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WRONSKI DETERMINANT OF TRIGONOMETRIC
SYSTEM
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ABSTRACT. In this paper, we calculate the Wronskian of the trigono-
metric system

COS A1, Sin A1z, coS A2z, sin A2, . .., COS Apx, Sin Apx

and prove that this system is linearly independent when Ar # 0 and
A2 £ X\? for k # 1, where A1, A2,..., n € C, n € N are constants and z
is a complex variable. By using it, we evaluate the determinant below

1 0 1 0 1 0

0 1 0 1 0 1

A1 0 A2 0 An 0

0 AL 0 A2 0 An

A2 0 A2 0 A2 0

0 A2 0 A? 0 An?
A0 At 0 At

0o ATt 0 At 0 At
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1. Introduction

Wronski determinant (or shortly Wronskian) of n functions f1, fo,..., fa
from an interval I to the complex numbers C is the following determinant

f1 () fa () fn (2)
f1(2) f3(x) I ()

AV @ V@ 1 @)

and denoted by W [f1, fo,..., fu] (z). This determinant is important for the
linear independence of the functions fi, fa,..., fn. If these functions are
linearly dependent, then the Wronskian is 0 for each x in the interval I, i.e.
the functions f1, fa, ..., fn is linearly independent if there exists xg € I with
W f1, fo, -, fn] (x0) # 0 [2]. Wronskian is directly related to the ordinary
differential equations (see the following lemma).
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Lemma 1.1. (Abel’s identity [2]) Assume that f1, fa,..., fn are n solutions
of a homogeneous linear differential equation

(1.1) y(") +ap (x) y(”fl) +otan1 (@)Y +an(x)y=0

on an interval I, then the relation

~ [ ai(t)at
W[fl)f?v"')fn] (13) = W[flufza”'ufn] (330)6 o

holds for each xy € 1.

Corollary 1.2. Let fi, fa, ..., fn be n solutions of the equation (1.1). Then
they are linearly independent if and only if the corresponding Wronskian is
not zero at any point in I.

Corollary 1.3. The Wronskian of f1, fa, ..., fn is a constant if and only if
the coefficient function ay of the corresponding linear differential equation is
the zero function.

In 2006, O. Christensen and K. Christensen gave a criterion for linear
independence of some trigonometric functions [3]. The criterion is that if
{Me}i_q and {p};2, are the sets of real numbers such that p; # 0 for each [
and such that |\;| # |\;| and |p| # |1 when I # j, then the set of functions

{cos (Akz) ooy U {sin (uz) 2,
is linearly independent on any interval I. By the above criterion and Corol-
lary1.2, the Wronskian of the set {cos (A\x)}i_; U {sin (syz)};2, is not zero
under same conditions. However, it is too hard to calculate the Wronskian
of the set {cos (A\gz)},_; U {sin (wx)};",. So, we calculate that Wronskian
under light conditions. We assume that n = m and A\, = u for each k.
Note that the numbers A\; are not only in reals but also in complexes.

2. Calculation of the Wronskian of Trigonometric System
The Wronskian of the functions
(2.1) €oS A1, Sin A1, cos Ao, Sin Ao, . . ., COS A\p@, Sin A\, @

is an 2n X 2n determinant as follows:

cos \x sin A\ o8 Aoz sin Aoz S COS Ay sin A, @
—Aysin Az A1 cos A\ —Ag sin Aoz Ag coS Ao cee —Ap sin A, Ap COS A
(D" cos M (1" A i (<) A R eos dgr (1" Fsindor - (S TEAZ Zeos A ()" A2 2sin Ay
()" M tsindz (D" AR eos e (<) AP sindor (1) A eosdgw o (—1)P A2 T sindge (—1)" A2 cos A

The functions in (2.1) are 2n solutions of the homogeneous differential equa-
tion generated by the following characteristic polynomial of degree 2n

(B +AD) (P +A3) ... (P +A}) =0.
The above polynomial has not any odd power of ¢, particularly 2n — 1.
Consequently, the corresponding linear differential equation does not include
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the expression 32"~1. By Corollaryl.3, the Wronskian of the system (2.1)
is independent of the variable x, i.e. in order to calculate the determinant
in (2.2), we can write an arbitrary complex number instead of z. First, we
calculate the determinant in (2.2) for the values

(2.3) M =Moo =8k -7, k=1,n
and
T
r=—.
4
Then, we have
W =
cos T sin § cos En=Dm sinw
—Aposin Ar0cos § e —An08in w An,0 COS w
(D" Reos T (1) T A Esin T o (1) AR R eos BT ()t N2 gy DT
(DA Tsin g (1) T PATE eos T e (—1)"AZY  sin 00T (mp)n Tt A2 cos (BT
V2 V2 V2 V2
2 N 2\/5 2 N 2\/5
=A1,0%% A1,05 —An0g An05
—1y2n—2+2 —1y2n—2+2 —1y2n—2+2 —1y2n—2+2
(CD"IAETR (CDMTIATTRE e (DT (LA
=12 —1y2n—12 2n—1+/2 —1y2n-1v2
(LR GO e (DT ()T
1 1 1 1
—A1,0 A10 e —An0 An0
2" :1 2n—2 :1 2n—2 - :1 2n—2 :1 2n—2
n— n— n— n— n— n— n— n—
(=D" A 7 (=1 1)\1,0 o (DN (R 1)\71,0
n y2n—1 n— 2n—1 n y2n—1 n— 2n—1
(—1) >\1,0 (—1) )‘1,0 (—1) )‘n,O (_1) >‘n,0
1 1 1 1
—1A1,0 iA1,0 e —1An0 iAn,0
1 ) ) )
(2Z)n . . 2n—2 . . 2n—2 . . . 2n—2 . . 2n—2
(—iA10) (iA10) o (=iAnp) (iAn0)
. 2n—1 . 2n—1 . 2n—1 . 2n—1
(—iA10) (iA10) o (=iAnp) (iAn0)
The last determinant is the Vandermonde determinant of the complex num-
bers —Z')\l,o,i)\L(), —i)\270,i)\2,0, ey _i)\n,O,i)\n,0~ Then, we have
1 .@en-12n
:7"[/
(24)"

X (A0 + A1,0) (Ao = A10) (Ao + A2,0) (Ao = A20) -+ - (Ao + An=1,0) (A0 = An=1,0) (Ao + Anyo)

X (=An,0 + A1,0) (= An0 = A1,0) (= Ao + A20) (= A0 — A2,0) -+ - (= An0 + An—1,0) (= Ano — An—10)

X (An=1,0 + A1,0) (An—1,0 — A10) (An—1,0 + A2,0) (An=1,0 = A2,0) - - - (Mn—1.0 + An2,0) (An—1,0 — An=2,0) (An—1,0 + Auz1,0)
X (=An=1,0 + A1,0) (= An-1,0 = A1,0) (= An—1,0 + A20) (= An-1,0 = A2,0) - - - (= An—1,0 + An—2,0) (= An-1,0 — An—20)

X (A2,0 +A10) (20 — A1,0) (A20 + A20)

X (=A2,0 + A10) (=A2,0 — A1)

X (A1,0 + A10)

= H Aj,o X H ()‘12,0 - )\i,o)Q'
j=1

1<Ii<k<n
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We consider the determinant in (2.2) as an analytic function of the vari-
ables A1, A2, ..., Ap, & from C"*! to C and denote it by
F()\l,)\g,...,)\n;x).

Note that the function F' is independent of the variable x and it satisfies the
following relation

(24) F ()\170, )\2’0, ce n 05 H )\J o X H ()\1270 — )\%’0)2

1<I<k<n

for the numbers Aj g, A2,0, ..., An,o in the equality (2.3).
Now, we define a new analytic function G : C"*! — C as follows

GO ama) =[x [T (23
j=1

1<i<k<n
We can obtain the following relations by (2.2) and (2.3) for m € N:

[Trox I (o- )\i,o)z =F (>\1,0a A2,05 -+ - An,03 %) =
=1

1<i<k<n
T
F {10,220, An0; )=

(Sn oL . (8n—=T)m

oS 7 sin 7~ 4m cos — = sin =
—A108in 7~ 1,0 COS 7= —An,0sin (8n UL Ao cos En=m

1,0 4m 1,0 4m 7,0 4m 7,0 4m

n—1 2n—2 e T n—1y2n-2 . x n—1y2n—2 (8n=T)m n—1 2n P (8n—T)m
(D" A Teos g (=) A Tsing oo (Z1)"TNG coigi%l (=1)" Ay " sin 7(8 4m7)
n 2n 1 s n—1y2n—1 i ny2n—1 _: n—7)m rL 1 2n 1 n—"7)m
(-1) Al sin g (-1) ATy cosgn e (-1) Ao sin = (-1) Ao cos =

Acos e . sin £ e Acos (87?1(;7"87)”7) N sin (grfg;)i)
S P o i (Bn=T)m n—T)r

St sin gL cos g — Tt sin =g T cos =i

771(2"72”2" : 2n—-2 h E2”72 :2717'2 =
(=)™~ 1 (%) cos & - 1 (A;nu) sin & - (1"~ 1 (%) cos (8717/%'. (71)11—1 (%) sin (872;1/),—.
2n—1 2n—1 2n—1 2n—1 -
(-1)" (%) sin & (- 1);. 1 (/\’Jo) cosf - (=1 (x\;;u) sin (8711 7) (71)%1 (%) cos (87;;)1)7.'
@2 (A9 A20 Ano T
m~ 2 F , ey = .
m ' m m 4
(2n—1)2n

By dividing both sides of the last equality by m~ 2, we have

Mo A A 1 -
F<1’0’2’0’...,n70'7r>:(2nl)2nl_‘[)\j70x H (AZQ_)\%,O)2:
mo 2 j=1

m’ m m 4
1<l<k<n
2
n 2 2
HAj,o " H Ao\T Ak
Ll m m m
j=1 1<i<k<n

Then, we have shown that the functions F' and G are equal to each other

Ao A A
on the vectors (ﬁ, =200 L’O;a:), where m € N.
m m m
A A A
Now, we fix the numbers \g = 222 )\3 = 232 ), = 228 for a
) m b m ) ) m

fixed m € N (except for A;). Then, F' and G are two univariate entire
functions of the variable A;, and they are equal to each other on the set
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{Al = %|m S N}. By the identity theorem for analytic functions, see [1],

F and G are equal to each other on the whole C as two univariate functions
of the complex variable A1, in other words, F' and G are equal to each other

on the set
A A A
{()\17 20 230 n,O;x> |z, A\ € C,m € N}.
m’ m m
Similarly, we fix a complex number \; and A3 = %, M = A;LTO’ D -

/\Lnf for a fixed m € N (except for A\2). Then, F' and G are two univariate
entire functions of the variable As. By a similar method, F' and G are equal
to each other on the whole C as two univariate functions of the complex
variable Ao, Hence, F' and G are equal to each other on the set

Aso A An
{()\1,)\2, 30 240 m’o;x> ]x,/\l,)\QE(C,mEN}.

m - m

By continuing the above method, we prove that the functions F' and G are
equal to each other on C"*!. Finally, we obtain that the Wronskian of the
trigonometric system cos Ajx, sin A1z, cos Ao, sin Asx, . . ., COS Ay, Sin A, x is
the following product

n

ITryvx TI o8-

j=1 1<l<k<n
As an application, we calculate the Wronskian of the system

1,cos Az, sin A1z, cos Aoz, sin Aoz, . . ., COS A\px, Sin A\px

as follows:
1 COS A\ T sin A\ x e COS A\ sin A\px
0 —A1sin A1z A1COS AT —Ap Sin A,z An COS A
0 (=" 'A2coshz ()" TIAZ Zsin gz - (—D)"TIAZ 2cos A (—1)" A2 i B
0 (=)™ AP tsinhz (=D)"IAleos e oo (D) AZ sin e (=1 A2 L cos A
0 (=1)"A"coshiz (=1)" A2"sin \yx (=1)" A2 cos A (=)™ A2 sin A2
—A1sin Az A1 COS AT —Ap Sin A,z Ap COS A\
()" 205 Mz (D) AT Zsin e --- ()" A2 2eos Az (1) A 2sin N,z | =
()" A Ysin vz ()" A Leos iz - (D) AZ Tsinh,z (—1)" T A2 cos A
—1)" A\2" cos \yz —1)" M sin \jz —1)" A2" cos A\, —1)" A" sin A,z
1 1 n n
A1 cos \x A1 sin Az e A COS A\ @ A sin A,z
()" A Zsin e (—1)" A2 2cos A (=)™ A2 26in N (=1)" A2 2cos Nz | =
(-t AL eos Ay (-nH"! A lgin Mz - (=)™ A2 Leos Ay (—1)" A2 Lgin Az
—1)" A" sin \z —D)" I A2 cos Ny e —1)™ A2 sin A,z —D)" A2 cos A\
1 1 n n
cos A1 sin Ajx e COS A sin A\,
1= XJZ' (=) A SBsinne (D" AP Bcosh oo (=D)"IAZBsind,e (1) A2 Beos Ay | =

P 2 eosh (1P e e (—) AR eos e

1
—1) 1)"’1 A2n=2gin \,z
(“D)" A Lsinnz (D" AP leos e - ()" AP sinhe (<1

n—1y2n—1
)" cos A\
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u 2
3 2 2
[y I (-0
j=1 1<i<k<n

Corollary 2.1. Assume that {\,},_, is a set of complex numbers such that
A # 0 and )\i =+ )‘l2 for k # 1, then the set of functions

{1} U {cos (Arw) by U {sin (Ae) iy
is linearly independent on C.

Corollary 2.2. If we write the value x = 0 in the determinant (2.2), we
have the following equality:

1 0 1 0 e 1 0
0 /\1 0 )\2 ce 0 /\n
—\2 0 -3 0 e -2 0
0 -3 0 -3 e 0 4
M 0 A3 0 e pN 0
0 (71)n72 A?n—? 0 (71)7172 )\371—3 . 0 (71)n72 )\?Ln—’%
(71)n71 )\%n—Z 0 ‘ (71)7%1 )\%71,—2 0 . (71)71*1 )\%n—Z 0
0 (_1)71—1 )\fﬂ,—l 0 (_l)n—l )\gn—l . 0 (_l)n—l )\?Ln—l

v I -
j=1

1<l<k<n

where A1, \a, ..., A\, € C. By taking all the minuses out of the determinant,
we obtain the following equality

1 0 1 0o - 1 0
0 A 0 Ay -0 An
A2 03 A3 03 A2 03
A 0 % 0o - A 0 |_
0 A3 0 A3 ... 0 A3
A2 A0 - A2
0 At o At 0 At

=T[nx JI (3-2)°

1 1<I<k<n

J

n
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By dividing both sides of the last equality by H Aj, we have the following

j=1
1 0 1 0 1 0
0 1 0 1 0 1
Y 0 Y 0 A2 0
0 A2 0 Y 0 A2
: : : : : : 1<I<k<n
0 A"t 0 At 0 Ak
AP0 AP0 A2 0
0 A2 0 AP 0 A2
Finally, we have
1 0 1 0 1 0
0 1 0 1 0 1
M0 X0 A0
0 M 0 A2 0 An
A0 A0 A0 | T oA
n - l— k)
: : : : ' : I<I<k<n
0 A2 0 A An=2
X0 oAt o Ant
0 N7t o0 At An—l

For example, when n =3 and n = 4, we obtain the following relations

1 0 1 0 1 0
0 1 0 1 0 1
M 0 X 0 A3 O
0 A 0 X 0 A3
Moo A 0 Ao
0 M 0 A3 0 M

1 0 1 0

0 1 0 1

M 0 X O

0 AN 0 X

Moo Ao

0 A 0 A3

Moo oA o

0 A3 0 A3

= (A = A2)? (A = A3)? (M2 — Ag)?,

1 0
0 1
A3 0
0 Az
A0
0 A
A0
0 A3

1 0
0 1
A0
0 M\
A0 |
0 A2
AP0
0 A}

=M= A2 (A = A2 (A1 — AP (A2 — A3)? (Ao — Ag)? (N3 — Ag)?.
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