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Theory of Generalized Compactness in Generalized Topological Spaces:
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Abstract: In a recent paper, a novel class of generalized compact sets (briefly, g-T4-compact sets)
in generalized topological spaces (briefly, 7, -spaces) has been studied. In this paper, the concept is
further studied and, other derived concepts called countable, sequential, and local generalized compactness
(countable, sequential, local g-T4-compactness) in Jg-spaces are also studied relatively. The study reveals
that g-%-compactness implies local g-T4-compactness and countable g-T;-compactness, sequential g-%4-
compactness implies countable g-T,-compactness and, g-Ty-compactness is a generalized topological
property (briefly, J; -property). Diagrams establish the various relationships amongst these types of g-Tg-

compactness presented here and in the literature, and a nice application supports the overall theory.

Keywords: Generalized topological space (.7;-space), generalized compactness (g-%4-compactness),
countable generalized compactness (countable g-%4 -compactness), sequential generalized compactness (se-

quential g-T4-compactness), local generalized compactness (local g-Tg -compactness).

1. Introduction

Since the study of such fundamental topological invariants as ordinary and generalized compactness
in ordinary and generalized topological spaces (briefly, T, g-T-compactness in 7 -spaces and Ty,
g-T 4 -compactness in Ty -spaces), a variety of weaker and stronger forms of ¥, g-Tcompactness
in 7 -spaces and Ty, g-T;-compactness in J;-spaces have been introduced and investigated [1-
3, 5-8, 13-19].

Bacon [2] studied a class of .7 -spaces in which closed countably ¥-compact subsets are
always T-compact. Butcher and Joseph [3] gave theorems embracing known characterizations of

many of the g-T-compactness properties. El-Monsef et al. [6] generalized and studied the notions
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of T-compactness, para ¥-compactness, and many weak forms of such types of T-compactness.
Greever [7] studied the extent to which Hausdorff .7 -spaces with various combinations of ¥-
compactness can exist, just to name a few.

Having studied a novel class of g-Ty-compact sets in J-spaces recently [12], it is proposed
in this paper to advance the study a step further by studying other properties and other derived

concepts called countable, sequential, local g-T;-compactness in J-spaces relatively.

The paper is organized as follows: In Section 2, preliminary notions are described in
Subsection 2.1 and the main results of g-T;-compactness in a 7;-space are reported in Section 3.
In Section 4, the establishment of the relationships among various types of g-%;-compactness

are discussed in Subsection 4.1. To support the work, a nice application of the concept of

g-T,-compactness in a J;-space is presented in Subsection 4.2. Finally, Subsection 4.3 provides

concluding remarks and future directions of the notion of g-%-compactness in a Ty -space.

2. Theory
2.1. Preliminaries

Standard references for notations and concepts are [9-12]. The mathematical structures T f

(Q,7) and T, e (R, F), respectively, are .7, Jy-spaces [9], on both of which no separation

axioms are assumed unless otherwise mentioned [4, 10]. A J;-space T, = (Q,7;) endowed
with a g-T; y-axiom is called a g—ﬁgH) -space g—féH) def (Q,g—yéH)) [9-11]. The sets IO, I*
and I, I% , respectively, are finite and infinite index sets [9]. Sets of the class 7; and of
its complement class —.7;, respectively, are called J;-open and J;-closed sets [9]. The class

g-v-S [Tgy,\] = UEe{O,K} g--K [Tg] is called the class of all g-T,-sets of category v € I3 (briefly,

g-v-T-sets) [9, 12]. Accordingly, the class of all g-T-sets [9] are

gS[T) = |J ev-S[T) = U  er0E]= (J oE[T]. (1)

vell (v,E)eI{x{O,K} Ec{O,K}

Definition 2.1 ((T40,%Tyx)-Map [9]) A map 7y : Tygo — Tyx from a Ty-space Ty =

(Q, F4,0) into a Ty-space Ty = (X, Tyx) is called a (Tg0,Tq5)-map.

Definition 2.2 (g-v- (T4.0,%;x)-Map [9]) Let Ty0 = (Q, T40) and Tyx = (X, Ty 5n) be Ty-
spaces, and let opy () € %4 [E} . Then, mg : Tg0 — Tg5 s called a g- (Tg.0,%yx)-map if and

only if, for every (Ogu, Hyw) € g0 xTq there corresponds (Oy 5, Hg) € Tg5 X Ty 5 such

99



Mohammad Irshad Khodabocus and Noor-Ul-Hacq Sookia / FCMS
that:
[71'9 (ﬁgw) C opg (ﬁGJ)] \ [779 (*%/gw) 2 T0pg (%70)]' (2)
A g-(%F4,0,%g,x) -map is of category v if and only if it is in the class of g-v-(Tq,0,%y,x)-maps:
def
g—l/-M [‘Ig Q’ {ﬂ-g : (Vﬁgx‘-’-” %7“’) (Elﬁgxo-7 %)0’ OpgvV ()>
[(7g (Og.) S0Py, (Og.0)) V (g (Hgw) 2 ~opg, (Hg0))] ) (3)

Definition 2.3 The classes of g-v-(T4.0,%45)-open and g-v-(Tga,%Tq,5)-closed maps, respec-

tively, are:
g-v-Mg [sg 0T {Wg : (Vﬁg,w) (Hﬁgm OPyg ()) [Wg (ﬁg,w) c ODPg,v (ﬁgya)] },
g-v-Mg [Tg0; T dCf {mg : (VL) (3A g0 OPg,» () [ (Hgw) 2 T OPgp (Hao)] - (4)

Accordingly, the class of all g- (%40, %4 x)-maps [9] are

gM[Tg0:Tn] = UQ‘V‘M[{ZQ,mEg,Z]
uEIg

= U g--Mg [Tg,0; Ty x] = U g-Mg [Tg.0:Tgxn]. ()
(v,E)eI9 x{O,K} E€{OK}

Definition 2.4 (g-v- (T4,0, %4 5)-Continuous [9]) Let Ty o = (Q, Ty ) and Tyx = (X, Tyx)
be Ty-spaces, and let op, (-) € Z4[Q]. Then, my : Ty — Tan is said to be g-(Tg0,Tqx)-
continuous if and only if, for every (Og o, Hg,s) € Tg5 X 7Ty 5 there corresponds (O ,, Hg..) €

Ty0 X Ty such that:

[75 ! (Oa0) Copg (Og)] V [75" (Hg0) 2 ~opg (Hqw)]. (6)

g g

A g- (Z4.0,%4,5) -continuous map is of category v if and only if it is in the class of g-v- (Tg.0, %y x) -

continuous maps:
0-0-C (T Tox] © {7y (¥04.0, Ho.0) (30y.0, Hr, 0P, ()
(75" (Og.0) S opg, (Ogw)) V (15! (Hgo) 2 m0pg, (How))] ) (T)

Definition 2.5 (g-v- (%40, %, 5)-Irresolute [9]) Let T30 = (Q, Tg.0) and Tyx = (X, T.n)
be Ty -spaces, and let op, (-) € Z [Q]. Then, mg : Tg0 — Tq,x is said to be g-(Tg0,Tgx)-

irresolute if and only if, for every (Oys, Hg,6) € Ty x X 7Ty 5 there corresponds (O ., Hgw) €

100



Mohammad Irshad Khodabocus and Noor-Ul-Hacq Sookia / FCMS
g0 x 7Ty such that:

[Wg_l (Opg (ﬁgﬂ)) C opg (ﬁgaw)] v [Wg_l (ﬁ OPyg (%U)) 2 0P, (%w)} (8)

A g- (%40, %q,xn) -irresolute map is of category v if and only if it is in the class of g-v- (Tg.0, %y x) -

irresolute maps:

def

g-v-1 [59,95‘592] = {”gz (Vﬁgm%ya) (aﬁg,w»%,w’of’g,u('))

[(,/TEI (Opg,u (ﬁg,a)) g Opg,y (ﬁg,w)) Vv (ng (_‘ Opg,u (‘%,U)) 2 _'Opg,y (‘){’/va))] } (9)

The classes of g- (%40, %4 x)-continuous and g- (T4 0, T4 x)-irresolute maps, respectively, are:

0C [T Tgxl = |J 0v-ClT0i Tysl, 01[T0;Tas] = | ov1[Th0: Tyl (10)

vell vell

By a g-J3-open set and a g-J;-closed set are meant a Jy-open set 0y € J; and a J-closed
set Hy € =T, satisfying Oy C op, (0y) and Jy 2 —op, (Hy), respectively. Likewise, by a g-7;-
open set of category v and a g-;-closed set of category v are meant a Jj-open set Oy € J
and a Jy-closed set ., € .7, satisfying 0y C opy , (0y) and J5 O —op, , (Hy), respectively;
g- T -sets of category v will be called g-v-.7;-sets [9].

Given the Ty-sets #q, S5 C Ty, X4 is said to be equivalent to Sy, written £y ~ S, if
and only if, there exists a Ty-map 7y : Zy — /3 which is bijective. A Ty-set Sy C Ty is finite
if and only if ./ =) or S ~ I’ for some p € I3, ; otherwise, the Ty-set 7 is said to be infinite.
A Ty-set #y C Ty is denumerable and satisfies the condition card (%) = X (aleph-null) if and

only if .4y ~ I . The Ty-set Z, is called countable if and only if it is finite or denumerable [9].

The symbol <<797a € g-v-S [‘Sg]> denotes a g-T;-sets sequence of category v in T,

a€ll

[9, 11]. The sequences (. € g-S[Tg]) (%0 € 3-0[%,)) and (¥g,q € 0-K[Tq))

a€ly’ €l a€lz’

respectively, are simply said to be a g-Ty-covering, a g-T4-open covering, and a g-Tg-closed
covering of a Ty-set .y C Ty whose cardinality is at most o € I3, if and only if the corresponding

relations .75 C Upers Laias “s € Unerr %g,0 and %3 € cr #5.0 hold true [9, 11]. The map

¥ (Lga € 0-S[T,)) — (Fao(a) € 8-S [Eg]>(a,ﬁ(a))e,éx,* (11)

aclx 3(o)

is said to realise a g-T4-subcovering <‘5ﬂ9ﬂ9(a)>(a sepersxr: . of g from the g-Tg-covering

9 (o)

<‘5ﬂ9’a>a61; if and only if 7 C U(a’ﬁ(a))a:x[*

9 (o)

Fa9() 19, 11]. The Tg-set Sy C Ty of a
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Ty-space Ty is g-v-Tg-compact if and only if, for every <%g7a € g-v-0 [Tg]>a€I*’

3<%9719(a)>(a,19(a))61;><1* RO U Uy.9(c)s (12)

?(e) * *
(a,9(v)) el Xlo(a)

where ¥ (o) = card(I:;(g)) < card (I}) = o [9, 11]. The class of all g-v-Ty-compact sets is:

gv-A [T, {yg W g € 80-0 (%)) . M o)) e ess s,

9(o)

<y C U %ﬁ(a)) } (13)

(o, 9())el: x[q’;(@

A g-T4-covering (Fy.o € g-S [S’:‘Dael* of a Ty-set Sy C Ty of a Fy-space Ty = (Q, F) is a

g-T4-refinement [9, 11] of another g-Tg-covering (%45 € g-S [Tq)) of the same T,-set .7, if

BEL:

and only if:

(VaeI;)(3B el})[Spa S Zyp). (14)

Definition 2.6 (g—u—ﬂgA]-Space [9, 11]) A Fy-space Ty = (R, T,) is called a g—y—ﬁgA]—
space denoted g—y—i[gA] def (Q,g—y—ﬂ[A]) if and only if each g-v-Ty-open covering <%g,a €

g

g--0[T]) of T4 has a finite g-v-Ty-open subcovering.

aclk

By g-v-TiM o (2, -7 M), go-gBA o (Q,g-v-7 ), and g-v-glA o (Q, -7 ),
respectively, are meant countably, sequentially, and locally g-v-T LA] -spaces; by a g-7 EJE] -space
g—‘IgE] = (Q,g-ﬂ[gE]) is meant g-‘I[gE] = \/uelg’ g-y-‘I[gE} = (Q,\/Velg g—z/—ng]) = (Q,g—ﬂ[gE]),

where E € {A,CA,SA,LA}.

Definition 2.7 (Finite Intersection Property [9, 11]) A sequence (%3 € ¢-S [‘Ig]>ael* of
g-Ty-sets is said to have the “finite intersection property” if and only if every finite subsequence

of the type <y975(0‘)>(a,,8(a))61;><1;; has a non-empty intersection:

v<ygﬁ(a)>(a,g(a))61; Iz <y97a>a61; : ﬂ Z4.8() # 0- (15)
(e.Ba))els <1

Definition 2.8 (g-T,-Accumulation Point [9, 11]) A point § € Ty of a Fy-space Ty =
(R, Fy) is called a “g-T; -accumulation point” (or “g-T -limit point”, “g-T; -cluster point”, “g-T -

derived point”) of a Ty-set Sy C Ty of Ty if and only if every g-T -open set Uy e € g-O[T]
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containing & (whether £ € Sy or £ ¢ /) contains at least a point ¢ € S\ {£}:
€ € Uy € 0-0[T] = SN (% \{E}) #0. (16)

The set dery () C Ty of all g-T; -accumulation points is called the “g-T -derived set of Sy "

Definition 2.9 (Countably g-T -Compact [9, 11]) A Ty-set S5 C Ty of a Ty-space Ty =
(2, Fy) is said to be “countably g-T -compact” if and only if every infinite T, -subset £y C S

of Sy has at least one g-%;-accumulation point £ € S .

Definition 2.10 (Sequentially g-T ,-compact [9, 11]) A Ty-set Sy C Ty of a TF-space

Ty = (Q,T,) is “sequentially g-% . -compact” if and only if every sequence (£, € .7, . in
g g g9 8/aelx,

Sy contains a subsequence <§19(a)>( acr+ Which converges to a point § € Sy .

a,9(a))els XTI = <€0‘>

Definition 2.11 (g-T,-Neighborhood [9, 11]) Let £ € T, be a point in a Ty-space Ty =
(Q, Ty). A Ty-subset Ny C Ty of Ty is a “g-Ty-neighborhood of §7 if and only if Ny is a
Ty -superset of a g-T;-open set Uy ¢ € g-O[T,] containing § :

(€ Ma: Uyc) € Ty x Ty x g O[Ty] 1 £ € Ue C Ny (17)
The class of all g-T;-neighborhoods of £ € Ty, defined as

def

g-N[E] = {AM C Tyt (e € 9-0O[F,])[€ € e € A} (18)

is called the “g-T -neighborhood system of £

Definition 2.12 (Locally g-T;,-Compact [9, 11]) A T;-set Sy C Ty of a Ty-space Ty =
(R, Fy) is said to be “locally g-T;-compact” if and only if, given any (E,(/Vgé) € Sy x g-N[¢],
there is a g-%, -neighborhood Ny € g-N[€] of € such that Age C Nge and Nge Uderg(Age) €
g-A[Ty].

By omitting the subscript g in almost all symbols of the above definitions, we obtain very

similar definitions but in a J -space; see [9, 11, 12].

3. Main Results

The main results of the theory of g-T4-compactness are presented in this section.

Lemma 3.1 If ; € g-A[%,] is a g-Ty-compact set of a g—ﬂéH) -space g—TéH) = (Q,g—féH))
and suppose & ¢ Sy, then there exists (Ug,a. Uy3) € 8-O[Tg] x g-O [T4] such that ({£},.S,) C

(%g,av %9,5) and ﬂuza,@ Uy =10.
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Proof Let ./; € g-A[T4] be a g-Ty-compact set of a g-ﬂgH) -space g-TgH) = (Q,g-féH)) and
suppose { ¢ /. Since £ ¢ .7, it results that ( € ./ implies £ ¢ {¢}. But by hypothesis, T, is a
g—ng) -space g—EéH) = (Q,g—yéH)) and therefore, there exists (%g,c, 0229,4) € g-0[%y] x g-O[T]
such that (£,¢) € %y,c x Uy,c and Uy N U, = 0. Hence, it follows that ., C Uceyg Uy,

meaning that <?297<> is a g-Ty-open covering of ;. But .7; € g-A [T4]. Consequently, there

CES,

exists (%g.c(u)) et xry = \Zat)ces, SUch that Lo C U cuers wry Zacin - Now let

Uy,o = m %g,c(u)v Uyp = U %g{(#)‘
(1, (R)ELZ X F g (1:C(w))€ls x g
It is evidently that, (%g,a, %y,8) € 8-O [Tg] x g-O [T4], since (% () ?2974(#)) € g-0 [Ty xg-0[%T]
for every (u,¢ (n)) € 1% x 7. Furthermore, ({¢},.%) C (%0, ) , since & € Uy () for every

(i, ¢ (1)) € I x 4. Lastly, let it be claimed that () Uy, = 0. Then, U,y N 02/;,,4(“) =0

p=a,pB
for every (u,¢ (u)) € 1% x %y which, in turn, implies that % Q%Ag,C(u) = for every (u,( (u)) €
17 x 5. Hence,

ﬂ Uy = Ug,a N ( U %AgyC(#)> = U (%g,a N %Q»C(M))
(

p=a,p G () EL3 X (G (1) €T %

This completes the proof of the lemma. o

Theorem 3.2 Suppose #; € g-A[Ty] be a g-Ty-compact set of a g—yéH) -space g—TfBH) =
(Q,g—ﬂéH)). If € ¢ S, then there exists a g-Tq4-open set Uy € g-O[Z4] such that & € Uy C

C(7)-

Proof Let .7y € g-A[%y] be a g-Ty-compact set of a g—ng)—space g—TéH) = (Q,g—ﬂéH))
and suppose { ¢ .75. Since T, is a g-féH) -space g-‘IgH) = (Q,g—ﬂgH)), there exists then
(%9,0229) € g-0[Ty] x g-O[Ty] such that ({&},.7) C (%9,0229) and %, N %, = (. Hence,

Uy NSy =0 and consequently, £ € %; C C(.#,). This proves the theorem. a

Proposition 3.3 Suppose .#; € g-A[Ty] be a g-T4-compact set of a g—ng) -space g—‘IgH) =

(Q,0-7M), then S € gK[T,) in g-TI.
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Proof Let .7 € g-A [T ] be a g-T,-compact set of a g—?éH)—space g—TgH) = (Q,g—ﬂéH)). It
must be proved that .%; € g-K [T,] which is equivalent to prove that C(.7;) € g-O [T4] in g—TéH) .
Let £ € 0(F); that is, € ¢ 7. Since £ ¢ .7, there exists a g-Ty-open set %, ¢ € g-O [T,] such
that & € %, ¢ C 0(,). Consequently, C () = Uect(#,) #a.c- Therefore, C(S) € ¢-0[F,],
since % ¢ € g-0 [T, for every ¢ € C(#). Hence, .7, € g-K[T ] in g—EgH). This proves the

proposition. O

Lemma 3.4 If T, = (Q,7;) is a Jy-space whose g-topology Ty : & (Q) — P (Q) is cofinite

on Q, then Ty is a g¢-TN -space ¢-TN = (0, g- 7).

Proof Let T; = (Q,.9;) be a J-space whose g-topology J; : & () — & () is cofinite

on ) and suppose <ﬁ2/g’a € g-O [Sg]> be a g-Z-open covering of Q. Then, [(%,.) €

acll
g-K [T, for any chosen a € I}. Furthermore, since J; : & () — (1) is cofinite on €,
Uyg,o, it follows that, for every a € I%, C(%,.) is a finite g-F;-closed set. Set C (%) =
{gﬁ(a) s (o, B (a)) € IF x Is(g)}. Since (%g,o € 9-O [S9]>a61* is a g-J-open covering of (2,

for every (o, B()) € Iz X I, &pa) € C(%g,) implies the existence of % (a), Where

<%97"/(0‘)>(a,'y(a))elc’;><l* =< <%97O‘>a61;’ satisfying £g(a) € % (o). Hence, it follows that

(o)

C(%.0) U(a,'y(a))elj;xl:(a) %q,(o) and therefore,

Q= U0 U (Uy0) = U0 U < U %;m(a))

(ay(a))els XI:(U)

Thus, T4 is a g—ﬂgA] -space g—IgA] = (Q,g—ﬂg\]) . This completes the proof of the lemma. O

Theorem 3.5 If (%4, ) € 9-A[Zy] x g-A[T,] is a pair of disjoint g-Tg-compact sets of a
g—ﬂgH) -space g—iéH) = (Q,g—ﬂgH)), then there exists a pair (Ug,a, %y,5) € 6-O [T4] X g-O [T4] of

disjoint g-Ty -open sets such that (R, Sy) C (Ug,a, Uy,3) -

Proof Let (%y,-73) € 9-A[T4] x g-A[T4] be a pair of disjoint g-T-compact sets of a g—ﬂgH)—
space g—‘ZgH) = (Q, g—ﬂgH)) and suppose & € Zg. Then, since Z3N.7; = 0, it results that & ¢ 7.
But by hypothesis, .7, € g-A [T,] and consequently, there exists (%, ?/Agé) € g-0[%y] x g-0 [T]

such that ({€},.74) C (%.e, Zgc) and Uy ey = 0. Since & € Uye , it follows that (%g.e ),
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is a g-T-open covering of Zg. Since Z, € g-A [T, a g-T4-open subcovering
<%v<€>><£,v<s>>e%x%g = <%5>5e%g’

where ,%A’g C %, is finite, can be selected so that Z; C U(g,v(g))e@gx%g Uy, v(¢)- Furthermore,
s C m(c,ﬂ(ﬁ))ejgxfg 02/;719(5), where ,5’?9 C ., is finite, since .y C ?29,19(5) for every (¢,9(()) €

5’% X Sy. Now let

Uy,o = U Uywie)y Uop = m Uy,9(0)-
(E,0(E)ER G xRy (¢H(Q))EF X F

Observe that (%Zy,%y) € (%o ,3). Moreover, (%o, %) € §-O[T4] x g-O[F,], since
Uy(e) € 9-0[F,] for every (§,v(E)) € %A’g x #y and 622&19(0 € g-0[%,] for every ((,9(()) €
Sy xSy . The proof of the theorem is complete when the statement %, oN%, s = () is proved. First
observe that, for every (¢,{,v (€),9(¢)) € @g X 5’?9 X Ry x Sy, the relation % ey N %Agﬂg(g) =0

implies %g.(¢) N %y,3 = (). Consequently,

() %u= ( U %v(f)) NU.p U (g (e) N Uy )

p=a,B (E,0())ERy X By (&0(8))€Rg xRy

= U 0=0.

(f,v(&))e@g XRg

This proves the theorem. O

Theorem 3.6 Let Ty 0 = (Q, Ty ) and Tyx = (X, Ty x) be Ty-spaces. If 1y : Ty — Ty s
a g- (T4.0,%4,x) -continuous map and Sy, € g-A [‘ZQ,Q] in Tg0, then im(7rg|y;g w) € g—A[ngg]

m {3:972.

Proof Let T30 = (2, J0) and Ty5 = (X, J5 ) be given J;-spaces, 1y € g-C[Tg.0; T3],

Faw € -A[Ty0] in Ty and suppose (%) be a g-T4-open covering of im(ﬂ'g‘yg w) in

aclx

Ty,x. Then,

Faw Syt omg (Fgw) S gt ( U Uy.o) C U T (%y.a) -

a€elx aelx

Thus, (73" (%)) is a g-Ty-open covering of Z,, in Ty 5, because my € g-C [Ty 0; % 5]

acly

and for every a € I}, %o € 9-0[%gq] implies 7' (%,0) € 9-O[Tyx]. But, the rela-

tion S € g-Al:‘}:gJZ} holds and consequently, there exists <7r;1 (62/9,19(&))>(a 9(a)) eIz X I
7 o 9 (o)
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71'94_1 (%g’ﬁ(a)) holds. Accord-

(mg ! (%9701)>04€I; such that the relation g0 € U4, 9(a))

erxxI®

9 (o)
ingly,
g (Sgw) C Mg 0 7@1( U %ﬂ(a)) - U Uy 0(c)-
(,9(e))ETs XI5, (a,9(a))Els XI5,

Thus, <02/9’19(a)>(a,19(o¢))61;><I;(U) is a g-T4-open subcovering of im(ﬂ-g‘yg,w) and hence, it follows

that im(ﬂg‘yg w) € g-A [‘5972] in ¥y 5. The proof of the theorem is complete. ]

Theorem 3.7 Let %y, C Tgq be a Ty-set and let w1y € g-1[T5.0; Ty 5] be a g-(Tg0,Tgx)-
irresolute map, where Ty 0 = (Q, Ty a) and Tyx = (X, Ty x) are Ty-spaces. If Sy, € g-A [SQ} ,

then im(ﬂﬂlfg,w) € g—A[igyg] .

Proof Let ;. C T4 be a Ty-set and let my € g-1[T5.0; Ty 5] be a g- (T4, Ty xn)-irresolute
map, where Tg0 = (Q, Z0) and Ty = (3, Fyx) are Jy-spaces. Suppose Sy, € g—A[‘IQ],

let <9/g’a € g—O[‘ZgD be any g-Tg-open covering of 74 (W) C Tgx. Then, since 7y €

a€Ell

0-1[%5.0; %q.x], it follows, evidently, that the relation .4 Uy es- 75 ' (%g,0) holds. On the other

hand, since 7., € g-A [EQ] , it results that, a g-T4-open subcovering <%g’19(a)>(a S(ayelzxr -
' X9 (o)

<%9=“>ael* exists such that the relation .., C U(a,ﬂ(a))eI*XI;( )ng(%g,ﬁ(a)) holds. Conse-

quently, it follows, then, that my (FG..) C U(a 9(a))ELx X I* Ug,9(a) and hence, im(7rg‘y,g ) €

9 (o)

g-A [Sg’g] . The proof of the theorem is complete. O

Lemma 3.8 Let g—")’:gA] = (Q7g—3£A]) be a g—ﬁgA] -space. If Sy € g—K[g—‘IgA]], then Sy €

g-A[g-T] in gz

Proof Let g—igA] = (Q,g—ﬂgA]) be a g—ﬂgA] -space and suppose 7y € g—K[g—TgA]]. Sup-

pose <02/g)a € g—O[g-‘ILlA]DaeI; be a g—‘IgA]—open covering of .7, then Q = (Uael; 02/97,1) U

E(yg) = Uae]; (@/97(1 U C(yg)), meaning that <?/g7a U E(Yg»

. ~ [A]_ .
acr: 828 Ty -open covering

of 7y because, #; € g—K[g—SLA]] implies C (%) € g—O[g—SLA]]. On the other hand, g—EgA]

is, by hypothesis, a g-f[gA] -space. Thus, there exists <%ﬂﬂ9(a)>(a Sayelzxs - <52/g,a>

5(o) aelx

such that Q = (U(a,ﬁ(a))EI;XI:;(G) Ugo(a)) UE(F). But 3 NC(H) = 0 and hence, .7; C

U(a,ﬂ(a))el; w1+ 3.9(a)- This shows that any g—f[gA] -open covering <?/g7a ul (Yg)> of 7

9 (o) aEl:
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contains a finite g—TgA] -open subcovering <%gﬂ9(a)>( and hence, .7; € g-A [g-TgA]]

a,9(a))ETs XI5 0y

in g—‘ILA] . The proof of the lemma is complete. O

Theorem 3.9 Let g—‘Ig}]z = (Q,g-ﬂ[;\s])) be a g-ﬂgA] -space and let g—‘IgIZ) = (Z,g-?gg) be a

9-953}1) -space. If the g-T -map my Q-TL, — g 3 2 is a one-one g-(g- ‘ZLS]I g (IE!HZ)) -continuous
Al ~ A
map, then g—T[g’S]l =Ty (Q-Tg,s]z) :

Proof Let g—fﬁ = (Q g- Q[A]) be a g- Q[A] -space and let g- TS’Z = (E,g—ﬂg’g) be a g—ﬂgH)—

space, and suppose g : g- ‘I[A} — g ‘I( E) is a one-one g- (g ‘Iﬁgz, g-‘Ing))-continuous map. Clearly,

H

Ty g—Tg% — g—‘I;’Z) is onto, and since it is, by hypothesis a one-one g-(g- fgg]z g- TEFE))'

continuous map, it follows that W; ‘IEHE) — g T Q exists. It must be shown that e

C[g ‘Ig ! T[A]] Recall that 7rg_1 : g—TéIfZ) — g—‘IE}]Z is g- ( SQHE, Q[A]) -continuous if and

only if, for every J ., € g- ,?LAg]l, ( g_l)_l (Hgw) = mg (Hyw) € g—K[g—ESB} and 7y (Hgw) C

im(ﬂgm). Clearly, #5., 2 —0py (Hgw), 0 Hguw € g—K[g—f[gA]]. But, J4. € g—K[g—TgA]]

B

implies 5., € g—A[g—TgA]] in g—ng]. Furthermore, since 74 € g-C|g- ‘IQAS]],Q ngZ)}, it follows

)

that 74 (fg.w) € g-Alg- Tg Q} and 7y (W) C im(wglz). But, 7y (Agw) € g-A [g—fgg] implies

Sy € 0K [g—‘ZgH)]. Accordingly, m; ! € g-C [g-ig’{z); g-i"g‘?‘g)] and hence, g- T[ =~ 7y (g SLJAQ)) The

proof of the theorem is complete. a

Proposition 3.10 Let g-‘ZgA] = (Q,g—ﬂgﬂ) be a g-ﬂ[gA] -space and let g-‘IgH) = (Q,g-ﬂgH)) be

a g—ﬁgH) -space. If g—ﬁLA] ) g—yff), then g—ﬂLA] = g—ﬂff).

Proof Let g-‘E[gA] = (Q,g—ﬂgA]) be a g—ﬂgﬂ -space and g—TgH) = (Q,g-ﬂgH)), a g—ﬂéH) -space,
and suppose g-7 gA] 29-7 g{). Further, consider the g-T;-map 7y : g—TgA] — g—‘IgH) defined by
g (§) = £. Since g—ygA] ) g—ygl), for every 0y, € g—ﬂg{{), there exist 0y 9(a) € g—ﬂgA] such

that W;l(ﬁgﬁ(a)) = Og.0 € 0py (Oy.a). Consequently, mq : g- f[ 5]2 — g—iglg) is a one-one and

onto g- (g fg o 0 ‘Z(H)) -continuous map from a g—ﬂgA] -space g—fﬁ’gl to a g—yéH) -space g—T;HZ)

)

and therefore, g- ‘I[ s]z = g(g-‘Ig}]z). Hence, g—ﬂgA] = g—ﬂg’{). The proof of the proposition is

complete. O

Theorem 3.11 If 7 € g-A[T,] is a g-T -compact set of a Ty-space Ty = (2, Ty), then it is
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also countably g-T;-compact in Ty .

Proof Let ; € g-A[T,] be a g-T;-compact set of a Jy-space Ty = (2, .7;) and suppose
Ky C Sy be any infinite Ty-subset of ;. Equivalently proved, it must be shown that, the
assumption that Z; has no g-T -accumulation point § € .7, leads to a contradiction. Since
Hq C Sy is, by assumption, an infinite Ty-subset of #; with no g-T;-accumulation point § € .74,
it follows that, for every £ € ., there exists a g-T -open set % ¢ € g-O [Tq4] which contains at

most one point ¢ € %Zg4. It may be remarked, in passing, that <@/975> is a g-T;-open covering

ceFy

of the g-T -compact set .7 € g-A [T,] for 7 C Ugey’g Usy.¢ - Consequently, there exists a g-% -

open subcovering <02/gﬂ9(§)> where 5//;9 C S, such Zy C 7y C

(EDEeFx Py <%g’o‘>a€1;’

Uy,9(¢)- But, for every (£,9(€)) € S x jg, Ug,9(¢) contains at most one point

Ute.oenes, <7,

¢ € Zy. Therefore, the infinite T -subset %Z, of .7, satisfying %, C U(g,ﬁ(g))eygxﬁg Ug,9(¢) »

can contain at most n = Card(ﬁ’?g) < oo points. Accordingly, it follows that every infinite Tg-
subset Z, C .7 of 7 contains a g-T -accumulation point € .. Hence, 7 € g-A [Tq] is also

countably g-%;-compact in Ty. This completes the proof of the theorem. O

Corollary 3.12 Every Jy-space Ty = (2, 7;) having the property that every countable g-% -

open covering <%g’a € g0 [’)’Zg]> of the Jy-space Ty contains a finite g-T;-open subcovering

a€ll

<%,ﬂ(a)>(w(a))elixlg( = <62/g,a>a61; of Ty is a countably g-y[gAJ -space g-SLA] = (Q,g-ﬂLA}).

Theorem 3.13 Let my : Tyo — Tyxn be ¢ g- (Tq,0, %y x)-continuous map, where Tgo =

0, Tya) and Ty = (Q, Ty.a) are Ty-spaces. If S5, C Tga be a sequentially g-%, -compact
9, g, 9, g g, 9, g

set in T40, then im(7rg|5,,g ) C %g,n is also a sequentially g-T;-compact set in Ty .

Proof Let 7y € g-C[T40;%y 5], where Ty 0 = (2, Z50) and Ty0 = (Q, T4.0) are J,-spaces,

and suppose ¥, C Tg o be a sequentially g-T -compact set in Ty . If <Ca € Ty (y&w»ae]*

be a sequence in im(my,, ) C Ty, then there exists a sequence (€o € ),y in F such
7g (§a) = (o that for every a € I3,. But, by hypothesis, /3., C Tgq is sequentially g-T-
compact in Ty . Therefore, there exists a subsequence <€O‘>O¢EI;‘O =< <£19(a)>(0m19(a))€1;ox1;o
which converges to a point & € ;. On the other hand, 7y € g-C[T;0;%, x| and there-
fore, mg : Tgo —> Ty x is sequentially g- (T4, %, x)-continuous. Consequently, it results that

<7r9(519(@))>(a,19(a))elgoxlgo = <§g(a)>(a,ﬂ(a))61;“; converges to my (§) € im(wgly,gw). Hence,
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im(ﬂg‘ygyw) C T4,x is sequentially g-Tg -compact in Ty 5. O

Proposition 3.14 Let my : Ty0 — Tgx be a g- (Ty.0, Ty 5)-continuous map, where Ty o =
(2, Tg0) and Ty = (2, Tya) are Ty-spaces. If Sy, € g-A[Ty0] is a g-T;-compact set in

Ty, then im(wg‘yg w) € ATy 5] is also Ty-compact in Ty s .

Proof Let ng € g-C[Ty0;%,5n], where T30 = (R, J5.0) and Ty 0 = (Q, T a) are J-spaces,

and suppose (%o € O[Tg5]) be a T -open covering of .7 , = im(ﬂ-glyg,w) C Tyx. Then,

aell

since the relation 7y € g-C [Ty 0;%T4 5] holds, it results that <7T9_1(02/g>a)>a61* is a g-T -open

covering of S, = 7 (Fy0), because O[Ty 0] C g-O [Ty 0]. Since S, € g-A[Ty0], a finite

g-%;-open subcovering <7rg_1 (%g =< <7r_1 (%g’a)>a61* exists, and such that,
n

»19(06))>(a,19(a))61; xI* g

9(n)

T C U(a’ﬁ(a))el;”;m 77;1(52/9719(&)). Since 7y € g-C[Tg,0; Tq,x], it follows, consequently, that

Ug,9(«) - Therefore, <7r;

Y(U,0) € O[Tg5]) is a finite T4-open

Ty (Faw) C U(a,ﬂ(a))el;; xI*

B (n) acly

subcovering of 75, C Ty x. Hence, im(7rg|5,,g ) € A[Ty 5] is also Tyg-compact in Tygx. The

proof of the proposition is complete. O

Theorem 3.15 Let my @ Tgo0 — Tyx be a g- (T4, %y x)-continuous map, where Tyo =
(Q, Tg0) and Tgo = (Q, Tya) are Ty-spaces. If Sy C Ty is a countably g-T;-compact

set in T4 0, then im(ﬂglyg ) C Ty,» is also a countably g-T;-compact set in Ty 5.

Proof Let my € g-C[Tg0;% 5], where T30 = (2, F0) and Ty = (Q, T50) are J-
spaces, and suppose 5., C Tg0 be a countably g-T -compact set in Tyq. To prove that
im(wg‘yg,w) C Tyx is countably g-T -compact in Tyyx, let S, C m (L3w) be an infinite
T y-subset of im(ﬂglygyw). Then, a denumerable ¥j-subset %4, = {Ca D« € I;o} C S0
exists. Since %y, C Syo C im(%l&’g,w) = 7y (F4w), there exists a denumerable ¥,-subset
Ryw = {fa D oa € I;‘o} C Sgw, With Wg(fa) = (o for every a € IX . But, by hypothesis,
Saw C Tgq is countably g-T -compact in Ty, so %, contains a g-T;-accumulation point
£ € Syw. Thus, & € Ky Uderg (%yw) C Hgw and 7y (€) € im(wglyg,w) = Ty (Lgw);
evidently, derg (%) € 9-K [T q] and therefore, a g-Tj-closed set ¥4, € g-K[T q] exists such
that, derg (Zgw) = Ygw- But, by hypothesis, 7y € g-C[T40;Tg,x]. Consequently, my(Zg U
derg (Zg,)) C g (Rg,) Uderg(mg (Zgw)) = R0 Udery (Zy,0). But, £ € #y, Uderg (%) and

therefore, 74 (§) € %y, Udery (#Zy.0). Now, mg (§) € #y,0 Uderg (#y,6), so let it be claimed that
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g (§) is a g-T;-accumulation point of %, ,. There are, then, two cases, namely, § ¢ Ry, and
EE€EHy, -

1. Case & & Ry U & & Ay, then 7y (§) ¢ (Zgw) = Hg,o. But, mg(§) € g0 U
dery (%4,5) and consequently, 74 () is a g-T;-accumulation point of %, .

. Case £ € Ky If & € Ky, choose a p € I such that £ = €,. Then, € ¢ 92?97‘*, =
{éa: a €I\ {u}} and every g-%4-open set %, ¢ € g-O [Ty containing ¢ contains at least a
point £ € @g’w = {&a: a €3, \{p}} and therefore, { is a g-T;-accumulation point of %A’g,w.
But, wg(%’g’w) = {Co: a € I%\ {u}} since, by hypothesis, 74({s) = (o for every o € IZ,.
Thus, 74 (§) is a g-T;-accumulation point of 7, (%A’g’w) where 74 (@g,w) C %4, - Moreover, since
Ty (%A’g,w U derg (@g,w)) C g (%A’g’w) U derg (g (é?g,w)) = Ry, U der, (%A’g’a) , it follows that, m4 (£)
is a g-Tj-accumulation point of Ryo. Since Byy C Sy C im(wglyg‘w) = g (Hgw), mg(£)
is also a g-T -accumulation point of .7, and 74 () € im(ﬂ-‘glyg,w) = g (Sgw). Therefore,
every infinite Ty-subset .7y, C im(mg, ) of Ty () contains a g-T -accumulation point in
7y (F4w) and hence, im (ngyg’w) C Ty,» is also a countably g-% -compact set in Ty ;. The proof

of the theorem is complete. O

Proposition 3.16 If /; C T, is a sequentially g-T;-compact set of a Ty-space Ty = (Q, %),

then every countable g-%;-open covering <02/g,a € g0 [Tg]> of the g-T;-compact set Sy is

aclk

reducible to a finite g-T;-open subcovering of the type <%9719(a)>(a,19(a))612><13( : =< <%’370‘>aeI; of

Ty

Proof Let it be assumed that . C T is a sequentially g-T;-compact infinite set of a 7;-space

Ty = (2, 7). Furthermore, assume that there exists a countable g-T -open covering <%g7a €

g-O [‘Ig]>ael* of .74 with no finite g-%;-open subcovering <02/9719(a)> =< <52/g7a>

(a,9(a))elzxTI}

(o) acly

of ;. Finally, introduce the sequence ({, € .5) and define its elements in the following

acl*
manner. Let ¢ (1) € 15,y C I7 be the smallest integer in Ij ) such that /4N % 91) # f; choose
§1 € SN U901y Let 9(2) € I35y C 15 be the least integer larger than o (1) in I35 such that
Sy N Uyp2) 7 0; choose & € (yg N %9719(2)) \ (5”9 N 02/9719(1)) . Note that, such a point & always

exists, for otherwise % (1) covers .#;. Continuing in this way, the properties of ({,) for

aEI;o ’

every a € I\ {1}, are
o € SN Uv), o f UueI;_l (L5 N %00)), P () >0 (a—1).
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Let it be claimed that <§0¢>o¢€I;O has no convergent subsequence <§19(a)>(a719(a))6130 I =< <€a>a61;o
in #. Suppose £ € F, then there exists a p € I3 such that £ € %g,9(,)- Now, SN U9(.) 7 0
since, §{ € 4 N %,,9(,)- Thus, there exists v € I;;(U) such that, %;90) = %,0u)- But, by
the properties of the sequence <§a>ael;’ a > ¥ (v) implies &, & %g,9(u) - Accordingly, since

§ € Uy € 3-O[T] no subsequence <fﬂ(a)>(a’ﬁ(a))61;“; < (€a)aers Of (Sa)qers converges to
§ € Fy. But, § was arbitrary and hence, .y C Ty is not sequentially g-T;-compact in T,. The

proof of the proposition is complete. O

Theorem 3.17 If 7 € g-A[T,] is a g-T -compact set of a Ty-space Ty = (2, Ty), then it is

also locally g-%-compact in Ty.

Proof Let %, € g-A[T,] be a g-T -compact set of a Fy-space Ty, = (0, 7). Since

Sy € g-A[T,], for every g-T -open covering (U0 € 3-0[T,)) there exists a g-T -open

a€cly’

subcovering (%y.u(0)) (o p(ayers xrs, . < (oa)aer, SUeh that F5 C Upa g(a) a0 Tt

o €I*xTI%

2()
is clear that, for every & € .7, there exists % ¢ € g-O [T4] such that ;N %e = Uy 9(a) N Uy e
for some (a,d(a)) € I} x I3 For every (0, &, 9 (a),v(a,§)) € IF x Sy X I3y % Loy
set Ugv(ae) = Ugo(e) N e Then, since (%yp(a) Zae) € 9-0[T4] x g-O[Ty] for every
(@, 8,0 (a)) € 17 x Fyg x I, there exists, for every (a,&,7(a)) € I x Fy x Ij,), a pair
(Og.9(0), Og¢) € Ty x Ty of Ty-open sets such that, (%,9(a) Zac) C (opg(ﬁg’g(a)),opg(ﬁg’g)).

Consequently,
U v(o6) = Ug9(e) N Uyg © 0Dg(Og9(e) NODg(Og,) S 0Dg(Og,0(0) N Ogie) = 0Dg(Tg,0(06))-

where %y .u(a,e) = Ygwa) N e for every (o,§,9(a),v(a,§)) € IF x Sy x I;;(U) X I;(U).

Therefore, %y v(a,¢) € 8-O [Tg] for every (o, &9 (o) ,v (o, §)) € I3 X Sy x 15y < I

o(o) But, since

€ € Ugv(ag) © Ugo(ae) U derg(Zy 0(ae)) and Xy o(a) O U (oe) U derg (%, o(0re)) € 8-A [Ty, it

results that,
€ € Uy o(ag) © Ug,o(ae) Y derg(Xy 0(a,6)) C Uy i(a)-

Thus, given any (&, %.9(a)) € 3 x8-0 [T,], thereis a g-%,-open neighborhood % 9(a.e) € 8-N[€]
of ¢ such that % p(a.e) C %a,0(a) a0d X 9(a) U derg (% 0(a)) € 8-A [T4). Hence, .7 € g-A [T,]
implies that it is also locally g-T;-compact in Ty. The proof of the theorem is complete. O

Corollary 3.18 Every J;-space Ty = (0, ;) having the property that every local g-%, -open
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covering <%g7a € g-O [Tg]> of the y-space Ty contains a finite g-%;-open subcovering

acll

<02/9a19(0‘)>(04,19(a))61;><1* =< <@/g,a>aelg of Ty is a locally g—ﬂgA] -space g-TgA] = (Q,g-ﬁgﬂ).

9 (o)

Theorem 3.19 Let my : Ty — Tgx be ¢ g-(Tg,0, %y x)-continuous map, where Tgo =
(2 Tg0) and Tga = (Q, Tya) are Ty-spaces. If Sy, C Ty is a locally g-T,-compact set

in T40, then im(ﬁg‘yg w) C Tyg,» 18 also a locally g-%y-compact set in Ty s .

Proof Let my € g-C[%y0;%, 5], where Ty 0 = (2, F0) and Ty = (Q, T50) are Fy-
spaces, and suppose %y, C Ty o be locally g-T -compact in Ty . Since 7, is locally g-% -
compact, for any given (5,,/1/9,5) € Sgw X g-N[¢], there is a g-T -neighborhood %)5 € g-N[¢]
of ¢ such that %75 C Mge and ,/1/;75 U derg(%7§) € g-A[Tgq]. Consequently, ¢ € JVM: -
N Uderg (M) C Mg and thus, mg (€) € mg(Ng.e) S mg(Ag.e Uderg(Aye)) C mg(Agee) - But,
Ty (,/1;9,5 Uderg (%5)) C 7y (Ji?g,g) Urg (derg (Ji?gg)) because, by hypothesis, 74 € g-C[T4 0;Fq,5].

Therefore,
7q (§) € mg (M) € mo(Agie Uderg(Sge)) C mg(Age) Uderg(mg(Age)) C mg(He)-

Since Ji?g,g C Ty is a g-T;-neighborhood in Ty containing § € S C Ty, Wg(e/i;g’g) C
Tgx is a g-T;-neighborhood in Ty s containing 4 (§) € 4 (Yg,w) € Tyn. Now my (Ji?g,g) U
derg (7g (Ji?gg)) € g-A[Ty ] by virtue of the statements t/i;g)g U dery (f/i?g)g) € g-A[T,y0] and
Ty € 6-C [Tg,0; Tg,x]. In other words, for any given (mg (€),74(A5.¢c)) = (¢ Ag¢) € Laoxa-N[(],

there is a g-T;-neighborhood 74 (JVQ,E) = %74 € g-N|[(] of 7y (§) = ¢ such that 4 (%75) =

Hae © Moo = To(Nae) and mwo(Age) U derg(me(Age)) = e Uderg(Hc) € g-AlTqz].
Therefore, 7 , C Ty is locally g-T;-compact in Ty 5. But, S, = 7y (Fp0) = im(wg‘yg w)'

Hence, im (ngf’g ) C Ty,x is locally g-T;-compact in Ty 5. The proof of the theorem is complete.

O

4. Discussion

4.1. Categorical Classifications
Having adopted a categorical approach in the classifications of g-T;-compactness in the 7 -space
%y, the dual purposes of the this section are firstly, to establish the various relationships amongst

the elements of the sequences <g—l/—(ELE] = (9, g—V—ﬁ[gE]»Ve ;o and (g5 = (0, g—v—ﬂ[E]»
3

ve I3
of g-v-7 LE] -spaces and g-v-7 [E] -spaces, respectively, where E € {A, CA,SA, LA}, and secondly,

to illustrate them through diagrams.
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(A]
g

o

‘:LLA] ‘I[[;A] ‘ILCA] TIBSA]

~[LA T [CA] ~[SA]
9,4![9 | «—— ¢T) —— o7} -~ T

Figure 1: Relationships: g-T-compact spaces and Ty-compact spaces

It is plain that T;-compactness implies both countable Ty-compactness and local countable
%4-compactness; sequential T;-compactness implies countable %;-compactness. Moreover, the

S LA A CA A CA SA  q:
following implications also hold: g-T ;" «— g-T, g-T;" «— g-T;, and g-T;" «+— g-T ;" . Since
the relation T «— g—‘I[E] holds for every E € {A,CA,SA,LA}, taking this last statement
together with those preceding it into account, the diagram presented in Figure 1 follows, in which

and <S£E] > where

are illustrated the various relationships amongst the elements of < g—SLE]> EeA’

EeA
A={A,CA,SA,LA}.

(LA]
g

For each v € IJ, these implications hold: g-v-% — g—u—ng], g—V—‘IgCA} — g—V—TLA],
and g—u—féCA] — g—V—EgSA]. For each E € A = {A,CA,SA, LA}, these implications also hold:
g—O—‘IgE] — g—l—ng], g—l—ng] — g—3—‘Z£3E] , and g—Q—TgE] — g—3—‘ILE]. When all these implications
are taken into consideration, the resulting compactness diagram so obtained is that presented in

Figure 2. It is reasonably correct to call them g—i[gE] -spaces of type E and of category v, where

(v,E) € I9 x {A,CA,SA,LA}. As in the papers of [7] and [17], among others, the manner we have
positioned the arrows is solely to stress that, in general, none of the implications in Figures 1 and

2 is reversible.
In order to exemplify the notion of g-igE] -spaces of type E and of category v, where

(v,E) € I§ x {A,CA,SA, LA}, a nice application is presented in the following section.

4.2. A Nice Application
Focusing on basic concepts from the standpoint of the theory of g-%,-compactness, we shall now
present a nice application.

Let T3 : & () — £ () be the g-topology on € =N (set of positive integers) generated
by J;-open and J-closed sets belonging to:

Ty = {ﬁg,(2u—172u) : (V/‘ € I:o)([ﬁg,@u—lﬂu) = m v [ﬁ97(2u—172u) ={2n - 172“}])}5

Ty = {%7(%—172#) : (V,u € I;o)([%v(%—lﬂu) = N] v [%,(QM—L?M) = E({2“ - 172/‘})])}’
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Q—D-SE}LA] -— g_l_lzLLf\] - g 3_AZ£;LA] g-2- ‘ELLA]

[A]
g

[A]

LA] — 025

g—ﬂ—‘ELA] - g 1-TY e g-3-F

f / y \]
g_O_S[C:\] g_l_z[c‘—\] 9—3—‘1[0(3;\} g—Q—TEICA]

\ A \ A

g-0-T54) o- 1_T£}SA] g-3-T5 g-2-Tl5A

Figure 2: Relationships: g-% -compact spaces

respectively. As in the above case, it results that J; : & () — £ (Q) satisfies the relations
Tg0) = 0, Ty (Og2p-121) S {20—1,20} = Oy 2u—1,20 and, %(ﬂﬂEI; O 2u-120)) =
Nuer: Zo (Oa.2u—1,20)) as well as Ty (Uere O on-120)) = Upers Zo (G 2u—1,20)) » since the
two relations ﬂueI; Og.2u-1,2p) = 0 € Ty and Uuel; Oq,2u—1,21) = ) € Jy, respectively, hold.
Therefore, T4 = (F, ) is a Jy-space and, moreover, since the relation Ty = (7, Q) = (7,Q) =

T holds, it is also a 7 -space. Notice that <ﬁg,(2o¢71,2a)> is a Ty-open covering of 2, since

aclx,
Og,(2a-1,2a) € O[T for every a € I7, and furthermore, it is also a g-T4-open covering of €2,

since Oy (2a-1,20) € 0Py (Og.2a—1,20)) € 8-O[T,] for every a € IZ . However, T, = (7, Q),

where (2 = N, is not a ‘ILA] -space because <ﬁg7(2a_1,2a)> is a T4-open covering of 0 with no

aElx,
finite T4-open subcovering.

As stated above, since g-T,-compactness implies T4-compactness, it follows, obviously,
that it is also not a g—‘IgA] -space. On the other hand, T, = (g, ), where Q = N, is also not
in

a sequentially g-%4-compact 7;-space for the simple reason that sequence (£, = a € Q) ;.

%4 contains no subsequence of the type <§19(a)> =< (€a) e Which converges to a

(o, 9 () Q)T XTIk,
point £ € Q. Hence, T4 is not a g—T[gSA] -space which, then, implies that it is also not a TgSA] -space.

Let #; C %4 be a non-empty Tg-set in Fy. Then, it is no error to express it in the
form 7 = g UL, where S = {p: (Vaeli)p=20]} and L4 = {u :

(Vo€ IZ,) [w = 2 — 1]} . Since .7y # 0, consider an arbitrary point & € . If £ € S
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then, for every Tg-open set % ¢ € O[Ty] containing &, SV N (% e \ {£}) = 0 and 7N
(%975 \ {f}) # (. But, if £ € yg‘jdd then, for every Tj-open set %, € O[%4] containing &,
SN (Uge \{€}) # 0 and LN (% \ {€}) = 0. In either case, it follows, then, that .7
have at least one Tg-accumulation point. Accordingly, %, is a ‘Z[BCA] -space. For every o € I%_, set
Ug2a-1 = {20 — 1} and %20 = {20}, Accordingly, %y 20—1, %g,2a € 9-O [T4] since %y 2a-1,
Uy 20 C 0D (04, (2a—1,20)) € -0 [T for every o € I7, . Observe that, S4N (% 20-1\{200 — 1}) =
0 and 3 N (%20 \ {2a}) = 0 for every a € I, . This proves the existence of an infinite Ty-set

Hq C Ty with no g-Tj-accumulation point and hence, Ty is not a g—‘ZLCA] -space.

In relation to the above descriptions, further .7;-properties amongst the g-7 LJA] -spaces

o7 = (20 7), 0T = (2,077, g T0N = (2, 0-75Y)  and ¢T3 = (Q,0-7 1Y)

called, respectively, g—ygA] -space, countably g—ﬂLA] -space, sequentially g—ﬂgA] -space, and locally
g-7 gA] -space, can be discussed in a similar way by slight modifications of some J;-properties

found in those cases.

4.3. Concluding Remarks

In a recent paper [11] the study of a novel class of g-T;-compactness in J-spaces was presented.
In this paper, the concept is further studied and other derived concepts called countable, se-
quential, local g-%4-compactness in Jg-spaces have also been studied relatively. It was shown
that g-T4-compactness implies local g-4-compactness and countable g-T;-compactness, sequen-
tial g-%4-compactness implies countable g-%-compactness and g-%4-compactness is a generalized
topological property (briefly, .7, -property).

For future research, it would be interesting to develop the theory of g-%4-compactness of
mixed categories. More precisely, for some pair (v,u) € I3 x I such that v # u, to develop
the theory of g-Tj-compactness in terms of relatively g-%4-open sets belonging to the class
{?/g = Uy O Uy o (YU, Uy,p) € g—V—O[Tg] X g—u—O[Sg}} in a J;-space T4. Such a theory is

what we thought would certainly be worth considering, and the discussion of this paper ends here.
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1. Introduction

In Riemannian geometry, many authors have studied curvature properties and to what extent they
determined the manifold itself. Two important curvature properties are quasi-conformal flatness
and Weyl-symmetry.

In [1], Alegre, Blair and Carriazo introduced and studied generalized Sasakian-space forms.
These spaces are defined as follows: Given an almost contact metric manifold (M, ¢,&,1,g), they
say that M is a generalized Sasakian-space form if there exist three functions fi, fo and fs on

M such that

R(X,Y)Z = f{g(Y,2)X -g(X,2)Y}
+fo{9(X,0Z)Y - g(Y,0Z)$pX +29(X, ¢Y)pZ} (1)
+f3{n(X)n(2)Y = n(Y)n(Z2)X +g(X, Z)n(Y)§ - g(Y, Z)n(X)E},
for any vector fields X,Y,Z on M, where R denotes the curvature tensor of M. In such a case,
we will write M (f1, fo, f3)-
Then, Kim studied conformally flat generalized Sasakian space forms [5].

In this paper, we study quasi-conformally flat generalized Sasakian-space forms and quasi-

conformally Weyl-symmetric generalized Sasakian-space forms.
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2. Preliminaries

An odd-dimensional Riemannian manifold (M, g) is said to be an almost contact metric manifold

if it admits a tensor field ¢ of type (1,1), a vector field £ and a 1-form 7 such that

n(§) =1, (2)
¢’ X = X +n(X)¢, (3)

and
9(¢X,9Y) = g(X,Y) = n(X)n(Y) (4)

for any vector fields X, Y on M [2]. Also,

€ =0 (5)

and
nod=0 (6)

are deducible from these conditions. We define the fundamental 2-form ® on M by ®(X,Y) =
g(X,9Y). An almost contact metric manifold M is said to be a contact metric manifold if
9(X,9Y) = dn(X,Y). If £ is a Killing vector field, then the contact metric manifold is said

to be a K -contact manifold. The almost contact metric structure of M is said to be normal if
[0,0](X,Y) = =2dn(X,Y)E, for any X,Y, where [¢,¢] denotes the Nijenhuis torsion tensor of
¢. A normal contact metric manifold is called a Sasakian manifold. A normal almost contact
metric manifold M with closed forms n and @ is called a cosymplectic manifold. Cosymplectic
manifolds are characterized by Vx§ =0 and (Vx¢)Y =0 for any vector fields X,Y on M. Given
an almost contact metric manifold (M, ®,&,7,9), a ¢-section of M at pe M is a plane section
m €T, M spanned by a unit vector X, orthogonal to &, and ¢X,. The ¢-sectional curvature of 7
is defined by g(R(X,¢$X)¢X,X). A cosymplectic space-form, i.e., a cosymplectic manifold with

constant ¢-sectional curvature c, is a generalized Sasakian space-form with f; = fo = f3 = § [6].

It is known that the ¢-sectional curvature of a generalized Sasakian-space form M (f1, fa, f3) is
fi+3f2 [1].

For a (2n+1)-dimensional almost contact metric manifold (M, ¢,&,n,g), n > 1, its Schouten
tensor L is defined by

1 T

L-- I
2n—1Q+4n(2n—1) ’

(7)

where @) denotes the Ricci operator and 7 is the scalar curvature of M. The Weyl conformal
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curvature tensor is given by

C(X,Y)Z = R(X,Y)Z

-[9(LX,Z)Y —-g(Y,Z)LX - g(LY,Z)X + g(X,Z)LY].

In dimension > 3, that is n > 1, M is conformally flat if and only if C' = 0, and in this case,

L satisfies (VxL)Y — (VyL)X =0 for any vector fields X,Y on M. In dimension 3, that is

n =1, C =0 is automatically satisfied and M is conformally flat if and only if L satisfies

(VxL)Y - (Vy L)X =0 for any vector fields X,Y on M.

A symmetric tensor field T of type (1,1) is a Codazzi tensor if it satisfies

(vxT)Y - (vyT)X =0.

For the later use, we give the following lemma which was proved Derdzinski.

Lemma 2.1 [3, 4] Let T be a Codazzi tensor on a Riemannian manifold M . Then, we have the

following:

If T has more than one eigenvalue, then the eigenspaces for each eigenvalue v form an

integrable subbundle V,, of constant multiplicity on open sets: If the multiplicity is greater than 1,

then the integral submanifolds are umbilical submanifolds and each eigenfunction is constant along

the integral submanifolds of its subbundle. Moreover, if v is constant on M , then the integral

submanifolds of V,, are totally geodesic.

Let M(f1, f2, f3) be a (2n + 1)-dimensional generalized Sasakian-space form. Then, the

curvature tensor R of M is given by (1). From (1), we can easily see that

QX = {2nf1 + 3f2 - fg}X - {3f2 + (2TL - ].)fg}’l?(X)g,

T=2n(2n+1)f1 +6nfo—4nfs.
Moreover, we can see that

1 3 3
LX = {~5/i- me}X + {mfz + fa3n(X)E.

Therefore, the Weyl conformal curvature tensor C' can be written as

CZ = bV, D)X - (X, 2)Y)

+f2{9(0Y, 2)¢X - g(¢X, Z)9Y +29(X,9Y)pZ}

2n

5 O = n(V ()X + 90X, 2V )6 - g (¥, Zn(X)E.

(12)
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The notion of the quasi-conformal curvature tensor was defined by Yano and Sawaki [8]. According

to them a quasi-conformal curvature tensor is defined by
C(X,Y)Z = aR(X,Y)Z
+[S(Y, 2)X - S(X, 2)Y +g(Y, 2)QX - g(X, Z)QY] (13)

“Tnrilan t B DX - g(X.2)Y],

where a and b are constants, S is the Ricci tensor, @) is the Ricci operator and 7 is the scalar
curvature of the manifold M?"*1. A Riemannian manifold (M?"*! g), (n > 1), is called quasi-
conformally flat if the quasi-conformal curvature tensor C = 0. If a =1 and b = %, then the
quasi-conformal curvature tensor is reduced to the Weyl conformal curvature tensor.

A Riemannian manifold is said to be quasi-conformally Weyl-symmetric manifold if

R(X,Y)-C =0,

where C' is the quasi-conformal curvature tensor.

On the other hand, from (1), we have

R(X,Y)E = (f1 - f3){n(Y)X -n(X)Y} (14)

and

R(&,X)Y = (fr = f3){g(X, V) -n(Y) X} (15)

3. Quasi-Conformally Flat Generalized Sasakian-Space Forms

Theorem 3.1 Let M(f1, fo, f3) be a (2n+1)-dimensional generalized Sasakian-space form. Then,

we have the following: (i) If n > 1, then M is quasi-conformally flat if and only if fo =

—%fg, (it) If M is quasi-conformally flat and & is a Killing vector field, then it is flat,
or of constant curvature, or locally the product N' x N?" , where N is a 1-dimensional manifold

and N?" is a 2n-dimensional almost Hermitian manifold of constant curvature. In any case, M

is locally symmetric and has constant ¢-sectional curvature.

Proof Assume that M(f1, fo, f3) be a (2n + 1)-dimensional generalized Sasakian-space form.

Using (1), (9), (10) and equation S(X,Y) =¢(QX,Y) in (13), we obtain

COCY)Z = o [(-Bav D)o+ (2a+ 220~ DD fs){9(Y, 2)X ~g(X, 2)Y)
+afolg(X,02)6Y - g(Y,62)6X +29(X,6Y )62} (16)

+[(a+ (2n-1)b) f3+ 3bf2 {n(X)n(2)Y —n(Y)n(Z2)X

+9(X, Z)n(Y)E - g(Y, Z)n(X)E}.
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If a=1 and b = —Qn%l, then we obtain (13), that is, the quasi-conformal curvature tensor is

reduced to the conformal curvature tensor.
Suppose that M(f1, fa2, f3) is quasi-conformally flat and n > 1. Then, we have C =0.

If we put X =¢Y in (16), then we find

ﬁm(?b —a)fy+2(a+ (2n-1)b) f3){g(Y, Z2)¢Y - g(¢Y, Z)Y}

+afa{g(9Y,02)0Y - g(Y,0Z) %Y +2g(pY,6Y )pZ}
+[(a+(2n-1)b) f3+ 3bf2{n(6Y)n(Z)Y - n(Y)n(Z)¢Y (17)
+9(¢Y, Z)n(Y)§ - g(Y, Z)n(9Y )&} = 0

or using (3) and (4) in (17), we obtain

1
2n+1

+2(a+ (2n-1)b) f3{g(Y, Z2)9Y - g(¢Y, Z)Y'} (18)
+lafa+ (a+ (2n-1)b) fs + 3bfa {-n(Y)n(2)¢Y - g(Y,¢Z)n(Y )¢}

+afo{29(Y,Y)0Z = 2n(Y)n(Y)$Z} = 0.

[3(2b-a)fa+a(2n+1)fs

If we choose a unit vector U such that g(U,&) =0 and put Y =U in (18), then we have

1
2n+1

[{(2(n-1)a+6b) fa+2(a+(2n-1)b) f3}{g(U, Z)pU - g(pU, Z)U } +2(2n+1)afoZ] = 0. (19)
Putting Z =U in (19), we get
{(2(n-1)a+6b+2(2n+1)a)fa +2(a+ (2n-1)b) f3}oU = 0.

Thus, we have

(2(n—-1)a+6b+2(2n+1)a)fo+2(a+ (2n-1)b)f3=0.

From this equation, we get

B (a+(2n-1)b)

f2= 3(an +b)

fs. (20)

Conversely, if fo = —%ﬁ;, then from (16), we have C(X,Y)Z =0 and hence, M(f1, fa, f3)

is quasi-conformally flat. Therefore, when n > 1, M(f1, fo, f3) is conformally flat if and only if

fa= —%fg. Thus, the first part (i) of the Theorem 3.1 is proved.

For the proof of the second part (ii), we assume that M (fy, f2, f3) is quasi-conformally flat

and ¢ is Killing. Then, the Schouten tensor L of the manifold is a Codazzi tensor, that is,

(VxL)Y —(VyL)X =0 (21)
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_ (a+(2n-1)b)

for any vector fields X,Y on M. Also, if n > 1, then we have f5 = f3 by the first part

3(an+b)
(i) and hence from (12), we obtain
Lx = [_%fl i 2(ncj+ b)(2na— [ HOfslX
e Db g, 0. (22)

(2n-1)(na+b)
Using (7), from (13), we get

C(X,Y)Z = aR(X,Y)Z-(2n-1)b[g(LY,Z)X - g(LX,Z)Y
+g(Y, Z)LX - g(X, Z)LY] (23)

_m(a +(2n-1)b)[g(Y, 2)X - g(X, Z)Y].

If n =1, then from (23), we get

C(X,Y)Z = aR(X,Y)Z-b[g(LY,Z)X - g(LX,2)Y

+9(Y,Z)LX - g(X,Z)LY ] (24)

.
—5 @+ )Y, 2)X - 9(X, 2)Y].
Since M (f1, fo, f3) is quasi-conformally flat, we can write C'(X, Y)Z =0, then we get

R(X,Y)Z = g[g(LY, )X - g(LX, 2)Y

+9(Y,Z2)LX - g(X,Z)LY] (25)

+z(owrb)

L2 g(V. D)X - (X, 2)Y]

for any vector fields X,Y,Z. In the 3-dimensional manifold M (f1, f2, f3), the Schouten tensor is

given by (11),
LX = =S (fy +3f2)X + B+ fn(XE, (26)
From (25) and (26), we obtain

a—2b 2 a+b
2= =

R(X,Y)Z = [fi+( Msl{g(Y, 2)X - g(X, 2)Y}

a a

#2382+ J5) (0 I(Z)X - n(X)n(2)Y (1)
+9(Y7 Z)’I?(X)f - g(Xv Z)U(Y)f}
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If we take
fi= i+ (922 fo = 2(220) fs,
(28)
f5 =232+ f3),
then we can write
RX,Y)Z = [fi{9(Y,Z)X -9(X,Z2)Y}
+fs {In(Y)n(Z2)X = n(X)n(2)Y
Equation (26) gives
1 3
sz(—§f1+§f2+f3)§~ (29)
If X is a vector orthogonal to £, then we get
LX =~ (i +3)X. (30)
For n > 1, then from (22), we get
1 1 4n?-2n-1
Lf:_§[fl_{na+b[( Y Ja+b]}f3]¢. (31)
If X is a vector orthogonal to £, then we have
LX =[-2 ! b fX 32
_[_§f1+2(na+b)(2n—1+ ) f3]X. (32)

Let &, F1, Es, ..., Eq, be local orthonormal vector fields on M (f1, fa, f3). Then from (21), (22)
and (32), we get
1 1
(veL)E; - (ve,L)E: = —5(Bif)E;+ S (Ejf1)E;i

1 a
b

51 T OUE)E; — (B f2)Ei]
(2n+1)(n-1)

ma.ﬁ?’n(inEj -vg Ei)§=0. (33)

Taking inner product with E; in (33), we have

1 a

(Eif) = s (5

= (na N b) + b)(EJfg) (34)

125



Ahmet Yildiz / FCMS

Using (31), we obtain

1 1 4n? -2n-1
(v, DEFLE € = 3l o (g = ax b} v, €
1 1 4n? -2n -1
_i(Ejf1)€+2(na+b)[( —— Ja+b](E;fs)E.
If we use (34) in (35), then we get
2 _op _
(Ve L Ls € = ~5{fim s ()0 b} 9, €

2n+1)(n-1)
(2= 1)(na ) “Ff)é

Since v g,¢ is orthogonal to &, using (32), we get

1 a

1
L(vE;€) = [—§f1 + 2(na+b)(2n— 1 +b)f3] vE, &

Thus from (36), we obtain

2n+1)(n-1)

(vE, L) = [m

al((Ejf3)§+ f3vg, §).

Since ¢ is Killing, then we get

(VELVE, + L(9¢E)) = [-560R) + grs (G + DECIE

+[_%f1 i 2(nal+ b)(2na—1 +0)fs] ve By,
where
L(veEj) = —%fl Ve Ej+ 2(ni+ ) (Qna_ [P0 fsve By
Thus from (36), we have
(VELVE; = [-56(0) + g (5 + DECDIES.

Since (vg,; L) = (veLl)E;, from (38) and (41), we get

2n+1)(n-1)

[(2n— 1)(na +b)

al((E;f3)§+ fa v, §)

1 1 a
= 5800 * gy G g+ DEURIE
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Taking inner product with E; in (42), we obtain

1

£(fr) = m(Q +0)&(f5)- (43)
Taking inner product with £, from (42), we get
(2D D (8 f)e + s v, €) =0, (44)

(2n-1)(na+b)
this gives E;f3 =0 and fsvg, £=0 (j=1,2,...,2n). Combining this with v¢£ =0 gives

f3(vx§)=0 (45)

for any vector field X . From (45), we get

(Yf3)(vx&) + f3 vy vx£=0.
This equation and (45) give
(Xf3) vy §-(Yf3) vx &+ fslvx vy § - vy vx - vixy)€] = 0.
Multiplying this equation with f3 and using (45), we get
FIR(X,Y)E=0.

This equation and (14) give
F(f = f)In(YV)X -n(X)Y] =
from which we obtain f3(f1 - f3) =0.
Consider the case f; = 0. In this case, we have f3 =0 on M and hence, fo =0. Thus, M

is flat.

Next consider the case f; # 0. Differentiating f3(f1—f3) =0 with & gives {fi+[——+ (m+b) (g +

b) —2]f3}&(f3) = 0. If f3(p) =0 at a point p € M, then f1(p)&(f3)(p) =0, where since f; # 0,
we get £(f3) =0 at p. If f3(p) # 0, then f3 = f; in an open neighborhood U of p. Thus,

{(Zii?(;: f)fg}g(fg) =0. For n>1, since 1+n-2n?#0, we get £(f3) =0 on U. Thus, we have
&(f3)=0on M. Since E;f3=0 (j=1,2,...,2n), fs is constant on M. Hence, we have:

(a) If f3=0, then M is of constant curvature fi.

(b) If f3 #0, then we have f; = f3 and vx& =0 for any vector X on M. Hence, the

Schouten tensor L has two distinct constant eigenvalues % f1 with multiplicity 1 and —% f1 with

multiplicity 2n. Therefore, we have the decomposition D@ [£], where D is the distribution defined
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by 7 =0 and [£] is the distribution spanned by the vector . By Lemma 2.1, D is integrable.
Hence, M is locally product of an integral submanifold N! of [¢] and an integral submanifold

N?m of D. Since the eigenvalue is constant on M, N2 is a totally geodesic submanifold of M

by Lemma 2.1. If we denote the restriction of ¢ in D by J, then
PPX=¢?’X =-X +n(X)E=-X

for any X € D. Hence, J defines an almost complex structure on N2,
Also, ¢'(JX,JY) = g(¢X,9Y) = g(X,Y) - n(X)n(Y) = ¢'(X,Y) for any X,Y € D, where
g is the induced metric on N?" from g. Hence, (N?",.J,¢') is an almost Hermitian manifold.

Since N2 is a totally geodesic hypersurface of M, the equation of Gauss is given by
R(X,Y)Z=R(X,Y)Z

for any vector fields X,Y and Z tangent to N?", where R’ is the curvature tensor of N2". Thus,

we get

R(X,Y)Z=filg'(V,Z2)X - g'(X,2)Y]

and hence, N2" is a space of constant curvature f,. In any case, from the above arguments, we
can easily see that M(f1, fa, f3) is locally symmetric. Since f; and f3 are constants, we can see

that M is of constant ¢-sectional curvature. This completes the proof of the Theorem 3.1. m|

The above theorem was proved in another ways by Kim [5] and Sarkar and De [7].

Remark 3.2 In the Theorem 1, the condition 7§ is Killing vector field” cannot be remouved.
For example, given (N, J,g) with constant curvature c, say, a 6-dimensional sphere with nearly
Kaehler structure [6], the warped product M =R xz N, where f >0 is a nonconstant function on

R, can be endowed with an almost contact metric structure (¢,€,m,9y).

4. Quasi-Conformally Weyl-Symmetric Generalized Sasakian-Space Forms

Let us consider a quasi-conformally Weyl-symmetric generalized Sasakian-space form M (f1, fo, f3).

Then, the condition

R(X,Y)-C=0
holds on M( f1, f2, f3) for every vector fields X,Y . Hence, we have
(R(X,Y)-C)(U,VIW = R(X,Y)C(UV)W -C(R(X,Y)U, V)W
-C(U,R(X,Y)V)W - C(U,V)R(X,Y)W =0. (46)
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So, for X = ¢ in (46), we have
R(&,Y)C(U VYW - C(R(E,Y)U, V)W
-C(U,R(&,Y)V)W - C(U,V)R(E, Y)W =0.
From (15), we get
(f1 = I, CUVIW)E=n(C(UVIW)Y - g(Y,U)C(E, V)W
+n(U)C(Y, VIW = g(Y,V)C(U, &)W +n(V)C(U, Y)W
~g(Y,W)C(U, V)& +n(W)C(U,V)Y} =0.
Taking the inner product of (48) with &, we obtain
(f1 = ) {9V, CUVIW) =n(C(U,VI)W)n(Y) = g(Y.U)n(C (£, V)W)
+(U)n(C(Y, VIW) = g(Y,V)n(CU,E W) +n(V)n(C(U,Y )W)
wn(W)n(C(U,V)Y)} =0.
Putting Y = U in (49), we have
(f1 = Y g(U.CU.VIW) =(C(UVIW)(U) = g(U,U)n(C (&, VIW)
w(U)n(C(U,VIW) = g(U, V)n(C(U,OW) +9(V)n(C(U,U)W)
+n(W)n(C(U,V)U} = 0.
From (16), we get

a+(2n-1)b
2n+1

n(C(X,Y)Z) = (
Putting Z = ¢, the equation (51) turns into the form
n(C(X,Y)E) =0.
Thus, using (52) in (50), we obtain
(f1 = 3){g(U, C(U, V)W) = g(U, U)n(C (&, V)W)

~g(U,V)n(C(U, W) +n(W)n(C(U,V)U)} = 0.

M=3f2+ (1-2n) f3{g(Y, Z)n(X) - g(X, Z)n(Y)}.

(48)

(50)

(51)

(52)

(53)

Let {e;}, 1<i<2n+1, (€241 = &) be an orthonormal basis of the tangent space at any point.

Then, the sum for U =¢;, 1<i<2n+1, of the relation (53) give us

(f1 - f3){g(ei, Clei, VIW) = g(es, e)n(C(E, V)W)

~g(ei, VIn(C(ei, OW) +n(W)n(C(ei, V)e;)} = 0.
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On the other hand, from (51), we have

a+(2n-1)b

n(CEVIW) = (5 —

=32+ (1=2n) f3]{g(W, V) =n(W)n(V)}.

Using (55) in (54), we get

(i F)aer, Oler, VW) 2“2 D0 3, o (1 2m) gw v} =0,
Also, from (16), we have
Cle, VIW = ——[(=3a+6b)fa + (2a-+2(2n - 1)b) f5)[g(W, V)ei - g(W, e)V]

2n+1
+afa[g(ei, W)V — g(V, W) e + 2g(ei, oV ) oW ]
+[(a+(2n=1)b) f5 + 3bf2][n(e ) n(W)V = n(V)n(W )e;

+g(ei, W)n(V)€ = g(V, W)n(e:)¢]-
Taking the inner product of (57) with e;, we get

a+(2n-1)b

9(C(es, V)W, e;) = ( D

)Bf2+ (2n=1)f3)[g(W. V) = (2n+ )n(W)n(V)].
If we use (58) in (56), we get

(fr=fs)la+(2n=1)b)(3f2 + (2n = 1) f3)[g(W, V) = n(W)n(V)] = 0.
If f1 # f5 and a # (2n-1)b, then 3fy + (2n—1)f3 = 0, that s,

fp=-22 U,

Hence, using (60) in (10), we obtain

T= 271(2’(7, + 1)(f1 — fg)

and using (60) in (9), we get
QX =2n(f1- f3)X.

So, we have the following result:

(55)

(57)

(61)

Theorem 4.1 Let M(f1, fo, f3) be a generalized Sasakian-space form. Then, M?*"*t (n > 1) is

quasi-conformally Weyl-symmetric if and only if either f1 = f3 or fo= —@fg (when f1 # f3),

where a # (2n —1)b.
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Abstract: In this study, we consider bi- f-harmonic Legendre curves in Sasakian space forms. We

investigate necessary and sufficient conditions for a Legendre curve to be bi- f-harmonic in various cases.

Keywords: Bi- f-harmonic curves, Legendre curves, Sasakian space forms.

1. Introduction

Let (N,g) and (N,g) be two Riemannian manifolds and 1 : (N, g) - (N,g) be a smooth map.

Then, let give the following definitions.

Definition 1.1 Harmonic maps between two Riemannian manifolds are critical points of the

enerqgy functional
1
E@W) =3 [ lavfdv,
for smooth maps 1 : (N,g) - (N,g). Namely, ¢ is called as harmonic if
7(¢) = =d*di = tracevdy = 0.

Here 7(v), which is the tension field of v, is the Euler-Lagrange equation of the energy functional

E(v),d is the exterior differentiation, d* is the codifferentiation, V is the connection induced from

the Levi-Civita connection VY of N and the pull-back connection vV [1, 3, §].

Definition 1.2 v is called as biharmonic if it is critical point, for all variations, of the bienergy

functional
o) =5 [ Ir(w)Pde

It means that v is a biharmonic map if bitension field 7o(v)) equals to

o (¢) = trace(VV VY - VL) (¢) - trace(RN (di, (1)) di) = 0, (1)
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where RN is the curvature tensor field of N /3, 12].

It is easy to see that any harmonic map is a biharmonic map. On the other hand, a
biharmonic map is called as proper biharmonic if it is not harmonic. Now, let us remind the

definition of a bi- f-harmonic map.

Definition 1.3 1 is called as bi- f -harmonic if it is critical point of the bi- f -energy functional

Era) =3 [ Irp(w)Pdvy,

where Tp(¢) = fr(y) + d(gradf) is the f-tension field. The Euler-Lagrange equation for the

bi- f -harmonic map is given by

7r2(9) = trace(VY (VY 1, (1)) = FVEN T (1) + FRY (74(1), dip)dep) = 0, (2)

here Tf2(1)) is the bi- f -tension field of the map ¢ and f is a smooth positive function on the
domain [12].

Note that overall throughout this paper, we will use SSF instead of Sasakian space form for

the sake of simplicity.

The authors of [14] summarized the relationship between biharmonic and bi- f-harmonic
maps; by extending bienergy functional to bi- f-energy functional defining a new type of harmonic

map called as bi- f-harmonic map.

Bi- f-harmonic maps were introduced by Ouakkas et al. in 2010 [9] and Perktag et al. ob-
tained bi- f-harmonicity conditions of curves in Riemannian manifolds and derived bi- f-harmonic
equations for curves in various spaces such as Euclidean and hyperbolic space in 2019 [12]. Bihar-
monic Legendre curves were handled in SSF by Fetcu in 2008 [4] and were introduced by Ozgiir
and Giiveng in generalized SSF and S-space forms in 2014 [10, 11]. Subsequently, f-biharmonic
Legendre curves were examined by Ozgiir and Giivenc in SSF in 2017 and were studied by Giivenc

in S-space forms in 2019 [6, 7].

Inspired by these papers, in this study, we examined bi- f-harmonic Legendre curves in
Sasakian space form. Firstly, in Section 2, we remind definition and properties of a Sasakian space

form. Then, in Section 3, we give our main theorems and corollaries.

2. Sasakian Space Forms

Let (N,g) be a framed metric manifold with dim(N) = (2n + s) and a framed metric structure

(©,€a,n%,9), where a € {1,...,5}; ¢ is a (1,1) tensor field defining a p-structure of rank 2n;
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&1,...,& are vector fields; n',...,n® are 1-forms and ¢ is a Riemannian metric on N.

For all K,LeTN and «,f €{1,...,s}, following formulas are satisfied;

O’K =-K + Z:n“(K)fa, n%(€s) =dap, ©(&a)=0, n%op=0, (3)
9(oK. oL) = g(K, L) - z 7 (K (L), (4)
dn* (K, L) = g(K, L) = ~di*(LK), 17 (K) = g(K. ). (5)

If Nijenhuis tensor of ¢ equals to —2dn®®¢&, for all a € {1,...;s}, then (p,&4,n%,g) is called
S—structure and if s =1, a framed metric structure becomes an almost contact metric structure;

an S-structure becomes a Sasakian structure, then we have [2, 11, 13]:

(Vo)L = z (oK. oL)w + 1 (L) K, (6)
Véa=-p, ac{l,.. s}. (7)

A plane section in T, N is a ¢-section if there exists a vector K € T, N being orthogonal
to &1, ...,&s such that K, K span the section. The sectional curvature of a ¢-section is called ¢-
sectional curvature such that a S-manifold of constant ¢-section curvature c¢ is called as S-space
form. Finally, if s =1, a S-space form becomes a Sasakian space form [2, 6, 7]. For a SSF, from

equations (6) and (7), it is easy to see that

(VKSO)L:g(KaL)f_n(L)Ka (8)

Vi =-pK 9)

and the curvature tensor R of a SSF is given by

R(K,L)M c*3

(9(L,M)K - g(K,M)L)

c—-1
4

+

(Q(K, oM )pL - g(L,pM)pK +2g(K, pL)pM +n(K)n(M)L

n(LYn(M)K +g(K. M)n(L)e - g(L, M)n(K)E) (10)

for all K,L,M ¢ TN [2].

Here let’s remind the definition of a Legendre curve in a SSF.
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Definition 2.1 A Legendre curve of a SSF (N?"*1 ©,£,n,g) is a one dimensional integral sub-
manifold of N and f3: 1 — (N*"*' 0 &, n,9) is a Legendre curve if n(T) = 0, where T is the

tangent vector field of 5 [6, 7].

3. Bi- f-harmonic Legendre Curves in Sasakian Space Forms

Let 8: 1 — N be an arc-length parametrized curve in a m-dimensional Riemannian manifold

(N,g) and wuy,us,,u, are vector fields along 8 such that

7

uy = /8 = T7
Vul (251 = k1u27
Vu,u2 = —kiug + kaus, (11)
Vulur = _kr—lur—l-
Then, B is called a Frenet curve of osculating order r, here ki,...,k._1 are positive functions on

I and 1 <r <m. With the help of Definition 1.3, S is called a bi- f-harmonic curve if and only if

following condition is hold [12],

7i0(8) = (FF ) ur+ B +2(f))Vayur + 41 F 92wy + 293wy + fPR(Voy ur, w1 )y

= 0. (12)

Now, let (N2"*1 ,&,1,9) be a Sasakian space form and 3: 1 - N be a Legendre curve.

Then, with the help of equation (11) and derivative of n(T) =n(u1) = 0, following equality

n(uz) =0 (13)

is obtained [7]. By using equations (10), (11) and (13), we get the following equalities

Vu1u1 = kl”?a
Vul vulul = Vilul = —k%ul + k1u2 + k1k2U3,
VoV Vagn = Vo uy = =3kikyur + (= K5 + Ky — kik3 Jus

+(2ky kg + kb Yug + Ky kokaua,

c+3 c—-1
1 Yuz + 3k ( 1 )9(uz, ui)pu;.

R(Vyur,ur)ur = ki

Then, by substutiting these equalities into the bi- f-harmonicity condition, namely into the equa-

tion (12), we obtain bi- f-harmonicity condition of a Legendre curve in a Sasakian space form as
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follows,

r2(8) = [(Ff) - 4kSS = 3kiky Pl
v [BFF 20 2k ALK+ (— K 4k — k2 4k (C2)) 2]
+ [Aff kiko + F2(2K, ks + kyky) Jus
+ [kikoksf?Jug
- 3P gl pu )
- 0. (14)

It should be noted that if function f is a constant, then bi- f-harmonicity condition turns
into a biharmonicity condition. For this reason, the function f will be considered different from a
constant throughout the paper.

Now, we give interpretations of bi- f-harmonicity condition given in equation (14).

Remark 3.1 [12] The property of a curve being bi- f -harmonic in a n-dimensional space (n > 3)

does not depend on all its curvatures, but only on ki,ks and k3.

Let k = min{r,4}. From equation (14), f is a bi- f-harmonic curve if and only if 77 2(8) = 0,

namely,
(i) ¢=1 or puy L ug or @uy € sp{ua,...,ux},
(i) g(772(8),u;) =0 forall i=1,... k.
Thus, we can give the following main theorem.

Theorem 3.2 Let B be a non-geodesic Legendre curve of osculating order r in a Sasakian space

form (N2 ¢ &€ n,g) and k =min{r,4}. Then, B is a bi- f -harmonic curve if and only if

(i) ¢c=1 or pui Luy or uy € sp{usg,...,ur},

(ii) the first k of the following differential equations are satisfied

(") —4k3ff —3kik 2 =0,

" ’ k:' ’ k:” _
k3 + k3 = 3f7 + 2(’07)2 +4k—1f7 + 2+ 2 3(5)g(ug, pun)?,

, (15)
4k2f7 + QkQ% + ke + 3(54 ) g(uz, pur)g(us, puy) =0,

kaks +3(57)g(uz2, pu1)g(ua, pur) = 0.
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From here on, we investigate results of Theorem 3.2 in eight cases.

Case I: If ¢ =1, then equation (15) reduces to

(Ff") —4k3ff —3kik 2 =0,

k%+k§:3f7+2(f7)2+4%f7+k—1+17

1
Aky L + 2ky 72 + iy =0,

keoks = 0.

Hence, we have Theorem 3.3.

Theorem 3.3 Let 3 be a non-geodesic Legendre curve in a SSF (N*"*! 0,€,m,9) and c = 1.

Then, B is a bi- f -harmonic curve iff following differential equations are satisfied

(Ff") 4k ff ~3kiky f2 =0,
" 12 k-, 7 k//
k%+k§:?>fT+2(f?)2+4]€—1’%Jr—l+17

1

Aky L + 2ky 2 + iy =0,

koks = 0.
Also, we get the following corollary from Theorem 3.2.

Corollary 3.4 Let  be a non-geodesic Legendre curve in a SSF (N?"" p,&,n,9) and c = 1.

Then, B is a bi- f -harmonic curve iff either

(i) B is of osculating order r =2 and f, ki satisfy the following differential equations

(FF) —4k3ff —3kik, f2 =0,

”
by
k1

k

k%:3f—+2(f—)2+4ﬁf7+ +1

or
(it) B is of osculating order v =3 and f,k1,ko satisfy the following differential equations

(FF) —4k3ff = 3kiky f2 =0,

kf+k§=3f7+2(f7)2+4%f7+k—1+1,

1

koL + 2k ) + iy = 0,
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Proof It is known that if ko equals to zero, then S is called as of osculating order 2. Here, if we
substitute zero, for ks in equation (16), third and fourth equations are vanished, then we obtain
the differential equations given in (i). On the other hand, if k3 equals to zero, then § is called as
of osculating order 3 and similarly, substutiting zero for k3 in equation (16), fourth equation is

vanished, so we obtain the differential equations given in (ii).

Case IL: If ¢c=1 and (f.f ) =0, then equation (15) reduces to

AR2ff + 3kik, f2 =0,
" ’ k-, ’ k"
k%+k§:3f7+2(f7)2+4ﬁf7+—1+17

1

Aky L + 2ky 72 + iy =0,

koks = 0.
Hence, we have Theorem 3.5.

Theorem 3.5 Let 8 be a Legendre curve with non-constant geodesic curvature in a SSF

(N . €n,9), c=1, (f.f”)' =0 and n>2. Then, B is a bi- f -harmonic curve iff either

_3
(i) B is of osculating order r =2 with f = ci1k;*, where ¢1 is a positive integration constant

and ki satisfy the following second order non-linear ordinary differential equation

16k1 - 162 - 33(k;)? + 20k1k; =0

or

_3
(i) B is of osculating order v =3 with f =c1k,*, ko = cok1, where c1,ca are positive integration

constants and ki satisfy the following second order non-linear ordinary differential equation

16(1 + 3k} + 20k, ky — 33(k;)? - 16k2 = 0.

Proof By using the first equation of (17), we get

£ 3k 21(11,1)2_§k7’1,
k! Ak

f 4]617 f _E (18)

_3
Thus from equation (18), we obtain f = ¢k, *, where ¢ is an integration constant. Then, we know
that if ke =0, 5 is called as of osculating order r =2 and if kg =0, third and fourth equations of

(17) are vanished. Finally, by substutiting equation (18) to the second equation of (17), we obtain

a second order non-linear ordinary differential equation 16k; — 16k% - 33(143,1)2 + 20k, k;’ =0.
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On the other hand, we know that if k3 = 0, 3 is called as of osculating order r = 3 and
if k3 =0, fourth equation of (17) is vanished. Then, by substutiting equation (18) to the third
equation of (17), we obtain that ks = cok; for a positive integration constant co. Finally, by using

these results in the second equation of (17), we get second order non-linear ordinary differential

equation 16(1 +c2)k? + 20k, k; —33(k})? - 16k2 = 0. So, the proof is complete. o
Case IIL: If ¢+ 1 and puy L ug, then equation (15) reduces to

(FF7) =4 f = Bhaky f* =0,

k3 + k3 :3f7+2(f7)2+4

Aky L + 2ka 7t + iy = 0,

koks = 0.
Then, before giving Theorem 3.7, we need the following proposition.

Proposition 3.6 [5] Let B be a Legendre curve of osculating order 3 in a SSF (N*"*1 ¢, &, n,9)
and puy L ug. Then, {uy,us,us,puy,Vu,oui,&} is linearly independent at any point of .

Consequently, n > 3.

Now, we can give Theorem 3.7.

Theorem 3.7 Let 3 be a non-geodesic Legendre curve in a SSF (N2 p,€,1,9), ¢+ 1 and

puy Lug. Then, B is a bi- f -harmonic curve iff following differential equations are satisfied
(F1") 4k ff =3k, 2 = 0,
K+ ky =35 v 2(f)2vapp

Aky L + 2ky 72 + iy =0,

kaks = 0.
Now, we can introduce the Corollary 3.8 of Theorem 3.7.

Corollary 3.8 Let (8 be a non-geodesic Legendre curve in a SSF (N*"*1 ¢, € n,9), ¢+ 1 and

wuy Lug. Then, B is a bi- f -harmonic curve iff either

(i) B is of osculating order r =2 and f, ki satisfy the following differential equations

(Ff) —4k3ff —3kik, f2 =0,

2 3 f” fl 2 k/ f! kll +3
ki —37+2(7) +4k—17+—11+cT
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or

(i) B is of osculating order r =3, n >3 and f,ki1,ko satisfy the following differential equations

(Ff) —4k3ff - 3kiki f2 =0,
§+i+

c+3
1 4

7
pha
k1 ’

K+ k3 =34 v 2(d) + 4f

Aky L + 2ky 72 + iy = 0,
Proof The proof is similar to the proof of Corollary 3.4. O
Now, let investigate the Case IV.
Case IV: If ¢+ 1, pu; L us and (ff”)’ =0, then equation (15) reduces to

AR2ff +3kik f2 =0,
K+ k3 =35 +2(f7)2+4k

Aky L + 2ha 2 + iy = 0,

koks = 0.
Now, with the help of Proposition 3.6, we can give the Theorem 3.9.

Theorem 3.9 Let 8 be a Legendre curve with non-constant geodesic curvature in a SSF

(N2 0. €m,9), c#+1 and puy Luy. Then, B is a bi- f -harmonic curve iff either

_3
(i) B is of osculating order r = 2 with f = c1ky *, {u1,u2, pu1, Vu, pui, &} is linearly independent,

n>2 and ki satisfy the following second order non-linear ordinary differential equation

16k} — 4(c+3)k? - 33(k;)? + 20k1k, =0
or

3
1

(ii) B is of osculating order r = 3 with f = c1k,*, ko = cok1, {u1,ua,us,pur, Vo, oui,&} is

linearly independent, n > 3 and ki satisfy the following second order non-linear ordinary

differential equation

16(1+ 2k} +20k1ky —33(k;)? — 4(c+3)k? = 0.

Proof It is proved as similar to the proof of Theorem 3.5. m|
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Case V: Let c#1 and puy | ue.

In this case, since puy || uz, we can write puy = Fug. Hence, g(us, pui) = F1,g(us, puy) =

g(us,Fug) =0 and similarly, g(u4, pu1) = g(ug, Fuz) = 0. Then, equation (15) reduces to

(Ff") -4k} ff = 3kik) f2 = 0,
" 7 k; ’ k;l
k3 + k3 :3f7+2(f7)2+4k—1f7+—1+c,
, , (19)
Ahy L + 2yt + iy = 0,

keoks = 0.

Remark 3.10 In [11], it is proved that in a SSF (N2 0. & n,9) if c#+ 1 and @uy || us, then
ko=1.

Hence, we give the Theorem 3.11.

Theorem 3.11 Let 3 be a non-geodesic Legendre curve in a SSF (N*"*1 ¢ €, n,9), ¢+ 1 and
_1
wuy || ug. Then, B is a bi-f-harmonic curve iff it is of osculating order r =3 with f=c1k;? and

k1 satisfies the following differential equations

1o

18(K})® - 1y ki ke, +4k2k; + 8Kk, = 0,
Akt - 3(ky)? + 2k k) —4(c—1)k? = 0.
Proof First of all from Remark 3.10, we know that ke = 1 and by choosing S as a curve of

osculating order r = 3, we get k3 = 0. Then, when we substitute these informations into the

equation (19), we get

(FF) —4k3ff - 3kiky f2 =0,

4 k’ 1 k”
=3l 4oL apr Lov v o1, (20)
Ji
2l + 820
Then, with help of third equation of (20), we obtain
’ 1k, ” k/ lk/’
Fo ik 3k Lk (21)
Y A A Y

Finally, if equation (21) is substituted into the first and second equation of (20), then two equations

are found for k; and the proof is completed. O
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Case VI: If ¢ # 1, guy | up and (ff ) =0, then by using Remark 3.10, equation (15)

reduces to

AR2ff + 3kyky f2 =0,

7 k;, 7 k"
+2(5)2 a4 v e-1, (22)

In this case, if we take into consideration first and third equations of (22), then it is easy to

see that f is a constant. Therefore, we obtain Theorem 3.12.

Theorem 3.12 There is no bi-f-harmonic Legendre curve in a SSF (N2t 0, &,1,9), where ¢ # 1,

our | uz and (ff") =0.

Considering that f is a constant, then we get Corollary 3.13.

Corollary 3.13 Let 3 be a Legendre curve in a SSF (N*"*1 ¢, n,9), where ¢+ 1, @uy | uso

and (ff”), = 0. Then, B is a bitharmonic curve if and only if it is a helix with k1 = /c—1 and
ko = 1.

Case VII: Let ¢+ 1 and g(ug,puy) is not equal to —1,0 or 1.

Now, let (N2 ,€,m,9) bea SSF and 3: 1 — N be a Legendre curve of osculating order
r, where 4 <r <2n+1 and n > 2. We know that if 5 is bi- f-harmonic, then pu; € sp {ug, us,uq} .

Here, let denote the angle between ¢u; and us by ¢(t), namely,
9(uz, pus) = cosg(t). (23)
By differentiating g(usa,pu1) along 8 with the help of (8) and (11), the equality
=0 (1)sing(t) = kag(us, pua) (24)
is obtained. Also, we can write
puy = g(ug, puy)us + gus, pui )us + g(ug, puq)ug. (25)

For details, see [7]. By using these results, we obtain Theorem 3.14 and Theorem 3.15.

Theorem 3.14 Let 3 be a non-geodesic Legendre curve in a SSF (N*"*1 ¢ ¢, n,9), ¢+ 1 and

g(uz2,u1) is not equal to =1,0 or 1. Then, B is a bi- f -harmonic curve iff following differential
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equations are satisfied

(ff7) = 4kTL 1 = Bhky £ =0,
K2+ kg =34 v 2(f)2vaprt o ’;1 + <3 4 3( 5L ) cos?o(t),

Ahy L+ 2ha 2 + iy + 35 g (us, pun )cos(t) = 0,

koks + 3(%)g(u4, puy)cosd(t) = 0.
Proof It is easy to see that if equation (23) substituted into equation (15), then the proof is
completed. O

Case VIIL: If ¢ # 1 and g(us,puq) is not equal to —1,0 or 1 and (ff")’ =0, then equation

(15) reduces to

ARZFf + 3Kk, f2 =0, (26)
ky 3
eisf oyl B S gy, )
ook
s+ 2k2— ke +3(—= )9(“37 pu1)cosp(t) =0, (28)
ks + 3(5 g s, pur)eoso(t) = . (20)

Now, let give the interpretation of Case VIII.

’ ’ ” ’ ”

First of all, from equation (26), it is easy to see that f7 = —%% and ff = %(%)2 - %%
Then, by using these equalities in the equations (27) and (28), we get
33 kj\2 5k c+3 -1
ki+ k3= Ly -- 3 o(t 30
1Ry = 16(k1) 4k‘1+ 1 +(4)005¢()a (30)
ky ' c-1

—]"GQ(*) +ky+ 3(7)9(”3, pur)cosd(t) =0, (31)

respectively. Then, by multiplying equation (31) with 2k, and using equation (24), we get

2 kl -1 ¢ ;

2k2k:2 2k5 27, ( 1 )(—2¢ (t)cosd(t)sind(t)) = 0. (32)

Let ¢ be a constant. Then, from (24), we get g(us,pu;) = 0 and also, from (25), we get
g(ug,puy) = Fsing since |pui| = 1. Finally, from (32), we obtain ks = cok1, where ¢y is a

positive integration constant. Then, by using these informations, equations (29) and (30) reduces
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to cokiks = ¥73(C_1)S?(2¢(t)) and
33(ky)? - 20k1ky + K2 (4(c+3) +3(c - 1)cos?p(t) - 16k - 16¢3k7) = 0.
Now, we can state the Theorem 3.15.

Theorem 3.15 Let § be a Legendre curve with non-constant geodesic curvature of osculating

order v in a SSF (N*"*1 ¢ &€, n,9), where ¢+ 1, g(ua,puy) is not equal to —1,0 or 1, (ff")’ =0,

_3
r>4, n>2 and ¢ be a constant. Then, [ is a bi- f -harmonic curve iff f=cik,* ka2 = cok1 and

k1, ks satisfy following differential equations
33(ky)? = 20k 1k, + K2 (4(c+3) +3(c - 1)cos?p(t) - 16k - 16¢2k2) = 0,

3(c-1)sin(24(1))

Cgklkg =+ 3 )

where ¢1 and co are positive integration constants.
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Abstract: This paper mainly aims to investigate some soliton kinds with certain vector fields on
Riemannian manifolds and gives some notable geometric results as regards such vector fields. Also, in
this paper some special tensors that have an important place in Riemannian geometry are discussed and
given some significant links between these tensors. Finally, an example that supports one of our results is

given.

Keywords: Ricci soliton, Yamabe soliton, conformal quadratic killing tensor, Z-curvature tensor.

1. Introduction

Over the past few years, the theory of geometric flows has become a significant tool to determine
the most geometric properties of the related object of the manifolds in Riemannian geometry. Ricci
flow, one of the most important geometric flows, was defined by Hamilton so that he can find a
canonical metric on a smooth manifold in [12]. Another important geometric flow is the Yamabe

flow that Hamilton defined as a tool in order to construct metrics of constant scalar curvature in a
given conformal class of Riemannian metrics on a smooth manifold [11]. Such flows are evolution
equations for Riemannian metric. After these works, many mathematicians have studied such
geometric flows and other evolution equations arising in differential geometry.

In 1988, Hamilton defined the concepts of Yamabe and Ricci solitons in Riemannian geom-
etry [11]. The formation of singularities in the Yamabe and Ricci flows are determined by these
concepts, which evolve only by diffeomorphisms and scaling. Also, the limit of the solutions of
the Yamabe and Ricci flow are appeared by Yamabe and Ricci solitons, respectively. Whereas a
special solution of the Yamabe flow is the Yamabe soliton, a special solution of the Ricci flow is
the Ricci soliton. Ricci and Yamabe solitons are equals to each other in dimension n = 2. But
n > 2, these solitons do not have such an equivalence.

Let M be a Riemannian manifold together with the Riemannian metric g and let S and r
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be the Ricci tensor and scalar curvature of M , respectively. For a vector field £ being tangent to

M , if the following
(£eg) W, F) +2S(W, F) + 20 g(W, F) =0 (AeR) (1)
is satisfied, then this manifold is called a Ricci soliton. Similarly, if the following
(£eg) W, F) =2(r=Ng(W, F)  (AeR) (2)

is satisfied, then this manifold is called a Yamabe soliton. Here, £¢g stands for the Lie-derivative
of g with respect to £ and W, F € T'(TM). A Yamabe (Ricci) soliton with vector field & is
denoted by (M,g,&,\). If ¢ is Killing or zero in (1), then the Ricci soliton becomes trivial and in
such a case, the metric becomes an Einstein metric. Hence, Ricci solitons can be considered as a
generalization of Einstein manifolds. Similarly, if £ is Killing or zero in (2), then Yamabe solitons
reduce to manifolds of constant scalar curvature.

Yamabe (Ricci) solitons can be categorized as steady, expanding or shrinking depending on
the values of A\: A =0, A >0 or A <0. In addition, Ricci (Yamabe) solitons are called gradient
if £ is the gradient Dy of a smooth function p called potential function. Recently, several varied
generalizations of Ricci and Yamabe solitons have been investigated comprehensively by many
authors within the framework of the many context. For example, in 2011, Pigola et al. defined
almost Ricci solitons which are a more general case of Ricci solitons by setting A in (1) as a function
[19]. Similarly, Barbosa and Ribeiro introduced an another class of Yamabe solitons evolution
equation (2) by taking constant A with a variable function and then, they called it almost Yamabe
soliton in [1]. For the recent works, we refer to ([6, 7, 16, 17, 21, 26]) and references therein.

On the other hand, as it is well-known that vector fields have been used for studying
differential geometry of manifolds since they characterize most geometric properties of the related
object. They are widely used in several fields of differential geometry and physics. Also, they play
a significant role in the study of Riemannian geometry. Therefore, many papers on a Riemannian
manifold endowed with geometric vector fields so that this manifold admits a Ricci soliton or
Yamabe soliton have been discussed by many mathematicians. For further readings, we refer to
studies ([2-5, 14, 18, 25, 27]).

Motivated by these circumstances, we deal with Ricci solitons and Yamabe solitons, which
have recently received considerable attention of many geometers, on Riemannian manifolds en-
dowed with certain vector fields such as affine conformal, projective and concircular. Also, we
investigate some geometric properties of notions of Z-curvature tensor and conformal quadratic
Killing tensor, which proves to be rich in geometrical structures. The present study is structured
as follows. In Section 2, we recall some necessary and notations formulas that will be needed. The

Section 3 is devoted to conclusion in which we present our results that are obtained in this paper.
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2. Preliminaries

In this section, some required notions which will be used for later are recalled.

Let (M,g) be a Riemannian manifold and A be a second order symmetric tensor. For any

W,F,Z eT(TM), if this tensor satisfies the following
(VwA)(F, Z) + (VA (Z, W)+ (VZzA) (W, F) =0,

then it is called a quadratic Killing tensor (as a generalization of a Killing vector). Likewise, if

this tensor satisfies the following

(VwA)(F, Z) + (VEA)(Z,W) + (VZA) (W, F) = (3)

E(W)A(F,Z) + k(F)A(Z,W) + k(Z)A(W, F),

then it is called a conformal quadratic Killing tensor (as a generalization of a conformal Killing
vector). Here, V is the Levi-Civita connection of M and k is a 1-form. For more details as
regards these tensors, we refer to ([22, 23, 28]).

Let £ be a vector field on a Riemannian manifold (M,g). The vector field £ is named as

affine conformal, projective and concircular, respectively, if the followings [5, 8, 20]

(£eV)(W,F) =W (p)F + F(p)W - g(W, F)Dp, (4)
(£eV)(W, F) =p(W)F +p(F)W (5)

and
Vw§ = uW, (6)

where p is a 1-form, Dp is the gradient of p and u, p are some smooth functions on M . If variable
p in (4) is constant, then ¢ is named as an affine vector field. Also, if p =0 in (5), then the vector
field ¢ is called affine. The vector field ¢ is named as concurrent if it satisfies (6) together with
p=1.

On the other hand, the Hessian tensor H* of a smooth function p on (M, g) is given by

where Dy is the gradient of p on M [4]. Also, the Hessian tensor H* is symmetric in W and F.

Now, we need the following lemma for later use.

Lemma 2.1 [/] Let p be a function on a Riemannian manifold M . Then, the gradient Du of u

is a concircular vector field if and only if the Hessian H" of p satisfies
HY(W,F) = fg(W,F) (7)
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for W, F tangent to M , where f is the function on M. Moreover, in such case the function f

satisfies equation Vwv = fW with v=Dpu.

Also, from Lemma 2.1 and taking = f in (7), it can be easily seen that the gradient Du

of p satisfies
VwDp=puWw

for any W e (T M).

3. Main Results

In this section, our main results that we obtained in this work are given.

Proposition 3.1 If a Riemannian manifold (M,g) admits a Yamabe soliton with vector field V.,

then V is an affine conformal vector field on M .

Proof Since (M,g) is a Yamabe soliton, from (2), one has
(£vg)(F, 2) = 2(r = \)g(F, Z) (8)

for any F,Z € I'(TM). Differentiating the equation (8) covariantly along any vector field W

provides
(VwEvg)(F, Z) =2W (r)g(F, Z). (9)
On the other hand, it follows from the formula (see Yano [24, p.23]) that we have the equality

(EvVwg-Vw&vg - Vivw9)(F, Z) = (10)

~9((£v V)W, F), Z) - g((£v V) (W, Z), F).

Since the Riemannian metric g is parallel with respect to V, namely Vg = 0, the equality (10)

turns into
(VwEvg)(F, Z) = g(£v V)W, F), Z) + g((£v V) (W, Z), F). (11)
Also, in view of (9) and (11), we immediately have
2W(r)g(F, 2) = g((£v V)W, F), Z) + g((£v V) (W, Z), F). (12)
If we rearrange cyclically W, F' and Z in (12), then we obtain

2F(r)g(Z,W) = g((£v V)(F, 2), W) + g((£v V) (F, W), Z) (13)
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and
2Z(r)g(W, F) =g((£vV)(Z, W), F) +g((£vV)(Z,F),W). (14)

Due to being £V symmetric tensor of type (1,2), that is, (£ V)(W, F) = (£vV)(F, W), adding
(12) and (13), we get

2W(r)g(F, 2) +2F (r)g(Z,W) = 29((£vV)(W, F), Z) (15)
+9((£vV)(Z,W), F)

+g((£vV)(Z, F), W)
which together with the equation (14) gives the following
g(EvV)W, F), Z) =W (r)g(F, Z) + F(r)g(Z,W) = Z(r)g(W, F).
Using the fact that Z(r) = g(Dr, Z), the above last equation can be written as

9g(EvVIW, F), Z) = W(r)g(F,Z)+ F(r)g(Z,W) (16)

-9(Dr, Z)g(W, F).
Removing Z from both sides in (16) gives
(Ly V)W, F) =W(r)F + F(r)W - g(W,F)Dr (17)

which by (4) means that the vector field V' is affine conformal on M. Thus, we get the requested

result. |

Lemma 3.2 Let V be a a concircular vector field on a Riemannian manifold (M,g). Then, V

is also an affine conformal vector field on M .
Proof It follows from (6) that we have
VzV =uZ (18)

for vector field Z being tangent to M. It follows from (18) and the definition of the covariant

derivative, we arrive at
VeVzV =F(u)Z +uveZ (19)

for vector field F' being tangent to M. If we interchange the roles of F' and Z in (19), then one

has
VzVEV = Z(u)F + uvzF. (20)
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Moreover, taking [F, Z] instead of Z in (18), we write
VirzV = uVrZ - pvzF. (21)
By means of (19), (20) and (21), we find that
R(F,Z)V =F(pn)Z - Z(u)F (22)
which by taking inner product on both sides of (22) by W yields
g(R(E, Z2)V.W) = F(n)g(Z,W) = Z(p)g(F, W). (23)
This is equivalent to
g(R(V,W)F, Z) = F(n)g(Z,W) = Z(pn)g(F, W) (24)
from which it follows that
R(V.W)F = F(u)W - g(F,W)Dp. (25)
On the other hand, as is known from Yano [24, p.23], that the following identity holds
(£vV)(W, F) = R(V,W)F - Vg, rV + VwVrV. (26)
Making use of (6), (25) and (26), therefore we obtain
(Lv V)W, F) = W(u)F + F()W - g(W, F)Dp
which is the desired result. O

Remark 3.3 If the vector field V' is concurrent, then V is also an affine vector field on M .
Let A be a geometric/physical quantity on a Riemannian manifold M. If it satisfies
£:A=20QA, (27)

then A inherits symmetry with respect to vector field €. Here, £ stands for the Lie derivative and
) is a function on the manifold [10]. For more details related to symmetry inheritance applications
on manifolds, please see ([9, 10, 13, 28]).

The metric inheritance symmetry is one of the most basic and widely used example for which

A =g in (27), in this case ¢ is the conformal Killing vector field such that
(£eg) (W, F) = 2Qg9(W, F).
Also, if Q is zero in above equation, then £ is the Killing vector field.
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If A=R in (27), then the equation takes the form
£eR=2QR.

This particular symmetry is called curvature inheritance, where R is the Riemannian curvature
tensor. If ©Q =0, then it is called curvature collineation, which M admits a special symmetry.
In the following theorem, we discuss the role of such symmetry inheritance for the Ricci

tensor field of a Riemannian manifold M .

Theorem 3.4 Let p be a potential function of an almost gradient Ricci soliton (M, g,V,\), where
(M,g) has symmetry inheritance and p is the function satisfying equation (6). Then, the Ricci

tensor field of M has symmetry inheritance with respect to V' if the Hessian H" of u satisfies
HY (W, F) = pg(W, F) (28)
for any W, F eT'(TM).

Proof Let us consider that the Hessian H* of u satisfies equation (28). Then, by Lemma 2.1,
the gradient Dy of p is a concircular vector field. Since M is an almost gradient Ricci soliton

and from Lemma 3.2, the concircular vector field V' satisfies
(Lv V)W, F) =W (u)F + F(u)W - g(W,F)Dp. (29)

for vector fields W and F' being tangent to M. Due to V = Dy, the equation (29) transforms

into
(Lv V)W, F) =g(W,V)F + g(F,V)W - g(W, F)V. (30)

Differentiating (30) covariantly along any vector field T' and using the property of being V

concircular, we obtain
(Vrdy V)W, F) = ug(T, W)F + ug(T, F)W - pug(W, F)T. (31)
Similarly, by a straight forward calculation, we also have
(VwEv V)T, F) = pg(W,T)F + ng(W, F)T = pg(T, F)W. (32)
From [24], it is well known that
(EvR)(T,W)F = (Vrdy V)W, F) = (Vw &y V)(T, F). (33)
After inserting (31) and (32) in (33), we deduce that
(£vR)(T,W)F =2ug(T, F)W - 2ug(W, F)T. (34)
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Furthermore, operating inner product with arbitrary vector field X in (34) yields
g(EvR)(T,W)F, X) = 2ug(T, F)g(W, X) = 2ug(W, F)g(T, X). (35)

Setting T'= X =e¢; in (35) and summing up over ¢ (i=1,2,...,n), we derive that
(£48)(W, F) ==2u(n - 1)g(W, F). (36)

Here, {e;} stands for the orthonormal basis of T,M for all pe M.

On the other hand, since M admits an almost gradient Ricci soliton with concircular vector

field V', we find from (1) and (18) that

S(F,Z) ==(A+p)g(F,Z) (37)
for any F,Z eT'(TM). Replacing F' with V in (37) gives

SV, 2) = -(A+m)g(V; 2). (38)
Owing to Lemma 3.2, putting F'=W =¢; in (23) and taking summation over i, we have

5(2,V) =-(n-1)g(Dp, Z). (39)
Then, with the help of (38) and (39), one can see that A+ p=n—1. Using this in (37) provides

S(F,Z)=-(n-1)g(F,Z). (40)
Keeping in mind (36) and from (40), we get

(£ S)(W, F) = 248(W, F) (41)

which gives the conclusion. Hence, the proof is completed. O

The next result gives a necessary condition for the Ricci tensor field of M to be conformal

quadratic Killing.

Theorem 3.5 Let (M,g) be a Ricci soliton with vector field V , where V' is either an affine
conformal or a projective vector field. Then, the Ricci tensor field of M is conformal quadratic

Killing.

Proof Let us take into account that (M, g) is a Ricci soliton with affine conformal vector field

V. Then, the equation (1) can be written as

(£vg)(F, Z) = 25(F, Z) - 2Ag(F’ 2) (42)
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for any F,Z e T'(TM). Performing the properties of Lie derivative and Levi-Civita connection in

(42), we infer that
(VwEvg)(F.Z) = 2(VwS)(F, Z) (43)
for W being tangent to M. On the other hand, making use of the equation (4), we get
9(Ev V)W, F), Z) + g((£v V)W, Z),Y) = 2g(W, Dp)g(F, Z). (44)
By virtue of the equations (11), (43) and (44), we have
(VwS)(F, Z) = -g(W, Dp)g(F, Z). (45)
If we stand for the the dual 1-form of Dp by —¢, then equation (45) becomes
(VwS)(F, Z) = ¢(W)g(F, Z). (46)
Also, if W, F and Z are cyclically displaced in (46), then we find that
(VES)(Z,W) = ¢(F)g(Z,W) (47)
and
(VzS) W, F) = ¢(2)g(W, F). (48)
By combining the equalities (46), (47) and (48), we obtain

(VwS)(F,Z) + (VES)(Z, W) +(V2S)(W, F) =

d(W)g(F, 2) + ¢(F)g(Z2,W) + ¢(2)g(W, F)

which by (3) means that the Ricci tensor field of M is a conformal quadratic Killing tensor.
When the above steps are done for the projective vector field V', it can be easily showed

that the Ricci tensor field of M is conformal quadratic Killing. Hence, the proof is completed. O
In 2012, as a general concept of the Einstein gravitational tensor in General relativity,

generalized (0,2) symmetric Z tensor was introduced by Mantica and Molina. According to

them, such a tensor is defined by [15]
Z(W,F) =S(W,F) + fg(W, F) (49)

for f being a smooth function on M and S being the Ricci tensor field of M .
The next theorem presents an important relationship for curvature tensor Z and conformal

quadratic Killing.
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Theorem 3.6 Let (M,g) be a Riemannian manifold admitting Z -curvature tensor. Then, the
tensor Z is conformal quadratic Killing if and only if the Ricci tensor field of M is conformal

quadratic Killing.
Proof Taking covariant derivative of (49) along T and using the fact that T'(f) = df (T), we get
(Ve 2)(W, F) = (Vo S)(W, F) +df (T)g(W, F) (50)
for any W, F,T e '(TM). By a combinatorial combination, we find
(VwZ)(F,T) = (T S)(F,T) + df (W)g(F,T) (51)
and
(VrZ)(T,W) = (VpS)(T, W) + df (F)g(T,W). (52)
By adding the equations (50), (51) and (52) provides
(Vr2)(W, F) + (Vw Z)(F,T) + (Vp2)(T, V) = (53)
(Ve S)(W,U) + (Vw S)(U,T) + (VuS)(T, W)
+df (T)g(W, F) + df (W)g(F,T) + df (F)g(T, W).
Now, if Z is conformal quadratic Killing, then we write
(Ve Z2)(W, F) + (Vw Z)(F,T) + (Ve Z)(T,W) = (54)
a(T)g(W, F) + a(W)g(F,T) + a(F)g(T, W).
Therefore, by combining (53) with (54) and using the linearity property of the 1-forms, we get
(Ve S)(W, F) + (Vw S)(F,T) + (VpS)(T, W) = (= df )(T)g(W, F) (55)
+Ha—df ) (W)g(F,T) + (o= df ) (F)g(T, W).
If we take ¢ instead of the 1-form « —df in (55), then one has
(Vo S)(W, F) + (Vw S)(E,T) + (Ve S)(T,W) =
+¢(T)g(W, F) + ¢(W)g(F, T) + o(F)g(T,W).

This, by (3), implies that the Ricci tensor field of M is a conformal quadratic Killing tensor.
Conversely, let the Ricci tensor field of M admitting Z-curvature tensor be a conformal

quadratic Killing tensor. Then, we have

(VrS)YW, F) + (VwS)(F,T) + (Ve S)(T,W) = (56)

k(T)gW, F) + k(W)g(F,T) + k(F)g(T,W).
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After substituting (56) into (53) and using the linearity of the 1-forms, we obtain

(Ve Z2)(W, F) + (Vw Z)(F,T) + (VrZ)(T,W) = (57)

o(T)g(W, F) + o(W)g(F,T) + o(F)g(T, W),

where we have used ¢ =k +df. Consequently, by (3) the tensor Z is conformal quadratic Killing.

Therefore, we arrive at the desired result. O

The proof of following corollary easily follows from Theorem 3.6.

Corollary 3.7 Let (M,g) be a Riemannian manifold admitting Z- curvature tensor. Then, we
have the followings:
1) If tensor Z is quadratic Killing, then the Ricci tensor field of M is conformal quadratic Killing.

it) If the Ricci tensor field of M is quadratic Killing, then tensor Z is conformal quadratic Killing.
Example 3.8 [2] We set the three-dimensional manifold as
M = {(u,v,t) e Rt >0},

where (u,v,t) are the Cartesian coordinates in R®. Take

1
g:= t—Q{du@)du+dv®dv+dt®dt}7

1 0
= ——dt, Vi=—t—.
T ot

Here, 1 denotes the dual 1-form of the vector field V. Let E1, Es and Es be the vector fields in

R3 such that these vector fields are linearly independent given by:

0 0 0
E1 = t%, E2 = t% and E3 = —ta

Then, we have

n(E) =0,  n(E2)=0,  n(ks)=1,

[E2, E1] =0, [E3, E2] = —Es, [E1, B3] = Ey.
On the other hand, we find from Koszul’s formula for the Riemannian metric g:

Ve, B1=-E3, Vg FE =0, Vg FE =0,
Ve, B2 =0, Vg,Ey=-EF3, Vpg,E=0,

Ve, b3=F1, VgFE3=FEs VgFE3=0.
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Also, with the help of the above equations we find
R(E1,E2)E3=0,  R(E3, E1)E>=0,  R(Es E3)E =0,
R(E1,Ey)Ey = -Ey, R(E5,E1)E; = —Es, R(E1,E3)E3 = -Ey,
R(Es,Er)Eyr=-F5,  R(Ez, E3)Es=-E»,  R(E3, E2)E>=-Fs.
Utilizing the expressions of the curvature tensors, we obtain
S(E1,Ey) =S(Es, Ey) =S(E3, E3) = -2 and S(Ei,E;)=0 (58)
foralli+j (i,7=1,2,3). As {Ey,FEs, E3} forms a basis of M, the followings can be written as
W =a1Fy +asEs + agEs,
Z =b1E1 +byEs + b3FE3,
F=c1FE1+caFsy +c3E5

for any vector field W, Z F € T(TM), where a;,b;,c; € RT for i =1,2,3. Then, by a straight

forward calculation, one has
VFW = —a101E3 + a301E1 - GQCQEg + agcQEg, (59)
VFZ = —blclEg + b301E1 - bQCQEg + bgCQEQ. (60)

From the above equations, we find that

S(W,Z) = -=2(a1by + azbs + azbs), (61)
S(VEW,Z) = 2a1c1bs —2azc1by + 2a2¢9b3 — 2a3c2bs, (62)
S(W,VrZ) = 2bjcias—2bszciar +2bycaas — 2bzcaas. (63)
Therefore, we have
(VrS)(W,Z) =0. (64)
Similarly, we obtain
(VwS)(Z,F), (VzS)(F,W)=0. (65)

In this case, from (64) and (65), S is a quadratic Killing tensor.

Furthermore, using (59)-(63) in (49) gives

ZW,Z) = (f -2)(aiby +asbs + asbs), (66)

Z(VeW,Z) = (2= faserbs + (f - 2)aserby + (2 - f)2azc2bs (67)
+(f - 2)ascaba,

Z(W,VpZ) = (2-f)bicras+ (f - 2)bscrar + (2 - f)bacaas (68)

+(f — 2)1)3620,2.
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From (64)-(68) and owing to the fact that g(X,Y") = a1by + azbs + azbs, we get

(VEZ)W, Z) = df (F)g(W, Z). (69)

Likewise,

(VwZ)(Z,F) =df(W)g(Z, F), (VzZ)(F,W) =df(Z)g(F,WV). (70)

Thus Z is a conformal quadratic Killing tensor, which verifies Corollary 3.7 (i1).
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Abstract: The extended modular group T is isomorphic to the amalgamated free product of two dihedral
groups D2 and Ds with amalgamation Zsz. This group acts on rational numbers transitively. In this study,
we obtain elements in the extended modular group that are mappings between given two rationals. Also,
we express these elements as a word in generators. We use interesting relations between continued fractions
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Keywords: Extended modular group, continued fractions, Farey graph.

1. Introduction
The modular group T' = PSL(2,7Z) is the projective special linear group of 2 x 2 matrices over the
ring of integers with determinant one. This group is the quotient group SL(2,Z)/+I, hence, each

b
d

. b o . -a -
matrix (Z ) represents the same element with its negative (_a _ ) Modular group acts on

d

az+b
cz+d ”

the upper half plane H via linear fractional transformations z — These transformations are

orientation preserving isometries of H. Modular group is generated by two elements,
0 -1 1 1

-1 . .
0 ), the presentation of T" is

By taking S:TU:(1 1
[=<T,8:T%?=8%=1>27y%7Zs.

a b

Let us denote the set G = {(c d) ta,b,c,d € Z,ad—-bc= —1}. The corresponding trans-

formations of elements in G are anti-automorphisms. Thus, the extended modular group can be
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defined as I' = PSL(2,Z) uG. The extended modular group is isomorphic to free product of two

dihedral groups of order 4 and 6, amalgamated with a cyclic group of order 2, i.e.,

[=<T,5,R:T?=5%=R?=(TR)* = (SR)* = I >2 Dy #z, Ds,

1
where R = ((1) O) is a reflection map.

In this study, we focus on the action of the extended modular group I' on rational numbers.

Every rational number has a reduced fraction s = :—Z, where p,q€Z and (p,q) =1. We represent

o

0o as % = %1. Consider the element V = (

Z) e T and the corresponding Mobius transformation

V(z) = 22 The image of ois

cz+d
py_ap+bq
V(=)= .
q° cp+dg
Here ‘;’; IZZ is also a reduced fraction. Additionally, the Diophantine equation px —qy = +1 is

solvable since (p,q) = 1. Hence, it is possible to find an element W = (]; 2) e I such that

W(o0) = %. As a result, the action of the extended modular group on rationals is transitive [14].

Our aim is to find an element V €T for given two rationals g,f]’—: such that V(g) = f]i:. Also, we

represent V' as a word in generators.

2. Motivation and Background Materials

In this section, we give some information about continued fractions, the Farey sequence, the Farey
graph and relations to the extended modular group. For more information see [1, 2, 6].

There are impressive relations between the modular group and continued fractions. Let

V= (Z Z) = U T.U" ..U T e ' where r; € Z and i = 0,1. The corresponding Mdbius

transformation of this element is

V(2)=U™.T.U™ U™ T(2) =10 - T : (1)

In addition, the image of infinity is a continued fraction expansion of ¢. This expansion is
the Rosen continued fraction defined in [11] for A = 1, and it is called integer continued fraction

expansion.
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In this expansion, for i <n, C; = f;—?‘ =[ro;7r1,...,7;] is called ith convergent of the expansion.

It can be seen by calculation p;.q;_1 — ¢;.p;i—1 = £1. On the other hand, it is possible to make

connections between integer continued fractions and the Farey sequence.
The Farey sequence of order n is a complete and ordered set of reduced rational numbers

in the interval [0,1] which have denominators less than or equal to n.

F1:{971}7
11

F3:{9’17172’1}’
1'32°3'1

{0 11123 l}
F4: Ty T v a0 401 (¢
1432341

It can be seen that if ¢ and % appears one after another in some F},, then ad—bc = +1. We called
such rationals Farey neighbours. All Farey neighbours of a rational z is denoted by AN (x). The

Farey sum of ¢ and % defined as,

a b_a+b

c d c+d

All Farey neigbours of a rational number can be obtained by Farey sum. More clearly, if a rational

P i a b i apb_atb _p a b
p first appears in F,, by Farey sum of ¢ and 7 in F,1,ie, 2& =27 = o then ¢ and 7 are

a

Farey neighbours of 2. Here 2 B
q (&

and ¥ are called Farey parents of £ and conversely, 2 is called
d q q

Farey child of £ and 2. If ¢ is a Farey neighbour of S, then £ & § is also a Farey neighbour of

4
.
Observe that every Fj, includes Fj,_; and new members are obtained by Farey sum of its

neighbours. For instance % € Fy is the Farey sum of % and % in Fy. This rule is known as

the mediant rule. It should be noted that if the denominator of Farey sum of two neighbours in

F,,_1 exceeds n, then this rational number will not appear in F,, since the definition of the Farey

sequence. Definition of the Farey sequence can be extended to Q =Qu{oo} by assuming oo = %

Hence, for a given rational ¢, it is known that £ has finite integer continued fraction expansion.

In addition, % is the penultimate convergent of the integer continued fraction expansion of 2.

’od

This yields ad —bc = £1, in other words, £ and b5 are Farey neighbours. As a result, (CCL b) el.

d d

162



Bilal Demir / FCMS

ol
w

Figure 1: The Farey graph

The Farey graph is a graph with vertex set Q. Two reduced fractions % and % are adjacent

if and only if ps—rq =<1, i.e., they are Farey neighbours. The edge between two vertices is drawn

by a hyperbolic line in H. The edges between : = co and every integer a are vertical lines. To

(=l

and % and obtain a big triangle. By induction,

construct the graph, first join the vertices % I

1
0’
a

if the endpoints of a long edge are ¢ and %, then the label of the third vertex of the triangle is

a+b
ct+d’?

ol

@ g = see in Figure 1.

In recent years, many studies have contributed the continued fractions related to the action
of some subgroups Mobius transformations. In [2], integer continued fraction expansions and
geodesic expansions are studied from the perspective of graph theory. Short and Walker used Rosen
continued fractions as paths in a class of graphs in hyperbolic geometry [13]. Same authors also
studied connections between even integer continued fractions and the Farey graph [12]. Relations
between cusp points and Fibonacci numbers are studied in [7] using Farey graph and continued
fractions. Algebraic and combinatorial properties of continued fractions and modular group related
with Farey graph are given in [10]. Besides that some relations between elliptic elements and circuits

in graph for normalisers of subgroups of PSL(2,R) are examined in [4, 5].

3. Main Results

Firstly, we obtain matrix representation of the elements in I' which the corresponding transforma-

tion is a mapping between given two rationals. For a given reduced rational x = g and a neighbour

y="teN(x), we know ps—rq=+1. Thus, we have (2 Z) eI'. In addition, if y = £ is on the

left side of = = % in the Farey graph that is y < x, then ps —rq =1 and (g ;) e I'. In other

pz+T

words, the corresponding transformation
qz+s

is an automorphism. In this case, it is possible to

construct an anti-automorphism element by taking —r for r and -s for s, i.e., (]q9 :Z) Similar
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observations can be done for the case y > x. For convenience throughout this paper, we need to

define a location function p, : N (z) - {-1,+1} for neighbours of a rational:

1 Jy<«x

Hzx (y) = {

-1 ,y>z
Now we are ready to obtain a mapping between two rationals.

Lemma 3.1 Let g,% €Q and % € N(%), ;—: € J\/(Z—:). Then the corresponding transformation

of the element

p's—-r'q pr'-p'r
V={, o r_ 1
qs—qs ps —qr

/
maps the rational % to Z.. Moreover,

Q

o If fiz (g) Ahp! (Z—:) =1, then the corresponding transformation of V is an automorphism.

q

o Ifur (f) oy (1:) = —1, then the corresponding transformation of V' is an anti-automorphism.

Proof Let % be a reduced rational and % be a Farey neighbour of %. Then, we have from the

definition of Farey neighbour ps —rq = +1. Hence, V; = (Z ;) e I'. In addition, cusp point of

/ !/

this element is %. Similarly, we have the element V5 = (5 , ;,) eI’ with cusp point %:. Finally,

’

V = Vo. V7! is the element V(B) =

q

LS

The equality pe (g).yﬂ (Z—:) = 1 tells us both V; and V5 are automorphism or anti-

automorphism simultaneously. This yields V' is an automorphism. The case u» (f) Sy (1:) =-1
q ql

can be interpreted similarly. O

Obtaining an element that maps % to fli: via Lemma 3.1 requires Farey neighbours one for

each. Following corollary is an answer to what if % and 5—: are adjacent.

Corollary 3.2 Let the reduced rationals s and Z—: be adjacent in the Farey graph. Then, the

corresponding transformation of the element

V: p’%’—qu p2_p/2
“-q¢ pq-p'qd

U
maps g to %. Furthermore, V is a reflection.

164



Bilal Demir / FCMS

, /
Proof  Since g and Z are adjacent in the Farey graph, we can take Vj = (p p ) and

ql q ql

!
Vs = (Z, g) Proof follows similar to the proof of Lemma 3.1. It can be seen easily that

e (%) Syt (g) = —1. This equality proves that V is an anti-automorphism. It is obvious that V'
q ql
is a reflection since Tr(V) =0. ]

Considering the arguments mentioned before Lemma 3.1, we can map % to 5—: via an elliptic

/

element. It is enough to take V5 = (‘Z , :Z ) in the proof of Corolary 3.2. Therefore, we omit the

proof of the following corollary.

Corollary 3.3 Let the reduced rationals S and Z—: be adjacent in the Farey graph. Then, the

corresponding transformation of the element

V: p/q2/+p2q _p2_p/2
q“+q° -pg-p'q

maps g to 5—:. Furthermore, V is an elliptic element of order 2 in T'.

Now our aim is to obtain a generalization of Lemma 3.1. For doing this, we need more
information about Farey neighbours. As we mentioned in the motivation section, the Farey
sequence of level n is a complete and ordered set of reduced rationals which have denominators

less than or equal to n. Every F,, includes Fj,_;. New members obtained via mediant rule. More

b

clearly, if ¢ and  is contained in F,_;, then the mediant of these two terms £ 69% = & g
c c c+d

contained in F, on one condition that ¢+ d < n. If a reduced rational g first appears in F,, via

Farey sum of ¢ and % in Fy,—1, then ¢ and % is called Farey parents of g. After that all Farey

neighbours of % will be of the form,

Q
)

—< - - =
q q+c q+c q 2q+c q

+ + 2p +
p:p7a<p7a®p_p o<k
q

o
o

A basic result of this, is the following lemma.

Lemma 3.4 Let % be a reduced rational number and =,% EN(%’). Then, there exists an integer

s? s’

k such that
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p

Here we consider the element (q Z) e T as an automorphism (or anti-automorphism).

Using Lemma 3.4, we can construct another automorphism (anti-automorphism) element with

cusp point % .

Lemma 3.5 Let Vi, Vs € I' with same cusp point. Then there exists an integer k such that

Vi.UR = V.

Here U = ((1) 1) is the parabolic generator of T'.

Proof Suppose the common cusp point is %. For neighbours %, :—: € N(%), we can think V; and

_(p T _(r
Vl—(q s) andVg—(q s’)'

From Lemma 3.4, we have an integer k such that

V5 as

" kp+r

s kq+s

Hence, we complete the proof by considering the generator U = (é i),

O

The above lemma tells us V; and V;.U* have common cusp point for every integer k, and

that is the key for the following theorem which is a generalization of Lemma 3.1.

Theorem 3.6 Let %,Z—: be reduced fractions in Q and % € ./\/'(s) T e N(Z—:). Then for every

Y

k €Z, the corresponding transformation of the element

_(P's=r"a-kp'q pr'—p'r+kpp’
q's-qs'—kqq" ps'—q'r+kpq

’

D

maps the rational % to 5.

Proof We use a similar technique of the proof of Lemma 3.1. From Lemma 3.5, the elements

k}l k2
[p T\ (1 1 (p ) (11
Vi= (q s) ’ (0 1) and V; = (q’ s')\0 1

166



Bilal Demir / FCMS

have cusp points % and %:, respectively, for ki,ko € Z. Then, V5.V is the desired element V

for ko—k1=keZ. m]

4. Words in Generators

In this section, we consider relations between Farey paths and integer continued fractions. Using
these relations, we obtain extended modular group elements as words in terms of generators that

correspond a transformation between given two rationals.

’

Theorem 4.1 Let % = [r0,71,...,Tn] and

< "E

= [S0,81,--,8m] be reduced rationals. Then, the

automorphism in the extended modular group that maps s to Z—: has the word form

W(U,T,R) =U*®.T.U . T..... U T.U* T.U ™ T.U "1 T..... .U " (2)
for every integer k. In addition, the anti-automorphism has the word form
W'(U,T,R) =U* . T.U*.T.-- U RU*T.U ™ T.U ™ T... T.U ™. (3)
Proof First we map § to 0. Considering the equality (1),
U DU T T U (2) = 0.
q
The two ordered elliptic generator T maps 0 to infinity. Then, the parabolic generator U fixes
infinity. Finally, the cusp point of the element
ver.uouar....um.T

is Z—: which proves the result. The second part of the proof can be done by considering the element

with cusp point Z—: as U T.UT..--.U*.R. O

Since the modular group is isomorphic to the free product of the cyclic groups of orders 2

and 3, every element can be expressed as a word in 1" and S. Considering U =TS, we get two

blocks,
(11 2 [0 0
TS—(O 1) and TS—(1 1).
Hence, every element V € T' has a word form,

V =8 (T8)™ . (TS?)™ (TS)™ .(TS?)™ .--.(TS)™ (T'S*)™.T7.R,

where 7 =0,1,2, j,¢ =0,1. The powers of the blocks are positive integers but mg and n; may be

zero. This form is called block reduced form. Every element in the extended modular group has
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block reduced form. For instance, RT'S*RTSTS?*TS?RTS can be expressed as (T'S).(TS?)*R.
Trace classes of the modular group and the extended modular group were studied in [3, §].
Corresponding transformations of these blocks are related to simple continued fraction expansions.

Here we obtain block forms of the words given in Theorem 4.1.
Theorem 4.2 The block reduced form of the elements given in (2) and (3) are
Wprr = (TS)*71(TS*).(TS)* 2.(T5?)..-.(TS)*""2.(TS?).(TS)" .

(TS*) 1 (T8).(TS*)™"2(TS8)..-(TS).(TS*)"2(TS).(TS*)°*.T

Whpr = (TS8)* (TS .(TS)** 2.(TS?)..-.(TS)*172(TS?).(TS)* .

(TSH* (TS) L (TS?).(TS) 72 (T5?) .- (TS)"2(TS*).(TS)* L. TR,
respectively.

Proof First we take U =T.S in (2).

(T8)* T.(TS)** .Toor-(TS)* T.(TS)* . T.(TS) " T.(TS) " T T(TS) ™™

WBRF

(T8)*° ' TS.T.TS(TS)* *TS. T T.TS.(TS)*" > TS.T.TS.(TS)"".

T.(S*T)™ . T.(S*T) . T....T.(S*T)"™.

Since the elliptic generator T is of order 2 and S is of order 3, we have the block reduced

form of the word as stated. The second part of the proof can be obtained similarly with relations
RS = S°R,

TR=RT.

O

Before we sum up all our results, we make connections with Farey paths. A path in a graph
consists of consecutive adjacent vertices. So, a Farey path < vy,vs,...,v, > is a path such that

v; = % for ©=1,2,...,n are reduced rationals and since the consecutive v;’s are adjacent, we have
Di-qi-1 — ¢;-Pi—1 = £1. As Farey graph is connected, there always be a path between two rationals.

For a given reduced rational g =[ro;71,...,7n], the ith convergent of the integer continued

fraction expansion of % defined as C; = % = [ro;r1,...,7;] for 0 <i < n, where Cy = Z—g = and

C, = z—” = g. Furthermore, we know that p;.q;—1 — ¢;.pi—1 = +1. Hence, every consecutive pair C;
and C;_; are Farey neighbours. Also, this situation can be thought as < oo, Cy,C1,...,Cp_1,C, >

is a path from oo to %. Finally, every integer continued fraction expansion of a rational % is
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related to a path from oo to %. Moreover, the shortest integer continued fraction of g is related
to a geodesic path from oo to g.

Now we give an example to explain all our results.

Example 4.3 Let the given reduced rationals be 11 and % We find elements V € T that the

corresponding transformation V(z) maps & to 1—72, ie., V()= % We observe the following
two paths from infinity to rationals {7 and 12
2
v=<o00,1,— ’ >,
3711
9 7 12
v =<00,2, =, — >
54 7

The penultimate vertex % in path v, is the neighbour of % such that ,u%(%) =-1. Similarly, the

neighbour of % 18 %, ,ug(g) =-1. By Lemma 3.1, we have the hyperbolic element,

41 25
V= (23 14) el

—412z+25
—-23z+14 "

The corresponding transformation is V(z) = Hence, we obtain V(%) = % For the

neighbour %, taking =2 for 2 and -3 for 3 in Lemma 3.1, we have the element,

113 -73
Vi= ( 65 —42)

113z-73

o215 1s a glide-reflection. To express V and

which the corresponding transformation Vi(z) =
V1 as words in generators we need the integer continued fraction expansions of 1—71 and % The
consecutive vertices in Farey path are the concecutive convergents of the integer continued fraction

£ and

7
expansion. The convergents of £ are 1 and {7 . For 2 ) 4

7 , we have the convergents 2,2

%. Hence, one can calculate the integer continued fractions

P [17374]7

12
= =[2,5,1,3].

From Theorem 4.1, we have the words
W=UTU TUT.US T U T U T U3 T.U,
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W' =UlT.U TUT.U. RU T U T.U 3 T.U "

The elements V and Vi have the word forms W and W' for k =0, respectively. Finally, we

express W and W' in block reduced forms by Theorem 4.2,
Warr = (TS).(TS?).(TS)?.(TS*).(TS).(T5?).(TS).(TS?).(TS) (T5%)3.(TS).(TS?).(TS).T,

Whrr = (TS).(TS?).(TS).(TS*).(TS) ™ .(TS8?).(TS)>.(TS*)* (TS)>.(TS*).(TS).(TS?).T.R.

We substitute S*T for the fifth term (T'S)™! in each word,
Warr = (TS).(TS*).(TS)?.(TS*)?.(TS)F1.(TS*).(TS).(TS?).(TS).T,

Whrr = (TS).(TS?).(TS)2.(TS%).(TS).(TS?)k (TS)>.(TS?).(TS).(TS*).T.R.

5. Conclusion

’

For given two reduced rationals £ and %7 we obtain elements V € T’ such that V(£)=15. We

use the relations between paths in the Farey graph and continued fractions to get V as a word
in terms of generators. We also obtain the block reduced form that is a word contains only finite

ordered elements. For future research one can consider the blocks,

01 11
f:RTSz(1 1) and h:TSR:(1 O)

defined in [9]. Powers of these matrices have only Fibonacci entries. Koruoglu proved that every
element can be written as a word in powers of f and h. This word is called New Block Reduced
Form [9]. Obtaining new block reduced form of the words given in this study, makes relations to

the Fibonacci sequence.
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