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Equilibria for abstract economies in Hausdorff topological
vector spaces

Dedicated to Professor Anthony To-Ming Lau with much admiration.

DoNAL O’REGAN?*

ABSTRACT. In this paper using new fixed point results of the author, we establish a variety of existence results for
equilibria for abstract economies.
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1. INTRODUCTION

Using strategy sets with constraint and preference correspondences defined on subsets of
Hausdorff topological vector spaces, we present in this paper a variety of equilibrium results
for abstract economies. These equilibrium results are deduced from recent fixed point results
in the literature (see [8, 9, 10]) and our theory improves and generalizes corresponding results
in the literature (see [1, 4, 5, 6, 11, 12] and the references therein).

Now, we recall some fixed point results [8, 9, 10] in the literature. First, we recall the follow-
ing notions from the literature. For a subset K of a topological space X, we denote by Covx (K)
the directed set of all coverings of K by open sets of X (usually we write Cov(K) = Covx (K)).
Given two maps F, G : X — 2" (here 2¥ denotes the family of nonempty subsets of Y) and
a € Cov(Y), F and G are said to be a—close if for any € X there exists U, € o, y € F(z) N Uy
and w € G(z) N U,.

Let @ be a class of topological spaces. A space Y is an extension space for ) (written Y €
ES(Q)) if for any pair (X, K) in @ with K C X closed, any continuous function fy : K — Y
extends to a continuous function f : X — Y. A space Y is an approximate extension space for
Q (written Y € AES(Q)) if for any o € Cov(Y') and any pair (X, K) in  with K C X closed,
and any continuous function fy : K — Y there exists a continuous function f : X — Y such
that f|x is a—close to fo.

Let V be a subset of a Hausdorff topological vector space E. Then, we say V is Schauder
admissible if for every compact subset K of V' and every covering o € Covy (K) there exists a
continuous functions 7, : K — V such that

(i). mq and i : K — V are a—close,
(ii). m(K) is contained in a subset C' C V with C € AES (compact).

Received: 12.03.2022; Accepted: 24.04.2022; Published Online: 30.04.2022
*Corresponding author: Donal O’Regan; donal.oregan@nuigalway.ie
DOI: 10.33205/cma.1102400
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X is said to be ¢g— Schauder admissible if any nonempty compact convex subset Q2 of X is
Schauder admissible.

An upper semicontinuous map ¢ : X — CK(Y) is said to Kakutani (and we write ¢ €
Kak(X,Y)); here CK(Y) denotes the family of nonempty, convex, compact subsets of Y.

Theorem 1.1. Let I be an index set and { X}, be a family of sets each in a Hausdor(f topological vector
space E;. Foreach i € I, let K; be a nonempty compact subset of X; and suppose F; : X = [[,c; Xi —
K; is upper semicontinuous with nonempty convex compact values (ie. F; € Kak(X, K;)). Also
assume K = [[,c; K; is a Schauder admissible subset of the Hausdorff topological vector space £ =
[Iic; Ei- Then, there exists a v € K with x; € Fy(x) for i € I (here x; is the projection of x on X;).

Remark 1.1. One could repace K a Schauder admissible subset of E in Theorem 1.1 (and the other
results in this paper) with other admissible subsets of E described in [7].

Let Z and W be subsets of Hausdorff topological vector spaces Y; and Y3 and G a multi-
function. We say G € DKT(Z,W) [2] if W is convex and there exists amap S : Z — W with
co(S(z)) C G(z) forz € Z, S(x) # 0 for each z € Z and the fibre S (w) = {2 € Z: w € S(2)}
is open (in Z) for each w € W.

Theorem 1.2. Let I be an index set and { X, };cr be a family of convex sets each in a Hausdorff topo-
logical vector space E;. For each i € I suppose F; : X = [[,c; Xy — X;and F; € DKT(X, X;).
In addition assume for each i € I there exists a convex compact set K; with F;(X) C K; C X;. Also
suppose X is a q-Schauder admissible subset of the Hausdorff topological vector space E = [[,.; Ei.
Then, there exists a x € X with x; € F;(x) fori € I.

Remark 1.2. If I is a finite set, then the assumption that "X is a g—Schauder admissible subset of
the Hausdorff topological vector space E” can be removed. In fact we have: Let {X,;}Y , be a family
of convex sets each in a Hausdorff topological vector space E;. For each i € {1,...,N} suppose F; :
X = Hfil X; = X;and F; € DKT(X, X;). In addition assume for each i € {1,..., N} there exists
a convex compact set K; with F;(X) C K; C X;. Then, there exists a v € X with x; € F;(x) for
ie{l,..,N}

Let Z and W be subsets of Hausdorff topological vector spaces Y; and Y> and F' a multifunc-
tion. We say F' € HLPY (Z,W) [3, 4] if W is convex and there exists a map S : Z — W with
co(S(z)) C F(x)forz € Z,S(z) # 0 foreachz € Zand Z = | {int S~'(w) : w € W}; here
ST w)={2€Z: we S}

Theorem 1.3. Let I be an index set and {X;};cr be a family of convex sets each in a Hausdorff topo-
logical vector space E;. For each i € I suppose F; : X = [[,c; Xi — X;and F; € HLPY (X, X;).
In addition assume for each i € I there exists a convex compact set K,; with F;(X) C K; C X,. Also
suppose X is a q-Schauder admissible subset of the Hausdorff topological vector space E = [],.; E.
Then, there exists a v € X with x; € F;(z) fori € I.

Remark 1.3. If I is a finite set, then the assumption that “X is a ¢-Schauder admissible subset of the
Hausdorff topological vector space E” can be removed. In fact we have: Let {X;}N | be a family of
convex sets each in a Hausdorff topological vector space E;. For each i € {1, ..., N} suppose F; : X =
Hf;l X, —» X, and F; € HLPY (X, X;). In addition assume for each i € {1,..., N} there exists a
convex compact set K; with F;(X) C K; C X,. Then, there exists a x € X with z; € F;(x) for
ie{l,..,N}.

We now state a result from the literature [11] which will be used in Section 2.
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Theorem 1.4. Let X and Y be two topological spaces and A an open subset of X. Suppose F; : X —
2Y, Fy 1 A — 2V (here 2Y denotes the family of nonempty subsets of Y') are upper semicontinuous such
that Fy(x) C Fy(x) forall x € A. Then, the map F : X — 2Y defined by

Fi(z), z¢ A
F(I){F2Ex§7 xiA

is upper semicontinuous.

2. ABSTRACT ECONOMY RESULTS

Let I be the set of agents and we describe the abstract economy as I' = (X;, 4;, B;, P;)ic1,
where A;, B; : X = Hie 1 Xi — 2F: are constraint correspondences, P; : X — 2Fi is a pref-
erence correspondence and X; is a choice (or strategy) set which is a subset of a Hausdorff
topological vector space E;. We are interested in finding an equilibrium point for I" i.e. a point
r € X with z; € B;(x) and co A;(z) N co Pi(x) = 0 (or z; € B;(x) and A;(z) N Pi(x) = 0) for
iel.

Theorem 2.5. Let I' = (X, A;, B;, P,)icr be an abstract economy with { X, }icr a family of nonempty
sets each in a Hausdorff topological vector space E; (here I is an index set). Foreachi € I, let A;, B;, P; -
X =[l,e; Xi — 25 and assume the following conditions are satisfied:

(2.1) Ui={xeX: coA(x)NcoPi(x)# 0} is paracompact and open in X
(2.2) cd Bi(= B;) : X — CK(E;) is upper semicontinuous

(2.3) there exists a nonempty compact subset K; of X; with B; : X — CK(K;)
' and K =[],c; K; is a Schauder admissible subset of E = [],.; E;

iel

and

(2.4) x; ¢ coA;(x) Nco Py(x) if x € Uy; here x; is the projection of x on E;.

Fori e Iand x € X, let H;(x) = co A;(z) N co P;(z) and suppose

(2.5) Hi(z) C Bi(x) for xz € U;

and

26) { there ex_ii;ts a Sl 2 U; — 2Fi with co S;(x) C H;(z) for x € U;
and S; " (y) is open (in U;) for each y € E;.

Then there exists a x € X with for each i € I, we have x; € B;(z) and co A;(z) N co Py(x) = 0.

Proof. Note for each i € I from (2.6), we have H; € DKT(U,, E;) so from [2] there exists a
continuous (single valued) selection f; : U; — E; of H; with f;(x) € co(S;(x)) C H;(z) for

x € U;. Foreachi € I, let
) i fz(a:), xr € Ui
Gi(z) = { E(I), z U
Note for each i € I that {f;(z)} C co(S;(z)) C Hi(x) C B;(z) (see (2.5)) if = € U;, so Theorem
1.4 guarantees that G; : X — CK(E;) is upper semicontinuous. Also for each ¢ € I, we have
Gi(z) C Bi(z) C K, forz € X so G; € Kak(X, K;). Now, Theorem 1.1 guarantees a z € K
with z; € G;(x) fori € I. If x € U, forsome i € I, then x; = f;(x) € H;(x) = co A;(x) Nco Pi(x),
which contradicts (2.4). Thus for each i € I, we must have = ¢ U; and then we have z; € B;(7)
and co A;(x) Nco P;(x) = 0. O
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Remark 2.4.
(i). Ifi € I and H; ' (y) is open (in X) for each y € E;, then U; in (2.1) is automatically open in
X. This is immediate once one notices that U; = Uyep, H; *(y).

(ii). Of course there are other obvious analogues of Theorem 2.5 if the assumptions on co A; N co P;
are replaced by assumptions on co A; N P; or ©o A; N P; or o A; N¢o P; or ¢o A; N co P; or
A;NecoP;or A;Neo P, or A; N P or co A; Nco P; and the assumptions on B; are replaced by
assumptions on B;.

Remark 2.5. For each i € I suppose there exists a map S; : X — E; (which may have empty values)
with co S;(x) C Hy(x) for x € X, the fibres S; *(y) are open (in X) for each y € E; and also assume
if x € U;, then S;(x) # 0. Then, (2.6) holds with S; replaced by S;|u,. Let S} denote S;|u,. Fori € I
note S¥ : U; — 2Fi, co S*(x) C H;(z) for x € U; and for y € E; note

(SH ') ={zeliryesi@)}={re X : yeSi(@)}nU;=5"(y) NV
so (S¥)~L(y) which is open in Uj.

Theorem 2.6. Let I = (X, A;, B;, P;)icr be an abstract economy with {X, };cr a family of nonempty
sets each in a Hausdorff topological vector space E; (here I is an index set). For each i € I, let
Ai, Bi, P« X = [lie; Xi — 25 and assume (2.1), (2.2), (2.3) and (2.4) hold. For i € I and
x € X, let H;(z) = co A;(x) N co P;(x) and suppose (2.5) holds. In addition for each i € I assume

2.7) there exists a S; : U; — 2F with co S;(x) C Hi(x) for x € U;
’ and Uz:U{ZTLtUl S;l(w) : wEEi}

Then there exists a x € X with for each i € I we have x; € B;(x) and co A;(x) N co P;(z) = 0.

Proof. Note for each i € I from (2.7), we have H; € HLPY (U;, E;) so from [4] there exists a
continuous (single valued) selection f; : U; — E; of H; with f;(z) € co(Si(x)) C H;(z) for
x € U;. Let G; for i € I be as in Theorem 2.5 and the same reasoning guarantees a + € K with
x; € Gi(x) fori € I. O

Remark 2.6. For each i € I suppose there exists a map S; : X — E; (which may have empty values)
with co Si(x) C Hy(x) forz € X, X = J{intx S; (w) : w € E;} and also assume if v € U,,
then S;(z) # 0. Then, (2.7) holds with S; replaced by S;|y,. Let S} denote S;|y,. For i € I note
S¥:U; — 2Fi, co Sy (z) C Hy(z) for x € U; and now we show U; = |J {inty, (S;)" (w) : w € E;}.
To see this notice

U;=U;,NX=U;N (U{mtXSi_l(w): WEEZ}) :U{Uiﬁ intXSi_l(w): U)EEZ'},

so U; € U{inty, (SF)"*(w) : w € E;} since for each w € E;, we have that U; N intx S; *(w)
is open in U;. On the other hand clearly |J {inty, (S})~Y(w) : w € E;} C U, so as a result U; =
U {inty, (SF)"H(w): w e E;}.

Theorem 2.7. Let T = (X, A;, B;, P;)icr be an abstract economy with {X, }:c1 a family of nonempty
convex sets each in a Hausdorff topological vector space E; (here I is an index set). For each i € I, let
Ay, B, Py : X =[], Xi = 2E and assume the following conditions are satisfied:

(2.8) co(A;(z)) C Bi(x) for z € X,
(2.9) x; ¢ Bi(z)NecoPy(z) if v € X and A;(z) N Pi(z) # 0,

(2.10) there exists a nonempty convex compact subset K; of X;
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and
2.11) foreach y; € X; theset [(coP;)~'(y;)UM;] N A7 (y;)
' isopenin X (here M; = {x e X : A;j(z)N Pi(xz) = 0})

Finally, assume X is a g=Schauder admissible subset of E = [[,.; E;. Then there exists a x € X with
foreach i € I, we have z; € B;(x) and A;(z) N Pi(x) = 0.

Proof. Foreachi € I,let N; = {x € X : A;(z) N P;(z) # (0} and for each x € X let
I(z)={ieI: Aj(x)N P(z) # 0}.
Foreachi € I, let F;,G; : X — 2% be given by

() = ] Ai@)neoBi(x), i€ I(x)
Fy() { Aq(z), i ¢ I(z)
" Gi(z) = { Bi(x) Nco Pi(x) i€ I(x)

' B;(x) i ¢ I(x)

Fix i € I. Note from (2.8) that co F;(x)
note for each y; € X;, we have

F ' yi) ={z € X : yi € Fi(x)}

={xeN;: y; € Ai(x)NcoP(x)} U{x e M,;: y; € Ai(z)}

= {[(coP)) "M (wa) N A7 ()] N N} U {47 (ws) 0 M3}

= [(coP) ™ (ys) N AT ()] U [A7 (i) N M)

= [(coP)) " (i) U M| N AT (i)
which (see (2.11)) is open in X. Thus for each i € I, we have G; € DKT(X, X;) and also from
(2.10) note G;(X) C K; C X;. Now, Theorem 1.2 guarantees a x € K with x; € G,(x) for
i € I. Noteifi € I(x) for some i € I then A;(z) N P;(z) # 0 and z; € B;(x) N co P;(z), which

contradicts (2.9). Thus ¢ ¢ I(x) for all i € I. Consequently, z; € B;(z) and A;(z) N P;(z) = () for
alli e I. g

N

G;(z) for z € X (and note F;(z) # 0 for x € X). Also

Remark 2.7. In Theorem 2.7 if I is a finite set, then the assumption that “X is a g-Schauder admissible
subset of the Hausdorf{f topological vector space E” can be removed (see Remark 1.2).

Theorem 2.8. Let I' = (X, A;, B;, P;)icr be an abstract economy with { X, }:er a family of nonempty
convex sets each in a Hausdorff topological vector space E; (here I is an index set). For each i € I, let
Ay, By, Py : X = e Xi — 2B and assume (2.8), (2.9) and (2.10) hold. Also suppose X is a q—
Schauder admissible subset of E = [[,.; E;. Foreachx € X, let I(x) = {i € I : A;(x) N P;(x) # 0}
and for each i € I, let
_ Ai(x) NcoPy(x), i€l(x)

Fi(@) = { Ai(w), i ¢ 1(x)
and assume that
(2.12) X =uU{intF Yw): we X;}.
Then there exists a z € X with for each i € I, we have x; € B;(z) and A;(z) N P;(z) = 0.

Proof. Let N; and G; be as in Theorem 2.7. For i € I note F;(z) # 0 and co F;(z) C G;(z) for
z € Xand X = U{int F, '(w) : w € X;}. Thus for each i € I, we have G; € HLPY (X, X,)
and also from (2.10) note G;(X) C K; C X,. Now, Theorem 1.3 guarantees a z € K with
x; € Gi(z) for ¢ € I and the reasoning in Theorem 2.7 guarantees the result. O
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Remark 2.8. In Theorem 2.8 if I is a finite set, then the assumption that “ X is a ¢-Schauder admissible
subset of the Hausdorf{f topological vector space E” can be removed (see Remark 1.3).
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ABSTRACT. The notions of a set of generalized eigenvalues and a set of generalized eigenvectors of a linear operator
in Euclidean space are introduced. In addition, we provide a method to find a biorthogonal system of a subsystem of
eigenvectors of some linear operators in a Hilbert space whose systems of canonical eigenvectors are over-complete.
Related to our problem, we will show an example of a linear differential operator that is formally adjoint to Bessel-type
differential operators. We also investigate the basic properties (completeness, minimality, basicity) of the systems of
generalized eigenvectors of this differential operator.

Keywords: Linear operator, generalized eigenvector, Bessel function, complete system, minimal system, biorthogonal
system.
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1. INTRODUCTION

Let H be an Euclidean space with inner product (;-) : H x H — C, Ny = NU {0}, m € Ny,
mym = [n;m] NNy and n;m = 0 if n > m. Suppose that a certain linear operator A : H —
M has a countable set of simple eigenvalues {\; : £ € N} and a corresponding system of
eigenvectors {¢ : k € N} that is complete and minimal after removing, for example, the
first m € N members, or the adjoint operator of A has no eigenvalues. Such operators arise
naturally in the study of some boundary value problems (see, for example, [3, 4, 10, 14, 16]
and the reference therein), for instance, in the study of boundary value problems for Bessel’s
equation (see [8, 12, 13, 18, 19, 25, 26]). The problem is how to find a biorthogonal system
(Uy, : n € N\1;m). Such a biorthogonal system will be found if we can find the vectors U,, such
that (¢; U,) = 0 for all k € N\1;m and n € N\1;m.

Finding such biorthogonal systems often faces certain difficulties (see [3, 4, 8, 12, 13, 18, 19,
25, 26]). Sometimes, in the case of simple eigenvalues, such vectors U,, can be found by using
a notion of a set of generalized eigenvectors which we propose in this paper (see Section 2).
There are different methods to introduce the generalized eigenvectors with access to a wider
space (for details, see [2, 3, 4, 5, 9]). The peculiarity of our interpretation of a set of generalized
eigenvectors of a linear operator B : H — H with domain D(B) is that the generalized eigen-
vectors belong to H and the difference of eigenvectors belong to D(B). We show an example of
a linear differential operator B, : H” — H" in some Hilbert space #" that has no eigenvectors,
but has the generalized eigenvectors (see Section 3). In Sections 4 and 5, we will prove that
this operator, B,, is formally adjoint to Bessel-type differential operators A, - H" — H” and

Received: 23.02.2022; Accepted: 30.04.2022; Published Online: 24.05.2022
*Corresponding author: Ruslan Khats’; khats@ukr.net
DOI: 10.33205/cma.1077842

60



Generalized eigenvectors of linear operators and biorthogonal systems 61

A, : HY — H" whose systems of canonical eigenvectors are over-complete. We also inves-
tigate the basic properties (completeness, minimality, basicity) of the systems of generalized
eigenvectors of an operator B, .

The introduced notions of the sets of generalized eigenvalues and eigenvectors probably are
of interest in some sense for spectral theory.

2. GENERALIZED EIGENVECTORS
Let €2 C N be some non-empty set.

Definition 2.1. The set M(B) = {u; : j € Q} is called a set of generalized eigenvalues of a linear
operator B : H — H with domain D(B) in a vector (linear) space H if there exists a set s(B) = {U; :
j € Q} of nonzero elements U; € H such that U,, — Uy, € D(B) and B(U,, — Ux) = pnUp — iUk
foreveryn € Qand k € Q. In this case, the set $\(B) is called a set of generalized eigenvectors of an
operator B.

We say that an operator B : H — H is a formally adjoint of an operator A : H — H ina
Euclidean space # with inner product (;-) : H x H — C, if (Ay; u) = (3»; Bu) for all ¢ € D(A)
and u € D(B).

Theorem 2.1. Suppose that A : H — H be a linear operator with domain D(A) in a Euclidean space H
with inner product (-;-) : H x H — C having a set of eigenvalues {\; : j € Q} and a set of eigenvectors
{¢j : j € Q}. Let each u; = N; be a generalized eigenvalue of an operator B : H — H that is a
formally adjoint of A, and let {U; : j € Q} be a set of generalized eigenvectors of B. Then (1y,; U,,) = 0
if A # An.
Proof. Indeed,
ANe{i; Un) = Mg (W; U — Ui) + M (P13 Uk) = (A¢g; Un — Uyg) + A (i Ug)

= (¢ B(Un — Ui)) + Me(¥k; Ur) = (Yrs i Un — pUk) + Nic (Y013 Uk)

= (V3 nUn) — (W e Uk) + A (¥r; Uk) = (Yrs inUn)

= /\n<¢k; Un>7

whence the theorem follows. Theorem 2.1 is proved. O

A linear operator can has several sets of generalized eigenvalues. The union of two such sets
may not be a set of generalized eigenvalues. Every set of eigenvalues is a set of generalized
eigenvalues. If for some b € #H and each j € ©, and the numbers 11, the equation B(u) = pju+b
has a nonzero solution u; € D(B), then the set M(B) = {u; : j € Q} is a set of generalized
eigenvalues of an operator B : H — H. If D(B) = H and the set M(B) = {p; : j € Q}isa
set of generalized eigenvalues of an operator B : H — H, then there exists b € H such that
for every k € Q the equation B(u) = pu + b has a nonzero solution u;, € H. In this case,
b= B(U,) — unUp and n € Q is arbitrary. If D(B) # H, then a linear operator B : H — H can
has generalized eigenvectors of other kinds.

Definition 2.2. Let m € Ny and Q@ = N\I;m. The set M(B) = {u; : j € Q} of generalized
eigenvalues of a linear operator B : H — H is called a set of generalized ezgenvalues of width m (with

respect to an operator B) if there exists a vector space H and a linear operator B : H — H with domain
D(B) that has a countable set of eigenvalues {py, : k € N} and a set of eigenvectors {uy, : k € N} such
that HNH # 0, U,, — Uy € D(B), B(U,, — U) = B(U,, — Uy,) foranyn € Qand k € Q, and

s = us Z Wy, suz S H Wi,s = (:U/S - Mi)_lv

iclm

s €.
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In this case, the set W(B) = {U, : j € Q} is called a set of generalized eigenvectors of width m.

Theorem 2.2. Assume that m € Ny, Q@ = N\1;m, B : H — H be a linear operator in a vector space
H,and {U; : j € Q} be some set of nonzero elements of the space H. Let there exist a vector space H and
a linear operator B : H — H with a countable set of eigenvalues {p, : k € N} and a set of eigenvectors
{Gk : k € N} satisfying HNH # 0,

= )
zElm

and U,, — Uy € D(B), B(U, — Uy,) = B(U,, — Uy) for every n € Qand k € Q. Then M(B) = {p; :
J € Q} is a set of generalized eigenvalues of width m of an operator B, and W(B) = {U; : j € Q} isa
set of generalized eigenvectors of width m.

ule’H s €,

Proof. Indeed, we have

B(U, — Uy) = B(U, - Uy)

= finU. — [y — Z L,
. Kk — M4
zelm i€lym
T AR e T T
= i | — Uk | Uk
"\ fin — i g — i
i€lym i€lym
1325 i ~ i Hn ~
+ Ui +
Zﬂk_ﬂi ' Z fin — i
i€l;m i€lym
= pnUp — ppUy
Theorem 2.2 is proved. O

Remark 2.1. Due to Theorem 2.2, if Uy, and U, are the generalized eigenvectors of width m of an
operator B : H — H, then

Z (Wi — Wi ) ithy — (Wi fbn, — Wi khti)U;) =0
i€l;m

for every k € Qand n € Q, because

B(U, — Uy) = B(U, — Uy)

=B | u,+ E Wi nl; — Up, — E Wi kU

i€lym i€1l;m

= Unln — prUg + E (Wi — Wi k) i,
1€lym

pnUn = U = pin [ Tn+ > wintli | = | G+ Y widli
i€lm i€l;m
Theorems 2.1 and 2.2 indicate the method of finding a biorthogonal system that can be used

in certain cases. In this paper, for illustrative purposes, we shall prove that there exists an
operator B, : H” — H" in some Hilbert space H" that has no eigenvalues, but has generalized
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eigenvalues and corresponding eigenvectors of width m € {0;1;2} (see Theorem 3.3). We also
study the properties of this operator B, (see Theorems 4.4 and 5.5).
To prove Theorems 3.3, 4.4 and 5.5, we need some preliminaries.

3. OPERATOR B,

Let C'(A) be a vector space of continuous functions f : A — C on the interval A C C, and
C®)(A) be a set of functions f € C(A) with f*) € C(A). Let a € R and L?((0;1); 2%dx)
be the space of measurable functions f : (0;1) — C such that t*/2f(t) € LQ(O' 1); the inner
product and the norm in L?((0; 1); z*dx) are given by (f1; f2) fo t*f1(t) f2(t) dt and || f|| =

v/ fol te|f(¢)|? dt, respectively. Let also
= (1) (/2

N
Ju() _kZ:O ET(v+k+1)

be a Bessel function of the first kind of index v € R, where I' is the gamma function. The
function J, is a solution (see, for instance, [1, 17, 27]) of the equation y”’ +y/ /z+(1—v?/2%)y = 0,
the function y(x) = J,(zs) is a solution of the equation —y” — v//x + yv?/2? = 5%y, and the
functions y(z) = v/xsJ1,(zs) satisfy the equation

—1/4
_y” + uy — S y.
Z'
For v > —1, the function J,, has (see [1, p. 59], [17, p. 350], [27, p. 483]) an infinite set {5}, : k € Z}
of real zeros, among them sj, k¥ € N, are the positive zeros and s_j := —5i, k € N, are the

negative zeros. All zeros are simple except, perhaps, the zero sy = 0. For v > 1, the function
J_, has (see [1, p. 59], [27, p. 483]) an infinity of real zeros and also 2[v| pairwise conjugate
complex zeros, among them two pure imaginary zeros when [v] is an odd integer. Let sy,
k € N, be the zeros of the function J_, for which Im s, > 0if s, € Cor s, > 0if s, € R.

Letv =1+ 1/2 withl € N, H” := L?((0;1);2**~!dz) and B, is the operator generated by
the formal differential operator

O (u) = —u" —2(2v — 1)%1/ —3((r—1)2— 1/4)%u

with domain D(B,) consisting of all functions u € C®)(0; 1] satisfying the boundary conditions

(3.1) u(z) = O(z7V*5/2), = 0+,

3.2) u(1l) =0,
and the asymptotic equality (3.1) can be twice differentiated termwise. Then ¢} (u) = O(x~**+1/2)
as z — 0+, and B, (u) € H” if u € D(B,). Letalso H = C(0; 1} and B, is the operator gen-
erated by the formal differential operator ¢}, (u) with domain D(Bl,) consisting of all functions
u € C?(0; 1] satisfying the boundary condition (3.2). Then B, (u) € H if u € D(B,).

In this section, we shall prove the following theorem.
Theorem 3.3. Let | € Nand v = | + 1/2. Then the operator B, has no eigenvalues. In this case,
M(B,) ={pnx: ke N}, i, = 3%, where Sy, are the zeros of .J,,, is the set of generalized eigenvalues of
width m = 0 of an operator B,, that corresponds to the operator B,,, and

Up(z) := , keN
§Z+1/2x2v—1
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are the generalized eigenfunctions of width m = 0 of the operator B,,. Besides, the set (B3 /2) = {jux :
k € N\{1}}, ur = s2, where sy, are the zeros of J_,,, is a set of generalized eigenvalues of width m = 1
of the operator Bs o which correspond to the operator Bs o, and

v/ aya(wsk) —sVE aja(es) gy

z2(s? — s2) ’

Uk,z3/2(z) :=

are the generalized eigenfunctions of width m = 1 of Bsjo. In addition, the set MM(Bs5/2) = {p :
ke N\ {1;2}}, ux = s3, is a set of generalized eigenvalues of width m = 2 of an operator Bs /o that

corresponds to the operator Bs /2, and

SiNESKI 52 (xsk) — 81/Ts1J_5/2(w51)

Ups/2(x) = z4(s — s})
75i\/ﬁ<]_5/2(17ik)2* SSQ/EJ—WQ(“Z), ke N\ {1;2}
x (Sk - 82)

are the generalized eigenfunctions of width m = 2 of the operator By 5.
To prove Theorem 3.3, we need some auxiliary lemmas.

Lemma 3.1. Let [ € Nand v = [+ 1/2. Then the operator B,, has no eigenvalues.

Proof. In fact, in the case s = 0, the functions u;(z) = x7"*3/2 and uy(z) = 27373/ are the

linearly independent solutions of the equation u” + 2(2v — 1)a '’ + 3((v — 1)? — 1/4)x " %u =
—s?u. In the case s # 0, the linearly independent solutions of this equation are the functions
vi(x) = 272 /x5, (zs) and va(z) = =21 /zsJ_, (xs). Using relation (see [15, p. 226], [17,
p. 346], [27, p. 43])

v

— mi v+2
Ju(x) = YT +1) +0(@""™), z=—0,
we obtain
zsJ,(xs svtl/2 _,
(3.3) \/;V_(l ) _ 21/1‘(1/4_1)9: +3/2+O(z +7/2)7 z — 0+,

(—1)ks—vH2h+1/2, =5+ 20k+3/2
2=V EID (- + k + 1)

G4y YIsTu@s) 3

g + Oz 32 04,

keosv

In view of this, every nonzero linear combination of these functions cannot satisfy (3.1), and
hence this operator has no eigenfunctions. Lemma 3.1 is proved. O

Letl e N,v=1+1/2,H = C(0; 1} and B, is the operator generated by the formal differen-
tial operator £}, (u) with domain D(B,) consisting of all functions u € C?)(0; 1] satisfying the
boundary condition (3.2). Then B, (u) € Hifue D(B,).

Lemma 3.2. Letl € Nand v = 1+ 1/2. Then STI(BV) ={ux : ke N}, iy, = 3?6, where 5}, are the
zeros of J,,, is the set of generalized eigenvalues of width m = 0 of an operator B,, which correspond to
the operator B,,, and Uy, ,,(x), k € N, are the generalized eigenfunctions of width m = 0 of B,,.

Proof Indeed, the numbers 1, = §% are the eigenvalues of the operator §,,, and Uy, l,( ) =
U;W( z) =3, V2=l /a5, (x5%) are the eigenfunctions of this operator. Further, Uk v
H”, by using (3.3)

1

—v+3/2 —v+7/2
2”F(1/+1)x +O(z ), *—0+.

Upo(z) =
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Besides,
Upp() = Upo(z) = Oy = O(@~"/?), = —0+.
Therefore, (j'lw — ﬁnw € D(B,) and ﬁkw — Nmu € D(Eu). In addition,

By(ﬁk,v - 0n,1/) = Eu(ﬁk,u - ﬁn,u) = g;(ak,u - an,l/) == g]Zgak,v - gzan,l/ = gﬁ,ﬁk,v - gg;,ﬁn,z/-

n

Hence, QJVT(BV) = {lx : k € N} is a set of generalized eigenvalues of width m = 0 of the

operator B,, and ${(B,) = {ﬁku : k € N} is the set of generalized eigenfunctions of width
m = 0. Lemma 3.2 is proved. O

Lemma 3.3. Let s, k € N be the zeros of the function J_,,. Then M(Bs/o) = {ur = k € N\ {1}},
e = sz, is a set of generalized eigenvalues of width m = 1 of the operator Bj > which correspond to the
operator §3/2, and Uy 3/2(x), k € N\ {1}, are the generalized eigenfunctions of width m = 1 of By 5.

Proof. Indeed, the numbers y;, = s; are the eigenvalues of the operator By /2, and the functions

Uy 3/2(x) = 2 2(s] — 7)) tspy/TSKJ_3/2(xsk), k # 1, and Uy 3/2(x) = 27 %s1,/Z51J_3/2(2s1) are
their corresponding eigenfunctions. Moreover, Uy, 3/2(%) = U 3/2(7) + w1 kU1 3/2(7) if w1 x =
(s3 — s?)~1. Using (3.4), we obtain

1

Uk73/2(x):%+0(x), xg)0+

Therefore, Uy, 32 € H*/2. Besides, Uy 32(2) — Uy 3/2(z) = O(x) as  — 0+. Hence, Uy 3/2 —
Un,3/2 € D(Bs)2), Uk 372 — Uy 372 € D(Bs)2), and

Bs/s(Ugsj2 — Unzje) = §3/2(Uk,3/2 —Un,3/2)
=l35(Us,372 — Un,3/2)
= U35 (Uk,3/2 + W1,kU1,3/2 — Un,3/2 — Wi,nl13/2)
= 8%%,3/2 + Wl,kS%al,B/Q - Sian,3/2 - wl,nS%aLs/z
= 3%(%,3/2 + w1kl 3/2) — 531(777:,,3/2 + Wi,nlly,3/2)
+ (Sf(wl,k —win) — (wl,ksi - w1,n83))a1,3/2
= S%CU]C’3/2 — siUnﬁ/Q.

Thus, M(Bs/2) = {ur : k € N\ {1}} is the set of generalized eigenvalues of the operator Bs,,

and U(Bsz/2) = {Ug,s/2 : k € N\ {1}} is a set of generalized eigenfunctions of width m = 1.
Lemma 3.3 is proved. O

Lemma 3.4. Let sy, k € N, be the zeros of the function J_,,. Then M(Bs2) = {pr : k € N\ {1;2}},
ik = s, is a set of generalized eigenvalues of width m = 2 of an operator By o which corresponds to

the operator Bs 2, and Uy 5/2(x), k € N\ {1;2}, are the generalized eigenfunctions of width m = 2 of
B5/2.

Proof. In fact, the numbers p;, = s2 are the eigenvalues of the operator B /2, and the functions

- (2) = si(s? — s%)./xskJ_s/g(xsk)
k,5/2 - )
o (sf — s7)(s - 53)

Uy 5/2(x) = —x’45%\/x51J_5/2(x51) and Uy 5/2(7) = ;1:7453,@52&7_5/2(:1:32) are their corre-
sponding eigenfunctions. Moreover, Uy 5/2(x) = Uj,5/2(%) + wi,xly5/2(x) + wolis5/2(x) if

ke N\ {1;2},
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wik = (s2 —s?)71, i € {1;2}. Using (3.4), we get
_ si—s}

AN o2
Therefore, U, € H°/2. Furthermore, Uk)\g,/g(x) —Up52(x) = O(1) as & — 0+. Hence, Uy, 52 —
Upnsj2 € D(Bs2), Uksjo — Up 52 € D(B5/2) and

Bs2(Uks/2 — Uns/2) = §5/2(Uk,5/2 —Uy,5/2)
=L5/5(Uk5/2 — Unys/2)

Uk75/2(.’17) +O(1>, I‘—>O+

.~ - ~ ~ ~ ~
= 55/2(1%,5/2 + w1 kU152 + Wkl /2 — Uns/2 — Winlls/2 — Wanllas/2)

_ 2 2 2~ 2 2~ 2~

= SjUp5/2 T W1,kSTUL 5/2 T W2, kS3U2 5/2 — Spln 5/2 — W1,nS1U1 5/2 — W2,nS2U2 5/2

2/~ ~ ~ 2 s~ ~ ~
Sk(uk,5/2 + w1 kU1 5/2 + wz,kU2,5/2) - Sn(un,5/2 + winl15/2 + w2,nu2,5/2)

+ (57 (wik — win) = (WikSk — Winsh)) U152 + (55 (wWa,k — wain)
—(

2 2\\~
W2 kS — w2,n3n))uz,5/2
_ o2 2

= SkUk,s/Q - SnUn,5/2~

Thus, M(B5/2) is the set of generalized eigenvalues of an operator Bs/,, and Uy, 5/, are the
generalized eigenfunctions of width m = 2. Lemma 3.4 is proved. O

Remark 3.2. Uy, — ﬁn,y ¢ D(B,) ifv = 3/20r v = 5/2. Lemmas 3.2-3.4 are leaving aside the
existence of other sets of generalized eigenvalues. We have not been able to extend Lemma 3.4 to an
arbitrary v =1+ 1/2 with [ € N.

Theorem 3.3 is an immediate consequence of Lemmas 3.1-3.4.

4. OPERATOR A, AND APPROXIMATION PROPERTIES OF THE SYSTEM (ﬁk 1k eN)

Let H be a Hilbert space and H* its dual space, i.e., the space of linear continuous functionals
on H. The system of elements (e; : k € N) is called complete ([11, p. 4258]) in H if span (e :
k € N) = H. The system of elements (e, : k € N) is said to be minimal ([11, p. 4258]) in H if
ex, ¢ span (e : k € N\ {ko}) for each ky € N. The system (e, : k € N) is called ([11, p. 4258]) a
basis for the space H if, for every f € H, there exists a unique series with respect to the system
(er : k € N) which converges to f (in H): f = > drex, di € C. Minimality of the system

k=1
(ex : k € N) in H is equivalent (see [11, p. 4258]) to the existence of the system of conjugate
functionals (fy : k € N) € H*, i.e., fx(en) = dkn, Where 0y, is the Kronecker delta. The system
(fx : k € N) is also called a biorthogonal system with respect to the system (e, : k € N). A system
(er : k € N) is said to be uniformly minimal ([11, p. 4258]) in H if there exists 6 > 0 such that for
every n € N the distance of e,, to the closure of the linear span of the system (e;, : k € N\ {n})is
greater than J||u,||. A complete system (e, : k € N) that has a biorthogonal system (f;, : k € N)
is uniformly minimal if and only if (see [11, p. 4258])

lim sup ||ex ||| fxl|* < +oo.

k—o0

Every basis is uniformly minimal system (see [11, p. 4258]).
Letv =1+ 1/2withl € N, H¥ = L?*((0;1); 2%~ 1dx), and A, is the operator generated by

the formal differential operator £, (¢) := —¢" + (v? — 1/4)x =21 with domain D(A4,) consisting
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of those functions ¢ € C?)[0; 1] which satisfy the boundary conditions (0) = (1) = 0. Then
0,(¢) = Oz~ ') as z — 0+, and A, (1) € H” if Y € D(A,).

In this section, we prove that the operator B, : H” — H" is formally adjoint in H” of an
operator A, : H” — HY. We also investigate completeness, minimality and basicity of the
system (Uy, : k € N) of generalized eigenfunctions of width m = 0 of a operator B,..

Lemma 4.5. Letl € Nand v = [+ 1/2. Then, the operator B, is formally adjoint in H” of an operator
A,

Proof. Letag = (V2 —1/4)22" =3, ay = —22 =L and £, (¢) = az)” + aph. Then % (u) = (@ou)” +
Gou is formally adjoint operator of the operator 7, (1) (see [9, p. 97]). Moreover, £, () =
—x?V Tl (V2 —1/4)2? 3y = 2?1, (1) and Z;(u) = Gou/" 4+ 2ahu’ +(ag+ay )u = —x® 1" —
2(2v—1)2* ' =3((v—1)*~1/4)2® ~>u = *~'£; (u). Furthermore, according to the Lagrange
identity (see [9, p. 97]), for every ¢ € D(A,) and u € D(B,),

2?0, (V)T — Pl () = 6, ()T — )i (u)

d
(4.5) = %((GQW — Yay)u — hagl’)
= (a2~ D)0 ),
Hence,
1 1
/ 2?7, (Y ude = / o2l (u) da
0 0
Lemma 4.5 is proved. O

Lemma 4.6 ([21, 6, 7]). Letl € Nand v = [ + 1/2. Then the system ((7;@,1, : k eN), (7;@7,,(:@ =
§;”_1/2x*2"+1\/x§k(]u(m'§k) is complete in the space H” := L*((0;1); 2*~*dx).

Lemma 4.7. Let | € Nand v = |+ 1/2. Then, the system (U, : k € N) in the space H" has a
biorthogonal system (Vi ., : k € N) that is formed by the functions

25~ 1/2

%c,u(HC)Z J2 \/ xSk J, (xSE).
V+1

The system (3, : k € N) is a system of eigenfunctions of an operator A,, which correspond to their
eigenvalues i, = 53, where 3y, are the zeros of J,,.

Proof. Since (see [17, p. 347], [27, p. 482])

1 1., B
/ :cJ,,(xgk)J,,(:cgn) dr = 2J +1(STL) k=n,
0 0, k#n,

it follows that

1 o~ \/’Svkifsvw 1/2
/ J,‘QU 1Uk7l/(g;)’yn u( )dl‘ = w+1/2 nS
0 5y Jy+1(5n

|1, k=n,
10, k#n.

)/0 xJy, (zsk)J, (x5,) dx
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Furthermore, since £, (Vx,,) = 537k, and J,(z) = O(z¥) as # — 0, we conclude that the num-

bers pi, = 5% are the eigenvalues of an operator A,, and 7%, (z), k¥ € N are the corresponding
eigenfunctions of this operator. Lemma 4.7 is proved. O

Lemma 4.8. Let [ € Nand v =1+ 1/2. Then, the system (Y, : k € N) is complete in the space H" .

Proof. Assume the contrary. Then, according to the Hahn-Banach theorem ([11, p. 4258]), there
exists a nonzero function h € H" such that

25"~ 1/2
/ v Jaspd, (25 h(z)de =0, k€ N.

z/+1 sk

Let () = z?*~'h(z). Then ¢ € L?*(0;1) and, therefore, the system (J;, : k € N) is incom-
plete in the space L?(0;1). We have a contradiction, because it is well known that the system
(VzJ,(x8) : k € N) is complete in L?(0;1) (see [15, p. 223], [17, p. 357]). Thus, the system
(Yk,v : k € N) is complete in H”. Lemma 4.8 is proved. O

We remark that Lemma 4.7 also follows from Lemmas 4.5, 4.8, 3.2 and Theorem 2.1.
Lemma4.9. Letl € Nand v = [+ 1/2. Then, the system (7, : k € N) is not a basis in the space H".
Proof. Using relations (see [15, p. 226], [17, pp. 346, 352], [27, pp. 43, 618])

Jy(x):\/Zcos(x—gu—4>+O( _3/2), T — 00,

Jo(z) = 0(z"),x — 0,3, = th + — — = + O(k™)

2 4
and
V31 (k) = V2/(1+ O(k™")) as k — oo,
we get
_ 4 1 1
e e sl = s [, alamlde [ 2|2, a5 da
v+1\5k) Jo 0
_ OGE)
Ju+1(5k)

=0(3'?) — +o0, k — <.

Hence, the system (7, : k € N) is not uniformly minimal in the space 7" and therefore is not
a basis in this space. O

From Lemmas 4.5-4.9, we obtain the following assertion.

Theorem 4.4. Let | € Nand v = | + 1/2. Then, the system (U, : k € N) of the generalized
eigenfunctions of width m = 0 of an operator B, is complete in the space H* and minimal in H".

Moreover, the operator B, is formally adjoint in H of an operator A, : H” — HY which has a
complete and minimal system of eigenfunctions (Y, : k € N) such that is not a basis in H".

Remark 4.3. Basis properties (completeness, minimality, basicity) of more general systems (Oy, . p :
k € N) with O, p(x) = 2 P~ 1\/x5J, (25%) in the space L*((0;1); x?Pdx), wherev > 1/2,p € R
and (Sk)ken is a sequence of distinct nonzero complex numbers, have been studied in [6, 7, 20, 21, 22,
23, 24].
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5. OPERATOR A4,

Letv =1+1/2withl € N, H” = L?((0;1); **~'dx), and A, is the operator generated by the
formal differential operator ¢, (1) and the boundary conditions

(5.6) ¥(1) =0,

(5.7) P(x) = Z caTVFETY2 Lo Y2 g 04
JEO; v

for some constants ¢; € C, j € 0;v. Suppose that the domain D(A4,) consists of those functions
¥ € C?)(0;1] that satisfy these boundary conditions and the asymptotic equality (5.7) can be
twice differentiated termwise. Then /,,(¢)) = 4¢y(—1 + v)a VT2 4 o(x™V+1/2) 4 o(x?—3/2) =
O(z7"* /%) asz — 0+,and A, (v) € H” if € D(A,).

In this section, we show that the operator B, : H” — H" is formally adjoint in " of an
operator A, : H” — H" whose systems of canonical eigenfunctions are over-complete. We also
remark about basis properties of the systems of generalized eigenfunctions of width m € {1; 2}
of an operator B,,.

Lemma 5.10 ([26]). Let | € Nand v = | + 1/2. The operator A, has a finite set {uy : k € N}
of eigenvalues, where yy, = si and sy are the zeros of the function J_,. Moreover, the functions

Y p(x) 1= 32_1/2. /TseJ_,(xs), k € N, are the eigenfunctions of this operator.

Lemma 5.11 ([13]). Letl € Nand v = | + 1/2. Then, the system (¢, : k € N\ {1;2;...;1}) is
complete in H".

Lemma 5.12. Let | € Nand v = 14 1/2. The operator B,, is formally adjoint in H" of an operator A,

Proof. Using relations (3.1), (3.2), (5.6), (5.7) and

W)=Y v+ 2+ 1/2a 7 o T2, a0+,
e

from (4.5), it follows that

1 1
/ 2?1, () ade = / 227 0 (u) da.
0 0

Lemma 5.12 is proved. ]

Remark 5.4. From Lemmas 3.3, 5.10, 5.12 and Theorem 2.1, it follows that ({y, 3/2; Uy 3/2) = 0, if k #
n, k € N\{1} and n € N\{1}. By direct calculations, we get (1, 3/2; Up 3/2) = 1 (seealso [18,19,25]).
Lemma 5.11 implies that the system (yy.3/2 : k € N\ {1}) is complete in the space H*/?. Moreover,
in [25, 26] the authors proved that this system is minimal and is not a basis in H3/2. Furthermore, the
biorthogonal system is formed by the functions gy, 3/2(x) = s}, * (1 + s2)(s3 — s2)Uy, 3/2(x). In [19],
it was shown that the system (gi 3,2 : k € N\ {1}) is also complete in H3/2. In addition, in [19] it
has been established that the system (Uy 3 « k € N\ {1}) has in the space H3/? a biorthogonal system

(Vi,a/2 + k € N\ {1}) that is formed by the functions vy 3/2(x) = ms; *(1 4 s2)(s3 — s3)¢y, 3/2(2).



70 Ruslan Khats”

Since s, = wk — = 4+ o(k™%) as k — oo (see [1, 27]), and

1Us,3/211302 17,32 11322

2(1 4+ 2)2 [o* L siun/TsE T3 /0(tsk) — s1/ES1J—_3/0(ts1)|?
Sl 2 tsk)/ \t\/iJ_g/z(t)lzdt/ [sivEsT s (t5k) v y2(ts)”
Sk 0 0 t
_77(1—|—si)2

03 (140(1)) — 400, k— oo,

k
the system (U, 32 « k € N\ {1}) is not uniformly minimal in H3/? and, hence, is not a basis in this
space. Lemma 5.11 implies that the system (1y, 59 = k € N\ {1;2}) is complete in the space H>/2. From
Lemmas 3.4, 5.10, 5.12 and Theorem 2.1, it follows that (Y, 5/2; Uy 5/2) = 0if k # n, k € N\ {1;2}
and n € N\ {1;2}. In [12], it was proven by some other method that the system (Y, 5/ : k € N) has in
H>/% a biorthogonal system (Uy 55 : k € N\ {1;2}). However, the problem of finding a biorthogonal
system (Uk,, : k € N\ {1;2;...;1}) to the system (v, : k € N\ {1;2;...;1}) for an arbitrary
v=1+1/2withl € N\ {1; 2} remains open.

From Lemmas 5.10-5.12 and Remark 5.4, we obtain the following statement.

Theorem 5.5. Let [ € Nand v = | + 1/2. Then the system (U 3,5 : k € N\ {1}) of the generalized
eigenfunctions of width m = 1 of an operator By, is complete, minimal and is not a basis in the space
H3/2. The biorthogonal system (yy, 32 : k € N\ {1}) also is complete in /2. Furthermore, the
system (Uy 5,2 : k € N\ {1;2}) of the generalized eigenfunctions of width m = 2 of an operator B,
is minimal in the space H°/?, and its biorthogonal system (1y, 52 « k € N\ {1;2}) is complete in /2.
Moreover, the operator B, is also formally adjoint in H" of an operator A, : H” — H" whose system
of eigenfunctions (vy, : k € N) is complete after removing a finite number of eigenfunctions, i.e., the
system (Y, + k € N\ {1;2;...;1}) is complete in H" .

Remark 5.5. Let f € H?/? and dj, = fol 2 f(t)gr,3/2(t) dt. Since the system (gy. 32 : k € N\ {1}) is
complete in the space H>/?, the numbers dy, determine the function f € H>'? uniquely. But, the series

Z ditr3/2(T),  Vrzj2() = sp/aspd _z/a(wsk)
=2

does not converge for each function f € H>? in H3/? to the function f. We do not know whether
it converges in some sense, for example, whether a given series converges in H3/? to f in the sense of
Cesaro. Similar questions arise for the other series that can be constructed by using the above considered
biorthogonal systems.

6. CONCLUDING REMARKS

In this paper, the notions of a set of generalized eigenvalues and a set of generalized eigen-
vectors of a linear operator in an Euclidean space are introduced. A method is described to
find a biorthogonal system of a subsystem of eigenvectors of linear operators in a Hilbert space
whose systems of canonical eigenvectors are over-complete. This is illustrated by an example of
a linear differential operator that is formally adjoint to Bessel-type differential operators. Also,
basic properties of the systems of generalized eigenvectors of those differential operators are
studied. Those results can be used for the investigations in spectral theory and nonharmonic
analysis.

Remark that there are other points of view on how to study similar problems (see, for exam-
ple, [2,3,4,5,9, 10, 16] and the bibliography in them).
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ABSTRACT. The Euler-Maclaurin (EM) summation formula is used in many theoretical studies and numerical cal-
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1. INTRODUCTION

The Euler-Maclaurin (EM) summation formula can be written as follows (see e.g. [16]):

) Y [ o)+ IO Y B i) - i),
k=0 0 J)!

where f: R — Ris a smooth enough function, B; is the j-th Bernoulli number, and n and m are
natural numbers. The EM approximation is exact when f is a polynomial of degree < 2m + 1.

The EM formula has been used in a large number of theoretical studies and numerical cal-
culations.

Clearly, to use the EM formula in a theoretical or computational study, one will usually need
to have an antiderivative F' of f and the derivatives f(2/=1) for j = 1,...,m in tractable or,
respectively, computable form.

In [19], an alternative summation formula (Alt) was offered, which approximates the sum
S 7Ze f(k) by a linear combination of values of an antiderivative F of f only, without using
values of any derivatives of f:

j=1

n—1 m—1 n—1/2—75/2
(1.2) NGRS Tm,lﬂj‘/ dx f(z),
k=0 j=1-m 3/2=1/2
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where f is again a smooth enough function the coefficients 7, , are certain rational numbers
not depending on f and such that 377" m T, 1+lj| = 1, and n and m are natural numbers.
Similarly to the case of the EM formula, the Alt approximation is exact when f is a polynomial
of degree < 2m.

It was shown in [19] that the Alt formula should be usually expected to outperform the EM
one.

Extensions of the EM formula to the multiple sums, including sums over the integral points
of integral lattice polytopes, have been of significant interest; see e.g. [20, 8,7, 13, 21, 14, 6, 3, 10,
22,18, 4]. In the present paper, a multiple-sum/multi-index-sum extension of the Alt formula
will be given. The main result of this paper, Theorem 2.1, is then extended to sums over the
integral points of integral lattice polytopes as well.

The rest of this paper is organized as follows.

In Section 2, the multi-index Alt formula is stated, with discussion.

In Section 3, an application of the multi-index Alt formula to summing possibly divergent
multi-index series is given. A shift trick then allows one to make the remainder in the Alt
formula arbitrarily small.

In Section 4, the mentioned extension to sums over the integral points of integral lattice
polytopes is presented.

The necessary proofs are deferred to Section 5.

At the end of this introduction, let us fix notation to be used in the rest of the paper:

Suppose that p and m are natural numbers and f: R — R is a 2m-times continuously

differentiable function, with partial derivatives f (@), where a = (ay, .. ., ap) € ZY and Z, =
Z N0, 00).

Generally, boldface letters will denote vectors in R?, in ZP, or in Zﬂ, with the coordinates
denoted by the corresponding non-boldface letters with the indices: x = (z1,...,2,) € R?,

Y=, up) €R?, u= (ur,...,up) € R, v = (v1,...,0p) € R”, n = (ny,...,n,) € Z%,

= (k17.-.,kp) € Zﬁ_,j = (.j17~'~7.jp) S Zg_,i = (il,...,’ip) S Zﬁ_,a = (041,...,0&;0) S Zﬁ_,
and 3 = (f1,...,0p) € ZP. Let I{ A} denote the indicator of an assertion A; that is, I[{ A} :=1
if A is true and I{A} = 0if Ais false. Let |la|| := |laji = a1+ -+ ap; ol == aq!---ap);
x® =t ap? |8 = (1B, - Bl 1i=(1,...,1) € ZE; 0 :=01; jv = (jiv1, ..., JpUp);

j>i1 &L i<y &L g <, forallr € [p] = {1,...,p};

P

[u,v] := H[ur,vr] AX =21 A AZp; VX =21 V- -+ V Tp;
r=1

UAV = (U AV, .. Up AUp); UV V= (U Vor,. .., Uy V Up);

k

Y= X [ axno = (pZrateed [ g,
u [uAv,uvv]

i= iezh : j<i<k
/ ::/ dx f(x)

2. A MULTI-INDEX ALTERNATIVE (ALT) TO THE EM FORMULA

Let RE := [0, 00)?.

The following extension of [19, Theorem 3.1] to multiple sums is the main result of this
paper:
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Theorem 2.1. One has

n—1 ni—1 np—1
(2.3) Zf(k){:Z---Zf(kl,...,kp)}zAm—Rm,
k=0 k1=0  k,=0

where

ml i1 n—1+j/2-i ml -1 n-1+j/2—i
@4 Ani= Y [ - Yy
j=1 j=1 i=

=0 Ji-i/2 izo J —1+i/2—i
(m-1)1 n—1/2-3/2 (m-1)1 n-1/2-3/2
(2.5) = Z Tm,1+|,3\/ = Z Tm,1+\ﬁ|/
B=(1—-m)1 B/2-1/2 B=(1—m)1 —1/2-p/2
(m—1)1 (m—-1)1

n—1/2—-3/2
(2.6) = Y Tmite D, /
a=0

B: |B|=a 7 P/271/2

Z Z /l’ll/?ﬁ/Q
Tm,1+a
a=0 w

B:|Bl=a W /2R

is the integral approximation to the sum Zf{’;é f(k),

P 2 2m 2m
2.7 m-:zll gy Yma = (=1)771 = ,
(2.7) Ym.,j 7:1'7 Jr Ym,j ( ) j (erj)/(m)

P lm/2-3/2] o0
(2.8) Tinj i= HTm,Jy., Tim,j i= Z Ym,j+28 = Z'Ym,j+25a
r=1 B=0 B=0
and R, is the remainder given by the formula
m
R, = a1
(29) 1 1 ) . 1 ml L n—1
X Z o / ds(1—s)"m~ / dv v® nym,jJ'H' Z £ (k + sjv/2).
lleef|=2m 0 -1 j=1 k=0
The sum of all the coefficients of the integrals in each of the expressions (2.4), (2.5), and (2.6) of Ay, is
ml j—1 ml (m,1)1
(210) Zry’m,j Z 1= Z’Y'rn,jjl = Z Tm71+\ﬁ| =1.
j=1 i=0 j=1 B=(1-m)1
If Moy, is a real number such that
n—1
2.11) ‘ S A+ u)‘ < My, forall a with ||a]| = 2m and all u € (—m1/2,m1/2),
k=0
then the remainder R,,, can be bounded as follows:
ml
M, 1
2.12 m| < ot — mgl i
llel|=2m =1
1.0331(7m)(P+1)/2 om
(213) < M2m (2m + 1)' (’me) )
where

(2.14) K= \/% = 0.27754. ..
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and
— _ R —1-t,2
Ay = Jnax, A(t)=0.3081..., A(t):=(01—-t)""" (141 .

If m > 2, then the factor 1.0331 in (2.13) can be replaced by 1.001.

Recall the convention that the sum of an empty family is 0. In particular, if An = 0, then
Yo [(K) = 0= Ap = Ryn.

Also, it is clear that R,,, = 0 if the function f is any polynomial of degree at most 2m — 1.

One may note here that, in each of the formulas (2.4), (2.5), and (2.6), the first expression is a
linear combination of integrals of the form | f; 2 for some A € R? with A < (m—2)1/2. So,
provided that n > (m—1)1, each of these integrals equals the Lebesgue integral of the function
f over the p-dimensional interval [-A,n — 1 + A}, symmetric about the point (n — 1)/2.

In contrast, the second expression in each of the formulas (2.4), (2.5), and (2.6) is a linear

combination of integrals of the form [}’ " for some A € RP; so, each of these integrals equals
the Lebesgue integral of the function f over the p-dimensional interval [A, n + A], whose end-
points differ by the vector n. This observation holds whether the condition n > (m — 1)1 holds
or not.

Remark 2.1. As in [19] in the special case of ordinary sums, here, instead of assuming that the function
f is real-valued, one may assume, more generally, that f takes values in any normed space. In particular,
one may allow f to take values in the g-dimensional complex space C4, for any natural q. An advantage
of dealing with a vector-valued function (rather than separately with each of its coordinates) is that this
way one has to compute the coefficients — say 7., g in (2.6) — only once, for all the components of the
vector function. O

3. APPLICATION TO SUMMING (POSSIBLY DIVERGENT) MULTI-INDEX SERIES

Let us say that a function /': R? — R is an antiderivative of the function f if
FO = f;

that is, if ' is differentiated once with respect to every one of the p arguments of the function F,
then the result of this p-fold partial differentiation is the function f. It is assumed that this result
does not depend on the order of the arguments with respect to which the partial derivatives are
taken. Here and elsewhere in the paper, f and p are as set in Section 1. In particular, it follows
that the function f is continuous. Clearly, this notion of an antiderivative is a generalization of
the corresponding notion for functions on R.

For each set J C [p], let | J| denote the cardinality of .J, and also let

1;=I{1eJ},....I{p e J}).
In particular, 1) = 1 and 1y = 0.

Remark 3.2. A function F on RP is an antiderivative of the function f if and only if one has a repre-
sentation of the form

X p
F(x) :/0 dy f(y) +ch(xlauo,$j—17$j+1»~~,35p)
j=1

forallx = (z1,...,x,) € RP, wherecy,. .., c, are functions on RP~* such that, foreach j € {1,...,p}
3p’1cj(m1, ey X1, T4y ,xp)
6.131 e 6xj_163:j+1 tee 63:p
does not depend on the order of the arquments x1,...,2;-1,%j4+1,-..,%p With respect to which the

partial derivatives are taken.

and all (z1,...,xp) € RP, the mixed partial derivative exists and
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The “if” part of the above statement is obvious. The “only if” part of it follows from the multidimen-
sional version of the fundamental theorem of calculus to be given by Lemma 5.1 in Section 5 (take there
0 and x, respectively, in place of wand v in Lemma 5.1, and note that then F(vy)) = F(v) = F(x)).

In particular, the function F on RP given by the condition F(x) = [ dyf(y) for all x € R?
is clearly an antiderivative of f; thus, there always exists an antzderwatwe of the function f — still
assuming, of course, that f is 2m-times continuously differentiable for some natural m; in fact, just the
continuity of f would be enough for the existence of an antiderivative of f. O

The alternative summation formula presented in Theorem 2.1 can be used for summing
(possibly divergent) multi-index series, as follows.

Theorem 3.2. Let mq be a natural number, and suppose that m > mq. Let F' be any antiderivative of
f. Suppose that

(3.15) F(z) — 0 foreacha € ZE with ||| = 2my

Vx—o00

and the series

ool
Z £ (k + ) converges uniformly in u € [-m1/2,m1/2]

(3.16) P

for each o € 7 with || a|| = 2m,

in the sense that ZL‘;; £ (k + u) converges uniformly as An — oo. Then

Alt n—1
G17) Y )= i (D FK) = Agr(m)) = (<1747, £(0) = Ry g(cx),
k>0 k=0
where (cf. (2.4), (2.5), and (2.6))
(3.18) Aprpm) = > (=1)P7M14) p(n),
0#JCp]
(3.19) mF Z’meZF nl;—1+4+j/2—1i)
(m—1)1
(3.20) = Y Tmapg Fol, —1/2-8/2)
B=(1-m)1
(m—1)1
(3.21) = Y Tmita Y, F(nl;-1/2-35/2),
a=0 B: |Bl=ax

and (cf. (2.9))

m
Ry f(00) == SEmip 1

1 ! m— ! aml s s [e2 s
X Z 5/0 ds (1 —s)? 1/ldvv Z’Ym’j'] +1kz:f( ) (k 4 sjv/2).
- =1 =0

llel|=2m
If condition (2.11) holds for all n € 7%, then one can replace R,,, in (2.12)—(2.13) by R,,, s(00), so that

1.0331(7m)P+1)/2

2m
(2m+1)! '

(3.22) | R, 5(00)] < Map,

(kpm)



Approximating sums by integrals only: multiple sums and sums over lattice polytopes 77

Looking, say, at the expression of A;), p(n) in (3.21), one may note that

(m—1)1
32) AL p(0) =4 p@) =4, £0)= Y Twira », F(B/2-1/2)
a=0 B: |Bl=a
foralln e ZX and J C [p).

The limit Zﬁio f(k) in (3.17) may be referred to as the (generalized) sum of the possibly
divergent multi-index series 33>, (k) by means of the Alt formula (2.3).

Theorem 3.2 is a multi-index extension of Proposition 5.1 in [19].

To compute the generalized sum Zﬁ';o f (k) effectively, one has to ensure that the remainder
Ry (00) can be made arbitrarily small. This can be done as follows.

For any function ~: R? — R and any ¢ € RP, let h. denote the c-shift of h defined by the
formula

(3.24) he(x) :=h(x+c¢)
for all x € RP. Note that, if F'is an antiderivative of f, then F¢ is an antiderivative of f..

Theorem 3.3. Suppose that the conditions of Theorem 3.2 hold. Take any c € Z*,. Then

Alt c—1
(3.25) S k) =D f(k) = App(e) = R, p.e(0),
k>0 k=0
where
(3.26) By je(00) == > (=17 VIR, 5, (c0)
0#JC[p]
(cf. (3.18)).

Under the conditions of Theorem 3.2, the remainder R, ¢ .(c0) can be made arbitrarily small
by making Ac large enough. The price to pay for this will be the need to compute a possibly
large partial sum > 5_¢ f(k) of the series.

Theorem 3.3 is a multi-index extension of Corollary 5.6 in [19].

Example 3.1. In Theorem 3.3, let p = 2 and take any 4-times continuously differentiable function
f: R? — R such that

flz,y)=(x+y+2)In(z+y+2)
for real x,y > 0. Such a function f exists, by Whitney’s theorem [24]; however, only the values of f
on [0, 00)? will matter for the purposes of this example. Then it is straightforward to check by direct
differentiation that for an antiderivative F of f and all real z,y > 0 one will have

Flry)=1t@@+y+2°h@+y+2)— 3@+ )y+1)(@+y+2).

It is also straightforward to verify conditions (3.15) and (3.16) of Theorem 3.2 with mg = m = 2.

It also follows that, for n = (n,n), the term A,, r(n) = Ay g ((n,n)) (defined in (3.18)) is expressed
as a linear combination of certain terms of the form P(n)In(a + bn) or P(n), where P is polynomial
with real coefficients, a is a nonnegative real number, and b is a positive real number. Replacing, in
that expression for A,, p(n), every instance of In(a + bn) by its large-n asymptotics Inn +Inb + & —
% + ﬁ + O(54), after some rather heavy algebra we find

Am,F(n) = Sn + 6n7
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Sp — Sn
70]355 ..........'.'.......................'...l.
-0.1375 !
-0.1395
-0.1415
-0.1435
| | | | | n
0 10 20 30 40 50
FIGURE 1. Graph {(n, s, — Sn): n € {1,...,50}}
where
24/3 dn 5 1 en
.3 2, M 9 s
(3.27) Spi=n hlie‘r’/ﬁ +n ln\/é + 6nln2 5 In 5
and
(3.28) 5n = O(1/n?).
Thus, by Theorem 3.3,
Sn, :=ZZ(k+l)ln(kz+l) =S,+L+r,,
k=1 1=1
where
Alt
L:=> f(k) = lim (s, — S,) €R
k>0
and
(329) Ty = 0p + R2,f,(n,n) (OO) = O(l/n)a

in view of (3.28), (3.26), (3.24), (3.22), (2.11), and (2.14); the universal positive real constant factor in
O(1/n) in (3.29) can be given explicitly. Note that the bound O(1/n) on the error term r,, in (3.29)
can be improved to O(1/n™~1) by choosing the “approximation order” m in formula (3.25) to be any
natural number greater than 2; of course, then the expression for Sy, in (3.27) will have to be replaced by
a more complicated expression.

The convergence of s, — Sy, to the limit L is illustrated in Figure 1, which shows the discrete graph
{(n,sn —S,):ne{l,...,50}}. O
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4. APPLICATION TO SUMS OVER THE INTEGRAL POINTS OF INTEGRAL LATTICE POLYTOPES

Let P be an integral polytope in R?, that is, the convex hull of a finite subset of Z”.

Suppose that P is of full dimension, p. Let V denote the set of all vertices (that is, extreme
points) of P.

By the main result of Haase [11], for each v € V there exist a finite set I, a map I, 3 i —
tv; € {0,1}, amap I, > i — A, ; into the set of all nonsingular p x p matrices over Z, and a

map Iy, 3 i — Jy; into the set of all subsets of the set [ | ={1,...,p} such that
(4.30) [PT=> Y (1) [Cyil,
veViel,

where [-] denotes the indicator/characteristic function,
(4.31) Cyi=v+ AV,i]RJr L= {v+A,x:x€ ]ij i},

HRl G for J C [pl,

Jj€lp]
and

RY — (0,00) ife=0,
‘ [0,00) ife=1

(so that the closure of C, ; is a polyhedral cone, for each pair (v,)). In the case when the
polytope P is simple, decomposition (4.30) was obtained earlier by Lawrence [17]. To extend
Lawrence’s result, Haase used virtual infinitesimal deformations of vertices of P, identified
with regular triangulations of the normal cones at the vertices.

Proposition 4.1. Let A be any nonsingular p x p matrix over Z, and let J be any subset of the set [p].
Then there exist a finite set I, a map I > i — A; into the set of all unimodular p x p matrices over Z,
and a map I > i — J; into the set of all subsets of the set [p] such that

(4.32) [AR] = [AR]].
iel
(Recall that a matrix is called unimodular if its determinant is 1 or —1.)
Thus, one can strengthen the statement on the decomposition (4.30) as follows:

Corollary 4.1. One may assume that all the matrices Ay ; in (4.30)—(4.31) are unimodular.

A similar decomposition, but with polyhedral cones of lower dimensions, was obtained in

[5].

The following corollary is almost immediate from Theorem 2.1 and Corollary 4.1.

Corollary 4.2. Suppose that the function f is compactly supported. Then

(4.33) > f(k) = An(f,P) - Rn(f.P),
ke PNZr
where
(m—1)1
439 AP = Y T S (-DV Y / dx f(x)
B=(1-m)1 vev vy i AL, —(14B)/2)

is the integral approximation to the sum >  f(k) and R,,(f, P) is the remainder given by the
ke PNZP
formula
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1
Ry (f,P) = 22m+p - / ds(1—s)>m! / duu® %, (su)

-1

|a||= 2m
with
Z%JJ"“Z Do (DN Yo e+ Ly +jw/2)
veViel, k>0
and

gv,i(y) == (v + Av,iy)
fory € RP. If My, is a real number such that
‘ Z Z( Zg(o‘) k+u ’ < My, whenever |laf =2m and |u] < (% + 1)1,
veviel, k>0
then
1.0331(7m)(P+1)/2
(2m + 1)!

‘Rm(fa P)| < My, (“pm)%nv

where k is as in (2.14).

Indeed, for J C [p], let
Z} =7 NR} =785 +1,,
where Z; := Z N [0,00). Note that AZP = ZP for any unimodular matrix A over Z. Now
Corollary 4.2 follows by Corollary 4.1 and Theorem 2.1 because

Z f(k): Z f(V+Av,7q):Zf(V+Av,1(q+1J ng1 +1J

keC, ;NZP quJJr ‘ Q>0 q>0
v,i

and

/ 4y guily +11,) = [ ax /(%)
[~1/2-B/2,501) CuitAvi(Lsy ,—(148)/2)

The expression for A,,(f, P) in (4.34) is based on the second expression for A,, in (2.5); of
course, one can quite similarly use any one of the other 5 expressions in (2.4)—(2.6).

Notable differences between the Alt formula in Corollary 4.2 and the EM formula that is
the main result of [14] (Theorem 2 therein) include the following: (i) in [14, Theorem 2], the
summation is over all faces of the polytope P, whereas in (4.34) the corresponding summation
is only over the vertices of P and (ii) instead of the plain summation ), - p,» f(k) in (4.33),
in the corresponding sum in [14] the summands f(k) are weighted (in accordance with the
dimension of the relative interior of the face given that k belongs to that relative interior).

Note also that [14, Theorem 2] is obtained for simple polytopes. In [3], this result was ex-
tended to allow more general weights, and then further generalized to non-simple polytopes
in [4].

The version of the EM formula for polytopes in [6] is given for polynomial functions f in
terms of differential operators of infinite order, with the summation over all faces of the poly-
tope.

It should be possible to extend Corollary 4.2 to the case when the function f is a so-called
symbol in the sense of Hérmander [12] — cf. [14, Theorem 3], as well as conditions (3.15) and
(3.16). (Recall that a function f € C*°(RP) is called a symbol of order N if for every a € Z%.
there is a real constant C,, such that | f(®)(x)| < Cqu(1 + [|x|)V -l for all x € RP; here, as

before, || - || := || - [[1.) One way to attack this goal could be to show that, for any a € Z% such
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that a < (m — 1)1, the essential support (except possibly for a set of Lebesgue measure 0) of

the function
SN () [Cvi+ Avi(l,, — (14 8)/2)]

B: |Bl=a veViel,

is bounded, presumably being just a perturbed version of the indicator of the polytope P; cf.
(4.34) and the equality in [14, formula (89)].

Moreover, in view of the results of Section 3, it appears not unlikely that Corollary 4.2 could
be extended to general polyhedral sets.

5. PROOFS

Proof of Theorem 2.1. Take any k (in Z ) such that k < n — 1 and consider the Taylor expansion

(a
(5.35) fx= > L20) oy Z /ds( )21 f(@)(k + su)

al
ol <2m—1 llel|=2m

for all x € (k — m1/2, k + m1/2], where u := x — k. Integrating both sides of this identity in
x € (k—j/2, k+j/2] (or, equivalently, in u € (—j/2, j/2]) for each j (in Z%) such that j < m1,
then multiplying by 7, j, and then summing in j, one has

(536) Am,k = S’m,k + Rm,k7
where
ml k+j/2
(537) Am,k = Z'Ym,j / de(X),
= k—j/2
o f(2a) 2a+1
38 S M; m Z T
2
L Lo S [ e
llexl|=2m i/
om (! !
(5.39) = 3 [t S s /274 | avve pees siv/2);
laf=2m © 70 j=1 -t

the latter equality is obtained by the change of variables u = jv.
As noted before, in the special case p = 1 Theorem 2.1 turns into Theorem 3.1 of [19]. So,
without loss of generality (w.l.o.g.) p > 2. Write

k+j/2 mi—l o el g4, /2 kitji/2
B T o ) ey L

—i/2 k1=0 kp=0 kp—ip/2 i1 —J1/2
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In view of the multi-line display next after formula (7.7) in [19] (note, in particular, the penul-
timate expression there), the right-hand side of (5.40) can be rewritten as

ni—1 np 1—1 Jrl np—143jp/2—ip kp_1+jp_1/2 ki+j1/2
g . / d;l:p/ dep_1 - / dzq f(x)
i k j k j

k1=0 kp_1= 0 ip=0 p—Jp/2 p—1—Jp—1/2 1—j1/2
Il g, —14j,/2—ip n1—1 np-1-1 p—1tJip—1/2 ki+j1/2
-/ a3 [T e [T a0
ip=0 ip—ijp/2 k1=0 kp—1=0 kp—1—jp-1/2 k1—j1/2
Jp— b 144, /2—ip =l pg—1441 /2—i
:Z/ dxp...Z/ dzy f(x).
ip=0"tr—Jp/2 ip=0Y1—J1/2
So,
n—1 .k{j/2 =1 ,n-14j/2—i
> [ ae=Y | dx £ (x)
k=0 ’k—i/2 i—o /i-i/2
and hence, by (5.37),
ml j—1 n—1+j/2—i
(5.41) ZAmk 2%2/ BETC Zmz/ / dx f(x) = A,
k—j/2 —_o Ji—i/2

Similarly, but using the last expression in the mentioned multi-line display next after formula
(7.7) in [19] rather than the penultimate expression there, we have

=1 n—14j/2—i

ZAmk—Z’VmJZ/ dx f(x).

1+j/2—i

In particular, it follows that the two double sums in (2.4) are the same.
Suppose now that some i and j in Z', and some 3 € Z? are related by the condition 8 =
2i — j+ 1. Then the condition 1 < j <ml & 0 <1i < j — 1 is equivalent to the condition

1-m1<B<(m-1)1&1+[8]<j<ml&(j—-1-18|)/2€Zf.

So,

ml 71 rn-14j/2-i (m-1)1 n—1/2-3/2
(5.42) vaJZ/ - 2 %m71+|ﬁ|/

j=1 i=0 /i-i/2 B=(1-m)1 B/2-1/2
and

ml =1 n-14j/2—i (m-1)1 n—1/2-3/2
Tm 1+|ﬁ\/

(5.43) >y [ -

j=1 j—g Y —1+i/2-i B=(1—m)1 -1/2-8/2
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where

ml

Fatip = > mi H{G-1-18)/2€Z}
j=1+|8|

m

= > Y TG 11— 1BD2ETY)

J1=1+|B1] Jp=1+18p| 7=1

(g {Gr = 1= |B:1)/2 € 24 })
Gr=14|8,|

- 1

Tm,1+|6-| = Tm,1+|8]>
1

ﬂ
Il

in view of (2.7) and (2.8).

Thus, by (5.42) and (5.43), the first double sum in (2.4) equals the first sum in (2.5), and the
second double sum in (2.4) equals the second sum in (2.5).

Also, it is obvious that the first sum in (2.6) equals the first sum in (2.5), and the second sum
in (2.6) equals the second sum in (2.5).

Next, for any « (in Z ) with ||a| <m —1,

ml m

m P P m
G4d) ) ymgiett=>" Z H (Ymgo g2 = T D mgs® ™ = Ha =0}
j=1 Jp=1 r=1

J1=1 r=1j=1

by formula (7.6) in [19]. So, by (5.38),
(5.45) Smx = f(k).

Also, the case o = 0 in (5.44) shows that the first two sums in (2.10), involving the v, s,
are equal to 1. The second equality in (2.10) follows from the equality of the first sums in (2.4)
and (2.5) to each other by taking there n = m1 and f(x) = I{(m/2 — 1)1 < x < m1/2}; then
each of the integrals in (2.4)—(2.6) equals 1.

By (5.39) and (2.9),

n—1
> Bmic=R
k=0

So, (2.3) follows immediately from (5.36), (5.41), and (5.45).
In view of (2.9) and (2.11),

- m 1 ! _ 1 o 4 sax
‘Rm| S Rm = MZm W Z 7| dS (1 - S)Zm ! / dV |V‘ Z |’Ym7J|.] +1~
. 1 —

levl|=2m 0

Computing the integrals here, it is easy to check that R,, equals the upper bound in (2.12). On
the other hand, using the multinomial formula, the definition of v, ; in (2.7), and the Holder



84 Tosif Pinelis

2m—1

2m
inequality (Zle |vrjr|) <p b [vrjr|?™, we see that

R = 22m 2m'.z|7m“/dv Z
=

|le]|=2m

M2m A .1 1 ) 2m
~22m(2m)! Zl%n,le /O dV(Z_:wr)
M2mp . p 2m 1 om
S amioT 22'm 2m (Z ]Zl |’Ym 31|J1 |’Ym,jp|]p) ler /0 v dv

M?mp
_22m 2m + 1 ! Z |7m7j |]2m+1 (Z I’Ymﬂ

By Proposition 4.4 in [19],

(5.46)

(5.47) Z Y72 < 1.0331m AT m 2L

and for m > 2 the factor 1.0331 can be replaced by 1.001.
It follows from [23] that T'(z 4+ 1)/T'(z 4+ 1/2) > \/x + 1/7 for real > 0. For z = m € N, this

inequality can be rewritten as 2™ / (*™) < v/mm + 1. So, in view of (2.7),

(5.48) Z Ym.ild = 22m/ (2;:) —1<+/mm.
j=1

Collecting (5.46), (5.47), (5.48), and (2.14), we obtain (2.13).
Theorem 2.1 is now completely proved. O

To prove Theorem 3.2, we shall need the following multidimensional generalization of the
fundamental theorem of calculus (FTC).

Lemma 5.1. (Multidimensional FTC) Let F' be any antiderivative of f. Take any u and v in RP.
Then

(5.49) / axf(x) = 32 (=1 VI F(v,),

JC[p]
where vy :=ulp);+vly=u+(v—-u)l,.

For p = 2 and u < v, formula (5.49) appears in the proof of Lemma 6.2 [9]; a version of it for
general p seems to be implicit on page 515 in [15]. Related formulas were given in [2, (II1.1)]
and [1, Lemma 1]. The following simple proof — which is essentially just a p-fold application of
the one-dimensional FTC, plus some organizing — will be given here for readers’ convenience.

Proof of Lemma 5.1. This will be done by induction in p. For p = 1, (5.49) is the usual, one-
dimensional FTC. Suppose that p > 2 and that (5.49) holds with p — 1 in place of p.

Introduce some notation, as follows. For x = (z1,...,2p—1,2p) € R?, let X := (21,...,2p_1),
and similarly define @ and v. Also, for any J C [p — 1], define v ; similarly to v;, but based
on u and v rather than on u and v. For any function h: R? — R and any real z,, let h,,
denote the “cross-section” function from R?~! to R defined by the formula h, (%) := h(x),
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again for x = (z1,...,2,-1,7,) € RP. Note that, for each real z,, the function (F(l{z’}))x is an
P
antiderivative of the function f,.
For real v and v, let A, ,, := 6, — 0., Where ¢, is the Dirac measure at . Consider the signed
product measures

Auy =Dy @ @Ay, ) = Z (,l)pflJlng
JC[p]

and Ayy == Ay, 0, @ @Ay, 10 1, 50that Ayy = Auy @A, , .
Now, appropriately rewriting the right-hand side of (5.49) and then using the Fubini theo-
rem and the induction hypothesis, we have

Z (—1)PVIE(vy) = / dAyy F (rewriting)
JCIp) R
= / Ay, o, (dzy) / dAuy F, (Fubini)
R Rp—1

:/Aupyvp(dxp) Z (—l)p_l_mFxp(\?J) (similar rewriting)
® JClp-1]

> (—1)p_1_“”-/RAup’vp(dxp)Fxp(\?J)

JCp—1]
- Z (—=1)p— -1l / ’ dz, dinp({/J) (one-dimensional FTC)
JClp-1] e r
Up d
— _1)p-1-1Jl v
_/u dz, Z (—1)P i, Fe (V)
P JClp—1]
= / da,, Z (_1)p—1—\J\ (F(l{p}))x ¥7)
tp JC[p—1] '
= / dz, / dx fo, (%) (induction)
= / dx f(x). (Fubini)
This completes the proof of Lemma 5.1. O

Proof of Theorem 3.2. Let
Rm,f(n) = Rma
with R, as defined in (2.9). Then, by (3.16),

(5.50) Rm,f(n) /\I:>oo Rm’f(oo).
Let
(5.51) Ampm) =Y (~1)77V14] p(n) = Ay, p(n) + (~1)PAD, p(n),

JClp]
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in view of (3.18). By (2.3)-(2.4), Lemma 5.1, (5.51), and (3.19),

S F(0) — Ay () + Ry s(n)
k=0

— Ay (1) — Ay p(n)

G = S (4], ) — A7, ()
JCp]
- Z p ‘J‘ ,,TJ( ) ATHQ TJ( ) + A;]n,F—TJ (n) o A;]"'OvF_TJ (Il)),
JC[p]

where Ty = Tj » m,,F is the Taylor polynomial of order 2mg — 1 for the function F at the point
nl; — 1, so that

F®(n1; —1) o
Ty(x) = Z T(X_nl‘]+1>
lleef|<2mo—1
for x € RP.
Consider the monomial P(x) = x* of degree |laf < 2my — 1, so that

P(x) =[1¢_, P.(z), where P.(x) := z*

Takeany r =1,...,pand any J C [p], and let n, ; := n, I{r € J}. Following the lines of the
proof of Proposition 5.1 in [19] for the case when f = P/ and F' = P,, so that the polynomial T
therein coincides with F' = P,, we see from [19, (5.5) and (7.19)] that

m—1
Z Tm,1+|8] Pr(n—1/2=8/2) = G, p,(n) = Gy, p.(n)
B=1—-m
mofl
= > Tmortis P(n—1/2-B/2)
p=1-mg
for any n € Z. So, by (3.20) and (2.8),
(m—1)1
A pm)= > Tuiqp P(nl; —1/2-3/2)
B=(1-m)1
(m=1)1  p
= Z 11 a1 Pr(nrs = 1/2 = 5,/2))
=(1-m)17=1
p -1
= H Z (Tm1118) Pr(nr,g —1/2 = /2))
r=18=1-m
V4 mo—1
=11 (Tmo.14181 Pr(nng —1/2 = B/2)) = A7, p(n).
r=1p=1—mg

Since T’y is a polynomial of degree < 2mg — 1 and A;), »(n) is linear in F, we conclude that

(5.53) Al p(n)—A) 1 (n)=0 forall JC [p].
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Further, the remainder (F—T;)(nl;—14u) at point n1 ; — 1+u of the Taylor approximation
T;of F atnl; — 1 equals (cf. (5.35))

2 1
Z ﬂ'oua/ ds(1—s)?mo~1p@)(n1; — 1 + su),

llex||=2mo 0

which, by (3.15), goes to 0 as An — oo unless J = (). So, by (3.19),

A;]n,F_TJ(n) — 0 and Al p_p,(n) —_0 unless.J =0.

It follows now by (5.53), (3.23), the linearity of A;ﬁh p in F, and (again) (5.53) that the limit of the
last expression in (5.52) as An — oo equals
(=1)7 (A -1, (0) = Apy p_1,(0))
:(_1)13 (A?n,F( ) A?no F(O)) - ( ) (A?n T@( ) A?no T@( ))
:(_1)p (AgnF( ) Aglo F( ))
Now (3.17) follows, in view of (5.50) and (the second equality in) (5.51).
Inequality (3.22) follows immediately from (2.11) and (2.12)—(2.13).

Formula (3.23) follows immediately from (3.21).
Theorem 3.2 is completely proved. O

Proof of Theorem 3.3. Note that

c—1
S f0) =3 fl)Hk < e —1}
k=0 k>0
D
:Zf H Hk, <n.+c¢ — 1} —Ker <k <np+c —1})
k>0 r=1
*Zf Z DIk, <np + e —1Vr e [p]\ J,
k>0 JC[p]
CTSkTSTLT+CT*1V7’€J}
n+c—1 n+c—1 n+c—1
=Y DT = D )+ Y (DY YT f(k)
JC[p] k=cl, k=0 0#JC[p) k=cl,
Hence,
n+c—1
Z f - mo F(nJr )
n+c—1
(5.54) =Zf(k)— ST DY k) = Ay r(n+c)
k=0 0£JCp] k=cl,
c—1 n+c—cly;—1 ~
DY (_1)|J|( Y e, ()~ Ay, (n e - c1J)) R,
k=0 0#JC[p] k=0
where
Ri=— > (-4, 5, (n+c—cly) = Ay, p(n+c).

0#JClp]
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By Lemma 5.1 with F' =1 (and f = 0),

(5.55) Z (-1)I'=0 and hence Z (- = —1.

JC[p] 0#JClp]

Therefore and in view of (3.18) and (3.20),

R= > (-)'IRr,,
07#JC[p]
where
(m—1)1
RJ ::Amg,F(n+c) _Amo’Fclj (n—l—c—clJ) = Z Tm’1+|g‘RJ,ﬁ7
B=(1-m)1
Rip:i= Z (—1)PIKl [H((n+¢)1g) — H(cl; 4+ (n+c—cly)lg)],
0#KClp]
and H(x) := F(x —1/2 — 3/2). Thus,
(m—1)1
(5.56) R=" Y Tmapp ., (1)K Rg,
B=(1-m)1 0£KClp]

where
Rﬁ’K = Z (—1)|J|[H((H+C)1K) —H(C1J+(H+C—C1J)1K)]
0#JClpl
(5.57) :Q#;[ ](—1)"]| [H((n+c)lg) — H((n+c)lg +cl )]
=Y [H(n+o)lk) - H(n+c)lg +cly)] Y (-],
LeLk JETK, L

Lx:={L:LC[pl, L#0, LNK =0}, Jxr:={J:0#JC[p], J\K =L}

For any K C [p] and any L € Lk, the map J — I; := J N K is a bijection of the set Jx 1,
onto the set {I: I C K}, and for any J € Jk 1, the set J is the disjoint union of the sets I;
and L, so that |J| = |I;| + |L|. It follows by (5.55) that for any K C [p] and any L € Lk one
has ZJEJK,L(il)‘J‘ =Y ek (=D)(=1)IET = 0. Looking back at (5.57) and (5.56), we see that

R =0.
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Letting now An — oo and recalling (5.54), (3.17), the definition (3.26) of R, fc(c0), and
formulas (3.23), (3.21), and (3.18), we have

Alt c—1
Do) = k)
k>0 k=0
Alt
=— > (DY fer, (k)
04£7C[p] >0
= Y OY[(=17A0, i, (0) = Rugn, (50)]
0#JC[p]
(m—-1)1
== Rmfe(0) = > (=N miaia DY Flel; +8/2-1/2)
a=0

0#JCpl B: |Bl=c

== R p,e(00) = A, r(c),
which completes the proof of Theorem 3.3. O
Proof of Proposition 4.1. Let a4, ...,a, denote the columns of the matrix A4, so that a, € Z? for
each i € [p] and
C:= AR} = Z R} a;, where g :=1-[J](i).
i€[p]

If the matrix A is unimodular, there is nothing to prove. So, w.l.o.g., | det A| > 2. Then there
is a vector w € Z? \ {0} such that
(5.58) W =wia; + -+ wpa,

for some real numbers wy, . .., w, in the interval [0, 1) (in fact, there are exactly | det A| — 1 such
vectors w). Thus, w.l.o.g. for some k € [p] one has

(5.59) w; >0forje[k] and w; =0forj e [p]\ [k]

For each i € [k], let A; be the (integral) matrix obtained from the matrix A by replacing its i-th
column, a;, by w; then det A; = w; det A and hence

(5.60) 0 < | det A;| < |det A].

We shall see that (4.32) holds with I = [k], the matrices A; just defined, and some subsets
J1, ..., Ji of the set [p].

Then, repeating the step described in the last paragraph — for each of the matrices A4, ..., Ay
in place of 4, in view of (5.60) we shall eventually obtain (4.32) with unimodular p x p matrices
A; over Z, as required. This step relies mainly on the following combinatorial lemma.

Lemma 5.2. Let ay,...,a, C, w, and k be as described above. For each i € [k], let
(5.61) Ci=RIw+ > Rl aj,
JElP\{i}

where the e;;'s are any numbers in the set {0, 1} satisfying the following conditions:
(i) €;j =¢; fori € [k]and j € [p] \ [k];

(i) €4 = EifOTZ' S [k’],

(iii) €;j +ej; = 1 for any distinct i and j in [k];

(iv) for each i € [k|, the condition ¢; = 1 implies €,; < ¢; forall j € [k];
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(v) for each nonempty subset J of the set [k], there is some i € J such that for all j € J \ {i} one has
Eij = 1.
Then

(5.62) [€1= > _lci]-

We also have

Lemma 5.3. Take any e1,...,e, in {0,1} and any k € [p]. Then there exist numbers ¢;; in the set
{0, 1} satisfying all the conditions (i)—(v) in Lemma 5.2.

We shall prove these two lemmas in a moment.

Letting now J; = {j € [p]: €;; = 0} foreach i € [k] (so thate;; = 1 —[J;](j) forall i € [k] and
j € [p]), we will have C; = A;R7 fori € [k], which will complete the step described in the para-
graph containing formulas (5. 58) (5.60). Thus, to complete the entire proof of Proposition 4.1,
it remains to prove Lemmas 5.2 and 5.3.

Proof of Lemma 5.2. Take any x € RP. Let (y1,...,¥p) = (y1(X), ..., yp(x)) denote the p-tuple of

the coordinates of the vector x in the basis (ai, ..., a;,) of R?, so that
(5.63) x= > y;a;.
j€elp]

Also, for each ¢ € [k], let (yi1,...,¥ip) = (¥i1(X),...,Yip(x)) denote the p-tuple of the coordi-
nates of the vector x in the basis (a1, ...,a;—1, W, a;41,...,a,) of R?, so that

X =YiiW + Z Yijaj = Yiiwid; + Z (iw; + yij)a;
jelp\{i} jelp\ {7}
In view of (5.58) and (5.59),
(5.64) vij =y; forie k], j e [p]\I[k]

As for i and j in [k], we have y; = y,;w; and y; = ysw; + yi; = 3)—1 wj + yi5 if j # i, which can
be rewritten as

(5.65) V(i) € [k] x [K] (yZZwL =y and j#i1 = % =7 — Ti),
J
where
y;
rii=ri(x) = w—jj

Note that (5.62) means precisely that C is the disjoint union of the C;’s. Thus, the proof of
Lemma 5.2 will be completed in the following three steps.

Step 1: checking that C; C C for each ¢ € [k]. Take indeed any i € [k], and then take any
x € Cj, so that, by (5.61), yi; € RY forall j € [p]. Then y; € Rf, = R by condition (ii)
of Lemma 5.2 and hence y; = y;w; € RF. Also, by (5.64) and condition (i) of Lemma 5.2,
yj =vij € RE =R forj € [p]\ [k].

Ify; >0, theny; = 2 w; +y;; > y;; > 0forall j € [k]\ {i}, whence y; > 0 forall j € [k]. So,
by (563), x € ¥ e Ry @) + Xjepn R85 © Xy RE 2 = C-

If now y; = 0, then the mentioned condition y; € Rji implies €, = 1. So, by condition
(iv) of Lemma 5.2, for all j € [k] we have ¢;; < ¢; and hence R, C RY, which yields y; =
Low; +yi; =yi; € RE CRE. So, in this case as well, x € C.
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Step 2: checking that the C;’s are disjoint. Take any distinct ¢ and j in [k], and then take
any x € C; NCj. Then y;; € R;:j, whence, by (5.65), r; — r; = y;j/w; € Rj”,. Similarly,
ri —r; € RE, thatis, rj —r; € —RE = R\ R, by condition (iii) of Lemma 5.2. Thus,
r;—r; € Rjij N (R\ R;:j) = (), which is a contradiction.

Step 3: checking that C' C U, Ci- Take any x € C, so that y; € R forall j € [p]. Let

Jx i={i € [k]: r(x) < rj(x) Vj € [k]}.

Then, by (5.65), y;; > 0 for all i € Jx and j € [k]. Moreover, r;(x) > r;(x) for all i € Jx and
jek]\ Jx-

So, again by (5.65), for all i € Jx and j € [k] \ Jx we have y;; > 0, so that y;; € Rg - R;j.
Note that Jx # (). So, by condition (v) of Lemma 5.2, there is some ix € Jx such that for all
j € Jx \{ix} onehase;,; = 1,sothaty; ; € RY, . Thus,y;; € RY forallje [k]\ {ix}. Also,
Yieir € Rjixix — in view of the first equality in (5.65), the condition y; € RY for all i € [p], and
condition (ii) of Lemma 5.2. Moreover, y;,; € RY, forall j € [p] \ [k] - in view of (5.64), the
condition y; € Rjj for all j € [p], and condition (i) of Lemma 5.2. We conclude that y,_ ; € Rjixj
forall j € [p], thatis, x € Cy, C U;eppy Ci-

Lemma 5.2 is now proved. O

Proof of Lemma 5.3. For i € [k] and j € [p] \ [k], let &;; := ¢}, in accordance with condition (i) of
Lemma 5.2.

Similarly, let ¢;; := ¢, for i € [k], in accordance with condition (ii) of Lemma 5.2.

Next, wl.o.g. ¢; isnondecreasing in j € [k]. Let then ¢;; := 1 and ¢;; := 0 for all ¢ and j in [k]
with i < j.

It is now straightforward to check that all the conditions (i)-(v) in Lemma 5.2 hold. In par-
ticular, concerning condition (iv), note that, if ¢; = 1 and ¢;; = 1 for some distinct ¢ and j in [k],
then i < j and hence 1 = ¢; < ¢;, so that £; = 1. Concerning condition (v), for each nonempty
subset J of the set [k], let ¢ := min J; then for all j € J \ {i} one has i < j and hence ¢;; = 1.
Lemma 5.3 is now proved. O

The entire proof of Proposition 4.1 is thus complete. O
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1. INTRODUCTION AND NOTATION

This paper originated when one of the authors (N.O.) came across the article [3]. The explicit
formulas in [3] were interesting, but we could not concur with the overall framework in which
they had been derived. The calculations in [3] are based on van der Corput’s “neutrix calculus”,
see [1], a way of evaluating divergent integrals, which was inspired by Hadamard’s method.
This “technique of neglecting appropriately defined infinite quantities”, see [12, p. 984] , pro-
duces numbers, not distributions. Accordingly, the results in [3] represent the incomplete beta
function only on the open interval (0, 1) and do not furnish a distribution on R. So we thought
that it might be reasonable to reconsider the calculations in [3] from the nowadays generally
adopted viewpoint of distribution theory.

Let us mention that regularizations in Hadamard’s sense but employing L. Schwartz’ theory
of distributions were investigated in [9, pp. 15-19], for three kinds of distributions.

Classically, the incomplete beta function is defined by the integral

By . (z) = / A1 —t)#1dt, 0<2z <1, ReA>0, Rep>0,
0

see [4, Equ. 8.931]. The goal of the article [3] as well as of this paper consists in defining and
evaluating B, , and its partial derivatives with respect to A and p at the “singular values”, i.e.,
if A\ € =Ny or u € —Nj.

In Section 2, we define B, ,, as distributions depending analytically on (X, 1) € C%. At the
poles, e.g. if A\ = —k € —No, we set B_y ,, = Pfys—_j By, i.e, By, is defined as the finite
part of the Laurent series of B) , about A = —k. The procedure of embedding a function into
a family of distributions which depend analytically on a parameter goes back to M. Riesz, see
[14, pp. 31, 32], L. Schwartz, see [15, p. 39], and J. Dieudonné, see [2, pp. 260-262]. With respect
to distribution-valued analytic or meromorphic functions, we refer the reader also to [10].
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In Section 3, we collect some algebraic reduction formulas, which show that our task can be
reduced to evaluating B, 0, B, 0, if A or p are 1. This is eventually done for B in Section 4 and
for 0B, 0, B in Section 5, respectively.

Let us introduce some notation. As usual, an empty series, as, e.g., in 2?21 ¢j, sums to zero.
N and Ny denote the sets of positive and of non-negative integers, respectively. We employ the
standard notation for the distribution spaces D', £’, the dual spaces of the spaces D, £ of “test
functions” and of C*° functions, respectively, see [15, 6, 11]. For the evaluation of a distribution
T on a test function ¢, we use angle brackets, i.e., (¢, T). In this paper, all distributions are on
the real axis R, i.e., they belong to D’'(R), but usually depend meromorphically on the complex
variables A, p. Differentiation with respect to z is denoted by the apostrophe, differentiation
with respect to A, by 0x, 9, or 9/0\,0/0p or 01, Os.

The Heaviside function is denoted by Y, see [15, p. 36]. We write ¢ for the delta distribution
with support in 0, i.e., 6 = Y’, and ¢; for the delta distribution with support in 1, i.e., 61 =
Y (z — 1)". The letter 1) denotes the logarithmic derivative I''/T" of the gamma function and £,
denotes the dilogarithm, i.e., £2(0) = 0 and

b logt
»’32(%):?/{ %dt’ z € R\ {0},
0

see [5, Section 323].

2. DEFINITION OF THE INCOMPLETE BETA FUNCTION

Let us first recall some facts concerning the distribution z} = Y (z)z*, see [6, Section 3.2,
p. 68],,[11, Exs. 1.3.9, 1.4.8, pp. 32,49]. If A € C with Re A > —1, then 2 is a locally integrable
function on R and hence belongs to D’(R). The function

{AeC;ReA> —1} — D'(R) : A\ — 2}

is analytic and can analytically be extended to C \ (—N). This extension, which is also denoted
by z% , is meromorphic on C and has simple poles on —N with the residues

A (_1ERsR) /1
A:%%S,1x+ (=1)%6Y /k!
for k € Ny. For abbreviation, we also set
—k A s
v —/\Efkar if k € N.
In [13, pp. 11, 12], the distributions xi are called Hadamard kernels.

Note that z- 23 = 2™ holds for each A € C. In contrast, the differentiation formula (v} )’ =
)\xj\fl is valid for A € C\ (—Njy) by analytic continuation, but at A = —k, k € Ny, we obtain

N Ay A-1
(7)) = )\Efk(%r) = /\Efk ATy
= Pf [(A+ k)zy ™t — k)™

= lim A\ +k)a) ! — kPt

A—=—k
= /\liesk mi‘:l — k:x;kfl
—1)k§k)
= 7< L' — kx;kil,

see also [15, Equ. (II, 2; 28), p. 42], [7, p. 151, Remark], [6, Equ. (3.2.2)", p. 69], , [11, p. 50].
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By differentiation with respect to A, we obtain the distribution-valued function A — 9y (z?}) =
27 log x, which is meromorphic in A with double poles on —IN. As above we define 27" log z :=
Pfy—_r 2} logz for k € —N and similarly for the higher derivatives with respect to A. Hence
the Laurent series of 27} about the pole A = —k, k € N, is given by

-1 k—16(k—1) kl
@.1) xi=¥+zwu+k) 0<|\+kl<1.

(k=D +k) & !

(In fact, Pfy—_ 8f\xi =Pfy__; :c+ log’ 2 = 2% log? = for j € Ny.)
Now we are prepared for giving a dlstrlbutlonal definition of the incomplete beta function.

Definition 2.1. For A\, € C, we call Sy, = x+ (11— )’fl € &'(R) the M. Riesz kernels of the
incomplete beta function and B) , =Y * Sy, € D'(R) the incomplete (Eulerian) beta function.

Note that the multiplication of the two distributional factors ) 4 Land (1 — x)‘fl of Sy, is
well-defined since their respective singular supports {0} and {1} are disjoint, see [6, Thm. 8.2.10,
p- 267]. We also observe that B, ,, is uniquely determined by the two conditions

(1) B\, = Sau and (#3) supp By, C [0, 00).

According to the above, the function (A, 1) — Sy, is analytic for A, x € C\ (—Nj). There-
fore the same holds true for B) , and its derivatives (01 B)x,,, = 0B\ ,/0\ and (02B)x, =
0B,/ 0. As before, we abbreviate

(01B) -k = Pt (01B)x,p

and
(O1B) k1= PfPI (91B), if k.1 € No,u€ C\ (~No),

k=
and similarly for 0, B. As related in Section 1, we aim at calculating explicitly By, ;, (01B)x.1,
(02B)y, for the singular values, i.e., if k,! € Z and [k € —Nj or [ € —Nj].

3. ALGEBRAIC REDUCTION FORMULAS
The trivial identity
S)\M—l S)\M (gc—i—l—x) S)\7M:S)\+1’#+S)\“u+1

leads to representations of Sy, k,I € Z, by S;; and S, ;, j € Z. By convolution with Y
and by differentiation with respect to A and p, we obtain similar representation formulas for
By.1, (01 B)k,; and (02 B)y, 1, respectively.

Lemma 3.1. Let A\, u € Cand k,l € Ny. Then the following holds:

l
l .
(3.2) SWTESY ( > (=1)7 Sxtjs
=0 M
SYCENE Lkl
(3.3) Sx—kypu—1 = jz::o < ! >5A—j,u+1 +; ( i )SA+1,M—]

and for k < 1 we have

bi-1 . &L —j -1
(34) SA—k,u+lZ< i )(1)js)\—k+j,u+1+(1)k+1 ( . >5A+1,u+j-

j=0

<.
Il
—
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The corresponding formulas hold likewise if S is replaced throughout by B =Y xS, by 01 B, or by 0. B,
respectively.

Proof. Equation (3.2) follows directly from the binomial formula:

Sypp =2y A=) =8y, (1 —a)!
l

=S\, Z (é) (—1) a7

=0

Formula (3.3) follows similarly by using the polynomial identity

k , l .

_ k+l—=7\ k—j I+1 E+l=3Y ki 1—j

(3.5) 1_2( z )x i(1—x) +Z M ()it
j=0 7=0

For completeness, let us indicate shortly how the identity (3.5) is derived from a Mittag-Leffler

expansion. In fact, in the representation

k !
ZE =) =Y e 4 Y di(1-2) 77T, 2 e C\{0,1},
Jj=0 j=0
the coefficients ¢; can be determined from the Laurent expansion

= (11
R L) =) ( . )(-1)%”**, 0< |zl <1,
n=0

n=%k—j and cj<_kl__j1)(1)’“j(k+ll_‘7>, i=0,...,k,

and similarly for d;, =0, ...,
Equation (3.4) follows in the same way by using the polynomial identity

ie.,

L1 RS
-1 _ - j . k+1 —J - k+1 j—1
(1—2) _Z( ; )(-1)ij+(—1) Z ( L )x (1—a)~".
=0 Jj=1
This can be shown by first replacing = by 1—x and then employing the Mittag-Leffler expansion
of 2!71(1 — 2)~*~! with respect to the poles 0 and cc. O

Remark 3.1. Let us illustrate how the formulas (3.2), (3.3) and (3.4) are applied in order to reduce the
singular values By ; to B; 1 and By ;, j,k,l € Z. E.g., setting A = 1 = k = 1 = 0 in formula (3.3)
yields the equation By = Bo,1 + Bio. Instead, if | € N and if we set X = 0, u = 1 and replace [ by
[ — 1, then formula (3.2) implies

-1

-1 ;
(3.6) Boy=> ( , )(—1)JBJ»71, l€N.
=0~ J
Note that formula (3.4) leads to a different representation by setting A =k =p =0
-1
(3.7) Byy=Bo1— Y By, leN.

j=1
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The formulas (3.6) and (3.7) coincide in the cases | = 1 and | = 2, but yield different representations for
l>3.Eg,
Bos = Bo1 —2B11+ By =By — Bi,1 — Bia.

(The last equation amounts to By 1 = By1 — B12.)

Let us finally investigate how B, , and B,, » are connected. For this we extend the definition
of the complete beta function or, as it is also called, the Eulerian integral of the first kind

1
B\ p) = / A1 —2z)*tde, A\ p€C,Rel>0, Rep >0,
0
first, as usual, to [C \ (—Nj)]? by analytic continuation, i.e.,

B(hp) = W A€ C\ (~No),

and then to the singular values in —IN by taking the finite part with respect to A and . This
implies that B(\, p) = (1, S, ,,) and By ,(z) = B(), p) hold for z > 1 and for each (A, ) € C2.

Lemma 3.2. For A\, u € C, we have B, »(z) = B(\, 1) — By (1 — ).
Proof. If f,g € D(R), then

f(=2)xg(1 —z) = /f —(x—1t))dt
/f g(l—x—s)ds
= (fx9)(1—2)

and this formula holds by density whenever two distributions are convolvable. Hence
Bux=Y*S,x=1-Y(—z))*Sux
= (1,S,0) = V() * Sa,(1 - )
(1, A) = (Y 5 Sy ) (1 — )
(A, 1) — By (1l —x).

B
B

O

Let us yet give formulas for the finite parts of the complete beta function B(\, p1) at the
singular points.

Lemma 3.3. For k,l € Ngand u € C\ Z, we have

(39) Bk = (0 (" Y [0+ 1) = 0= 1)
N\ =1 1
( _ _
(3.9) B(=k,1) = ( ?1[;] ; j}
(_ll)l (I;) 1<1<k
E+\p <1 Hoa
(3.10) B(—F, z>< . )[j§1j+j » ﬂ.
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Proof. We first calculate

_ FA+k+1) (=1
3.11) /\lie_skf()\) = /\lie_sk LD O R

see [8, Section 13.1.4, p. 156], and

- T(A+k+1)
,\ffkro\) =, AA+TD) - (A4 k)

T(A+k+1)
aA(A(A+1)-~-(/\+k—1))
(3.12) L

A=—k

see [10, p. 65]. This furnishes
LT (w)
Pf —f 2
A=—k (A4 p)

N L'(p)
W T 5 =g + Res, T - 0 (1“()\ + u))

=0 (" )t ) - vt - )

B(_kv N) =

A=—k

and hence formula (3.8).

If I > k and if we set ;1 = [ in formula (3.8), then we immediately obtain the first equation in
(3.9) due to ¢(n+1) = ¢(1) + >°7_, j~* for n € Ny, see [4, Equ. 8.365.3]. On the other hand, if
1 <1<k, then

Mw

7;

Y(p—k)=¢E-1+1

.
Il
-~

see [4, Equ. 8.365.3], and this implies

B(-bt) =t (* ) otk + 1) - vl )

pn—l
L= 1)k —1)!
= oy 2D

a0

i.e., the second equation in formula (3.9).
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Finally, we obtain

k+l1

Bk =) = (-0* 2t (M) ot ) = vt 1 1) + > ]

k+1-1

=0 (T ey e Y ]

Jj=0

4. THE SINGULAR VALUES OF THE INCOMPLETE BETA FUNCTION

As explained in Section 3, we can reduce the general case of calculating By, ;, k, 1 € Z, to the
particular cases of B, ; and B, ;, j € Z.

Proposition 4.1. For A\, u € C\ (—Ny) and j € N, the following holds:

1 Y(x
(4.13) Bii=[Y(-2a} +Y(@-1)], Buu=" D[]
(4.14) Bo1 =Y (@)Y —-2a)logz, Bio=-Y(@)Y(1—=z)log(l—x);
1 —1)i§G-1)
(415) B,jyl = —= [Y(l - !.C)(EJr + Y(l‘ — 1)] + %
J J-J-
Y (z) . 5971)
(4.16) B _j=—>1-2) -1+ —=——.
1,—j j [( )+ ] j ']!
Proof. For A € C with Re A > 0, we have
Byi(z / Y (1 —t)tr 1dt—i[Y(1—x)xj\r+Y(x—1)]

By analytic continuation, the last expression represents B) ; for all A € C\ (—Np).
For the remaining cases, we use the following formula, which is familiar in the context of
complex analysis:

4.17 Pf -Ty) = - Pf O\T Pf - Pt T Pf . 7).
(4.17) A:Ao(fx X Res - PI O\Ih+ PE fa- PE Th+ Pf Oxfx- Res T
Here f) is an analytic C*°(R)-valued function for 0 < |A — A\g| < e and T} is an analytic D’(R)-

valued function for 0 < |\ — Xg| < ¢, € > 0, and both f) and T have at most a simple pole in
Ao, see [10, Prop. 1.6.3, p. 28].

Hence
1
Bo = Pt X V(1 —-2)z} +Y(z—1)]
0
:a)\[Y(l—:c)erJrY( ”/\:0

=Y(@)Y(1—z)logz
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and
1 A 1 A
B_j1 = -5 /\:PEj Y(1-a)2} +Y(z—1)] - FY(l — ) /\lie_sj x
1 iy (=1)766=1
=—-|lYl-2)z2 ' +Y(x-1] + ———.
= + V(@ 1]+
The formulas for B; ,,, B1 g and By, _; then follow from Lemma 3.2. O

Example 4.1. Let us calculate here By ,, forn € Z. If n =1 € N, then we use formula (3.7) and obtain
from Proposition 4.1 that

-1 -1 Y () ‘
By =By — ZBLJ =Y(@)Y(1—2z)logx — Z j [1 —(1- x)ﬂ

J=1 Jj=1

Ifn = —l € =Ny, weset A\ = k = u = 0 in formula (3.3) and conclude from Equations (4.14) and
(4.16) in Proposition 4.1 that

1
By,—; = Bo1 + Z By _;

j=0
(4.18) ) v | .
— Y(2)Y(1 - 2) log(m> + Z{T [ -) = 1] + }oreN,

In the open interval (0,1), Equation (4.18) coincides with the expression given in Thm. 2.1 in [3,
p- 5]. Note that the calculation in this paper is based on van der Corput’s neutrix method, which
does not produce a distribution but rather represents By _; as a function outside its singular support.
Similarly, formulas (1), (2), (3) in [3, pp. 4, 5], also follow from Lemma 3.1 and Proposition 4.1 or from
the above by Lemma 3.2.

More generally, formula (3.3) yields a representation of B_y, _;, k,l € Ng, which, on the basis of van
der Corput’s method, is considered in [12, p. 990].

5. ON THE SINGULAR VALUES OF THE PARTIAL DERIVATIVES OF THE INCOMPLETE BETA
FUNCTION

As indicated above, we denote 0B) ,,/0\ by 0; B and similarly for d; B. Motivated by the
calculations in [3], let us derive formulas for (01 B),,; and (01 B);1, j € Z. Lemma 3.1 then
immediately yields representations of 9, B at the singular values (k,l) € Z*, k < 0orl < 0.
Furthermore, we conclude from Lemma 3.2 that

0By,
(aQB))\’IL - a’u
_0B(Ap) OByl —x)
(5.19) = a0 i
OB(A, )
= T — (OiB)ua(1 —x),

and hence the derivative 0, B can be expressed by 0, B.
Proposition 5.2. For A\, u € C\ (—Ny) and k,l € N, the following holds:
(5.20) (01B)x1 =AY (1 —2)z)logz — A2 [Y(1 — 2)z) + Y(z — 1)];

(5.21) (01B)o,1 = LY (2)Y (1 — z) log® x;
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) 2 TFY(1—2)+Y (z—1 _\kg(k—1)
(5.22) (O1B) _jq = —Y0=2) gk jog o 2 YUZOHVED) | (170D,

(5.23) (01B)1y =~ 'Y (@) logz - (1 — 2)% + u ' Bo s

(1B)1,0 = =Y (2)Y (1 — z)[logzlog(l — x) + La(x)] — Y (z — 1)7%2

(5.24) 2
=Y () [Yu — ) Lo(l— ) — %}
OB, = Y(@)loge - (1— )7 = V(@)Y (1 - ) log ()
(5.25) 1 -1 Y (x) . l(;(jfl)
_ly(x—l)—;j{[(l—m U+

Proof. Formula (5.20) follows immediately from the first equation in formula (4.13) by differ-
entiation with respect to .
By taking the finite part at A = 0, we infer

1 1
(01B)o1 = )}?;fo XY(l —z)a) logx — ,\P;fo FY(l —z)z’

0 A 1 92 N
= 5[}/(1 —x)ay ng} ’)\:0 - 5@[}/(1 - x)x_J ’A:O
= %Y(m)Y(l —xz)log’z

and hence we obtain formula (5.21).

In order to calculate the finite part of (01 B)x,1 at A = —k € —NN, let us first derive the Laurent
series of 2} log z about A = —k from that of 2 , i.e. formula (2.1), by differentiation with respect
to\:

— 0o k. j+l
\ (—1)ksk=1) z"log’ "z .
1 = - (A+ k) 0 1.
xy logx (k—l)!(A+k)2+jz=(:) i A+k), 0<|A+Fk <
Hence Resy—_; xi log z = 0 and we conclude that

(OB)_k1 = /\:PEk{iY(l —z)z? logx — % Y(1- z)z) +Y(x — 1)]}

1 _ 1 _

= 7%)/(1 —z)z;Flogz — =l [Y(1- m)x+k +Y(z —1)]
19221 (—1)ksk=1) gA—2 N
Z . - . Y(1-—

2o ‘A:—k (k—1)! O ‘)\:—k 28, (1= =)o

(—1)ksk=1)

1 _k 1 —k
:—%Y(l—gs):mr logz — 5 [Y(1 —z)ai" +Y(z —1)] + 52 .k

k2
This furnishes formula (5.22).
Since 1 € C\ (—Ny), we have

1d .
*;a(l -z =(1-2)f
and hence
dr 1 . 1 1 .
— [—;Y(a:) logz - (1 — x);} —Y(z)logz - (1—x)" ' — ;x;(l — )t
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Thus (015)1,, = Y(z)logz - (1 — z)*~! is the derivative of the distribution —p =Y (z)logx -
(1 —2)" + p ' By 41 and this distribution has its support in the positive half-axis [0, o) and
coincides therefore with (01 B)1,,,. This implies formula (5.23).
Evaluating the finite part of (01 B)1,, at u = 0 in formula (5.23) yields
0 0 BO,qul

(813)1’0 = MP;f (813)1# = —87 Y(SL’) IOgLC . (]. — x)i|u:0 + 6/,6

p=0

=-Y(2)Y (1 —2z)logxlog(l —z)+ Y (x / Y 1—t)1og(1—t)dt

= Y (@)Y(1 ) logwlog(l —2) + Lo(x)] — ¥ (z — 1)£a(1),

see [5, Equ. 323.3a]. Due to £5(1) = %2, this gives the first equation in formula (5.24). On the
other hand, a direct calculation yields the following;:

(hB)1o =Y (z) /GC Y(1—t)(1—t)"'logtdt
0
=Y(z) 1 Y (t)log(1 — t)%

l1—z

=Y (@)[Y(1 - 2)La(1 — ) — Lo(1)].

Of course, these two representations of (01 B)1,0 must and do coincide as can be seen from [5,
Equ. 323.3g].
Let us finally calculate (0, B);,—; for | € N. From formula (5.23), we obtain

(O1B)1,-1 = HEZ(&B)W
=Y(x)l tlogx- (1 - x)j_l +Y(z)%logx - Resl(l —x) — I™'Boy 177 Resl Bo,jit1-
H=— p=—

Furthermore,

. ()10 —az) sV
Res (1 —a)y = (Eefz “+> (1—2)= (-1 N

and, for a function f which is differentiable at 1 and m € Ny, we have

£8 =30 (7)o o)

3=0
and hence
1-2 §(J
(logx)~l:Res (1—xz)" ];J (T
From formula (4.18), we infer that
Boai =Y (@)Y (1 - 2)log( )+Z{ @ a7 -1+ 69_1)}.
; - : + i

j=1
In order to evaluate the residue Res,,—_; By, .41, we note that

5(1—1) -1 5(j)
Resl So,ut1 = Resl et (l—a)f =2t 2 = 1
pn=— n=-—

-1

1
j=0 J:
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and thus
-2

Res Bou1 =Y+ Res So 1 =Y (o—1)+ >

=0

59)
G+

Collecting terms we arrive at formula (5.25). The proof is complete. O

Remark 5.2. From formula (5.25) in Proposition 5.2, we conclude that
1 1Al
(5.26) (alB)l,,l(x):—ﬁJrj;}, leN, z > 1.

Let us check this equation by replacing log x by its Taylor series about 1. If | € N and x > 1, then
(01B)1,1(x) = (1, (015)1,-1)
=(1,Y(z)logz - (1 —x)7""")

(5.27) = (L= iY@ -2y

7<1vzj71517j7l>~
=1

(In fact, these series converge in £'(R).) For Re 1 > 0, we have

1
(1,S1,,) =(1,Su1) = / 2 ldy = 1
0 p

and hence
(1,510) =0and (1,81,) =1"" forl € Z\ {0}
by analytic continuation and taking finite parts. Therefore Equation (5.27) implies

@B ) =~ >

i, 30D
1 &< 1 1
B lj_lz);#l(j—l ])
1,1
=——|-- =), leN,z>1.
l(l ;]) .

in accordance with the result in formula (5.26).

Remark 5.3. In the open interval (0, 1), the representation of (01B)1,—; in formula (5.25) coincides
with [3, Thm. 2.2, p. 6]. Similarly, the formulas for (02B)_ 1 and for (02B)_j,, k,1 € N, in [3,
Thms. 2.3, 2.4, pp. 6, 7], follow from Equation (5.19), Lemma 3.1 and Proposition 5.2.
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1. INTRODUCTION

Let T,, be the family of all trigonometric polynomial of degree non greater than n and Cs,
the space of 2r-periodic continuous functions f with the norm || f|| = sup{|f(z)| : = € [-7, 7]}
We denote by C3 . the space of r-times continuously differentiable functions. For f € C3,  we
set D" f = f(1),

For f € Cy,, r € Nand t > 0, the modulus of smoothness of order r is defined by

arlfit) = sup 851, where Aff(0) = S0(-1)* (1) 7o+ b1
0<h<t o

For the approximation of continuous periodic functions several convolution operators have
been used. From the computational point of view, it is more useful to work with operators
defined discretely (they are given in terms of a finite family of values of the functions). Some
authors have employed Riemann sums to replace the integrals in the convolution by discrete
sums (see [1]).

For r € Nand k € Z, throughout the paper we set

2km
(r+1)

Tr ke =

The Dirichlet kernel is given by (see [3, p. 42])

B - _ sin((2n + 1)z/2) .
(1.1) D,(z)=1+2 ;cos(kx) = Sn(z/2) , x #2jm,j €L,
and D,,(z) =2n+ 1, x = 2jw, j € Z. We also set
1
D. = D
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for the normalized Dirichlet kernel. It follows from (1.1) that |D,,(z)| < 2n + 1 and equality
holds if z = 0. That is the reason why we prefer the normalization given by D, ().

For f € Cs, the interpolating polynomial of degree n at the equidistant points x4, i can be
written as

2n
(12) Lo(f.2) =Y Dnla — zon k) f(@2n.1)-
k=0

The operator L,, is a Riemann sum approximation of the partial sum of the Fourier series of f
given by
1 ™
Py f@&)Dp(z —t)dx.

—T

Notice thatfor0 < j < k < 2n

1 (G- k)
2n+ 1sin((j — k)w/(2n + 1))

Since for every i € N, D! (0) = 1, each operator

=0.

D’ﬂ(xQ’ﬂ,j T2n, k)

nz fa ZDZ — Ton,k f(xQn,k)a

interpolates the function f at the points x5, ;. It is clear that the new polynomials are of degree

m
non greater than ni. Moreover, if the real numbers a1, as, . .., a,, satisfy > a; = 1, then the
i=1

linear combination
(1.3) Mo (f, ) Zaz ni(f,)

provides an interpolation process. The operators M,,,, are useful when we want to approxi-
mate properties better than the one provided by L,, ;.
For instance, Kis and Vértesi studied in [9] the operators

K4n(fa IE) - 4L2n,3(f1 (E) - 3L2n,4(f7 x)v

while the arguments given by Saxena and Srivastava in [7] can be used to consider the opera-

tors
25 32 10
Sen(f, x) = 3 Lon, a(fx) - §L2n,5(f7 z) + §L2n,6(f7 z).
In [7] only a modification to non-periodic was included. Notice that, in both cases, the sum of
the coefficients is one. Thus, they are interpolating operators of the form (1.3).

It was proved in [9] that there exists a constant C such that, for each f € C2, and n € N,

(14 17 = Fan(F)] < O (1, ).

Another approach to improve the rate of convergence of a linear approximation process
considers iterative combinations. For instance, for a linear operator L : Cy, — T,,, we construct
the new operator

L(f) =2L(f) = I*(f),
where L?(f) = L(L(f)). But, for linear interpolation operators this approach is not useful. In

particular, if L,, is given by (1.2), then L2(f) = L,(f). We can avoid this inconvenience by
using other Riemann sums in the discretization of a convolution operator.
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Forn,m € Nand f € Ca, in this paper we study the polynomial operators defined by

mn

1
1.6 M, L L D
and
(17) A7) = 03 Foina )(D2(a = wan) + D@ = 2ans) )
k=0
where

(2n +1)3

Cn = (Tn2+Tn+2)(4n+1)

We will prove in Section 5 that

(1.8) 1Q3,(7) = 2Qun() + 11 < 1 (1, 2=,

There are some differences between (1.4) and (1.8). Our polynomials are of a lower degree and
the rate of convergence is given in terms of the second order modulus of smoothness, but we
need more nodes.

Since, for m € N, D] is an even trigonometric polynomial of degree nm, there are unique
real numbers g,, ,,(7), 0 < i < mn, such that

(1.9) Z On,m (%) cos(ix)

In particular, for 1 <14 < mn,
1 ™
(1.10) On.m(i) = — D) (x) cos(ix)dx.
™ —T
For our approach we need explicit expressions of the coefficients g,, (i) and g, 3(7), but only
for 0 < ¢ < n. This will be accomplished in Section 3. In Section 4 we study the behavior of
the operators (1.5) and (1.6) for polynomials of lower degree. The main results are presented in
Section 5. Finally, in the last section we investigate the case of approximation of non-periodic
functions.
A strong converse result, as well as the saturation class, will be given in the second part of
the paper.

2. AUXILIARY RESULTS
Recall that the Fejér kernel is defined by (see [3, p. 43])

- - k
Fo(z) = n+1ZDk(x) - 1+2Z(1— .
k=0 k=1
If sin(x/2) # 0, then

1 sin((n + 1)x/2)\2
(2.11) Fo(z) = (n+1) ( sin(x/2) > '

) cos(kx).
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For f € Cy, the associated Fejér operator is defined by

o) = o [ fa+ OF 0
Lemma2.1. Ifg € Ci_andn € N, then D(0,(f)) = o, (Df).

Proof. 1t is known that (see [3, Proposition 1.1.14]) if g € C2, and f € C3_, then f x g € C1_and
D(f*g) = (g*D(f)) u
The following quadrature formula is known.

Proposition 2.1. ([5,p. 20]) Ifv e R,n € Nand T € T,,, then

n

1 [ 1 et
— [ 1@yt = T( )
or ) T n+1k§ SR

If
(2.12) T(x) =ap + Z a; cos(jz) + b; sin(jx) ZA]
j=1 j=0

the conjugate of T"is given by T(z) = Z?zl( b; cos(jx) + a;sin(jz)). Simple equations related
with the conjugate polynomials are presented in Lemma 2.2.

Lemma 2.2. If T € T, is given by (2.12) and W = DT, then
DT =" jA;(T), DT == " j2A;(T),
j=1 Jj=1
DW = —-DXT) and  D(D2T)= D*T.
Lemma 2.3. Ifn € N, o, is the Fejér operator and T' € T,,, then

(I = o)T = ﬁ]ﬁ and DT = (n+ 1)(I — o) (DT).
Proof. The first equation is well known (for instance see [2]). For the second one we write
1 —_ ~

I—0,)(D?T) = D(D2T) = D3T,

(I =an)( ) (n+1) ( ) (n+1)
where we use Lemma 2.2. O
Theorem 2.1 (Stechkin, [8]). Ifr,n € Nand T € T,,, then

n T
. I < - T

(2.13) 10771 < (5gmtenry) 1447

forany h € (0,27 /n).

We will use the Stechkin theorem in a more convenient form for our purposes.
Proposition 2.2. Ifr,n € N, f € Cor,and T € T, then
(2.14) fHDTTII wr(f, Z) 1S =Tl

Proof. Tt follows directly from Theorem 2.1 with h = 7/n and the inequality |A}T| < 27||f —
T\ + [IARfII O
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We will use Proposition 2.2 in the case when T is the polynomial of the best approximation
for f in T,. It is known that, for every f € Cs, and n € Ny, there exists an unique polynomial
T € T, (called the polynomial of the best approximation) such that

Ea(f) = it |T. = fIl =T - fI|
Proposition 2.3. If f € Cor, T € T, and E,,(f) = || T — f||, then
2 TE
1027 < n?(Fewa(£. 7 ) + (),
i il (1T
|07 < n* (e (£, 2 ) + Eulf)),
and
~ 1 T
3 2 - z
ID°T) < 202+ 1) (g2 (1, 2) + Bul)-
Proof. It follows from Proposition 2.2 that
1 m
2 2(1L T
12T < 0 (Ja (£, 2) + Ea()
1 7r 1 m
4 4 = il 4(Z Z
10T < (g (£, 2 ) + Bulf)) < 0 (G2 (£, ) + ()
because w4 (f,t) < 4ws(f,t). The last inequality is a consequence of Lemma 2.3. In fact

ID*T|| = (n+ DI = o) (D*T)|| < 2(n + 1) D*T.

3. EXPANSION OF DIRICHLET KERNELS

Proposition 3.4. For eachn € N, one has

2n
D?(z)=2n+1+ 22(2n + 1 — k) cos(kx).
k=1

That is, 0 2(0) = 2n + 1 and 9, 2(j) =2(2n+ 1 — j), for 1 < j < 2n (see (1.9)).

Proof. The computation of D2 is simple, because taking into account (1.1) and (2.11) one has
(for sin(z/2) # 0)

D%(z)  sin®((2n+1)z/2) B n k
2n+1  (2n+1)sin®(z/2) Fon(z) =1+ 2; (1 T o+ 1) cos(kx).

For D} we need some preparatory computations.

Lemma 3.4. Foreachn,k € N,

n+k n—=k
> cos(iz) + > cos(iz), if 1<k<n
cos(kz)Dy(z) =< 1, =0

> cos(iz), if k>n.

i=k—n
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Proof. If k < n,

cos(kx) Dy (x) = cos(kx) + 2 Z cos(kx) cos(jx)

= cos(kz) + Z(cos((k + j)x) + cos((k — j)x))
j;+k k—1 n—k

= cos(kx) + Z cos(ix) + Z cos(ix) + Z cos(ix)
i=k+1 i=1 =0

n+k

—E cosm —I—E coswc

If £ > n, then

n+k n
cos(kx)D Z cos(ix) Z cos((k — j)x)
J=1
n+k k—1 n+k
= Zcos ir) + Z cos(ix) = Z cos(ix)
i=k—n i=k—n

Proposition 3.5. If n € N, n > 3, and D3 is given as in (1.9), then
Qn,S(O) = 3’”’2 +3n+ ]-7

and
0n3(1) =2(3n? +3n+1—i?), for 1<i<n.

Proof. LetIl, : Ty, — T, be the projection given by (see (2.12))

In this proof (for a fixed n) we denote o(k) = 0, 2(k) and consider the expansion of D2 given
in Proposition 3.4. Hence

Dji(w) = (D2(2))Da(x) = (Y olk) cos(k) ) Da(a)
k=0
= 0(0)D,,(z) + D, (x) Z o(k) cos(kx) + Dy (2) Z o(k) cos(kx)

k=n-+1

For As(x) one has

1
/,w As(z)de = o

o(k) D, (z) cos(kx)dx

>eth |
k=1 ™
Zg(k:) /7T (cos(k::z: + QZCOS ix) cos(kx) ) Zg

k=1 - i=1 k=1
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and, for 1 < j < n, taking into account Lemma 3.4,

n+k:
/ As(x) cos(jx)d / Z ZCOS (iz) + Zcos (ix ) cos(jz)dz

T k=1
= 7/ (cos (jx) Y o(k) 4 cos(jx icos ix (nﬂg(k))dac
T —m k=1 i=0 k=1
Hence
:ig( +”21<” o(k —|—nzjg )COS]CB + cos(nx) ; o(k)
k=1 Jj=1 k=1 k=1 k=1
Forj =0,
%/” Ag()da = ;ﬂ/_: Dy () kil o(k) cos(kx)dz = 0,
and, for1 < j <n,
%/ﬂ As(z) cos(jx)dr = %/ﬂ (Dn(x) i o(k) cos(km)) cos(jx)dx
-7 - k=n+1
= %/W ( y g(k)( Tg:k cos(ix)))cos(]x)d
=T k=n+t1 i=k—n
= %/ﬂ (zn:cos(ix)( ni_:l Q(/f))) cos(jz)dx
T =1 k=n+1
:%/7T ( 5 Q(k)) cos? (jx)dx = "Zﬂ o(k).
A ] k=n+1
Hence
I, (A3)(z) = (3 Q(k)) cos(jz).
J=1  k=n+1
Therefore
D2 =3 o)+ 30 (3 otk S e+ 3 ok)) cos(j)
k=0 j=1 k=0 k=0 k=n+1
(200 + 3000+ 35 o) o)
k=1 k=n+1

=3n?+3n+1+ 2Z(Sn2 +3n 41— j%) cos(jz).
j=1
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4. THE OPERATORS M, 2, M3 AND POLYNOMIALS OF LOWER DEGREE

In order to proof the estimate announced in (1.8) we follow a method used in [2]. In parti-
cular, for T' € T, in Proposition 5.9 we will find a representation of @3, (T") in terms of the
some derivatives of the polynomials.

As Proposition 4.6 shows, the operators M, 2(f) reproduce the constant functions. But,
unfortunately, they are not uniformly bounded. Moreover, if we increase the number of points
of interpolation the result does not change. That is the reason why we consider only m = 3 for
the operators Q3.

Proposition 4.6. If m > 2, T € T, and M,y » is defined by (1.5), then

1

mDT(a:).

My o(T, ) = T(x) —

Proof. 1f T,, € Ty, then T,,D? € T3, and, taking into account Proposition 2.1, one has

mEn: T(xmn k) 2 1 /ﬂ 2 1 /ﬂ 2
—_ 7 D — = — T D — = — T D .
pare (mn+1) n(@ = T 2r J_ . n(t) Dy (@ — t)dt 27 J_ . n(@ + ) Dy ()t

If T is written as in (2.12), then

1 mn
T mn D2 - 4mn
(2n+1)(mn+1)k;0 @ k) D (2 = T k)

a 1 [T "1 /’T Aj(T, z) o
=—°% — [ D — | L2 os(jt)D
(2n+1) 27 /,W "(t)dH; or | g1 U Dbt
= ' i 2(2n + 1 — j) cos?(jt)dt
ao+z 5 2n+1 / (2n+ 1 — j) cos”(jt)d

1 = :
=ao + m;AJ(T,I)(Qn—F 1 —])

n

1) - gy 2 AT)

1 _
=T(x) — ——— DT
(@) = Gy DT,
where Proposition 3.4 and Lemma 2.2 were used. O

Proposition 4.7. If m > 3, T € T,,, and My,,, 3 is defined by (1.6), then

1

Mpyns(T,x) =T B —— e
3(T2) () + (Bn?2+3n+1)

DT (z).
Proof. Setu(n) = 3n®+3n+ 1. Asbefore, if T}, € T,,, then T,,D? € Ty, and, taking into account
Proposition 2.1, one has

T D kZ:oT(ifmn,k)Dn((L' Trn,de) = 5 /_F T (x +t) D2 (t)dt.
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If T is written as in (2.12), then

1 mn
m Z T(xmn,k)Di(x - xmn,k)
k=0

U S e N1 [T AT, z) R

Taking into account Proposition 3.5

T mn, mn
u(n)(mn + 1 Z (@) ~ Tmnk)
-Tx)(?m +3n+1-352) [T )
ASE 2
=ag + Z 5 [ﬂ 2 cos”(jt)dt
Jj=1
1 n
=ap + — Ai(T,z)(3n“+3n+1—j
0t 2 g § (o) )
=T(z) — b . 2A;(T,x) = T(z) + LD2T(;U)
= u(n) j:1j vl 9 - u(n) ?
here we use Lemma 2.2. O

5. MAIN RESULTS
In the first result of this section we estimate the norms of the operators.
Proposition 5.8. Ifn € N, Q)3,, is defined by (1.7) and f € Cay, then
1@an (NI < [I£1

and

193, (f) = 2Qsn () + fIl < 4l f]-
Proof. Since |D,,(z)| < 1,1+ D,(z) > 0. Therefore
D2 (x) 4+ D2 (z) = D2 (z)(1 + Dp(z)) > 0.

It is sufficient to verify that an is a positive operator. Moreover

Qsn(f,xz) =Cy Zf Tan k) (D2 (Tan,) + D2 (2 — Tank))

(2n+1)
(7n2+7n—|—2 )(4n + 1) me"k (@ = an)

4n

Z F(@an k) D (& — Tan 1))

(3n% +3n+1)
(Tn? 4+ Tn + 2)

1
(7n2 +7n+2)(4n +1)
o (2n+1)?
C(Tn24+Tn+2)
It follows from Propositions 4.6 and 4.7 that
Qs (L) = (2n +1)? (3n®+3n+1)
nit (Tn2+Tn+2) (Tn?2+Tn+2)

Myn o (f, ) + Mun 3(f, ).
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If f € Con and z € [—7, 7), then

|Qan(f,2)] < [[f11@3n (1, 2) = [ f]]

The second assertion is a simple consequence of the first one. O

Proposition 5.9. If n € N, Q3,, is defined by (1.7) and T € T,,, then

—(2n + 1)2D2T — 2(2n + 1)D3T + DAT

2
T—-2Q3,T+T =

Proof. 1t follows from Propositions 4.6 and 4.7 that (we set u(n) = 3n®+3n+1v(n) = Tn?+7n+2
and W = DT)

Q3T = WMALnQT + W
(2n +1)2 1 ~ (3n? +3n+1)
(- ( )+

v(n) 2n+1) v(n)

My, 3T

1

(T + D2T>

1 2
(5.15) :T—i—m(D T (2n+1)W).

2n + 1)?
ng — MMM,Q (T—i—
v(n)

DT — (2n+ L)W u(n) DT — (2n+ L)W
v(n) ) + v(n) )

v(n)

WMM,Q (D1 - 2n+ )W) + Sy Mins (D21 = 20+ )W)

O (T Gy Cn oW D)
wn) (pop DT o Ly - Cr DDW
iy (DT + Sy~ @ W =)

Myp 3 (T +

= QSnT +

(recall D(l/ﬁ?) — D3T and DW = —D?2T)

_ 1o @2ntl) e (2nt+1) o (2n+1)°
_ngT—f—v(n)DT UQ(n)DT o) W 20) D*T

DT (2n+1)DT  (2n+1)?D*T  2@2n+1) 4= D'T
v(n) v(n) v?(n) v?(n) v3(n)
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Taking into account (5.15) we conclude that

D3T 2 1)~
(n+)DT

Q3a(T) = 2Qun(T) + T =T = Qsn(T) + v(n) v(n)

(2 +1)°D°T  2(2n+1)

D3 4+ — - _pir

v2(n) v2(n) 21)2 (n)
= _U(ln) (DQT —(2n+ 1)Df) + f(nj; _ (2:(:;)1)1)f
S P T D'
- Z?l(zj)DzT - 2(32(Z>1)D3f + v?}n) DT,

Theorem 5.2. Ifn € N (n > 3), Q3,, is defined by (1.7), and f € Ca,, then

1Q30(f) = 2Qun(F) + £l < 5Ea(f) +ws (£, ).

Proof. Fix f € Cs, and, foreachn € N, let T}, € T,, be the polynomial of the best approximation
for fin T,.
Ifweset M, (f) = Q3,(f)—2Qs,(f) and v(n) = Tn?+7n+2, taking into account Propositions
5.8,5.9, and 2.3 one has
[Mn(f) + fIl = 1My (f = Tn) + f = Tn + Mn(T0) + 1|

N | DAT|| + 2(2n + 1)||D3T|| + (2n + 1)2|| DT

< A4E,(f)

v2(n

< AB,(f) + n* +4n*(n + 1)(33(:)%1 n®(2n + 1) G“Q (f) %) L En(f))
app O (L) )

<A4E,(f) + ”2(14”2;;)4” +4) (%wz (1, %) + Eu()))

= 4B(7) + 2 (Gun (7. 5) + Bal)

<4E,(f)+ %(iw(f, ™)+ Ealf)) < 5E(f) +en(£. 7).

Remark 5.1. The term E,,(f) in Theorem 5.2 can be estimate as (see [6, Theorem 2.5])

En(f) < §W2<fv 2 )

-2 n+1

Therefore

616) Q) 2Qs0() + 7 < Den(f. 20 ) b (1) < 1n (1, 20,
2 n+1 n n+1
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6. APPROXIMATION OF NON-PERIODIC FUNCTIONS

Let C[—1, 1] the space of continuous functions f : [-1,1] — R provided with the sup norm
I fllcoc = sup{|f(z)|: = € [-1,1]}. In this section we follow a known procedure to pass from
approximation by trigonometric polynomials to approximation by algebraic polynomials (see
Proposition 6.10 below).

For f € C[-1,1] and z, h € [—1, 1] define

(Tnf)(2) = %(f(fvh + V=)A= 12)) + f(ah — VT =a?) (1= 1))
and
wh(f,t) = sup ||f —7uf]-
t<h<1
We also set

where P, be the family of all algebraic polynomial of degree not greater than n.
We introduce operators similar to @3, by setting

4n
R, (f,z) =C, Z f(cos Zan 1) (D2 (arccos T — Tap k) + D2 (arccos & — Tan 1))

for f € C[-1,1] and z € [— ,1]. Notice that D,,(arccosz — x4y ) can be written in terms of
the Chebyshev polynomials. Hence R3,,(f, x) is an algebraic polynomial of degree not greater
than 3n (see Proposition 6.10 below).

Theorem 6.3. Ifn € N (n > 3)and f € C[-1,1], then

|R2,(f) = 2Rsn(f) + f1| < 1407 (£, cos jﬁ)

Proof. Fix f € C[—1,1] and set F(t) = f(cost). It is known that (see [4, Lemma 3]), for ¢ €
[717 1]/

(6.17) wl'(f,t) = wo(F, arccost).
If x € [-1,1] and « = cost (0 < t < ), it follows from Theorem 5.2 and (6.17) that
|R§n(f7 $) - 2R3n(f7 l‘) + f(I)| = |R§n(fa COS t) - 2R3n(fa COS t) + f(COSt)|

= |Q3,(F,t) — 2Q3,(F,t) + F()]
< 14wy (F )
= 14wT( cos )

O
Remark 6.2. Here we only consider estimates in norm, pointwise estimates require another approach.

Remark 6.3. Let X*[—1,1] be the family of f € C[—1,1] for which there exists g € C[—1, 1] such that
i —f

h%lf H —h
If f € X1[—1,1], then wT (f,t) < C(1 — t) (see [4, Lemma 6]). Hence, for f € X1[-1,1],

2T 2072
1R3,(f) = 2Ran(f) + fIl < C(l TS 1) A CESIE

gH = 0.

oo
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The following result is known, but we include a proof for the benefit of the reader.

Proposition 6.10. For eachn,m € N, f € C[—1,1] and z € [—1, 1], the function

4n
Z f(cos xan i) D) (arccos & — Tan, i)
k=0

is an algebraic polynomial of degree not greater than mn.

Proof. For k € Ny, let Ty, (z) = cos(k arccos x) be the Chebyshev polynomial of degree k.
Since . .
D, (arccosz) =142 Z cos(karccosz) =1+ 2 Z Tk (x),
k=1 k=1
one has f(1)D]?(arccos x) is an algebraic polynomial.
For 1 < 4,k < 2n, we consider the trigonometric identities

2j(4n+1—Fk)m 2kjm
7 —co

cos(g _k) = Cos = cos = cos ;

(]x4n74n+1 k) dn+ 1 in+ 1 (x47z,]k)7
. . 2jkm .

Sin(jZan ant1—k) = —sin 1 = —sin &uap jk

and
oS j(arccos & — Tay i) + €08 j(arccos & — Tap ant+1—k)
=T;(z) ( cos(jTan k) + Cos(jx4n+1,k,k)) + sin(j arccos z) ( sin(jank) + sin(jx4n+1,k¢k))
=2cos(jTan,k) Tj(x),

to obtain

4an
Z f(cos xan 1) D) (arccos & — Tan k)
k=1
2n
= Z f(cos zan, 1) (D:?(arccosx — Tank) + D) (arccos z — x4n,4n+17k)>
k=1

2n mn

= flcoszan) > onm(j) ( cos(j(arccos & — Tan k))
k=1 j=0

+ cos(j(arccos x — $4n74n+1—k)))

2n mn
=2 f(coszank) Y 0nm(d) cos(jzan) Ty(x).
k=1 =0
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