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THEORY OF GENERALIZED CONNECTEDNESS
(3-T,-CONNECTEDNESS) IN GENERALIZED TOPOLOGICAL
SPACES (.7,-SPACES)

M. I. KHODABOCUS AND N. -UL. -H. SOOKIA

0000-0003-2252-4342 and 0000-0002-3155-0473

ABSTRACT. In this paper, the definitions of novel classes of generalized con-
nected sets (briefly, g-Ty-connected sets) and generalized disconnected sets
(briefly, g-%4-disconnected sets) in generalized topological spaces (briefly, ;-
spaces) are defined in terms of generalized sets (briefly, g-T4-sets) and, their
properties and characterizations with respect to set-theoretic relations are pre-
sented. The basic properties and characterizations of the notions of local,
pathwise, local pathwise and simple g-Tg-connectedness are also presented.
The study shows that local pathwise g-Tj-connectedness implies local g-Tg4-
connectedness, pathwise g-T4-connectedness implies g-Tg-connectedness, and
g-Tg-connectedness is a Jy-property. Diagrams establish the various relation-
ships amongst these types of g-T4-connectedness presented here and in the
literature, and a nice application supports the overall theory.

1. INTRODUCTION

Among the most important topological properties (briefly, .7-properties rela-
tive to ordinary topology, and J-properties relative to generalized topology), the
T -properties! called T-connectedness and g-T-connectedness in .7-spaces (ordinary
and generalized connectedness in ordinary topological spaces) and the J;-properties

Date: Received: 2022-07-27; Accepted: 2023-01-11.

2000 Mathematics Subject Classification. 54A05, 54D05, 54D65.

Key words and phrases. Generalized topological space (Jg-spaces), generalized local con-
nectedness (local g-Tg-connectedness), generalized pathwise connectedness (pathwise g-Tg4-
connectedness), generalized local pathwise connectedness (local pathwise g-Tq-connectedness),
generalized simple connectedness (simple g-Tq-connectedness), generalized components (g-Tg-
components).

INotes to the reader: T = (22,7), Tg = (R, F) are topological spaces (briefly, .7-space and
Jy-space) with ordinary and generalized topologies .7 and . (briefly, topology and g-topology).
Subsets of T, Tq, respectively, are called T, Ty-sets; subsets of J, T, respectively, are called
T, Jy-open sets, and their complements are called .7, Jy-closed sets. Generalizations of T-sets,
7 -open and -closed sets, respectively, are called g-T-sets, g-7-open and g-.7-closed sets; gener-
alizations of Ty-sets, Jy-open and Jy-closed sets, respectively, are called g-Tg-sets, g-Fz-open and
g-J-closed sets. Connectedness in T with T, g-T-sets are called T, g-T-connectedness, respectively;
connectedness in Ty with Ty, g-Tg-sets are called Ty, g-Tg-connectedness, respectively.
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2 M. I. KHODABOCUS AND N. -UL. -H. SOOKIA

called Tg-connectedness and g-% -connectedness in Jg-spaces (ordinary and gen-
eralized connectedness in generalized topological spaces) are no doubt the most
important invariant properties [1, 2, 3]. Indeed, ¥-connectedness is an absolute
property of a T-set [1, 4, 5], and g-T-connectedness, T,4-connectedness and 0-%4-
connectedness, respectively, are absolute properties of a g-T-set, a Ty-set, and a
g-Tg-set [3, 6, 7, 8, 9, 10, 11]. Typical examples of g-T-connectedness in .7 -spaces
are ¢, 3, y-connectedness [12, 13, 14]; examples of Tj-connectedness in J;-spaces
are semi*«, s, gb-connectedness [2, 15, 16], whereas examples of g-T;-connectedness
in Jg-spaces are bT#, p-rgb, m p-connectedness [17, 18, 19], among others.

In the literature of Jy-spaces, the study of g-T ;-sets by various authors has pro-
duced some new classes of g-T -connectedness in Jj-spaces, similar in descriptions
to g-T-connectedness in J-spaces [17, 20, 21]. By using the #-modification gener-
alized topology and ~6-operator introduced by [22], [23] have extended the notion
of f-connectedness [24] to the setting of J-spaces and studied its J-properties
accordingly. Based on the work of [12], [20] have introduced a new type of g-T -
connectedness in Zg-spaces called hyperconnected and studied the Zj-properties
associated with it and its analogue in the generalized sense. In the same year, [25]
have introduced, studied and exemplified the notion of extremally u-disconnected
%—spaces, just to name a few.

In view of the above references, it would appear that, from every new type of
g-T4-set introduced in a Jj-space, there can be introduced a new type of g-T -
connectedness in the Jj-space. Having introduced a new class of g-T -sets and
studied from it some Z;-properties in a Jg-space [6, 7, 8, 9, 10], it seems, therefore,
reasonable to introduce a new type of g-T;-connectedness in the g-space and dis-
cuss its J-properties. In this paper, we attempt to make a contribution to such
a development by introducing a new theory, called Theory of g-%;-Connectedness,
in which it is presented a new generalized version of Ty-connectedness in terms of
the notion of g-T-set, discussing the fundamental properties and giving its charac-
terizations on this ground.

The paper is organised as follows: In SECT. 2, preliminary notions are described
in SECT. 2.1 and the main results of g-T ;-connectedness in a Jj-space are reported
in SECT. 3. In SECT. 4, the establishment of the relationships among various
types of g-Tj-connectedness are discussed in SECT. 4.1. To support the work, a
nice application of the concept of g-T -connectedness in a Jy-space is presented in
SECT. 4.2. Finally, SECT. 5 provides concluding remarks and future directions of
the notion of g-Tj-connectedness in a g-space.

2. THEORY

2.1. Preliminaries. Notations and notions not presented below are found in the

standard references [6, 7, 8, 9, 10]. Everywhere, .7, J;-spaces are designated

by the topological structures ¥ def (Q,.7) and T, def (Q, Fy), respectively, on

both of which no separation axioms are assumed unless otherwise mentioned [8,
10, 26, 27, 28]. The symbols I, I* C N° designate O-included and 0-excluded
finite index sets while 12, I*, C N° the corresponding infinite index sets [10]. By
(O, Hy) € Ty x 2Ty C P () x Z(Q) are meant a pair of Fg-open and F-
closed sets [10]. The operators intg, cly : &2 (A) — & (A) carrying any %y C T4
into its interior inty () and closure cly () are called g-interior and g-closure
operators [9]. The totality of all possible compositions of these g-operators forms



THEORY OF g-T-CONNECTEDNESS 3

def
the class % [Q] {opg o () = (opg)l, (-), 0Dy, ()) : (vp) € 19 x Ig} 9]
Then, .7y C T4 is called a g-T4-set if and only if there exist (0, %) € T3 x 7T,
and op, (-) € £, [Q] such that the following statement holds:

(2.1) ([ e F) N (< opy (Og)) V (F 2 —10pg ()]
The derived class g—V—S[Tg] = UEG{O,K} g-v-E [‘Zg] is called the class of all g-Tg-

sets of category v € I9 (briefly, g-v-T4-sets) [9, 10]. Accordingly, the class of all
g-T4-sets [10] are

Tl= J ¢v-S[T] = U erEEI= |J oEE

VEIg (V,E)GIgX{O,K} E€{O,K}
(2.2)

Notations and notions utilized in the theory of g-Ts-connectedness in Jg-spaces
are now presented. By 7 : Ty 0 — Ty xn is meant a (T4, Ty x)-map between
Tg-spaces Tgo = (Q, T50) and Ty = (X, T x). Amap mg : Tgo — Tgn is
called a g- (4,0, T4 »)-map if and only if, for every (O, #g.w) € g0 X 7Ty,

there exists (Oy,5, #g,0) € Tgx X 7T 5 such that:
(2.3) [Wg (ﬁg,w) - ODPyg (ﬁg,ﬂ)] \ [7"9 (%,w) 2 0Py (%70)]

It is said to be of category v if and only if 74 € g-v-M [T o; T4 ] where,

gv-M[Tg0;T ] {mg: (YO0, #4) (3040, H5.0,0Pg,, ()
(2.4) [(7g (ﬁw) C opg, (Og,0)) V (1g (Hgw) 2 ~0Dg, (Hg0))] }-
Let g-v-M [Tg.0: Tg.5] = Upe(ox) 9-v-Mp [Tg.0: Ta.x] where,
g-v-Mo [Tg.0;Tas] E {7 : (V0y0) (3040, 0Dy, ()
(75 (Og) € 0P, (Og,0)] }
g-v-My [To.0: Tas] < {7g : (VAL) (3Hg.0. 0P, ()
(2.5) (Mg (Hgw) 2 0Pg, (Ho0)] -

Then, if 7y € g-v-Mg [T4.0;Fy,x], it is called a g-v- (4,0, Ty, x)-open map; if
g € g-V-Mg [Tg.0; Ty 5], it is called a g-v- (4,0, Ty, n)-closed map. Accordingly,
the class of all g-T;-maps [10] are

oM [Ty0iTen] = |J o-M[Tg0;Tgs]

I/EIg

= U g-v-Mg [Tg,0; Tg 5]
(v,E)eI¢x{0,K}

U g-Mg [Tg,0; Tq,x]-
E€{O,K}

(2.6)

A map 7y : Ty 0 — Tyx is said to be g- (T4.0, %4 5)-continuous if and only if, for
every (Og.q, #3.0) € Tg5 X 7Ty 5, there exists (Oy o, Hg.0) € Tg0 X 7Tg.0 such
that the following statement holds:

(2.7) (15" (Og.0) S 0Dy (Og.0)] V [15 " (Hg0) 2 ~opg (Hgw)]-

g
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It is said to be of category v if and only if 7y € g-v-C [Ty o; T4 5] where,

g'V'C [Sg,s‘ﬁ SQ,E] déf {'/Tg : (Vﬁg,aa %,U) (Elﬁg,w; %,wa ODPyg ())
(2.8) (751 (Og.0) C 0Dy, (Og0)) V (75 ' (Hgo) 2 —0Dg, (How))] }-

Obviously, g-C [Tg.0;%g,x] = Uyero 9-v-C[Tg0;Tgx]. A map mg: Tgo — Ty »
is said to be g- (4,0, T4 5 )-irresolute if and only if, for every (0 o, #g,0) € Ty 5 %
~ Ty 5, there exists (O w, Hgw) € Tg.0 X 7Fy 0 such that the following statement
holds:

g (0Pg (Ga,0)) S 0Py (Gg)] V [mg " (m0Pg (H5,0)) 2 ~0Pg (Hg)]-
(2.9)
It is said to be a g- (%40, %, 5)-irresolute map of category v if and only if 74 €
g-v-1[%4.0; Ty n] where,

g1 [T0.0:Fas] © {ma: (YO0, Ho.0) (30g.0r Ky 0Py, ()

[(m3" (0Pg.0 (Fa0)) © 0Py, (Fa)) V (" (—0Pg, (Ho0)) 2
(2.10) —opg, (Hgw))] }-
Evidently, g-1[T50;%, 5] = Uuelg g-v-1[%g.0; %y x]. The classes Mo [T4,0;Fg,5]

and Mk [T 0;%g,5] denote the families of Tg-open and Ty-closed maps, respec-
tively, from Ty o into Ty 5, with M [Ty 0; % 5] = UEG{O’K} Mg [Z4,0;Fg,x]

Definition 2.1 (g-%,-Separation, g-T4-Connected). A g-Ty-separation of category
v of two nonempty Ty-sets Z4, 7y C T4 of a Ty-space Ty = (Q, Fy) is realised if and
only if there exists either a pair (%g,¢, %,¢) € g-v-O [‘Ig] X g—V—O[‘Ig} of nonempty
g-T4-open sets or a pair (V.60 Vg.c) € g-v-K [Tg] x g-v-K [‘Ig] of nonempty g-T -
closed sets such that:

(2.11) ( || % =2,0 yg> \/( || % =2,0U yg).
A=£,¢ A=E£,¢

Two nonempty Ty-sets Zy, Sy C Ty of a Fy-space Ty = (2, ) which are not
g-Tg-separated of category v are said to be g-Ty-connected of category v.

The definitions of classes of g-T3-connected and g-T4-separated sets of category
v follow.

Definition 2.2. Let .%; C T be a Ty-set in a Fy-space Ty = (2, 7). Then:

— 1. The T4-set Sy C Ty is said to be g-T4-connected of category v if and only
if it belongs to the following class of g-v-T4-connected sets:

g-Q [T &

(2.12) [ﬂ< || % :%)/\ﬂ( | ] “f/wzygﬂ}.

A=£,¢ A=£,¢

{70 To (1 hn o) e € 50-0[5,] x 0K [Ty
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—1I. The Ty-set S C Ty is said to be g-Ty-separated of category v if and only
if it belongs to the following class of g-v-Tj-separated sets:

def

gv-D[E,] & {yg Ty (B %r Yan)s_c, € 80-0[F,] x g-K[T,))

(213) (U % =) V(U =)}
A=€,¢ A=£,¢

The dependence of g-v-Q[T,] and g-v-D|[T,] on both g-v-O[T,] and g-v-K[T]
is immediate. Thus, to define the pairs (v-Q[%,4],v-D[%4]), (g-v-Q[Z], g-v-D[T]),
and (v-Q[%],v-D[Z]), respectively, it suffices to let them be dependent on the pairs
(I/—O [‘Ig],V—K [‘SQD, (g—V—O [‘I],g—V—K [‘I]), and (I/—O [‘Z],V—K [‘I]); the characters
of these classes are found in our previous works [9, 10]. The notations g-Q [¥4] and
g-D [T,] stand for g-Q[T,] = Uyefg g-v-Q [Ty and g-D[T,] = Uuefg g-v-Q [Ty,
respectively.

Remark 2.3. In defining the classes g-v-Q [T4] and g-v-D [T], it is clear that by the
statement (02/97,\, ”f/g,,\))\:&(: € g—u—O[‘Ig] x g-v-K [‘Ig] is meant a pair of nonempty
g-T4-open and g-T4-closed sets. Furthermore, by 2 € g-v-Q [T4] or € g-v-D [T]
is meant a g-Ty-connection of category v or a g-T4-separation of category v of the
Tg-space Ty = (2, Ty) is realised.

Definition 2.4. Let T, = (Q, J;) be a Jy-space. Then:

— 1. T4 is called a g—u—ﬂéw—space g—l/—fé@ def (Q, g—y—ﬂém) if and only if it is

g-T4-connected of category v.
—II. %4 is called a g—u—ﬂé‘m—space g—u—iém def (Q, g-y-ﬂém) if and only if it is
g-Tg-separated of category v.

In the sequel, by g-u-‘IéLC) def (Q,g—y—fém»), g-wiépc) def (Q,g-u-?épm),

g—V—TéLPQ df (Q, g—y—ﬂgLPQ), and g—u—TéSC) def (Q, g—u—ﬂésm), respectively,
are meant locally, pathwise, locally pathwise, and simply g-v-7 éc>—spaces. Finally,
by a g—y—géM—space g—SéA> = (Q,g—ﬁé‘”) is meant g—IéM = \/Uelg g—y—‘SéM =
(2 Voer gv-7M) = (2,67 M), where A € {C,LC, PC,LPC,SC, D}.

By omitting the subscript g in almost all symbols of the above descriptions, very
similar descriptions are obtained but in a 7 -space [10]. In the following sections,
the main results of the theory of g-%;-connectedness are presented.

3. MAIN RESULTS

If for all (%Q’A’%’)‘)AZE,C € g-0[Ty] x g-K[T,4] neither % ¢ U Y5 ¢ = Q nor
Uy c U Vge = Q is satisfied, then a Fg-space Ty = (2, Fy) is said to be g-Ty-
separated. Hence, the following theorem:

Theorem 3.1. Ifg—‘Z;m = (Q, g—yém) be a g—ﬁém -space, then there exists a pair
(%g,g, Yg.c) € 60 [‘Ig] x g-K [Ig] or a pair (Ug,c, Vge) € g—O[‘Zg] x g-K [‘Eg] such
that

(3.1) (U e U Vo0 = Q) V U U Ve = Q).
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Proof. Let g—‘Zém = (Q,g—ﬂém) be a g—ﬂém—space. Then, there exists a pair
(02/9”\’7/9’/\%:&( € g-0[T,] x g-K[T,] such that

(1 7o)V 7-0),

A=E£,¢ A=E£,¢
If %y e € g-O [‘Ig] then %y, = C(%gé) € g-0 [Tg] Ng-K [‘Ig], and if 75 ¢ € g-K [Tg]
then 7g.c = C(¥4,¢) € 9-O[T,4] Ng-K[T,]. Thus, if % € g-O[T4], it suffices to
set Vg = 0(%e), and if Y5 € g-K[T], it suffices to set %y = C(¥5¢). By
substitutions, it follows, then, that

(%6 W e =V [Uy.c Ve =9,

which was to be proved. ([l

Remark 3.2. Given (%4, %) C T4 and —opy, : & (2) — & (Q), the statement
(%5 N —0pg, (Fy)) U (opy, (#g) N ) = 0, when v = 0, may be called the
Hausdorff-Lennes Separation Condition in the Jy-space Ty = (2, Fy).

If a Jy-space T4 = (2, F,) is g-T4-connected, then either 0 (%)) = %, s0
that %\ € g—K[ig] or, C(¥4.2) = ¥4, so that ¥4\ € g—O[Tg], where (\,n) €
{(&,€),(¢,&)}. Therefore, T, is g-T4-connected if it has no nonempty proper g-Tg-
set Sy € g—O[Tg] Ng-K [Tg]. Hence, these theorems follow:

Theorem 3.3. If a Ty-space Ty = (Q, Ty) has a nonempty proper g-%4-open-closed
set Sy € g-0O[Ty] N g-K[Ty], then it is a g—ﬁém—space g—‘Iém = (Q,g—ﬁém):

(3.2) 3.7, € 0-0[T) N gK[T] = T = (2,6-7D)).

Proof. Let #y € g-O [‘Zg} Ng-K [Sg] be a nonempty proper g-%4-open-closed set in

T4 Then, there exists (%, ”//g)\))\:5 ¢ € g-0[%y] x g-K[T4] such that

[%9’6 2 yg = C(%,c)] v [E (7/9,6) = yg 2 ng‘

Consequently, the following relation holds:

< |_| Ug\ 2 Sg I Uy ¢ 2 (%) U %,c)
A=¢£,¢

\/(B (Fae) U¥pe 255 Utge 2 | | v)
A=£,¢

Since C(%y.c) U %y = Q, Sy U Uy c = Q2 and, consequently, Usec Zar =
observe that, % ¢ = .5 = 0 (%) because .7 € g-O[T4| Ng-K[T] is a nonempty
proper g-Tg-open-closed set in Ty. Since C(“//g)g) U7 =Qand S € g—O[Tg] N
o-K[T,], C (%) = S = V4. Therefore, 0 (74,6)U%ge = S3U ¢ = La=e.c Yo
By substitutions, it consequently follows that

(L, %= ) V(L 7 =0)

A=E£,¢ A=E£,¢
which was to be proved. [

The converse of the above theorem also holds as demonstrated below.
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Theorem 3.4. Ifg—‘Zém = (9, g—yém) be a g—ﬁém—space, then it has a nonempty
proper g-Tq4-open-closed set /3 € g-O [Tg} Ng-K [‘Ig] :

(3.3) 37, € g-0[%,| NgK[T,] = g3 = (2,0-7).

Proof. Let g—‘Ime = (Q,g—ﬂém) be a g-fém—space. Then, there exists a pair
(%B»A’%A)A=g,g € g-0[T,] x g-K[T,] such that

(L= )V(L 7o)

A=£,C A=£,¢
But | [\_¢ ¢ %, = § implies either % ¢ = C (%) or %, = C(%,s), and on
the other hand, | |,_. . 75,» = 2 implies either %5 ¢ = C (W) or Yge =C (Y-
Consequently, there exists a Tg-set #5 C Ty such that
(% 2 73 20(%. 0] v [C(Ye) 2 S5 2 Vo]

Hence, g-‘Iém has a nonempty proper g-¥4-open-closed set .#; € g-O [Sg] Ng-K [‘Ig} ;
this completes the proof of the theorem. ([l

Combined together, the above theorems establish the necessary and sufficient
conditions for a Jy-space Ty = (2, F;) to be g-Ty-separated and g-T4-connected,
and hence the following corollary.

Corollary 3.5. Let T; = (Q, ;) be a Ty-space. Then it is a g—ﬁém—space
g—Tém = (Q,g-fém) if and only if T4 has a nonempty proper g-Tq4-open-closed
set Sy € g-0[Tg] Ng-K[T,]:

(3.4) g—Tgm = (Q,g—?ém) — 3.7, € g-0[T,] Ng-K[T].

A g-Ty-separation is realised if the only g-Tg-sets in Ty which are both g-Tg-
open-closed sets are the improper Tg-sets (), @ C T;. The theorem follows.
Theorem 3.6. A J;-space Ty = (Q, Ty) is said to be a g—ﬂém -space g—Tém =
(Q, g—ﬁém) if the only g-T4-sets in Ty which are both g-T4-open-closed sets are the
improper T4-sets 0, Q C T,.

Proof. Let 5 € g—O[‘Ig] N g-K [‘Ig} be a g-Tg-set in Ty. Then, there exists
(%g, “//g) S g—O[‘Ig] x g-K [‘Ig] such that %; O .7y O 7. Consequently, C(%g) -
C(#) € C(7). Since (C(74),0(%,)) € g-O[T,] x g-K[Ty], it follows that,
C () € g-0[T,] Ng-K[T,]. Since S NC(H) =0, implying .73 UL (F) = Q, it
results, obviously, that,

(70, C(A) € 0,9)] Vv [(74.C(A)) € (2.0)].
This completes the proof of the theorem. ([l

The logical relationship between ¥j-connectedness and g-T4-connectedness is
contained in the following theorem.

Theorem 3.7. If T3 = (Q, Tg) be a g—fém—space g—fém = (Q,g—gé!c)), then it
is also a %w)-space ‘IE,Q = (Q, %<C>)..

B9 T =(0e70) = 1= (@.79)
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Proof. Let T4 = (R, 7;) be a %<D>—space ‘Zém = (Q, 99<D>). Then it has a
nonempty proper Tg-open-closed set .75 € O[T ] NK[T,] in Sém. Since O [ZT4] N
K [T, C g-0[T,] N g-K[T,), it follows that, .7, € g-O[T,] N g-K [T, in TH.
This proves that ‘IE,D> is also a g—fém—space g-‘Iém = (Q,g-ﬂém). In other
words, if Ty is a g—ﬁé,c)—space g—Sé@ = (Q,g—ﬂéq), then it is also a %w)—space
Té@ = (Q, %w)), and the proof is complete. O

By virtue of the above theorem, the following corollary follows.

Corollary 3.8. If T; = (2,.7;) be a %<D>-space Tém = (Q, %<D>), then it is also
a g-7 P -space g-T{") = (2, g-7 )

(3.6) T = (2,9-7P) = = (2, 7).
A Ty-set Sy C Ty of a Ty-space Ty = (Q, F;) is g-Tg-connected if and only if it
is g-T4-connected as a Jy-subspace. The theorem follows.

Theorem 3.9. If %y C Ty is a Ty-set of a Ty-subspace Tyr = (I, Tyr) of a
Ty-space Tq0 = (2, Ty.0), then Sy is g-T4 p-connected if and only if it is g-Ty -
connected:

(3.7) S €9Q[Tyr] &= S Q[T

Proof. — Necessity. Let .75 C Ty be a Ty-set of a Fy-subspace Tyr = (I, T4 1)
of a Jy-space Ty.q = (Q, J5,0) and suppose that 7, € g—Q[Tg’p]. Then, .7; ¢
g-D[Ty.r] and, hence, for all (%5, %4,») € g-0[Tyr]| x g-K[Tgr],

A=¢£,¢
(s A1 )
A=, A=,
But, Jyr x ~Fyr C Jga X 7T, and on the other hand, opgr g[F]

implies op, r (Og\) = F N opg o (Oga) = 0Py o (Og) and —op, (,%/ ) =TInN
0Py 0 (Hg ) = —0DPg (g ) for any (Oy, Hy) € Ty x =Ty r, where OPy .0 () e
Z [Q] Thus, for all (62/99\77/9)\)>;574 € g- O[ gﬁg] X g- K[‘Igygz}

(U oA A( - 2)

A=¢£,¢ A=¢,¢
Consequently, .75 ¢ g-D [QQ,Q] and, hence, 7 € g—Q[Tg,Q].

— Sufficiency. Conversely, suppose that ./ € g—Q[‘IE,Q]. This implies that

7 ¢ 6-D[Tgq]. Therefore, for all (%, Yg),_¢ . € 8-0[Ty.0] x -K[Tgal,

(el )
A=¢£,¢ A=¢£,¢

But the statement (%,x, %5.1),_ ¢ €

(g3 Var) s 5(690[9F]X9 [T

to opgr () = T Nopyqo(-) € Z[0.

(YQ,Y) C Tyr X T4 implies, evidently,
ar|, since opy 1 (-) € Z,[I'] is equivalent

Consequently, for all (%g7>\,7/g7>\))\:§< €
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g-0[Tgr] x o-K[Tyr],
(e { )
A=, A=,
Therefore, .75 ¢ g-D [‘Igr} and, thus, 7 € g—Q[‘Ig,r]. ]

There are some very fundamental J;-properties of g-T,-connected sets which
follow from the next theorem.

Theorem 3.10. If ./, < g—Q[Tg] be a g-Ty-connected set of a g—fém—space
g—iém = (Q,g—yém), then there exists (g, Vg,\) € ¢-0[T,] x g-K[T]
such that

(38) ( V (< %9) \/( V (%< m))-

A=£,C A=E¢

A=¢,¢

Proof. Let /3 € g—Q[Sg] be a g-T4-connected set in a g—ﬁém—space g-Tém =
(2,0-7P)). Then, for all (%, 7g,) € g-0[%,] x g-K[F,],

A=£5,Co
ﬁ( |_| 62/97/\—5”9>/\ﬁ( |_| Vg)\_yg)
A=£0,Co A=£5,Co
o0, A 0, )
A=€5,Co A=£5,Co
(0, )ALD )
A=£5,Co A=¢£5,Co

Since T4 is a g- f space g- ‘Z< ) = (Q,g-ﬂém), there exists, therefore, pairs
(%g,A,"f/g,)\)A:5 ¢ € g O[ ] X g- K[ ] such that

(L 2= V( -

A=£,C A=£,¢
= (A_|_£|yg(yg N,») = yg> \/ (A_|_£|7<(f5ﬂg NYn) = yg>
= (A}ég(ﬁﬂg C %,A)) \/Q{,C(&ﬂg C %,A)).

Since m/\zga,gg Uy, ﬂk:fa,ca Yg.x # 0 hold, and, moreover, T is a g_y;DLspace
g—‘IéD) = (Q, g—ﬂém), the proof at once follows. O

Equivalently stated, the following proposition states that, any T4-set which is
contained in a g-%4-connected set is also a g-%;-connected.

Proposition 1. Let %y, /3 C Ty be Tg-sets in a Ty-space Ty = (Q, F). If
S5 € g-Q [ig] and Z, satisfies

(3.9) [%g - ODPy (5/9)] v ['%)g - T 0Dg (yg)]»
then %4 € g-Q[T,].
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Proof. Let %y, Sy C Ty be Ty-sets in a Fy-space Ty, = (Q, Ty), where S €
g—Q[Tg}, and, by hypothesis, Z4 € g-D [Tg]. Since %y € g-D [Tg], there exists,
then, (%gx, Y1) € g-0[T,] x g-K[T] such that,

A:{,,,Cp
(1 V()
A=¢£,.C, A=E£5,Cp

Since S € g-Q [Tg], it must be contained in either of % ¢,, % ¢,, or in either of
Vs, Vo, Consequently,

(V cum)V( V <)

)‘:£p1<p n:fp’Cp
= ( \/ (Opg (%) C %g,(p«\))> \/< \/ (mopg (%8) € Y400, n)))
e n=Ep:Cp

where %y (pn) = 0Py (% x) and Y () = 0D, (V) for every pair (A7) €
{(&s,¢y) , (Cps€p)}- With no loss of generality, let it be supposed that

[Opg( a) € % P’A)] [ﬁ OPg () € AI/Q:(;W)]

holds for a (A, 1) € {(£,,Cp) , (Cp,&p)}- Then, since the relations Zy = | |,_, , %0 C
Us=x.y Zs.(p.0) and 0 =,y , V5.0 2 No=rry Ya.(p.0) hold, it follows that,

ODPyg (yg) N %gm

N

Uy (p ) N Uy < m Uy (p,0) = 0;

o=\,n
0Dy (F)NTgn C Yoo N Vax € ﬂ V.0 = 0.
o=A\,n
Therefore, op, (/) %g,n, = 0Py (F4)N¥gx = 0. On the other hand, since Z; C T
satisfies (%4 C op, ()] V [#g C ~0p, (F)], it results that,
Uy = RgO Uy =00y (So) Uy,
7/97)\ = %g n 7/9,)\ = T0pg (yg) ﬂ%g)\.
From these and op, () N %n, 0Py (F5) N Ygn = 0, it follows that, %,
Y. = 0, which contradict the hypothesis that %, € g-D [‘Ig]. a

The following proposition states that, if it be given a collection of g-4-connected
sets with non-void intersection, then g-Tj-connectedness is preserved under the
operation of union.

Proposition 2. Let {#, : v €I} C g-Q[T,] be a collection of n > 1 g-T4-
connected sets in a Jy-space Ty = (12, Fy). If ﬂyej* Faw # 0, then Uuel* g €

g—Q[Tg} in Ty:
(3.10) () (v €0Q[T]) #0 = ] Sou € 9-Q[T).

vely: vel:
Proof. Let {F, : v € I:} C g-Q[T,4] be a collection of n > 1 g-T4-connected
sets in a Jy-space Ty = (0, .7,), and suppose, by hypothesis, that UVGI* o €
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g-D[%,], where N, ;. Foo # 0. Since U, ¢/ S € 0-D[Tg], there exists, then,
(%g,k,%,A)A:§7C € g—O[Tg] x g-K [Tg] such that

( |_| Uy x = UueI;y&”) \/( |_| Yor = UVEI;‘Lyg,V)-

A=£,C A=€,¢
Since (\,cp« Lo # 0, there exists a unit Tyg-set {n} C T, satisfying {n} C
MNvers Law # 0. But, by hypothesis, [, c;. -7 € -D[T4]. Consequently,

(Y (emn(n 2.)))
V(V (treran ().

A=¢£,¢ velr

Clearly, for every v € I},

( \ (Law N Uy # @)) \/(A\/ (Faw N Vgr # @))

A=£,¢
= ( \/ (Fow C 02/97/\)) \/< \/ (Fow C ng))
A=, A=
Therefore,
(v (U (Y o).
A=E,¢ \welr A=E,¢ el

which contradicts the hypothesis that | J Faw € -D[T4]. d

velr

Stated differently, the following proposition states that, if every two-point T4-set
of a Ty-set is a Ty-subset of some g-T,-connected subset of the Ty-set, then the
T4-set is also a g-Tg-connected set.

Proposition 3. Let . C T4 be a Tg-set in a Fy-space Ty = (2, F;). If every two-
point Ty-set 2, C .7 satisfies the relation 24 C #; C 7, where %, € g—Q[‘Ig},
then .7 € g—Q[Tg}:

(3.11) P3N Sy D 2,N%, € 9-Q[Ty] = S, € 9-Q[T].

Proof. Let #y C Ty be a Ty-set in a Fy-space Ty = (2, F) and suppose that
every two-point Ty-set 2y C .7, satisfies the relation 24 C %, C ., where
Ky € g—Q[‘Ig], and by hypothesis, #; € g-D [‘Ig}. Then, there exists a pair
(02/&,\,%7,\%\:56@ € g-O [‘Ig] x g-K [‘Ig] such that

(0, - AV L o)

A=£5,Co A=£5,Co
Since g, n, Vg.x # 0 for every X € {&,,(,}, assume that

&y = ng%&fa :ng%vfa7
{C} = ggm%g,ca = Qg m%,{m gg = {g}U{C}
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In other words, 24 C Xy_¢ o % or 24 C Xy—¢ ¢, Yar- Since Zy € g-Q[T],
for all (Zx, Yg.2) € g-0[T,] x g-K[Ty],

/\:€p7<p
TN
)\:€p7<p /\meCp
= ﬁ( |_| (Qg ﬂ%m)\) = QG) /\_‘< |_| (‘Qg N 7/;39\) = Qg)
A=£,,Cp A=£5.Cp
= (25 = 24) N (25 = 2y),
which contradicts the hypothesis that .7 € g-D[T,]. O

A Fy-space is g-T4-connected if any two-point Ty-set can be enclosed in some
g-T4-connected set, and hence the following proposition.

Proposition 4. If any two-point Tg-set 2, C Ty can be enclosed in some g-Tg-
connected set .y € g-Q[%T,], then the Fy-space Ty = (Q, F;) is a g—ﬂéc)—space
g3 = (Q,g-7):

(V2 € Tp) (354 = S U2, € 0-Q[F,]) = ¢-39 = (2.9-7(7).
(3.12)
Proof. Let £ € T be fixed and, for every ¢ € Ty, let Q) C Ty be a two-

point g T g-connected set in a Jy-space Ty = (2, J;) containing &, ( € T4. Then,
qug ale, C) € g-Q[%,] and, by hypothesis, it is the entire Jg-space T,. Hence

Tyisag- 99 -space g—‘ZgC> = (Q,g—ﬂé@). O

The theorem given below states that, any pair of nonempty g-%,-sets which is
contained in some pair of g-T4-separated sets is also g-Tg-connected.

Theorem 3.11. Let Ty = (2, .9,) be a Fy-space. If (Sy.a,7y8) € §-D[Tq] x
g-D [Z4] be a pair of g-Ty-separated sets and (Zg,a,%q,8) € §-S[Tg] x g-S[T4] be
a pair of nonempty g-%4-sets satisfying the statement (Zg,a, %g.8) C (Lg.00L6.8);

)

then (Zg,a,%4,8) € 9-D [T4] x g-D [T4]:
(Far = RgnU Fg 2\ )s—ap € 8D [Tg] = (g ) y—0 s € 8D [Tq]-
(3.13)

Proof. Let (Sy.a,7,8) € 9-D[T, ] x g-D[T4] be a pair of g-Ty-separated sets
and let (Zg,a,%y.8) € 6-S[T4] X g-S[T4] be a pair of nonempty g-T4-sets satis-
tying (%Zg,a, %g.8) C (ﬂ ,Za.8) in a Fy-space Ty = (Q, J;). Then, there exists
(%g”\’%”\)A:&,cg € g- [ ] X g- [T ] buch that

(4% 0V m )

A=£6 (o n=a,B A=£o,Co n=a,f3
-0 V(0 )
A=£s,Co A=£6,Co

Uy=a.5 Lom = U=, ¢, %, is satisfied, then ﬂn 0p Zom C NMaze, ¢, %or = 0; if

Since (%ga,%g 5) € (Yga,yg 8)s MNy=ap Zan S Ny=apLan- 1 the relation
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Uy—a.s Zon = Usze, ¢, Yars then N, _, 5 Zgn € Na—¢, ¢, Yo = 0 holds. Hence,
there exists (%, Yg,0) € g-0[T4] x g-K[T] such that

A:‘fpvgp
(U %= U %) V( U %= U %),
/\:gvap n=a,B >‘:§p7<p n=a,B
This proves the theorem. [l

The basic relation between g-Ty-connectedness and g-T4-separateness follows:

Theorem 3.12. In order that a Ty-set Sy C Ty of a Ty-space Ty = (2, Ty) be
g-Tg-connected it is necessary and sufficient that there exists no (%g,a,%4,8) €
0-0[%Ty] x g-0[Tg] or (Fya,F4,8) € 0-K[Ty] x ¢-K[Tq] such that it be expressible
as

(3.14) ( || %40 = yg> \/( || o= yg).

o=a,f o=a,f

Proof. — Necessity. Let .73 C Ty be a Ty-set in the Jy-space Ty = (2, .7;) and let
there exists (Zgx, Y5\ x2a.5 € 9-0[%y] x g-K[T4] such that

( | ] %g:yg>\/( L] ywzyg).

o=a,f o=a,f
Since (‘%)9«\7'5”99\%:@,6 € g—O[Tg] X g—K[Tg], there exists (%BWAI/G)\))\:Q,;% €
g—O[‘Zg} x g-K [Tg] such that (%Q,A,ym,\)/\:a 5= (%Bv/\77/!37>\)>\:a 5 Consequently,
(1 7 AV 7)

A=a, A=a,B
This shows that (%Zg,x, %4 2)s0.5 € 8D [T4] x g-D[T,]. Hence, 7 € g-D[T,].

The condition of the theorem is, therefore, necessary.

— Sufficiency. Conversely, suppose that . € g-D [Tg], there exists, then, a pair
(%y 2 Yar) s—a 5 € 8-O[Tq] x g-K[T,] such that

( L] %’A:yg>\/( | | %,A:Yg)

A=a, A=a,B
But, (@/g)\, ”VQ,,\) € g-O [59] x g-K [Sg}. Therefore, it follows that there ex-
ists (%’g)\, 5”97,\%\:& 5 € g—O[‘Ig} x g-K [‘Ig] such that the relations expressible by
(%g,,\,ym)\))\:a 5= (@/g)\, ”I/g,,\))\:a 8 hold. Hence, the T4-set .7y C T is express-

A=,

ible as
( || %40 = yg> \/( || o= yg).
o=a,f o=a,f
The condition of the theorem is, therefore, sufficient. ([l

If 7 € g-O[T,], then g-Tg-open sets in .7 are clearly also in g-O[%], and
conversely. Likewise, if /5 € g-K [Tg], then g-%4-closed sets in .7 are clearly
also in € g-K [‘Ig}, and conversely. Hence, an immediate consequence of the above
theorem is the following corollary:
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Corollary 3.13. Let .7y € g-S[Tg] be a g-Tg-set in a Ty-space Ty = (Q, Ty).
Then:

-1 If S € g—O[‘Sg}, then in order that 7 € g—Q[‘Sg}, it is necessary and
sufficient that there exists no (g, #g,8) € 3-0[T4] x g-O[%4] such that
it be expressible as Sy = | |\_, s Zg -

-1 If S € g-K [Tg}, then in order that 7 € g—Q[‘Ig}, it is mecessary and
sufficient that there exists no (%o, %q,3) € 3-K[Tg| x g-K[T4] such that
it be expressible as Sy = | |\_, s Zg-

The following remark contains classifications of g-%4-connectedness with respect
to openness and closedness.

Remark 3.14. Suppose |_|U:a’ﬁ Hq,o = S5 hold, then it is no error to call 7 a
g-T4-connected open set if (Rg,a, Zq,5) € -O[T4] x g-0[T,], and a g-Ty-connected
closed set if (Rg,a, #g,8) € 0-K|[Tg] x g-K[Tg].

From the above corollary, it would appear that g-%j-connectedness depends on
the existence of certain g-%,-separated sets or, equivalently, on the existence of
certain disjoint g-T4-open, closed sets. As another simple ways of characterizing
g-T4-connectedness, the proposition follows.

Proposition 5. A J;-space T4 = (2, .F;) is a g-?ém—space g-‘Iém = (Q, g—ﬂém)
if and only if any one of the following statements holds:

2
~ L 3(HgaT4,8) € (G'D [‘IE] \ {[Z)}) : I_l)\:a,ﬁ Fax =
2
— 1. 3 (g0 Te,8) € (G'O[Tg] \ {@}) : |_|)\:a,,B Fax =1
2
~ 1L 3 (Far S8) € (0K[T \{0}) " Uicas Tar =2
Proof. — Necessity. Let g—fém = (Q,g—ﬂém) be a g—ﬂém—space. Then, there

exists S € (g—O[‘Ig] Ng-K [Tg}) \ {0,Q}. Consequently, there exists (%g,“//g) €
9-0[%y] x g-K[T4] such that

Uy 2 Sy 2y = B(%) CU(7) (7).
Therefore, 0 (#5) € (3-O[T4] Ng-K[Tg]) \ {0, }. Hence,

(72:C(#) € (@-D[Te] \ {0})” U (2-0[T,] \ {0})" U (9-K[To] \ {03)".

— Sufficiency. Conversely, suppose that
3(Sp.asa8) € (-D[T] \ {01) U (0-0[Fo] \ {0})" U (-K [T,) \ {0})",

such that @ = [ |,_, 575 Then if (Fq, S 5) € (8-D[Fg] \ {@})27 there exists
(%y 2 VaA) s s € 8-0[Tg] x ¢-K[Ty] such that,

(U 2= U 7)) V(U %= U %)

A=a,f8 A=a,8 A=a,8 A=a,B

= <|_| GZ/M:Q>\/< | | ”I/M:Q)

A=a,f8 A=,



THEORY OF g-T-CONNECTEDNESS 15

If (Fgor Lg.8) € (5-0[To] \ {0})7, there exists (Zg.a, .5) € 5-0[T4] X 5-O[T,]
such that the statement (. o, %.8) C (%g,a, %y,3) holds. Consequently, it follows
that Q = [_|/\:a)5 Far C [_|/\:a)5 Uy ». Hence, |_|,\:a,/3 Uy \ = Q.

If (Lgarap) € (6-K[T] \ {})?, then there exists (¥g.a, %55) € 0-K [Tq] x
g-K|[T4] such that the statement (S, %5.8) 2 (Y., %4,8) holds. Thus, it results
that () = ﬂA:a,B T 2 ﬂ)\zaﬁ V,x. Hence, |_|/\=a,5 Yo x = Q. These complete
the proof of the proposition. (I

The following lemma is a useful tool for the proof of the theorem following it.

Lemma 3.15. Let Ty = (Q,.7;) be a Ty-space, and let (Fy.a,S4) € 3-Q[T4] x
g—Q[‘Ig} be a pair of g-T4-connected sets in Ty. If there exists a unit Ty-set {£} C
Ty such that (\,_, 5 L5.0 = {&} then Uy,—o 5750 € 0-Q[T,] in Ty:

315)  Hg= () (Far€eQ[T]) = |J oo €0-Q[Tq]
o=a,f o=a,p

Proof. Let T3 = (R, 7)) be a Jy-space, let S = Uo:a,/a S0, and suppose
that there exists a unit Tg-set {{} C Ty such that {{} = ) Fg,0, Where
(Fg.0-La,8) € 3-Q[Tg] x 3-Q[T4], and assume that

(U, %= A) V(U 7ee =)

o=a, o=a,f

for some (%, Vg,2) € g-0[T,] x g-K[T]. Since {¢} C .7,

o=,

A=a,B
(V @cm)V(V w@ena)

meaning that, with respect to (%g,a,?/gﬁ) € g-0 [Tg] X g—O[Sg], either £ € %,
or { € U4y p; with respect to (7/9,&’ ”f/gﬁ) € g-K [Tg] x g-K [Sg}, either £ € %5, or
& € V4,5 Therefore, set

({8} € %.0) vV ({€} € Yha)-

Clearly, %5, V4,8 # 0; %8 C Ua:a,ﬁ Uy,o =g and, Vg3 C Ua:a,ﬁ Va0 =L
Therefore, for at least a o € {a, 8},

(%9”6’ NSso 7 (ZJ) v (%ﬁ NFoo 7 0)'
Choose a n € {a, 8}. Then, for every o € {a, 8},
(%30 N Ly © Ug.o) V (Yoo NV Tan € Ya0)-

Therefore, with respect to (%g’a,%g”g) € g-O [‘Ig] X g—O[‘Ig}7 Ug,o N S, and
Uy p N Syn are g-Tg-separated sets; with respect to (7/970”%”3) € g-K[‘IQ] X
0-K[Tg], Yg.a NIy and ¥ 3 NSy, are also g-Ty-separated sets. Consequently,

(i (U 7))V (e 7))

o=a,B o=a,B

= (U o170 = 2 V(U o700 =20

o=a,B o=a,f
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Therefore, (Sy,a,-%5,8) & 8-Q[Tq] x 9-Q[T4], contrary to hypothesis. Hence, it
follows that |J,_, 5750 must be g-Tg-connected in Ty, that is U,_, 5750 €

0-Q[Ty]. O
For the case of n > 1 g-T4-connected sets, the theorem follows.

Theorem 3.16. Let %1, Sy2, - ., Sgn € 8-Q [Tg] be n > 1 g-T4-connected sets
in Jy-space Ty = (Q, Ty). If, for every (o, B) € I}, x I}, there exists a unit Ty-set
{&} C Ty such that \,_, 5 La.0 = {£}, then Uyer- So.0 € 0-Q[Tg] in Ty:

3{¢} = N (Fao €9Q[T,]) = |J Haw € 0-Q[T,).

oc{a,B}CIx X1 oely
(3.16)

Proof. Let Ty = (£, F) be a Jy-space, let 7y = J, 1+ %4,0, and suppose that, for
every (a, 3) € I, x I, there exists a unit Ty-set {{} C Tg such that (,_, 5S40 =
{¢}, where 1, L2, -, L € -Q[T4] are n > 1 g-Tg-connected sets in Ty. If
(Ear€p) € Sy xSy be any pair of elements of .7, then there is a pair (S, 7,3) €
g—Q[Tg} X g—Q[‘Ig] of g-T4-connected sets such that (&q,83) € (Hy,a,7,8)- Set
Dg.(ap) = 16as8p} and Zy (a,8) = Uyeas Ta0s clearly, U,_, 370 # 0 by
hypothesis. Then, for every (a, 8) € I} x I, the relation 2, (4 ) € %4, (a,8) € s
holds. Since, for every (a, 8) € I x I}, there exists a unit Ty-set {£} C Ty such
that ,_, 55,0 = {£}, it follows that % (a.5) = Uy s a0 € 8-Q[Tg] in Ty
Since, for every (a, ) € I x I, 24 (a.5) € 74 is a two-point Ty-set satisfying the
relation 2y (o,8) € %y, (a,8) C 4, Where %y (a,p) € g—Q[Sg] in ¥4, it follows that
S = UUEJ-; Fa0 € 3-Q[Tg] in Ty. This proves the theorem. O

When a Jg-space Ty = (2, F;) is g-T-separated, it is natural that we should
attempt to obtain some information about the various g-%;-connected sets into
which it can be g-T -separated. The maximal g-T  -connected sets of the Tg-space
Ty = (Q, Fy) are particularly interesting.

Definition 3.17. If ( € ., C T is a point of a Ty-set in a Ty-space Ty = (2, Fp),
then

def
(317) 9-Cy, [() = {E € Fy: (3% € 0-Q[Te]) [(6,€) € Z5 € 7]}
is called the ”g-T -component of .; corresponding to ¢.”
According to this definition, a g-T -component is nonempty, g-%;-connected,

and is not a proper g-T;-set of any g-T ;-connected set of a J-space. The theorem
follows.

Theorem 3.18. For each point ( € Ty in a Jy-space Ty = (Q, Ty), the g-T,-
component g—CyB [C] of Sy corresponding to ¢ is the largest g-T -connected set in
%y which contains the point (:

(3.18) (V¢ € Tg) (B, € 0-Q[%,]) [#5 D 5-Cs, [C]].

Proof. Let (§,¢) € (Zq,c \ {C}) x Zg,c in a Ty-space Ty = (Q, T,), where %y €
g-Q[T,] is any g-T-connected set which contains ¢ € Ty, and € Zy . Clearly,
Dy e.0) = 16, ¢} € Hy¢ and, therefore, & € 9-Cy, [¢], implying Zg C 9-Cy, [€].
To prove the g-T -connectedness of g-C S [C], consider an arbitrary point n €
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9-C ., [C]. Since 24 (;.c) = {n.(} € g-C 5, [(], there exists a g-T;-connected %y, €

9-Q[Tg] such that 2; ,¢) = {n,(} € #y,n. Therefore, Zy,, C 9-Cy, [(] and,

consequently, g-C 5, [¢] = U, eq4.c,, () Zon- But, this is the union of the collection
g

{ %y m e g-Cy, (]} € g-Q[T,] of g-T -connected sets with a common point
( € Ty. Hence, g-Cy [(] € 0-Q[T]. O

In a Jg-space, g-T -components are g-T-closed sets, as demonstrated in the
following theorem.

Theorem 3.19. For each point ( € Ty in a Fy-space Ty = (Q, Fy), the g-T ;-
component g—Cyg [C] C Ty of Sy corresponding to ¢ is a g-T-closed set of Ty:

(3.19) (V¢ € T4) [0-Cy, [¢] € - K[T]]-

Proof. Let g—Cyg [¢] C %4 be the g-Tj-component of .y corresponding to ¢ € Ty.
Then, g-C [(] € g-Q[T,] is the largest g-T -connected set in Ty containing the
point ¢. Suppose that £ € —op, (g—Cyg [¢]). Since - 0pg (g—CyE []) € g-Q[%,]
is a g-T4-connected set, and g—Cyg [€] is the largest g-T -connected set in T4
which contains the point (, 24 ) = {&(} € ¢-Cy [(]. Hence, g-Cy [(] 2
—0p, (g—Cyg [¢]), meaning that 9-C, [¢] must be a g-Ty-closed set in Ty. This
proves the theorem. (I

A central fact about the g-Tj-components of a Jj-space is that, to each point
¢ € Ty in a J-space Ty = (2, J;) there corresponds a unique g-T;-component
g-Cy, [¢] of #;. This fact is contained in the following theorem.

Theorem 3.20. The class {g-Cyg [€]: Ce Tg} of g-%4-components of a Ty-space
Ty = (Q, Fy) forms a partition of Ty:

(3.20) {6Cs []: CeT} = | ] 0Cs [ =02
(€T,

Proof. Let {g—CyB [€]: ¢ € ‘Eg} be the class of g-T -components of a J-space
Ty = (2, 7). Clearly, @ = ez, 8-C, [(]. Let n € g-Cy [(]Ng-Cyy, [€]. Then,
since g-C, [(], 0-C o, [€] € 9-Q[Ty] and contain the point 5 € Ty, it follows that,
9-Cy [n 2 9-Cy [(] and g-Cy [n] 2 g-Cy [¢]. But g-Cy [(], 5-C, [¢] are
g-T-components and, hence, g-C 4 [(] = ¢-C5 [1] = g-C, [¢]. This shows that
distinct g-Tj-components are disjoint or, equivalently, g-Cy, [(] N g-Cy, [{] # 0
implies g-C 5, [¢] = g-C, [¢]. 0

By virtue of this theorem, it thus follows that, each ¢ € Ty belongs to a unique
g-Tg-component g-C [(] of .#;. The corollary follows.

Corollary 3.21. For each point ( € Ty in a Ty-space T4 = (Q, Fy), there corre-
sponds a unique g-<;-component g—Cyg [C] of Sy containing it:

(3.21) (V¢ € Ty) (A a-C, [¢] € 3-Q[T] ) [¢ € 5-C, [¢]]-

A Jy-space that is g-T -connected has at most one g-T;-component, as demon-
strated in the following proposition.
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Proposition 6. If T, = (Q,.7;) be a g—ﬂéc)—space g—‘Zé@ = (Q,g—ﬁé@), then it
has at most one g-T -component g-Cg, [(] = (2

(3.22) g3 = (2,9 7) = NgCq¢ =

Proof. Let Ty = (2, J3) be a g-ﬂé!c)—space g—Té@ =(Q, g—ﬂé@), and let it be sup-
posed that it has a € I3, g-T;-components g-Cq, [¢1], 9-Cq [C2], - - -, 8-Cq [Ca]. Then,
UMEI; 9-Cq [¢u] = Q because ﬂuelg 9-Cq [¢u] = 0. Hence, T, is g-T-separated,

which contradicts the fact that T is a g-ﬂém—space g-‘IéC> = (Q, g-ﬂéq). (]

The combination of an additional concept called path with the notion of g-% ;-
connectedness will bring forth a further refinement of g-%¥ -connectedness called
pathwise g-T;-connectedness.

Definition 3.22. A path from an initial point { € T, to a terminal point ¢ € T,
in a Jg-space Ty = (2, F) is a ([0, 1], T4)-continuous map g4 ¢ : [0,1] — T4 with
(¢a,c (0),0g.c (1)) = (£,¢). A Tygset .y C Ty of a Tyg-space Tg = (2, Ty) is said
to be pathwise g-Tj-connected if and only if, for every (&,¢) € Sy x Sy,

(3.23)(32 € 0-Q[Tg]) B : [0,1] — Fy) [ 2 24 2 im(%,q[o,u)]'

Evidently, im(‘z"gﬁnog]) signifies the image of the ([0,1],%4)-continuous map
©Yg.c : [0,1] — T4 from the initial point { = ¢g¢ (0) to the terminal point ¢ =
©g.¢c (1). The following theorem is an immediate consequence of the above definition.

Theorem 3.23. A subsetI' C Q of Q of a Ty-space Ty = (Q, T5,0), with the
absolute g-topology Ty + P (Q) — P (Q), is said to be pathwise g-T ;-connected
if and only if, with the relative g-topology Tyr : P (L) — Tgr = {0 NT : Oy €
%)Q}, the Jy-subspace Tyr = (I', Jyr) is pathwise g- ;-connected.

Proof. — Necessity. Let T30 = (2, J5.0) be a J;-space, and suppose that a subset

I' C Q of Q, with the absolute g-topology J5.o : & (Q) — £ (), is pathwise
g-T4-connected in Ty . Then, for every (§,() €' x I' CQ x Q,

(32w € 3-Q[Ty,0]) Fwac : 10,1] — Tgo) [ 2 2y 2 im(‘Pg,CHo,u)]'

Since 2., € g-Q[Tg.0] and g-Q[Tg.0] 2 g-Q[Ty r], it follows that 2, , = 24 ,NT
for every 2, € g-Q[Tyr]. Since {¢g (0),¢qc (1)} €T x T, it also follows that
ro2,,2 im(<pg,<‘[0’1}). Therefore, for every (£,() € ' x T,

(3241 € 0-Q[Tgr]) (Fpgc : [0,1] — T r) [T 2 245 2 im(<p974|[0,1])]'

Hence, with the relative g-topology g : 2 (I') — Tyr = {O,NT: Oy € Ty},
the Jy-subspace T4 r = (I', 74 r) is pathwise g-T -connected.

— Sufficiency. Conversely, suppose that, with the relative g-topology given by
Tgr: P (L) — Tgr ={0,NT: Oy € Tyq}, the Fy-subspace Tyr = (I, Ty r)
is pathwise g-T -connected. Then, for every (£,¢) € I' x T,

(325, € 0-Q[Tg,r]) (Bg,c : [0,1] — Fyr)[[ 2 2y, 2 im(%,q[o,u)]'

Since 24, € g-Q [Tg,p} and g—Q[‘Sgyp] C ¢g-Q [SQ,Q], it follows that a 2, €
g—Q[‘Zg@] exists such that 2., NI = £, ,. Furthermore, since 2, ., C I' and
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Pyw 2 2y, it follows that T' 2 2y, 2 im(pgc),)) Therefore, for every
(,0) e xI'CQxQ,

(3250 € 0-Q[Tg0]) (g : [0,1] — Ty ) [T 2 240 2 im(%,é‘no,l])]'

Hence, the subset I' C €, with the absolute g-topology J5q : & (Q) = & (), is
pathwise g-T -connected. ]

The relationship between the notions of g-T -connectedness and pathwise g-% -
connectedness follows.

Theorem 3.24. Let Sy C %, be a Ty-set in a Ty-space Ty = (0, Ty). If Sy is
pathwise g-Tj-connected, then Sy € g-Q [Tg].

Proof. Let 3 C Ty be an arbitrary pathwise g-T -connected set in a J-space
Ty = (2 F). If Sy =0, then S ¢ g—D[‘Sg} and, therefore, 7y € g—Q[‘Zg]
Suppose %y # (), consider any point § € .. Since . is pathwise g-T ;-connected,
for every ¢ € .7, there is a path g ¢ : [0,1] — . from the initial point £ € .7 to
the terminal point ¢ € ., and a g-Tj-connected set 2 (¢ ¢) € 8-Q [‘Zg], containing
¢, ¢ € S, such that 2y ¢ ¢) 2 im(‘Pg,C\[o,u)' Clearly, im(wg’cl[()?l]) € C[[0,1]; F,4]-
Moreover, .7 2 24 (¢.¢) 2 im((pg@l[&H) and, consequently, .7y 2 UCey’g Dy 6.0 2
UCEYE im(cpg7<‘[0’1]) = 7, since £ € ;. But, £ € im(5097<|[o,1]) for every ( € 7
and, hence, ﬂceyg im(gog,qm”) # (. Furthermore, im(‘»"9£|[0,1]) € g-Q [Tg] for
every ¢ € ./, and by the relation . = UCey’g im(gog,q[o 1]), it follows, then, that
s € 9-Q [Tg]. This proves the theorem. O

Thus, pathwise g-T -connectedness is a stronger form of g-% -connectedness.
For this reason, we stated that pathwise g-T -connectedness is a further refinement
of g-Tj-connected. An immediate consequence of such a statement is the following
proposition.

Proposition 7. If T; = (€2, 7;) be a pathwise g-T;-connected Fy-space, then it is
also g-T j-connected:

(3.24) IV = (Q,0-7Y) = ¢T7 = (2.9-7).

Proof. Let Ty = (2, 7;) be a J-space, and suppose it be g-T -separated. Then, T4
has a nonempty proper g-% -open-closed set .7y € g-O [T 0] N g-K [Ty o] There
exists, then, (&,¢) € S x 0(F). Let @g¢ : [0,1] — T, be a path from ¢ to
. —1 . -1 : -1
¢. Clearly, [0,1] D 1m(<pg’<|yg) for 0 € lm(‘pmqyg) and 1 ¢ 1m(<p97<‘yg), or for
0 ¢ im(ap;é‘yg) and 1 € im(cp;élyg). Since ¢q,c € C[[0,1];T4], it follows that
im(apgé‘y ) is both open and closed. But, this contradicts the fact that [0, 1] is
? g
connected. Hence, the F-space Ty = (2, Fy) is g-T ;-connected. O

Definition 3.25. Let ¢g.¢, @q.c @ [0,1] — T, be two paths in a F-space Ty =

(Q, 74) satisfying (%,C (0), Pg.c (1)) = (‘Pg& (0), pgc (1)) = (£,¢)- Then, ¢q¢ is
said to be "homotopic” to ¢g ¢, written ¢g.¢ ~ @q ¢, if there exists a ([0, 1]2 ,‘Ig)—
continuous map hg : [0, 1]2 — T, called a "homotopy” from ¢g ¢ to ¢4 ¢, written
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by @ Pg.c ~ g, satisfying,
hgAp) = (1—p)dgc(N)+ppgc(N) Ype {01},
(325)  by(Ap) = (1-NE+A YA€ {0,1).

The homotopy by : ¢g.¢c ~ @g,¢ is said to establish a g-Tg-homotopy from ¢4 ¢ to
©g,c in a g-Tg-connected set Z, € g-Q [T] if it belongs to the class:

aH[[0,1]%: 2] = {bg 1 (300.¢, 00+ [0,1] — Zg) [y : bg.c =~ 0g.c]}-
(3.26)

For any ¢g ¢, @g,¢c, Yg,c : [0,1] — Z4 € g-Q [T4], the statements by : ¢g.c >~ g ¢,

g Gg,c = g, implies by : g ¢ >~ dgc and, by 1 dg,c = wgc and by @g¢ 2 Yg ¢
implies by : ¢g,¢c =~ 9g,¢c hold, as shown in the following theorem.
Theorem 3.26. The g-T4-homotopy relation is an equivalence relation in the
collection of all paths in any g-Tq-connected set Xy € g-Q[Tq] of a Ty-space
Ty = (2, ).
Proof. — Reflexivity. Let ¢g¢ : [0,1] — %4 be any path, where %, € g Q[%,]
is any g-Tg-connected set in a Jy-space Ty, = (,.F;). Then the ([ > Ry
continuous map by : [0, 17 — Ry defined, for every (A, u) € [0, 1%, by f)g( )
¢g,¢c (A) is a g-Tg-homotopy from ¢g ¢ to ¢g.¢, and that defined, for every (A, u)
[0, 1]2, by bg ()\,u) = @g.¢c (1) is a g-Tyg-homotopy from ¢g ¢ to ¢4 . Hence, by
g—H[[O7 1]2 ;%g], and ~ is reflexive.

— Symmetry. Let by € g- H[[O 1]2 Z } be a g-Ty-homotopy by : ¢g.c =~ Ygc-
Then the ([0,1]*, %, )-continuous map b : [0,1]> — %, defined, for every (A, u) €
[0,1]27 by 69 (A i) = bg (A1 —p) is a g-T4-homotopy ﬁg D Qg 2 Pgc. Hence,
Gg € g—H[[O, 1]2 ;%’g], and ~ is symmetric.

~ Transitivity. Let hg.q, hgs € g—H[[O7 1]2 ;%’g] be g-T4-homotopies hg o : Pg,c >
©g,c and by g 1 @g.c = Vg ¢, respectively. Consider the ([07 1]2 7%g)—continuous map
by @ [0,1]° — %, defined, for every (A, ) € [0,1)%, by by (A, 1) = Bg.a (A, 7p2)

)-
e
S

1 1
if ue [O, 77] and by (A, 1) = bgg(A\nu—1) if p € {7771} where 7 € (1,00).

Clearly, by : ¢g,c =~ hg,¢. Hence, it follows that, by € g—H[[O, 1]2 ;%’g], and ~ is
transitive.

The concept of simply g-%,-connected J-space is defined below.

Definition 3.27. Let ¢g¢ : [0,1] — T4 be a path from { € T; to ( € Ty in a
Tg-space Ty = (2, T) with (pg.¢ (0), ¢4, (1)) = (£,¢). Then:

— L If @g¢ 1 [0,1] — {(}, then ¢g4 ¢ is called a ”constant path” at ¢ € Ty:

Gac () L eg (A for all A € [0,1].

— 1L If gt {0,1} — {C}, then ¢g ¢ is called a "closed path” at ( € Tg:
Gac (V) kg (\) for all A € [0,1]
- 1t If, for every )\ € [0,1], ¢g.c (A) =5 (N) and @g,¢c (A) = ¢4 (A), then ¢4 ¢ is
said to be ”contractable to the point ¢ € T4.”
A Jy-space Ty = (Q, T) is "simply g-T4-connected” if and only if, at each point
¢ € T4, any closed path £ : [0, 1] — T is contractable to .
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The necessary and sufficient conditions for a pathwise g-Ty-connected J3-space
to be simply g-T4-connected are contained in the following theorem.

Theorem 3.28. Let T3 = (2, .7;) be a pathwise g-T4-connected Ty-space. Then,
Ty is simply g-Ty-connected if and only if, at each ¢ € T4, any closed path €, :
[0,1] — %4 at ¢ is g-Ty-homotopic to the constant path ¢y : [0,1] — T, at
(€ %y by g~y for each ¢ € Ty.

Proof. — Necessity. Let Ty = (2, F;) be a pathwise g-T,-connected J;-space, and
suppose it be simply g-Ty-connected. Since Ty is pathwise g-% -connected, for
every (£,() € Q x Q,

(32, € 9-Q[T,]) (Frpg,c : [0,1] — Fg)[22 2, 2 im(‘Pg,q[o,u)]'

If pg.c: {0,1} — {C}, then g ¢ is a closed path at ( € Tyg: @g ¢ (A) = €5 (X) for all
A € [0,1]. Since Ty is simply g-T4-connected, it follows that, at each point ¢ € Ty,
the closed path ¢4 : [0, 1] — T4 is contractable to ¢. Thus, at each { € T, the closed
path £ : [0,1] — T, at ¢ is g-T4-homotopic to the constant path ¢g : [0,1] = T4
at ( € Ty: by : &g > ¢g for each ( € T4. The condition of the theorem is, therefore,
necessary.

— Sufficiency. Conversely, suppose that, at every point ( € T, in a pathwise g-%4-
connected Jg-space Ty = (2, Fy), any closed path £, : [0,1] — T4 at ( is g-T4-
homotopic to the constant path ¢4 : [0,1] = Ty at ¢ € Tyt by : €5 ~ ¢g for every
¢ € T4. Then, there exists a path g4 ¢ : [0,1] — T satisfying ¢4 ¢ : {0,1} — {¢}
and, therefore, contractable to ¢ € T4. Thus, at each point ¢ € Ty, any closed path
£, : [0,1] — T, is contractable to (. The J;-space Ty = (2, Fy) is, then, simply
g-T4-connected. The condition of the theorem is, therefore, suflicient. O

The definition of local g-%-connectedness at a point £ € T4 in a Jy-space Ty =
(Q, F) is now given.
Definition 3.29. Let T; = (12, F;) be a J;-space. Then:

— 1. T4 is said to be "locally g-T4-connected at a point £ € T,” if and only if,
(3.27) (V2 € 6-0[%,]) (325 € 0-Q[Ty)) [€ € 24 € %,).

— II. T4 is said to be "locally pathwise g-Ty-connected” if and only if, given any
(&, Uy¢) € Ty x g-O[%T,], there exists (£, Zg¢) € Ty x g-Q [T4] such that
(¢, m) € 24 x 24, with ¢ # n, implies that,

(3.28) (3909@ :[0,1] — (59) [{C,n} < im(‘Pg,CHo,l]) CZycC %9,5]

The Jy-space Ty = (2, Fy) is said to be "locally g-T-connected” if and only if it
is locally g-T4-connected at every point £ € Tg.

As an immediate consequence of the above definition, it is shown below that
local pathwise g-% -connectedness implies locally g-% -connected.

Theorem 3.30. If T, = (Q, 7;) be a locally pathwise g-T-connected Ty-space,
then it is locally g-%;-connected:

320) @SR = (.0 7P = T4 = (05700
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Proof. Let Ty = (€2, 74) be a locally pathwise g-T -connected Jg-space. Then, for
any given (&, %g,e) € Tq % g-O [T4], there exists (£, Zy¢) € Ty x g-Q [T4] such that
((,8) € 2y x 2y, with ¢ # &, implies that,

(Fpa.c 1 [0,1] = F4) [{¢, €} < im(%,éuo,u) C 2ye C Uyl
Consequently, £ € im(<pg7q[0 1]) C Dy¢ C Uy and, therefore, £ € 2y C %, ¢
Hence, it follows that

(V%,, € 3-0[%y]) (32, € 0-Q[T]) [€ € Ly € Y]

The Jy-space Ty = (2, ) is therefore locally g-% ;-connected. O

In a locally g-Tg-connected Jg-space, a g-T -component is a g-Ty-set, as demon-
strated in the following theorem.
Theorem 3.31. If g—Cyg [C] be the g-T;-component of 7y corresponding to ¢ in a
locally g-T-connected Ty-space Ty = (Q, Ty), then g-C 5 [(] € g-O [T4]:

g-Cy [ € g7 = (29-7"Y) = g-C, [(] € g-0[g-T{].
(3.30)
Proof. Let g-C 5, [(] be the g-T -component of .7 corresponding to ¢ in a locally
g-%-connected Fy-space Ty = (2, 7). Then, local g-T -connectedness at ¢ € T,
implies
(V% € 9-01%,]) (325 € 0-Q[T4)) [C € 24 € %)

Consequently, g-C [(] = U,@ggyg 2, C U%ggyg ;. But, since every %, €
g-O [T4] satisfies %, C op,(0,) for some Oy € F, it follows that the rela-
tion g-C v [¢] € Ug,c, opy(Fy) = opg (Uﬁggyg 04) holds. Thus, 8-Cs, [(] €
g-0 [T, 0

The necessary and sufficient conditions for a J-space Ty = (Q, F;) to be locally
g-T-connected at a point £ € T is contained in the following theorem.

Theorem 3.32. A J-space Ty = (Q,T) is locally g-Fy-connected at a point
£ € %y if and only if,

(3.31) (Vﬁgf € 7) (324 € 5-Q [(zg]) [5 €25 C Opg(ﬁg,é)]'

Proof. — Necessity. Let it be assumed that the Jy-space T, = (2, ) is locally

g-T4-connected at § € Ty, and let Oy ¢ € J; be an arbitrary J;-open neighbour-
hood of £&. There exists, then, a Jy-open neighbourhood &y ¢ € F; of £ such that

e opg(ﬁg,g) - opg(ﬁg,g) and, for every {¢,n} C ﬁAg@

(32, cm € -QITe]) [{C. 0} S 2y, () € 0Py (Face)]-
Suppose 1 € é’g@ be the arbitrary point. Then, there exists a g-T4-connected
set Zg e € 9-Q[T,] satisfying {&,n} € Ly e € opg(ﬁgyg). Let 24 =

Uneég,g 2y e S 0Pg(Fy.¢). Since 2g¢ 2 Oy and Uneég,g g, en) € -Q[Tg), it

follows that 2, ¢ is a g-T4-connected neighbourhood of ¢ contained in opg(ﬁg,g).
The condition of the theorem is, therefore, necessary.
— Sufficiency. Conversely, suppose the following condition holds:

(VOqc € T4)(324.c € 0-Q[Z4]) [€ € Lge S 0py ()]



THEORY OF g-T-CONNECTEDNESS 23

Let Oy¢ € J be an arbitrary Jg-open neighbourhood of . Then, op, (@)
contains a g-Ty-connected neighbourhood 2y of £, Since 2y, € g-Q[T,], for
any {(,n} C Zy¢, there exists 2y ¢, € g-Q[T4] such that {{,n} T 2y -
But Z4¢ 2 24 ¢,y and, consequently, {(,n} € Zg ¢,n) C opg(ﬁgﬁg). Hence, the
Tg-space Ty = (Q, T) is locally g-T-connected at & € T;. The condition of the
theorem is, therefore, sufficient. O

The notion of g-T,-connectedness between any Jg-spaces Tq 0 = (2, J5,0) and
Tyw = (X, J,») and the relevant basic theorems are now discussed.

Theorem 3.33. Let T30 = (Q, F4a) and Tyx = (8, Tx) be Ty-spaces, let
o1, S92 o Fgm € g—S[Tg,A} be n > 1 mutually disjoint g-T4-sets in Tq 4,
where A € {Q,3}, and let my € g-B[Tg0;Tg 5] be a g- (Tg,0,%y,x)-bijective map
Ty : Tg0 — Lg5. Then

- L Ty (UaEI; Fya) = |—|a€I* Ty (yg a);
— II. ng(l_lael;; Yg’a) = aer g ( )
Proof. —1. Let Ty 0 = (R, J4.0) and Ty 5, = (X, T,) be Ty-spaces, let Sy 1, S 2,
o Sgn € g—S[‘Ig,Q], and let 7y € g-B[%T;0;%, 5] If € my (|_|ael* s, ), then,

since my € g-B[Tg0;Tq 5], there exists £ € | |,¢r- Fg,a such that, (C) =£e€
Locre “a,a- Consequently,

e A = V(0 QA

aElr aElr
= \/ (Ceﬂg(yg,a» = (€ |_| Ty (7,
aElx: Qe

Hence, 7y (| pers La.a) € Uaers Ta(a,a). Conversely, if it be assumed that ¢ €
LlaEI;‘L Tg(Zg.a) then,

V Cem(Ha) =V (710 € Fa)
€l a€l;
= 1,0 € | Hoa = C€mg(Uner: Toa)-
aclx
Hence, mq (l_lael;; yﬂﬂ) 2 uael;; Tg (yg;a)'
-1 If € e ng(l—lael;j 5”970[), where S5 1, Sy2, -, Fgn € -5 [Tg,g}, then,
€] Ze = V(1)< Ha)

€l acl;

=\ (e (Ha) = e | mpt (Fa).

a€lr acl?
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Hence, 75 (e Po.0) € Lacrs 5 ' (Za.a). Conversely, if it be supposed that
¢ e Llael;; ﬂgl(yg,a) then,

\/ (f € ng (yg,a)) = \/ (Wg (&) € yg,a)

aclx a€l;
= m(§) e |_| Zaa = £ € W;;l(l_'ael;;yg’a)'
aely
Hence, 75! (Lners %a0) 2 Uner: 75 (Fa.0)- O

The following theorem shows, among others, that g-T,-connectedness is a J;-
property.
Theorem 3.34. Let 1y : Ty 0 — Ty x be a g- (Tg,0,Tq,n)-continuous map and
let S50 C Ty be a Ty-set. If dom(ﬂgl‘%'w) is g-Tq4-connected in Ty, then
im(wgly,g u1) is g-T4-connected in Ty x:

(3.32) dom(ﬂg‘yg)w) €g-Q[%T.0] = im(ﬂ'g‘yg’w) €g-Q[%T5].
Proof. Let my € g-C[Tg,0; Ty 5], Sy = dom(mg, ) € g-Q[Ty0], and suppose

that im(7rg|5,EJ w) € g-D [Ty 5], that is, im(wg‘yg w) ¢ 9-Q[Tyx]. There exists,

therefore, (%E’A’%’A)A:EU o € g—O[‘Zg,g] x g-K [ng] such that,

(U =it D)V U o=, ) )

NG A=tq.Co
Set im(wg‘yg’w) = |_|)\=§M<w im(ﬂgl-%,(w‘x))’ where 75, 2 U>\=§w7Cw S (w,n) and,
for every (A, 1) € {(€5,8w) 5 (Coy Cu) s set
)] v [7/9«\ = im(ﬂg\y

g, (w,p)

)]

In other words, .74 (,,.¢,) € dom (’R'g‘y ) denotes the Ty-set of all £ € dom (ngf"g w)
for which g (¢) € im(mg ;. ), and Fg (g, S dom(mg,, ) denotes the

[y x = im(%uﬂ, ()

Tygset of all ¢ € dom(mg,, ) for which 7 (¢) € im(mg, ). Since the in-
equality im(wg‘y,g . M) # () holds for every X\ € {£,,(,}, and both the relations

Ua=e, e im(ﬂ%%,(w,x) = im(ﬂg‘yw) and (Ny_¢, ¢, im(ﬂ'glyg‘(w’”) = ) hold, it
follows that, 75 n) # 0 for every A € {&, ¢}, Unze, o, Lo = Lo and
Ma=eo.c, Tawr) = 0. Since 7y € g-C[Ty0: Ty 5], for any A € {&,(u}, there
exists, for every (ﬁg (o, ,\),:%/ (o, ,\)) € %g X ﬁ% o, ( a,(w, )\),%7(%)\)) € %79 X
—J4.0, wWith ﬁ (wW,A) %7(%)\) C y a,(w,\) and ﬁg7(U,A), %,(07,\) - im(ﬂ'g‘yg)(w,)\))

such that,
[0 (Og.i0n)) S 0Py (Fg )] V (15" (Hgion) 2 700y (Hg wn)]-

Since nA:EW,Cw im(wg‘yB " A)) (0 implies (,_ oo TolwN) = (0, it follows, evi-
dently, that,

( A (ﬁwﬂvﬂ):@)/\( M = (%,w,x)):@)

A=EwCw A=Eu Cw



THEORY OF g-T,-CONNECTEDNESS 25

Therefore, the setting dOHl(Tl'glyg’w) = Uneeoc, dom(wglym(w‘k)) holds. It now
remains to prove that it is the case and the supposition that dom(ﬁglyg ) €
9-Q [T4,0] is a contradiction. Since dom(wg‘y,g w) € g-Q[%4,0] it follows that, for
all pair (%Q*A’%vA)/\:sw,Cw € g-O [TQVQ} x g-K [3979],

ﬁ< Uy ) = dom(ﬂglyg’w)> /\ﬁ(umcw
@ﬂ( N %,A@)/\{ N m@)

Yax = dom(”sﬂ,))
A=8w,Cw

A=8w,Cw A=£w,Cw
:>< N %,Hé@)/\( N %,Hé@).
A=6w,Cw A=£w,Cw

There exists, then, a unit Ty-set {n,} C dom(ﬂg‘yg w) such that,

( 1 %v@{%})/\( M %,A;{m}).

A=8w,Cw A=E8w,Cuw

Since {nu} C Usze, o, Tonwn) = Low and Ny—e, ¢, La.(w.r) = 0, it results that,

[dom(%\yg,w) D Sy D {M}] V [dom(ws\yg,w) D Sy () 2 {nw}]-

On the other hand, since 7y € g-C [Ty 0; T4 5], it follows that, for every unit Tq-set
{10} € Unee, e, im(ﬂgl%,@,x)) = im(wglygyw ,
\/ [dom(ﬂgwg,w) D g 27 ({1e})]-
A=E8u,Cuw

In particular, if 75" ({n,}) = {n.}, then {n,} = 74 ({n.}), leading to a contra-
diction. There exists, therefore, (%, ¥g,1) € g-0[Tg,0] x g-K[Tg,q] such
that,

A=Ew,Cw

( |_| %Q’A:dom(%yg,w»\/( |_| %,A:dom(%|yg,w)>'

A=£w,Cw A=Ew,Cw
This proves that the supposition dom (ngyg,w) € g-Q[%4,0] is a contradiction and,
hence, dom(ﬂ-glvyg,w) € g-D[Ty0) O
The following corollary is another way of saying that the g-Ty-connectivity of
T4,0 implies the g-T4-connectivity of Ty 5.

Corollary 3.35. Let 1y : T30 — Tgx be a g-(Tg4.0, %y x)-continuous map
and let Sy, C T50 be a Ty-set. If im(ﬁg‘yg w) is g-%q-separated in Ty x, then
dom(ﬁg‘yg ) s g-Tq-separated in Ty o

(3.33)  im(mg, ) € g-D[Tgx] = dom(mg, ) €D [Tyl

If the image of a g- (T4,0, Ty, 5 )-continuous map is g-Ty-connected, then it is also
T 4-connected, as proved in the following proposition.
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Proposition 8. Let 7y : T30 — Ty 5 be a g- (T4.0, Ty »)-continuous map and let
Fgw C Tg0 beaTy-set. If im(ﬂg‘ygyw) is g-T4-connected in T 5, then im(”ﬂ\fg,J
is T4-connected in Ty s:

(3.34) im(mg ., ) €8Q[Tyx] = im(mg, ) € Q[Tys].

Proof. Let my € g-C[Ty,0; %y 5], Sgw = dom(ﬁg‘yg w) € g-Q[%4,0] and, suppose
that im(ﬂgmg W) € D[%, 5], that is, irn(7rg|y,g w) ¢ Q[%Tyx]. There exists, then,

(%g,kvyg,)\))\zémga € O[Tg,z] X K[ng} such that,
< |_| Ky \ = irn(ﬂ'gyg’w)> \/( |_| T = im(ﬂ-glyg,u))'
A=€o (o A=£o,Co

Since im(ﬂ'glyw) € D[y 5], set im(wg‘yg)w) = r=e, ¢, im(wglyg,(w,k)) and, for
every A € {€. (o}, let

[%g,/\ = im(ﬂ-glﬁﬂg,(w.x))] Vv [5’97)\ = im(ﬂ-g\yg,(wm)]'

On the other hand, since 7y € g-C[T4.0; Ty 5], there exists, for any A € {&, (s},
(O Ho ) € oo X ~Tyq, satisfying Oy (o, 5, Hq ) C dom(mg ., ),
such that,

[Wg_l (Zg,1) C op, (ﬁg,(wyk))] v [77;3_1 (Z,2) 2 —opg (%,(wﬁ))]
= [m(Tap, ) € TaloPg (Gow )]V [n(mg s, )
2 me(m0pg (Hg.wm))]-

Since im(wglyg‘w) = Unze, ¢, im(ﬂ—g‘yg,(w,)\))j it is plain that mg(op, (Fgw)) =
Ls—e, ¢, ma(opq (Og.(wn))), and also § = Mi=c, ¢, To (—opg (Hg,(w,n)), implying
oDy (75.) = Lc, 0, To(0Pg (o). F 501 (Gpans Hp) € Ty
—~J4,0. But, clearly the relation (74 (opg (Og)), g (= opg (Hgw))) € g-0 [Tg,3] x
g-K[Ty,x] holds. Thus, im(wglyg,w) € D [%, 5] implies im(ﬂglﬂ’g,w) € g-D [Ty 5], or
equivalently, im(ﬂ'g‘yg)w) € g-Q[%y,x] implies im(wg‘y&w) € Q[%y,x]. This proves
the proposition. |

The following corollary is another way of saying that the g-Ty-connectivity of
T 4.0 implies the T4-connectivity of Ty 5.

Corollary 3.36. Letmy : Ty 0 — Ty 5 be ag-(Tg0,Tq,5)-continuous map and let
Fgw C g0 be a Ty-set. If im(?Tg‘yg w) is Tg-separated in Ty s, then im(ﬁg‘yg w)
is g-T4-separated in Ty s, then: '

(3.35)  im(mg,, ) €D[Tys] = im(rg, ) €¢-D[Tgal.

Theorem 3.37. Let 1y : Tgo — Tyx be a g- (Tg.0, %y x)-irresolute map and
let S50 C Ty be a Ty-set. If dom(ﬂglygw) is g-Tq4-connected in Ty, then

1m(7rg|ysw) is g-T4-connected in Ty x:

(3.36)  dom(mg,, )€ 8-Q[Tga] = im(my, )€ 0-Q[T,s].
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Proof. Let mg € g-1[Tg.0; %y 5] be a g- (Tg,0,Ty,x)-irresolute map my : Ty 0 —
Tg,xs let F o C Ty be a Ty-set, and suppose im(7rgl‘5,El u}) be g-T4-separated in
Tg,x. Since im(wg‘yg‘w) ¢ 9-Q [Ty 5], or equivalently im(WQWg w) € g-D [Ty 5], by
hypothesis, there exists (%,x, 7/99\)/\:5m<0 € g-0[%y 5] x g-K[Tg x| such that,

( |_| %B,A:im(%yg,w»\/( |_| %,A:im(%yg,w)>~

A=£5,Co A=£s,Co

On the other hand, since 7y € g-1[T4.0;Tq 5], there exists, for any X € {&,(},
(O ) Hawny) € Ton X 7Ty satistying Gy (u,2), Hg, ) C dom(mg ., ),
such that,

g (%) < 0Py (Ta,)] V [mg " (o) 2 ~opg (o)

Since both the relation 7y (||, e o Yy, 2) = Lo e n T o ' (%,,x) and the rela-

tion 75 (Lx—e, o, Yar) = Lrze, o, 75 (Yo.0)- Ev1dently, Unee, ., 7o (%) C
dom(ﬁg‘yg‘w) and also | Jy_¢ 7rg_1 (%,A) C dom(wg‘y,g w), and from which it fol-

lows that a g-T4-separation dom(ﬂglyw) = |_|)\=§07C6 dom(ﬂglygﬁ(m)) is realised in
Tg.0. Consequently, dom(wglyg W) € g-D [T4.0]. Therefore, im(ﬂglyg w) €D[%, 5]
implies dom(ﬁg\yg,w) € g-D [T 0], or equivalently, dom(%\yg,w) € g-Q[%g,0] im-
plies im(wgl 7, ) € Q[%4,n]. This proves proves the proposition. a

In actual fact, between any two such J-spaces T30 = (Q, J50) and Tyx =
(3, Z4.n), 8-T 4-connectedness, being a J-property, is preserved by a g- (Tg,0, Tg,5)-
homeomorphism 7y : Tg.0 = Ty 5.

Theorem 3.38. Let Ty 0 = (Q, Tg) and Ty = (X, Ty x) be Fy-spaces, and
let mg : Tg0 = Tgxn be a g- (Tg,0,Fq,n)-homeomorphism. If Ty o = (R, Tg.a) is
g-T4-connected, then Tz, = (X, Ty x) is also g-T;-connected:

T2 Tx: o030 =(2e70) = ¢34 = (2.0-7D).
(3.37)
Proof. Let T30 = (, J4,0) and Ty 5 = (£, T,5n) be Fy-spaces, let my : Ty o =

Tq,2 be a g- (T4.0, Ty 5)-homeomorphism, and suppose that Ty 5 is g-% g-separated.

There exists, then, (%Ea/\77/£l=>\)>\:§a ¢, € g-O [‘Igj] x g-K [‘Ig)g] such that,

( |_| Uy x = dom (7, 2)> \/< |_| Ygx = dom(m, 2)>
A=EeCo =0 Co
Clearly, dom(my Ty ‘Z) € g-D[%, x| and, with no loss of generality, consider the
Lo —,Cs dom( Tg ‘E ) so that, for every A € {&,,(,}, either

or Vg 7dom(

setting dom(

Uy ) = dom (! \z) Ty \z) T
Tg,n = Ty 0 and, for any (A0, L5,8) € 8-S [Tg,a] X g-S [Tg,als Trg_l(l—l)\:a,ﬁ 15”97,\) =

Tl w) =
Since mg € g-Hom [Ty 0; Ty 5],
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Una.s g " (Zan), where A € {Q, 3}, it results that,

( L ' (%) = | im(w;lzk))

)\:EU,CU )\250-7((7
\/( |_| ﬂ;l(%,A) = |_| im(ﬂgllgk))
A=¢£s,C0 A=£0,Co

where im(w;l‘z) ==e, ¢, im(ﬂ’glﬁl,\)' On the other hand, since m ' (%,») €

g-0[Tg.0] and 7, (Y5n) € 0-K[Tg 0] hold for every A € {&,(,}, there exist,
therefore, (%, Yan) € g-0[T4,0] x g-K[T,0] such that,

N=Ew,Cw
|_| Wg_l(%%)\) = |_| %97777
A=£s.Co N=Ew,Cw
|_| 771;1(7/9,%) = |_| Yam-
A=£o (o N=€w,Cw

By substitution, then, it follows that,

(U e L i)

N=8w,Cw A=£s,Co
V(U o= U miss)
N=8wCw A=E£o,Co

Since my € g-Hom [T40; T4 x] and 7' € g-Hom [Ty 5; Ty o], for each im(ﬂ';l‘zx),
there exists a unique dom(wglﬂn), with dOHl(Trng) = |_|n:§w’<w dom (ngn). Thus,
there exists (%, Yg,) € g-0[Fg0] x ¢-K[Ty 0] such that,

N=w,Cw
( |_| Uy = dom(”ﬂsz)) \/( |_| Yo = dom(%m))'
N=8w,Cw N=8w,Cw
Hence, T4 0 = (2, Z4.0) is g-T ;-separated. O

An immediate consequence of the above theorem is the following corollary.

Corollary 3.39. Let T30 = (2, T a) and Tys = (5, Tn) be Ty-spaces, and
let mg : Tg0 = Ty x be a g- (Tg,0,Fg,n)-homeomorphism. If Ty s = (X, Tyxn) is
g-%,-separated, then Ty = (Q, Ty.q) is also g-T-separated:

(338) Tgo 2 Tyx: o-Tin = (Qo-7\%) <« ¢T% = (8,6710).

)

For every p € I, let g-‘E<C> = (Qu,g-ﬁész) stand for the shortened form of

g7/"b
g—TéQ Q) = (Q#,g—ﬁém (©,)). In the following lemma, it is proved that the
Cartesian product of two g-7 éc>—spaces is also a g-7 é@-space.

Lemma 3.40. If g—‘Ié’Cg = (Qu,g—ﬁgﬁ), € {a, B}, be two g—yé(» -spaces, then

Xy=a,3 g—Té@ is also a g—ﬂém -space.
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Proof. Let g- ‘Eg L =(Q M,g—ﬂéﬁi), u € {a, B}, be two g—ﬂé@—spaces, and suppose
€= (£,8p) € X—a.p g—‘IéSz and ¢ = ((a,(p) € X,—a.p g—‘I;,ClZ be any two pairs of
points in X, _, 3 g—‘ZéﬁZ. Then,

[{€a} x 6T = g-TL ) A [0-T80 x {¢o) = 0T

g,

Consequently, {£,} X g- Tl 5 and g- $<C x {(g} are both g-T;-connected. But,

({€a} x ¢-TED) N (0-T50 x {¢s}) = {(€a. Ca)} £ 0.

Hence, ({fa} X 9“39,5) U (g—‘IéSi X {(ﬁ}) is g-%4-connected. Accordingly, &, ¢ €
Xy—ap 0 ‘Igcu belong to the same g-T -component. That is, £, ¢ € g-Cq[n] C
Xy=a,8 9 ‘Zg ,.» the g-% -component of 2 = X—a,p Q,, corresponding to the point
N € X,—apl T C But &, ¢ € X,_, Bg—iéclz were arbitrary. Hence the Carte-
sian product X,_,, 5 ¢- ié’ has one g-T-component g-Cq [1] = X,_, 52y, and is
therefore a g-.7 éc -space. |

More generally, the Cartesian product of g-7 éc>—spaces is also a g-7 éc) -space;
that is, g-T4-connectedness is a product invariant Jg-property. The theorem fol-
lows.

Theorem 3.41. If {g—‘I<C ( u,g—yé,cg) D op € I;;} be a collection of n > 1
g—yém -spaces, then Xcr: 9 5 () s also a 9—9(@ -space:

g1

(339) {oF) = (Qu.o-7)): peli} = ¢339 = X ¢339,
nely
Proof. Let {g—Téﬁf = (Q#,g—ﬂé,cg) NTNS I,*L} be a collection of n > 1 g—yé@
spaces, and let Xers g-T {C) he the Cartesian product of these g_yém_spaces.
Moreover, let ¢ = (Cl,(g,...,(n) € Xer 0 fg#, and let g-C 5, [(] C Xerr 0 T C
be the g-T -component of . C Xuers 9 Tg .. corresponding to ¢ € Xuer: 9 ‘I<C>
By hypothesis, let it be claimed that, for every £ = (£1,&2,...,&n) € Xuer: 9 Sg 1
¢ € —opy(g-C .y, [¢]) and, thus, £ € g-C, [(] since g-C o, [¢] 2 =op,(a-Cy, [¢]),
meaning that g-C, [(] must be a g-Tg-closed set in X, ;. g-T'<. For every

g,

(1,0 (1), Og.o()) € {1} x 12 xg- ﬂgcg, there exists I,(,) C I3, such that Oy ;) =
def

UVEI*( )6’970(,,#). Thus, the class f@[g—yg#] = {Ogopy : (Wopo(vp) €

1% % {u} x I } is a J-basis for g—9<c> : P Q) = Z (). Therefore, for any

£ € Ogo € o ygw there exists Oy 5, € Blo- 9<C)] with € € Oy o) C

Oq.0(n) € 9- ﬁéclz Now let
E= (6,6, &) €EHy = ( X g-z;?,z) x ( X ﬁg,w,u)).
HELN\ Ty peJnCI
Now the following relation holds,

fg=( X {@})x( X s—@éﬁi)ﬂ X Ty,

RELN\JTn WEJCI2 HEJ,CI
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and, hence, g-% -connected. Furthermore, ¢ € .5 and, consequently, it follows that
g-C e [¢] 2 . But, by the property of the intersection of Cartesian products,

Ry N Sy = ( X {Cu}) X ( X ﬁgﬁ(%#)) # 0.
ue[;\Jn HEJ"LCI:L

Therefore, Zy C X, crx 8- ‘If]lz
- 0pg (g—CyE [€]) € g-Cy, [¢]. Hence the Cartesian product Xuel* g- 3,' > has one

contains a point of g-C, [€]. Accordingly, & €

g-% ;-component g-Cq, [(] = X,ers Qu, and is therefore a g- 9 )_space. O

The concept of (T4,0; %4 5)-surjective map between any such Jy-spaces Ty =
(Q, Z40) and Ty 5, = (2, F,x) is now defined.

Definition 3.42 ((T4,0; T4 xn)-Surjective Map). A (T4, Ty x)-map 7g: Tgo —
T,.x is said to be surjective if and only if it belongs the following class:

(340) -5 [To.0: Tas] © {mg: (V¢ € Tyx) (3 € Tya) [mg (€) = (]}

If the domain of a g- (T4, Ty x)-irresolute surjective map is g-T4-connected,
then its codomain is also g-T4-connected, as demonstrated in the theorem below.

Theorem 3.43. Let T30 = (2, F40) and Tyx = (X, Tx) be Ty-spaces. If
g € 0-1[%5.0; %52l Ng-S[Tg,0;Fg.5] be a g- (Tg,0,T4,x)-irresolute surjective map
Ty : Tg0 = Ty 5 and Ty o is g-Ty-connected, then Ty 5 is also g-Ty-connected.

Proof. Let T3 0 = (Q, T5.0) and Ty » = (X, Fy,5) be Fy-spaces of which T 5 is as-
sumed to be g-T,-separated, and let mg : Tg.0 = Ty 5 be a g- (Tg,0, Ty, n)-irresolute

surjective map. Smce dom( ) € g-D [T 5], there exists (?/gg\, ”I/g,k)

LP A=tboto ©

9-0[Tg.0] x ¢-K[T4,0] such that,

< |_| Uy \ = |_| dom(”g_lmk))

A=£6,Co A=£o,Co
V(U oa= L dom(rgy)).
A=£s,Co A=£o,Co

where | |y_¢ . dom (7, 1|2 ) = dom( ;1‘2) € g-D[%, x| so that, for every A €

{¢5,¢o}, either %\ = dom(my IE ) or Ygx = dom(m, 1|z ). Since the relation

g € 9-1[Tg.0;Fg 5] holds, there exists (O, #gr) € Tg.0 X 7 Tga, n € {&, o}
with (X, 7) € {({s, &), (o Cw)}s such that,

[WETI (%GJ\) - ODPyg (ﬁgyﬁ)] v [ng (%J\) 2 T 0Dg (‘%/91?7)]
Evidently, dom(ﬂ'gm) un( Tq IE) and dom( Tq IZ)
dom( T, IZ) € g-D [T, 5], set 1m(7rg|Q) = |—|n:£m,<w 1m(7rg|9n) and dom( T 1‘2) =
UA:EU,CU dom(ﬂ-g_llzb\)7 and for any (Aa 77) € {(goagw) ’ (CU? <w>} set
[im(%mn) = dom(, 1|z ) = %y.»]

V[im(%mn) = dom(, 1|2 ) =Yl

= im(ﬂ'gm) Since im(ﬂ'glﬂ),
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Since 7y € g-S [T4.0; Tq,5], for every (A, 1) € {(&5,&0) » (G Cw) }s

< N dom (g, ) = (] im(ry ‘EA = () = =(Z))

N=Ew,Cw A=£6,Co A=£6,Co
\/( ﬂ dom(ﬂ-glgn> = ﬂ lm g |E>\ ﬂ 7T = Q)a
N=Ew,Cw A=£6,Co A=£6,Co

Thus, dom(wgm) = Uy=e. c. dom(wgmn). Since the relation 7y € g-1[Tg 0;Fgx]N
9-S [T4.0; Tg,5] holds, it follows that

|_| dom(ﬂglﬂn): I_I im(ﬂg_llzx)g |_| opy (Og.n)

N=€w,Cw A=£6,(o N=8w,Cw
ﬂ dom(ﬂgm,,) = m im( ;1|2A) 2 ﬂ —0pg (Hgn) -
N=8w,Cw A=£o,Co n=w,Cw

Thus, |,_¢, ¢, oPg (Ogn) = dom(ﬂgm) and (,_¢ ., 70Pg (Hgn) = 0. There
exists, then, (%97A7”//g’>\)>\=£ o, € g-O [TQVQ] X g—K[Sg,Q] such that,

( L] az/g,,,zdom(nm)>\/( ] %,n:dom(wm)).

N=8w,Cuw N=Ew,Cw

Thus, dom(ﬂgm) € g-D[% 0], or equivalently dom(wglﬂ) ¢ g-Q[%4,0] which con-
tradicts the assumption that dom(my ) € g-Q[Tg0]- Hence, Ty 5 must be g-Ty-
connected. O

Pathwise g-Ty-connectedness is also preserved under a g- (Tg4.q, T4 5 )-continuous
map, as proved below.

Theorem 3.44. Let 1y : Ty 0 — Ty s be a g- (Tg,0,Tq,n)-continuous map and
let 40, C%ya be aTy-set. If dom(wglyg ) is pathwise g-T4-connected in Ty o,

then im(ﬁg‘yg w) 18 also pathwise g-Ty-connected in Ty 5.

Proof. Let my € g-C[T30;Fg,5], g0 = dom(ﬂglyg,w) C %40 be pathwise g-T4-
connected in Ty, and suppose &, (» € im(wg‘yg,w). Then, there exist &,
Cw € T such that (g (&), 75 (Cw)) = (£5.¢s). But dom(wglyg’w) is path-
wise g-Tg-connected in Ty and, therefore, there exists a path ¢g¢ : [0,1] —
Tg,0 such that ¢g¢(0) = &, pg.c(1) = (o, and im(goqu[o,l]) - dom(wglygw)
Since 7y € g-C[Tq,0;Tg,x] and pg ¢ € C[[0,1];Tg.q], it follows that m5 0 g €
g-C HO: 1] §(zg,2]- Moreover, mgopg ¢ (0) = 7g (§u) = &0, Tgowg¢ (1) = g (C) = (o,
and im(wg o gpg,c) C im(wglyg'w). Hence, im(ﬂ'g‘ygyw) is pathwise g-T4-connected
in %y 5. [l

In the discussion section, categorical classifications of the concepts of g-% -
connectedness and g-T;-disconnectedness are presented. Thereafter, a nice ap-
plication is given and, finally, the work is terminated with a concluding remarks
section.
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4. DISCUSSION

4.1. Categorical Classifications. Having adopted a categorical approach in the
classifications of the Jj-properties in J-spaces, called g-% -connectedness and
g-T4-disconnectedness, the dual aims of the present section are, to establish the vari-

ous relations amongst the elements of the sequence < g—l/—iém = (Q7 g-v-7 éc>)>

of g—ﬂé@—spaces and the elements of the sequence <g—y—$<c> = (Q, g—z/—ﬂ(C) )>

ve I

ve 13
of g-7 (© _spaces, and to illustrate them through diagrams.

If a Jy-space Ty = (2, Fy) is g-v-Tg-separated, then Ty has a nonempty proper
g-v-%4-open-closed set .7 € g—V—O[Tg} N g-v-K [ig], where v € 1. But, for every
Tg-set Sy C T, the relation inty () C clgointy () C clgointgocly (L) 2
intg ocly () holds; for every Ty-set 4, C T4, the relation given by clg (F) 2
intg ocly () 2 intgoclyointgy () C clg ointy (F) holds. Consequently,

0Pg.0 (F5) C 0Py 1 () Copys (Fy) 20py0 (Fy) VT C Ty
—0Pg.0 (,5{3) 2 7 0pg 1 (yg) 2 0Py 3 (yg) C —0opg o (yg) VS C Ty

Therefore, if .7; C T4 is a nonempty proper g-T4-open-closed set then,
S5 € 9-0-0[Tg| Ng-0-K[T,] = 7 € ¢-1-0[T,] Ng-1-K[T,]
I
Sy €3-2-0[T| Ng-2K[T]| = S €9-3-0[F,] Ng-3-K[T,].

In other words, g-3-%4-separation implies g-1-T4-separation and the latter in turn
implies g-0-%4-separation. On the other hand, g-2-Tj-separation is implied by
g-3-%4-separation. Similar implications also hold for g-T-separateness in a .7 -space
T=(Q,7). For, if ¥ C T is a nonempty proper g-T-open-closed set then,

& € g-0-0[F] Ng-0-K[T] = ¥ €g1-0[T| Ng-1-K[T]
U
7 €g20[F] Ng-2K[T] = ¥ €g3-0[T] ng-3-K[F].

As above, g-3-%;-separation implies g-1-T;-separation and the latter in turn im-
plies g-0-Ty-separation. On the other hand, g-2-%-separation is implied by g-3-%4-
separation.

For visualization, a so-called categorical connectedness diagram, expressing the
various relations amongst g-T-connected and g-%4-connected spaces, is presented
in FIG. 7?7 and that, expressing the various relationships amongst g-%-connected
and g-T4-connected spaces, so-called categorical disconnectedness diagram, is pre-
sented in F1G. ?7. The categorical classifications of g—l/—TéLC) = (Q,g—u—géLQ),

g—wfépc) = (Q,g—v—ﬂépm), g—y—‘SéLP@ = (Q,g—v—géLPQ), and g—V—TéSQ =

(Q,g—l/—ﬂ ésc>) called, respectively, locally, pathwise, locally pathwise, and simply
g-v-7 é@—spaces can be diagrammed in an analogous manner. The following im-
plications concern the transformations of g-T-connected sets under some types of
g-T-maps.
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FIGURE 2. Relationships: g-T-separated and g-%4-separated spaces.

For every v € 1Y, if 7y € g-v-1[T50;F45] N g--S[Tg.0;Ty,x] holds, then
dom(wg‘yg) € g-v-Q [KQ’Q:I implies im(ngE) € g—V—Q[Tg,g], and hence the fol-
lowing implication:

(dom(wgly,g) € g-v-Q[Tg0]) A (g € gv-1[Tg.0; Ty x] N gv-S [Tg,0; Tq,5])
\
(4.1) im(wg‘yg) € g-Q[T, 5]
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For every v € IY, if my € g-v-C[Tg,0; Ty,x] holds, then dom(rg,, ) € g--Q[Ty.0]
implies im(ﬂgl 5@,) € g—V—Q[‘Ig,g], and hence the following implication:

(dom(wgly,g) € g-v-Q[Tg.0]) A (mg € g-v-C[Tg,0; Ty.5))
\
(4.2) im(mg) 5 ) € g-v-Q [Tos)-

In the following section a nice application comprising of some interesting cases is
discussed.

4.2. A Nice Application. Focusing on basic concepts from the point of view of
the theory of g-%4-connectedness, we shall now present a nice application compris-
ing of some interesting cases. Let ), = {fy cvel O*j} denote the underlying set,
conditioned by the parameter o € I, and consider the Jy-space Ty » = (R0, T4.0),
where F; » : P (05) — & () will be defined in the following cases.

— CASE I. Set ¢ = 1. Then, 0 = {51}, %’1 = {[Z),Ql} = {ﬁg,l7ﬁg,2}7
Tyl = {Ql,(l)} = {%’17%,2}, and, for every (u,v) € I3 x I it results that
oPg. (Og.u); 70D, (Hgu) € {ﬁg,l,%J,ﬁg’Q,%’Q} = {@,Ql}. Therefore, for
every v € I3, g—V—O[Tg,l] = g—l/—K[‘Igﬁl] = {@,Ql}. Thus, for every v € I,
there exists neither a pair (%,¢, %,c) € g-v-O [Tg’l} X g—V—O[Tg’l] of nonempty
g-T4-open sets nor a pair (¥g¢, %5¢) € g-v-K [Eg’l] x g-v-K [Tg’l} of nonempty
g-T4-closed sets such that:

(U o)V o)
A=¢£,C A=¢,C

Evidently, the Tg-sets (), Q1 C i are the only Ty-open-closed sets, and g-Cq, [&1] =
{61} = €y is the unique g-T -component in Ty;. Thus, the Jy-space Ty =
(Q,T1) is a g—ﬂg@—space g—Tff = (Ql,g—ﬂé?1>), and the latter in turn implies
that it is also a %w)—space Iffl) = (Ql, 9;?) Hence, every indiscrete Jg-space
which is g-Tg-connected is also Ty-connected. Furthermore, the underlying set
Qy = {& } being a 1-point set, it also follows that, every discrete J-space that has
at most one point is both Ty-connected and g-T4-connected.

— CASE 1. Set 0 = 2. Then, @, = {£,&}. Choose Jgo = {0,} =
{O41,042} so that, ~Ty o = {Q2,0} = {1, %52} Then, the collection of
Tg-open sets is O[Ty o] = {0, }, and K[Ty 2] = O[T42] stands for the collection
of Tg-closed sets. On the other hand, for every v € I, g-v-O[Ty2] = O[Ty2] U
{{&} {&}} = K[Tg2] U {{&} {&}} = g-v-K[T,2]. Clearly, there exists a pair
(Uye, Uyc) € gv-O[Tq2] % g-v-O[Tq 2] of nonempty g-T -open sets or a pair
(Ya.e> Yac) € g-v-K [Ty 2] X g-v-K[T 2] of nonempty g-T -closed sets such that:

(L= )V(U 7o)

A=, A=£,¢
This description is realised when either (%.¢, Zg,c) = ({&1},{&}) or (Y46, Yo.c) =
({&}.{&}). On the other hand, there exists neither a pair (%,¢, Zg,c) € O[Tg,2] x
O[T4,2] of nonempty Tg-open sets nor a pair (Y, %g.c) € K[Tg2] x K[Tq2]
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of nonempty Tg-closed sets such that the above statement holds. Thus, the J-
space Tgo = (2, Tg2) is a g—ﬂém—space g—‘If;?Q) = (Qg,g—yg?;) but not a %@)_
space Sé]?; = (Qg,ﬂgg)). Alternatively said, every g—féc>-space s a ,79<C>-
space but the converse need not be true in general. Moreover, the underlying
set Qp = {&,&} being a 2-point set, it follows that every discrete F-space
that has at least two points is g-Ty-separated. It is plain that every (%,,.%;) €
{({&} . {&.&3), ({&) . {&,&}) } is a pair of nonempty Tg-sets which are not
g-Tg-separated, for, {&1} = {&} N {&, &} = C({&)) = C{&)n{&,&)) # 0
and 5”9 = {1, &} is the only Ty-set satisfying 7 = {&} U {&}. Accordingly,
0-Q[Ty2] = {{&},{&}) and g- D [Tg2] = {{&,&}}. Observe in passing that,
Qo = |_|<_§1752 g-Cq, [¢]. Thus, if a Fy-space has more than one g-T4-component,

then it is a g—ﬂém—space.

— CaASE 11I. Set 0 > 2. Then, Q59 ={&: a €I} ,}. Let T30 : P (Qs2) —
Z (Q2s2) generate the elements of J 5o = {ﬁg,(aﬁ : (a,B) € 19 x Igo} and
~Tg>2 = {Hyg(a.p) =C(Og (ap)) + (o, B) € IS x I} as thus:

0 V(e B) e {0} x{0};
(4.3) ﬁg,(a,ﬂ) = {§a+u PpE Ig} V(a, B) € I3, Igo§

Qs V(a,B) € {1} x {o0}.
Clearly, Q55 C 4l is an oo-point set. Furthermore, it is easily verified that,
Ta>2(0) =0, Tg.52 (Og,(a,8)) € Oy (ap) for every (o, 8) € IS, x IY,, and, finally,
%,>2(U(aﬁ)gg@xl& Oy a,g)) = U(a,ﬁ)elgoxlgo Ty,>2 (ﬁg,(aﬁ)). Hence, it follows

that 5 52 ¢ & (Qs2) — & (52) is a g-topology on the oo-point set Q5. On
the other hand, it can be shown that, for every («, 8,v) € I, x I x I3,

Og(0,0) N Oy (,5) S g1 (Og,(0,0)) MOPg (T (a,8)) = {€a} € 8-Q[Tg,52] -

This implies that the J-space Ty 5o = (Qs2, T5,>2) is a g- 9<LC>—space g- Eg >2

(Q>2,g—ﬁgj>02>), and hence, it is also a g—ﬁé@—space g- Sé >)2 (Q>2, ﬁécgz)

Moreover, J;-properties relative to such Jy-spaces g-v- ‘Sé G = (Q, g-v-7 éLC>),
g—zx—@épc) = (Q,g—u—ﬂépm), g—y—‘ZéLP@ = (Q,g—z/—ﬂ;LPQ), and, also, g—wTéSC) =
(Q,g-y-? ésc>) called, respectively, locally, pathwise, locally pathwise, and simply

g-v-7 éc>—spaces can be discussed in an analogous manner by slight modifications
of some J-properties found in those cases. The next section provides concluding
remarks and future directions of the theory of g-%-connectedness discussed in the
preceding sections.

5. CONCLUSION

In this paper, a new theory called Theory of g-T4-Connectedness has been devel-
oped, the foundation of which was based on the theories of g-T4-sets and g-Tg-maps.
A careful perusal of the Mathematical developments of the earlier sections will show
that the proposed theory has, in its own rights, several advantages. The very first
advantage is that the theory holds equally well when (A, Z5 4) = (A, ), where
Ae {Q, E}, and other characteristics adapted on this basis, in which case it might
be called Theory of g-%-Connectedness.
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Hence, in a J-space the theoretical framework categorises such pairs of con-
cepts as g-Tg-connected open and g-Ty-connected closed, g-Tg-connected semi-
open and g-T4-connected semi-closed, g-%4-connected preopen and g-%4-connected
preclosed, and g-%4-connected semi-preopen and g-T4-connected semi-preclosed as
g-T4-connected of categories 0, 1, 2, and 3, respectively, and theorises the concepts
in a unified way; in a .7 -space it categorises such pairs of concepts as g-T-connected
open and g-T-connected closed, g-T-connected semi-open and g-%T-connected semi-
closed, g-T-connected preopen and g-%-connected preclosed, and g-T-connected
semi-preopen and g-T-connected semi-preclosed as g-T-connected of categories 0,
1, 2, and 3, respectively, and theorises the concepts in a unified way.

It is an interesting topic for future research to develop the theory of g-%g-
connectedness of mixed categories. More precisely, for some pair (v, u) € I3 x I3
such that v # p, to develop the theory of g-%T4-connectedness with respect to the
clements of the classes {(%,u, %) : (Ugw Uyp) € §-v-0[Tg] x g-p-O[T4] } and
{Wawr Ya) + (Vg Yau) € gv-K[Tg] x g-p-K[T4]} in a Jy-space Ty, as [31]
and [32] developed the theory of b-open and b-closed sets in a 7 -space T. Such a
theory is what we thought would certainly be worth considering, and the discussion
of this paper terminates here.
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ABSTRACT. Let G = (V, E) be a (p,q) graph.
Define

—1

. 2 if p is even
5=, ifpisodd

and L = {£1,£2,43, .-, £p} called the set of labels.

Consider a mapping f : V — L by assigning different labels in L to the dif-
ferent elements of V when p is even and different labels in L to p-1 elements of
V and repeating a label for the remaining one vertex when p is odd.The label-
ing as defined above is said to be a pair difference cordial labeling if for each
edge uv of G there exists a labeling |f(u) — f(v)| such that )Afl —Agpe| <1,
where Ay, and A I respectively denote the number of edges labeled with 1
and number of edges not labeled with 1. A graph G for which there exists a
pair difference cordial labeling is called a pair difference cordial graph. In this
paper we investigate the pair difference cordial labeling behavior of Certain
broken wheel graphs.

1. INTRODUCTION

In this paper we consider only finite, undirected and simple graphs. The origin
of graph labeling is graceful labeling [17]. In 1980, Cahit introduced the cordial
labeling of graphs in [1]. In the sequal several cordial related labeling was studied
in [13,14,15,16,18,19,20,21,22]. Ponraj et al introduced the pair difference cordial
labeling in [4]. Also we have investigated various graphs [4,5,6,7,8,9,10] for pair dif-
ference cordial labeling. In this paper we investigate pair difference cordial labeling
behavior of Certain broken wheel graphs.

2. PRELIMINARIES

Definition 2.1. [2] Let W3 = C3 + K; where Cj5 is abca and V(K;) = {u}.
The broken wheel W (I, m,n) is obtained from the wheel W3 with V(W (l,m,n)) =

Date: Received: 2022-04-29; Accepted: 2023-01-11.
Key words and phrases. Wheel, helm,web,alternate trianular snake.
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VW) U{w; : 1 <i<l—-1}U{y; 1 <i<m-1}U{w; : 1 <i<
and E(W(l,m,n)) = E(Wg) U {uiui_,_l 12 S ) § [ — 2} U {Uivi+1 1 2
m— 2} U{wyw;yr 12 <i<n-—1}U{auy,ui—1,bv1,vm_1¢,awy, Cwy_1 }.

3. PAIR DIFFERENCE CORDIAL LABELING

Definition 3.1. [4] Let G = (V, E) be a (p, ¢) graph.
Define

=L if pis odd

g, if p is even
p =
2

and L = {£1,4£2,43,---  +p} called the set of labels.

Consider a mapping f : V — L by assigning different labels in L to the different
elements of V when p is even and different labels in L to p-1 elements of V and
repeating a label for the remaining one vertex when p is odd.The labeling as de-
fined above is said to be a pair difference cordial labeling if for each edge uv of G
there exists a labeling | f(u) — f(v)| such that |Ap, — Aye| <1, where Ay, and Aye
respectively denote the number of edges labeled with 1 and number of edges not
labeled with 1.A graph G for which there exists a pair difference cordial labeling is
called a pair difference cordial graph.

Theorem 3.2. [4] The wheel W, is pair difference cordial if and only if n is even.

4. MAIN RESULTS

Theorem 4.1. The broken wheel W (n,n,n) is pair difference cordial for all values
ofn > 2.

Proof. Take the vertex and edges set from the definition 2.1. Now there are four
cases arises.

Case(i). n =0 (mod 4)

Fix the label 1, —1 to the vertex u1, vy respectively and assign the labels 2,4 to
the vertices ug, ug respectively and assign the labels 3, 5 respectively to the vertices
ug, u5. Next assign the labels 6,8 to the vertices ug, uy respectively and assign the
labels 7,9 respectively to the vertices ug, ug. Proceeding like this until we reach the
vertex u,_1. Note that in this process the vertex u,_1 gets the label n — 1.

Now we assign the labels —2, —4 to the vertices vy, v3 respectively and assign
the labels —3, —5 respectively to the vertices vy, v5. Next assign the labels —6, —8
to the vertices vg, v7 respectively and assign the labels —7, —9 respectively to the
vertices vg, vg. Proceeding like this until we reach the vertex v, _;. Here we notice
that in this process the vertex v,,_; gets the label —n + 1.

Next we assign the labels n,n + 1 to the vertices w,_1,w,_o respectively and
assign the labels —n, —(n + 1) respectively to the vertices wy_3,w,—4. Now we
assign the labels n+ 2, n 4+ 3 to the vertices w,,_5, w,_¢ respectively and assign the
labels —(n + 2), —(n + 3) respectively to the vertices wy,_7, w,_g. Proceeding this

process until we reach the vertices wi,a. Finally assign the labels 37", 3"2_ 2, —37”
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respectively to the vertices u, b, c.
Case(ii). n =1 (mod 4)

First we assign the labels 1,2,4,3 to the vertices uy, us, ug, uq respectively and
assign the labels 5, 6,8, 7 respectively to the vertices us, ug, u7, ug. Next assign the
labels 9,10, 12,11 to the vertices ug, u1g, u11, w12 respectively and assign the labels
13, 14, 16, 15 respectively to the vertices w13, t14, u15, u16. Proceeding like this until
we reach the vertex u,_1. Note that in this process the vertices w, 4, Un_3, Un_2,
Un,—1 gets the label n —4,n —3,n — 1,n — 2.

Now we assign the labels —1, —2, —4, —3 to the vertices v1, v9, v3, v4 respectively
and assign the labels —5, —6, —8, —7 respectively to the vertices vs, vg, v7,vs. Next
assign the labels —9, —10, —12, —11 to the vertices vg, v19, V11, V12 respectively and
assign the labels —13, —14, —16, —15 respectively to the vertices vi3, v14, V15, V16-
Proceeding like this until we reach the vertex v, _4. We notice that in this process
the vertex v, _4 gets the label —n+4 and assign the labels —(n—3), —(n—2), —(n—1)
respectively to the vertices v,,_3,vp_2,Vn_1.

Next we assign the labels n,n + 1 to the vertices ¢, w,_1 respectively and assign
the labels —n, —(n + 1) respectively to the vertices wy_o,w,—3. Now we assign
the labels n + 2, n 4+ 3 to the vertices w,,_4, w,—_5 respectively and assign the labels
—(n+2),—(n+3) respectively to the vertices wy,_g, w,—_7. Proceeding this process
until we reach the vertices ws. Finally assign the labels 3%=1 3ntl _3n-l - 3ntl
respectively to the vertices wy, a,u, c.

Case(iii). n =2 (mod 4)
There are subcases arises.

Subcase(i). n =2
Assign the labels 1,2, 3, —1, —2, —3, 1 respectively to the vertices a, u1, b, v1, ¢, wy, u.
Subcase(i). n > 2

Assign the labels to the vertices u;,v; , (1 < i < n—1) as in technique of case
(i). Next we assign the labels —n, —(n + 1) to the vertices ¢, w,_1 respectively and
assign the labels n, (n + 1) respectively to the vertices w2, w,_3. Now we assign
the labels —(n 4 2), —(n + 3) to the vertices wy,_4,w,_5 respectively and assign
the labels (n 4+ 2), (n + 3) respectively to the vertices wy_¢, wn_7. Proceeding this
process until we reach the vertices wi, a.Note that the vertices wy, w3 gets the la-
bels 3”2_6, 3”2_4. Lastly assign the labels —37”, —3”2_2, 3”2_2, 37”, 3"2_2 respectively
to the vertices ws, w1, a,u,b.

Case(iv). n =3 (mod 4)

There are subcases arises.
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Subcase(i). n =3

Assign the labels 1,2, 3,4, —1, —2, —3, —4, 5, —5 respectively to the vertices a, u1, ug,
b7 U1, V2, C, W1, W2, U.

Subcase(i). n > 2

Assign the labels to the vertices u;,v; , (1 <i <n —1) as in technique of case
(i). Next we assign the labels —n, —(n + 1) to the vertices ¢, w,—1 respectively and
assign the labels n, (n + 1) respectively to the vertices w2, w,_3. Now we assign
the labels —(n + 2), —(n + 3) to the vertices w,_4,w,_5 respectively and assign
the labels (n 4 2), (n + 3) respectively to the vertices wy,_g, w,_7. Proceeding this
process until we reach the vertices ws. Note that the vertices wi, a gets the labels

%7 3"2_1 Finally assign the labels ?’”2—+17 —3”2—"’1 respectively to the vertices u, b.

The Table 1 given below establish that this vertex labeling f is a pair difference
cordial of W(n,n,n).

Nature of n. | Ay | Age
n=0 (mod 4) | 3L [ 321
n=1 (mod 4) [ %5 [ 3255
n=2 (mod 4) | 3 [ 32
n =3 (mod 4) | 25 [ 3253

TABLE 1

O

Theorem 4.2. The broken wheel W (1, m,m) is pair difference cordial for all values
of l,m > 2.

Proof. Take the vertex and edges set from the definition 2.1. Now there are four
cases arises.

Case(1). I =0 (mod 4)

Here four subcases arises.

Sub Case(i). m =0 (mod 4)

First we assign the labels 1,2,4,3 to the vertices vy, vs,v3, v4 respectively and
assign the labels 5,6, 8,7 respectively to the vertices vs, vg, v7,vg. Next assign the
labels 9,10,12,11 to the vertices vg, v19, V11, V12 respectively and assign the labels
13,14, 16, 15 respectively to the vertices v13, v14, V15, v16. Proceeding like this until
we reach the vertex v,,_1. Note that in this process the vertices vy, _4, Vym_3, Um_2,
Um—1 gets the label m —4,m —3,m —1,m — 2.

Now we assign the labels —1, —2, —4, —3 to the vertices Wy, 1, Wimn—2, Wym—3, Wi —4
respectively and assign the labels —5, —6, —8, —7 respectively to the vertices wy,_s,
Win—6, Wm—7, Wm—g. Next assign the labels —9, —10, —12, —11 to the vertices w;,_g,
Win—10, Wm—11, Wm—12 respectively and assign the labels —13, —14, —16, —15 respec-
tively to the vertices w.,_13, Wm_14, Win_15, Wm_16. Proceeding like this until we



PAIR DIFFERENCE CORDIAL LABELING OF CERTAIN BROKEN WHEEL GRAPHS 43

reach the vertex w;. We notice that in this process the vertex w; gets the label
—n 4+ 1.

Next we assign the labels m,m + 1,—m, —(m + 1) to the vertices a, uy, uz, us
respectively and assign the labels m + 2, m + 3, —(m + 2), —(m + 3) respectively to
the vertices ug, us, ug, u7. Now we assign the labels m+4,m+5, —(m+4), —(m +
5) to the vertices ug,ug,u19,u11 respectively and assign the labels m + 6,m +
7,—(m + 6), —(m —+ 7) respectively to the vertices uia,u13,u14,u15. Proceeding
this process until we reach the vertices u;_;.Note that in this process the ver-

tices wuj_4, U3, U2, U1 gets the label ”272” 4 l+2m 2 l+2m 4 l“’; 2 re-
spectively . Finally assign the labels — =27 l+22m, L2 respectlvely to the vertices
b, u, c.

Sub Case(ii). m =1 (mod 4)

Assign the labels to the vertices v; , (1 < ¢ < m—1), u; , (1 <i <1-1)
and w; , (1 < i < m —5) as in technique of case (i). Next we assign the labels
—(m—4),—(m —3),—(m —2),—(m — 1) to the vertices Wy,—4, Wm—3, Wm—_2, Wm_1
respectively and assign the labels H2m —b2m _ L2m=2 yeqpectively to the ver-

tices b, u, c.

Sub Case(iii). m =2 (mod 4)

Assign the labels to the vertices v;,w; , (1 < i < m — 1) as in technique of case
(i). Next we assign the labels —n,—(n + 1),n,n + 1 to the vertices a,uq,us,us
respectively and assign the labels —(n + 2), —(n + 3),n + 2,n + 3 respectively to
the vertices ug4, us, ug, u7. Next assign the labels —(n +4),—(n+5),n +4,n+5
respectively to the vertices usg, ug, w10, u11. Proceeding this process until we reach
the vertices u;_1.Note that in this process the vertices w;_4, uj_3, uj_o2, u;—1 gets the
label —l+272”_47 —2m=2 I2m—d 42m=2 .egpectively . Finally assign the labels

2 2 0 2
I42m _it2m _ L42m-—2 respectlvely to the vertices b, u, c.

2 0 20 2

Sub Case(iv). m =3 (mod 4)
Assign the labels to the vertices v, w; , (1 <i<m—1),u; , (1 <i<l-—1)and
a,b, c,u as in technique of case (i).

The Table 2 given below establish that this vertex labeling f is a pair difference
cordial of W (I, m,m).

Nature of n Ay, Age
n =0 (mod 4) | F2ZnFZ | F2Zntd

n=1 (mod 4; l+2z”+2 l+2§”+4

n =2 (mod 4) l+272”+2 l+272"+4

n=3 (mod 4) l+2m+4 l+272n+2
TABLE 2

Case(2). =1 (mod 4)
Here four subcases arises.
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Sub Case(i). m =0 (mod 4)

Assign the labels to the vertices v;, w; , (1 <i <m—1),u;, (1 <i<l-2)andaasin

technique of subcase (i) in case 1. Finally assign the labels H2m=1 b2mtl © It2m-1

_I4+2m+1
2

respectively to the vertices u,,_1, b, u, c.

Sub Case(ii). m =1 (mod 4)

Assign the labels to the vertices v;,w; , (1 < i < m — 1) as in technique of sub-
case (i) in case 1. Next we assign the labels —m, —(m+1), m,m+1 to the vertices
a,uy,uz, ug respectively and assign the labels —(m+2), —(m+3), m+2, m+3 respec-
tively to the vertices w4, us, ug, u7. Next assign the labels —(m+4), —(m+5),m +
4, m+5 respectively to the vertices usg, ug, w10, u11. Proceeding this process until we
reach the vertices u;_o.Note that in this process the vertices w;_s5, u;—4, u;—3, uj—2
gets the label H2m=>5 2m=3 _ I£2m=5 _ [+2m=3 regpectively . Finally assign the

) 2 )
I+2m—1 14+2m+1 _ [+2m—1 _ [4+2m+1
labels === === o, 5

respectively to the vertices u,_1,b,u,c.

Sub Case(iii). m =2 (mod 4)
Assign the labels to the vertices v, w; , (1 <i<m—1),u; , (1 <i<l—1)and
a,b, c,u as in technique of subcase (ii) in case 2.

Sub Case(iv). m =3 (mod 4)
Assign the labels to the vertices vj,w; , (1 < i < m—1), u; , (1 <i <1-—
2) and a as in technique of subcase (ii) in case 2. Finally assign the labels

— z+22171’ —l+2’2"+1, l+22171’ HQ?H respectively to the vertices u;_1, b, u, c.

The Table 3 given below establish that this vertex labeling f is a pair difference
cordial of W (I, m, m).

Nature of n Ay, Age
n=0 (mod 4) l+272n+3 l+272n+3
n=1 (mod 4) l+2’2”+3 l+2’2"+3
n =2 (mod 4) | B2nis | Li2mis
n =3 (mod 4) l+2g”+3 l+272"+3

TABLE 3

Case(3). | =2 (mod 4)
Here four subcases arises.

Sub Case(i). m =0 (mod 4)

Assign the labels to the vertices vi, w; , (1 <i <m—1),u;, (1 <i<l-1)andaasin
technique of subcase (i) in case 1. Finally assign the labels —H2m=2 _ Lt2m - [+2m-2
respectively to the vertices b, u, c.

)

Sub Case(ii). m =1 (mod 4)
Assign the labels to the vertices v, w; , (1 <i<m—1),u; , (1 <i<l-—1)and
a,b, c,u as in technique of subcase (ii) in case 3.
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Sub Case(iii). m =2 (mod 4)

Assign the labels to the vertices v, w; , (1 <i<m-—1),u; , (1 <i<l—1)anda as
in technique of subcase (i) in case 1. Finally assign the labels 2m=2 1£2m Lr2m=2
respectively to the vertices b, u, c.

Sub Case(iv). m =3 (mod 4)
Assign the labels to the vertices v, w; , (1 <i<m—1),u; , (1 <i<l—1)and
a,b,c,u as in technique of subcase (iii) in case 3.

The Table 4 given below establish that this vertex labeling f is a pair difference
cordial of W(l,m,m).

Nature of n Ay, Age
n=0 (mod 4) | F2ZmEd | E2m+2

2 2
[+F2m+2 [+2m+4

)
n=1 ( ) 5 5
n=2 (mod 4) [+2m+2 [+2m+4
( )

2 2
[+2m+4 [+2m+2
2

n=3

Case(4). | =3 (mod 4)
Here four subcases arises.

Sub Case(i). m =0 (mod 4)
Assign the labels to the vertices v, w; , (1 < i < m — 1) as in technique of
subcase (i) in case 1. Next we assign the labels m,m + 1,—m,—(m + 1) to
the vertices a,uj,uq,us respectively and assign the labels m + 2,m + 3,—(m +
2),—(m + 3) respectively to the vertices w4, us,ug,u7. Next assign the labels
m+4,m+5,—(m+4),—(m + 5) respectively to the vertices us, ug, u19, u11. Pro-
ceeding this process until we reach the vertices u;_1,b.Note that in this process
the vertices u;_3,u;—2,u;_1,b gets the label l+2’2”_3, H'Q’Q”_l, —“‘2’2”_3, —H'Zg"_l
_ l+272n+1 , l+272n+1

respectively . Finally assign the labels respectively to the ver-

tices u, c.

Sub Case(ii). m =1 (mod 4)
Assign the labels to the vertices v;,w; , (1 <i<m—1),u; , (1 <i<l-1)and
a, b, c,u as in technique of subcase (i) in case 4.

Sub Case(iii). m =2 (mod 4)
Assign the labels to the vertices v;,w; , (1 <i<m—1),u; , (1 <i<l-—1)and
a,b, c,u as in technique of subcase (i) in case 4.

Sub Case(iv). m =3 (mod 4)
Assign the labels to the vertices v, w; , (1 <i<m—1),u; , (1 <i<l-—1)and
a,b, c,u as in technique of subcase (i) in case 4.
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The Table 5 given below establish that this vertex labeling f is a pair difference
cordial of W (I, m, m).

Nature of n Ay, Age
n=0 (HlOd 4 [+F2m+3 [+2m+3

2 2
F2m+F3 F2m+3

)
n=1( ) 5 5
n=2 (mod 4) [ F2m+3 [+2m+3
( ) l+272n+3 l+272n+3
2 2

n=3

5. DISCUSSION

The pair sum labeling was introduced by Ponraj and Parthipan in [11]. Recently
the difference cordial labeling of graphs was introduced in [12]. Follows from these
two concepts, we have defined a new concept of pair difference cordial labeling of
graphs [4]. The pair difference cordial labeling behaviour of broken wheel have been
investigated in this paper.

6. CONCLUSION

The pair difference cordial labeling behaviour of some broken wheel graphs have
been investigated in this paper. Presently, it is difficult to investigate the pair dif-
ference cordial labeling behaviour of generalized web, broken web graphs. The pair
difference cordial labeling behaviour of subdivison of broken whell graphs are the
open problems.
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ABSTRACT. Let Ly, be the free Lie algebra of rank n over a field K of character-
istic zero, Ln,c = Ly /(LY +~c+1(Ln)) be the free metabelian nilpotent of class
¢ Lie algebra, and F,, = Ly, /L! be the free metabelian Lie algebra generated
by x1,...,xn over a field K of characteristic zero. We call a polynomial p(Xy)
in these Lie algebras symmetric if p(z1,...,2n) = p(Tr(1);- - -, Tx(n)) for each
element of the symmetric group Sy. The sets Lg”, Ff n and Lg',"c of symmet-
ric polynomials coincides with the algebras of invariants of the group Sy, in Ly,
Fy, and Lp,c, respectively. We determine the groups Il’ln(Ls,ﬂé) N Inn(Ly,c)
and Inn(F7)NInn(Fy) of inner automorphisms of the algebras Lg?c and Fon
in the groups Inn(Ly, ) and Inn(F, ), respectively. In particular, we obtain the
descriptions of the groups Aut(L?Z) NAut(Lz2) and Aut(FQSQ) NAut(Fz) of au-
tomorphisms of the algebras L§2 and FQS2 in the groups Aut(L2) and Aut(F»),
respectively.

1. INTRODUCTION

Let A,, be the free algebra of rank n over a field K of characteristic zero in a
variety of algebras generated by X,, = {x1,...,z,}. A polynomial p(X,) € A,
is said to be symmetric if p(z1,...,2n) = p(Tr1),-- ., Tx(n)) for all 7 € S,. The
set of such polynomials is equal to the algebra A" of invariants of the symmetric
group S,. The algebra A5" is well known, when A, = K[X,,] is the commutative
associative unitary algebra by the fundamental theorem on symmetric polynomials:
K[X,)°" = Kloy,...,0,], 0y = ) + --- + 2!,. For the case 4, = K (X,,), the
associative algebra of rank n, see e.g. [6].

Now let A,, = F), be the free metabelian Lie algebra of rank n over K. It is well
known, see e.g. [3], that the algebra F°» of symmetric polynomials is not finitely
generated. Recently the authors [5] have provided an infinite set of generators for
F52 later the result was generalized in [4].
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One may consider the group Aut(F>") of automorphisms preserving the alge-
bra F». The group Aut(F,) is a semidirect product of the general linear group
GL,(K) and the group TAut(F,) of automorphisms which are equivalent to the
identity map modulo the commutator ideal F). Hence it is natural to work in
TAut(F,) approaching the group Aut(FS7) N IAut(F,). Additionally, the cases
Aut(F3») N Aut(F,) and Aut(Ly") N Aut(L, ) are of the interest in the present
study, where L, and L, . are the free Lie algebra and the free metabelian Lie
algebra of nilpotency class ¢, respectively.

In this study, we determine the inner automorphisms of Fo» and of LS»

', Which
are inner automorphisms of F,, and of L,, .. Later we describe the groups Aut(L5?)N

Aut(Ly), Aut(F5?) N Aut(Fy) and Aut(Lffc) NAut(Lg,c).
2. PRELIMINARIES

Let L,, be the free Lie algebra of rank n > 2 generated by X,, = {z1,...,z,} over
a field K of characteristic zero. We denote by F,, = L,,/L! the free metabelian Lie
algebra, and L, . = Ly /(L +~°T1(L,)) the free metabelian nilpotent Lie algebra
of nilpotency class ¢, where y!(L,,) = [Ly, L,] = L/, is the commutator ideal of L,
V¥(Ly) = [Y*=Y(Ly), Ln], k > 2, and L = [L},,L"]. We assume that the algebras
F, and L, . of rank n are generated by the same set X,,.

The commutator ideal F), of the free metabelian Lie algebra F), is of a natural
K[X,]-module structure as a consequence of the metabelian identity

[[21, 2’2}, [23, 24}] = 0, 21,22,%3,%4 € Fn,
with action:
F(Xn)g(xe, ... z,) = f(Xn)g(adzy, ..., adz,), f(X,) € F., g9(X,) € K[X,],

where K[X,,] is the (commutative, associative, unitary) polynomial algebra, and
the adjoint action is defined as z1adze = [21, 23], for 21, 22 € F,,. One may define a
similar action on the free metabelian nilpotent Lie algebra L, .. It is well known
by Bahturin [1] that the monomials [xg,, T, |k, - - - Tk, k1 > ko < k3 < ki, forms
a basis for [, which is a basis for L], ., when | < ¢ —2.

An element s(X,,) in Ly, Fy,, or L, . is called symmetric if
5(x1,. . Tn) = 8(Tr1ys e Tr(ny) = TS(T1,. 00, Tp)

for each permutation 7 in the symmetric group S,. The sets LS, Fon, and Lfbfc
of symmetric polynomials coincide with the algebras of invariants of the group S,,.
See the work [5] for F32, and its generalization [4] for the full description of the
algebra Fo». The decription of the algebra LrSLTc is a direct consequence of the
known results on the algebra Fo».

Let A,, = Ly, F,, Ly, .. It is well known that the automorphism group Aut(A4,,) is
a semidirect product of the general linear group GL,, (K ) and the group TAut(A,,) of
automorphisms which are equivalent to the identity map modulo the commutator
ideal A/ . Hence it is natural to work in TAut(4,) when determining the whole
group Aut(A,). Now consider the group Aut(AS") of automorphisms consisting of
automorphisms of A,, preserving each symmetric polynomial in the algebra AS».

In the next section, approaching the group TAut(A3S»), we describe the inner
automorphism group Inn(AS~) N Inn(A4,) in the group Inn(A,) for A, = F,, and
A, = Ly The case Inn(L3») N Inn(L,) is skipped since the free Lie algebra
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L,, does not have nonidentical inner automorphisms. Later, we obtain the groups
Aut(L5?), Aut(F5?) N Aut(F,), and Aut(Lgfc) NAut(Lsy ) as a consequence of the
results obtained.

3. MAIN RESULTS

3.1. Inner automorphisms of F». Let u € F/, be an element from the com-
mutator ideal of the free metabelian Lie algebra F,,. Then the adjoint operator
adu : v — [v,u] is a nilpotent derivation of F,,, and v, = exp(adu) = 1 + adu is
an automorphism of the Lie algebra F,,. The inner automorphism group Inn(F},)
of F,, consisting of such automorphisms is abelian: ¥y, Yu, = Y, +uys Vit = V.

In the following theorem we determine the group Inn(F5~) N Inn(F,) of inner
automorphisms preserving the algebra Fo».

Theorem 3.1. The automorphism 1, € Inn(F2») N Inn(F,) if and only if u €
(Fp)S.

Proof. If w € (F!)5~, then clearly 1, (v) = v + [v,u] € FS~ for every v € FS».
Conversely let v € F» be a symmetric polynomial, and u € F/, be an arbitrary
element. We may assume that the linear (symmetric) summand v; of v is nonzero,
since v, acts identically on the commutator ideal F) of the free metabelian Lie
algebra F,,. Then 1, (v) € Fo» implies that [v,u] = [v,u] € F5n. For each m € S,,,
we have that
[v, u] = w[vy, u] = [, wu] = [vg, 7],

and [v;,u — wu] = 0, which gives that u — 7u = 0 or u = 7u. O
3.2. Inner automorphisms of L;ijlc. Let u € L, . be an element from the free

metabelian Lie algebra L,, .. Then the adjoint operator adu(v) = [v, u] is a nilpotent
derivation of L,, ., since ad“u = 0 and

1
g, = exp(adu) = 1+ adu + §ad2u +- 4 ad“ 'u

1
(c—1)!
is an inner automorphism of L, .. The set Inn(L, ) = {ey | v € Ly} is the
inner automorphism group of L, .. In this subsection, we investigate the group
Inn(LSj‘c) NInn(L,, ) of inner automorphisms of the algebra Lﬁjlc.
Lemma 3.2. Let u =Y., ax; for some o € K, and v =7 | x; € LY, such
that [u,v] € Lyr,. Then u = av for some a € K.

Proof. Let m = (1k) € S,, be a fixed transposition for k = 2,...,n. Then

TU = 01 Tr(1) +* + AnTy(n) = 1Tk + QET1 + Z o;T5,

i#1k
and u — mu = a1(z1 — x) + ar(Tr — 1) = aqp(T1 — x), where a1 = a1 — .
Now [u,v] € LY, gives that [u,v] = 7[u,v] = [ru, 7v] = [ru, v], and hence
0=[u—mu,v] =[a1k(x1 —x), 21 + -+ - + T4

= g 2[x1,xk] + Z [361,331‘] + Z [%ﬂﬁk]

i#1k i#lk

where the elements in the paranthesis are basis elements of L, ., which implies that
agx = 0, k > 2. This completes the proof by the choice a = a3 = -+ = ay,. [
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Theorem 3.3. The automorphism 1 # 1, € Inn(LﬁTé) NInn(L,, ) if and only if
u€ Lo

n,c-

Proof. If u,v € L v then it is straighforward to see that
5u(v) =v+ [’U,U] +oeeet (1/(C - 1)')[[ t [U,U], . }7“] € nglc

Conversely, let u = u; +up € Ly be an arbitrary element and v = v; + vy € L,SL’”C
be a symmetric polynomial such that €,(v) € Lﬁr;, where u; and v; are the linear
components of u and v, respectively. In the expression of €,(v), the component of
degree 2 is [v;, w;] which is symmetric by the natural grading on the Lie algebra
L3~ Hence u; = av; for some a € K by Lemma 3.2, and [v;, 4] = 0. Note that
[v0, g] = 0 by metabelian identity. The computations
c—2 ’U/;ﬂ
e (V) =v + [v; + vo, u; + uo] kz W

c—3 k+1k -

(0%
=v + U(),vl Z Ul,uo]
= (k+1

w

(k+1)!

k. k
Ui

ES
Il

0
give that [vy, ug] Zk’% ((1):+U11)r € Ln ., and that ug € LS v by Theorem 3.1. g
3.3. On automorphisms of L5?, Fy?, and L*;fc. In the sequel, we fix the notation
x1 = x, 2 = y, for the sake of simplicity. It is well known by [2] that each

automorphism of Lo is linear. The next theorem determines the automorphism
group Aut(L5?).

Theorem 3.4. Let & € Aut(L5?)NAut(Ly). Then & and its inverse €' are of the
form
{(x) = ax +by, &(y)=bz+ay,

) =ctar — oy, €Ny) = —c b + ¢ Lay,
such that ¢ = a®> —b> #0, a,b € K.

Proof. Let & be of the form € : ©x — ax + by, y — cx + dy such that ad # bc,
where a,b,¢,d € K. Since  +y € L5?, then &(x +y) = (a+ )z + (b +d)y €
L5?, which is contained in K{z + y}. Hence a + ¢ = b+ d. On the other hand
Hxvny] - [[x,yLy} € L§2, and

E(Hxany] - Hxay]vyD = B((a - C)[[:L',y],l‘] + (bi d)[[gjay]ay})

where 8 = ad —be # 0. The fact that £ € Aut(L5?) N Aut(Ly) gives a — ¢ = —b+d.
Consequently, a = d and b = ¢. Conversely, it is straightforward to show that the
automorphism stated in the theorem preserves symmetric polynomials. ([

It is well known, see the work by Drensky [3], that each automorphism of F; is
a product of a linear automorphism and an inner automorphism of F». Using this
fact, we obtain the following result as a consequence of Theorem 3.4 and Theorem
3.1.

Theorem 3.5. Let ¢ € Aut(Fy?) N Aut(F). Then ¢ is a product of a linear
automorphism & : x — ax +by, y — bx+ay, and an inner automorphism 1, where

u € (F3)%.
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Theorem 3.6. Let ¢ € Aut(Lgfc) N Aut(La.). Then ¢ is a product of a linear

automorphism £ : x — ax+by, y — br+ay, and an automorphism ¢ € IAut(Lgfc)of
the form

¢ — x+ [z, y]f(z,y)
y—y—lz,ylf(y,x).

Proof. 1t is sufficient to show that an automorphism ¢ € IAut(Ls.) preserving
symmetric polynomials satisfies the condition of the theorem. In general ¢ is of the
form

¢:x— x+[z,y]f(2,y)
y = y+[z,ylg(z,y).

Since x + y € Li"‘c, then ¢(z +y) = x + y + [z, y](f(z,y) + g(z,y)) is symmetric,
and hence

r+y+ [z,y](f(z,y) + 9(z,y) =y +x — [2,9](f(y,7) + g(y, 7))

This gives that

(3.1) flx,y) +9(x,y) + f(y,x) + gy, ) =0

in the commutator ideal Ly . of Ly ., which is a K[z, y]-module freely generated by
[,y]. Now by the symmetric polynomial [z,y](z — y), we have that

[z + [z, y]f (2, 9),y + [z, ylg(z, Y)|(z — y) = [z,y](x — y) (1 + f(z,y)y — zg(z,y))

is symmetric. Consequently [z,y](z — y)(yf(z,y) — zg(x,y)) is symmetric. The
following computations complete the proof.

[z, 9)(z = y)(yf (2, y) — xg(z,y)) = [z, y](x = y) (@[ (y, ) = yg(y, ),

and thus using Equation 3.1 we have

0=yf(z,y) —zg(z,y) —xf(y, ) +yg(y,v)
=yf(z,y) +z29(y, ) + 2 f(z,y) + yg(y, )
= (z+y)(f(z,y) +9(y,z)).

4. CONCLUSION

In this study, inner automorphisms of algebras of symmetric polynomials of
(relatively) free Lie algebras in the group of automorphisms of (relatively) free Lie
algebras were determined. The next step might be sharpening the result by finding
all inner automorphisms of those algebras. For this purpose, one needs to have
generators for the algebras under consideration, and handle the automorphisms by
their action on those generators.
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ABSTRACT. The main purpose of this work is to find the form of the solutions
of the following difference equation
Tn—2Tn—6

Tntl = n=12..,

ZTn—3(£l * Tp_22n_¢)
where the initial conditions are arbitrary positive real numbers. Moreover, we
gave the solutions of some special cases of this equation, and studied some
dynamic behavior of these equations. At the end we illustrated our results by
presenting some numerical examples to the equations are given.

1. INTRODUCTION

In the last few decades, there has been a major interest in studying a qualita-
tive behavior of the solutions of rational difference equations. The reasons of this
interest comes from the fact that these equations are powerful tool for applications
since difference equations plays an important role in mathematics to describe and
model a real life situations such as population dynamics, statistical problem, sto-
chastic time series, number theory, biology, economic, probability theory, genetics,
psychology, etc. [1]-[5]. It is well known that the field of difference equations is
old and it has been developed incrementally, and the rational difference equations
is important category of difference equations where they occupies a good place in
applicable analysis, which has encouraged the mathematical researchers to continue
investigating the qualitative properties of the solution of rational difference equa-
tions and the systems of difference equations.

Recently, Abo-Zeid [6] solved and studied the global behavior of the well
defined solutions of the difference equation
T _ LInLn—3
i Axn72 + an73 ’
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Elsayed [7] have obtained the solution and also he studied the behavior of the
following rational difference equation

n br,Tn_1
Tpt1 = ATy + ——————.
n+1 n T + d$n71
Cinar [8]-[10] have investigated the positive solutions of the following difference
equations
ATp—1 Tn—1 Tn—1

Tpil = ———————, Tpil = Tpil =
n+ 1+bn$n$n717 n+ 1_’_0[‘%"1.”717 n+

—14+oxnTn_1

Ibrahim [11] got the solutions of the rational difference equation:
LnTn—2
Tp_1(a + brpTy_o)

Tnt1 =

Bozkurt [12] was investigated the local and global behavior of the positive solu-
tions of the following difference equation

ae Yn -+ ﬁe_ynfl
Y+ QYn A+ Byn1
Simsek et. al. [13] obtained the solution of the difference equation

Yn4+1 =

Tn—3

Tpyl = ——.
n 1+xn—1

Xian and L. Wei [14] investigated the global asymptotic stability of the following
difference equation

I
i 1+rT, & .

Karatas et. al. [15] studied study the positive solutions and attractivity of the
difference equation

T _ In—5

i -1+ Ln—2Tn—5 .

For other papers related to study the dynamic behavior of difference, we refer
to [16]-[28].

Our goal is to study the dynamic behaviors of the solutions of the following
difference equations.

Tp—2Tn—6
$n—3(:|:1 + xn—an—fS) ’

(].].) Tntl =

where the initial conditions z_¢g, x_5, x_4, T_3, T_9, x_1, X are arbitrary
nonzero real numbers.

2. PRELIMINARIES

Here, we review some results which will be useful in our investigation of the
difference equation (1.1).
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Definition 2.1. Let I be some interval of real numbers and let
JARD Ly

be a continuously differentiable function. Then for every set of the initial conditions
Tk T_ft1,-..,Zg € I, the difference equation

(2.1) Tpt1 = F(Xpy X1, Tp—g -+, Tn—k), n=0,1,...,

has a unique solution {z,}5° .

Definition 2.2. A point z* € I is called an equilibrium point of Eq. (2.1) if
¥ = F(a*,x*, 2", ...).

*

That is,x, = z*, for n > 0, is a solution of Eq. (2.1), or equivalently, z* is a fixed

point of F.

Definition 2.3. Let z* be an equilibrium point of (2.1).
(i) The equilibrium point 2* of Eq. (2.1) is called locally stable if for every
€ > 0, there exists § > 0 such that for all z_g,x_gy1,...,29 € I with

|[v_p — ™|+ |2—pp1 — ™|+ ... + |zo — 2¥| < 0,
we have,

|z, —2*| <e forall n>—k.

(ii) The equilibrium point z* of Eq. (2.1) is called locally asymptotically
stable if it is locally stable, and if there exists v > 0 such that if v g, x_g41,...,20 €
I with

[k — 2| e — 2|+ o — 2] <7,

we have,

lim z, = z*.
n—oo

(iii) The equilibrium point z* of Eq. (2.1) is called a global attractor if
for every solution z_x, x_g4y1,...,20 € I, we have
lim z, = z*.
n—oo
(iv) The equilibrium point z* of Eq. (2.1) is called a global asymptoti-
cally stable if it is locally stable and global attractor of Eq. (2.1).

(v) The equilibrium point z* of Eq. (2.1) is called unstable if z* is not
locally stable.

The linearized equation of Eq. (2.1) about the equilibrium point z* is the linear
difference equation
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Definition 2.4. A sequence {z,}7° . is said to be periodic with periodic p if
Tpntp = Ty, for all n > —k.

Theorem 2.1. [30]. Assume that pg,p1,...,pr € R, and k € {0,1,2,...}. Then
k
i=1

is a sufficient condition for the asymptotic stability of the difference equation:

Ttk +P1Tntk—1 + -+ 0y =0, n=0,1,....

3. ON THE DIFFERENCE EQUATION T, 41 = %

In this section, we obtain a specific form of the solution of the first case of the
equation (1.1):

Tp—2Tn—6
3.1 Tpt1l = .
( ) 1 xn—3(1 + zn—2$n—6)

Theorem 3.1. Let {z,,}32_4 be a solution of equation (1.1). Then forn =0,1,...,

n—1

. H (14 (8i+ 2)ae)(1+ (8 + 5)bf)(1 + (8i)cg)
2n=6 =9 1L (177 (i + 6)ae) (1 + (8i + bf)(1 + (3i + d)eg)’

) fﬁ (1 + (8i + 5)ac)(1 + (8i)bf)(1 + (8i +3)cy)
2n—5 = Dae)(1+ (8 + 4)bf)(1 + (8 + T)cg)’
”Hl (1+ (8¢)ae) (1 + (8i + 3)bf)(1 + (8i + 6)cg)
Pt =L@+ )ae) (T + B+ b1+ (8i + 2)cg)’
ooy =] H GE4800)0 5 (554 611+ 514 e
24n—3 = 1 (1+ (8 + T)ae)(1 + (8 +2)bf)(1+ (8i + 5)cg)’
B ’i:[l (14 (8i + 6)ae) (1 + (8i + 1)bf) (L + (8i + 4)cg)
Toan-—2 =C L4 (14 (8i +2)ae)(1+ (80 +5)bf)(1 + (8i + 8)cg)’
) - bﬁ (1+ (8i + 1)ae) (1 + (8i + 4)bf) (1 + (8i + 7)cg)
At TP (4 8+ 5)ae) (1 + (8i+ 8)bf)(1+ (i + 3)cg)”
- ”1:[1 (1 + (8i + 4)ae) (1 + (8i + 7)bf)(1 + (8i + 2)cg)
P2 =0 LT (8 8)ae) (1 + (8i + 3)bf)(1 + (8i + 6)cg)’
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(1+ (8i+2)ae)(1+ (8 +5)bf)(1 + (8 + 8)cg)
(14 (8 + 6)ae)(1 + (8 + 9)bf)(1 + (8 + 4)cg)’

ae T (1+ (8i+5)ae) (1 + (8i + 8)bf)(1 + (8i + 3)cg)
(1+ (8 +9)ae)(1 + (8i +4)bf)(1+ (8 + T)cg)’

(1+ (8t+8)ae)(1 4 (8 +3)bf)(1 + (8 + 6)cg)

_ €9
T2 T 0 1 20g) 1;[ (1+ (8i + 4)ae)(1 + (8i + 7)bf)(1 + (8i + 10)cg)’

N bdf (1 + cg) 1:[1 (1+ (8i + 3)ae)(1 + (8i + 6)bf)(1 + (8i + 9)cg)
ST cg(1+2bf) 1L (14 (8i + T)ae) (1 + (8i + 10)bf)(1 + (8i + b)cg)”

N ace(1 + bf) 1:[1 (1+ (8i + 6)ae)(1 + (8i + 9)bf)(1 + (8i + 4)cg)
MO T F (Ut 2ae) L1 (14 8+ 10)ae) (1 + (i +5)bf) (1 + (8i + 8)cg)”

N beg(1 + ae) 1:[1 (1+ (8i + 9)ae)(1 + (8i + 4)bf) (1 + (8 + T)cg)
T qe(1+ 3cg) LA (1 (8i+ 5)ae) (1+ (8i+ 8)bf) (1 + (8i + 11)cg)’

. abf(1+ 2cg) 1:[ (1+ (8i+4)ae)(1+ (8 + 7)bf)(1 + (8 + 10)cg)
ST g1 30f) L (T 80+ 8)ae) (1+ (8i + 11)0f) (1 + (8i + 6)cg)’

oy aceg(1+2bf) S (1 + (8i 4 T)ae) (1 + (8i 4+ 10)bf)(1 + (8i + 5)cg)
T24n+9 =

T24n+10 =

T24n+11 =

T24n+12 =

T24n+13 =

T24n+14 =

T24n+15 =

bdf (1+ cg)(1 + 3ae) - (14 (8i + 11)ae)(1 + (8i 4 6)bf) (1 + (8i + 9cg)’

(3

bfg(1+ 2ae) 1:[ + (8¢ + 10)ae) (1 + (8i 4+ 5)bf) (1 + (8i + 8)cg)
ae(1+bf)(1+4cg) -4 (14 (8i + 6)ae) (1 + (8i +9)bf) (1 + (8i 4 12)c g)’

aef(1+ 3cg) 1:[ + (8 + 5)ae)(1 + (8 + 8)bf)(1 + (8i + 11)cg)
cg(L+ae)(1+4bf) 2+ (1+ (8 + 9)ae)(1 + (8 + 12)bf) (1 + (8i + T)cg)’

1

n

ceg(1+ 3bf) (14 (8¢ +8)ae)(1+ (8i + 11)bf)(1 + (8 + 6)cg)
bf(1+2cg)(1 +4ae) - (14 (8 +12)ae)(1 + (8i + 7)bf)(1 4 (8 + 10)cg)’

K3

n—1

g(1+2ae)(1+5bf) L (14 (8 + 10)ae)(1 + (8 + 13)bf)(1 + (8 + 8)cg)’

bdf (1 + 3ae)(1 + cg) (14 (8 +11)ae)(1 + (8¢ +6)bf)(1 + (8 + 9)cg)
ae(1+2bf)( 1 +5cg) -4 1 + (8i + T)ae)(1 + (8 + 10)bf)(1 + (8¢ + 13)cg)’
ae(1+ bf)(1 + 4eg) 1:[1 (1+ (8i + 6)ae)(1 + (8 + 9)bf)(1 + (8i + 12)cg)

cg(1 +ae)(1 +4bf)
f(1+bae)(1+ SCg)

(14 (8¢ +9)ae)(1+ (8i + 12)bf)(1 + (8 + 7)cg)
o (L4 (8i+13)ae) (1 + (8i 4 8)bf) (1 + (8i + 11)eg)’

”b:]L
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bf(1+ 4ae)(1+ 2cg) e (14 (8i + 12)ae)(1 + (8 + 7)bf)(1 + (8 + 10)cg)

F2AnH16 = T T8 (1 beg) 1:[0 (1+ (8i + 8)ae) (1 + (8i + 11)bf) (1 + (8i + 14)cg)’

. ~ae(14+2bf)(1 + 5cg) ’ﬁ (14 (8 + T)ae)(1 + (8 + 10)bf)(1 + (8 + 13)cg)
AT A1+ Bae) (14 6bf) (1 + cg) 4 (1+ (8i + 11)ae) (1 + (8i + 14)bf)(1 + (8i + 9)cg)’
where x_¢ =g, T_5=f, T4y =€, x_3=d, T_o =¢, x_1 = b, x9g = a are

arbitrary nonzero real numbers.

Proof. The result holds for n = 0. Now, assume that n > 0 and our assumption
holds for n — 1. Then,

n—2

H (14 (8 +2)ae)(1 + (8 +5)bf)(1 + (8i)cg)
P2un=30 = 9 (14 (8 +6)ae) (1 + (8i + 1)bf)(1+ (8i +4)cg)’

)L+ (81)bf)(1 + (8i + 3)cg)
14 (8 +4)bf)(1+ (8 + 7)cg)’

+ (8¢ +5)ae
T2d4n-29 = fH 1+ (8 + 1)ae)(

N €H (1 + (8i)ae)(1 + (8i + 3)bf)(1 + (8i + 6)cg)
dnmm TP (T4 8i+ 4)ae) (14 8i+ T)bF)(1+ (i + 2)cg)”
N dﬁ (1+ (8i+3)ae)(1 + (8 +6)bf)(1 + (8i + 1)cg)
22t = P L G (80 + Tae) (U + (8i + 2)bf) (1 + (30 + 5)cg)”
ﬁ (14 (8 +6)ae)(1 + (8 + 1)bf)(1 + (8i +4)cg)
P26 =L ®i 1 2)ae) (1 + (8 4 5)bf) (1 + (8i + 8)cg)”
v b"]:f( + (8 + Dae)(1 + (8i + 4)bf)(1 + (8i + T)eg)
24n—25 = 1 (1 + (8i+5)ae)(1 + (8 + 8)bf)(1 + (8 + 3)cg)’
) a"—2 (1 + (8i + 4)ae)(1 + (8i + 7)bf) (1 + (8i + 2)cg)
Zn—24 = o (L4 (8i+8)ae) (L + (8i+3)bf) (1 + (8i + 6)cg)’
cg ”1:[2 (1 + (8i + T)ae)(1 + (8i + 2)bf)(1 + (8i +5)cg)
PR T AT+ eg) AL (T (811 3)ae)(1+ (8i + 6)bf)(1 + (8i + 9)cg)’
bf ”1:[2 (1+ (8 + 2)ae)(1 + (8i +5)bf) (1 + (8i + 8)cg)
T24n—22 (1 +bf) Pt (14 (8 +6)ae)(1+ (8 +9)bf)(1 + (8 + 4)cg)’
) ae ’i:f (1+ (8i + 5)ae)(1 + (8i + 8)bf)(1 + (8i + 3)cg)
M b1+ ae) L4 (14 (8i + 9)ae) (1 + (8i + 4)bf)(1 + (8i + 7)cg)
cg T (14 (8i+8)ae)(1 + (8i+3)bf)(1 + (8i+6)cg)
T24n—20 = a(1+ 2¢q) 1 (14 (8¢ +4)ae)(1+ (8 + 7)bf)(1 + (8 + 10)cg)
bdf (1 +Cg n-2 8Z+3)a )(L+ (8 +6)bf)(1+ (8i + 9)cg)

@
Il
<
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. ace(1 +bf) nl_[ (14 (8i+6)ae)(1+ (8 +9)bf)(1+ (8 +4)cg)
2Un=18 T r (1 4 2ae) LL (14 8+ 10)ae)(1 + (8 +5)bf)(1+ (8i + 8)cg)’
beg(l + ae) 1—[2 (1+ (8i+9)ae)(1+ (8i +4)bf)(1 + (8i+ 7)cg)
P (14 3eg) L (11 (814 5)ae) (1 + (8i + 8)bf)(1 + (8i + 11)eg)’
abf(1+2cq) "+ (14 (8i + 4)ae)(1 + (8i + 7)bf)(1 + (8i + 10)cg)
PRI (U 3bf) AL (T (8i 1 8)ae)(1+ (8i + 11)bf)(1 + (8i + 6)cg)’
_ aceg(1+2bf) i (14 (8¢ + T)ae)(1 + (8: + 10)bf)(1 + (8 + 5)cg)
PN T baf (14 cg)(1+ 3ae) L4 (T (8i+ 1)ae)(1+ (8i + 6)bf)(1+ (8i + 9)cg)’
bfg(l+2ae) " (1+ (8i + 10)ae)(1 + (8i + 5)bf)(1 + (8i + 8)cg)
P T e (T b (1 deg) M TH i+ 6)ae) (1 + Bi+ 9)bF)(1 + (8i+ 12)cg)’
_aef(1+3cg) nl:f( + (8¢ + 5)ae)(1+ (8i + 8)bf) (1 + (8¢ + 11)cg)
P13 T 0 ae)(1 + 4bf) LA (U (8i + 9)ae) (1 + (8i + 12)bf) (1 + (8i + T)cg)’
B ceg(1+ 3bf) i (14 (8 +8)ae)(1 + (8 + 11)bf)(1 + (8 + 6)cg)
P2 B P+ 20g)(1+ dae) LA (T4 (80 + 12)ae) (1 + (8i + )b/ (1 + (8i + 10)cg)’
bdf (1 + 3ae)(1 + cg) ’i—f (14 (8i+11)ae)(1+ (8 +6)bf)(1 + (8 + 9)cg)
PR Ge(1 4 20f) (1 + beg) L (14 (8i+ Tae)(L+ (80 + 10)bf) (1 + (8 + 13)cg)’
_ae(1+bf)(1 4 4cg) 52 (14 (8i + 6)ae) (1 + (8i + 9)bf) (1 + (8i + 12)cg)
Tn=10 = 1 2ae) (1 + 50f) L4 (L4 (8i+10)ae)(1 + (8i + 13)bf)(1 + (8¢ + 8)cg)’
cg(1 4 ae)(1 + 4bf) "l:f (1+ (8i + 9)ae)(1 + (8i + 12)bf) (1 + (8 + T)cg)
P9 = ) 5ae) (1 + 3eq) LU (14 8+ 13)ae) (1 + (8 + 8)bf)(1+ (8i + 11)cg)’
_ bf(14 4ae)(1 + 2cg) 2 (1+ (8i+12)ae)(1 4 (8 + 7)bf)(1 + (8i + 10)cg)
T8 = T 30f) (1 + 6eg) LA (14 (8i+ 8)ae)(1 + (8i+ 11)bf)(1 + (8i + 14)cg)’
oo — —_ae(L+2bf)(1 + 5eg) ”1:[2 (1+ (8i + T)ae) (1 + (8 + 10)bf) (1 + (8i + 13)cg)

d(1+ 3ae)(1+6bf)(1+cg) - (14 (8 + 11)ae) (L + (8i + 14)bf)(1 + (8i + 9cg)’

Now, it follows from equation (3.1) that

T24n—9T24n—13

T24n—6 =
T24n—10(1 + Toan—9T24n—13)

n—2 14(8i+5)ae
(1+5ae) Hz 0 1+(8i+13)ae

ae(1+bf)(1+4cg) Hn—2 (14(8:46)ae) (1+(8i4+9)bf) (1+(8i+12)cg) {1+ Hn—2 1+(8i+5)ae}

g(14+2ae)(1+5bf) 1Li=0 (14(8i+10)ae)(1+(8i+13)bf)(1+(8i+8)cg) 1+5a€ i=0 1+(8i+13)ae

Hn 2 14(8i+5)ae
(1+5ae) i=0 1+(8i+13)ae

(14bf)(14+4cg) Hn72 (1+(8i+6)ae)(1+(81+9)bf)(1+(81+12)cg){ 1+ Hn72 1+(8i+5)ae}
g(14+2ae)(1+5bf) 1Li=0 (14(8i+10)ae)(1+(8i+13)bf)(1+(8i+8)cg) 1+5a€ i=0 1+4(8i+13)ae
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{(1+5ae)(1+13ae)...(1+(8n711)ae)}
(145ae) L (1+13ae)(14+21ae)...(1+(8n—3)ae)

(14bf)(14+4cg) Hn—? (14(8i+6)ae)(1+(8i+9)bf) (14+(8i+12)cg) {1+ {(1+5ae)(1+13ae) .(14+(8n— 11)ae)}}
g(1+2ae)(1+5bf) L1i=0 (1+4(8i+10)ae)(1+(8:4+13)bf)(14+(8:+8)cg) (1+5ae) (14+13ae)(14+21ae)...(14+(8n—3)ae)

1
(14(8n—3)ae)
(14+bf)(14+4cg) H (14(8i+6)ae) (1+(8i+9)bf)(1+(8i+12)cg) {1+ }
g(142ae)(1+5bf) 1 Lli= 0 (1+(81+10)ae)(1+(8z+13)bf)(1+(8z+8 cg) (1+(8n 3)ae)

1
T e [ S s ey L+ (Bn — 8)ac) {1+ (raeiayas )
1
sz [Iss (Cerite (s e et e gy (1 + (81— 3)ae) + ae)}
1
% Hz 0 (11:(8%?160))aaee))((llt-((sg:r—i?l)?l:ﬂ));)1(JgE}-g(gt-1',-28)6099) {1+ (8n — 2)ae}
 g(1+ 2ae)(1 + 5bf) ’i:f (1 + (8i 4 10)ae)(1 + (8i + 13)bf) (1 + (8i + 8)cg)
(L+bf)(L+4cg) - (1+ (8i+6)ae)(1 + (8i+ 9)bf)(1 + (8i + 12)cg){(1 + (8n — 2)ae}’

Hence,

N B "1:[1 (1+ (8i + 2)ae)(1 + (8i + 5)bf)(1 + (8i)cg)
24n=6 =9 1L (17 (8i + 6)ae)(1 + (8i + Do) (1 + (8i + 4)eg)
Similarly, we have

T24n—8T24n—12
Zoan—9(1 + Toan—sT2an—12)

To4n—5 =

cg Hn—Z 14(8i+6)cg

. (146¢cg) 11i=0 1+4(8i+4)cg

" cg(1+ae)(1+4bf) Hn 2 (1+(8i+9)ae)(14+(8i+12)bf)(14+(8i+7)cg) {1 + Hn 2 1+(81+6)cg}
f(1+5ae)(14+3cg) 11i=0 (1+(8i+13)ae)(1+(8:+8)bf)(1+(8i+11)cg) (1+6cg) =0 1+(8i+4)cg

1 n—2 1+(8i+6)cg
(1+6¢g) Hz =0 1+4(8i+4)cg
(14ae)(14+4bf) n—2 (1+(8i+9)ae)(14+(8i+12)bf)(1+(8i+7)cg) n—2 1+(8i+6)cg
f(1+5ae)(143cg) Hz 0 (1+(81+13)ae)(1+(8z+8)bf)(1+(81+11)cg { + (1+6cg) Hz =0 1+(81+4)cg}

1 {(1+60g)(1+14cg) .(14+(8n—10)cg) }
(1+6¢g) L (1+14cg)(1+22¢g)...(1+(8n—2) cg)

(14-ae)(14+4bf) Hn 2 (14(8i49)ae)(1+(8i+12)bf)(14(8:+7)cg) {1+ {(1+Gcg (14+14cg)...(14(8n—10)cg) }}

f(1+5ae)(14+3cg) 11i=0 (1+(87+13)ae)(1+(81+8)bf)(1+(81+11)(‘g) (1+6(‘g) (1+14cg)(1+422¢g)...(1+(8n—2)cg)

1
(14+(8n—3)cg)
(14ae)(1+4bf) Hn 2 (1+(8i+9)ae)(14+(8i+12)bf)(14(8i+7)cg) {1+ }
f(14+5ae)(1+3cg) 11i=0 (1+(81+13)ae)(1+(81+8)bf)(1+(82+11 cg) (1+(8n 3)cg)
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1

(1+ae)(1+4bf) n—2 (1+(8i4+9)ae)(1+(8i4+12)bf)(14+(8i+7)cg) _ cg
Fr5ae)33ce) Llimo (383 18)a0) A3 @sbAaEitinee) (L + Bn — 2)ae{l + rmiisyeg )

1

(Itae)(114bf) 1yn—2 (1+(8i19)ae)(1+(3i+12)bf)(1+(8i1+7)cg)
FaTseei 0367 Lico st 8)as) 1 Gras @ity (1 + (8n — 2)cg) + cg}

1

(14ae)(14+4bf) n—2 (14(8i4+9)ae)(1+(8i+12)bf)(14+(8i+7)cg)
F(I+5ac)(1+3cg) [Ii=o = 87,+13)ae)(1+(82+8)bf)(1+(8'L+11)cgg){(1 + (8n —1)eg)}

_ F(1 4 5ae)(1 + 3cg) ’iif (14 (8 +13)ae)(1 + (8 + 8)bf)(1 + (8 + 11)cg) 1

(1+ae)(1+4bf) L4 (T4 (8i+ 9)ae) (1 + (8i + 12)bf)(1 + (8i + 7)eg) {(1+ (3n— eg)}’
Then, we have

S (L (8i 4 5)ae)(1+ (8i)bf) (1 + (8i + 3)cg)

T2an=5 = fH (1+ (8 + 1)ae)(1 + (8i +4)bf)(1+ (8 + T)cg)

Again, applying the same steps,

L24n—2224n—6

Todnt1 =
Zoan—3(1 + Toan—2%24n—¢)

n—1 14(8i)
chz 0 1+ 87,+SC)gcg
(1+(8z+3)ae)(1+(81+6)bf)(1+(81+1)cg) n—1 14(8i)cg
dH (1+(81+7)ae)(1+(81+2)bf)(1+(81+5 cg) {1 +cg Hz 0 1+(8:i+38) cg}

c { (148¢g)(1+16¢g)...(14+(8n—16)cg) (14+(8n— 8)cg)}
9 (148cg)(1+16cg)...(14+(8n—8)cg)(1+(8n)cg)
dHn 1 (1+(81+3)ae)(1+(81+6)bf)(1+(81+1)cg){1+c {(1+8cg)(1+1ﬁcg) .(1+(8n—16)cg) (1+(8n— 8)cg)}}
1+ (8i+7)ae)(14+(8i+2)bf)(1+(8i+5)cg) 9 (148cg)(1+16cg)...(14+(8n—8)cg) (1+(8n)cg)

cg
(1+(8n)cg)

n—1 (14+(8i4+3)ae)(1+(8i4+6)bf)(1+(8i+1)cg)
dH (1+(8i+7)ae)(14+(8i+2)bf)(14+(8i+5)cyg) {1 + 1+(8n)cg)}

‘g

= n—1 (1+(8i+3)ae)(1+(8i+6)bf) (1+(8i+1)cg) c
d1Tizo Treared a2 aTEs)e) (L T 8n)eo{l + qrghegr )

cg
+(8i+3)ae)(14+(8i+6)bf)(1+(8i+1)cg)
dH (B Tae) (I (525 (T (5i5)eg) L1 T (8n)eg +cg}

cg

(14+(8i+3)ae)(14+(8i+6)bf) (14+(8i+1)cg) ’
de =0 (1+(81+7)a?)(1+(81+2)bf)(1+(8z+5)cg) {1+ (8n)cg + cg}
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Hence,
N _ ﬁ (1+ (8i + T)ae)(1 + (8i + 2)bf)(1 + (8i + 5)cg)
T A1+ cg) L4 (1 (i + B)ae) (1+ (8i + 6)bf) (1 + (8i +9)eg)”

Consequently, we can easily obtain the solutions of the other relations. Thus, the
proof is completed. O

Theorem 3.2. Equation (3.1) has a unique equilibrium point z* = 0 which is not
locally asymptotically stable.

Proof. For the equilibrium points of equation (3.1), we can write

{E*2

x*(1 + 2*2)’

¥ =

= 2*2(1+2%2) =2*?2 = l1+z*2=1.
Thus, the equilibrium point of equation (3.1) is z* = 0.
Now, let F' be a function define by

uw
F = —.
(U,U,U}) ’U(]. +U’LU)
Therefore,
w —uw u
Fu ) ) = 2R R FU ) ) = 51 . N\ Fw ) ) = T _ \o9°
(0, w) v(1 4 uw)? (1,0, w) v2(1 + vw) (1,0, w) v(1 4 uw)?
Then,

F.(z", 2", 2%) =1, F,(z",a",2%)=-1, F,(z% 2" 2")=1.

It follows from Theorem (2.1) that equation (3.1) is not asymptotically stable. O
Numerical Examples

To confirm the result of the first subsection, we assume the following numerical
examples which illustrate difference types of solutions to equation (3.1).

Example 3.1. We put z_¢ = 0.43, z_5 =022, x_4, =0.1, x_3 =04, x_o =
0.33, x_1 = 0.7, o = 0.5 in equation (3.1). So from Figure 1, we can see the
behavior of the solution of equation equation (3.1), where the solution dose not
converge to zero which prove the fact that the equilibrium point 0 is not locally
asymptotically stable .

Example 3.2. In Figure 2, since x_¢ =7, x_5 =6, v_4 =5, v_3 =4, ©_9 =
3, x_1 =2, x¢p = 1, we assure the same result of the previous example.
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4. ON THE DIFFERENCE EQUATION T, 11 = Ln_2Tn—6

Tn_3(—1+Tn_2%Tn_¢)

In this section, we study the second following case of the equation (1.1) in the
form:

Tp—2Tn—6
4.1 Tyl = .
( ) + xn—B(_l +xn—2mn—6)
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Theorem 4.1. Let {x,}>2 4 be a solution of equation (4.1). Then the solutions
of equation (4.1) are periodic of period 24 and given by:

L24n—6 = g, Toan—5 = [,

L24n—4 = €, Toan—3 = d,

Toan—2 = ¢, Toan—1 = b,

L24n = @, L24n4+1 = m,
L2an+2 = ﬁ, L24n+3 = ﬁ7
T24n+4 = C(iqv L24n+5 = %ﬁcg)»
T24n+6 = %}H’ﬁ, T24n+7 = %,
T24n+8 = ﬁv L24n+9 = bdf(—l(ii)e(;(g—)1+cg)’
L24n+10 = %, L24n+11 = %7
T24n+12 = %}Hﬁ, T24n+13 = w’
Toant14 = G X24n+15 = F(-Treg)’
T24n+16 = ﬁ, L2nt17 = F=15ac)’

where z_¢ = g, v_5 = f, vy =€, 3 =d, T_9 = ¢, x_1 = b,xg = a are
arbitrary nonzero real numbers with initial conditions z_qsx_¢ # 1, x_j12_5 # 1,
ToX —4 75 1.

Proof. For n = 0 the conclusion holds. Now, suppose that n > 0 and our assump-
tion holds for n — 1. Then,

T24n—-30 = 9, To4n—20 = [,
L24n—28 = €, Toan—27 = d,
T24n—26 = C, To4n—25 = b,
— — cg
T24n—24 = @, T24n—23 = G(itcg)’
_ bf _ ae
L24n—22 = c(=110b7)° T24n—21 = b(—1tae)’
_c __ bdf(=1+cg)
T24n—20 = 797 T24n—19 = ( g )
_ace(—=1+bf) _ beg(—1+ae)
L24n—18 = — g7 L24n—17 = “ge(—Itecg)
abf (ae)(cg)

L24n—16 = cg(—11bf)" L24n—15 = paf(—1tae)(—14cg)’
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Toan—14 = %, Toan—_13 = %’
Toun-12 = G gy, = TR,
Toan—10 = %, Togn_g = m,
L24n—-8 = ﬁ, Togn_7 = m.

Now, we proof some of the relations of equation (4.1).

L24n—-9224n—13

€T _ =
n=6 To4n—10(—1 + T24n—9T245-13)
cg aef(—1+cg) ae
f(=14cg) cg(—1+ae) _ —1+ae
- aef(—1+cg) T ae
{1+ {5t ) SRS
1 g

_é( 1+ ae){— 1+{71+ae}} T I—aetae

Similarly,
. _ T24n+4T24n B D (a)
24n+7 = = _
T s i) gt )
_ c9 _ beg(—1+4ae)
ﬁ{*lﬂLCQ} ae{—1+cg}"
Also,
T _ L24n49TL24n+5
24n412 =
* x24n+8(_1 + 1’24n+9.’£24n+5)
(ae)(cg) bdf (—1+4-cg)
_ bdf (—1+4ae)(—1+cg) cg
(ae)(cg) bdf (—14cg)
m{ 1+ {bdf —i+ae)(—1+cg) )
_ 71ajae . ae _ ecg(—1+ bf)
= abf ae - abf — .
s Ut e gon bf

Hence, we can easily proof the other relations. Thus, the proof has been done. [

Theorem 4.2. Equation (4.1) has three equilibrium points which are 0 and ++/2,
where they are not locally asymptotically stable.
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Proof. By using equation (4.1), and for the equilibrium points of (4.1) we can write

$*2

.T*(—l + .1'*2) .

¥ =

Then we have,
SU*2(—1 _’_1,*2) _ 1'*2,

or
¥ (2*2 - 2) = 0.

Thus, 0, £v/2 are the equilibrium points.

Now, let F' be a function define by

uw
F e —
(U,U,UJ) ’U(—].-f—’IM,U)
Therefore,
—w —uw —u
Fu ) ) = T 1 N9 FU 3 ) = YRR Fw ) ) = T . 5
(1,0, w) v(—1+ uw)? (v, w) v2(=1 4+ uw) (v, w) v(—1+ uw)?
Then,

F.(z", 2", 2%) = -1, F,(a", 2% 2")==x1, F,(z", 2" 2%)=-1

Furthermore, we see from Theorem (2.1) that equation (4.1) is not asymptotically
stable. (]

Numerical Examples.

Conforming the result of the second subsection, we consider the following nu-
merical examples which illustrate difference types of solutions to equation (4.1).

Example 4.1. In Figure 3 if we take the initial conditions as z_g = 5, x_5 =
3, x4 =4, x_3=1, x5 =1, x_y = 3, 9 = 4, then we see that the behavior
of the solution of equation (4.1) doesn’t converge to the equilibrium points zero or
++/2, which confirm the result of Theorem (4.2.).

Example 4.2. Consider z_¢ = 0.1, z_5 =02, z_4 = 0.3, z_3 =04, z_5 =
0.5, x_1 = 0.6, o = 0.7. In Figure 4, we get the same result of Example 4.1.

5. ON THE DIFFERENCE EQUATION &y ] = ——f—art=f

n73(1_znf2$n75)

In this section, we get the expressions of the solution of the third case of the
equation (1.1):

Lpn—2Tn—6
xn—3(1 - xn—?-/ljn—ﬁ)

(51) Tn+1 =
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Theorem 5.1. Let {z,}52 _4 be a solution of equation (5.1). Then

n—1

(1= (8i+2)ae)(1 — (8 +5)bf)(1 — (8i)cg)

T24n—6 = ¢ H (1 —(8i+6)ae)(1 — (8 + 1)bf)(1 — (8 +4)cg)’

69
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n—1
f H (1 —(8i+5)ae)(1 — (8)bf)(1 — (8 + 3)cg)

Toan—5 = (8i + L)ae)(1 — (8i + 4)bf)(1 — (8i+ T)cg)’

(1= (8d)ae) (1 — (8i + 3)bf) (1 — (8i + 6)c
- €H )1 —( )bf)(1 = ( )Z

(1— (8i + 4)ae)(1 — (8i + 7)bf) (1 — (8i + 2)cg)’
o dﬁ (1 — (8i + 3)ae)(1 — (8i + 6)bf)(1 — (8i + 1)cq)
" 44 (L= (8i+T)ae)(1 — (8i +2)bf)(1 — (8i + 5)cg)’
R c’ﬁ (1 — (8i + 6)ae)(1 — (8i + 1)bf)(1 — (8i + 4)cg)
" =5 (1= (8i+2)ae)(1 — (8i+5)bf)(1 — (8i +8)cg)’
A b’ﬁ( — (8i+ Dae)(1 — (8i +4)bf)(1 — (8i + T)cg)
m UL (U= (8i + 5)ae)(1— (8i+ 8)bf)(1 — (8i + B)cg)
nl:[1 (1= (8i+4)ae)(1 — (8 + T)bf)(1 — (8i + 2)cg)
P =L T (81 + 8)ae)(1 — (3i+ 3)bf)(1 — (i + 6)cy)
. _ cg 1:[ (1 —(8i+Tae)(1— (8i+2)bf)(1 — (8i+5)cg)
T (1 = cg) L4 (1= (i + B)ae) (1 — (8i + 6)bf) (1 — (8i + 9)cg)’
N _bf B (1= (8i 4 2)ae) (1 — (8i + 5)bf) (1 — (8i + 8)cg)
T (1 —bf) L4 (1= (8i + 6)ae)(1 — (8i + 9)bf)(1 — (8i + 4)cg)’
ae Y (1= (8i+5)ae)(1— (8i +8)bf)(1 — (8i + 3)cg)

T24n43 = b(1 — ae) (1— (8 +9)ae)(1 — (8 +4)bf)(1 — (8 + T)cg)’

<.
(=)

(1= (8i+ 8)ae) (1 — (8i + 3)bf) (1 — (8i + 6)cg)
(1 —(8i+4)ae)(1 — (8 + 7)bf)(1 — (8i + 10)cg)’

T24n44 =

::l

1—209

bdf (1 — cg)

. (1 —(8i+3)ae)(1—(8i+6)bf)(1— (8:+9)cg)
24n+5 = cg(l — be)

0 (1= (8i+T)ae)(1 — (8i + 10)bf)(1 — (8i + 5)cg)’

HEL

n—1

ace(1 —bf) 7

. ‘ (1—(8i+6)ae)(1 — (8 +9)bf)(1 — (8:+4)cg)
2n+6 = bf(1 — 2ae)

(1 — (8i+10)ae)(1 — (8 + 5)bf)(1 — (8¢ + 8)cg)’

—

=0

beg(1 — ae) 1:[1 (1= (8i+9ae)(l — (8 +4)bf)(1— (8 + T)cg)
i (

Toant+7 = ae(l —3cg) 1L (1 — (8i +5)ae)(1 — (8 + 8)bf)(1 — (8i + 11)cg)’

abf(1 — 2cg) "~ (1 — (8i + 4)ae)(1 — (8 + 7)bf)(1 — (8 + 10)cg)

P T (U= 3bf) L4 (1= (i + 8)ae)(1 — (8 + 1)bf)(1 — (i + 6)cg)’

||::|

aceg(1 — 2bf)

(1 —(8i+T)ae)(1 — (8 +10)bf)(1 — (8 + 5)cg

T24n49 = bdf (1 — cg)(1 — 3ae) H (1 —(8i+11)ae)(1 — (8i +6)bf)(1 — (8i + 9)cg
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bfg(l — 2ae) H (1 —(8i+10)ae)(1 — (8 +5)bf)(1 — (8 + 8)cg)
PO T 01— bf)(1 — deg) 1L (1= (8i + 6)ae) (1 — (81 + 9)bF)(1 — (8i + 12)eg)’

aef(1 — 3cg) H (1 —(8i+5)ae)(l — (8 +8)bf)(1 — (8 + 11)cg)

T =01 = ae) (1 — 4bf) L (1= (8i + 9)ae)(1 — (8i + 12)bf)(1 — (8i + T)eg)

n—1

B ceg(1 — 3bf) (1 —(8i+8)ae)(1 — (8 + 11)bf)(1 — (8i+ 6)cg)
T2 T 1 200)(1 — 4ae) 1;[ 1— (8i+12)ae)(1 — (8i + 7)bf)(1 — (8i + 10)cg)’

bdf (1 — 3ae)(1 — cg) =
P2an+13 = ae(l —2bf)(1 — 5cg) H

(1= (8i+11)ae)(1 — (8 +6)bf)(1 — (8 + 9)cg)
(1— (8 + T)ae)(1 — (8 +10)bf)(1 — (8i + 13)cg)’

ae(1 —bf)(1 —4cg)

(1 —(8i+6)ae)(1 — (8 +9)bf)(1 — (8¢ +12)cg)
P T (1T 2ae)(1 - 5bf) -

o (L= (8i+10)ae)(1 — (8i +13)bf)(1 — (8i + 8)cg)’

”:L

(1— (8 +9)ae)(1 — (8 +12)bf)(1 — (8 + T)cg)
(1 — (8i +13)ae)(1 — (8 + 8)bf)(1 — (8i + 11)cg)’

cg(1 —ae)(1 —4bf) 5
f(1 —5ae)(1 - 3cg) -

T24n+15 =

HEL

. _ bf(1—4ae)(1 — 2¢cg) nl:[l (1—(8i+12)ae)(1 — (8 + 7)bf)(1 — (8 + 10)cg)
AT (1= 3bf)(1— 6cg) L4 (1= (8i+ 8)ae)(1 — (8i + 11)bf)(1 — (8i + 14)cg)’

n

ae(l —2bf)(1 — 5eg) 1:[1 (1 —(8i+ T)ae)(1 — (8 +10)bf)(1 — (8 + 13)cg)

P (T = 3ae) (1 - 6bf)(1 — cg) 14 (T (8i+ 10)ae)(I — (8i + 14)bf)(1 — (8i + 9)cg)’

where z_¢ =g, z_5s=f, x4 =€, . 3=d, x_o=c¢, x_1 =b, x9g = a are
arbitrary nonzero real numbers.

Proof. The result holds for n = 0. Now, assume that n > 0 and our assumption
holds for n — 1. Then,

2 (1= (8i 4+ 2)ae)(1 — (8i + 5)bf) (1 — (8i)cg)

T24n—30 = g H (1 — (84 6)ae)(1 — (8i + 1)bf)(1 — (8 + 4)cg)’

n—2

. y H (1 —(8i+5)ae)(1 — (8)bf)(1 — (8 + 3)cg)
2an=29 (1— (8 + 1)ae)(1 — (Bi +4)bf)(1 — (8i + T)cg)’

=0

n—2

H (1 — (8)ae)(1 — (8 +3)bf)(1 — (8 + 6)cg)
T2n=28 =€ L (80 + d)ae) (1 — (8i + T)bf)(1 — (8i + 2)cg)

bf)(1 — (8 + 1)cg)
bf)(1 — (8 +5)cg)’

"2 (1= (8i 4 3)ae)(1 — (8i+6

n_o7 =d
T24n—27 = H (1—-(8i+T)ae)(1 — (8 +2

~— | —
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. Y7 (1= (8i+6)ae)(1 — (8i 4+ 1)bf)(1 — (8i 4 4)cg)

n=20 = P (1 (8i + 2)ae) (1 — (8i + 5)bf) (1 — (8i + 8)cg)’
N b"lif (1= (8i + 1)ae)(1 — (8i + 4)bf)(1 — (8i + T)cg)
sn=2 = P (1— (8i + 5)ae) (1 — (8i + 8)bf) (1 — (8i + 3)cg)

N a"‘2 (1= (8i + 4)ae)(1 — (8i + T)bf) (1 — (8i + 2)cg)

24n—24 = L4 (1= (8i + 8)ae) (1 — (8i + 3)bf) (1 — (8i + 6)cg)’
N cg " (1= (8i+ T)ae)(1— (8i + 2)bf)(1 — (8i + 5)cg)
HTE T A1 = eg) L4 (1= (8i+3)ac)(1— (8i+6)bf)(1 — (8i +9)cg)’
oy BT (L= (80 2)ae) (1= (8i 4 5)bf)(1 = (8i + 8)eg)

" (1=bf) 4 (1= (8i+6)ae)(1 — (8i +9)bf)(1 — (8i + 4)cg)’

S ’”i:f (1= (8i+5)ae)(1 — (8 + 8)bf)(1 — (8 + 3)cg)

" b(1—ae) -+ (1= (8i+9)ae)(1 — (8i +4)bf)(1 — (8i + T)cy )’

. _ cg (1= (8i+8)ae)(1— (8i+3)bf)(1— (8i+6)cg)
M (1= 2cg) L1 (1= (8i + 4)ae)(1 — (8i + 7)bf)(1 — (8i + 10)cg)’
bdf(1 —cg) " (1+ (8i + 3)ae)(1 + (8 + 6)bf)(1 + (8 + 9)cg)
Tn-10 = 2bf) 4 (14 (8i + T)ae)(1 + (8i + 10)bf)(1 + (8i + 5)cg)’
. ace(l —bf) H (1 —(8i+6)ae)(1— (8 +9)bf)(1— (8 +4)cg)
Hn=18 T 351 — 2ae) Lo (1= (8i + 10)ae)(1 — (8i +5)bf)(1 — (8i + 8)cg)’
. beg(1 — ae) = (1— (8 +9ae)(1— (8 +4)bf)(1— (8 + T)cg)
P ge(1 = 3cg) L (1= (8i+ 5)ae) (1= (8i + 8)bf) (1 — (8i + 11)cg)’
abf(1 — 2cg) l-f — (8i 4 4)ae)(1 — (8i+ 7)bf)(1 — (8i 4 10)cg)
PRI (1= 3bf) L T80+ 8)ae)(T — (8i + 11)bf)(T - (8i + 6)cg)’

_ aceg(l —2bf) e (1— 8+ Tae)(1 — (8 +10)bf)(1 — (8 + 5)cg)
P21 T 3051~ cg)(1 — 3ae) 1L (1= (8i + 11)ae)(1 — (8i + 6)bf)(1 — (8i + 9)cg)’
. bfg(1 — 2ae) N2 (1 —(8i+10)ae)(1 — (8 +5)bf)(1 — (8i + 8)cg)

A== e(T = bf)(1 — deg) L4 (1= (8i+6)ae)(1— (8i + 9)bf) (1 — (8i + 12)cg)’
. aef (1 — 3cg) 712[2 (1 —(8i+5)ae)(1 — (8 +8)bf)(1 — (8 + 11)cg)
=13 7 01 — ae) (1 — 4bY) LA (1= (8i + 9)ae) (1 — (8i + 12)bf)(1 — (8i + T)cg)’
N _ceg1—3bf) T (1—(8i+8)ae)(1 — (8i+ 11)bf)(1 — (8i + 6)cg)
M T (1 209)(1 — dae) 14 (1= (8i+ 12)ae)(1 — (8i + 7)bf)(1 — (8i + 10)cg)’
. bdf (1 — 3ae)(1 — cg) 1:[2 (1 —(8i+11)ae)(1 — (8 +6)bf)(1 — (8 + 9)cg)
Hn=1 = e(1 — 2bf)(1 — 5eg) L4 (1= (8i+T)ae)(1— (8i + 10)bf)(1 — (8i + 13)cg)’
oun 10— ae(l — bf)(1 —4eg) "= (1 — (8 + 6)ae)(1 — (8i + 9)bf)(1 — (8i + 12)cg)

NISREEN A. BUKHARY AND ELSAYED M. ELSAYED

g(1 —2ae)(1 — 5bf)

%

0

(1 — (8i + 10)ae) (1 — (8i + 13)bf) (1 — (8i + 8)cg)’
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n—2

(1= (8i+9)ae)(1 — (8i+12)bf)(1 — (8 + 7)cg)

cg(1 —ae)(1 — 4bf) H

T2an—0 = J(1 =5ae)(1 —3cg) -4 (1= (8i+13)ae)(1 — (8i+ 8)bf)(1 — (8i + 11)eg)’
bf(1—4ae)(1 —2cg) y1 (1 — (8i+ 12)ae)(1 — (8 + 7)bf)(1 — (8i + 10)cg)
P28 T T30 (1 — beg) 1}) 1— (8i +8)ae)(1 — (8i + 11)bf)(1 — (8i + 14)cg)’
B ae(l —2bf)(1 — beg) nl:[ (1—(8i+T)ae)(1— (8 +10)bf)(1 — (8 + 13)cg)
L24n—7 =

d(1 — 3ae)(1 —6bf)(1 — cg) ;
Now, it follows from equation (5.1) that,

L24n—2224n—6

Todnt1 =
Zoan—3(1 — Toan—2%24n—¢)

(81)cg)
CgHz 0 1= (81+8)gcg
n—1 (1—(8i+3)ae)(1—(8:+6)bf)(1—(8i+1)cg) (8i)c
de 0 (I—(8i+7)ac)(1—(8i+2)bf)(1— (81+5)c§){1*69nz =0 1= (87+8)gcg

(1—8cg)(1—16¢cg)...(1—(8n—16)cg)(1—(8n—8)cg)
cg{ (1—8cg)(1—16¢cg)...(1—(8n—8)cg) (1—(8n)cg) }

LU= 8i 1 11)ae) (1 — (8i + 14)bf)(1 — (80 + 9)

cg)’

dHn 1 (1—(8i+3)ae)(1— (81+6)bf)(1 (87,+1)('g){1_cg{(1 8cg)(1—16¢g)...(1—(8n—16)cg)(1—(8n— 8)0g)

(1—(8:+7)ae)(1—(8i+2)bf)(1—(8:+5)cg)

c9
(1—(8n)cg)
n—1 (1—(8i+3)ae)(1—(8i+6)bf)(1—(8i+1)cg)
de =0 (1= 81+7)ae)(1—(8i+2)bf)(1—(81‘+5)c§){1

cg
 (1+@8n)cg) }

o ’ﬁl (1— (8i + T)ae)(1 — (8i + 2)bf)(1 — (8i + 5)cg)
d(1 —cg) - (1= (8i+3)ae)(1 — (8i +6)bf)(1 — (8i + 9)cg)’

We can easily proof the solutions of the other relations. Thus, the proof is com-
pleted. O

Theorem 5.2. Equation (5.1) has a unique equilibrium point that is number
zero and this equilibrium point is not locally asymptotically stable.

Proof. As the proof of Theorem 3.2, and will be omitted. O

Numerical Examples.
In the next examples we can verify the result of Theorem (5.2.), that the solution
does not converge to the equilibrium point 0.

Example 5.1. Assume the initial values of equation (5.1) are z_¢ = 2, x_5 =
1, z_4=2, 2_3=3, x_o =4, x_1 =2, g = 5. The behavior in Figure 5 shows
that the solution of equation equation (5.1) dose not converge to zero which prove
the result of Theorem (5.2.)

Example 5.2. See Figure 6 since (5.1) are z_¢ = —1, x_5 = 0.2, 74 =
-3, x_3 =04, x_9 =3, z_1 = —4, ©g = —5., we got the same result of the

(1—8cg)(1—16¢g)...(1—(8n—8)cg)(1—(8n)cg)

H
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previous example.

5 plot of x(n+1)=x(n-2)x(n-6)/(x(n-3)(1 - x(n-2)x(n-6))
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6. ON THE DIFFERENCE EQUATION T, 11 =

75

Tn—2Tn—6
J»’n73(_1_75n72$n76)

In this section, we study the last case of the equation (1.1) in the form:

(6.1)

Tp—2Tn—6

Tp+1 =

xn73(*1 - mn72xn76) .

Theorem 6.1. Let {z,,}2° 4 be a solution of equation (6.1). Then the solutions
of equation (6.1) are periodic of period 24 and given by:

Z24n—-6 = G,
T24n—4 = €,
T24n—2 = C,
T24n = Q,

b
L24n+2 = (:(T]ibf)’

C;
Toanys = 2,

ace(—1—bf
T24n+6 = (bf f)

)

_ abf
T24n+8 = cg(—1—bf)’

L24n+10 = %7
T24n+12 = %}:bﬂy
Toan414 = 5

L24n+16 = e(%{bf))

ZToan—s5 = [,
T24n—-3 = da
Z24n—1 = b,

— cg
T24n+1 = g(Ci—cg)’

ae

L24n+3 = p(—1—ae)’
_ bdf(—1—cg
T24n+5 = %7
_ beg(—1—ae)
T24n+7 = Ge(—1—cg) ’
_ (ae)(cg)
L24n+9 = bdf(—1—ae)(—1—cg)’
— (aef)(=1-cg)
T24n+11 = “(cg)(—1—ae) *
bdf (—1—ae
L24n+13 = #a
_ cg
24n+15 — f(=1—cg)’

— ae
T24n417 = d(—1—ae)"

where x ¢ =g, v 5=f, x4y =€, x_3=d, x_o =c¢, x_1 = b, g = a are
arbitrary nonzero real numbers with initial conditions z_sx_¢ # —1, x_12_5 # —1,

ToX —4 75 —1.

Proof. For n = 0 the conclusion holds. Now, suppose that n > 0 and our assump-
tion holds for n — 1. Then,

T24n—-30 = 9,
T24n—28 = €,
T24n—26 = C,
T24n—24 = @,

T24n—29 = f,
Toan—27 = d,
T24n—-25 = b,

_ cg
T24n—23 = d(—1—cg)’
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T24n—22 = ﬁ, T24n—21 = ﬁa

T24n—20 = %, T24n—19 = %{1}—@)7
T24n—18 = %}fm, T24n—17 = %a
T24n—16 = ﬁ7 T24n—15 = bdf(_l(i(;)e()cﬁg_)l_cg)a
T24n—14 = ﬁ7 T24n—13 = %,
L24n—12 = %ﬂ, L24n—11 = W7
T2an—10 = %, T2Un—9 = F T cg)>

Toun-g = e(%{bf), T2n—7 = F=i=ag)-

Now, we proof some of the relations of equation (6.1).

. _ L24n—1T24n—5 _ bf
24n42 = = .
" Toan—2(—1 — Toan—1T24n—5) c(—1—bf)
Similarly,
ace(—1-bf) bf
Todnio = L24n+6L24n+2 _ bf c(—1-0bf)
D e e

@)
bdf (=1 —ae)(—1 —cg)’

Hence, we can easily proof the other relations. Thus, the proof has been done.
O

Theorem 6.2. Equation (6.1) has equilibrium point z* = 0 and it is not locally
asymptotically stable.

Proof. The proof is similar to the proof of Theorem 3.2, and will be omitted.
Numerical Examples.

Example 6.1. Figure 7 shows the periodic solution of equation (5.1) where
the initial conditions are x_¢ =9, v_5 =4, v 4 =3, x_3=4, x_ > =10, z_1 =
7, xg = 9. Also, it shows that the solution of equation (6.1) doesn’t converge to
the 0 and this confirms that the equation (6.1) is not asymptotically stable.
Example 6.2. Also in Figure 8 we assure the same results of Example 6.1.
where the initial conditions are x_g =1, ©_5 =0.22, x_4, =03, x_3=7, z_9 =
1.0, r_1 = 07, Trog = 0.9.
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7. CONCLUSION

In this article we presents the solution of the difference equation (1.1). First,
we obtained the form of the solution of four special cases of the difference equation
(1.1) and investigated the existence of the equilibrium point, the global asymptotic
behavior and the existence of a periodic solutions of these equations. By the end,
we gave some numerical examples of each case with different initial values by using
the mathematical program MATLAB to confirm the obtained results.

0 plot of x(n+1)= x(n-2)*x(n-6)/x(n-3)*(-1-x(n-2)x(n-6))
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FIGURE 7



78 NISREEN A. BUKHARY AND ELSAYED M. ELSAYED

plot of x(n+1)= x(n-2)*x(n-6)/x(n-3)*(-1-x(n-2)x(n-6))
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ABSTRACT. As it is known, the second-order ordinary linear differential equa-
tion with variable coefficients is solvable in case if related Riccati equation can
be integrated by quadratures. This paper considers establishment of corre-
spondence between such equations by the authors’ method which means the
second-order equation representation by a chain of the first-order equations.
The algorithm of special Riccati equation solving is demonstrated (coefficients
of these Riccati equations satisfy special conditions). One more peculiarity of
this paper stands in consideration of exact applicational example — the Riccati
equation which describes the magnetotellurics impedance behavior in geologi-
cal media.

1. INTRODUCTION

Some mathematical problems have an amazing fate — for several centuries these
have been attractive objects for the mathematics fans’ attention. Of course, first of
all, it is worth to mention the Fermat’s Last Theorem. By the way, it is interesting
to note that the theorem about the equation x® + y* = 2z® unsolvability in natural
numbers appears in Abu-Mahmud Khojandi’s (Xth century) investigations long
before Pierre de Fermat.

In ordinary differential equations theory the same role belongs to the Riccati
equations. Despite the fact that in 1841 Joseph Liouville proved that the general
solutions of such equations are usually impossible to be express by quadratures in
terms of elementary functions, a huge number of scientific papers are still devoted
to the Riccati equations study till nowadays.

There are two main reasons for this popularity. Firstly, the Riccati equations
are used in the mathematical description of a huge number of problems in the alge-
braic geometry and the theory of completely integrable Hamiltonian systems, in the
calculus of variations and the conformal map theory, the quantum field theory, eco-
nomics, biology, geophysics and etc. One of such application problems is presented
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in the current paper. Secondly, like in the case of the Fermat’s Last Theorem, here
is a simple formulation of the problem: it is needed to find solutions of the ordinary
differential equation v’ = a(z) + b(x)y + c(z)y?. We hope the materials provided in
this paper will help to make some contributions to these amazingly interesting and
important equations study.

2. THE LINEAR DIFFERENTIAL EQUATION OF THE SECOND ORDER WITH
CONSTANT COEFFICIENTS

The linear differential equation of the second order
(2.1) y' +ay +by = f(2)

with constant coefficients a and b is representable like chain of differential equations
of the first order 2’ — pz = f(x) and 3y’ — qy = z, where coefficients p and ¢ are
roots of the characteristic equation k% + ak +b = 0. To prove this statement it
is needed to substitute the expression for z from the second equation to the first,
equalize coefficients of this obtained equation and the basic one and find p and ¢
values from outcome relations. It is important to note that this statement is true
for linear equations of the higher order as well [1-3].
Example 1. Integrate the ordinary differential equation
3z

e
2 /
— 6y + 9y = —.
Y Y Y Iz
Using roots of a characteristic equation k?>-6k 4+ 9 = 0 it is possible to expand

the given equation in a view of the following chain of equations: 2z’ — 3z = % and

y' — 3y = z. Solving the first equation it can be found that z = (1.5v/22 + C)e3®,
where C' € R. Placing this result into the right side of the second equation, we can
find that y = (0.9v25 + Cx + C1)e3”, where C € R and C; € R.

3. THE LINEAR DIFFERENTIAL EQUATION OF THE SECOND ORDER WITH
VARIABLE COEFFICIENTS

The chain expansion of the linear differential equation with constant coefficients
shown above allows to suppose that the same approach is applicable to equations
with variable coefficients, i.e. the linear differential equation of the second order
with variable coefficients can be represented in the view of a chain of the liner
differential equations of the first order with variable coefficients.

Let’s suppose that the equation

(3.1) y' +al@)y +b(x)y = f(z),
where a(x), b(z) and f(z) are some functions can be replaced by the chain of next
equations:

(3.2) 7 —p(@)z = f(x), ¥y —alx)y =z
Substituting the expression for z from the second chain equation into the first,
it can be found that the suggested chain leads to an equation

"+ [=a(@) = p(@)]y + la(@)p(z) — ¢'(2)]y = f(2),
from which together with (2.1) it follows that
—p(z) — q(z) = a(z) and g(z)p(z) — ¢'(z) = b(z).
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Applying the expression for p(z) function which follows from the first relation
into the second one, the next equation of g(x) can be obtained:

(3-3) ¢'(z) + q(z)a(z) + ¢*(z) = ~b(x).

Solving the last equation we will have a chance to expand the basic equation
(3.1) into the chain (3.2). However, (3.3) is Riccati equation which is unsolvable in
general case in terms of elementary functions by quadratures [4]. Thus, from over
here the next known result [4] follows once more: unfortunately, in general case,
linear differential equations of the second order with variable coefficients cannot be
integrated by quadratures. That’s why we are suggesting to concentrate attention
on some exact special cases.

4. THE EULER DIFFERENTIAL EQUATION

Chain approach usage allows to integrate not only equations with constant co-
efficients, but also some types of equations with variable coefficients as well. These
equations include the Euler equations.

Theorem 4.1. The Euler equation

41 vy Py 4y
(4.1) YTy Sy = (@)

where p and q are constant coefficients, can be represented in a view of the chain
of linear differential equations of the first order

k m
4.2 Z—=z=f(z), vy ——y==2
(4.2) A= f), y -y ==
where coefficients k and m are solutions of the algebraic equations system

{k+m=—p;

(4.3) (k+1)m=gq.

Proof. Tt won’t be complicated to proof this theorem’s statement. Differentiating
the second chain (4.2) equation it can be found that

m m
S = y// + —y— 7y/.
X X

Using this result in the first equation of the chain (4.2) the next relation can be
obtained:
Y+ ky’ + (k +21)my = f(=).
x x
Comparing coefficients of the last equation and the basic equation (4.1) it is easy
to find that k and m coefficients are really solutions of the system (4.3).

]

Example 2. To integrate an equation
5 8
(4.4) y//_iy/+72y:$36m
T T

let’s consider an algebraic system

k+m=75;
(k+1)m=28.
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Using one pair of this system roots (such as k¥ = 3 and m = 2) it is possible to
represent the equation (4.4) in a chain form

3
2 — =03y — Sy ==z
T T

From over here it follows that the first chain equation general solution takes the
view of z = 23(e® + C), C € R, which means that solution of the equation (4.4)
coincides with solution of an equation

2
y -y =21"(e"+O).
x
Thus, the general solution of the basic equation (4.4) is

y=ax?(ze® — e + Cra? + Cy), C1 €R, Cy € R.

5. THE EULER-RICCATI DIFFERENTIAL EQUATION

In chapter 3 it was shown that integrability of linear differential equation of the
second order by quadratures is defined by solvability of the related Riccati equation.
We are going to call such equations by Euler-Riccati equations to consider these in
the current section.

Theorem 5.1. The Fuler-Riccati equation

b c
5.1 ! = Q 2 + — + —
(5.1) y=ay + -yt 3
where a, b and ¢ are constant coefficients, is integrable by quadratures.

Proof. Following the traditional approach to find a general solution of the equation
S

(5.1) it is possible to use its’ particular solution y = 2, where s is a root of equation
—5 = as? + bs + c. Substitution of y = z + 2 allows to obtain the related Bernoulli
Equation and, finally, deal with the linear differential equation of the first order. But
we are going to discuss alternative approach to solve equation (5.1). Multiplying
(5.1) by 22, we have an equation 2%y’ = az?y? + bxy + ¢, whose right side is
represented by the square trinomial of unknown function zy. Adding xy to both
sides of the last equation we will have a new one 22y’ + 2y = az?y? + (b+ 1)xy +c,
left side of it can be transformed by the next way: 22y’ +zy = z(zy’ +2'y) = x(xy)’.
Finally, usage of the substitution u = xy leads to deal with a separable differential
equation zu’ = au® + (b+ 1)u + c.

O

Example 3. Solve Euler-Riccati equation

, 5 9 17
=y -—y+ .
x x
Let’s follow the algorithm demonstrated above. Multiplying the given equation
by 22 and applying the substitution u = zy, we have an equation zu’ = u? —8u+17
which can be solved by variables separation:

= e
u2 —8u+17 x
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As

du du
/u2—8u+17 /(u—4)2+1 arctglu —4) + A, A€

so the general solution of the basic equation is arctg(zy — 4) = C|inz|, C € R..
It should be noted that the reasoning used in the process of the Euler-Riccati
equations solving can be applied in some other cases.

6. THE RICCATI DIFFERENTIAL EQUATION

Theorem 6.1. The Riccati equation which has a view of

by c
T + xd+2

(6.1) y' = axly® +
where a, b, ¢ and q are constant numbers, is integrable by quadratures.

Proof. Let’s rewrite (6.1) to the view of 2972y’ = ax?9+2y? + bz?tly + c¢. Adding
the addendum (¢ + 1)x9"1y and applying substitution z = 29!y we will have an
separable variables equation r2’ = az? + (b+q+ 1)z +c.

O

Example 4. Solve the differential equation
6

/ 0.5,2 Yy
= — 25 — ——.
Y Uy r 225

Multiplying the given equation by x2-®, adding expression 1.52':%y to both sides
of equation, and using the substitution z = z'®y, we will have a new equation
xz = 2?2 — z — 6. From the last one it follows that

j/ d:  [de
(z+2)(z=3) ) z’

—1=2°Cora™y+2=

which means .

z+2
So, the general solution of the given equation is

1 5
y_:c1-5(a:50+12>’CER'

7. THE INVERSE EULER-RICCATI DIFFERENTIAL EQUATION

25C +1°

Theorem 7.1. The inverse Euler-Riccati differential equation
2
ary by
7.1 f = + +c
(7.1) 4 (gx+71)2  qr+r

where a1, by and c are constant numbers, is integrable by quadratures.

Proof. Tt is easy to find that the equation (7.1) can be written as

) ay? by

= +

YT wrp? T ahp

where a = a1/¢%, b = b1 /q. Dividing the last equation by (x + p) and subtracting
y/(z + p)? from both sides of the last equation, we will have a new one:

+c,

Yy y  a y? (b—1)y ¢

t4+p (x+p? a+pE+p? (2+p? z+p
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Let’s collapse the left side of the previous equation by the rule:

vy oy ( y )'
r+p (v+p)? r+p
and apply the substitution u = y/(x +p). Finally these allow to obtain a separable
variables equation
,au?+ (b—1u+c
u = prap .

O

Example 5. Let’s consider the Riccati equation which describes a magnetotel-
luric impedance in a one-dimensional geological media:

dz
(72) PE) o0)22() = iwm,
z
where Z(z) is an unknown impedance function depends on spatial coordinate z
(z-axis directed into the depths of the Earth); i is an imaginary 1, i.e. i = —1; w

is an electromagnetic field frequency; po is a vacuum permeability constant; o(z)
is an electrical conductance of the media [5].
It is easy to solve the equation (7.2) in case if 0(z) = 0 = const, because in this

case (7.2) becomes an equation with separable variables:
dZ

— =dz.

072 + iwpg

In case if o(z) = o¢(1 + pz)~2, where 0y and p are positive real numbers, the
equation (7.2) takes the view Z' = 0¢(1+pz) =222 +iwpug. Dividing the last equation

by (1 4 pz) and subtracting fraction % from both sides of this equation we
will have:
z pZ o Z \?  iwpo pZ
1—|—pz_(1+pz)2_1+pz(l+pz) 1+pz (14pz)?

or, transforming to view:

Z /_ 0o Z W p Z
1+pz)  1+pz \1+pz 14+pz  1+4+pz(1+p2)?
z .

14+pz*

Let’s rewrite the previous equation view denoting u =

W00 2 _P W o
1+pz 1+pz 1+pz

or
(1 + p2)u’ = ogu® — pu + iwpg.
Obtained equation is an equation with separable variables
du dz
oou? — pu + iwpg 1 +pz’
general solution of which takes a form:

1 2v
= — -y - -
790 P C(ltpzy—1)°

where v = /p? — diwpgog and C is a real number represents a constant of integra-
tion.
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To turn back to the initial function Z and find the general solution of equation
(7.2) let’s use the relation u = +Z

1+pz:
1+ pz 2v -
Z — —_ J— — pr—y 2 — 4 5 C 6 R.
500 (p N CTE s 1) . v =/p* — diwpoog

8. CONCLUSION

The process of linear ordinary differential equations solving in analytical view
is an essential element in teaching mathematics for future engineers, economists,
chemist, etc. Very often, the corresponding mathematical courses are overloaded
with long preliminary discussions about the linear independence of particular so-
lutions, the basis and other special terms. The approach represented in this paper
allows to join the world of differential equations solutions of which can be ”touched”
without requiring deep prior knowledge. Demonstrated in the work direct connec-
tion between the second-order differential equations and the Riccati equations can
be served as a basis for students and junior scientists beginning their research ac-
tivity.
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ABSTRACT. The aim of this paper is to produce new decompositions of soft
continuity. For this reason, we first have introduced two new sets concepts
named as soft AC-set with soft BC-set in soft topological spaces. Compairing
with this two soft sets concepts and others soft set kinds, we have obtained two
decompositions of soft open sets, supported by counterexamples. Utilizing soft
AC-set and soft BC-set concepts, we have introduced two functions concepts
named as soft AC-continuous with soft BC-continuous functions and we have
obtained a new decomposition of soft continuity.

1. INTRODUCTION

The concept of soft sets was initiated by Molodtsov [11] as a new mathematical
tool for dealing with uncertainty. In fact, a soft set is a parameterized family of
subsets of a given universe set. The way of parameterization in problem solving
makes soft set theory convenient and simple for application. Later Maji et al. [9]
presented several operations in soft set theory. Shabir and Naz [12] introduced the
soft topological spaces which are defined over an initial universe with a fixed set
of parameters. They say that a soft topological space gives a parametrized family
of topologies in the first universe, but the reverse is not true, i.e. if we are given
some topology for each parameter, we cannot construct a soft topological space.
As a result, we can say that soft topological spaces are more comprehensive and
generalized than classical topological spaces. Many researchers [3, 6, 10, 17] studied
some of basic concepts and properties of soft topological spaces. Recently, weak and
strong forms of soft open sets were studied by many authors [1, 2, 4, 8, 13, 14, 15, 16].
The aim of this paper is to produce new decompositions of soft continuity. For this
reason, we first give the concepts of soft AC-sets and soft BC-sets. We study the
relationships between different types of soft sets in soft topological spaces. Later,
we define soft AC-continuous and soft BC-continuous functions.
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2. PRELIMINARIES

In this section, we present the basic definitions and results of soft set theory
which may be found in earlier studies.

Definition 2.1. [11] Let X be an initial universe set and E be the set of all possible
parameters with respect to X. Let P (X) denote the power set of X. A pair (F, A)
is called a soft set over X where A C Fand F: A — P (X) is a set valued mapping.

The set of all soft sets over X is denoted by SS(X)g.

Definition 2.2. [9] A soft set (F, A) over X is said to be a null soft set denoted
by @ if for all e € A, F(e) = 0. A soft set (F, A) over X is said to be an absolute

soft set denoted by Aifforall e € A, F(e) = X.

Definition 2.3. [12] Let Y be a nonempty subset of X, then Y denotes the soft
set (Y, E) over X for which Y (e) =Y, for all e € E. In particular, (X, E) will be

denoted by X.

Definition 2.4. [9] For two soft sets (F, A) and (G, B) over X, we say that (F, A)
is a soft subset of (G,B) if A C B and F(e) C G(e) for all e € A. We write
(F,A) C (G,B). (F,A) is said to be a soft super set of (G, B), if (G, B) is a soft
subset of (F, A). We denote it by (G, B) C (F, A). Then (F, A) and (G, B) are said
to be soft equal if (F, A) is a soft subset of (G, B) and (G, B) is a soft subset of
(F,A).

Definition 2.5. [9] The union of two soft sets (F, A) and (G, B) over X is the soft
set (H,C), where C = AU B and for all e € C, H(e) = F(e) if e € A\B, H(e) =
G(e)ife € B\A, H(e) = F(e)UG(e) if e € ANB. We write (F, A)U(G, B) = (H,C).

Definition 2.6. [5] The intersection (H,C) of two soft sets (F, A) and (G, B) over
X, denoted (F, A) M (G, B), is defined as C = AN B, and H(e) = F(e) N G(e) for
alle € C.

Definition 2.7. [12] The difference (H, E) of two soft sets (F, E') and (G, E) over
X, denoted by (F, E)\(G, E), is defined as H(e) = F(e)\G(e) for all e € E.

Definition 2.8. [12] The relative complement of a soft set (F, E) is denoted by
(F, E)° and is defined by (F, E)¢ = (F°, E) where F°: E — P(X) is a mapping
given by F¢(e) = X\F(e) for all e € E.

Definition 2.9. [12] Let 7 be the collection of soft sets over X, then 7 is said to
be a soft topology on X if

o, Xer

(2) If (F,E), (G,E) €1, then (F,E)N(G,E) eT

(3) If {(FZ7E)}1EI €1, Vi€, then uieI(FiyE) cT.

The triplet (X, 7, F) is called a soft topological space over X. Every member of
7 is called a soft open set in X. A soft set (F,E) over X is called a soft closed
set in X if its relative complement (F, E')¢ belongs to 7. We will denote the family
of all soft open sets (resp., soft closed sets) of a soft topological space (X, 7, E) by
SOS(X, 7, E) (resp., SCS(X, 7, E)).

Definition 2.10. Let (X, 7, E) be a soft topological space and (F, E) be a soft set
over X.
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(1) [12] The soft closure of (F, E) is the soft set cl(F,E) =MN{(G,E): (G,E) is
soft closed and (F,E) C (G, E)}.

(2) [17] The soft interior of (F, E) is the soft set int(F, E) = U{(H, E) : (H,E)
is soft open and (H, E) C (F, E)}.

Clearly, cl(F, E) is the smallest soft closed set over X which contains (F, E) and
int(F, E) is the largest soft open set over X which is contained in (F, E).

Throughout the paper, the spaces X and Y (or (X, 7, E) and (Y,v, K)) stand
for soft topological spaces assumed unless stated otherwise.

Definition 2.11. Let (X,7,E) be a soft topological space. A soft set (F,E) is
called

(1) soft semi-open [4] in X if (F, E) C cl(int(F, E)).

(2) soft a-open [1] in X if (F, E) C int(cl(int(F, E))).

(3) soft b-open [2] in X if (F, E) C int(cl(F, E)) U cl(int(F, E)).

The relative complement of a soft semi-open (resp., soft a-open, soft b-open) set
is called a soft semi-closed (resp., soft a-closed, soft b-closed) set.

Definition 2.12. Let (X,7,E) be a soft topological space. A soft set (F,E) is
called

(1) a soft regular open (soft reqular closed) set [16] in X if (F, E) = int(cl(F, E))
((F,E) = cl(int(F, E))).

(2) a soft A-set [14] in X if (F,E) = (G, E)\(H, E), where (G, E) is a soft open
set and (H, F) is a soft regular open set in X.

(3) a soft t-set [14] in X if int(cl(F, E)) = int(F, E).

(4) a soft B-set [14] in X if (F, FE) = (G, E)N(H, E), where (G, E) is a soft open
set and (H, E) is a soft t-set in X.

(5) a soft a*-set [13] in X if int(cl(int(F, E))) = int(F, E).

(6) a soft C-set [13] in X if (F, F) = (G, E)N(H, E), where (G, E) is a soft open
set and (H, E) is a soft a*-set in X.

(7) a soft semi-regular set [15] in X, if it is both soft semi-open and soft semi-
closed.

(8) a soft AB-set [15] in X, if (F,E) = (G, E)N (H, E), where (G, E) is a soft
open set and (H, E) is a soft semi-regular set in X.

Definition 2.13. A soft set (F, F) is called a soft b-clopen set in a soft topological
space X, if it is both soft b-open and soft b-closed.

Remark 2.14. In a soft topological space (X, 1, E);

(1) every soft open set is soft a-open [1],

2) every soft regular open (closed) set is soft open (closed) [16],
3) every soft open set is a soft A-set [14],

4) every soft A-set is soft semi-open [14],

5) every soft open set is a soft B-set [14],

(6) every soft A-set is a soft B-set [14].

(
(
(
(

Remark 2.15. [15] Since every soft regular closed set is soft semi-regular and since
every soft semi-regular set is soft semi closed, then the following implications are
obvious.

soft A-set =— soft AB-set =— soft B-set
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Remark 2.16. [13, 14] Since every soft closed set is a soft t-set and since every soft
t-set is a soft a*-set, then the following implications are obvious.

soft A-set = soft B-set = soft C-set

Definition 2.17. [7] Let SS(X)g and SS(Y)k be families of soft sets, u: X — Y
and p : E — K be mappings. Then the mapping fp, : SS(X)g — SS(Y)k is
defined as:

(1) Let (F, E) € SS(X)g. The image of (F, E) under f,,, written as fp, (F, E) =
(fou(F),p(E)), is a soft set in SS(Y)x such that

_ Upr—l(y)ﬂAu(F(x)) apil(y) nA 7& @
Tou(F)(y) = { 0 , otherwise
for all y € K.
(2) Let (G,K) € SS(Y)k. The inverse image of (G, K) under f,,, written as
fou (G, K) = (f,,1(G),p™'(K)), is a soft set in SS(X)g such that

e = { (7O0ED)pe) e K

) , otherwise
forall z € E.

Definition 2.18. [17] Let (X, 7, F) and (Y, v, K) be soft topological spaces and
fpu : SS(X)g — SS(Y)k be a function. Then f,, is called a soft continuous
function if for each (G, K) € v we have f, '(G,K) € 7.

Definition 2.19. Let (X, 7, E) and (Y, v, K) be soft topological spaces and f,, :
SS(X)g — SS(Y)k be a function. Then f,, is called

(1) a soft semi-continuous function [8] if for each (G, K) € SOS(Y), f,.' (G, K)
is a soft semi-open set in X.

(2) a soft a-continuous function [1] if for each (G,K) € SOS(Y), f,, (G, K) is
a soft a-open set in X.

(3) a soft A-continuous function [14] if for each (G, K) € SOS(Y), f,.}(G,K) is
a soft A-set in X.

(4) a soft B-continuous function [14] if for each (G, K) € SOS(Y), f,.}(G,K) is
a soft B-set in X.

(5) a soft C-continuous function [13] if for each (G, K) € SOS(Y), f,.}(G,K) is
a soft C-set in X.

(6) a soft AB-continuous function [15] if for each (G, K) € SOS(Y), f,.} (G, K)
is a soft AB-set in X.

Remark 2.20. Let (X,7,E) and (Y,v,K) be soft topological spaces and f,, :
SS(X)g — SS(Y)k be a function. Then,

1) every soft continuous function is soft a-continuous [1].

2) every soft continuous function is soft A-continuous [14].

3) every soft A-continuous function is soft semi-continuous [14].
4) every soft continuous function is soft B-continuous [14].

5) every soft A-continuous function is soft B-continuous [14].

6) every soft B-continuous function is soft C-continuous [13].

(
(
(
(
(
(
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Theorem 2.21. [15] Let (X, 7, E) and (Y, v, K) be soft topological spaces and fpy :
SS(X)g — SS(Y)k be a function. Then,

(1) every soft A-continuous function is soft AB-continuous,
(2) every soft AB-continuous function is soft B-continuous.

3. SOFT AC-SETS AND SOFT BC-SETS

Definition 3.1. A soft set (F, F) is called a soft BC-set in a soft topological space
X it (F,FE) = (G,E)N(H, E) where (G, E) is soft open and (H, E) is soft b-closed.

Definition 3.2. A soft set (F, F) is called a soft AC-set in a soft topological space
X if (F,E) = (G, E)N(H, E) where (G, E) is soft open and (H, E) is soft b-clopen.

The family of all soft BC-sets (soft AC-sets) of a soft topological space (X, 7, E)
is denoted by SBCS(X) (SACS(X)).

Remark 3.3. The following implications hold and none of these implications is
reversible as shown by examples given below.

soft A-set = soft AB-set =— soft AC-set

(8 (8
soft B-set =— soft BC-set =— soft C-set

Example 3.4. [15] Let X = {z1,29,23}, E = {e1,e2} and 7 = {@,)N(, (F1,E),(Fy, E), (F5,E)}
where &, X, (Fy, E), (F3, E), (F3, E) are soft sets over X, defined as follows:

(FlvE) = {(617 {.732}), (627 {IQ})}D
(Fo, B) = {(e1,{x3}), (e2,{z3})},
(F3, E) = {(e1,{w2,3}), (e2,{w2,23})}.

Then 7 defines a soft topology on X and thus (X, 7, E) is a soft topological space
over X .Then, (H,E) = {(e1,{z2}), (e2,{x1,22})} is a soft AB-set in X but not
a soft A-set. Also (G, E) = {(e1,{z1}), (e2,{x1})} is a soft B-set in X but not a
soft AB-set.
Example 3.5. Let X = {21, 2, 23}, E = {e1,e2} and 7 = {®, X, (F\, E), (Fy, E), (Fs, E)}
where &, X (F, E), (F3, E), (F3, E) are soft sets over X, defined as follows:

(FlvE) = {(617 {m2})’ (e2, {xQ}’)}»
(F27E) = {(61,{$1,$2}), (62’{5617372})}’
(F3, E) = {(e1, {w2, w3}), (e2,{w2,23})}.

Then 7 defines a soft topology on X and thus (X, 7, E) is a soft topological space
over X. Clearly, (G, E) = {(e1,{z2,23}), (e2,{x1,23})} is a soft AC-set in X but
not a soft AB-set.
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Example 3.6. Let X = {x1,z2, 23} and E = {e1, ex}.Let us take the soft topology
7 on X and the soft set (G,E) = {(e1,{z1}), (e2,{z1})} in Example 3.4. Then,
(G, E) is a soft BC-set in X but not a soft AC-set.

Example 3.7. Let X = {x1, 29,23}, F = {e1,ex} and 7 = { P, )N(, (F1,E),(Fy, E), (F3,E)}
where ®, X, (F1, E), (Fy, E), (F3, E) are soft sets over X, defined as follows:

(FlvE) = {(617 {xl})v (627 {xl})}a
(F2, E) = {(e1, {2}), (e2, {z2})},
(F3, E) = {(e1, {71, 22}), (e2, {71, 22})}
Then 7 defines a soft topology on X and thus (X, 7, E) is a soft topological space

over X. Clearly, (G, E) = {(e1,{x3}), (e2,{x1,23})} is a soft BC-set in X but not
a soft B-set.

Example 3.8. Let X = {1, 22, 23,24}, E = {e1, 2} and 7 = {®, X, (F\, E), (Fy, E), (F3, E)}
where &, X (F, E), (F3, E), (F3, E) are soft sets over X, defined as follows:

(FlvE) = {(617{334})’ (62,{1‘1,332})},
(F27E) = {(617 {zlva})a (623 {SC4})},
(FSvE) = {(617{x17x27x4})7 (62,{x1,x2,x4})}.

Then 7 defines a soft topology on X and thus (X, 7, E) is a soft topological space
over X. Clearly, (G, E) = {(e1,{z2,z3,24}), (e2,{z1,22,24})} is a soft C-set in
X but not a soft BC-set.

Theorem 3.9. In a soft topological space (X, T, E),

(1) Every soft open set is a soft AC-set.
(2) Every soft b-clopen set is a soft AC-set.

Proof. (1) Let (F, E) be a soft open set in X. Then (F,E) = (F, E) MX such that

X is soft b-clopen and hence it is a soft AC-set.
(2) Tt is shown in a similar way. O

Example 3.10. Let X = {z1,22,23} and E = {ey, ea}. Let us take the soft topol-
ogy 7 on X and the soft set (G, E) = {(e1,{x2,23}), (e2,{z1,23})} in Example
3.5. Then, (G, E) is a soft AC-set in X but not soft open.

Example 3.11. Let X = {1,290, 23,24}, F = {e1,es}and 7 = {<I>,)N(, (F1,E), (Fy, E), (F3, F),
<F47E)a(F5aE)7(F67E)a(F7aE)7(F87E)7(F97E)7(F10;E)a(FllyE)} Where(b7X7(F17E)a(F2aE)7
(F37E)a (F4aE)7 (F57E)a (FﬁaE)v (F77E)a (FS,E)v (F97E)7 (FlovE)7 (FllaE) are soft

sets over X, defined as follows:
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(F1, E) = {(e1,{z1}), (e2, {21},

(F2, E) = {(e1,{z2}), (e2,{22})},

(£, B) = {(e1, {z1, 22}), (e2,{z1,22})},
(Fy, B) = {(e1, {z1, 22, 23}), (€2, {w1,23})},
(F5, E) = {(e1,{z1, 22, wa}), (e2,{z1,22,25})},
(F6, £) = {(e1, {z2}), (e2,0)},

(F7, B) = {(e1, {z1, 22}), (e2,{z1})},

(Fs, B) = {(e1, {z1, 22, 23}), (e2, {21, 22, 23})},
(Fo, B) = {(e1,X), (e2,{z1,22,23})},

(Fro, E) = {(e1, {z1, 22}), (e2,{z1, 22, 23})},

(F117E) = {(617 {x17$2})7 (627 {$17x3})}'

Then 7 defines a soft topology on X and thus (X, 7, E) is a soft topological space
over X [16]. Then, (G, E) = {(e1,{z2,23}), (e2,{z3})} is a soft AC-set in X but
not a soft b-clopen set.

Theorem 3.12. [2] Let (X, 7, E) be a soft topological space. If (F, E) is soft open
and (G, E) is soft b-open then (F, E)N (G, E) is a soft b-open set in X.

Theorem 3.13. In a soft topological space (X, T, E), every soft AC-set is a soft
b-open set.

Proof. Let (F,E) be a soft AC-set in X. Then (F,E) = (G, E) N (K, E) where
(G, E) is soft open and (K, F) is soft b-clopen. a

Theorem 3.14. In a soft topological space (X, T, E),

(1) Every soft open set is a soft BC-set.
(2) Every soft b-closed set is a soft BC-set.

Proof. The proofs are similar with Theorem 3.9. O

Example 3.15. Let X = {x1,29,23} and E = {ej,ea}. Let us take the soft
topology 7 on X and the soft set (G, E) = {(e1,{z1}), (e2,{z1})} in Example 3.6.
Then, (G, E) is a soft BC-set in X but not soft open.

Example 3.16. Let X = {21,290, 23,24} and E = {e1,ea}. Let us take the soft
topology 7 on X and the soft set (G, E) = {(e1, {z2,23}), (e2,{z3})} in Example
3.11. Then, (G, E) is a soft BC-set in X but not a soft b-closed set.

Definition 3.17. [2] Let (X, 7, E) be a soft topological space and (F, E) be a soft
set over X. Then soft b-closure of (F, E) (sbcl(F, E)) is the soft set sbcl(F, E) =
N{(F,E) C (G,E) : (G, E) is a soft b-closed set of X}.

Theorem 3.18. Let (X, 7, E) be a soft topological space. A soft set (F, E) over X
is a soft BC-set if and only if (F,E) = (G, E) N sbcl(F, E) for some soft open set
(G, E).

Proof. =>: Let (F, E) be a soft BC-set. We get (F, E) = (G, E) N (H, E) where
(G, E) is soft open and (H, E) is soft b-closed. Since (F, E) C (H, E), sbcl(F, E) C
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sbel(H,E) = (H,E). Thus (G,E)Nsbd(F,E) C (G,E)N(H,E) = (F,E) C
(G, E) N sbcl(F, E) and hence (F, E) = (G, E) N sbcl(F, E).

<=: Suppose that (F, E) = (G, E) N sbcl(F, E) for some soft open set (G, E).
Since sbel(F, E) is soft b-closed, (F, E) is a soft BC-set in X. O

Theorem 3.19. Let (X, 7, E) be a soft topological space. For a soft set (F, E) over
X, the following are equivalent:

(1) (F, E) is soft open in X,

(2) (F, E) is soft a-open and a soft AC-set in X,
(3) (F, E) is soft a-open and a soft BC-set in X,
(4) (F, E) is soft a-open and a soft C-set in X.

Proof. (1) = (2) : Since every soft open set is both soft a-open and a soft AC-set,
the proof is completed.

(2) = (3) : The proof is obvious, since every soft AC-set is a soft BC-set.

(3) = (4) : Since every soft BC-set is a soft C-set, it is clear.

(4) = (1) : Follows from Proposition 3.8 of [13]. O

Theorem 3.20. Let (X, 7, E) be a soft topological space and (F,E) be a soft set
over X. If (F\E) is a soft BC-set, then

(1) sbel(F,E) \ (F,E) is soft b-closed.
(2) (F,E)U (sbcl(F, E))° is soft b-open.

Proof. (1) Let (F,E) be a soft BC-set. From Theorem 3.18, (F,FE) = (G,E) N
sbel(F, E) for some soft open set (G, E). Thus sbel(F, E) \ (F, E) = sbcl(F,E)\ ((G,E)Nsbcl(F,E)) =
sbel(F, EYN((G, E)Nsbcl(F, E))¢ = sbel(F, E)N((G, E)¢ U (sbel(F, E))¢) = (sbcl(F, E) (G, E)° )
(sbel(F, E) N (sbel(F, E))€)

= (sbcl(F, E) N (G, E)*)U® = sbcl(F, E)N(G, E)°. Hence we obtain sbcl(F, E) \ (F, E)
is soft b-closed.

(2) Since sbel(F, E) \ (F, E) is soft b-closed, (sbcl(F, E) \ (F, E)) is soft b-open.
Thus (sbel(F,E) \ (F,E))° = (sbcl(F, E) N (F, E)°)° = (sbcl(F, E))°U(F, E). Hence
we get (F, E) U (sbel(F, E))° is soft b-open. O

4. DECOMPOSITIONS OF SOFT CONTINUITY

Definition 4.1. Let (X, 7, E) and (Y,v, K) be soft topological spaces. Let u :
X — Y and p: E — K be mappings. Let fp, : SS(X)g — SS(Y )k be a
function. Then the function f,

(1) is called a soft. AC-continuous if for each (G, K) € SOS(Y), f,./(G,K) is a
soft AC-set in X.

(2) is called a soft BC-continuous if for each (G, K) € SOS(Y), f,,(G,K) is a
soft BC-set in X.

Remark 4.2. We have the following diagram for f,,:

soft A-continuous =— soft AB-continuous =— soft AC-continuous

¢ ¢

soft B-continuous =— soft BC-continuous —> soft C-continuous

Theorem 4.3. Let (X,7,E) and (Y,v,K) be soft topological spaces and fp, :
SS(X)g — SS(Y)k be a function. Then the following are equivalent:
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1) fpu is soft continuous,

2) fpu is soft a-continuous and soft AC-continuous,
) fpu is soft a-continuous and soft BC-continuous,

) fpu is soft a-continuous and soft C-continuous.

Proof. The proof is an immediate consequence of Theorem 3.19. (]

5. CONCLUSION

In this study, we have presented soft AC-sets and soft BC-sets in soft topological
spaces which are defined over an initial universe with a fixed set of parameters.
We have introduced their some basic properties with the help of counterexamples.
Also, we have studied soft AC-continuos and soft BC-continuous functions and we
have obtained the new decompositions of soft continuity. We hope that results in
this paper will be heplfull for future studies in soft topological spaces.
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ABSTRACT. Let Dy be the dihedral group of order 8. In the present study, we
give generators of the algebra of D, invariants in the polynomial algebra with
four generators over a field of characteristic zero.

1. INTRODUCTION

Let K[X,] be the polynomial algebra of rank n over a field K of characteristic
zero, and let GL,,(K) be the general linear group. Hilbert’s fourteen problem (see
1,2, 3, 4]) asks whether algebra K[X,,]¢ of constants of any subgroup G of GL,,(K)
is finitely generated. Although it was negated by Nagata [5] in general, Noether
[6] showed that K[X,]¢ is finitely generated for finite groups G. Our work was
motivated by the approach above: What are the finite generators of K[X,]¢ for
some concrete groups G, in particular when G is a subgroup of the symmetric group
Sp. The dihedral group

4

Dy=(r,s|r? =5 rsr =53 ={1,r s,rs 5% rs? s3 rs’}

of order 8 can be realized as a subgroup of the symmertic group Sy by defining
r = (12)(34), s = (1234). In this case we have that
Dy ={(1),(12)(34), (1234), (24), (13)(24), (14)(23), (1432), (13)}.

Let K[X4] = K[z1, %2, T3, z4] be the commmutative unitary polynomial algebra of
rank 4 over K. We define the invariant subalgebra

K[X4)% = {f € K[X4] | f(Zr(1)s Tr(2)s Tu(3)s Tu(a)) = f(T1, T2, 25,24),Y7 € Si}

induced by the group S;. The algebra K[X,]* is called the algebra of symmetric
polynomials, and each polynomial in K[X,]% is called a symmetric polynomial. It
is well known that K[X4]°* is generated by elementary symmetric polynomials (see

e.g. [7))
Q1 =T+ X2+ T3 +2Ty, Qo =2x1T2+ X1T3 + X1T4 + T2T3 + ToTyg + T324 ,
3 = T1T2X3 + T1T2Tg + T1X3%4 + T2T3Ty , U4 = T1T2T3T4.
Date: Received: 2022-08-19; Accepted: 2022-10-26.

2000 Mathematics Subject Classification. 13A50.
Key words and phrases. Commutative, Invariant theory, Rings.
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Elementary symmetric polynomials are algebraically independent. There exists
another set {31, B2, B3, B4} of generators for K[X4]%*, where
Bi=a1+ T2+ 23 +a4, Bo=a]+5+23+a],
Bs = af + a3 + a3 + i, Ba=ai +ah+ a5+ ai,
that is not algebraically independent. We extend this notation to
fn =2l + x5 + a5 + 2}
for all 1 < n. Similar to K[X,]*, we have that
K[X4]P* = {f € K[X4] | f(®r(1): Tn(2): Tn(3) Tr(a)) = [(@1, T2, T3, 24), V7T € Dy}
Clearly, K[X,]% € K[X4]P4, since p(x1, 2,73, 74) = 7123 + T214 € K[X4]P2,
while p ¢ K[X4]%. In this paper, we aim to show that K[X,]P* is generated by
polynomials a1, as, as, ag, p.
2. PRELIMINARIES
We give some preliminary results, in this section. Let us define
Dab = x‘fxg + xl{acg + 2828 + 252, 0<a,b.

One may easily check that p,; € K[X4]P4, and that p = %pn. We give the next
list of equations without proof which is straightforward.

(2'1) Pa,b = Pb,a 5 0<a,b
1

(2.2) Pab = 5P11Pa-1b-1 ~ W4Pa—2,b-2 ; 2<a,b
L,

(2.3) P22 = 5P — day

1 1 1 1 1
(24) prpiz= S01PLb+2 ~ SP2b+2 §a36b+1 + 5014517 + 1p1,15b+2 , 0<0b
(2.5) _ 1 L — SaBi + 204 + Sp1B
. P13 = 20411?1,2 2172,2 2a3 1 Oy 4101,1 2

1

(2.6) P12 = 501p11 — 03

The next lemma is necessary in the proof of the main result.
Lemma 2.1. K[ala Qg, 3, X4, Pa.b | 0 S a, b} = K[Oéla Qg, O3, 0447p}‘

Proof. Clearly K[ag, g, a3, a4,p] C Klog, ag, as, a4, pap | 0 < a,b] because

1
P= 5P € Klay, az, 03,04, pap | 0 < a,b].

In order to complete the proof, it is sufficient to show that p,; is included in
the algebra generated by a1, as,as,as,p for every 0 < a,b. Initially, using the
equations (2.1), (2.2), (2.3) inductively, we obtain that every polynomial

Pab € Klai, oz, a3, a4,p1,1)
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for every 2 < a,b. Now by (2.1), (2.4), (2.5), we have that

p1p € Ko, oo, a3, aq, p11,01,2]

for all 3 < b. Finally, we terminate the proof by (2.6) implying that

P12 € Klag, ag, a3, aq,p11].

3. MAIN RESULTS
The next theorem is the main result of the paper.
Theorem 3.1. The algebra K[X4]P* is generated by oy, as, as, ay, p.

Proof. Tt is sufficient to show that K[X4]P* C Kla, s, a3, a4,p4 | 0 < a,b] by
Lemma 2.1. Let
g= Z Eapearirhrsrd
0<a,b,c,d

U6y

be an arbitrary element of K[X4]P* of the form g = g, + g2 + g3 + g4, wWhere

g1 = Z capearialaszd | | {a,b,c,d} |=1,
0<a,b,c,d

g2 = Z Eabcdx(fxgxgmz ) | {a7b7 c, d} |: 27
0<a,b,c,d

gs = Z 5abcdx(11xgx§‘ril ) | {a’ba ¢, d} |: 3,
0<a,b,c,d

g4 = Z Eabearizbrsed | {a,b,c,d} |= 4.
0<a,b,c,d

It is clear that each g;, ¢ = 1,2, 3,4, is D, invariant; i.e.,

9i(Tr(1), Tr(2)s Tr(3)s Tr(a)) = GiT1, T2, 3, T4), YT € Dy.
Initially,
a a
g1 = § €aaaa(l‘1$2$3l‘4) = E Eaaaally c K[OM]-
0<a 0<a
On the other hand g, is of the form g = g21 + goo + g23 + go4, where
b b a, a a, .a.b. b a, b, b, _a b..a,a.b
go1 = E Ebbaal1ToT3Ty + Eqabbl]1ToL3Ty + Eabbal] Tol3Ty + Epaab®1 Lo X3y
a<b
b, b a. b bbb a a, bbb b.a. b b
oo = E EbbabT1TaT3T4 + EbbbaT1T2X3Ty + EabbbT 1 To2T3Ty + Ebabbl1TaL3T 4
a<b
a_.a_a b a_a b, a a b, a, a b, a, a, a
o3 = E €aaabT1T2T3Ty + Eaabal1 T2 U3T4 + Eabaal1T2T3T4 + Ebaaal T2 T3T 4
a<b
a b, a_ b b,a, b _a
g24 = g EababT1ToXL3 Ty + Ebabal1 Lo T3y
a<b

One may easily show that no summand in a fixed g; turns into a summand in go;,
1 # 7, under the action of Dy. Thus by

92(Tr(1)s Tr(2)s Tr(3)> Tr(a)) = G2(T1, T2, T3, T4), VT € Dy,

we get that

927:(1'71'(1)7xﬂ(2)7xﬂ(3)?xﬂ'(4)) = gQi(l'l»mQa SU3,(£4),V7T S D4a 1= ]-7 23 33 4.
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Easy calculations computing the actions of permutations from D, gives that all

coefficients in each go; for a fixed (a,b) are equal; i.e.,

b b _a_a a .a.b_b a b _b_a b .a_a b
go1 = g Ebbaa (T35 + xiaqrie) + 2 rorsry + riws50])

a<b

b b a.b bbb bbb | ba.b. b
Go2 = § Ebbab (T]T25Ty + TIXITZTY + T]Tx37y + T THTZTY )

a<b
923 = Y Canap (@i a5 asal + fagalaf + afahasad + ofagaies)

a<b

b b b b
924 =Y _ favap(@frhzgal + abagalas)

a<b
which are in the form

1
921 =35 gfbbaa(pi,b = P2a,2b — Patb,a+b)
a

1
922 = ) _ Ebbab0f (2pba,baﬁba _p2(ba),ba)

a<b
E a
923 = <€0,0,017044617—11
a<b

1
924 = 5 Z Eababazpbfa,bfa
a<b
Therefore g € Koy, ag, ag, g, pap | 0 < a,bl.

Next, g3 is of the form g3 = g31 + gs2 + g33 + g34 + g35 + g3e, Where
: b b b b
g3t = Z aaccbx%x§x§x4 + Eccbaxfajgx:gx% + acbacmz%xgxﬁ + Ebaccxlw%xng
EcabeTITITITE + EccapTITSTETL + EbecaTl TSTZTY + EabecT] ToTETY

a<b<c
b,.b b,.b b,.b b b
- EackbTITETIT] + EcbbaT{TITZTY + Ebbac T TTITY + EbachT] TGTSTY
= E b,.b b b b,.b b,.b
o EcabbTITITRTL + EbcabTITSTET] + Ebbea Tl TTETY + EabbeTTTT3LY
gas = Z EaabeT4T3TETS + EabeaTdTETETS + Ebeaa T TSTITE + Ecanpri TS TLTY
o EaachTETITETY + EbaacTiTITLTG + Ecbaa TS TETITS + EachaTiTSTETS
a_c b_.c c . b_c_a b_.c_.a_.c c .a.c_b
g34 = E Eacbel1LoT3Ty + Ecbcal1ToT3Ty + Ebcacl1 LT3y + €cachT1TLoT3Ty
a<b<lc
a b _c_ b b_c b _a c b _a_b b_a_b_.c
935 = E EabchT1LaT3Ty + EbcbaT1T2T3L4 + EcbabT1L2T3Ty + EbabeT1T2L3Ty
a<b<c
a b_a_.c b_.a_c_.a a_c..a. b c..a b_.a
g36 = E €abacT1T2T3T4 + Ebacal1T2T3T4 + €acabT1T2T3Ty T+ EcabaT1ToT3Ty

a<b<c
Similarly, gs;, i = 1,2,3,4,5,6, is Dy-invariant, and hence we have that

931 = § €accb(pa,cpb,c — Pa+b,2c — pa+c,b+c)
a<b<c

932 = § gacbb(pa,bpb,c — Pa+c,2b — pa-&-b,b—i—e)
a<b<c

g33 = Z aaabc(pa,bpa,c — P2a,b4+c — pa+c,a+b)
a<b<c
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o1
g34 = § EacbcOly 7pcfa,cfaﬂb7a — Pb+c—2a,c—a

2
a<b<c

o1
935 = E EabebOly 7pb7a,b7a5cfa — Pbtc—2a,b—a

2
a<b<c

1
936 = 5 Z Eabac(pa,apb,c - 2pa+b,a+c)
a<b<c

and that g3 € Koy, as, a3, a4, pa | 0 < a, b)].

Finally, g3 is of the form g4 = g41 + ga2 + ga3, Where

boco.d b e od da b da.b
g4y = Z (5abcdm§x2z§x4 + €bcda$1I§$3$% + 5Cdabx§x2x§z4 + {—:dabcxlx%x?,x%)

a C C a C a a C

acte EbadeT1TLILy + EchadTITLoT3Ly + Edeba LI T3L3Ty + EqdehTT LT3y

bo.d bo.d bod d b

Gz = Z 5acbdm‘fx§z§las% + scbdaacg%a:?,:z:% + ebdacx}ix%xgmﬁ + €dacbl‘11‘%$§$4

e EcadbTITSTET] + EbcadTITSTILY + EdbeaTITITETE + Eadbe T TGTITY

bodc bood e d € @b . a b od

g3 = Z 5abdcml‘ljx2m3$§ + Ebdcax}ixg:chz + adcabx1m2x§m4 + scabdmixgxgsc%

wi €bacdT1T5TETY + EdbacTI{TTZLTG + EcdbaTITGTITE + Eacdb T TSTETY

Similar computations give that

941 = Z Eabch‘Z (ﬁcfapdfa,bfa — Pd—a,b+c—2a — pbfa,dJrcan)
a<b<c<d

942 = Z Sacbdai (6b—apd—a,c—a — Pc—a,b+d—2a — pd—a,b—i—e—?a)
a<b<c<d

g43 = Z 6al)dc&z (Bd—apc—a,b—a — Pc—a,b+d—2a — pb—a,d+c—2a)
a<b<c<d

and that g4 € Ko, a2, a3, a4, pap | 0 < a,b]. Consequently,
g=g1+9g2+93+ g1 € Klan, g, a3, a4, pap | 0 < a, ).

4. CONCLUSION

In this study, generators for the algebra of D4-invariants were provided. This
might be an initial approach for determining generators for algebras of G-invariants,
where G is a subgroup of S,,, n > 4.
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ABSTRACT. Game theory is a mathematical approach to analyze the state of competition between
players. The foundations of this theory go back about 170 years, and the main development of
the subject is based on the last 55 years. In this study, the effect of game theory on political
elections and political behaviors has been examined. The Nash equilibrium is investigated by
creating a mathematical model of the gains and losses that two political parties obtain in the
elections according to the coalition formation status of two political parties by using the Prisoners'
Dilemma game model in cooperative and non cooperative games.

1. INTRODUCTION

In political science, there are several subjects in which game theory has a significant role.
These include voting, political power affairs, diplomacy, negotiation and bargaining behavior,
coalition formation among political groups, and political support [1].

The fact that those who participate in political life have different goals causes a rivalry
and conflict between units and groups. As a result of conflicts and agreements in domestic and
foreign politics, short-term or permanent political coalitions may occur [2]. Political coalitions are
a common phenomenon in contemporary democratic systems [3].

Game theory is based on decision making for the most appropriate strategy selection,
which can provide the best result in the face of problems. Considering the high importance of the
decisions taken in politics, game theory can then be used appropriately on political issues.
Through game theory, it is possible to learn how and why decision makers make mistakes in
reasoning in political activities, which strategies provide the best results, why coalitions fail or
persist, and what kinds of corrections can be made [2].

In this study, the gains of political parties or groups for two cases will be tried to be
explained using game theory: if they enter the elections alone and if they enter the elections by
forming a coalition. When the payoff matrices are examined, it will be revealed that it is necessary
to decide on the formation of a political government with the best and most effective strategy.

Date: Received: 2022-07-02; Accepted: 2022-10-26.
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2. BASIC DEFINITIONS AND PRELIMINARIES
2.1. Game Theory

People have always been involved in situations where the most appropriate decisions need
to be made. The decision taken may or may not affect other decision makers. The best decision may
depend on one or more goals of the decision maker. The decision may relate to a static situation or a
situation that evolves over time. Therefore, mathematical and algorithmic tools have been developed
to model, analyze and solve such decision-making processes. Mathematical programming, multi-
objective optimization, optimal control theory, and static and dynamic game theory provide the
language and tools to achieve such goals.

With the development of optimization, control and game theory, it has been possible to fully
achieve the analysis of many complex situations. The concepts of equilibrium and optimality are of
great practical importance in policy and strategy decision-making problems, within the framework
of understanding and predicting what will ultimately happen in systems across different application
areas, from economics and engineering to military applications [4].

In game theory, a distinction can be made between non-cooperative games and cooperative
ones. There are 2-player games and n-player games in each of these two categories.

Non-cooperative games are games in which its players are not allowed to cooperate with
each other. Each player must individually decide what action to take and what strategy to follow.
The best-known example of a two-player non-cooperative play is the prisoners' dilemma. In political
science and other social sciences, prisoners' dilemma games have been applied to all kinds of
problems.

The non-cooperative approach to political problems has some limitations. Most importantly,
in most decision-making situations, actors actually cooperate to achieve certain outcomes. Decision
making is often not just a conflict situation, so actors will try to find support for their views. This
idea fits in with the concept of coalition, which is one of the core concepts of the cooperative game
theory. Coalition is “an agreement of two or more actors who decide to cooperate in order to
maximize their common return” [5].

Collaborative game theory deals with situations where at least two decision makers can
increase their profits or reduce their costs by collaborating. For example, consider a situation where
one person has the resources to make a particular product, someone else has the technical knowledge
to make it, and a third party has the means to market it where he can sell it. While neither alone can
make a profit, they can earn by working together [6].

2.2. Prisoners' Dilemma

One of the best-known examples of game theory is the prisoners' dilemma. It was revealed
by Merrill Flood and Melvin Dresher between 1948-1950 [7].

The name of the Prisoners' Dilemma comes from the following scenario: Two thieves, Alice
and Bob, are caught by the police and interrogated in separate cells with no communication between
them. Unfortunately, the police lacks enough admissible evidence to convince the jury during a trial.
Knowing this, the accused expect to be released with a sentence of less than one year. The
prosecutors plan is to meet with the two prisoners and negotiate a bargain. One of the scenarios that
may occur as a result of the bargaining is that both of them remain silent; the other one is that one of
the detainees becomes the witness of the other friend's crime.
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Confess Silent
Confess (-5,-5) (0,-10)
Silent (-10,0) (-1,-1)

TABLE 1. Prisoners' dilemma

Table 1 shows the returns of the prisoners according to their strategies. The most appropriate
strategy for the accused is seen as keeping silent. However, if one of the prisoners confesses to the
crime, the silent party will be sentenced to 10 years. Likewise, if both parties confess to the crime,
each prisoner will be sentenced to 5 years each. These scenarios can happen because neither prisoner
knows the other's strategy.

If the confession of prisoner 1 is held constant, the best strategy that prisoner 2 can employ
would be to confess to the crime. Because if he confesses, he will be sentenced to 5 years, and if he
does not, he will be sentenced to 10 years. With the silence of prisoner 2 held constant, prisoner 1's
best choice would still be to confess. Because the 1st prisoner would prefer being released to a 1 year
sentence. In this situation, confessing, regardless of what prisoner 2 does, is the best strategy for
prisoner 1. The same is true for the prisoner 2. The result (confession, confession) that rational players
reach while thinking about each other's behavior in the same rooms really gives the Nash balance of
the game, because neither prisoner 1 nor prisoner 2 want to change their own confession strategy in
the face of the other's confession strategy. However, both prefer to be sentenced to one year rather
than five years each. Despite these preferences, they cannot obtain the result of cooperation (Red,
Red) because they are rational and rationality is general knowledge. The word dilemma in the name
of the game is derived from this [8].

If there was cooperation between the players, both players would choose the option to
refuse, and they would choose the option to maximize the optimum benefit. However, it is not
possible to cooperate in games played one time. Because mutual trust of the players cannot be fully
established and if one player does not fulfill his obligation, the other player will not be sanctioned.

2.3. Nash Equilibrium Theorem

Each player wants to choose the strategy that will bring the highest payoff for himself.
However, considering the strategies of other players, the same strategy may not always bring the
best results [7]. Here, the Nash Equilibrium means that the most suitable combination of the player.

The main element in the Nash equilibrium is the existence of the equilibrium point [9]. When
deciding the strategies that determine the Nash equilibrium, the value of any of the players that
gives the maximum payoff against the strategy of the other players is determined. When we do the
same for all players, the result will be the balance of the game [7].

The first studies on the Nash equilibrium were made by Cournot in 1838 and Bertrand in
1883 [9]. On the other hand, if a non-Nash equilibrium situation occurs, at least one player has made
a mistake [10].

2.4. Repetitive Games

In static games, as in the prisoners' dilemma, players can influence each other one time.
However, although the game is played in a certain period of the economic life, the effects of the
decisions taken may last for the same period. The purpose of replay games is to compare short- and
long-term wins. A short-term gain can be dispensed with for a strategy that yields more gains in the
long run [11].
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2.5. The Effect of Game Theory in Establishment of Political Power

Game theory is an effective model in both domestic and foreign policy of the countries.
Formation of governments and distribution of ministries are balanced according to the voting power
of the parties. Here game theory becomes an effective tool.

Again, in foreign policy, keeping the interests of a country against another or several
countries at the highest level is the application of game theory.

The application of game theory on the academic studies of international relations started in
1960 with Thomas Schelling's "The Strategy of Conflict". The adaptation of the cowardly chicken
game and the prisoner's dilemma game (which is still used today) to international relations started
with Schelling. One of the greatest contributions of the game theory to the politics and international
relations is to get rid of the idea based on states, and to use other decision-making actors for the
analysis. In classical international relations, states are all considered as different sized structures with
similar goals. In game theory, the characters, bureaucracies and decision-making processes of
nations have gained importance [12].

Game theory in politics and international relations has arisen from the need to explain the
observed issues and the questions asked. Revealing the problems in detail does not automatically
create answers to the questions asked. For example, describing all the details of a negotiation does
not indicate that the issue is intelligible. On the contrary, it shows how difficult a subject may be.
However, this allows us to make explanations that go to the essence of the negotiation, when we
treat the negotiation as a game, and the main variables and relations are handled, while other details
are omitted.

Any game model models the outlines of a complex issue and tries to find its solution. In this solution,
it is obvious that the game has equilibrium or equilibria [13].

Coalitions, which are a form of political unity and governance, refer to the communication
and cooperation of more than one political party towards the achievement of common goals. Due to
the heterogeneous structure of contemporary societies, in today's democracy, parties cannot reach
the necessary majority in legislative assemblies for one party government, and coalitions are needed
to form the government. In this framework, the place and importance of coalition in contemporary
democracies becomes better understood [3].

Political coalition building games describe the formation and disintegration of nations, as
well as the formation of coalition governments, the formation of political parties and other similar
events [14].

Riker is among the first political scientists to use the collaborative gaming perspective to
examine political coalitions with his 1962 work of "The Theory of Political Coalitions". Many other
political theorists followed suit. The coalition has found an interesting application in cabinet
formations. Significant work in applying n-person cooperative game theory to coalition cabinets
includes Axelrod's "Conflict of Interest", published in 1970; “A Theory of Divergent Goals with
Application To Politics”, De Swaan's 1973 “Coalition Theories and Cabinet Formations”, Taylor and
Laver's 1973 “Government Coalitions in Western Europe” and Dodd "Coalitions in Parliamentary
Government" published in 1976 [5].

The formation of a government also corresponds to the game of forming a political coalition,
in which the political parties are players. Similarly, the parties themselves can be seen as the outcome
of an underlying game of political coalition-building, this time with individual legislators as the
players.
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Holland

Luxembourg

Germany XX---

Belgium XXXX

Finland XXXX | Xemmmmm

France XXXX | XXX--

Italy XXXX | XXXX

Austria XXXX | XXXX | XXXX | XX---—-

Denmark XXXX | XXXX | XXXX | XXXX | X--—---

Ireland XXXX | XXXX | XXXX | XXXX | XXXX | XX----

Portugal XXXX | XXXX | XXXX | XXXX | XXXX | XXXX | XXXX | Xemmemm | e | oo
Sweden XXXX | XXXX [ XXXX | XXXX | XXXX | XXXX | XXXX | XXem=m | e | ommmeee
Norway XXXX | XXXX | XXXX | XXXX | XXXX | XXXX | XXXX | XXX=- | e | oo
Greece XXXX | XXXX | XXXX | XXXX | XXXX | XXXX | XXXX | XXXX | XXXX | XXX

TABLE 2. Coalition and one-party governments in Europe 1945- 1999
(X): One-Party Governments (--): Coalition Governments [3]

The term of office of the governments established in Table 2 is taken as basis. When we look
at the table, it is seen that coalitions are a management style that covers almost half of the democratic
government. With the establishment of coalition governments, the effect of game theory is seen on
ministries and the sharing of various public authorities. There are two basic approaches put forward
to explain the tendency of political parties: to join or not to join coalitions. The first of these is the
"office-seeking" approach, led by Anthony Down.

This approach, which is an adaptation of the Game Theory to the political science, assumes

that the main purpose of politicians is to be in power and to hold administrative units under all
circumstances. Therefore, all political parties seek ways to maximize their political interests and
minimize their losses. Therefore, the way to win in this system is to be in power.
Otherwise, it results that all parties entering the coalition are faced with the second best choice, and
therefore they will want to share their already diminished profits with as few partners as possible.
At the same time, it is accepted that these coalitions can be established between parties that are
ideologically closest to each other [3].

3. MAIN RESULTS

In this section, we consider two political parties, A and B. We aim to explain the conflict
between these parties and define the situations for which we will model. Next, we will model these
situations based on game theory. We will first build our model on the basis of the prisoner's dilemma
in the first case and solve it. We will then expand the game for the second case, taking advantage of
the prisoner's dilemma we created for the first case. In other words, we're going to make the game
iterative. Finally, we will obtain the solution of the iterative game we created.

Let's assume that the political moves, interventions and similar situations of other parties or groups
are ineffective in the situation that occurs between two political parties throughout the study.

Case I: The electoral base of political parties A and B is very close to each other. It is obvious
that the votes will be divided when political parties A and B go to the elections alone, thinking only
of their own interests. The call for a coalition or alliance of any of the parties receives positive
reactions from the grassroots. The rest of the votes is distributed to other political parties in certain
proportions.

109



HASIM CAPIN AND SUKRAN KONCA

Case II: The current government has been re-elected, and political parties A and B re-joined
the election. In this case, let's examine what kind of attitude political parties A and B should display.
Following, we model the first case with the help of game theory.

T: The situation of going to the election alone

K: State of coalition building

The row player will be the political party A, and the column player will be the political party B.
Case I

T K
Gl = ; (-2,-2) (-3,1) (1)
(1,-3) (2,2

The values in the payoff matrix express the percentage change in the votes of the political
parties. For example, if both parties go to the elections alone and state that they are not open to the
idea of coalition, this will cause a reaction from the grassroots and both parties will lose 2% of the
votes.

We will find the solution of the first case with the Nash equilibrium point. To find the balance
points, we will determine the largest element of the 1st component of each column element, and the
largest element of the 2nd component of each row element. The marked sequential pair will be the
balance point of the game.

T K
Gy :1T( (-2,-2) (=3,1) )
1,-3) (2,2

It can be seen from the above marking that the game has a Nash equilibrium. This strategy is to form
a coalition of two political parties.

Case II: Considering that there are some disagreements in the coalition in the future and that
elections are held again, as it can be seen in the game tree of Figure 1. As the number of repetitions
increases in the game, more strategies are obtained for the players.
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FIGURE 1. Demonstrating Case II with game tree
TT TK KT KK
T (-4,-4) (-5,-1) (-5,.1) (-6,2)
TK (-1,-5) (0,0 (-2,-2) (-1,3)
KT (-1,-5) (-2,-2) (0,0 (-1,3)
KK (2,-6) (3,-1) 3,-1) (4,4)

In Table 3, the expressions TT, TK, KT, KK in the row are the strategies chosen by party A in
the 1st and 2nd elections. Similarly, the expressions TT, TK, KT, KK in the columns are the strategies
of party B. For example, the expression TTKT (-5,1) in the 1st row, 3rd column element of the matrix
means that party A wants to enter alone in both elections, while party B is open to coalition in the
1st election and wishes to enter alone in the 2nd election. The first two moves of the TTKT expression

TABLE 3. Strategies in the game tree

are for party A, and the other two moves are for party B.

[(-4-4) (-5-1) (=5-1) (=62)]

G, =

Again, looking at the payoff matrix, if both parties decide to enter the elections on their own,
and state that they are not open to the idea of coalition, they will see a reaction from the grassroots

_|(=1,-5) (0,0
(=1,-5) (=2,—2)
l2-6 @G-1) @G-1

(0,0)

(-2,-2) (-13)
(-13)

(44)
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again. Both parties will lose 4% of the vote. When we look at the 2nd row and 1st column element,
when parties A and B went to the election alone in the first election and declared that party A was
open to the idea of coalition in the second election, there was a 1% gain in votes compared to the first
election.

Then, there is the Nash equilibrium point. To find the balance points, let's determine the
largest element of the 1st component of each column element and the largest element of the 2nd
component of each row element. The marked ordered pairs will be the balance points of the game.

[(—4,-4) (-5-1) (-5-1) (-62)]
_|(=1,-5) (00 (-2,-2) (-13) "
l=1,-5) (=2-2) (00 (-1,3) )
l 2,-6) @B -1) @G-1) (44)]

G2

As a result, we analyzed the participation status of the two political parties in two stages
with the Nash equilibrium. Increasing the stages will create more strategies. In both stages, forming
a coalition of two parties is seen as the most optimal solution.

4. CONCLUSION

The problem of forming a coalition between two political parties has been handled with the
help of the game theory. The moves that the political parties should take to keep their own interests
at the highest level are examined with the Nash equilibrium. The gains and losses that they can
achieve in case of cooperation and going to the elections alone have been modeled. In this
cooperative game, the gains of the political parties according to the decisions they will take in the
first election are shown in the yield matrix. It is seen that the balance point, that is, the most
appropriate move for the two political parties, is to form a coalition. Afterwards, it has been
researched which path would offer the most gains for the political parties if the government held
elections again. In this repetitive cooperative game, it is seen that the political parties forming a
coalition in both elections is the most lucrative strategy. The equilibrium concept of game theory can
contribute to our understanding of political decision-making by predicting predictions that
determine optimal strategies. Within the framework of these results, it is clear that cooperative
games can be used in future international and political studies.
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ABSTRACT. In this paper, (a, B)-interval valued set is studied. The order relation on (a, f3)-
interval valued set is defined. It is shown that (o, §)-interval valued set is complete lattice
by giving the definitions of infumum and supremum on these sets. Then, negation function
on these sets is introduced. With the help of («, 8)-interval valued set, (o, §)-interval valued
intuitionistic fuzzy sets are defined. The fundamental algebraic properties of these sets are
examined. The level subsets of (a, 8)-interval valued intuitionistic fuzzy sets are given.
Some propositions and examples are studied.

1. INTRODUCTION

Fuzzy set theory was introduced by Zadeh in 1965 [15]. The concept of interval valued
fuzzy set was introduced by Zadeh [16-18]. The basic properties of interval valued fuzzy
sets were studied by many authors [7-10,13,14,16-18]. It is crucial to analyze the properties
of interval fuzzy sets on different structures in these sense, the topological properties of
interval valued fuzzy sets were studied by Mondal and Samantha [11].

Interval valued intuitionistic fuzzy sets which is the generalization of intuitionistic
fuzzy sets and interval valued fuzzy sets were introduced by Atanassov and Gargov in
1989 [2]. Membership and non-membership functions on interval valued intuitionistic
fuzzy sets are closed intervals whose the sum of supremums is equal to 1 or less than 1 of
unit interval I = [0,1] [2]. Other properties of these sets were studied and the concept of
intuitionistic fuzzy sets was introduced by Atanassov [1-5]. The topological properties of
interval valued intuitionistic fuzzy sets were studied by Mondal and Samantha [12]. a-
interval valued fuzzy sets were introduced by Cuvalcioglu, Bal and Citil in 2022 [6].

2. PRELIMINARIES
In this paper, D(I) represents all closed intervals of unit interval I = [0,1]. The elements of
D(I) set are shown with capital letters such as M,N... In this place, ML and MY are called
respectively lower end point and upper end point for interval M = [M", MV].

Date: Received: 2023-01-12; Accepted: 2023-01-30.
2000 Mathematics Subject Classification. 18G50, 18G55, 16B50.
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ii.

(o, B)-INTERVAL VALUED INTUITIONISTIC FUZZY SETS DEFINED ON (q, 8)-INTERVAL VALUED SET

Definition 1: [6] D(I,) = {{[M*, MY; a] |« € I} is called a-interval valued set. In order to
make easy, it is shown that

{IMY, MY; o]|a € 1} = {[M; a]|M € D(I) and a € M}
Order relation on D(I,) is defined below.

Definition 2: [6] V[M;a], [N; a] € D(1,),
[M; a] < [N;a]: © MY < NYand MU > NV
It is easily seen from definition,
[M; o] < [N;a]
o ML < NE,MY > NV or Mt < NE, MY > NV or M < NE, MY > NV

Proposition 1: [6] (D(I), <) is partial ordered set.

By the help of order relation on D(I,), the definitions of supremum and infimum on this
set are given below.

Definition 3: [6] V[M; a], [N; o] € D(I,),

inf{[M; a], [N; a]} = [inf{M", N}, sup{MY, NY}; o]

sup{[M; o], [N; o]} = [sup{M" N"},inf(M",N'}; o]

Lemma 1: [6] (D(I,),AV) is complete lattice with units [0,1; a] and [a, o; a].

Proposition 2: [6] Va € ],
|Jraa =pw

a€l

The following function is a negation function on D(I).

Proposition 3: [6] V[M; a] € D(I,) and V: D(I,) = D(I),
N(M;a]) = [a =M1+ a—MY;q]

Definition 4: [6] Let X be universal set and [A; a]: X - D(I,) be function.
[4; o = {[{x [A"(x), AY()]); o] |x € X}
where; A*: X - [0,1] and AY: X - [0,1] are fuzzy sets.
In order to make easy, it is shown that;
{[(x, [A*(0), AY(01); o] [x € X} = {[{(x, A()); o] |x € X}
[A; o] is called o —interval valued fuzzy set on X. The family of a —interval valued fuzzy
sets on X is shown by a —IVFS(X).

Complement, inclusion, equation, intersection and union of a —interval valued fuzzy sets
are given below.

Definition 5: [6] Let X be universal set and [A; o], [B; a] € a —=IVFS(X).
Aisindex set VA € A,
[A% o] = {[< % [a— AY(x), 1+ a — AV(%)] >; o | x € X}
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[B; a]: & Vx € X, Al(x) < B:(x) and AY(x) = BY(x)
;a] = [B;al: & vx € X, Al(x) = BX(x) and AY(x) = BY(x)

;o] = {[< x [inf{A" (x), BY(x)}, sup{A (x), BV (3)}] >; o] | x € X}
;a] = {[< x, [sup{A*(x), B (x)}, inf{AY (x), BY(x)}] >; a] I x € X}
Maea Ax al = {[< % [Area A ), Vaea 2" ()] >; o] Ix € X}

Unea A o] = {[< % [Vaea A" (), Aea B2 (®)] >; o] Ix € X}

The algebraic properties of a —interval valued fuzzy sets are expressed below.

Proposition 4: [6] Let X be universal set. V[A; o], [B; o], [C; a] € a —IVFS(X) and
Aisindex set VA € A,
[AnNB;al =[BMA;q

[AuB;a] = [BUA;«a]
[A;a] n([BUCa]) = ([AnB;a]) u ([ANCal)

[A; o] u([BNGal) = ([AuB;a]) N ([AuCal)

[A; af 1 ([Upea Bas al) = [Upca (AT By); af

[A; o] U ([Maca Bas al) = [Maca (AL By); ol

Features about complement of a —interval valued fuzzy sets are stated following

proposition.

Proposition 5: [6] Let X be universal set. V[A; o], [B; a] € a —IVFS(X) and
Aisindex set VA € A,

[([AS; o€ o] = [A; o]
([AnB;a])¢ = [A° U B q]
([AuB;a)¢ =[A°N B a]
([Maea Ax; a)® = [Upea A% a]
([Unea Axs a)® = [Myen A% @]

Proposition 6: [6] Let X be universal set. 0x: X — [0,1; a] and 1x: X = [a, o;; a].
(0x)° = 1x
(1x)c =0

Definition 6: [6] Let X be universal set and [A; a] € a —=IVFS(X).
[A; a] has sup — property
1o Vx € X,3[A, A, a] € D(I) 3 [AX); o] = [Ag, 255 a]

Definition 7: [6] Let X be universal set and [A; a] € a —IVFS(X).
V[A, 225 a] € D),
[A; alp, 201 = (% € X|AY(X) = L and AY(x) < 1,3
The set [A; alpp, a,;q1 1s called [A;,25; a]-level subset of [A; a]. It is easily seen from
definition, [A,A,; a]-level subsets of [A; a] are crisp sets.
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Definition 8: [6] Let X be universal set and [A; a] € a —IVFS(X).
V[Ay, Az 0] € D(I),

V[A; a][a, 2,;00-level subsets of [A; o],

AI7\1 ={x e X|A'(x) = A}

AI{Z ={xeX| AV(x) <A}

By, = {x e XIBL(x) > A,}

By = {x e X|B'(x) <1,}

The relations between level subsets of a —interval valued fuzzy sets and crisp sets are
given below.

Proposition 7: [6] Let X be universal set and [A; a], [B; a] € a —IVFS(X).
VA, Ay a] € D(I,) and I is index set, Vi,j €, [7\1')\]'2 oc] € D(,),
X € [A; ol a0 © [AR); o] = [Ag, 2455 a]

[A; alpny a0 = A%, N AR,
([AuB; oD, agia
= 1A apy g U (B apyagia U (A3, N BR,) U (B, N A7)

([AnB; O(D[)\l)\z;cx] =[A;d] MAzia] N [B; a] [A122;0]
A%, 2 A},
A3 € A3,
Nier A"y = Al p
UjEI AU}[]‘ = AUV]'EI 71]'
Definition 9: [2] Let X be universal set.
M, and Np: X = D(I) such that vx € X, M,U(x) + N, (x) < 1,

A ={<x,My(x),Na(x) > [x € X}
is called interval valued intuitionistic fuzzy set. The family of interval valued intuitionistic
fuzzy sets on X is shown by IVIFS(X).

Example 1: Let X = {a, b, ¢, d}.
A {< a,[0.0,0.5],[0.2,0.4] >, < b, [0.1,0.3], [0.4,0.5] >,}
< ¢,[0.2,0.7],[0.0,0.1] >, < d, [0.6,0.8],[0.1,0.2] >
is interval valued intuitionistic fuzzy set.

Definition 10: [2] Let X be universal set and A, B € IVIFS(X).
AC i B:e Vx € X, My"(x) < Mg"(x)

AE qpBevxeXM'x) <Mz (x)
AT B:o Vx € X, Ny (x) = Ng" (%)
ACoep B Vx e X, N,Y(x) = N5 (%)
Ac B:<©AC jyBandAE 4, B
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A Eo B:= A Eo,inf Band A EO,Sup B
AEB:e= AC BandAC, B
A=B:<= ACBandBC A
It is easily seen that from definition,
AC B vx € XMy (x) < Mph(x) and M, U (x) < MY (%)
AC,B & vx€eX Ny (x) = Ngl(x) and N,Y(x) > Nz (%)
AEB o vx € X, M "(x) < Mg (%), M, " (x) < Mg (x)
and Ny "(x) = Ng"(x),N,"(x) = Np"(x)
A=B o vx € XM "x) = Mgh(x) and M, (x) = Mg (x)
and NAL(X) = NBL(X) and NAU(X) = NBU(X)

Definition 11: [5] Let X be universal set and A, B € IVIFS(X).
A = {<x,NA(x),My(x) > |[x € X}

< %, [min{M,"(x), Mg" (%) }, min{M," (x), Mg" ()}], }
[max{N," (), Ng" (0}, max{N," (0, Ng" (0 }] > [x € X
< %, [max{M,"(x), Mg"(x) }, max{M," (x), Mg’ (x)}], }
[min{N,"(), Ng" (0}, min{N," (9, Ns" G0}] > [x € X

AI‘IBz{

AuB:{

Theorem 1: [5] Let X be universal set and A, B, C € IVIFS(X).
ANMB=BMA

AuUB=BUA
(ANB)NC=AN(BNC)
(AUB)UC=AU(BUC)
(AnB)uC=(Auc)n(BuC
(AuB)nC=(AnNncu(Bnc

Theorem 2: [5] Let X be universal set and A, B € IVIFS(X).
(A=A

(AN B9 =AUB

(AUBS“=AnNB

Definition 12: [5] There are some special sets on vague set theories. These special sets on
the theory of crisp set are null set and universal set. The special sets on interval valued
intuitionistic fuzzy sets are given below.

0" ={<x/[0,0],[1,1] > |x € X}

U* = {<x,[0,0],[0,0] > |x € X}
X* ={<x[1,1],[0,0] > |x € X}

It is easily seen that;
orsEuU X

VA € IVIFS(X),
ANO* =0
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Auo*=A

3. (o, B)-INTERVAL VALUED INTUITIONISTIC FUZZY SETS
D(l,) is all closed sub-intervals of I = [0,1] including a € [0,1].

Definition 13:
D(I,) x D(Ig) = {(IM"% MY; a], [N5,NY; )| MV + NV < 1and M € D(I,), N € D(Ig) }
is called (a, B)-interval valued set.
To make clear, it is shown below,
{(IM*,MY; a], [NY,NY; B])| MY + NV < 1and M € D(I,), N € D(I)}
= {(IM; ], [N; D) IMY + NV < 1and M € D(I,), N € D(Ig)}

The order relation on D(I,) X D(IB) is defined below.

Definition 14: V([M; al, [N; B]), ([P; ], [R; B]) € D(I,) x D(Ip),
(IM; a], [N; B]) < ([P; a, [R; BD): & [M; a] < [P; a] and [N; B] = [R; B]
Here;
(IM; o], [N; B]) < ([P; o], [R; B]): & [M; ] < [P; ], [N; B] = [R; B] or
[M; o] < [P;a], [N; B] > [R; B] or [M; a] < [P; o], [N; B] > [R; B]

Proposition 8: (D(I,) x D(Ig), <) is partial ordered set.
Proof: ([M; a], [N; BD), ([P; o, [R; B, ([S; al, [T; B]) € D(I,) % D(IB) are given arbitrary.
ML < ME,MY > MY and NY > NI, NU < NY

= [M; o < [M;a] and [N; B] = [N; B] = ([M; o, [N; B]) < ([M; o], [N; B])

(IM; o], [N; B]) < ([P; o, [R; B]) and ([M; a], [N; B]) = ([P; ], [R; B])
= [M;a] < [P;a], [N; B] = [R; B] and [M; a] = [P; a], [N; 8] < [R; B]
= M" < P', MY > PY,N* > R}, NV < RV and
ML > P MU < PY,NL <RL, NU >RV
= ML = pL, MY = PV, Nl = RE,NU = RY
= [M; a] = [P;a] and [N; B] = [R; B] = ([M; o, [N; B) = ([P; al, [R; B]
(IM; al, [N; B < ([P; al, [R; B]) and ([P; o], [R; B]) < ([S; o, [T; B])
= [M; o] < [P;a], [N; B] = [R; B] and [P; o] < [S; o], [R; B] = [T; B]
= ML < PL,MY > PY,NL > RE, NV < RV and
PL < St PYU>SYRL>TLRY <TY
> Ml< S MY > SYUNL>TE NY < TU

= [M;a] < [S; o] and [N; B] = [T; B] = ([M; ], [N; B]) < ([S; ], [T; B])

With the help of relation order on D(I,) x D(Ig), the definitions of supremum and infimum

on this set are given below
Definition 15: V([M; o], [N; B]), ([P; o, [R; B]) € D(I,) x D(Ig),

inf{([M; a], [N; B, ([P; a], [R; BD} = (inf{[M; a], [P; a]}, sup{[N; 8], [R; B]})
sup{([M; al, [N; B]D), ([P; o], [R; BD} = (sup{[M; a], [P; o]}, inf{[N; B], [R; B]})
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Lemma 2: (D(Ia) X D(IB),/\,V) is a complete lattice with units

([0,1 = B; o], [B, B; B]) and ([a, a; ], [0,1 — o; B]).

Proof: It is clear from known order relation on R.

Remark 1: The intersection and union of the family of (a, §)-interval valued sets are again
(o, B)-interval valued sets. If any function satisfies below conditions, then it is called
negation function.

Definition 16: L is complete lattice with units 0 and 1.V: L. » Land Va,b € L,
NO)=1land N(1) =0

N@<<N(b):eoa=b

N(N(a)) =a

We try to define a negation function on D(I,) x D(Ig) by the help of following relation,
v([M; o, [N; B) € D(Io) x D(Ip),
N((IM; o, [N; BD) = ([a = MY a— B+ NYal, [B — NY B — o + MY; B])
This relation on € D(I,) X D(IB) is a function. Indeed,
(IM; a], [N; B]) € D(I,) X D(IB) is given arbitrary.
Ml<a=0<a-M!'<aand
NV>B=2a—-B+NV>a-B+B=«
besides,
MU+NV<1=2NY<1-MY=2a-B+N <a-B+1-MYand MY > a= a—B+NY
<a-f+l-a=1-p<1
From above consequences, we get that [a — MY a— B+ NY;a]
NE<B=>0<pB-—NL<pBand
MUl>a=B-—a+MU>2B—a+a=8
besides,
MU+N'<1=>MY<1-N'=2B-—a+MU<B-a+1—-NVandNY >B=>B—a+ MY
<B-a+1-B=1-a=1
From above consequences, we get that [ — N*, g — a + MY; f]
a—B+NV+B—a+MY=MV+NU<1

From above results,

([a — MY a—B+NYal, [p— N B —a+MYB]) € D) x D(Ip)
From previous discussions, we claim that V" is negation function on D(I) x D(Ip).

Proposition 9: V([M; o], [N; B]) € D(I) % D(IB),
N:D(,) % D(Ig) - D(1,) x D(Ig),
N((IM; o, [N; D)) = ([a = MY, a = B+ NY af, [B — N*, B — a + MY; B])

IV satisfies conditions of Definition 16.
Proof: ([M; al, [N; BD), ([P; al, [R; B]) € D(1,) X D(IB) are given arbitrary.
(IM; ], [N; BI) = ([P; a], [R; B]) = [M; ] = [P; a] and [N; B] = [R; ]

= ML =P:, MY = PUVand NV = RE, NV = RU

sa-M=a—-PLha—B+NV=a—-B+RYand
B—N=B-R\B—a+MY=B—a+PY
([a =M% a—B+NY%a],[B— N B —a+MYB])
= (fa=P"a—B+R%al,[B—RYB—a+PY;B)
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= W (([M; od, [N; BI)) = V([P o, [R; BD))
2. Now, it is shown that IV satisfies the conditions of negation function,
i m(([0,1-B;al [B,B; B])
=(a-0,a—B+pBal,[B-BB—a+1-pBD = (o all01—aB]
N (w050, [01 =0 B]) = ([a =, a =B+ 1 = al, [B—0,B — a+apl)
= ([0,1 —B;al, [B,B; BD
ii.  N((IM;al, [N; BD) < NV (([P; o], [R; BD))
- <[a— ML,a—B+NU;a],> < ([(x— PLa—B + RU;oc],>
[B—N"B—a+M’;B] )~ \[B—R"B—a+PY;B]
& [a—MYa—B+NY;a] < [a—PYa—B+RY;a]and
[B-N-B—a+M%B] = [B—RYB—a+PY;f]
sa-M<a—-Pha—-B+NV>a-p+RVand
B—N:>B—-R:EB—a+MV<B—a+PY
© ME > P NY >RV NV <R MY < PY
& [M;a] = [P;a] and [N; B] < [R; B]
< ([M;a], [N; B) = ([P; al, [R; BD
iii. v (W ((M; al, [N; BD)))

=N([a—MYa—B+NY% ol [B—NYB—a+MYB])
_([(x—(a—ML),a—B+B—a+MU;a],>
~\[B-(B—-N,B—a+a—B+Np]
= (MY MY; o, [N, NY; B]) = (IM; o], [N; BD)

Definition 17: Let X be universal set.
For functions [Ma; a]: X = D(Io) and [Ny; Bl: X - D(Ig), Vx € X, Ma"(x) + N,"(x) < 1,
[A; o; B] = {(x, [MA(X); a], [NA(x); B]}|x € X}

To make clear, it is denoted by;

{{x, [Ma(x); o], [NA(x); B x € X} = {(x, [A(X); a; B]}|x € X}
is called (a, ) —interval valued intuitionistic fuzzy set. The family of (a, ) —interval
valued intuitionistic fuzzy sets on X is shown by (o, )-IVIFS(X).

Some algebraic operations on (a, B)-IVIFS(X) are defined below.

Definition 18: Let X be universal set. [A; a; 8], [B; o; B] € («, B)-IVIFS(X) and
A is index set VA € A,
) e <X, [(x—MAL(x),a—B+NAU(x);(x],
b el {[B — NA"(0,B—a+Mp " (0; B] > Ix € x}
ii.  [AoBlE[Baple vx € XM x) < Mgh(x), M, Y (x) = Mg (%)
and N " (%) = Np¥(x), NoY(x) < NgU(x)
iii. [A; a; B] M [B; o; B]

_( <x[inf{My" (), Mg" (0}, sup{M, " (), Mg" (0)}; ],
- {[sup{NAL(x>. Ng“(0}, inf{N," (), Ng" (O} B] > |x € X}
iv. [A; a; B] U [B; o; B]

<X, [sup{MAL(x), MBL(X)}, inf{MAU(x), MBU(X)}; a],
{[inf{NAL(x). Ng" (0}, sup{N," (), Ng" (0 }; B] > [x € X}
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X, [Area May (%), Vaea May (%); o

' X
[Vaea Nay (), Axea Nay (x); B Y€ }

Maea [A;5 05 Bl = {(

X, [Vaea May (%), Axea May (x); @],
Urea [A:a:Bh={< e VX EX
[Area Nay (), Vaea Najy ); B]
Example 2: Let X = {a,b, ¢, d}.
[A; 05 B] =
{ < a,[0.1,0.3; 0.3],[0.4,0.6; 0.4] >, < b, [0.0,0.4; 0.3],[0.3,0.6; 0.4] >, }
< ¢, [0.2,0.5;0.3],[0.1,0.4; 0.4] >, < d, [0.15,0.45; 0.3],[0.3,0.5; 0.4] >
[B; o; B] =
{< a,[0.05,0.35; 0.3],[0.25,0.65; 0.4] >, < b, [0.15,0.45; 0.3], [0.2,0.4; 0.4] >,}
< ¢,[0.1,0.3; 0.3],[0.3,0.7; 0.4] >, < d,[0.1,0.4; 0.3], [0.15,0.55; 0.4] >
For a = 0.3 and = 0.4, A and B are (q, )-interval valued intuitionistic fuzzy sets,
[A; 05 B]¢ =
{ < a,[0.2,0.5; 0.3],[0.0,0.4; 0.4] >, < b, [0.3,0.5; 0.3],[0.1,0.5; 0.4] >, }
< ¢,[0.1,0.3; 0.3],[0.3,0.6; 0.4] >, < d, [0.15,0.4; 0.3], [0.1,0.55; 0.4] >
[A;0; B] M [B; o B] =
{< a,[0.05,0.35; 0.3], [0.4,0.6; 0.4] >, < b, [0.0,0.45; 0.3], [0.3,0.4; 0.4] >,}
< ¢,[0.1,0.5; 0.3],[0.3,0.4; 0.4] >, < d,[0.1,0.45; 0.3],[0.3,0.5; 0.4] >
[A; o; B] U [B; o B] =
{< a,[0.1,0.3; 0.3], [0.25,0.65; 0.4] >, < b, [0.15,0.4; 0.3], [0.2,0.6; 0.4] >,}
< ¢,[0.2,0.3;0.3],[0.1,0.7; 0.4] >, < d, [0.1,0.4; 0.3], [0.15,0.55; 0.4] >

Proposition 10: Let X be universal set.
[A; o; B], [B; a; B, [C; o; B] € (o, B)-IVIFS(X) and A is index set VA € A,

[A; a; B] 1 [B; o; B] = [B; a; B] M [A; o; ]
[A; o; B] U [B; o; B] = [B; a; B] U [A; a; B]
[A; o B] 1 ([B; o; B] U [C; a; B])

= ([A 05 B]1 1 [B; o5 BD U ([A; o5 8] 1 [C; a5 B])
[A; o; B] U ([B; o; B] 1 [C; o; B
= ([A5 05 B] U [B; o5 BD M ([A; o5 B] L [C a5 B])
M (Unea [B; &5 Bl2) =Uaca ([A; o B] 1 [B; o5 Bl2)
U (Maca [B; o5 Bla) =Maea ([A; 05 B L [B; o Bl2)
A; o; B1, [B; o BL, [C; a; B] € (o, B)-IVIFS(X) are given arbitrary.
n [B; o; B]
<X, [inf{MAL(x), MBL(X)}, sup{MAU(x), MBU(X)}; a],
B {[sup{NAL(x). Ng"(0},inf{NA" (0, Ng" (0 }; B] > Ix € X}
[ <x [inf{MBL(x), MAL(X)}, sup{MBU(x), MAU(X)}; a],
- {[sup{NBL(x), NA"(0},inf{Ng" (), NA"(O}; B] > [x € X
[A; o; B] L [B; a; B]
<X, [sup{MAL(X), MBL(X)}, inf{MAU(x), MBU(X)}; a],
- {[inf{NAL(X). Ng" ()}, sup{N,"(x), Ng" () }; B] > Ix € X}
<X, [sup{MBL(X), MAL(X)}, inf{MBU(X), MAU(X)}; a],
N {[inf{NBL(x), NA“ (0}, sup{Ns" (%), Na(0)}; B] > [x € X
[A; o; B] 1 ([B; o B] U [C; o; B])

[A; o B
[A; o; B
Proof:
[A; o; B

—_— —_— = =

}=Mmmﬂmmm

} = [B; o; B] U [A; o; B]
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( sup{Mg"(x), Mc*®)}, 1
i [inf{MB”(x), M} al”
=[A Bl 0 [ inf{Np (9, NH ),
sup{NBU(x), NCU(X)}; B
inf{MAL(x), sup{MBL(x), MCL(X)}}, \
B [sup{MA”(x), inf{Mg" (), Mc" (0 }}; a]
[ sup{N," (), inf{Ng"(x), Nc" (0},
inf{N," (%), sup{Ng" (x),Nc" ()}}; B
I [ sup{inf{MAL(X),MBL(X)},inf{MAL(X),MCL(X)}}, ] l

> |x€eX

> |x €X

1nf{sup{MAU(x) Mg ()}, sup{M," (x), Mc" (0 }}; «
inf{sup{N,"(x), Ng"(x)}, sup{N,"(x), N¢" () }},
k sup{lnf{NAU(X) NBU(X)} mf{NAU(X) NCU(X)}} B
<X, [mf{MAL(X) MBL(X)} sup{MAU(x) MBU(X)} ]
{[SUP{NAL(X) Ng" ()}, inf{N,"(x), Ng" () }; B] > |x € X}
<X, [inf{MAL(X), MCL(X)}, a, sup{MAU(x), MCU(X)}; a],
{[sup{NAL(x), N}, B8,inf{N,"(x), N ()} B] > [x € X}
= ([A; 05 B] 1 [B; a; B]) U ([A; oz B] 1 [C; a5 B

>|XEXJ

iv.  [A;o;B] U ([B;a; Bl 1 [C; o; B])

[ inf{MBL(X),MCL(X)}, ]
. I * lsup{M5U (0, MU )} o) l
sup{Ng"(0), Nc" (0},
k mf{NBU(X) NCU(X)} B
( <x [ sup{M," (%), inf{Mg"(x), Mc" () }}, ] \
_ ’ inf{MAU(X),sup{MBU(X),MCU(X)}};a ’
B {[ inf{NAL(x),sup{NBL(x),NCL(X)}}, > xe X}
SUP{NAU(X)' inf{NBU(X), NCU(X)}}; B
( <x [ inf{sup{MAL(x),MBL(x)}, sup{MAL(x),MCL(x)}}, \
_ ' sup{inf{MAU(X), MBU(X)}, inf{MAU(x), MCU(X)}}; ol
B {[ sup{inf{NAL(X), NBL(X)}, inf{NAL(x), NCL(X)}}, }
inf{sup{NAU(x), NBU(X)}, sup{NAU(x), NCU(X)}}; B
[ <x [sup{MAL(X), MBL(X)}, inf{MAU(x), MBU(X)}; a],
- {[inf{NAL(X). Ng" ()}, sup{N,"(x), Ng" () }; B] > Ix € X}
<X, [sup{MAL(x), MCL(X)}, inf{MAU(X), MCU(X)}; a],
) {[inf{NAL(x). N}, sup{N,"(x), Nc" (0} 8] > Ix € X}
= ([A; o5 Bl U [B; o B 1 ([A; o5 Bl L [C o B

>|XEXJ

> |x €X

v.  [Aa; Bl M (Upea [Bs o Bl
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XP

=[A 0Bl M<(

\/ Mk, \ Moy (o) al.

A€EA AEA

S\ Nekeo, \/ NeY G0 B]

A€EA AEA

Y|x €X

% [Ma 60 A \/ Mak00, MoV G0 v\ M 00 al ,

AEA AEA ) |X eX

NA" GO v\ Nak 0, NG 1 \ [ N 00 B]

AEA AEA

%, \/ ML (x) A Mg, (), /\ MAY (%) V Mg, (3); al ,

— ( LAEA AEA

J\NA*60 v Ngy 09, \/ NAY GO A NG 00 B]

LAEA AEA
IRE [Ma () A Mg, (9, M " (9) v Mg, (0); ],
U [NAtG0 v Ny (90,2000 A NG 0 B]
vi.  [A; Bl U (Myeq [B; o Bl

YIxEX

YIx € X} =Lea ([A; 05 8] 1 [B; o Bl3)

([« /\MB';(@.\/MB;’(x);al, |
=[A;O(;B]L| ( AEA AEA )|X6X¥
L\ ko0, \ NaY oo Bl |
U LG T J

X, [Ma" () v /\ Mg (), Ma" (x) A \/ Mg, (%); a] ,

AEA AEA ) |X eX

NA") A \/NB;‘(X), NV v /\NBS(X); Bl

A€EA A€EA

%, /\ MaL(x) Vv Mh(), \/ MAY (%) A Mg, (3); al ,

— ( LAEA AEA

\/ Na60 ANgy 0, [\ NAYGO v N (0 B]

LAEA AEA
L U
{ %, [Ma" (0 V Mgy (9, Ma" (%) A Mg, (),
=Mrea

[NabGo) A Np, (9, NoY () v NpY (%); B]

YIxEX

YIx € X} =Myen ([A; o B] U [B; o; Bl)

Proposition 11: Let X be universal set. [A; o; B, [B; a; B] € (a, B)-IVIFS(X) and
Ais index set VA € A,
i (([A B = [A; ;]
i ([A Bl M [B; o BDC = ([A;5 05 BD U ([B; oz BDC
iii.  ([Ae Bl U [B; o BDC = ([A; 05 BD N ([B; o BDC
iv. (M [A5 @ Bl =Uaea ([A; 05 B¢
V. (Unea [A5 a5 BIE =Maea ([A5 o BIC

Proof: [A; a; B], [B; a; B] € (o, B)-IVIFS(X) are given arbitrary.

- e _ [ <xfa= My 00, 0= B+ NAU (0,
b (aht= {[B = NA"(), B —a+ M (x); B] > Ix € x}
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= (([A; 05 BDO)C
<xfa—(a=My"(0), a—B+B—a+ M x)ql,
{[B-(B—Na"00) B =t = B+ Ny"(0i B] > x € X
= {< %, [Ma"(0), M, (®); a], [NA (), N2V (%); B] > [x € X} = [A; ; B]
ii.  ([A;05B] 0 [B;o; BDC

a—B+ (inf{N," (), Ng' () }); o)’

{ <X’[ a— (inf(My"(x), Mg"(x)}), }

B — (sup{NA"(:), Ng"()}),

>|XEX}

B — o+ (sup{MaY(x), Mz" (x)}); B

( sup{a — M (%), a — Mg"(x)}, 3
<% [inf{a —B+N ), a—B+ NBU(X)}; oc]'

[ inf{B — No"(x), B — Ng"(0)},
sup{B —a+ MAU(X), B—a+ MBU(X)}; B
B { <X, [cx — Mphx), 0 = B+ NV (%); (x], } L { <X, [oc — Ml (), a — B+ Np¥(x); (x], }

[B—NA"(®),B—a+M"(x);B] > |xeX [B— Ng"(x), 8 — a+ Mg"(x); B] > |x € X
= ([A;0; D L ([B; s B¢

> |x€eX

iii.  ([A;a;B] U [B o BDC
( oy [ a— (sup{M,"(x), Mg"()}), \
! o= B+ (sup(Ns 0, N5 O o L
u B — (inf{N5" (0, Ng"(0}),
B—a+ (inf{MAU(x), MBU(X)}); B
inf{(x —MaH (), 0 — MBL(X)}, \
sup{a —-B+ NAU(X), a—B+ NBU(X)}; al’
[ sup{B — N»"(x), B — Ng"()},
inf{B — o+ MY (%), — a + Mg’ (x)}; B
_ { <X, [a —Mp ), a0 — B+ N,V (%); a], } n { <X, [oc — M), a — B + Ng¥(x); a], }
[B=Na"C,B—a+My"CO;B] > Ix€X)  ([B—Ng"(x),B—a+Mp"(x); ] > [x € X
= ([A; o BD 1 ([B; o5 BDC
(X: [Asea Mf;}j(x), Vien M;{x}f (x); 0(].) e X}
[Vaea Nay (), Axea Nay (); B]

= (Maea [A;5 a; B

I X, [(X—/\MA;(X),O( -B+ /\NAE(X);G], 1
=
| |
\ )

>|X€XJ
[
<X,

> |x €X

iv. H?\EA [A, Q; B])L = {

AEA AEA ) |X eX

VA ON EXERVATRIEN:

AEA AEA

’

( X, [\/a— MAI):(X),/\OL -B+ NA;\J(X); a
={( Aen l YIx € X =Lhen ([A; 05 BI)*

lk [/\B—NA;(xx\/B—mMA;’(x);B

AeA AEA
%, [Vaea May (%), Anea May (%); o
[Area Nay (), Vaca Nay (%); B]

V. Wen[A Bl = {( Yx € X}
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= (Upea [A5 a5 BT

( X, [(X—\/MA;(X),O( -B+ VNAE(X);G], |
- |
|

)

AEA AEA T)YxEX
|k B_/\NAk(x),B—(X+/\MA;{(X);B
AEA AEA -
x,[/\a—MA;<x>,\/a—s+NA£<x>:a ,
Y AEA AEA Y |x € X p =Mea ([4; o Bl)C
\/ 8- Nakeo, \ B+ MaY G0, B]
AEA AEA

Proposition 12: Let X be universal set.
Functions 0x: X — ([0,1 — B; al, [B, B; B]) and 1x: X = ([a, a; ], [0,1 — o; B])
i (0g)° =1y
ii.  (1y)° =0
Proof:
i (007 = (101~ B;cl, [B,B; BD)°
=(a—-0,a—B+pal,[B-—BB—a+1—-P;BD
= ([, 05 ], [0,1 — o B]) = 1
i (1= ((waal,[01 - BD)°
=(la—oa—B+1-cal[p—0B—a+ap])
= ([0,1—B;al, [B, B; BD) = Ox

Definition 19: Let X be universal set and [A; o; B] € (a, B)-IVIFS(X).
[4; o; B] € (o, B)-IVIFS(X) has sup-property: & Vx € X,
3([A1, 225 o, [61,02; B]) € D(1e) x D(Ig) 3 [A; 0 Bl = ([Ag, Az o, [61, 62 B])

Definition 20: Let X be universal set and [A; o; 8] € (o, B)-IVIFS(X).
V([A1,22; ], [01, 025 B]) € D(I) X D(IB).
(45 & Bl (a4,20500,[01,02:8D)
= {x € X|[Ma(x); o = [A1,A2; @] and [N, (x); B] < [64, 6;; B]}

[A; & Bl(1a, ap50,[04,04:8) 1S called ([Aq,2A;; al, [0, 8;; B])-level subset of [A;a;B]. It is easily
seen that from definition,
([A1, Az; a], [0, 6,; B])-level subsets of [A; a; B] are crisp sets . Besides,

[Ma(x); o] = [Ag,2550] = My (x) = A, and M, (x) < 2,

[NA(X); B] < [61,6,; Bl = Np“(%) < 6; and N, (x) = 6,

Proposition 13: Let X be universal set. V[A;a;], [B;a;B] € (o, B)-IVIFS(X),
V([Ay, Az; al, [64,6,; B]) € D(I,) % D(Ip),
L X €[A Bl a0010,,02:8D

& ([Ma(); o, [NA(); B]) = ([Ag, Az; o, [0, 055 B
ii. [A; a; B]([7t1‘7\220(]r[91‘92:[3]) = [Ma(x); ] Azl N [Na(x); B] [61,62;8]

i, ([A; o B] U [B; o B (tay gl i01,64:8])
= ([MA(X)i gz Y [Mp(X); adpy ag500 U (MALM n MBUAZ )) v (MBL;L1 n MAU)Q) N

([NA(X)i Blto,.0.:61 Y I8 (0; Blpo, 0,461 U (Na"g, N N5, ) U (Ng"y N NAUeZ))
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iv.  ([A o B] 1 [B; o BD (a2, 104,64:8])
= [A5 & Blag azsat01,05:8D N [B5 & Bl(ay aziat 61,0281
Proof: [A; a; B], [B; o; B] € (o, B)-IVIFS(X) and
([A, A5 al, [64, 04; B € D(1,) X D(IB) are given arbitrary.
L X €[4 Bl apal0162:8D
& [Ma(x); o] = [A1,22; a] and [NA(x); B] < [04,0;; 8]
© ([Ma(); o, [NAG); B]) = ([A1, 225 @], [01, 025 BD
ii.  x € [A;0; Bl apali0,,0,:6]) 1S given arbitrary.
(IMaA(); a, [NA(); B]) = ([A1, Az; a], [64, 0,5 BD)
© [Ma(x);a] = [A,25; aland [Na(x); B] < [64,6,; B]
© X € [Ma(%); ala, 2,500 @nd X € [No(X); Blie,,0,:p1
© X € [MaA(); alpp, ap500 N [INA; Bliey,0,:81
iii.  x € ([A; o B] U [B; o B]) (ja 2,500, [04,0,;8]) 1S given arbitrary.

(Maaprueian 0 o, INqawgiuBiws) 09 B1) 2 (A, A2; al, [0y, 055 B1)
[ sup{M,"(x), Mg" ()},
inf{MAU(x), MBU(X)}; al’
inf{NA"(x), Ng" (0},
[SUP{NAU(X). Ng"(0}; B
[ sup{M,"(x), Mg" ()},
inf{MAU(X), MBU(X)}; o
inf{NAL(x), NBL(X)},
Lup{NA”(x), NsU (0} s] = (006230
S sup{MAL(X), MBL(X)} > Al,inf{MAU(x), MBU(X)} <A, and
inf{N,"(x), Ng"(x)} <0;, sup{N," (%), Ng"(x)} > 0,
& {Ma"(x) = A; or Mg"(x) > A, }and {M,"(x) <2, or Mg"(x) <2, }
and {N,"(x) <0, or Ng"(x) < 8;}and {N,"(x) = 8, or N5 (x) > 6,}
& (Mp"(x) =4 and MY (x) < 2,}or {Mg"(x) = A; and Mp"(x) <2,}
or {MAL(X) >, and MY (x) < A, }or {MBL(X) > and M U(x) < A, } and
{NA"(x) <0; andN,"(x) = 0,} or {Ng"(x) < 0, and N5’ (x) = 6,}
or {NAL(X) <0, and NgU(x) > 62} or {NBL(X) <0, and N Y(x) > 62}

S X € [Ma(X); alp, ap500 OF X € [Mp(X); Al a, 2p;00 OF {x € (MALX1 N MBU}LZ)}
or {x € (Mg", N M., )} and x € [NAG; Blis, 0,55 OF X € [Na(); Blis, o561
or {x € (NAL@1 n NBU92>} or{x € (NBL91 n NAUGZ)}
& x € ([MAGD; @l e U MGl g U (May, 0 MaY, )) U (Mt 0 M, )

([NA(X)i Blto,.0.:61 Y I8 (0; Blio, 0,461 U (Na"g, N N5 ) U (Ng"y N NAUeZ))

2 ([)\1'}\2; (X], [61' 62; B])

= [7\1,7\2; a]

iv.  x € ([A5a;B] N [B; o B (1ag az500,104,04;8]) 1S given arbitrary.

(M(tasspinissecen ) Nqasespineiassn ) = ([Ag, Az o, [y, 853 1)
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[ inf{MAL(x), MBL(X)}, ]
] U |
Susi{;ngfZﬁBL(&}f] /I > (g, Ao o, [8,, 6,3 B
inf(N," (9, N (0); B
inf{MAL(x), MBL(X)},
Lup{MAU(x), Mp (9}
4 [sup{NAL(x), Ng" (0},
inf{NAU(X)' NBU(X)}; B
& inf{M"(x), Mg"(x)} = A; and sup{M,"(x), Mg’ (x)} <2,
and sup{NAL(X),NBL(X)} < 0; and inf{NAU(X),NBU(X)} >0,
& {Ma"(x) =24 and Mg"(x) > A, }and {M,"(x) <2, and Mp"(x) < A,}
and {N,"(x) < 0; and Ng"(x) < 6,} and {N,"(x) = 0, and N5 (x) > 0,}
& {Ma"(x) =24 and M, (x) < 1,} and {Mg"(x) > 1, and Mg"(x) < A,}
and {N,"(x) < 0; and N,Y(x) = 6,} and {Ng"(x) < 8; and N5"(x) > 0,}
& [Ma(x); a] = [Ay,25; a] and [Mp(x); a] = [Ay,25; 0]
and [Ny (x); B] < [0y, 6,; B] and [Ng(x); B] < [0, 0;; B]
& {x € [Ma(®); aljp, 2,00 and X € [NA(X); Blio, 0,81 }
and {x € [Mp(x); aljx, 2, and x € [Np(x); Blio, 6,81}
© x € [A; 6 Bl(ay iy 01,0260 N [B5 0 Bl (125500 101,0,:8D

=4

Y N

= [}\1;}\2; o

< [64,0;; ]

Example 3: Let X = {a, b, ¢, d}.

(< a,[0.1,0.6; 0.4],[0.1,0.4; 0.3] >, < b, [0.2,0.5; 0.4], [0.2,0.4; 0.3] >,

- {< ¢, [0.3,0.6;0.4],[0.1,0.3; 0.3] >, < d, [0.4,0.6; 0.4], [0.1,0.3; 0.3] >} ’
For a = 0.4 and 8 = 0.3, [A; o; B] is (a, B)-interval valued intuitionistic fuzzy set.
([0.0,0.5; 0.41,0.2,0.4; 0.3]) € D(I,) x D(Ip),

A([o.o.o.s;0.4].[0.2.0.4;0.3]) = {b}
([0.3,0.6; 0.4],[0.1,0.3; 0.3]) € D(I,) x D(Ip),

A([0.3,0.6;0.4],[0.1,0.3;0.3]) ={c,d}
([0.2,0.7; 0.4],0.2,0.3; 0.3]) € D(I,) x D(Ip),

A([o.z,0.7;0.4],[0.2,0.3;0.3]) = {b, C, d}
([0.0,0.7; 0.4],0.3,0.3; 0.3]) € D(I,) x D(Ip),

A([0.0,0.7;0.4],[0.3,0.3;0.3]) ={ab,cd} =X

----------

4. CONCLUSION

In this study, the definition of (a, 8)-interval set is given. It is shown that

(o, B)-interval set is lattice by giving of definitions of order relation, infimum and
supremum on this set. Afterwards, the definition of negation function on this set is given

by the help of negation function on crisp sets and fuzzy sets.

In terms of above definitions and information, the definition of (o, 8)-interval
valued intuitionistic fuzzy set is introduced. The definitions of intersection, union and
complement on this set are introduced and the fundamental algebraic properties of this set
are studied. In addition, the level subset of (a, B)-interval valued intuitionistic fuzzy set is

given.
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	,∀,A;α.-,,λ-1.,,λ-2.;α..-level subsets of ,A;α.,
	i. ,A-,λ-1.-L.=,x∈X(,A-L.,x.≥,λ-1..
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	D,,I-α..×D,,I-β..=,,,,M-L.,,M-U.;α.,,,N-L.,,N-U.;β..| ,M-U.+,N-U.≤1 and M∈D,,I-α.., N∈D,,I-β.. .
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	,,M;α.,[N;β].≤,,P;α.,[R;β].:⇔,M;α.≤,P;α. and [N;β]≥[R;β]
	Here;
	,,M;α.,,N;β..<,,P;α.,,R;β..:⇔,M;α.<,P;α.,,N;β.≥,R;β. or
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	⇒,M-L.=,P-L.,,M-U.=,P-U.,,N-L.=,R-L.,,N-U.=,R-U.
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	,P-L.≤,S-L.,,P-U.≥,S-U.,,R-L.≥,T-L.,,R-U.≤,T-U.
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	,A;α;β.=
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	,A-,,0.0,0.5;0.4.,,0.2,0.4;0.3...=,b.
	ii. ,,0.3,0.6;0.4.,,0.1,0.3;0.3..∈D,,I-α..×D,,I-β..,
	,A-,,0.3,0.6;0.4.,,0.1,0.3;0.3...=,c,d.
	iii. ,,0.2,0.7;0.4.,,0.2,0.3;0.3..∈D,,I-α..×D,,I-β..,
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