

The solution us(x,t) in Eq.(5.8) is simulated in Fig.9-Fig.10. These figures show kink wave solutions. Figs.9 and
10 are 3D and 2D plots of the traveling wave solution us(z,t) and us(x,1) in Eq.(5.8) fora = 0.75, 5 =1, 6 =0.5,
m=05a=2, b=5 ¢=2, ¢,=1, co=1andp=0.2.
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-0.05

-0.10

20

Figure 1. 3D plot of the obtained traveling wave solution us(z, 1,t) in Eq.(3.12).

-20

~0.14 -

Figure 2. 2D plot of the obtained traveling wave solution us(x, 1,1) in Eq.(3.12).

x

Figure 3. 3D plot of the obtained traveling wave solution u3(z, 1,t) in Eq.(3.13).
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L L n
-40 -20 20 40

Figure 4. 2D plot of the obtained traveling wave solution u3(z,1, 1) in Eq.(3.13).

-1.2F

Figure 6. 2D plot of the obtained traveling wave solution u4(x, 1,1) in Eq.(3.14).
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Figure 7. 3D plot of the obtained traveling wave solution u;3(z, t) in Eq.(4.17).

L L
-40 20
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e

10 ——
X 20

Figure 9. 3D plot of the obtained traveling wave solution us(x,t) in Eq.(5.8).
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-30 -20 -10 10 20 30

Figure 10. 2D plot of the obtained traveling wave solution us(z, 1) in Eq.(5.8).

6. Conclusion

The fundamental goal of the paper has been to construct an approximation to the solution of the conformable
space-time fractional (2+1)-dimensional breaking soliton, third-order KdV and Burger’s equations by SITEM.
The obtained solutions are traveling wave solutions of the conformable space-time fractional (2+1)-dimensional
breaking soliton, third-order KdV and Burger’s equations. These equations have been converted into its equivalent
nonlinear ordinary differential equation by using fractional complex transformation. Solutions of the obtained

nonlinear ordinary differential equation have been seek in the form of the summation of the function p + tan(@).

Substituting the summation of the function p + tan(@) into the nonlinear ordinary differential equation and
equalizing coefficients of the term with the same degree, nonlinear algebraic system is obtained. Solving the
nonlinear algebraic system, we have the traveling wave solutions.

There are many types of traveling waves that are of particular interest in solitary wave theory. Three of these
types are the solitary waves, the periodic waves and the kink waves. The solitary waves are asymptotically zero at
large distances, the periodic waves have periodicity, the kink waves rise or descend from one asymptotic state to
another. The 3D and 2D graphics of the obtained solutions have been presented in the paper. Figs.1- 2, Figs.9-10
show kink waves solutions, Figs.5- 6, Figs.7-8 have periodic waves solutions and Figs.3-4 give solitary waves
solutions. This method changes the given difficult problems into simple one and solve easily by using MATLAB
programming. The obtained solutions are new and have not been reported in former literature. The method can

also be applied to other nonlinear fractional partial differential equations.

Acknowledgements

The authors would like to express their sincere thanks to the editor and the anonymous reviewers for their
helpful comments and suggestions.

Funding

There is no funding for this work.

Availability of data and materials

Not applicable.

Competing interests

The authors declare that they have no competing interests.



122

H. Yaslan

(1]

[2]

[3]

[4

—

[5

—

[6

_—

[71

[8

—_—

[9

[t

[10]

[11]

[12]

[13]

[14]

[15]

[16]

(171

[18]

Author’s contributions

All authors contributed equally to the writing of this paper. All authors read and approved the final manuscript.

References

Bagley, R.L., Torvik, PJ.: On the appearance of the fractional derivative in the behavior of real materials. J. Appl. Mech.
51, 294-298 (1984). https://doi.org/10.1115/1.3167615

Podlubny, 1.: Geometric and physical interpretation of fractional integration and fractional differentiation. Fract.
Calculus. App. Anal. 5, 367 - 386 (2002).

Mainardi, E: Fractional calculus: Some basic problems in continuum and statistical mechanics, In: A. Carpinteri,
F. Mainardi, Editors, Fractals and Fractional Calculus in Continuum Mechanics. Springer-Verlag, New York
(1997).

Thomas, M.D., Bamforth,P.B.: Modelling chloride diffusion in concrete: Effect of fly ash and slag. Cem. Concr. Res. 29
(4), 487-495 (1999).

Khitab, A., Lorente, S., Ollivier, ].P.: Predictive model for chloride penetration through concrete. Mag. Concr. Res. 57
(9), 511-520 (2005). https:/ /doi.org/10.1680/macr.2005.57.9.511

Sahoo, S., Saha Ray S.: New travelling wave and anti-kink wave solutions of space-time fractional (3+1)-Dimensional
Jimbo-Miwa equation. Chin. J. Phys. 67, 79-85 (2020). https://doi.org/10.1016/j.cjph.2020.04.016.

Kim, H., Sakthivel, R., Debbouchecd, A., Torres, Delfim EM.: Traveling wave solutions of some important
Wick-type fractional stochastic nonlinear partial differential equation. Chaos soliton fract. 131, 109542, (2020).
https:/ /doi.org/10.1016/j.chaos.2019.109542.

Zulfiqar, A., Ahmad, ].: Exact solitary wave solutions of fractional modified Camassa-Holm equation using an efficient
method. Alexandria Eng. J. 59 (5), 3565-3574 (2020). https:/ /doi.org/10.1016/j.a€j.2020.06.002.

Sulaimana, T. A., Bulut, H.: Boussinesq equations: M-fractional solitary wave solutions and convergence analysis.
JOES 4 (1), 1-6 (2019). https://doi.org/10.1016/j.joes.2018.12.001.

Dianchen, L. Y., Arshad, L. M., Xu, X.: New Exact Traveling Wave Solutions of the Unstable Nonlinear Schrodinger
Equations and their Applications. Optik 165386 (2020). https://doi.org/10.1016/j.ijleo.2020.165386.

Guo, S., Mei, L., Zhou, Y.: The compound (G'/G)-expansion method and double non-traveling wave solu-
tions of (2 + 1)-dimensional nonlinear partial differential equations. Comput. Math. Appl. 69, 804-816 (2015).
https:/ /doi.org/10.1016/j.camwa.2015.02.016.

Bekir,A., Uygun, E.: Exact travelling wave solutions of nonlinear evolution equations by using (G’ /G)-expansion
method. Arab J. Math. Sci. 18, 73-85 (2012). https:/ /doi.org/10.1016 /j.ajmsc.2011.08.002.

Dai, C., Zhang, J.: Chaotic behaviors in the (2 + 1)-dimensional breaking soliton system. Chaos soliton fract. 39,
889-894 (2009). https:/ /doi.org/10.1016/j.chaos.2007.01.063.

Ping, Z.: New exact solutions to breaking soliton equations and Whitham-Broer-Kaup equations. Appl. Math. Comput.
217, 1688-1696 (2010). https:/ /doi.org/10.1016/j.amc.2009.09.062.

Tascan, E, Bekir, A.: Analytic solutions of the (2 + 1)-dimensional nonlinear evolution equations using the sine-cosine
method. Appl. Math. Comput. 215, 3134-3139 (2009). https:/ /doi.org/10.1016/j.amc.2009.09.027.

Zhang, S.: A further improved extended Fan sub-equation method for (2+1)-dimensional breaking soliton equations.
Appl. Math. Comput. 199, 259-267 (2008). https://doi.org/10.1016/j.amc.2007.09.052.

Xia,T., Xiong, S.: Exact solutions of (2+1)-dimensional Bogoyavlenskii’s breaking soliton equation with symbolic
computation. Comput. Math. Appl. 60, 919-923 (2010). https:/ /doi.org/10.1016/j.camwa.2010.05.037.

Zhao, Z., Dai, Z., Mu, G.: The breather-type and periodic-type soliton solutions for the (2 + 1)-dimensional breaking
soliton equation. Comput. Math. Appl. 61, 2048-2052 (2011). https://doi.org/10.1016/j.camwa.2010.08.065.



SITEM for the conformable space-time fractional partial equations 123

[19]1 Zheng, B.: A new fractional Jacobi elliptic equation method for solving fractional partial differential equations. Adv.
Differ. Equ. 228, 1-11 (2014). https:/ /doi.org/10.1186/1687-1847-2014-228.

[20] Choi, J. H., Kim, H.: Soliton solutions for the space-time nonlinear partial differential equations with fractional-orders.
Chinese ]. Phys. 55, 556-565 (2017). https://doi.org/10.1016/j.cjph.2016.10.019.

[21] Kaplan, M., Akbulut, A., Bekir, A.: Solving Space-Time Fractional Differential Equations by Using Modified Simple
Equation Method. Commun. Theor. Phys. 65, 563-568 (2016). https:/ /doi.org/10.1088/0253-6102/65/5/563.

[22] Li,C., Zhao, M.: Analytical solutions of the (2 + 1)-dimensional space-time fractional Bogoyavlenskii’s breaking soliton
equation. Appl. Math. Lett. 84, 13-18 (2018). https://doi.org/10.1016/j.am1.2018.04.011.

[23] Mohyud-Din, S. T., Bibi, S.: Exact solutions for nonlinear fractional differential equations using exponential rational
function method. Opt. Quant. Electron. 49, 1-12 (2017). https:/ /doi.org/10.1007 /s11082-017-0895-9

[24] Shang, N., Zheng, B.: Exact Solutions for Three Fractional Partial Differential Equations by the (G’ /G) Method. IJAM
43,1-6 (2013).

[25] Salas, A. H., Gomez, A.: Exact Solutions for a Third-Order KAV Equation with Variable Coefficients and Forcing Term.
Math. Probl. Eng. 2009, 1-13 (2009). https://doi.org/10.1155/2009/737928.

[26] Wazzan, L.: Exact solutions for the family of third order Korteweg de-Vries equations. Commun. Appl. Anal. 2016,
108-117 (2016). https:/ /doi.org/10.5899 /2016 / cna-00242.

[27] Seadawy, A. R., Sayed, A.: Traveling Wave Solutions of the Benjamin-Bona-Mahony Water Wave Equations. Abstr.
Appl. Anal. 2014, 1-7 (2014). https:/ /doi.org/10.1155/2014/926838.

[28] Raslan, K. R., EL-Danaf, T. S., Ali, K. K.: New numerical treatment for solving the KDV equation. JACM 1, 1-12
(2017).

[29] Demiray, S. T., Pandir, Y., Bulut, H.: Generalized Kudryashov Method for Time-Fractional Differential Equations.
Abstr. Appl. Anal. 2014 1-13 (2014). https://doi.org/10.1155/2014/901540.

[30] Cole, ].D.: On a quasi-linear parabolic equation occurring in aerodynamics. Quart. Appl. Math. 9, 225-236 (1951).
https:/ /doi.org/10.1090/qam/42889.

[31] Xiea, S., Heo, S., Kimc, S., Woo, G., Yi, S.:Numerical solution of one-dimensional Burgers” equation using reproducing
kernel function. J. Comput. Appl. Math. 214, 417-434 (2008). https:/ /doi.org/10.1016/j.cam.2007.03.010.

[32] AL-Jawary, M. A., Azeez, M. M., Radhi, G. H.: Analytical and numerical solutions for the nonlinear Burgers and
advection-diffusion equations by using a semi-analytical iterative method. Comput. Math. Appl. 76, 155-171 (2018).
https:/ /doi.org/10.1016/j.camwa.2018.04.010.

[33] Huda, M. A., Akbar, M. A., Shanta, S. S.: The new types of wave solutions of the Burger’s equation and the Benjamin-
Bona-Mahony equation. JOES 3, 1-10 (2018). https://doi.org/10.1016/j.joes.2017.11.002.

[34] Liu, H.,, Zhang, T.. A note on the improved tan(¢(&)/2)-expansion method. Optik 131, 273-278 (2017).
https:/ /doi.org/10.1016/j.ijleo.2016.11.029.

[35] Khalil, R., Horani, M. A., Yousef, A., Sababheh, M.: A new defnition of fractional derivative. ]. Comput. Appl.
Math. 264 , 65-70 (2014). https:/ /doi.org/10.1016/j.cam.2014.01.002.

[36] Bogoyavlenskii, O.L: Breaking solitons in (2 + 1)-dimensional integrable equations. Russian Math. Surveys 45, 1-86
(1990). https:/ /doi.org/10.1070/RM1990v045n04ABEH002377.

Affiliations

H. CERDIK YASLAN

ADDRESS: Pamukkale University, Department of Mathematics, 20070 Denizli, Turkey.
E-MAIL: hcerdik@pau.edu.tr

ORCID ID: 0000-0002-3243-3703



MATHEMATICAL SCIENCES AND APPLICATIONS MMH?[I:IIAETI:EQE m
CATIONS
E-NOTES ANI]APPLIE_ANT[I]TIES

https://doi.org/10.36753/mathenot.710119
9 (3) 124-132 (2020) - Research Article
ISSN: 2147-6268

©MSAEN

Geodesics of Twisted-Sasaki Metric

Abderrahim Zagane

Abstract

The main purpose of the paper is to investigate geodesics on the tangent bundle with respect to the
twisted-Sasaki metric. We establish a necessary and sufficient conditions under which a curve be a
geodesic respect. Afterward, we also construct some examples of geodesics.
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1. Introduction

The geometry of the tangent bundle T'M equipped with Sasaki metric has been studied by many authors such as
Sasaki, S. [18], Yano, K. and Ishihara, S. [20], Dombrowski, p. [6], Salimov, A., Gezer, A., and Cengiz, N. [2, 7, 14-16].
The rigidity of Sasaki metric has incited some geometers to construct and study other metrics on 7M. Musso, E. and
Tricerri, F. have introduced the notion of Cheeger-Gromoll metric [13], Jian, W. and Yong, W. have introduced the
notion of Rescaled Metric [9], Zagane, A. and Djaa, M. have introduced the notion of Mus-Sasaki metric [12, 21, 22].

The main idea in this note consists in the modification of the Sasaki metric. First we introduce a new metric
called twisted-Sasaki metric on the tangent bundle 7M. This new natural metric will lead us to interesting results.
Afterward we establish a necessary and sufficient conditions under which a curve be a geodesic with respect to the
twisted-Sasaki metric.

2. Preliminaries

Let (M™, g) be an m-dimensional Riemannian manifold and (T'M, 7, M) be its tangent bundle. A local chart
(U, 2");_17 on M induces a local chart (! (U), z*,y") on T'M. Denote by I'Y; the Christoffel symbols of g and

m
by V the Levi-Civita connection of g.

i=1m

We have two complementary distributions on 7'M, the vertical distribution V and the horizontal distribution H

Received : 27-03-2020, Accepted : 24-12-2020
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defined by :
V(w,u) = Ke’l"(dﬂ'(w u)) = {CL |(w u); ai c R},

7_l(m,u) = {CL %k@u) ujrfja k| (z,u) (S R}a

where (z,u) € TM, such that T, )y TM = Hzu) © Vizw)-
Let X = X2 be alocal vector field on M. The vertical and the horizontal lifts of X are defined by

0

XV o= Xxi_= (2.1)
oyt
5 . a 0
H _ % — Y . _] k.

For consequences, we have (52 ) = 52 and (52;)" = 821 , then (52, a‘z )i—1m is a local adapted frame on TT M.

w2 e T(z,u)T' M, then its horizontal and vertical parts are defined by

. 0 0
h % ) k
wo=w oxt —w JFzga k G/H(m u)» (23)
0
w’ = (@W* + w qufJ)a = € Vo) (2.4)

Lemma 2.1. [20] Let (M, g) be a Riemannian manifold, V be the Levi-Civita connection and R its tensor curvature, then for
all vector fields X, Y € T'(T M), we have following relations

L (X Y7, = (X, Y]~ (R(X.Y)u)",
2. X YV], = (VxY)Y,
3. XV, YV], =0,

where p = (z,u) € TM.

3. Twisted-Sasaki metric

3.1 Twisted-Sasaki metric
Definition 3.1. Let (M, g) be a Riemannian manifold and f : M — [0, +o00[ be a positive smooth function on M.
On the tangent bundle 7'M, we define a twisted-Sasaki metric noted g/ by

1 g/ (XHYH) () = 9.(X,Y),

2 g/ (X7 YY) () =0,

3 97 (XY YY) = 0:(X,Y) + [(2)92(X, u) g (Y, ),

where X, Y e (T M), (z,u) € TM, f is called twisting function.
Remark 3.1. 1 If f = 0 g7 is the Sasaki metric [20],

2 gf(XV7UV) = O[g(XﬂL), a=1+ fTQ and r? = g(u7 u)/

where X, U e I'(TM), U, =u € T, M and (z,u) € TM.

In the following, we consider f # 0, « = 1 + fr? and r* = g(u,u) = ||ul|* where ||.|| denote the norm with
respect to (M, g).

Lemma 3.1. Let (M, g) be a Riemannian manifold and p : R — R a smooth function. Forall XY e T(TM), p = (z,u) €
TM and u € T, M, we have following relations

L X" (p(r*))p = 0,
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2. XV (p(r?)p = 20 (r?)g(X, 1)z,
3. XH(g(Y,u)), = g(VxY,u),
4. XV(g(Y,u), = g(X,Y),.

Proof. Locally,ifU:ze M - U, =u= u’% € T, M be a local vector field constant on each fiber T, M, then we
have

; 0 i i O
Lo XMy = [X'gm(e(r®) = T5XY 5p(e(r)],
i 0 , 0
= [X pl<r2>a$i (TZ) - p/(TQ)F']f]X yJW(T2)]p
_ /0.2 Xz 0 s, t I\k‘ X’i i 0 s, t
= P(T)[ @gstyy — L yaT/kgStyy]P
p' () [Xg(U,U)s — 205 X"y gory®),)
= p()Xg(U,U)s —29(U,VxU),]
= 0.
- 0
2. XV(P(TQ))IJ = [XZP/(TQ)a*yigstysyt]p

_ 2p'(r2)Xigitut
= 20'(r)g(X, u)s.

The other formulas are obtained by a similar calculation. O

Lemma 3.2. Let (M, g) be a Riemannian manifold, we have the following

) XHgl(y", z%) = Xg(Y,2),

2) XxVgl(YH,ZH) = o,

)XYV, 2V = gV, ZV)+ g (VY (Vx2)Y) + X (fg(Y,u)g(Z,u),
) XVgl (Y, Z") = flg(X,Y)g(Z,u) + g(Y,u)g(X, Z)],

where XY, Z € T(TM).

Proof. Lemma 3.2 follows from Definition 3.1 and Lemma 3.1. O

3.2 The Levi-Civita connection

We shall calculate the Levi-Civita connection V/ of TM with twisted-Sasaki metric g/. This connection is
characterized by the Koszul formula

20/ (VLY. 2) = Xg/(Y,2)+Y¢/(Z,X) - Zg'(X,Y)
+gf(27[)27}7])+9f(?7[27)2])_gf()zv [}7’2}) (3.1)

forall X,Y,Z € T(TM).

Lemma 3.3. Let (M, g) be a Riemannian manifold and (T M, g7) its tangent bundle equipped with the twisted-Sasaki metric.
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If V (resp V/) denotes the Levi-Civita connection of (M, g) (resp (T M, g')), then we have following relations
1) ¢! (VI , Y, Z2H) =¢7 (VxY)H, ZH),
2) g (Viw V', 2%) = = Lo/ (ROX Y)Y, 27),
3) ¢! (Vieu ¥V, 21) =1 o (R(w,V)X)", 27),
) g (T ¥V, 27) =g (Vx1)V.27) + 5o X (DY )y 0V, 27),
5) g (Vi YT, ZH) :%gf((R(u,X)Y)H, z1),

6) 0! (Vi Y1, 2%) =5 ¥ (£)o(X,wg' (0, 2Y),

0) ¢! (Vi YV, 27) = (X g (Y u)g (grad )Y, 27,
9 ! (Vv 2%) =Logox gl 07, 27)

for all vector fields X, Y, U € T'(TM), Uy = uw € T, M and (x,u) € T M, where R denotes the curvature tensor of (M, g).

Proof. The proof of Lemma 3.3 follows directly from Kozul formula (3.1), Lemma 2.1, Definition 3.1 and Lemma 3.2.
1) The statement is obtained as follows

207 (V1w YH, 27y =x "ol (YH, ZH) 1 YH gl (28, XH) - 2H gf (XH YH)
+g (21 [XH Y H]) 4+ gt (VI (27, X)) - T (X, [V, 21))
=Xg(Y,2) +Yg(Z,X) = Zg(X,Y) +¢' (2", [X,Y]")
+g" (Y7, (2, X)) — g! (X", [Y, Z]")
=Xg(Y,2) +Yg(Z,X) = Z9(X,Y) + g(Z,[X, Y])
+9(Y,[Z,X]) = 9(X, [V, Z])
=2¢(VxY, Z)
=297 (VxY)", 2.
2) Direct calculations give
20/ (Vieu Y™, 2V) =X g/ (Y, 2V) + Y gl (2V XT) — 2Vl (XM Y1)
+g (ZV XY ) + gt (Y7 2V, X)) — T (X7, YT, 2Y))
=g" (2", [x", Y1)
=g (RX,Y)w)", Z").
The other formulas are obtained by a similar calculation. O

As a direct consequence of Lemma 3.3, we get the following theorem.

Theorem 3.1. Let (M, g) be a Riemannian manifold and (T M, g/) its tangent bundle equipped with the twisted-Sasaki
metric. If V (resp V') denotes the Levi-Civita connection of (M, g) (resp (T M, g7) ), then we have:

L(Vh ™), = (V) - LR ),

2 (ViaY )y = (VY)Y 4 5 XalDgelV )l + 5 (e, ¥)X),
3(VE Y™y = o ValDa(X w4 5 (Rul, X)Y),

LV YY), = FeX e uorad N+ Lo 0x oY

for all vector fields X, Y, U € ITM), Uy = u € T, M and p = (z,u) € TM, where R denotes the curvature tensor of
(M, g).
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4. Geodesics of twisted-Sasaki metric.

Lemma 4.1. Let (M, g) be a Riemannian manifold. If X, Y € T'(T M) are vector fields on M and (z,u) € TM such that
Y., = u, then we have

d.Y (X2) = X3y + (VXY) -

Proof. Let (U,z") bealocal charton M inz € M and 7~ *(U), 2", y) be the induced chart on TM, if X, = X'(2) 52|,
and Y, = Y'(2) 52|, = u, then

oY’k 0

7 a 7

Thus the horizontal part is given by:

) 0 , . 0
h _ % % k
_ H
= Xy

and the vertical part is given by:

k
@YX = (XK@

= (VxY)(,

(z,u)

(2) + X ()Y ()T, <x>}%|<x,u>

O

Let (M, g) be a Riemannian manifold and z : I — M be a curve on M. We define a curve C' : I — T'M by for all
teI,C(t) = (x(t),y(t)) where y(t) € T,y M i.e. y(t) is a vector field along x(t).

Definition 4.1. ([17, 20]) Let (M, g) be a Riemannian manifold. If () is a curve on M, the curve C(t) = (x(t), (t))
is called the natural lift of curve z(¢).

Definition 4.2. ([20]) Let (M, g) be a Riemannian manifold and V denotes the Levi-Civita connection of (M, g). A
curve C(t) = (x(t), y(t)) is said to be a horizontal lift of the cure x(¢) if and only if V;y = 0.

Lemma 4.2. Let (M, g) be a Riemannian manifold and ¥V denotes the Levi-Civita connection of (M, g). If x(t) be a curve on
M and C(t) = (x(t),y(t)) be a curve on TM, then

C =z +(Viy)V. (4.1)
Proof. Locally, if Y € I'(T'M) is a vector field such Y (x(t)) = y(¢), then we have
C(t) = dC(t) = dY (z(t)).

Using Lemma 4.1, we obtain
C(t) = dY (a(t)) = & + (Vay)¥.

a
Theorem 4.1. Let (M, g) be a Riemannian manifold and (T M, g/) its tangent bundle equipped with the twisted-Sasaki

metric. If V (resp. V) denotes the Levi-Civita connection of (M, g) (resp. (TM, g%)) and C(t) = (z(t), y(t)) is the cure on
T M such y(t) is a vector field along x(t), then

VLC = (V) (Rl Vi)d)! — 30V 400 (grad )P

HViViy)¥ + é[?’f(f)g(vj;y,y) + FIIVyllP]yY (4.2)
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Proof. Using Lemma 4.2, we obtain

vfc.c' = V{iH (Ve (27 + (Vay)Y]
- v;H:'cH + v;H (Vi) + vf(‘vmvi:h’ + vf(‘viy)v (Vay)"
= (V) — L (RG#W)Y 4 (VaVan)” 4 5 (Da(V )"
5 (R, V)i + 5 i(Pa(V iyl + 3 (R(5, Vg9)i) "
—%Q(Vggy,y)g(viy,y)(gmd N+ ég(%y, Viv)y”
= (V) + (R V) — 2g(V 4,9 (grad )"

2
HVaV30)Y + = [H()0(Va99) + FIV300y"
O

Theorem 4.2. Let (M, g) be a Riemannian manifold and (T M, g7) its tangent bundle equipped with the twisted-Sasaki
metric. If C(t) = (x(t),y(t)) is the cure on (T M, g¥) such y(t) is a vector field along x(t), then C(t) is a geodesic on T M if
and only if

o1 .
Vid = ig(V;by?y)zgmdf — R(y,Vy)&

(4.3)
ViViy = —é [#(Ha(Vzy,9) + IVl
Proof. The statement is a direct consequence of Theorem 4.1 and definition of geodesic. O
Using Theorem 4.2, we deduce following.

Corollary 4.1. Let (M, g) be a Riemannian manifold and (T M, g7) its tangent bundle equipped with the twisted-Sasaki
metric. The natural lift C(t) = (x(t),&(t)) of any geodesic x(t) on (M, g) is a geodesic on (T M, g').

Corollary 4.2. Let (M, g) be a Riemannian manifold, (T M, g') its tangent bundle equipped with the twisted-Sasaki metric.
The horizontal lift C(t) = (x:(t),y(t)) of the curve x(t) is a geodesic on (T M, g7) if and only if x(t) is a geodesic on (M, g).

Remark 4.1. Let (M™, g) be an m-dimensional Riemannian manifold. If C(t) = (z(t), y(t)) horizontal lift of the
curve z(t), locally we have

dy* kA

e yYt) = A(t).yt),
where, A(t) = [akj] , akj = Z

i=1

dz?
k=
Yodt
Remark 4.2.
Using the Remark 4.1, we can construct an infinity of examples of geodesics on (T'M, g/).
Example 4.1. We consider on R the metric g = e*dz?.
The Christoffel symbols of the Levi-cita connection associated with g are

5"

11(3911 dg11 3911) 1
Ozt Ozt Ozt

1
Iy, =

11 29
1)The geodesics z(t) such that (0) = a € R, 2/(0) = v € R of g satisfies the equation

d2a* " dat da? 1
- s = " - /2: )
aw T — dt dt 0&a"+3()" =0

1,j=
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Hence, we get 2/(t) =
Then, the natural lift

2 t
> +”vt and z(t) = a + 2In(1 + %).
2v

Ca(t) = (a(0), /(1) = (a+2Mm(1 + 5), =)

2
is a geodesic on TR.
2) The curve Cs(t) = (z(t), y(t)) such V;y = 0 satisfies the equation
dy®
dt

. dzd 1
T8 —0ey +-ya’ =0
+yly; 7 Sy +2y:c ,
after that y(t) = k.exp(—%) , keR.
v

Then, the horizontal lift

Calt) = (alt),y(0) = (a+ 2101+ ), k. exp(— 3 —)

is a geodesic on TR.

Corollary 4.3. Let (M, g) be a Riemannian manifold and (T M, g¥) its tangent bundle equipped with the twisted-Sasaki
metric. If f be a constant function, then the curve C(t) = (z(t), y(t)) is a geodesic on (T M, g*) if and only if

5 (4.4)
ViViy = —aI\V;'cyHQy-

Proof. The statement is a direct consequence of Theorem 4.2. O

Theorem 4.3.

Let (M, g) be a Riemannian manifold, (T M, g') its tangent bundle equipped with the twisted-Sasaki metric and x(t) be a
geodesic on M. If C(t) = (x(t), y(t)) is a geodesic on T M such that ||y(t)|| is not a constant, then f is a constant along the
curve z(t).

Proof. Let x(t) be a geodesic on M , then V ;i = 0. Using the first equation of formula (4.3), we obtain

.. 1 . ..
9(Vid, ) =0 = S9(Viy, y)’g(grad f, &) — g(R(y, V)&, &) =0

= oYy ) =0
= i) =0,

as ||y(t)|| is a constant < #g(y,y) = 0 < g(V;y,y) = 0. O

Corollary 4.4. Let (M, g) be a Riemannian manifold and (T M, g7) its tangent bundle equipped with the twisted-Sasaki
metric. If C(t) = (z(t),y(t)) is the cure on (T M, g”) such ||y(t)| is a constant, then the curve C(t) = (x(t),y(t)) is a
geodesic on (T M, g¥) if and only if

Vi =—R(y,Viy)t

f (4.5)
ViViy = = =lIVaylPy.
Proof. The statement is a direct consequence of Theorem 4.2, and we have
ly(t)|l is a constant < #g(y,y) =0 < g(V,;y,y) = 0. O

Theorem 4.4. Let (M, g) be a flat Riemannian manifold and (T M, g) its tangent bundle equipped with the twisted-Sasaki
metric. Then, the cure C(t) = (x(t), y(t)) is a geodesic on T M if and only if

1
Vit = 59(Viy,y)*grad f
(4.6)

ViViy =~ [#(o(Vs00) + IVl
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Proof. The statement is a direct consequence of Theorem 4.1. O

Corollary 4.5. Let (M, g) be a flat Riemannian manifold and (T M, g') its tangent bundle equipped with the twisted-Sasaki
metric. If f is a constant function, then the curve C(t) = (x(t), y(t)) is a geodesic on T M implies that x(t) is a geodesic on

M.

Proof. The statement is a direct consequence of Theorem 4.4. O
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Structure Preserving Algorithm for the Logarithm of
Symplectic Matrices
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Abstract

The current algorithms use either the full form or the Schur decomposition of the matrix in the inverse
scaling and squaring method to compute the matrix logarithm. The inverse scaling and squaring method
consists of two main calculations: taking a square root and evaluating the Padé approximants. In this
work, we suggest using the structure preserving iteration as an alternative to Denman-Beavers iteration
for taking a square root. Numerical experiments show that while using the structure preserving square
root iteration in the inverse scaling and squaring method preserves the Hamiltonian structure of matrix
logarithm, Denman-Beavers iteration and Schur decomposition cause a structure loss.

Keywords: Matrix functions; matrix logarithm; symplectic matrix; Hamiltonian matrix; inverse scaling and squaring method

AMS Subject Classification (2020): Primary: 00A00 ; Secondary: 00B00; 00C00; 00D00; 00E00; 00F00.

1. Introduction

The matrix logarithm is not only important for being the inverse function of the matrix exponential, it has also
many applications. It has been used by engineers in the continuization process. They compute the logarithm of
matrices in converting a discrete process into a continuous one [17, 18]. It has also applications to the stability
of differential equations [14, 16]. The growing interest in computing structured matrix functions stems from the
fact that predicting and preserving the structure of matrices can help us to explain the results physically and
geometrically. The logarithm of structured matrices has applications in the control mechanical systems [4, 15] and
in the optometry [6]. Structured matrix logarithm is also used for generalizing Bézier curves to non-Euclidean
spaces. Crouch’s algorithm, which generalizes De Casteljau algorithm to find polynomial splines on Riemannian
manifolds, requires the computation of matrix logarithm when this manifold is a Lie group of matrices [4]. The
theory of splines on Lie groups has applications in robotics path planning and air traffic control.

This paper focuses on computing the logarithm of a real symplectic matrix A with the spectrum p(A) such that
p(A)NR™ = 0, for which W = log A is Hamiltonian. In the computation of matrix logarithm, we use the inverse
scaling and squaring method proposed by Kenney and Laub [12] and which is based on the relation

log(A) = 2F log(Al/zk).
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There are two important calculations in the inverse scaling and squaring method. The first one is taking a square
root of a symplectic matrix and the second is the Padé approximation [7]. Moreover, the inverse scaling and
squaring method can be applied to A directly or it can be used with the Schur decomposition of A. However, we
show that the latter case does not preserve the structure of the symplectic matrices. The aim of this paper is to
propose using the structure preserving iteration for the square root in the inverse scaling and squaring method.
We analyse this approach in terms of structure error, accuracy and computational cost. Numerical experiments
assess the advantage of this approach and suggest using the structure preserving iteration in the inverse scaling
and squaring method for the logarithm of symplectic matrices to preserve the Hamiltonian structure.

The paper is organized as follows. Section 2 begins with the definition of symplectic matrices and the matrix
logarithm. We also review the inverse scaling and squaring method in this section. In Section 3, we propose our
algorithm using the structure preserving square root iteration in the inverse scaling and squaring method. Section 4
presents the numerical findings and analyses our approach in terms of structure error, accuracy and cost. Finally,
Section 5 gives a brief summary and critique of the findings .

2. Logarithm of symplectic matrices

2.1 Symplectic matrices
Let K denote the field R or C. Consider a scalar product (-, -),, defined by any nonsingular matrix M, for
z,y € K?,
[ 2TMy, for real or complex bilinear forms,
(v = { z*My, for sesquilinear forms.

For any matrix A € K"*", there exists a unique operator A* € K"*", called the adjoint of A with respect to the
scalar product, such that

(Az,y),, = (z,A*y>M, Vr,y € K"

A* can be written explicitly

oM ~“tATM, for real or complex bilinear forms,
T | M~'A*M, for sesquilinear forms.

Symplectic matrices belong to the automorphism group which is characterized by the adjoint matrix as
G={AcK™": A* = A1}

So for M = J the matrix A € K®"*?" js symplectic if AT JA = J. The permutation matrix J € R*"*2" is given as

0 I,
=[]
where I, is the identity matrix of order n.

2.2 Inverse scaling and squaring method
For a given A € K"*" a logarithm of A is any matrix W such that eV’ = A. We assume that A4 has no eigenvalues
on R~ so that the existence of a unique principal logarithm is assured as shown in the following theorem.

Theorem 2.1. [7, Thm. 1.31] Let A € K™*™ have no eigenvalues on R™. There is a unique logarithm W of A all of whose
eigenvalues lie in the strip {z : —m < Im(z) < w}. We refer to W as the principal logarithm of A and write W = log A. If A
is real, then its principal logarithm is real.

For M = J, a matrix W is called Hamiltonian if W* = —W, which implies W’ = JW J. The function logarithm
maps a symplectic matrix to a Hamiltonian matrix as proved in Theorem 2.2.

Theorem 2.2. [3, Thm. 2.1] If A € K™*" is a symplectic matrix and p(A) "R~ = (), then log A = W is Hamiltonian.

Proof. Since A is symplectic it satisfies
AT =—JA T =T AT
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Then,
log(AT) = J tlog A1

As stated in [7, Thm.1.13 and Thm.11.2 ], log(A”) = (log A)” and log A~! = — log A. Therefore,
(log A)T = —J log AJ
=JlogAJ.

Hence, it shows that log A is Hamiltonian. O

In the computation of matrix logarithm we use the inverse scaling and squaring method. The basic idea of the
inverse scaling and squaring method is to take the repetitive square root of A so the result is close to the identity
matrix and then use the m-th order Padé approximant r,,. We summarise the method in the following algorithm.

Algorithm 2.3. [12] Given A € K**" with no eigenvalues on R~ this algorithm employs the inverse scaling and
squaring method to compute W = log A.

1 Bring A close to an identity matrix by taking k repetitive square root of A

2 Decide the order of r,,,(A/2" — I by minimising the cost and maximising the accuracy
3 Approximate log(A/2") by using r,,(AY/2" — I) ~ log(AY/2")

4 Rescale to obtain W & 2kr,, (42" — 1)

The question we need to deal with is whether the square root function and the Padé approximation preserve the

structure or not. After taking the square root of any matrix in the automorphism group it stays in the automorphism
group, which is proved in the following theorem.

Theorem 2.4. [13] Let A be a matrix that has a principal square root AY/2. If A is symplectic, then A'/? is symplectic.
Proof. If A is symplectic, then A* = A~1. We have the equality

(A*)1/2 _ (A71)1/2 - (AI/Z)* _ (A1/2)71.

O

Theorem 2.5. [9, Thm. 6.2] Let G be any automorphism group and A € G. If A has no eigenvalues on R, then the iteration
1 —%

Yipr = i(Yk +Y,7) (2.1)

1
:dn+M”nJM)

with starting matrix Yy = (I + A), is well defined and Y, converges quadratically to A'/2,

Since a symplectic matrix belongs to an automorphism group G the advantage of using iteration (2.1) is that it
will preserve the symplectic structure and the result will lie in the group to approximately machine precision. With
this iteration, we preserve the symplectic structure and when we evaluate the Padé approximant, we obtain the
Hamiltonian structure which is proved in the following theorem.

Theorem 2.6. [5] Let r,,, (X) be the diagonal Padé approximants tolog(I+X), m =0,1,.... Let W =log Aand X = A—1I
with p(X) < 1. If A is symplectic, then r,,(A — I) is Hamiltonian.

Proof. We will use the homographic invariance [2, Thm. 1.5.2] under the argument transformations for this proof.
Since f(z) = logx does not have a power series we take f(z) = log(1 + z). By using the equality log(1 + z) =

—log (1 + _f1> and [2, Thm. 1.5.2] we get r,, (z) = —rp (—z/(x + 1)).
x

For the matrix case this formula yields r,,(X) = —7r,(-=X(X + I)7!). If A is a symplectic matrix, then
A1 = —JAT J. Thus, we can write
rm(A—1) = —rp(A=1)
= —rp(=JATT—T)
= _Tm(_J(AT _I)'])

We obtain r,,(X) = =7, (=J(XT)J) = Jrp(XT)J = Jrp(X)TJ = —J 7 1r,,(X)TJ which indicates that 7, (X) is
Hamiltonian. O
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We state in the next theorem that the error in matrix Padé approximation is less than the error in scalar Padé
approximation at the norm of the matrix, which is used in the inverse scaling and squaring method to decide the
order of Padé approximation.

Theorem 2.7. [11] For ||A — I|| < 1 and any subordinate matrix norm,
[rm (A = I) —log A|| < [rm(=[|A = I||) = log(1 — [[A = I[])]. (2.2)
Table 1. Maximal values 6,, of |A — I|| ensure that the bound ||7,,,(A — I) — log A|| does not exceed u = 27% [7,

Table 11.1].

m 1 2 3 4 5 6 7 8 9
0, 1.10e-5 1.82e-3 1.62e-2 5.39%-2 1.14e-1 1.87e-1 2.64e-1 3.40e-1 4.11e-1

m 10 11 12 13 14 15 16 32 64
0, 4.75e-1 53le-1 58le-1 6.24e-1 6.62e-1 6.95e-1 7.24e-1 9.17e-1 9.78e-1

The maximal values 6,,, of ||A — I| such that the error bound ||r,,,(A — I) — log A| does not exceed u = 2753 ~
1.1 x 1076 are given in Table 1.

3. Using the structure preserving square root iteration

We adapt the algorithm [7, Alg. 11.10] by using the structure preserving iteration to take a square root. Iteration
(2.1) is used to compute the square root of symplectic matrix and it exploits the symplecticity in each iteration.
Let it; be the number of iterations required in each square root. If M was a full matrix, then the operation count
would include the inverse of M and the matrix multiplication. However, since M = J is a permutation of diag(+1)
multiplication by J~! is trivial and the cost of each iteration is one matrix inversion per iteration which is 2n? flops.
Evaluating the partial fraction form of the Padé approximation with the order m costs §mn?® flops. In iteration (2.1)
the number of iterations required to take a square root of A typically changes from 16 on the first iterations to 4 for
the last few iterations. So the cost of taking a square root of symplectic matrix A at the last few iterations is 8n?
flops. It is worth only taking one more square root if it reduces the order of Padé approximation by at least 3. That
decrease in the order of Padé approximation can only be obtained when ||A'/2" — I|| > 6,4, where 64 is the value

given in Table 1. Taking a square root of A approximately reduces the distance of A'/ 2" to the identity matrix by a

half. This is easy to see since

ok+1 ok+1

(I — AY2"Y (T + A2y = 1 — AV

and AY/2" — T as k — oo, it gives

k41 1 k
11— A2 = §HI—A1/2 - 3.1)

When ||AY/?" — [|| < 6,4 is obtained, in order to compare the cost of the Padé approximation and the cost of the
square root iteration, we check the inequality

8 4
g(ml — mg)n?’ < 2n3itj = g(ml — mz) < itj (32)

by assuming the same number of iterations is required. In equation (3.2) m; and mg are the order of Padé
approximants before and after the extra square root, respectively. Since the cost of taking 2 more extra square roots
exceeds the cost of evaluating the Padé approximant we limit it by taking p = 2. That is, only one extra square root
is taken if it is required. By using the cost checking (3.2), we present the modified algorithm of the inverse scaling
and squaring method using the structure preserving square root iteration (2.1).

Algorithm 3.1. Given a symplectic matrix A € K"*" with no eigenvalues on R~ this algorithm computes W = log A
by the inverse scaling and squaring method. It uses the constants 6,,, given in Table 1 for the Padé approximation
and iteration (2.1) to take a square root of A. This algorithm is intended for IEEE double precision arithmetic.
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1 k=0,p=0
2 while true
3 7=||A-1I|x

4 if 7 < 046

5 p=p+1

6 my =min{i: 7 <6;, i=3:16}

7 mo =min{i:7/2<6;, i=3:16}
8 if 4(my —m2)/3 <itj or p =2, m = my, go to line 13, end
9 end

10 A<+ A'Y/2 by using iteration (2.1)

1 k=k+1

12 end

13 Evaluate Y = r,,(A — I)

14 W=2"Y

Cost: Taking a square root costs (Z’;:l it;)2n? flops where k is the number of square root and evaluating the partial

fraction form of the Padé approximation costs about $mn? flops. It is (E?Zl it;)2n3 + $mn? flops in total.

4. Numerical experiments

4.1 Error measure
The appropriate relative measure of departure from Hamiltonian structure can be computed by [1]

W™ + Wil
errg(W) = — . (4.1)
P
The relative error for the computed logarithm W is given by
relerr(/W\) = W = Wi, (4.2)

W2

where W = log A is the "exact" logarithm. In the numerical tests, W is computed at 100 digit precision and
we measure the departure from the Hamiltonian structure and the relative error by equations (4.1) and (4.2),
respectively.

4.2 Numerical tests

In the numerical experiments, we test using the structure preserving square root iteration (2.1) in the inverse
scaling and squaring method in terms of structure loss, accuracy and computational cost. The experiments are
carried out in MATLAB R2020b with u = 1.1 x 10~ '6. We form the full form of symplectic test matrices A € R10*10
by using the function rand_rsymp from Jagger’s MATLAB Toolbox [10].

Let W represent the computed logarithm and W = log A represent the "exact" logarithm obtained by using
MATLAB’s Symbolic Math Toolbox, where A is diagonalized in 100 digit precision as A = VDV ~! and computed
by log A = Vlog DV 1.

In the experiments, the relative error of the logarithm of the symplectic matrices rele,, (W), the structure error
erry (W) for the Hamiltonian structure and the computational cost are presented. All the results are plotted with
the condition number of the symplectic matrices computed by r2(A) = || A||2]|A™!||2. The legend labels in figures
are described as follows:

1. full_preserve: W is computed by Algorithm 3.1 using the full form of A with the structure preserving
square root iteration (2.1).

2. full_DB: W is computed using the full form of A with the scaled product Denman-Beavers iteration [7, Alg.
11.10].

3. schur: Wis computed using the Schur decomposition of A [7, Alg. 11.9] with a square root algorithm [7,
Alg. 6.3].
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Figure 1 provides the comparison of the structure error. We can see that while using the scaled product
Denman-Beavers iteration with the full form of the matrix and Schur decomposition cause a structure loss for the
ill-conditioned matrices, using Algorithm 3.1 preserves the Hamiltonian structure. We compare the accuracy of the
approaches in Figure 2. As shown, while for the well-conditioned matrices, i.e., k2(A) ~ 1 the methods give the
good estimate to the "exact" logarithm, we obtain less accurate results for the badly conditioned matrices. Since we
obtain almost the same accuracy from three different approaches, we cannot say one is superior to other in terms of
accuracy. Figure 3 reveals that using the iterative methods to compute the square root is computationally expensive.
However, reducing the matrix to an upper triangular matrix with the Schur decomposition and using a square root
algorithm [7, Alg. 6.3] is relatively cheaper than other approaches.
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Figure 1. Comparison of the structure error for full_preserve, full_DB and Schur.
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Figure 2. Comparison of the relative error for full_preserve, full_DB and Schur.
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Figure 3. Comparison of the computational cost of full_preserve, full_DBand Schur.

5. Conclusion

10%°

We proposed using the structure preserving square root iteration in the inverse scaling and squaring method to
compute the logarithm of symplectic matrices and we compared it with the algorithms using either the full form of
the matrix with the scaled product Denman-Beavers iteration or the Schur decomposition in terms of the structure
loss, the accuracy and the computational cost. The findings show that the best structure is obtained by using the
structure preserving square root iteration (2.1) instead of using scaled product Denman-Beavers iteration or the
Schur decomposition. While there is not much big difference in their accuracy, however, using the iteration (2.1)

with the full form of the symplectic matrices is computationally expensive.
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Decay Estimate for the Time-Delayed Fourth-Order
Wave Equations
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Abstract
The objective of this article is to analyze the stability of solutions for the following fourth- order nonlinear
wave equations with an internal delay term:

up + A%u +u + o1 (t)|us(z, 2™ 2us (0, ) + oo () Jug(z, t — 7)]*" 2us(2,t — 7) = 0.

We obtain appropriate conditions on o1 (¢) and o(t) for the decay properties of the solutions. The
multiplier technique and nonlinear integral inequalities are used in the proof.

Keywords: Energy decay rate; Fourth order wave; Asymptotic behavior.

AMS Subject Classification (2020): Primary: 35B30; Secondary: 35B35; 35G25.

1. Introduction

In this study, we examine the following initial boundary value problem for the nonlinear fourth-order time-
delayed wave equations:

wgs + A%u A+ u + oy ()| ug (@, £) 2™ 2ug (2, 1)

+ oo () |ug(z,t — )P 2uy(z,t — 7) = 0,in - Q x (0,00), (1.1)
u(x,t) = % =0, 90 x(0,00), (1.2)
u(x,0) = uo(x), ur(x,0) =us(x) in Q, (1.3)
up(z, t —7) = f(z,t—7) in Qx (0,7), (1.4)

where m > 1is a constant; o1 and o9 are positive functions;  C R"(n > 4) is a bounded domain; 912 is a smooth
boundary of Q; 7 is the time delay and initial function (ug,u1, fo) in a suitable space.

Without the delay term (o2 = 0), the behaviors of the solutions of the fourth-order wave equations have been
broadly analyzed in the literature (see [5],[7], [8], [14] and the references therein). Moreover, there are fewer results
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on the stability analysis of the solutions of time- delayed wave equations (see [1], [6], [11], [13] and the references
therein). However, there is no detection of the decay rate of the nonlinear fourth-order wave equations with a delay
term.

In [2], Benaissa, Benaissa and Messaoudi considered a nonlinear wave equation,

Uy — Au A+ pro(t)gy (u(w,t)) + pzo(t)gz (ue(z, t — 7(t))) =0,

where 7(t) > 0 is a time dependent delay term, and ;1 and s are positive constants. The existence and decay
estimates for the solutions of the initial boundary value problem were proven.
In [3], Benaissa and Messaoudi analyzed the following nonlinear wave equation:

utr — Au+ pyo(t)u(z,t) + poo(H)us(x, t — 7(t)) + 0(t)h (Vu(z,t)) =0,

and the decay properties of the solutions were determined.
In [12], Ning, Shen and Zhao examined a wave equation of the form

ug + Au + a(z) [ (x, t) + poug(z, t — 7)) = 0,

where Au = —divA(z) = (a;;(x)) is a symmetric matrix, a(z) is a positive bounded function, and z; and ps are
positive constants. The well-posedness of the system and exponential decay of the solutions were established.
In [4], Benaissa, Benguessoum and Messaoudi analyzed the following linear wave equation:

wpr — Au A+ py (H)ug (2, t) + po(t)u (2, t —7(t)) =0,

under assumptions about 1 (t) and u2(t), the existence and decay properties of the solutions of the above equation
with the initial boundary values were investigated.
In [9], Li and Chai examined the following damped plate equation:

uge + A*u+ b(@) (118 (ur(2,1)) + p2gp (ue (.t — 7))] = 0,

where Au = div (A(z)Vu). The existence of solutions was proven, and the decay rate estimates for the energy were
obtained.

The main goal of the present study is to deduce the decay properties of the solutions of the time-delayed fourth-order
problem (1.1)-(1.4). To the best of our insight, this problem has not been considered in this respect.

The proof of our principle result is founded on the following Lemma which was demonstrated by Martinez in ([10]).

Lemma 1.1. ([10]) Let E : R™ — R be a non increasing function and ¢ : R* — R a strictly increasing function of class
C* such that
#(0)=0 and ¢(t) =00 as t— oco. (1.5)

Assume that there exist o > 0 and w > 0 such that
oo / 1
Et) ¢ (t)dt < ;E(O)"E(S), 0< S < oo, (1.6)
s

then E(t) has the following decay properties:

if 0=0, then E(t)< E(0)e'~**® vi>o0, (1.7)
1 >
if o>0, then E(t)< E(O)(H_%UZ@Q V> 0. (1.8)

2. asymptotic behavior

In the present section, we aim to constitute a decay property of the solutions of the problem (1.1)-(1.4) using
multiplier method and integral inequalities. We use the following variable as in [11].

z(z, p, t) = ue(x, t — 7p). (2.1)
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Hence, we change problem (1.1)-(1.4) to the following problem:

wer + A%u A u + o ()| ug (@, 6) |2 2ug (2, 1)

+ oo (t)|2(z, 1, 1) [* 2 2(z,1,t) =0 in Q x (0,00), (2.2)
Tze+2,=0 in Qx(0,1) x (0,00), (2.3)
u(z,t) = % =0 990 x (0,00), (2.4
2(x,0,t) = ug(z,t) in Q x (0,00), (2.5)
Z(.’E, Ps 0) = ut(l’7 _Tp) = f(S(}, _Tp) in Qx (05 1) (26)

Lemma 2.1. Assume that (u, z) is a solution of the new problem (2.2)-(2.6) and o1 (t), o2(t) satisfy the following properties
Al: g1(t) : RT — (0, 00) is a non-increasing function on C* (R™) such that

low(t)] < M.
A2: o5(t) : RT — (0, 00) is a function on C* (RT) such that
|02(t)] < Mo (1),
where M and My are positive constants. Then, the positive energy of problem (2.2)-(2.6) satisfies the following inequality:
d()§ 1—91/|ut| dr — oy (t 02/|zw,1,t m g
where . .
My + M M + (2m — 1)M,

9, = 0, =
! om 2 2m ’

(2m — 1)My < M < 2m — M. (2.7)

Proof. By multiplying equation (2.2) by u; and integrating over {2 we obtain

d (1. o 1 o 1,0\ S
i (el + 5 1+ S0 = = [ ot~
— / oo ()ue|2(2, 1,8)*" " 22(x, 1, t)da. (2.8)
Q
Furthermore, multiplying equation (2.3) by function v1(¢) |z(z, p, 87" 2 2(x, p,t) and integrating over (0,1) x Q
we derive
2m _ 2m
% (2m// Y (t) |2(z, p, t)]| dpd:v) = // () [2(z, p, 1) "™ dpd
2m
- moQ@mw| —|2(2,0,0)"" ) da, 29)
where -
7(t) = Mo (t), (2.10)
~Yi(t) < 0. (2.11)
We define
B0) = ol + S 18P + L1l + 57 [ 0(0) [ o, 0" dp @12)

Hence, by combining equations (2.8) and (2.9), we have

d

4 gy = /Ul(t)ut\ut|2m_ldx—/ag( Yurl2(z, 1, 8)[2" 1 da

1
T m
o [ R0 )P dpde = 5 [ n(0) (a1 0P — ") do
mJaJo
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Then, using the definition of 1 (¢) (2.10), condition (2.5) and property (2.11) we get

d
e < - / o1 (£ g2 o — / oo (el (w, 1,6) P22, 1, 1) da
1

N 7/91(401(15) (|z(;z:,1,t)|2m - |ut|2m) da.

2m

To estimate the second integral of the above equation, we use Young Inequality to obtain

1 m 2m -1 m
/Qag(t)ut\z(x, L))" de < %/ﬂ o (£)] |ue|*™ daz + o /Q oo ()] |2]°™ da. (2.13)
Moreover, we have
|O’2(t)| < MQO'l(t). (214)
Thus, we deduce that inequality
LBt < —or(t)[1 - 0] / Jug|*™ da — Jl(t)QQ/ 2™ de, (2.15)
where }
M + M.
g, — L M2 (2.16)
2m
and .
g, = M+ @m— DM, 2.17)
2m
Recalling the property of M (2.7) we have
d
—E(t) <0. 2.1
ZE#) <0 (2.18)

Hence, the positive energy is non-increasing.

Now, we are ready to obtain the decay rate of the solutions of problem (2.2)-(2.6).

Theorem 2.1. Assume that A1 and A2 hold. Then, there exist positive constants q and w such that the energy of problem
(2.2)-(2.6) satisfies the following property

E(t) < E(0) sl . VE>0,
14 wq [, o1(s)ds

where
N 2m —1
q B )
and
27 27\ 9 _ q+1
-l 2e max{ZM, 2 7(Zjlcqe ) ( 1-6, ) ’ qM
3 (g+1)(1—061)" \ E(0) 2(¢g+1) M+1

)

2m m 1—91+ 92

m— 2
(Qm — ]_)E(O)ﬁ <2m+262T(M26%)m> T ( 1 M22'm.71 )

MM }
’ 1 1 '
om(q+ 1) (9—2 + 1_91)
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Proof. To establish a decay rate estimate of the positive energy; by multiplying the equation (2.2) by function
@' (t)E9(t)u(x,t) and integrating over (S, T) x 2 we deduce the following equation,

T
0= / / ¢’ Elu [utt + A%+ u+ oy (8) w2y + oo ()] 2(2, 1, 8) P22 (2, 1, 1) | dadt,
s Ja
where ¢(t) satisfies the hypothesis of Lemma 1.1. Using the boundary conditions, we have
T d )
0 :/ / [ (¢' Bluuy) — (¢' EY) wuy — qS’Equf] dxdt
T T
+ / o' E1 / (Au)?dzdt + / &' B0 (t) / w|ug|*" % wpdadt
s Q s Q
T T
+ / ¢ E1 / u dadt + / ¢ E%05(t) / w|z|?™ 7% 2(x, 1, t)dadt. (2.19)
s Q s Q

Furthermore, by multiplying equation (2.3) by ¢/ (¢)E4(t)v (t)e =277 |z|*™ 2 z(x, p, t) and integrating over (S, T) x
Q x (0,1), we obtain

T 1
0= / ¢/ (1) E*(t) / / (D2 |22 2z, pot) (72 + 2,) dpdadt,
S e Jo
with the boundary conditions, we get
T ! om |7 I 2m |1
0= —/ / ¢ Ely1e 2™ |2 m‘ dpdz + —/ qS'Eqvl/ e 2P |z m‘ dxdt
2m oJo S 2m S Q 0

T 1
+l/ qS’Eq'yl// e~ 2 2™ dpdadt
mJs QJo

T 1
—ﬁ /S (' Ey,) /Q / e 2™ dpdudt. (2.20)
0

By taking the sum of equations (2.19) and (2.20), we have

T T
0= [ o~ [ [ (659 i~ o0 o
Q s s Ja

T T
+/ qﬁ’Eq/(Au)dedtJr/ QS’E‘Z/ u?dxdt
S Q S Q

T
+/ qS’Eqal(t)/ g™ wpdadt
s Q

T
—|—/ (;S’chrg(t)/ wl|z)*™ 72 (1, t)dadt
s Q

T ! T
+ 7/ / ¢ By e 270 2™ ‘ dpdx
2m QJo S

T

T 1
- — By e~ 2P |2|*™ dpdxdt
(¢'Ely P
2m Jg aJo

1/t am |1
+ —/ qS’Eqvl/ e 2P |z m‘ dxdt
2m S Q 0

T 1
JFL/ ¢/Eq71// e 27 | 2|*™ dpdadt. (2.21)
2m Js QJo

Because of the definition of E(t), we get the following inequality,

T 1
L/ d)’Eq’yl// e~ |2)*™ dpdadt >
2m Js aJo

T
[ B (200 — el = Al = ) at.
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By combining the last inequality with equation (2.21), we obtain

T T T
2/ P ET e dt < — {¢’Eq/ uutdx} ‘ +2/ ¢’Eq/ u?dxdt
s Q s s Q
T
—/ ¢’Eqal(t)/u|ut|2m*1dxdt
Q

S
T
- @' Eloy(t) / w|z)*™ 2 2(x, 1, t)dadt
S Q

T
+/ ((b'Eq)’/ uudzdt
s Q

T

1 T
- — ' F9y e 27 2™ dpdx
¥ P
2m aJo S

T 1
+ — (¢’Eq71)// / e~ |2)*™ dpdadt
s aJo

1" 2m |1
- —/ gb’quyl/ e 2P 2P| dudt.
2m S Q 0

(2.22)

By virtue of Young’s Inequality, Sobolev inequality, the definition of function 1 (¢) (2.10), hypothesis of theorem 2.1
, conclusion of lemma 2.1 and assumption that ¢/(¢) : Rt — R is a bounded function (0 < |¢| < M) we reach the

following inequalities;

¢ E1 /Q uugdz| < 2METT(t).

T
< 2METTY(S).
S

¢’Eq/ uugdx
Q

/ST(QS’EQ)’/Quutdmdt

T N TEE T
/S ' Eloy(t) /Q wug P dadt < @m=le, 777 / [—E'(t)]dt

2m S

<2METTY(S) + 2—MqEq“(S).
qg+1

1 2m
2m T 2m i
5 (Ul C1¢>’4(22 212 ) (Equ%) . dt.

% S (1—91)ﬁ

2m
T T 2m—1 T
_ 2m —1
/S ¢1Eq02(t)/ﬂu|z|2m 2Z(x,l,t)d$dt§%/ [—El(t)]dt

m S

2m—1

2m Jg 0,7

1 T
- / ¢ Elyye 2P |2)*™ ’ dpdr < MET(S).
2m aJo S

r [F , v, 9 Mg .,
— 'EB1 // TP 2|* " dpdadt < —=E1T1(8S).
e | @B [ [ e o dpdar < ZLEr(s)

1 T 9 MM
— E1 -2 L))" dedt < ———— BITH(S).
s [ OB [ s )P dnd < B (S)

1, ) MM
— E1 0,07 dadt < EIHL(9).
Qm/S 6 'h/ng(x P et < o ()

ezm T UﬁMC(bIQ% o 1\ 2m
+ 2 g1 Fea@ Lt (Eq+§) dt.

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)
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Based on the estimates (2.23)-(2.31) and equation (2.21),

T T
2 / ¢ ET e dt <AMETTY(S) + 2 / ¢ E1 / u?dxdt
S Q

R /T[—E’(t)]dt

2m S
1 2m
om T Im 9% 2m
O [ tad2t (Brt3) " ar
2m S (1 — 91) 2m

4 @m=Deg™ - /T [—E/(t)] dt

2m S

2m

2m T ﬁM /2l 2m
[ () oy

2m S 9 I
MM
2mbs(q+ 1)

20
+ = patig) +
q+1

MM q+1
T omi—rn s O (2.32)

ET(S)

where €; and e, are positive constants, which will be later selected. Let us define ¢(t) as follows;

o) = [ ou(s)ds,

Dividing region € such that ; = {z; |u,] > 1} and Qs = {z; |us| < 1}, we get

T T T
2 / ¢ E1 / uZdrdt = 2 / @' E1 / uldxdt + 2 / ¢ E1 / uldxdt.
S Q S Q1 S Q2

Moreover, using Young's inequality, lemma 2.1 and the definition of ¢(t) we infer the following inequalities

and

q 2 .
/¢E/521 dxdt<mE+l(S), (2.33)

k—1 2 = a(k+1)
( ) | ortar (234
(k4 Dl N0 s

where k£ > 2m and €3 is a positive constant, which will be later selected. From the estimates (2.33), (2.34) and
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inequality (2.32), we obtain

T
2
2 *27/ ‘Bl <oMEITYS)+ — = patl(g
¢ s s1¢ - (5) (1-01)(g+1) (5)
(k=1 =1 (2 \FF /T (2m —1)e, 7T
—1)eg 1 atk+1) m—1)e, ™™~
+ k+1 (1—91> g YETTdE+ 2m E(S)

m— 1 m T 1 1 2m m
+ (2m — 1)62 e E(S) 4 i <( Ufcl¢,22 ) (Eq+%)2 dt

2m 2m Jg 1_91)272";51
2m

2m T b 1 m
() sy Bl
2m S 92 2m q + 1

MM 1 1
_ q+1
k‘—|—1 ( )+2m(q—|—1) <92+1—91>E (S)

Selecting k = 2¢g + 1, we deduce the following inequality,

27 g ! 1q+1 q 72 q
/S /Q¢>E e SAMEY0)B(S) + =gy gy EYO)E(S)

lat1) qe—%l i
+ 3 E(8)+ =3 / "Bt
g+1 () g+1 (1—91> ¢

2m 2m
2 -1 T 2m-—1 2 -1 T 2m-—1

E(S)

2m

2m
M2 e2m ¢ 2% T
+ ! | B0 / ¢ B dt
2m (1 —_ 01) 2m S

2m
2m My, 22 2M
+;m<2m1> / OB+ LB (0)E(S)

+1
ﬂ) (912 + 1 191> E1(0)E(S),

1 1
. —27(1_g,\2m—1 \ 2m —27 p2m—1 b
where § = m(2q + 1) — (¢ + 1). Selecting ¢; = (528)92”5"+2(11\/32c%)m) , €9 = (E(O);;LEJ&(A}%M%%)W )
and e3 = 1_201 <(q+14);727’) o we get

T 1
/ &' (HET(t)dt < aECI(O)E(S),

s
where
26 2 4ge2\? /[ 1—6, \""" qMm
W~ = ——max {2M7 , ,
3 (¢g+1)(1—-061)" \E(0) 2(g+1) M+1
m—1 1 2
(2m _ 1)E(0)m 2m+2€27(M26%)m 2771.171 1 N M22m—1
’ 2m m 1-6; 0
MM }
2m(g+1) (& + 277)
and

2m —1

>
1 2
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Hence, we deduce the following result from the conclusion of Lemma 1.1
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14+ wq fot o1(s)ds
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