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Abstract

In this paper, we consider a modified SIR (susceptible-infected-recovered/removed) model that describes the evolution in time of
the infectious disease caused by Sars-Cov-2 (Severe Acute Respiratory Syndrome-Coronavirus-2). We take into consideration that
this disease can be both symptomatic and asymptomatic. By formulating a suitable mathematical model via a system of ordinary
differential equations (ODEs), we investigate how the vaccination rate and the fraction of avoided contacts affect the population
dynamics.

Key words: COVID-19; SIR model; asymptomatic cases; avoided contacts; vaccination effect
AMS 2020 Classification: 34A34;92D30;92D25

1 Introduction

The mathematical epidemiology research area, related to modeling infectious diseases, began to develop in 1771 having Daniel Bernoulli as
one of the pioneers, [2]. The SIR models and their modified versions are simple tools that can be used to better understand the dynamics of
an epidemic, and they gave a significant contribute also for Covid-19 (coronavirus-19 disease) pandemic. The global pandemic status, due
to Sars-Cov-2, has been declared, by World Health Organization, at the beginning of 2020, while the virus started to spread around the
globe already at the end of 2019 and beginning of 2020 [1].

In the last year an increasing amount of papers for modeling Covid-19 pandemic was published, only to cite few of them see [3]-[31]. The
modeling approach helped in a better understanding of the epidemic evolution, such as transmission dynamics of Covid-19 [17]-[19],
Covid-19 forecasting, [3], the importance of implementing population-wide interventions, [24]-[25], the role of asymptomatic individuals
in the disease transmission, [30]-[31], the vaccination effect on the pandemic outcome, [32]-[34], etc.

Motivated by the importance of a better understanding of the vaccination effect and of the non-pharmaceutical interventions (NPIs) on
the disease spreading, here, we consider an extended version of the already studied modified SIR model, [35], considering susceptible
individuals, infected individuals that can show symptoms (symptomatic) or not (asymptomatic), and recovered/removed individuals,
respectively. The model is characterized by assuming that the infection rate can change depending on NPIs. The novelty here is to consider
also the vaccination rate for the susceptible individuals. For a qualitative analysis of the model we compute the equilibrium points and
we study their stability by analyzing the Jacobian matrix eigenvalues. We also compute the basic reproduction number. Moreover, for a
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quantitative analysis, via numerical simulation, we investigate how the fraction of avoided contacts and the vaccination rate affects the
model outcome, separately using one parameter bifurcation diagrams and jointly by approximating the two strain parameter surface.

The paper outline is as follows. In the first Section, we introduce the model describing all the hypothesis used to build it. In the second
Section, we compute a qualitative analysis of the model. In the third Section, via numerical simulations we investigate the importance of
both vaccination rate and the fraction of avoided contacts, respectively. Last we present the conclusions of the paper.

2 Mathematical model formulation

In this study we introduce a new mathematical model, generalizing the classical SIR model used to describe the transmission and evolution
in time of infectious diseases that leads to the immunization of the diseased individual, for the specific case of Sars-Cov-2. In the SIR model
we can distinguish three classes of individuals:

Susceptible H(t) : healthy individuals that can get the disease.
Infected I(t) : individuals that are infected and can transmit the disease.
Removed R(t) : individuals that, after being infected, once they recover become immune to the disease, are isolated or died.

For Sars-Cov-2 transmission we consider two different subgroups of the infective classes:

Asymptomatic A(t) : infected individuals that does not present symptoms. We denote with ¢ the probability that the disease presents
itself in this form.
Symptomatic S(t) : infected individuals that present symptoms. The probability that the disease manifests itself in this form is 1 — ¢.

From now on for simplicity we will abbreviate the new model with SASR (Susceptible-Asymptomatic-Symptomatic-Removed). We assume
to have a constant total population in time, N, this is reasonable for two reasons: (i) if we consider the beginning of the epidemic it means
that only a short interval of time will be considered; (ii) while if we consider a long time after the onset of the epidemic we can assume that
the mortality rate due to the disease is lower and lower due to a better understanding of the virus and improvement of the effects of the cure.
We also consider the demographic parameters such as constant birth/immigration term, Q, in the susceptible class and a mortality rate,
uy, due to other causes besides the disease, present in all the considered classes.

The infection rate take into consideration also the effect of non-pharmaceutical interventions (NPIs) by means of a parameter 1, the
fraction of avoided contacts, the infection rate reads g = A(1 — V). Here we assume that the contact rate between susceptible and infected is
reduced thanks to NPIs adopted by individuals or by institutions, in order to avoid the contagion.

Once infected, a fraction 1 — ¢ of individuals can develop symptoms and the remaining ones ¢ stay asymptomatic. We also assume that the
asymptomatic individuals can develop symptoms at rate 5. Last, we assume that both asymptomatic and symptomatic individuals can
move in the removed class at rate v, and vy, respectively, and that exist a vaccine and the susceptible individuals can be vaccinated and get
a permanent immunity at rate .

Given the assumptions introduced above the model reads:

dH H(A+S) _

E:Q_ﬁ N H'NH_HHy

dA H(A+S

*:d)ﬁi( )—VAA—HNA—5A>

dt N )
das H(A+S)

T (- ¢)57N = vsS — unS + 8A - ugS,

drR

ar =vaA+vsS— uyR+ uH,

with ¢, ¥ € [0,1]. In Figure 1, we have represented a sketch of the main interactions between the four classes of the SASR model.

Figure 1. The diagram for the main interaction between the four classes of the SASR model, without considering the mortality rates and birth/immigration term.

3 Qualitative analysis of the model
Boundedness

It is important to establish that the variables cannot grow unbounded. We show now that the system’s trajectories remain within a compact
set. We consider the function

@(t) = H(t) + A(t) + S(t) + R(t).
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Summing up the equations in (1), we then have

do(t)
dt

do(t)

at +uyo(t) < Q.

+tuye() =0 -pugS &
Since ¢(0) = N, we can solve the corresponding differential equation, and find that:
@(t) < max {EN} )
HN
which guarantees that every single variable must have the same upper bound as well.

Equilibrium points

H(A+3) in (1), and get the new simplified

In order to find the equilibrium points we assumea =y, + puy + 6,b = yg+ pg + pyand W =
version of the model by equating to zero the right hand side of the obtained model:

Q-BW-—puyH-uH=0,
¢’BW_aA:0v
(1-¢d)BW —bS+5A =0, (2)
YaA+vsS— uyR+pH =0,

_H(A+S)
W= =

which is equivalent to

_0- [SW

w“w

BW(a(l— $) + 6c|>)

(¢BW) l:/s( BW(G(l— $)+ 5<I>)) iR+ u(Q - BW) - o,

(3

YA

ab

Q-BpW BW  BW(a(1—¢)+35¢)

. (i (enu B so)
N

Solving the last equation of (3) we get

W;=0

or

—-$ppbO —apQ +aBPQ - 5GP Q + Nab(py + u)
B2(-pb—a+ad - 8¢)

W, =

- For W; we get the disease free equilibrium (DFE)

Q nQ )

EO = (HO)A01501R0) = (HN+ P'-’ 0, 0, HN(HN"’ }l) )

that is always feasible.
- For W, we get the coexistence equilibrium

E. = (H*yA*)S*yR*)

with
H. = Nab
" Bla(t— ¢) + (b +3))’
A _ [BO(a(1 - ¢) + (b +5)) — Nab(py + u)]
* ap(a(l— ¢) + (b +5))
S (a(l—¢)+6¢)[ﬁﬂ(a(1—¢)+<b(b+6))—Nab(uN+u)]
i abp(a(i— $) + b(b +5))
R, = (bva® +vs(a = &) + )1~ §) + b(b + 8)) — Nab(py + w)] ~ uNaZb>

nyabp(a(i— ¢) + d(b +8))

Notice that H, > 0, while
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$lpQ(a(1 — ) + b(b +8)) — Nab(uy + )]

A>0 e aBlai— §) + b(b+ o))

0,

solving the inequality for p we get that

L BO@a- )+ d(b+3))
H Nab HN

must hold. Assuming A, > 0also S, > 0and R, > 0 hold and the coexistence equilibrium E. is feasible.

Jacobian matrix and characteristic polynomial

In order to study the stability of the equilibrium points we need to compute the eigenvalues of the Jacobian matrix associated to system (1),
evaluated at the equilibrium points. The Jacobian matrix is

A+S H H
e By 0
A+S H H
j- op S $py —a PBY o |, )
(A+5) H H
(1= )1 1-¢)py+5 (-$)py-b 0
H YA Ys ~HN

We compute the characteristic polynomial associated to J by computing det(J — xI), and we get

p(x) = W . [Nx3 +X2(BA+S—H)+N(a+b+ py + p))+
+x(=BH(uy + n+a(l— ¢) + (b +8)) + B(A+S)(a+b)+N(ab + (uy + p)a+b)))+
= BH((uy + w)(a(1— ¢) + d(b +8))) + abB(A +S) + Nab(ny + u)}. (5)

Substituting in (5) the values of E, we get

)

B0 . - BOLG =)+ 600+

- + + + 2+ +D— —/———
Po(x) = (uy + X)(pay + 1+ X) [" (a b N(uy + 1) N(uy + 1)

that has two negative eigenvalues x; = —py e X, = —(ppy + 1). In order to have a stable DFE we should analyze the sign of the real parts of
the roots of the second degree polynomial

P _ BO _pQla(l - ¢) + $(b+5)]
X +<a+b N(uN+u))X+ab N(uy + 1) ’ ©)

Notice that, v, € [0,1], the two roots of (6) are real. Imposing the second and the third coefficients of (6) to be positive and solving with
respect to the vaccination rate, 11, we get the condition

BOQ BQla(l - ¢) + dp(b + 3)] }
>maxq ———— — -
H X{N(a+b) N Nab KN
that guaranties that the second degree equation, (6), has two negative real roots and thus the stability of E,.
In analogues way we study the stability of the coexistence equilibrium. We evaluate the Jacobian matrix (4) at E. and we compute the
associated characteristic polynomial

P*u(X) = (uy +x) (X3 + azx2 X+ ao) 7
with
_1 Nab BO(A( -~ ) + d(b +5)
=3 |@am e ab M@ D),
o= f [ ), (OG0 0)+ o(b+ 50+ )
VTN [@a=9)+ olb e 5) ab !
Go = 1 [BO(A(1 = &) + b(b+ 5)) — Nab(py + w)]

The root x; = —py is always negative while for the coexistence equilibrium to be stable the Routh—Hurwitz criterion must hold ap > 0 (true
if the equilibrium is feasible), a, > 0 (true) and a;a, > ag.
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Table 1. Parameters of the model for data considering Italy. ¢ [36](ISTAT 2018), b 0 was chosen such that H(0) ~ Q/uy, € [38], ¢ [39], € Fitted using
data from [37].

Parameters Name Value Unit
N total population 6036 x 10° ¢ human
Q birth and immigration 633780° human/day
A infection rate 0.292°¢ day™
Vv fraction of avoided contacts test  pure number
® prob. of undergoing asympt. infection 059  pure number
Ya per capita recovery rate A 0.028 day™*
Ys per capita recovery rate S 0.028°¢ day™
g mortality rate due to other causes 0.0105 ¢ day™
n vaccination rate test day™
5 transition fromA — S 0.0674 day™
m mortality rate due Covid-19 0.0069 ¢ day™
a Ya+uy+ 6 0.1055 day™
b Ys + Hs + Uy 0.0454 day™*

Basic reproduction number R,

The basic reproduction number, Ry, is "the expected number of secondary cases produced, in a completely susceptible population, by a
typical infective individual", (e.g. [40]). The importance of Ry in the spreading of a disease is related to its value. The ideal scenarioisRq < 1,
in this case the infection cannot grow. This means that on average an infected individual produces less than one new infected individual
over the course of its infectious period. Conversely if Ry > 1, the disease spread over the population, in fact each infected individual produces,
on average, more than one new infection. We compute the basic reproduction number using the next generation matrix technique, (for a
detailed description of the method see [40], [41]), and we get

A1-v)Q

Ry=z —— 7~
" (uy + n)Nab

[(A—¢)a+ p(b+3)], (8)

where we used that B = A(1 — ). From (8) one can see that also in presence of the vaccine the epidemic can evolve and the stability of
the coexistence equilibrium is reached. In order to have the stability of the DFE the vaccination efficiency must be greater than a certain
threshold

p>(Ro—1Dpy = M- w)Q(a(;};bd)) *b(b+8) HN- (9)

For values of 1 for which (9) does not hold the disease spread and the coexistence equilibrium stability is reached.

4 Numerical analysis of the model

In this section we will analyze, from a numerical perspective, how the vaccination rate and the fraction of avoided contacts affects the
solutions of the system of ordinary differential equations, defined in (1). We also find the transcritical bifurcation value for . fixing all the
other parameter values as in Table 1and ¢ = 0. Assuming that n = 0, no vaccination is available, we investigate the importance of the
fraction of avoided contact parameter, 1. In Figure 2 are reported the solutions of system (1) for 5 different values of 1 in [0, 1] with step
0.2. Notice that if 1 = 1, meaning that the virus does not circulate and the infection rate is zero, the DFE become stable, on the other side
for ¢ = 0 no measures to avoid contact are taken and the coexistence equilibrium reach its stability. It is worth noting that increasing
the NPIs the maximum value of the peak in the asymptomatic and symptomatic populations not only decrease but is also shifted to the
right, so there is a delay which can give an advantage in those situations where the ICU (Intensive Care Units) are overloads. In Figure 3
we have plotted the six numerical solutions of the ODE system (1), fixing all the parameter values as in Table 1, = 0 and p assuming 6
different values in the interval [0, 0.5] with step 0.1. Notice that without a vaccine (1 = 0) both asymptomatic and symptomatic individuals
reaches their highest peak, with all the other solution pressed against the abscissa axis, though they are not zero. In fact in Figure 4 we have
reported a zoomed version of this two populations for values of i much closer to 0, that confirm the stability of the coexistence equilibrium
(for the first three lowest values) where the disease it is not yet eradicated and for 1 = 0.06 the stability of the DFE. In Figure 5 we have
plotted one parameter bifurcation diagram with respect to p (left panel) and 1 (right panel), respectively. For p ~ 0.059 (or for ¢ ~ 0.81) a
transcritical bifurcation arises and for system (1) the coexistence equilibrium interchanges its stability with the disease free equilibrium. In
Figure 6 we have represented a two strain parameter plot with respect to both pu and . We can see that without vaccination the system
reach the DFE stability only for values of the fraction of avoided contact close to 1, that means strict measures are needed in order to have an
infection rate close to 0. Moreover if we assume that the fraction of avoided contacts is 0, which means no measures are taken, the DFE it is
stable for a vaccination rate higher than 0.06 (< 17 days). In Figure 7 we represented the contour plots of the surfaces introduced in Figure
6.
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Figure 2. The numerical solutions of system (1) fixing all the parameter values as in Table 1, ;1 = 0 (no vaccination) and 1 assuming 6 different values in the interval [0, 1]
with step 0.2. Top row: Susceptible individuals in time (left panel) and asymptomatic individuals in time (right panel). Bottom row: symptomatic individuals in time (left
panel) and recovered/removed individuals in time (right panel).

5 Conclusions

In this paper we have introduced a SASR (Susceptible-Asymptomatic-Symptomatic-Recovered/Removed) model to describe the dynamics
of four different classes of individuals where Sars-Cov-2 virus infection is considered. In this model we have also considered the vaccination
rate and a parameter in the infection rate that represent the avoided contacts between individuals due to NPIs. We computed the disease free
equilibrium and the coexistence equilibrium and analyzed their local stability. Moreover we have computed the basic reproduction number.

From the numerical investigation we can conclude that: (i) increasing the fraction of avoided contacts 1 leads to, not only to delay
the peak, but also to lower the maximum value, with a direct consequence on decreasing the pressure on the ICU; (ii) assuming to have an
efficient vaccine with a permanent immunity, we found a critical value for the vaccination rate, bellow which the disease free equilibrium is
locally asymptotically stable, while if above this threshold we have the confirmation that higher the efficiency of vaccine lower the peak of
infected individuals at the coexistence equilibrium. From the two strain parameter analysis we can conclude that both an efficient vaccine

and a high fraction of avoided contacts lead to the stability of the disease free equilibrium, but also that higher the efficiency of the vaccine
smaller the fraction of avoided contact must be.
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row: Susceptible individuals in time (left panel) and asymptomatic individuals in time (right panel). Bottom row: symptomatic individuals in time (left panel) and
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Abstract

In this paper, we present a mathematical model of stem cells and chemotherapy for cancer treatment, in which the model is
represented by fractional order differential equations. Local stability of equilibrium points is discussed. Then, the existence and
uniqueness of the solution are studied. In addition, in order to point out the advantages of the fractional order modeling, the
memory trace and hereditary traits are taken into consideration. Numerical simulations have been used to investigate how the
fractional order derivative and different parameters affect the population dynamics, the graphs have been illustrated according to
different values of fractional order « and different parameter values. Moreover, we have examined the effect of chemotherapy on
tumor cells and stem cells over time. Furthermore, we concluded that the memory effect occurs as the « decreases from 1 and the
chemotherapy drug is quite effective on the populations. We hope that this work will contribute to helping medical scientists take
the necessary measures during the screening process and treatment.

Key words: Fractional-order differential equations; cancer stem cells; immune system; numerical solutions; memory effect;
existence and uniqueness
AMS 2020 Classification: 92D25; 26A33; 34A08

1 Introduction

Cancer is a general term that includes a wide range of diseases that can affect any part of the body. One of the distinguishing features of
cancer is the rapid generation of abnormal cells that grow outside their normal limits and can then invade neighboring parts of the body and
spread to other parts of it. Despite the scientific and technological development, cancer is a major cause of death worldwide, and it claimed
the lives of 10 million people in 2020. According to the World Health Organization (WHO), between 30% and 50% of cancer cases can be
prevented by avoiding risk factors for the disease to prevent it. The burden of cancer can also be reduced by detecting the disease early and
providing patients with adequate treatment and care, given that the chances of recovery from many types of cancer increase if they are
diagnosed early and treated appropriately. Many researchers have described the interactions between the immune system especially effector
cells and tumor cells, where a mathematical modeling was used to clarify the relationship between them as in [1, 2, 3, 30, 31]. Recently,
researches were directed to study the effect of stem cell therapy to reduce the growth of tumor cells due to the importance of stem cells in
blood formation, as they grow into different types of blood cells such as red and white blood cells and platelets that contribute to stimulating
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the patient’s immune system and that were destroyed by Chemotherapy, radiotherapy, or both. A fractional-order model of tumor-immune
system interaction has been proposed in [4], and a Chaotic dynamics of a fractional order HIV-1 model involving AIDS-related cancer cells
has been given to understand the mechanism that underlies AIDS-related cancers in [8]. As in [13, 14, 15, 16] the effectiveness of using
stem cells to boost the patient’s immune system has been shown, which may in the future be a treatment for most types of cancer. In this
work, we extend the study [17]. Taking into account the interaction of stem cells, tumor cells and chemotherapy for the treatment of cancer,
we propose a fractional-order instead of integer-order model to show how effective stem cells are in improving the immune system, which
in turn better fights tumor cells [10, 11, 12, 18]. Many real life systems are described better by fractional differential equations, e.g. heat
equation, telegraph equation, social systems, medical imaging, pollution control, cancer dynamics, infectious diseases, and a lossy electric
transmission line are all involved with fractional order operators [8, 9, 18, 19]. We propose a model motivated by Manar A. Alqudah’s work
[17], Manar presented a study of ordinary differential equations model that describes the stem cells and chemotherapy for treatment of
cancer to show how the stem cells support the effector cells which fighting the tumor cells to improve the immune system of the cancer
patient while the chemotherapy kills the infected cells. The mathematical model of treatment of cancer studied in [17] is presented by:

% =v1S— ksMS,
‘% = r(1 = bT)T — (p3E + kypM)T,
(€))
dE _ p1ES _
O = o uE+ B (T4 M,
dM
ar =~y M+ V(t).

In the previous model S(t) stem cells, T(t) tumor cells, E(t) effector cells, M(t) chemotherapy concentration drug, and the initial conditions
are: S(0) = Sg,E(0) =Ep,T(0) =Ty ,0 <t < ocoand M(0) = 0ifVy = 0.

In our paper, the fractional order form of the model (1) is considered with the Caputo sense [20]. In addition, so that the system (1) is
dimensionally consistent: the units of measurement from the left- and right-hand sides of the equations agree. It has been achieved by
modifying the parameters involved in the right-hand side of the equations, e.g. raising them to power «. The new system as follows:

cDS(t) = V'S — k&M,

cD*T(t) = r*(1 = b*T)T — (pS'E + kg M)T,

PYES _ o )
=~ pS(T + ME,

cDM(t) = —ySM + V(D)

cDYE(t) = 0% — noE +

with the same initial conditions in (1) and « is the order of the model 0 < « < 1.

The parameters description are summarized in Table 1. Some values are taken arbitrarily to easy solving the model numerically and the
others are taken from [17] to be compatible with the description of model (2). We assumed that all of the parameters to be non-negative
was y; non-positive as stated in [17].

Table 1. Parameter values used for numerical analysis

Parameters  Description Values Reference
So Stem cells initial concentration 1 [17]
To Density of free tumors 1 [17]
Eo Effector cells initial concentration 1 [17]
M, Chemotherapy concentration drug 1 [17]
Vo The time dependent external influx of chemotherapy drug 0.18 [17]
r Tumor growth rate 0 [17]
Y1 Decay rate of concentration of stem cells -0.02825  [17]
Y2 Decay rate of chemotherapy drug 6.4 [17]
o The rate of produced effector cells 0.17 [17]
n The natural death rate of the effector cell 0.03 [17]
P1 Maximum rate of effector cells 0.1245 [17]
P Decay rate of effector cells killed by tumor cells and chemotherapy 1 [17]
p3 Decay rate of tumor cells killed by effector cells 0.9 [17]
b Carrying capacity of tumor cells 1079 [17]
ks Fractional stem cells killed by chemotherapy 1 [17]
kp Fractional tumor cells killed by chemotherapy 0.9 [17]
V(t) The time dependent external influx of chemotherapy drug 1 [17]

Motivated by the above discussion, the aim of this study is to investigate a fractional-order mathematical model of stem cell- cancer
cell- immune system interaction. The reason of using fractional order differential equations is that they are naturally related to systems
with memory which exists in cancer cells-immune system interactions. The most essential property of these models is their nonlocal
property which does not exist in the integer order differential operators. Mathematical models, using ordinary differential equations with
integer order have been proved valuable in understanding the dynamics of diseases. But, they have some limitations when compared with
the fractional order derivatives. Integer order derivatives only describe the instantaneous biological events. Fractional order’s nonlocal
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property says that the next stage of a model depends not only upon its current state but also upon all of its historical states. Therefore,
models with fractional order differential equations provide more advantages than integer order mathematical models. In this study, both
fractional modeling has been taken into account and estimated data have been used. Meanwhile, dimensional compatibility has been
considered in order to better reveal the effect of fractional-order in the proposed fractional-order stem cell-cancer cell-immune system
interaction. Additionally, we have aimed to point out the advantages of the fractional order modeling, taking into consideration the
memory trace and hereditary traits which are capable of integrating all past activities and taking into account the long-term history of
the system. In this context, it can be seen that the memory trace dynamics are highly dependent on time. When the fractional-order « is
decreased from the unit, the memory trace nonlinearly increases from 0. Hence, the fractional-order system dynamics are quite different
from the integer-order dynamics. It is thought that there is no such study in the literature that deals with the stem cell-cancer relation-
ship, and making the fractional order model dimensionally consistent, and taking into account the memory effect/hereditary characteristics.

The remaining part of this paper is prepared as follows. In Sec. (2), some definitions of a fractional order derivative (FOD) and some
important theorems for FODs are given. In Sec. (3), the existence and uniqueness conditions of the solutions are given. In Sec. (4), stability
theorems for the equilibrium points are examined. In Sec. (5), the numerical simulation and data analysis have been given. In Sec. (6), the
effects of the memory trace on the behaviour of the system (2) are examined. In Sec. (7), to investigate the effects of different parameter
values and different values of « on the dynamic behavior of the proposed model, the numerical solutions have been carried out. Finally, the
Results and Discussion are given in Sec. (8).

2 Preliminaries

The fractional-order derivation and the fractional-order integration have many definitions such that the Riemann-Liouville definition,
Caputo definition, Hadamard fractional integral, Atangana-Baleanu fractional integral, Riesz derivative, and Generalized Functions
approaches (5, 7, 20, 26]. The most commonly used of these are Riemann-Liouville and Caputo definitions. Caputo reformulated the
definition of the Riemann—Liouville fractional derivative by switching the order of the ordinary derivative with the fractional integral
operator. By doing so, the Laplace transform of this new derivative depends on integer order initial conditions, differently from the initial
conditions when we use the Riemann—Liouville fractional derivative, which involves fractional order conditions, give a well understanding
of the properties of many physical phenomena which makes it applicable to the problems of our real world.

Definition 1 [20,26] The fractional integral of order « > 0, of the function f(t), t > 0 is given by

o B t (t _ S)Oc—l
IF(t) = L s

and the fractional derivative of order « € (n — 1,n) of f(t), t > 0 is given by

d

Df(t) =1I""*D"f(t) (D= )

Definition 2 [20] Letf : R+ — R continuous function. The Caputo fractional-order derivative is given by

t
cDt,f(0) = r(% J (t = oMM (1),

—a) Jo

wherem — 1< o« < m € Z*. For the special case of 0 < « < 1, we have

x 1 t —o gl
DSf(B) = m—j (t— ) %f (v)d.

—a) Jo

For convenience, we use the notation :D*f(t) instead of c D§';f(t) to denote the Caputo fractional-order derivative operator.

Theorem 1 [27,28] If X* is the equilibrium point of system (2), then system (2) is

(1) Asymptotically stable <> all the eigenvalues A;,i = 1,2, . . ., nof the Jacobian matrix J(X*) satisfy that |arg(A;)| > %Z.

(2) Stable < itis asymptotically stable or the eigenvalues A;,i = 1,2, ..., nof J(X*) that satisfy larg(A;)| = %= have the same geometric and
geometric multiplicity for A; is1.

(3) Unstable < eigenvalues A; forsomei =1,2,...,nof J(X*) satisfy larg(A;)| < <.

3 Existence and uniqueness

Consider system (2) with the initial conditions S(0) = So, E(0) = Eq, T(0) = Ty, M(0) = 0 if V5 = 0. System (2) can be written in the
following form:

{CD"‘X(t) = By X(t) + S(t)Bo X(t) + T(t)B3X(t) + E(t)B,X(t) + M(t)B5X(t) + 9, 3)

X(tO) = XO)
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where
S(t) S(o) v¥ o ) )
T(t) T(0) o r* o 0
X(t) = X(0) = B
() E(t) ) () E(O) ) 1 ) _H“ 0 )
M(t) M(o) 0 0 0 v
0 0 0 -—k& o o0 o o 0 o 0 o0
0 0 0 o 0 -b* o o 0o -p¥ 0 O
Bzl 00 o |"B7|o0 o x v By = | pg } )
-pS 0 = 0 0 o
0O 0 O 0 0 0 0 0 0 0 0 o
0 0 0 0 0
_lx
Bs = 0 ke oo( o] o= o(X
0 0 -p5 0 o
0 0 0 0 V(t)

In view of [4, 25, 26] desired definitions for the existence and uniqueness are defined as follows:

Definition 3 Let C*[0, t] be the class of continuous column vector X(t) whose components S, T,E,M < C*[0, t] are the class of continuous
functions on the interval [0, T]. The norm of X € C*[0, t]is given by

I1X) = sup | e™MS(t) | +sup | e MT(t) | +sup | e ™ME(t) | +sup | e NM(t) |,
t t t t

where N is a natural number and whent > § > m, we write C; [0, t] and Cs[o0, t].

Definition 4 X < C*[0, t]is asolution of IVP (3) if

(1) (t,X(t)) € D,t € [0,T)whereD = [0,7T] x K, K = {(S,T,E,M) ¢ R4 :|S| <p, |T|<r, [El<w, M <q} p,r,wqc¢cR:are
constants.

(2) X(t) satisfies (3).

Theorem 2 The solution X of IVP (3) is unique and X € C*[0, t].

Proof From the properties of fractional calculus, Eq. (3) can be written as
11_"‘%X(t) = BiX(t) + S(t)B,X(t) + T(£)B3X(t) + E(t)B,X(t) + M(t)BsX(t) + 9.
Operating by I*, we obtain
X(t) = X(0) + I*(ByX(t) + S(t)B,X(t) + T(t)B3X(t) + E(t)B,X(t) + M(t)BsX(t) + 9). (4)
Now let F : C*[0, t] — C*[0, t] defined by
FX(t) = X(0) + I*(ByX(t) + S(t)BX(t) + T(t)B3X(t) + E(t)B,X(t) + M(t)B5X(t) + 9). (5)
Then

e N(EX - FY) = e NI (By(X (1) — Y(1)) + S(B,(X(1) - Y(1) + T(D)B3(X(t) — Y(1)) + E(t)B, (X(t) - Y(t)) + M(1)Bs(X(t) — Y(1)))

t
< |ﬁ J (t — 5)* e NE=5) (x(s) — Y(s)) e Nds]| (B, + pB, + B3 + WB,, + qBs)
0

- (By + pB; + rB3 + WB,, + qBs) |y (ex, u)l

o DEH

where vy (e, u) is the lower incomplete gamma function and u = t — s. If we choose N such that N* > |y (e, u)| By + pB, + B3 + wB,, + qBs,
then we obtain |[FX — FY|| < ||X — Y||. Operator F in (5) has a fixed point. Thus, (4) has a unique solution X € C*[0, t]. From (4) we have

—_ tEX
X(t) = X(0) + arD (

+S(DB,X () + T ()B3X(£) + T(B5X (1) + E (DB,X(t) + E()B,X (t) + M (£)BsX(t) + M(t)B5X (t).

B,X(0) + S(0)B,X(0) + T(0)B3X(0) + E(0)B,X(0) + M(0)B5X(0) + 6) + I°‘+1(BlX/(t) + S/(t)BzX(t)

e Ny’ = oM [%(lem) +5(0)B,X(0) + T(0)B3X(0) + E(0)B,X(0) + M(0)B5X(0) + 9) + I*(B,X (t) + S (t)B,X(t)

+S(OBX (8) + T ()B3X(t) + T()B5X (1) + E' ()B,X(¢) + E()B,X () + M (t)B5X(t) + M(t)BsX (t)].
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from which we can deduce that X’ e Cilo, t]. From (4) we get

dx _

v I‘X(BIX(t) +S(6)BoX(t) + T(t)B3X(t) + E(t)B,X(t) + M(t)BsX(t) + 9).
Operating by I'"* we get

(gf - ‘X—I‘X(BlX(t) +S(t)BoX(t) + T(t)B3X(t) + E(t)B,X(t) + M(t)BsX(t) + V(t)C + 9).

cD*X(t) = B1X(t) + S(t)BoX(t) + T(t)B3X(t) + E(t)B,X(t) + M(t)BsX(t) + 9),

o

and

X(0) = Xo + I*(BX(t) + S(t)B,X(t) + T(t)B3X(t) + E(t)B,X(t) + M(t)B5X(t) + 9).
Therefore, Eq. (4) is equivalent to IVP (3). [ ]
4 Equilibrium points and stability analysis
To calculate the equilibrium points of system (2) let [29]
CDD(S(t) =0
CDD(T(t) =0,
CDCXE(t) =0
CDCXM(t) =0.
Thus,
VS — kEMS = 0,
r*(1 = b*T)T - (pSE + kg M)T = 0,
pyES

S+1
- YSM+V(t)=o0

O_a_uocE_'_

- p5(T+M)E = o,

Then the equilibrium points are:

oy v
Eq, = (5, Ty,E;, M) =(0,0, ——— 2
Q1 = (S1, Ty, Eq, My) =( PV +y S’ y&

pSV(r*b™ — k) + ry§(pg — b*p®) — \/—AG“b"‘p‘z"Pé"r“Y%‘x +a2

),

qu = (SZyTZyEZJMZ) :(07

2pSygrobe '
pEV(reb™ — k) + ry S (pg + b*p™) + \/—AG“bo‘pg‘Pg‘T“Y%“ ra2 y )
2p5psYs s
B . pgcv(rcxboc _ k%) + rocygc(pgc _ b“uo‘) + \/—4c“b°¢p§‘p§‘r°¢y§°‘ + a2
EQ3 - (53;T37E3)M3) _(07 ng‘yg‘r“b“ )

pSV(reb™ — k%) + 1%y S(pS + b* ™) — \/—AG“b“P%PS‘I’D‘Y%‘X + a2 v )
2P5P5YS s

where a = ((k§—r*b*)pSV—ySr*(p5+b*u%), andeqmllbrlumpomtsmustverlnyql,EqZ,Eq3 > 0.Hence, 5, ps, ™, v5, 0%, r%,b%,V,k¥ €
Dy, where Dy = {(p%, p§, n*, v§, 0%, 1%, b, V,k§) € RY : Vk§ — r*(b™ + y$) + o%v& > 0} n {(p, pg, u™, v§, o, r%,b*,V, k"‘) erY:
(Vp3 k= rb) 1y S(pg + b* ) > 4o%bpgpsy3ed

Theorem 3 LetEq,; € Dl be the equilibrium point of system (2) and the following conditions are valid:

YV < K&V, (PSV +y§u)vSr* + k3V) < pSo®y3* and pSV + v§u™ > o.

Then Eq, is locally asymptotically stable.

Proof The Jacobian matrix of the model (2) at Eq; is

vk 0 0 ;
— o%y; x V
| O Mg o ’
x oy _ oYy % _px V o%y5e
le sz 28 Pzﬁ sz
0 0 0 —-vg

The characteristic equation is |J(Eq;) — Al = 0. Hence, (v — ;"La - A)(r* -pg p“‘%% k%% =M (=v§ = A)(—u*-pS % -A)=o.
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. & X g
Eigenvalues of J(Eq;) are Ay = v§* — k;"% JAy =% — p?% - k%% JAz = —p& — pg‘% , A, = =Y . From the conditions we
have A; < 0 fori = 1,2,3, 4. Therefore, |arg(A;)| > 4. By Theorem (1), Eq, is locally asymptotically stable. |

Theorem 4 LetEq, € D, be the equilibrium point of system (2) and (pS5' , p§, u™, v, 0%, r*,b™,V,k¥) € D; n (Q* U P*), where

Q" = {5, P51, v5, 0%, 1%, b, V, k) € R 1 d%,dy > 0,vity§ < K&V and ((2b™ + p)(d + k§psV)rys — b By S (b*psV - pvg +
by § ) +rEy F(—p3ny § + 202X (pFVy S ) ~b(ApS (G +PEIV+y S (2o n®)))=d) < OLP* = L(pS, P§, ™, S, 0%, 1%, b, V, kf) €
RY :d?ord; < 0,v§yS < k&Vand

Re( ((2b% + pS)(d + KEPSVIF*yS = o3y S(bpSV = PSS +b¥yF ™) + 2%y, (-p3ys + 20%(pSV + y§ 1) = b(d + pS (ks + pSIV +
v5(2+ 1)) —di)) < 0},

whered = \/ —4obapgpyray3® + (kEpSV — bxpgraV — pSray§ — baraygue)2 andd; = (r**y3%((-ps (d+kFpsV—-psreys)+b>*(—2+
ror(psV + y5u®) + b(d(=2 + r*) — 2kFpSV + pSre((kg + pSIV + y5(2 = r* + u%))))* — 8b%pg

(—K2Xp2 (=241 V2 —2KEPSTHV(—pS (=241 y S+ DX (PSV+y § n®))+r¥(—p3(—2+r%)roy 2%+ b2 2% (pSV+y 1) 2 +2b* Sy S (pSTV —
20%p3ys + r¥y5u®)) + d(=kpp3 (=2 + r)WV + r*(p3 (=2 + r¥)y5 + b¥r*(p3V + y31u™)))))).

Then Eq, is locally asymptotically stable.

Proof The Jacobian matrix of the model (2) at Eq, is

yE-k¥¥ o o o0

RS
=] 0 s du |,
J31 J2 I3 J3
0 0 0 —v¥

where

L (PEVArTh — k) + 1y E(p — %) — | [~hobapgpgTay I + @2
Jo2 =1 — pSy TS

| (PSV(reb™ — k) + ryS(pS + b¥ %) + | [~hoxbapgpgray3 + a2 eV
2p5v5 s

PSV(rb™ — k) + r*y$(p§ —b*u®) =\ /=4o*bopgpgray3s + a2

J3=-— péx 2pSySrab
e PSVE(reb™ — k) + réy$(ps — b*p®) - \/—AG“b“pg‘pg‘r“y%“ + a2
Jay = = K7 2pgySroabe ’

PSV(reb™ —k§f) + r*y5(ps +bu*) + | /[~4obpgpgray3* +a>
2p5pSYs '

31 =p1

PSV(reb™ — k) + r*y$(ps + b*u*) + /~hobopgpgray3* + a2

J2 74 =~ 2575

(6)

+ —
2p3vgTebe %3

jas = —u®—p (P‘sz(rocbtx - k%) £ oy (pS — h* %) — \/—AU“b“pg‘p%rocy%oc @y >
33 -7 — P2 '

The characteristic equation is |J(Eq,) — AIl = 0. Hence,

o V(v [ (e PRV KE) £ PS8 — bW -\ [—hosbopspsrey3 s @@
(vi s ye )(=v3 ) ( p3v5Te
_ (p%V(r“b"‘ — k) + P y§(pS +b* ) + | [—4oobepgpgrayie+ az) ke Yoy
2p5vs G
PRV KD s (g — b - Johosbepgpsrestea y
( H" = P2 2pSySrabe 7% )>
pSV(reb — k%) F Iy S(pg — b ) — \/—AU“b“pz"‘p%r“y%“ + a2
- 2y§‘r°¢b°¢

PSV(r*b™ — k) + r*y$(ps +b*u®) + | /~hobapgpgray3e + a2
( KA, X = O
2p3Y3
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Eigenvalues of J(Eq,) are A; = v§ — k;"yia, Az = =S,
2

1
Py S (=p3*ys + 2> (pSV + v u™) = b(d + pS((kF + pSIV +v5 (2 + 1))
— P3N ((—pS(d + kEpSV — pSTeys) + B2¥ (=2 + r)r™(pSV + v5 ™) + b*(d(—2 + r*)
— 2kFPSV + pSTo((RE + pSIV +v5(2 = r* + 1%))))* — 8b*pS (—kg*p3~ (=2 + r)V?
— 2kFpSTV(=pS (=2 + r¥)yS + b*(PSV + y5u®))
+ (=P X (=2 + rO)ry3% + D2 X (pSV + v S u*)? + 26 pSy S (PSTIV — 20%pSy S + r¥ySu®))
+d(=kFpS (=2 + r )W + r¥(pS (=2 + r¥)y§ + b*r*(pSV + v5u))N))).

1
A = s (2D + pIr(d + KEPSVIYE — OBy (b pSV — pSyg + by S u®)
(4bxpgraay3%)

Y5 (=p3%vs + 202X (pSV + v u®) = b¥(d + pS((KF + pSIV +v5 (2 + 1))

+ PY3((=pS(d + KEPSV = pSToy ) + bP¥ (=2 + r*)r¥(pSV + v5 1)

+b%(d(=2 + %) = 2kFpSV + pST((KF + pSIV + v3 (2 = 1™ + u))))?

= 8b*pS(—kgp3™ (=2 + r*)V* = 2kFPSTVE(—pS (=2 + r¥)y§ + bX(PSV + ySu*)) + r*
(=P3%(=2 + )y 3% + BPXPX(pSV + v 5 u®)? + 2b*pSy S (PSTXV = 20%pSy 5 + r¥ySu®))
# d(-KEPS (=2 + W + 1 (pE(=2 4 1)yE + DX r*(pSV + YN,

As ((2b% + pSIr(d + kEPSV)vS — b* Py S (b pSV — pSvg + bXy§u®)+

From the conditions we have A; < 0 for i = 1,2, 3, 4. Therefore, |arg(A;)| > %% by Theorem (1) and Eqj is locally asymptotically stable. W

Theorem 5 Let Eq; € D be the equilibrium point of system (2) and (p5' , p$°, u* , v5, 0% ,r%,b%,V,k¥) € Dy n (Q* U P*), where Q* =
(S, S, u™*,v§, 0%, r%, b, V,k%) e R : d®,d1 > 0, y{vS < k&¥Vand ((2b* + p§)(=d + kFpSVIr*y§ — b 3%y §(b*pSV — pgvs +
by §u®) + 2%y S (=p3*y s + 202 (pSV + v5u®™) — b*(=d + pS((k§ + pSIV +y5(2 + 1)) — Vi) < 0}

P* = {(p5,ps,u*,vs, 0%, r%,b*,V,k3) € RY:d?ordi<0,v§vS < k&Vand Re( (2b* + p$)(—d + kXpSVIr*yS — b*r3%y $(b*pSV —
PSYS + by S ) + PXyS(=p3Ty S + 267X (pSV + v ™) = b¥(=d + pS((k + pSIV + v5 (2 + u*)))) + /dy)) < 0},

where d = \/—Acrab“pgpgray%m + (k§psV — bxpgraV — pgroys —boreygux)2 and dy = (r2oy2%((-pg(d + kEpSV — pSroys) +
B> (=2 + 1) r¥(pSV + y5u®) + b¥(d(=2 + r%) — 2kFpSV + pSr((ky + psHV + y5(2 = r% + u¥))))> - 8b*ps

(=k2Xp3(—2+1%) V2 —2kEPSTOV(—pS (—2+1%)y S+ DX (PSV+yF ™)) +r¥(=p3o (=2 + 1) ry 3 X + b2 X2 X (pSV +y S *)? +2b*pSy S (pSTV —
20%pgy s + 1y 5 u®)) + d(=kgp5 (=2 + roWW + rX(p3 (=2 + r*)y5 + b¥r*(p3V + y5u)N))).

Then Eqs is locally asymptotically stable .

Proof The Jacobian matrix of the model (2) at Eqs is

v - k;"% o o o
J(Eqs) = 0 Mmoo |,
Ja Jo i U3
0 0 o0 —v%
where
e (PRVOTDE—KE) + rOyS(pS = b ) + | [—hoobapgpgrayi + @2
J22 = - p(zx,yzocrlx
pV(r*b* — ki) + ry5(ps + b*u®) — \/—AG“b“Pi‘Pg"r“vﬁ“ ra> oy
- 2p5vS ~k vs)
PV = k) r*yS(ps —b¥u) + \/—4o“b°¢pgp§‘rtxy§“ + @2
J23 == P3 2pSySrabe ’
o PEVOSDY D) £ Py - bn) + [ ~hobpgpgrey3® + a2
Jog =~ Kr 2p§‘y§‘l’°‘b°‘ :
E :p“pS‘V(r"‘b"‘ —k§) + 1y $(ps + b*u®) = | /~4oxbpgpsrayd + @
3 2p5P5YS '
i ot _pyV(rTb* - k3) + réy5(ps + b*u*) - \/—AG“b"‘P%P;‘T“V%“ +a2
32 7J34 ZP?V% :

+ —
2pSygrabe Y5

[ (p%V(r"‘b"‘ —k§) + 1y S (pS — b ) + | /~hobapipsrayd v @ y )
33" H ~P2 :
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The characteristic equation is |J(Eqz) — AIl = 0. Hence,

pg‘V(r"‘b"‘ _ k%) + %y E(pg — b* ™) + \/—40"‘b°‘p§‘p§‘r°‘y%“ + a2

(1 —k"‘y = A)(=v3 = AN

2 p3 YT
pSV(reh — k%) + %y (pg + b %) — \/—4o'“b°‘p§‘p§‘r°‘y%“ + a2 LV
- Shve )~k g )
(e (pg‘V(r"‘b"‘ = k) + réyS(ps — b*p) + \/ LoxbxpgpSroayle + g2 LV )
K zy“r“b“ ﬁ

PSV(rb™ — k) + Iy (pg = b*u™) +/~40bopgpgray3= + a2
Zy"‘ro‘bo‘
pSV(reb® — k"‘) +r%yS(ps + b*u*) - \/ Acro‘b“p“p“r“yz‘x + a2
2p3v3 )

)=o.

Eigenvalues of J(Eq3) are A; = v{* — kg‘y“ y Ax = =v¥,

s W
YE(=p3oyS + 2b**(PSV + v 1) = b¥(d + pS((KF + pSIV + v5(2 + 1))
—(rz“v%"‘(( p5(=d + kFpSV = pSrys) + (=2 + r¥)r*(psV + v5u®)
+ bX(=d(=2 +r%) = 2k§pSV + pSTo((k§ + pSIV + v5(2 = r™ + u%))))*
— 8b*pS(— kT p3* (=2 +r*)v? — 2RFPSTOV(—pS(—2 + r¥)yS + b*(PSV + v5u™)) + r*(—p3 29(=2 + r)r*y3% + pP2X 2% (pSV

(2 + pE)r(~d + KFpSV)YS = By S(b7pSY — pFvS + b¥y5 1)

FySFu®)? + 2b*pSy F(PSTV — 20%PSy S + 1%y F ) — d(—k§EPS (=2 + IV + r*(pF (=2 + r¥)y§ + bEr*(pSV + yFu))HNY?),

1
Mo = Gbapgrasy ey (D7 + PO (—d - kip3V)ys - bEP*y5(b*p3V — pSy5 + b y3n®)

PoYS(=p3Tys + 20> % (pSV + v5 ™) = b¥(=d + pS((kF + p5IV +y5 (2 + 1*))))
+ (POY3%((—ps(d + kFpSV = pSToyS) + b>X(=2+ r)r¥(pSV + ySu®) + b¥(d(=2 + r*) — 2kFpSV + pSr((k + pSIV+
Y2 = 1%+ 1%))))* — 8bpS (=K *p3* (=2 + r*)V> — 2kFpSTV(—pS (=2 + r¥)yS + bX(pSV + y51u®))
+ 1(=p3% (=2 + r) 3% + D2 (PSV + v S p*)? + 2b*pSy S (pS TV — 20 % pSy S

H Py U%)) = d(=kgpS (=2 + IV + r(p5 (=2 + 1)y 5 + BEr*(pSV + y§ u)NNM?).

From the conditions we have A; < 0 for i = 1,2, 3, 4. Therefore, |arg(};)| > &%, and by Theorem (1), Eqs is locally asymptotically stable. B

5 Anumerical technique for the proposed fractional-order model

In this section, numerical solution of system (3) is carried out using the Predictor-Corrector method of Adams-Bashforth-Moulton [32, 33]
for different « € (0, 1]. We implement the Caputo fractional operator to provide the numerical simulation of a nonlinear fractional order
system. The following Cauchy-type ODE is taken into account with respect to the Caputo operator of order o:

DEDED (1) =f(t, @ (t)), ©®(0)= a0k o<x<1, o<t<m, )

wherek = 0,1,...,n—1, and n = [«] . Equation (7) is equivalent to the following Volterra equation:

k
@(t)—Z@S") e 9T s o s ®)

By considering this proposed predictor-corrector scheme associated with the Adam-Bashforth-Moulton algorithm [4, 6] to have the
numerical solutions of the proposed model, we can take h = /N, t; = zh,and z = 0,1,...,N € Z*, by letting ®; ~ @ (tz), it can be
discretized as follows, i.e., the corresponding corrector formula [6]

q-1 tZ ho q ho
1
Sgr1 = ZSE,Z) qZJ; TS D (Pzq+1) (vi'Sz — k§'MzSz) + Fla+2) 2 Z (Pg+1,g+1) (Yl Sei1 = k&MEES, q+1>
z=0 : z=0
q-1 tZ he q
- z) q+1
Toa = ZIOG S (uan) (70 BTT: - G3E M

hx PF \mPF PF
+7r ((X v2) Z:ZO (pq+1’q+1) <r"‘(1 - b‘XTq+1)Tq+1 - (ng(ﬁ'l + k?ch+1)Tq+1>



Ozkoseetal. | 75

q o«
_ E® q+1 _ PrEzSz _
Ega1 = Z AT (cx ; 2) Z:ZO Pz,q+1 (a"‘ w*Ez + ﬁ pS(Tz + Mz)E;
EPF_GPF
h* P1Eqi1Sq+1
Tar2) 3. (Pasen) ( 1 Egn =g~ P3(Tgn + Mg |
z=0 q+1
q-1 tZ he q ho q
_ z) "q+1 PF
M = LMG T ey & (Paen) (CVEME V) iy 3 () (VM - VO),
where
a1 = (q- ) (q+ 1), ifz=o,
Pz,q+1 = (q z+2)¥ 4 (q-2)* —2(q-z+1)*, if1<z<gq, 9)
1, ifz=q+1

Subsequently, the following step is to construct the coincident predictor formula ®FF q+1- One can compute the proposed predictor formula as

PF o @ tan he J
_ : 04 X
Sq+1 = ZSO 2 + m Z (_’Z,"‘q+1) (Y1 Sz — k¢ Mzsz) )
z=0 z=0
q-1 tZ he q
Tgf1 = Z T(()Z) q);l + T(a+1) Z (z,q+1) (r*(1=b*Tz)Tz - (P3 Ez + k{Mz)Tz),
z=0 z z=0
q-1 tZ o4 q 24
PE _ (2) lgr1 h . _ PrEzSz
Eq+1 = ;Eo Z! + m Z;) Uz,q+1) (a“ uw¥Ez + S 1 p5(Tz + Mz)Ez |,
q-1 tZ o« q
PF (2 g+ h . B
MQ+1 - Z;JMO 71 + (o +1) Z;Q UZQ*I) ( vy Mz + V(t)) )

where
Jzgn1=(@+1-2)* = (q—2)*
6 Memory trace and hereditary traits

To examine the behaviour of the proposed model (2), we use the Caputo operator defined in (2). For « € (0, 1] derivative, let the fractional
derivative of variable @ (t) be

cDF@ (1) = b (D (1),1). (10)
Utilizing the one of most common numerical methods, the L1 scheme [22, 23, 24, 21], the numerical approximation of the FOD of @ (t) is

o (dt)_“ =t 1— 1—a
DIV~ o s Z (tpsa) = @ (tp)] [(T = p)' ™ = (T=1- )| . (1)

=0

One of the most powerful numerical methods for discretizing the Caputo-FOD in time is L1 scheme. The purpose of implementing the L1
scheme in this research study is its memory term and convergence rate. Memory term is also explicitly present in other numerical methods,
but this memory integration term is more clearly defined in the L1 scheme. Considering (10) and (11) together, the numerical solution of
Eq. (10) is as follows:

T-2
®(ty) ~ ch‘r(z—cx)H(@(t>,t>+d>(tT_1)—{Z (tps1) = @ (tp)] [(T—p)““—(T—l—p)l-ﬂ.

p=0

Therefore, the solution of the FOD (fractional-order derivative) can be defined as the difference between the Markov term and the memory
trace. The Markov term weighted by the Gamma function is as follows:

Markov term = :DfT' (2 — x) H(D (t),t) + © (t7_;). (12)
The memory trace (®-memory trace since it is related to variable @ (t)) is
T2
Memory trace = > [® (tp+1) = @ (tp)] [(T - X —(T-1-p)I7%]. (13)

p=0

The memory trace is capable of integrating all past activities and takes into account the long-term history of the system. For « = 1, the
memory trace is 0 for any time t. Memory trace dynamics is highly dependent on time. When the fractional-order « is decreased from the
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Figure 1. Change of the cancer stem cells over time for the varying fractional-order derivative

unit, the memory trace nonlinearly increases from 0. Hence, the fractional-order system dynamics quite different from the integer order
dynamics.

7 Numerical simulations and data analysis

In this section, for the system (2), the numerical solutions are achieved using the Adams-Bashforth-Moulton Predictor-Corrector
method [34] for the parameters in Table 1. With the help of numerical simulations, we have investigated the effects of changes in
parameters on the system (2) and how different values of the fractional derivative « affect the behavior of the system. The parameter
values that have been used for numerical simulations are given in Table 1. In Fig. 1, the variation of cancer stem cells with time for different
fractional derivatives have been observed. As the « decreases from 1, that is, in the case of the Caputo fractional derivative, it takes a longer
time for the stem cells to reach the equilibrium point. In Fig. 2, the change of tumor cells with time for different fractional derivatives
have been observed. It has been seen that tumor cells disappear in a short time for the integer order case. In addition, since the fractional
derivative decreases from 1 to zero (does not equal to zero) , the amount of decrease in tumor cells per unit time also decreases. In Fig. 3,
it has been seen that the concentration of effector cells decreases in a short time, then their concentration suddenly increases and then
reaches the equilibrium point. In addition, as « decreases from 1, it takes a longer time for effector cells to reach the equilibrium point. In
Fig. 4, the variation of chemotherapy concentration drug with time for different fractional derivatives has been illustrated. It is understood
from Fig. 4 that, the fractional order predicts more chemotherapy concentration drugs. Moreover, in Figs. 5,6,7, the changes of tumor cells
and cancer stem cells with time have been investigated for different values of parameters. It is understood from Fig. 5 that as the v, (decay
rate of chemotherapy drug) increases, there is a significant increase in the number of tumor stem cells. In addition, we vary the parameter
ks and keep other parameters fixed in order to explore the effects of this parameter in Fig. 6. From Fig. 6, it has been shown that as ks
decreases, the number of stem cells also increases. In addition, it is clear from Fig. 7 that as k decreases, the number of tumor cells also
increases. We also explore the effect of the memory trace in Figs. 8,9,10, 11. One can conclude that when « = 1, the memory effect in the
system is zero and as the « increases to 1 the memory effect of the system also emerges.

8 Results and discussion

In this paper, we have considered the Caputo fractional order cancer-immune system model that is given as a system of fractional differential
equations (2) which have Caputo fractional derivative. We explore the local asymptotic stability of the tumor-free and tumor-infection
fixed points of the system and we show that the equilibrium points of the model (2) is asymptotically stable under some certain conditions.
Then, we have examined the existence and uniqueness of the solution. Moreover, we have achieved the numerical simulations to verify
the theoretical results. In order to explore the effects of variation of the fractional order derivative and to examine the behavior of the
system, we have obtained the figures for different « values. It is seen that as « decreases from 1, the cells reach the equilibrium points
faster. In addition, we have investigated the effect of the memory trace, which is very important for biological models. When examining
the effects of the memory trace, it is seen that there is no memory effect for « = 1. However, as « decreases from 1, the memory effect of
the system emerges. From the figures, we have concluded that the Caputo fractional derivative gives more realistic results than integer
order derivatives. Although, there have been many studies that discuss the tumor-immune interaction in the literature, our model differs
from them in terms of exploring the interaction between stem cells, tumor cells, effector cells and chemotherapy concentration drugs. In
addition, also, it differs from other models in terms of the mathematical studies presented above.
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Chemotherapy concentration drug plays an important role in the prevention of tumor growth. According to the results, if the chemotherapy
concentration drugs are high, then the tumor cells undergo a considerable loss. When the simulation results have been examined, it has
been observed that as « changes, the stem cells, the number of tumor cells, number of effector cells and chemotherapy concentration drug
also change significantly. We hope that this study will make very high contributions to academics both dealing with mathematics and
working in the field of medicine.
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Abstract

Calcium is a vital element in our body and plays a crucial role to moderate the calcium signalling process. Calcium-dependent
protein and flux through the sodium-calcium exchanger are also involved in signalling process to perform and execute necessary
cellular activities. The loss or alteration in this cellular activity starts the early progress of Parkinson’s disease. A mathematical
calcium model is developed in the form of the Hilfer fractional reaction-diffusion equation to examine the calcium diffusion in the
cells. The effect of calcium-dependent protein and flux through the sodium-calcium exchanger is incorporated in the model. The
solution of the Hilfer fractional calcium model is obtained by using the Sumudu transform technique in the form of the Wright
function and Mittag-Leffler function. The graphical results are obtained for the different amounts of proteins, presence, and
absence of sodium-calcium exchanger, and various orders of Hilfer derivative. The obtained results show that the modified calcium
model is a function of time, position, and Hilfer fractional derivative. Thus the modified Hilfer calcium model provides a rich
physical interpretation of a calcium model as compared to the classical calcium model.

Key words: Calcium; sodium-calcium exchanger; Parkinson’s disease; Hilfer fractional derivative; Sumudu transform
AMS 2020 Classification: 26A33; 35Q92; 35R11; 92B05

1 Introduction

Neurons a main component of the brain also refer as nerve cells that transfer the message from the brain to other parts in the form of
electrochemical gradient and vice versa. The major part of a neuron is made by a combination of a cell body, axon, and dendrite. Dendrite is
a long tree like structure that receives information from the other neurons and is passed to the cell body. The cell body is a central part of
the neuron that analyzed the received information and prepared a necessary outcome. The axon received the outcomes and carries them to
other neurons. This is the basic life cycle of a typical neuron. Our brain consists of around 80-90 billion neurons so it made a complex
neuronal network to perform and execute cellular activities [1]. Besides neuron, astrocytes and glial cells are also supports and moderate
the requisite cellular activities [2].

Calcium is also known as the second messenger and it is found in almost all kinds of nerve cells such as a neuron, astrocytes, oocytes, and
many others. Calcium diffusion is a very dynamic process in the cells to understand the calcium signalling phenomena. Calcium diffuses
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into the cell and reacts with protein, channels, pumps, and many other cellular entities. Due to the complexity, we have incorporated the
flux through a sodium calcium exchanger in the presence of protein only. They diffused and produce the calcium depending protein as
per a requirement of the calcium signalling process. The cytosol feels like a full of free calcium then the calcium buffering phenomena
convert the level of free calcium into calcium dependent protein. That generated protein is utilized for fertilization, cell differentiation,
synaptogenesis, and so on [3, 4]. The sodium calcium exchanger is also one of the major sources to transform free calcium from the cytosol
to cells. They exchange three sodium ions against one calcium ion. That is three sodium ions enter into the cytosol and one calcium ion
exists from the cytosol. In the present study, we have considered the sodium calcium exchanger with an exchange ratio of 3Na* : 1Ca**
[5, 6, 7]. The alteration in the process to manage free calcium in the cells for long periods may result in various neurological diseases namely
Parkinson’s, Alzheimer’s, Amyotrophic lateral sclerosis, etc [8, 9]. Parkinson’s disease (PD) is a disorder of the nervous system strongly
associated with the dysfunction or alteration of calcium signalling. There is numerous factor associated with it such as environmental
effect, age, gene mutation, misfolded protein sequence, calcium homeostasis, etc [10, 11, 12].

Panday and Pardasani have employed the finite element method to study the role of sodium calcium exchanger on calcium diffusion in
oocytes cells [5]. Tewari and Pardasani have employed Gear’s method to study the role of sodium calcium exchanger, calcium channel,
plasma membrane, sodium pump and buffer on calcium diffusion in neuron cells [6]. Tha et al. have employed the finite element method to
study the role of sodium calcium exchanger by considering a point source and line source of calcium flux on calcium diffusion in neuron
cells [7]. Also, there have been several experimental attempts that were performed in the past to identify the role and physiological impact
of sodium calcium exchangers on various cells [13, 14, 15, 16]. Beside this a researches has explored the role of parameters of calcium
toolkits on astrocytes [17, 18, 19, 20, 21, 22], neuron [23, 24, 25, 26, 27, 28, 29, 30], oocytes [31, 32], myocytes [33, 34, 35], hepatocytes
[36], and T lymphocytes cells [37, 38]. Thus a very little amount of work has attempted to study parameters of calcium toolkits by using
the fractional calculus approach. Also, the literature suggests that none of the researchers and scientists has studied the effect of sodium
calcium exchanger and protein on calcium diffusion and related to Parkinson’s disease. Therefore, in this paper, we have studied the role of
sodium calcium exchanger and calcium dependent protein on calcium diffusion by using the fractional calculus approach.

The fractional calculus is a generalization of the integer-order calculus and it provides more accurate results as compared to classical
calculus. Hence, it is widely used in mathematical modelling of science and engineering, medical, and almost all area of education
(39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60]. Nowadays, numbers of the fractional derivative are
available to deal with real-world problems such as Caputo derivative, Caputo-Fabrizio derivative, Atangana-Baleneu derivative, Hilfer
derivative, Weyl derivative, Conformable derivative and many more. We have used the Hilfer fractional derivative in this study because it is
a generalization of the Caputo and Riemann-Liouville derivatives [61]. Also, there are a number of effective methods such as differential
transform method, double Laplace transform, Fourier transform method, Sumudu transform method, iterative method, Adomian de-
composition method, homotopy transform method, and many more. We have used the Sumudu transform method in this study because
itis best to our problems and it provides a closed form solution of the calcium model in terms of Wright function and Mittag-Leffler function.

The structure of this study is as follows. In Section 2, we provide some basic definitions that are used in this study. In Section 3, we develop
a mathematical formulation of the calcium model then, we modify the model in the sense of the Hilfer fractional calcium model. The results
are obtained in Section 4 for different amounts of calcium protein and sodium calcium exchanger. In the last Section 5, some conclusions
are derived from the proposed results.

2 Mathematical preliminaries

The mathematical model developed in the present study is solved by using the Hilfer fractional derivative and Sumudu transform technique.
The basic definitions of the Hilfer derivative and Sumudu transform are provided here that can be used to solve the model [61, 62, 63, 64].

Definition 1 The Riemann-Liouville fractional order integral for a function y(t) is defined as

t
1 (y(t) = ﬁ j(t - &)Uy (e)de, )
a

wheret > a,and R(u) > o.

Definition 2 The Riemann-Liouville fractional order derivative for a function y(t) of order u is defined as

n
Botow) = () @), 2)

where R(u) > o.

Definition 3 The Caputo fractional order derivative for a function y(t) of order u is defined as

t m
1 y™E) _
CDU(y(n) = | T | grmde mot<usm,

m
gtTY(t)) u=m,

(3

whereR(u) > 0andm € N.
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Definition 4 The Hilfer fractional derivative for a function y(t) is defined as
Hp"V(y(t)) = Itv(l—‘ﬂ%(Igl—"xl—“)y(t)), 0<u<1,0<vV<L (4)

Remark 1 The Hilfer fractional derivative is a generalization of the Riemann-Liouville and Caputo fractional definition. The Riemann-Liouville
and Caputo fractional definitions are recovered by settingv = 0 and v = 1respectively in equation (4).

Definition 5 Let consider a set A over the function y(t) as
A={y(t) : 3IM, 11, T2 > 0, ly(D)| < Mt € (-1) x [0, 00)}, (5)

then the Sumudu transform of function y(t) over the set A is defined as

[ee]

SIy(O} = Y(p) = j

o

%e_éy(t)dt, p € (-1, T2). (©)

Definition 6 The inverse Sumudu transform of function Y(p) is defined as follows

» ) y+ioco t
SHYER=y0= o | P Y, @)

y—ico

wherey € Ris a fixed number.

3 Mathematical formulation of the calcium model

The calcium in the cytosol is diffuse with protein and produces a different chemical species that modulate the cellular process and is
represented by the chemical equation as

Ca?* + B; ,’:ﬁ’ CaB;, (8)
where Ca?* represents calcium ion, B; represents the proteins calbindin-D and CaB; represents the produced calcium dependent protein.
P » Of P p 28k i P p P p

The calcium flow in the cell at any position and time is determined by the following partial differential equation [23, 31, 32, 33]
0 [Ca** ) = Deg 2 [Ca 1+ Y Ry + )
3tvY 1 =Ygzt Z i+f. 9
1

The rate of change of calcium is denoted by the first order derivative with time, the diffusion of calcium is denoted by the Laplacian operator,
D, is the diffusion coefficient, f denoted the calcium source from cellular entities, whereas the summation corresponds to multiple proteins
and reaction term is a combination of chemical reactant and it is described as

R; = —k*[B;)[Ca®**] + k™ [CaB;]. (10)

The similar chemical reaction for the proteins and calcium dependent protein follows the Fickian diffusion mechanism and is defined as
(65, 66]

3 _ 92
E[B,-]_DBAE[BI-]+R1-, (11)

d 92
a[CaBl] = DCC!B,' . W[CGBI] - Ri’ (12)
where Dg and DCaB,- represent a diffusion coefficient of proteins and calcium dependent protein, respectively.

Thus to identify the calcium flow in the cell at any moment it is necessary to solve the given system of partial differential equation

2
2 (Ca**] = Dgq 2 [Ca** ]+ T R; +f,
1

S¢(Bi1=Dg- ;T?Z[Bi];Ri» (13)
%[CGBI] = DCﬂBi . %[CGBI] - Ri'
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Modified calcium model in form of Hilfer fractional derivative

The classical model is replaced by Hilfer fractional model to catch the memory of cells that increase the complexity of a model but
simultaneously increase the accuracy of a model. The classical calcium model (13) become as

D P1Ca**1(x,6) = Dgg 2 [Ca** 1(x, 1) + SR +f000),
4D P (B)(x,t) = D - a,a[B 10+ B0, "
07 P 1CaBi)(x, 0=Deap, - 3z [CaBi1(x, 1) = Ry(x, 1),

whereo< x<1,0< B <1

The molecular weight of calcium is very small as compared to proteins and calcium dependent proteins. Hence by using this assumption we
have Dp = D¢qp, = D; and we get the following equation

80P 1B 1p(x,t) = D; [B 17(x, 1), (15)

la 2
where [Bl]T = [Bl] + [CQBI].

The background concentration of proteins and calcium dependent protein in the terms of a total concentration and dissociate constant are
givenas [66]

__ KBy
and
_ [Ca** 1 [B;]p
[CGB,-]OO = m» (17)
whereK = k™ [k*.
Thus by combining equations (15-17) the model (14) is converted to a Hilfer fractional reaction diffusion equation which is given as
aZ
HppoPrea® )(x, 1) = DCGW[Caz"](x, )= 3 k{[Bi] ([Ca® 1(x, 1) — [Ca®* 1) + flx, 1), (18)
i

whereo < x<1,0< B <1.

The sodium calcium exchanger flux is considered in the model whose electrochemical gradient is involved in the signalling phenomena.
There are two valence ions of calcium they provide the given equation [5, 6, 7]

Atigq = ZFVm + RTIn (ga ) . (19)

do

Similarly, there is one valence ion of sodium they generate the following equation as a result of electrochemical gradient as
Aptyg = ZFVm + RT1n <N3 ) . (20)
0

The exchange ratio of sodium and calcium ion is 3:1 that is three sodium ions enter into the cytosol and one calcium ion removed from the
cytosol. The mathematical expression of the sodium calcium exchange ratio is given as

3Appg = 1Apcqg- (21)

By combining the electrochemical gradient and sodium calcium exchange ratio the equation (19-21) becomes as

Ca; Na;
2FVm + RTIn < Ca0> = 3FVm +3RTIn < Nae ) (22)

The rearrangement of equation (22) gives us the following equation

Ca; _ (Ng; 3;37%1 (23)
Ca, ~ \Nao ’ 3

Thus the mathematical expression for the sodium calcium flux becomes

Na; \3 EVm
fex = Ca°<Na;> eRl, (24)
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where Ca;, Cao, Na; and Nao are the intracellular and extracellular flux from the respective ions. By incorporating the flux through sodium
calcium exchanger into the model the equation (18) becomes

2
EDpPrea® 1(x, 1) = ch%[cczz*](x, )= Y k(B ([Ca>* (1) - [Ca®" o) — fiycx- (25)
i

The initial and boundary conditions of a problem are as

. 0
lim (—DCaa[Ca”]) = ocgit > 0, (26)
lim ([Ca2+]) = [Ca%** Joo)t > O, (27)
X—o00
[Ca?*] 1o = 90 <X <00, (28)
For sake of simplicity the equation (25) rewritten as
Hpo, B az
th ! C(Xy t) :DCQEC(Xy t) - E-‘C(X) t)+1~|)1 (29)

FV,
where0 < « <1,0 < B <1,& = k*[Bjloo,and ¥ = k*[B;]ocoCoo — Cadﬁ—i"’)geﬁn.

The corresponding initial and boundary condition are

. oC\ _  o¢q

}E)I(l) (a—)() = D—Ca,t >0, (30)
lim C(x,t) = Coo,t > 0, (31)
X—00
C(x,0) = 0,0 < X < co. (32)

Applying Sumudu transform on both sides of equation (29) with respect to time then we get
—ag g 3 0% (a-p)a-a) . ¢ ¢
SNCCDEE %@ (15 (x,0)) =D¢q 55 Cx,5) = £- CO,9) + b, (33)
Using the initial condition (32), equation (33) can be written as

o 22 . .
sT%C(x,s) = Dcamc(x, s)— & C(x,s) + ), (34)
The equation (34) can be rewritten as

aZ

- 1 - C —
2 C008) = = (T — £ 0y s) + ) = 0, (35)

Further simplification of equation (35) lead us to the given equation

o - sTX—¢ v o
WC(X,S) D, C(x,s) Di(:a =0, (36)
Thus the Sumudu transform of the equation (29) is obtained as
- sTx—§¢ sTx—§ V
C(x,s) = C; ex x+Cyexp | — X— — , (37)
e ([ e oo (T e
By Applying the Sumudu transform on the boundary conditions (30-31), we get
9 ¢ - _%Ca
ac(oy S) - D ) (38)

Ca
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and
Jim C(x,s) = 0. (39)
By using equations (38-39), equation (37) turns out to be
7 - %Ca /2 _[sTx =& _ v
C(x,s) = 7\/1)705 exp ( Do =y (40)

To invert the Sumudu transform of equation (40) we use the following inequalities [64]

s (p“/ze‘xp_m) =tPw (=2, 2+, -a ), (41)
and
p-1
5 (25w ) = B0, )

By using equations (41-42) the inverse Sumudu transform of equation (40) gives the following results

&
Clx,t) = %e\/ Pea pol2yy <—% o4, —%t‘““) — WtEq, r1(EEY), (43)
V+¥Ca V+¥Ca

where W («, ,v) and E, g (z) are the Wright function and Mittag-Leffler function for two parameters respectively [61, 62, 63].

4 Results and discussion

The numerical values for the physical parameters are given in Table 1 and are used in the computation of the calcium profile.

Table 1. Values of physical parameters [5, 6, 7, 66]

Parameters Values of parameters
Diffusion coefficient (D¢, ) 200-300 (um?/s)
Buffer associate rate (k*) 75 (uM™1s71)
Concentration of protein ([B;]) 100-360 (uM)
Intracellular sodium ([Na*]); 12 (mM)
Extracellular sodium ([Na*]), 145 (mM)
Intracellular calcium ([Ca**]); 0.1 (M)
Extracellular calcium ([Ca?*]), 1.8 (mM)
Source amplitude of calcium (o¢y) 1.4 (pM™1s7h)
Faraday’s constant (F) 96485 (C/mol)
Gas constant (R) 8314 (J)
Temperature (T) 310 (°K)
Membrane potential (Vi) -0.06 (V)

The solution (43) of the modified calcium model (14) in form of Hilfer fractional derivative is used to obtain a graphical calcium profile for
low and high proteins level and sodium calcium exchanger. The calcium profile simulated for the values D¢, = 250ptm?/s, low protein level
[B;loo = 120uM, high protein level [B;]o = 340puM and for various values of « in Figures 1 to 6. Figures 1-3 show variations of calcium
versus time for different biophysical parameters whereas Figures 4-6 show variations of calcium versus position for different biophysical
parameters.

In Figure 1 we show calcium profile versus time near the source x = 0 for the low level of proteins level and presence of sodium calcium
exchanger. The calcium profile is high for the lower values of fractional order up to 0.35 seconds then the calcium profile is high for the
higher values of « and after 0.7 seconds the calcium profile achieves the steady level.

Figure 2 shows calcium profile versus time near the source x = 0 for a high level of proteins and presence of sodium calcium exchanger. The
profile suddenly attains the peak near 0.1 second due to high level of proteins then decrease gradually to attain a steady level. The peak
level of calcium profile in figure 2 is less compared to figure 1. This happened due to high proteins reacting with calcium in cytosol and
producing calcium dependent protein that reduce the peak values of calcium profile and protect the neuron cells from the high level of
calcium. A high level of calcium for large periods is toxic for cells and generates the symptoms of Parkinson’s disease.

Figure 3 represents the calcium profile versus time for the low level of proteins level and absence of sodium calcium exchanger. The profile
gradually rise and achieved a peak value due to low protein level. The profile attains more peak values as compared to Figure 1 due to the
absence of sodium calcium exchanger as it removed the calcium from the cells against sodium. Thus the presence of sodium calcium
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Figure 1. Calcium profile versus time for low amount of proteins at different values of «
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Figure 2. Calcium profile versus time for high amount of proteins at different values of «

exchanger plays a significant role in the presence of low proteins as high protein level reduces the significance of sodium calcium exchanger.

In Figure 4 we show calcium profile versus position for at = 0.5 second at low proteins level and presence of sodium calcium exchanger. The
calcium profile is high at the mouth of channels and slowly decrease as the position is increased. The profile is high for large values of « in
the cells as the fractional order decreases the calcium profile also decreases and attains a steady level.

Figure 5 shows calcium profile versus position at t = 0.5 second for high proteins level and presence of sodium calcium exchanger. The
profile is high at the mouth of the channel due to the high level of proteins then decreasing gradually to attain a steady level. The peak level
of calcium profile in figure 5 is less compared to figure 4. The physiological results for this are the same as given in figure 2 that is high
level proteins react with calcium and produce calcium protein that reduces the calcium profile and protect the cells from toxic level and
symptoms of Parkinson’s disease.

Figure 6 shows calcium profile versus position for low proteins level and absence of sodium calcium exchanger. The profile is at a peak
level at the beginning due to the absence of sodium calcium exchanger as it did not remove the free calcium from the cells. The absence
of sodium calcium exchanger and low proteins level results in an elevation in the calcium profile. It is observed that the sodium calcium
exchanger is a good source of calcium flux to control the free calcium level in the cells and ultimately protect cells against Parkinson’s disease.

The obtained results (43) show that the modified calcium model (14) is a function of time, position and Hilfer fractional derivative. Also, the
graphical results show that the modified Hilfer calcium model provides a rich physical interpretation of a calcium model as compared to the
classical calcium model.
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Figure 5. Calcium profile versus position for high amount of proteins at different values of «
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5 Conclusion

Hilfer fractional calcium model is a novel modification of the classical calcium model for neuron cells. We developed a Hilfer fractional
calcium model to examine the role of calcium dependent protein, sodium calcium exchanger on calcium diffusion and related to Parkinson’s
disease. We obtained a closed form solution of the calcium model in the terms of Wright function and Mittag-Leffler function by using the
Sumudu transform technique and Hilfer fractional derivative. High level proteins react with the calcium in cytosol and produce calcium
dependent proteins that reduce the peak values of calcium profile and protect the neuron cells from the high level of calcium. A high level of
calcium for large periods is toxic for cells and generates the symptoms of Parkinson’s disease. The significant effect of sodium calcium
exchanger has been observed for the low level of calcium dependent protein. The calcium dependent protein and sodium calcium exchanger
play a crucial role to control the calcium level in the cytosol. Thus the amalgamation of the calcium dependent protein and sodium calcium
exchanger control the calcium level and provide protection to neuron cell from the toxicity produced by the Parkinsonic cells. Thus Hilfer
calcium model provides a rich physical interpretation of a calcium model as compared to the classical calcium model. The present model can
be extended by considering the flux through various calcium channels, pumps, and receptors. A novel fractional model will be developed by
considering the flux through all these parameters and expresses the obtained results with Parkinson’s disease.
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Abstract

This paper focuses on introducing a two-dimensional discrete-time chemical model and the existence of its fixed points. Also,
the one and two-parameter bifurcations of the model are investigated. Bifurcation analysis is based on numerical normal forms.
The flip (period-doubling) and generalized flip bifurcations are detected for this model. The critical coefficients identify the
scenario associated with each bifurcation. To confirm the analytical results, we use the MATLAB package MatContM, which
performs based on the numerical continuation method. Finally, bifurcation diagrams are presented to confirm the existence of flip
(period-doubling) and generalized flip bifurcations for the glycolytic oscillator model that gives a better representation of the
study.

Key words: Bifurcation; normal form; numerical continuation method; one-parameter bifurcation; two-parameter bifurcation
AMS 2020 Classification: 00A71; 80A30; 92C45

1 Introduction

Mathematical modelling is a powerful tool for understanding, designing, and predicting processes and process equipment in the chemical
industry, including the conservation of momentum, energy, and material. Detailed modelling of complex reaction systems is becoming
increasingly important in the development, analysis, design, and control of chemical reaction processes [1]. Numerical computer modelling
can describe chemical reactions, composition, fluid flow, and temperature distribution in three dimensions and time. Chemical engineers
frequently used fundamental dynamic models to develop new chemical processes and to predict the behavior of existing industrial processes
accurately. For example, models can be used to simulate how a process will behave under new operating conditions, to indicate how new
products can be made using an existing plant, to investigate product quality enhancements, and to achieve production rate improvements
[2]. The systems of ordinary differential equations (ODEs) are involved in modelling the dynamics of reaction networks to track the time
evolution of chemical concentrations for the species in the network. Through the differential equations using the theoretical results of
dynamical systems, or numerical simulations, the study of the properties of the dynamics (e.g. stability of steady states, the existence of
multiple steady states, etc.) are obtained [3].

Carden et al. [3] introduced a set of mathematical techniques for describing and characterizing a series of chemical processes (enzyme-
substrate, protein-protein, etc.) that cells used to sense and respond to diverse stimuli during the progression and cellular behavior of
cancers. Mahdy et al. (4], in their paper, combined the Sumudu decomposition method and the Hermite collocation method for the solutions
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of a nonlinear biochemical reaction model. They have represented the signal flow graph and Simulink of MATLAB of the model in the
paper. Besides, the stability of the equilibrium point was also studied. They show that the Sumudu decomposition method and Hermite
collocation method are extremely symmetrical and similar. Apart from modelling chemical processes, mathematical modelling is not
limited to any particular field but finds applications in different fields (5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18]. Alidousti et al. [19]
studied the dynamic behaviors of the discrete Bonhoeffer-van der Pol (BVP) model. Through their results, It was shown that the BVP
model undergoes codimension one (codim-1) bifurcations such as pitchfork, fold, flip (period-doubling), and Neimark-Sacker. Instead of
codimension one (codim-1) bifurcations, the codimension two (codim-2) bifurcations including resonance 1:2, 1:3, 1:4, and Chenciner were
also achieved.

Bifurcation analysis can divide the parameter space into more regions and depict more complex dynamic behaviors. Bifurcation analysis
traces time-varying change(s) at a particular state of the system in a multidimensional space where each dimension represents a particular
concentration of the biochemical factor involved. It can happen that a slight variation in a parameter can have a significant impact on
the solution. Bifurcation analysis finds application in different fields. Ghori et al. [20], in their paper, studied the global dynamics and
bifurcation analysis of a fractional-order SEIR epidemic model with a saturation incidence rate. The outcome of their study reveals that
the model undergoes a transcritical bifurcation and a Hopf bifurcation at the equilibrium points under certain conditions for all model
parameters at fractional-order « = 1. Wang and Jia [21] studied the stability and bifurcation analysis of a generalized Gray-Scott chemical
reaction model. The results of their study show that the system exhibits abundant dynamical behaviors and the chemical reaction in the
reactor will be in balance in the end under certain conditions. Khan [22], in his paper, studied the local dynamics and Neimark-Sacker
bifurcation of a two-dimensional glycolytic oscillator model. It was found that the model has a unique equilibrium point for all « and 3.
Also, some bifurcation diagrams and the corresponding maximum Lyapunov exponent were presented for the model to verify the obtained
results. Recently, Naik et al. [23] investigated the multiple bifurcations of a discrete-time prey-predator model with a mixed functional
response. They detected the flip, Neimark-Sacker and strong resonance bifurcations of the model. The complex dynamical behavior of the
model up to the 16t iteration was investigated.

Although researchers tried to obtain the bifurcation results of the chemical model, none in the literature obtained the flip bifurcations of
the model that motivates the authors to carry out this work and becomes the novelty of the present study. In this paper, we provide the
dynamics of the glycolytic oscillator chemical model through the flip and generalized flip bifurcations analytically as well as numerically.
Further, we calculate the critical coefficients of each bifurcation. The two-dimensional discrete-time chemical model under consideration
is given as follows [22]

2
{ XCh o, _xCh (yCh2 — x4 xCh, "
1

yCh oy xCh (ych) + pxCh
where xt" and y©" are the substrate concentrations at time t and « and { are the dimensionless parameters.
The structure of the current study can be presented as follows. In Section 1, the introduction of the study is given. In Section 2, the analytical
bifurcation results of the model are carried out in the form of theorems and proofs. Section 3 contains the numerical bifurcation analysis of

the model to verify the analytical results. Finally, the concluding remarks about the proposed work are given in Section 4.
In the following section, we provide the existence of different types of bifurcations of the system (1).

2 Bifurcation analysis

Our first step is to obtain the fixed points of model (1) in order to investigate its bifurcations. Solving equations

2
_xCh <yCh2 —BxCh 4 axCh = xCh
XxCh (ych) + pxCh = yCh,

yields that model (1) has a unique fixed point

Ch x Ch

X* = 0(.2 + B) y* = .
Analyzing the bifurcations of map
Ch —xCh (yCh 2 _ pxCh 4 o + xCh
(xch> MO A) = ( h> M2, o Ch ' )
y xC (yc ) + BxC

is discussed in this section, where x = (xt", y")T and A = («, p)T.
Jacobian matrix, second-order multi-linear form, and third-order multi-linear form of (2) are as follows:
2
- (ych) —p+1 —2xChyCh
AN, A) = ,
(ych> ‘B 2xChyCh

< (7R

2y (xqy + xa91) + 215,
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= = = —2X1Y22Z5 — 2X2Y122 — 2X3Y221
CCh(XCh,yCh’ZCh) - ( ) ,

2X1Y22Z2 + 2X2Y122 + 2X2Y2Z1

where XCh = (x1,x,)T, YCh = (y1,y,)T and ZCh = (z,,2,)T.

Flip bifurcation of x+Ch

The bifurcation parameter 3 and the fixed parameter « are considered here.
Theorem 1 At o = apy = —o® + 1+ \/4 «2 + 1, aflip bifurcation occurs for x°M.
Proof As we can see, the multipliers of

2
- 2+1 @ —2—%X
b 1+v/4 a2 +1

2
1+ 2+1 2—%
b 1+v/4 o2 +1

AR App) = , App = (e, Bpp)T

where App = (xpp, )T, are the following
AD -1, AP =14 a2 r1+1)2.
If ABD # 1, ACh (A€M App) has a simple multiplier —1 on the unit circle. So MEP(xCh, App) is possible to write as

n = —n +bppn? + 0(n%),

where
bpp = é <WPDrCCh(VPDrVPDrVPD) +3B%M <VPDr (12 - A%h (M, /\PD))) _1BCh(VPDrVPD)>> )
and
AN E, App) vpp = —vpp, (ACh(X*Chv APD))TWPD = —Wpp, (Wpp,Vpp) =1

As aresult

2 1+v/4 o2 +1

-1/2 Vi o2+1-3
Vpp = Wpp =
1 ' 2 Vb o2+1-1 '
Vi o2 +1-3

and

— 2 o2 40c2+1—20c2—\/m—1
<1+\/4(x2+1)2 <\/4(x2+1—3) '

b/p\D 7 0 yields a generic bifurcation. This bifurcation is supercritical (subcritical) if E;,[\) >0 (EP\D < 0) and 2-period points bifurcated from
th are stable (unstable). For more details see [24, 25, 26]. ]

Generalized flip bifurcation of +Ch

The bifurcation parameters g and « are considered here.

Theorem 2 At « = agpp = 1/2+/2+2v2and B = Bgpp = 3/2 + 1/2 v2, a generalized flip bifurcation occurs for xCh,
Proof Based on an assumption

o« =oagpp =1/2V2+2V2, B =PBgpp=3/2+1/2V2,

the Jacobian matrix
“1-yz -2
2+V2 T
A A gpp) = v \gpp = (%pps Bpp) " »
242 V2+1

2+/2
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has a simple critical multiplier ASPP = 1, and no other multiplier is not on the unit circle and bpp = 0. So MEN(xCh| A ;pp) is possible to
write as

— 6
n = =1 + cgppn® + 0(n°),

where
1
SPp = 150 <WGPDr 5B (vgpp, h§“> +10 CM(vgpp, vipp, h§™) + 10 BN (S, h§M)
+15 CCh(VGPDr h(zjh) hgh)> )
hS" = (1o — A% "B (vgpp, vapp),
h§" =~ + YNV (" (vpp, Vopp, Vapp) *+ 3B (Vpp, HS™) ,
hG" = (L, =A™ (4B (vgpp, hS™) + 3B (hS", hS") + 6 " (vpp, Vipp, ha))
and
Chy 1,Ch _ Ch( Ch T - -
AN, Agpp) vep = ~Vepp, (AN (X", Agpp) ) Wepp = ~Wepp,  (Wepp, Vepp) = 1
Asaresult
o
vepp = ) WepD = )
' 2 (va-y)
2+2 v2(V2+1) _1p Y2+2V2(V2+1)
o[ ) o [T
0 0
So Cgpp can be obtained as follows:
Cepp = L.
Since Cgpp, the generalized flip is generic. |

3 Numerical continuation of MCh(x, A)

To confirm the analytical results, we use MATCONTM, a toolbox of MATLAB and works based on the numerical continuation method, for
more details, see [27, 28]. Here « and (3 are considered as a free parameter and a fixed parameter, respectively. Here we consider « = 1, by
varying @ the flip bifurcations occurs at X*Ch = (.309017,1.00000) for B B pp = 2.23606 where bp) = —3.05573 x 107, According to the sign
of bppresult in the flip bifurcation is sub-critical. Continuation of #C" in (x¢h, §)—space is shown in Figure 1.

03 1 Il Il Il Il Il Il Il Il
216 218 2.2 222 224 226 228 2.3 2.32

Ié]

Figure 1. Continuation of X" in (x¢h, 3)—space.
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Selecting this PD point and starting the continuation of a PD bifurcation curve in two control parameters « and 3, yield a generalized flip
bifurcation at " = (0.321797, 1.098684,) for « = agpp = 1.098684 and B = Bgpp = 2.207106 with Cgpp = —6.400000 x 1071, see Figure 2.

2.205

2.2

1.02 1.04 1.06 1.08 11 1.12
«

Figure 2. Flip bifurcation curve.

We compute a branch of fold points of the second iterate by switching at the GPD point, see Figure 3.

LP? curve

PD curve

221

218 Il Il Il Il Il Il Il Il I
1.02 104 106 108 1.1 112 114 116 118 1.2

[0}

Figure 3. A curve of fold bifurcations of the second iterate, LP?, which emanates tangentially at a GPD point on a flip curve.

4 Conclusion

In this paper, we provided the dynamics of the glycolytic oscillator chemical model through the flip and generalized flip bifurcations
analytically as well as numerically. To investigate the bifurcations of this model, we calculated the critical coefficients of each bifurcation.
These coefficients determined whether a bifurcation is non-degenerate and determined the scenario of each bifurcation. The results
obtained in Sections 2 and 3 show excellent agreement between the analytical predictions and the numerical observations. From the
obtained results, it is concluded that the model shows flip and generalized flip bifurcation indicating that the substrate concentrations vary
from one period to another. Although the current paper studied a standard two-dimensional discrete-time chemical model but can be
extended to fractional-order derivatives with the operators known as Caputo, Atangana-Gomez, Atangana-Baleanu, Caputo-Fabrizio, and
others discover more causative factors that are not covered in this paper, such is left for future research direction.
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Abstract

In this paper, we simulate an epidemic model of cholera disease in the sense of generalized Liouville-Caputo fractional derivative.
We provide the results related to the existence of a unique solution by using some well-known theorems. Numerical solutions
of the given model are derived by using two different numerical methods along with their importance. A number of graphs are
plotted to understand the given cholera disease dynamics. The main motivation to do this research is to understand the given
disease dynamics as well as the efficiency of both methods which are very recent to the literature.

Key words: Cholera disease; mathematical model; generalized Liouville-Caputo fractional derivative; numerical methods; graphical
simulations
AMS 2020 Classification: 26A33; 34C60;92C60; 92D30

1 Introduction

The bacterium ’Vibrio Cholerae’ causes cholera, which is a bacterial illness. This bacterium is commonly found in contaminated foods.
It’s a Gram-negative bacteria which is curved and comma-shaped. It may be found in sewage and coastal saltwater environments. It’s
also found where there aren’t enough sanitary facilities. During the 1800s, this illness was initially discovered in the United States. For
hundreds of years, humans have been suffering from cholera sickness. If left untreated, this condition can cause severe diarrhoea and
dehydration in the body. It can sometimes result in a deadly condition. They cling to shellfish, crabs, and other creatures’ shells. Various
illnesses, including cholera, are spread by drinking polluted water. This bacteria dwells in the human body’s small intestine and releases
an exotoxin, which induces a flow of water and electrolytes into the small intestine, including sodium bicarbonate, chloride, and others [1, 2].

Causes of cholera: (i) It is brought on by causes such as a polluted water source. (ii) It occurs as a result of the intake of tainted foods and
beverages offered by street vendors. (iii) Vegetables that are cultivated with the help of human waste and water. (iv) Contaminated seafood,
which has been contaminated by sewage. (v) Foods that have an adverse effect on the digestive system are to blame. Some of the symptoms
of Cholera are: (i) High fever. (ii) Weight loss. (iii) Increased thirst. (iv) Feeling of Nausea. (v) Vomiting sensation. (vi) A kind bloating in
the belly. (vii) Blood pressure becomes low. (viii) The elasticity of the skin is lost. (ix) Develop cramps in the muscles. (x) A rapid increase in
the heart rate. (xi) Dryness in the mouth, nose, and eyelids. (xii) Formation of blood or mucus or sometimes undigested materials in the
stool [1, 2].

Replacement of lost fluid and electrolytes is part of the cholera therapy. Dehydration may be avoided by drinking enough of ORS (Oral
Rehydration Solution). Intravenous fluid replacement may be necessary if the disease worsens. Antibiotics and zinc supplements may be
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prescribed by doctors to treat diarrhoea. Recently, some novel mathematical studies have been come out to define the dynamics of cholera.
In [3], a cholera disease model with optimal control treatment is defined. Authors in ref. [4] have given some mathematical modelling
related analysis on the dynamics of cholera. Study given in ref. [5] describes the transmission dynamics of cholera by using a mathematical
modeling along with control strategies. In [6], spatial synchrony in fractional order metapopulation cholera transmission is given.

As we know that the fractional derivatives [7, 8] are helpful operators to study real-world problems in the sense of mathematical mod-
eling. Recently, a number of studies have been coming to the literature on this topic. In the epidemic modelings, disease like COVID-19
[9, 10, 11, 12, 13, 14, 15, 16, 17, 18], cancer therapy [19], tuberculosis [20], malaria [21], lassa hemorrhagic fever [22], and canine dis-
temper virus [23], etc. have been successfully studied. Applications of fractional derivatives in psychology [24], ecology [25, 26], and
plant epidemiology [27, 28] have been derived by many researchers. Several novel fractional-order mathematical models for studying
the calcium distribution in nerve cells are introduced in refs. [29, 30, 31, 32]. Also, some novel recent applications of fractional-order
computational methods in different real-world problems can be studied from refs. [33, 34, 35, 36, 37]. Nowadays, scientists use different
types of fractional derivatives with or without singular kernels in a huge amount to solve various types of real-world problems. In our
study, we use the generalised Liouville-Caputo fractional derivative to simulate a mathematical model of the cholera epidemic. The novelty
of this work is to explore the given disease dynamics as well as the efficiency of both numerical schemes which are very recent to the literature.

This article is divided into number of sections. After defining cholera epidemic, we mention two necessary definitions in Section 2.
In Section 3, a cholera model followed by the fractional model is proposed. In Section 4, results related to existence and uniqueness analysis

are given. The solution of the model by using two different numerical methods is given in Section 5. All results and discussion are explained
in Section 6. Finally, concluding remarks are given in the last Section 7.

2 Preliminaries

Here we recall the definitions of two fractional derivatives.

Definition 1 [8] The Liouville-Caputo non-integer order derivative of £ € C‘il is defined by

dic(t) —geN
Dfﬁ(t):{ emd (1)

dcd !
r(ql_g) ff) (t_‘())q_g_lz’(q) (B)del q_1<Q< q,q9¢ N.

Definition 2 [38] The generalized Liouville-Caputo-type non-integer order derivative, Df;"’ of order o> 0 is given by
+

(Dglpll)(i) = IE)(Z—qZ) E sP(gP —sP)de? <51‘P%)q£(s)ds, £>d, (2)

wherep > 0,d >0, andq—1<e< q.

3 Model description

Now we describe the dynamics of the mathematical model used to study the cholera epidemic. Recently, authors in ref. [4] proposed an
integer-order mathematical model consisting following ordinary differential equations

S =b—dS—pSI+vV+vR,
I = —dI + BSI— ol — wI — o,
R = —dR+ ol — YR,

V =ol-+vVV,

3)

where N = S+ 1 + R+ V. In this model, the cholera disease is distributed into four classes. S is for susceptible class, I is for infected individuals
at contact rate 3, R is for recovered humans at a rate « and V is for the environment. A brief description of all parameter values is given in
Table 1. The disease-free equilibrium is defined by

(8%,0,0,0) = <g,o,o,o). (4)

The endemic equilibrium is

(5)

(S**,I** R*, V**) = ((d+w+0+ «) (d+y)R* (d+ BI*)S*—b’ 6(d+v)R*)’

B ! o« RY v
and then the basic reproductive number is calculated as

720=%b—(d+w+0'+oc). (6)
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Table 1. Parameter values cited from [4]

Parameter  Description Values

b Recruitment rate 0.000096274
d Natural death rate 0.00002537
w Disease induced death rate 0.0004

x« Recovery rate 0.2

v Rate of recovered humans return to the susceptible class ~ 0.002

o Rate of infectious humans contaminate the environment 0.1

v Environment infect humans with the bacteria at a rate 0.075

B Contact rate with infectious humans 0.011

To capture the hysteresis memory effects in the given model, the generalization of the proposed model (3) in the generalised Liouville-Caputo
sense is described as follows:

€DPPS =b—dS— BSI+ vV + YR,
CDPPI = —dI + BSI - ol — wl — o,
CDPPR = —dR + ol — YR,

CDPPV = ol — vV.

(7)

where CDf '? is the notation of generalised Caputo type fractional derivative operator with fractional order ¢ and the extra parameter p.

4 Existence and uniqueness analysis

In this section, we do the analysis for the existence of a unique solution to the proposed model with the help of the consequences of fixed
point theory. We perform the analysis for class S(t) and it is relevant to write that the same analysis will be applicable for the rest of the
equations of model (7). Let us write the model (7) in the following compact form:

DPPs(t) = £a(t, ),
CD2PI(t) = £5(t, ),

(8)
CD2PR(t) = £3(t, R),
CDPPV(L) = £,(t,V),
with the initial conditions S(0) = Sy, I(0) = Iy, R(0) = Ry, and V(0) = V,.
For proving the analysis for S(t) class, define the initial value problem (IVP)
DPPs(t) = £4(t,9), (9a)
S(0) = So. (9b)
The relative Volterra integral equation of the above IVP is
o qt
S(t) = S(0) + 2 J 0°71(t — 6P)271z,(0, S)do. (10)
(o) Jo

Now we proceed to the following results:

Theorem1 [39,40]Let0 << 1, Sy € R, K >0andT* > o.Consider £ := {(t,S) : t € [0, T*], IS—So| < K} and let the function L, : £ — Rbe
continuous. Also, let M := SUP(; sy l£4(t,S)| and

T*, if M=o,
1

1 11
M) 2y otherwise. "
M

T =
min{T*, (

Then, there exists a function S € C[0, T]that satisfies the IVP (9a) and (9b).

Theorem 2 [39,40]LetS(0) € R, K > 0, T* > 0, 0 <p< 1. Define the set £ as in Theorem 1 and let the function £, : £ — R be continuous and
satisfies a Lipschitz condition with respect to the second variable, i.e.

[£1(t,S1) — £4(t,S5)| < LIS; = S, 1,

for some constants L > 0 independenttot, S;, and S,. Then, there exists a unique solution S € C[0, T] for the IVP (9a) and (9b).
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5 Numerical solution of the model

Solution of the projected model using modified Predictor-Corrector algorithm

Nowadays, a number of numerical methods are available in the literature. Recently, a modified version of the Predictor-Corrector (P-C)
scheme to solve delay-type fractional initial value problems has been proposed in ref. [41]. In this part of the study, we write the numerical
solution of the proposed cholera model with the help of the generalised P-C method investigated in ref. [38]. The reason to use this
generalised Liouville-Caputo derivative is its features to generate more varieties in the graphical observations in the presence of both
parameters o and p. Now first we consider the solution for the first equation of the cholera model (7) by taking equivalent Volterra integral
equation

S() = S(0) + ‘;1(_;’ [ o2 - 00y 100, de. (12)
o 0

Now by dividing the interval [0, T] into N unequal sub-intervals {[t;, t,,,], k = 0,1, ..., N — 1} taking the mesh points

to =
1
{tk+1:(t;‘§+h)1"’, k=0,1,.,N-1, )

P
where h = TW Now, to evolute the approximations Sy, k = 0,1, ..., N, we are assumning that we have already derived the approximations
Sj~ S(tj)(j =1,2,..., k), and we want to calculate the approximation S, ~ S(t,,) by means of the integral equation

S(tysy) = s(0) + 2 e )Jt"” P~ 1(tk+1 0°)2712,(0, S)do. (14)
Letus takez = 6°, we get
S(tyey) = S(0) + £ jt’f” 2)? 7 24(21°, 5(z'°))dz. (15)
kel FJo et ™ !
That is
S(tyyy) = S(o)+ ZJ"” (t0 = 2)7 7 Ly(2"°, 8(2V°))dz. (16)

=0

To approximate the right-hand side of Eq. (16), we use the trapezoidal quadrature rule with respect to the weight function (t":+ 1 2)¢71 by
replacing the function £4(zMP, S(zHP)) by its piecewise linear interpolant with nodes chosen at the tjp (j=0,1,...,k + 1), then we obtain

4
J b (10, ~ 20723, 5Pz ~ [k = P = (k= o)k =+ 1) ) £4(t S(6)
e kel o0 (o +1) L
J (17)
o (=g e 07 = om0 )K= D) 22060, S(G,1) .
Now putting the above approximations into Eq. (16), we obtain the corrector formula for S(t,,,,), k = 0,1,...,N — 1,
o—che
S(tysq) ~ S(0) + 2) Z @1 £206, S)) + T L1y Sy (18)
where
. - kg+1 - (k_ Q)(k + 1)9 lf ] = 07 (19)
k1 (k—j+2) s (k—j)e —ak—j+1)°" if1<j<k

In order to obtain the predictor value SP (ty+1), we apply the one-step Adams- Bashforth method to the integral equation (15). In this case,
by replacing the function ﬁl(zl/ P S(zl/ )) by the quantity £, ( tj, S(tj )) at each integral in Eq. (16), we get

SP(tk+1) ~ S(0) + Z JM (tk+1 - Z)Q_lﬁl(fj, S(t)-))dz

F( ) 4
(20)

=S(0) +

( )Z[(k+1 D¢ = (k=21ealty, ).
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Now replacing S(t;,,) given in the right side of (18) by sP (tx4+1), our P-C algorithm, for finding the approximation S, ~ S(t;,,), is

completely expressed by the formula
—e
(21)

Sy = S(0) + ) Z ],k+1£1( S )+ (

~ §*(t),,) is given in Eq. (20) with the weights

he
)Ll(tk+1’sk+1)'

«+1 being defined according to

where Sj~ S(tj), j=0,1,..., k, and the predicted value Sk "

(19).
So, the Predictor-Corrector formulae for the system (7) are given by

ope
P
7+2)£1(tk+1y Ske1)s

Se1 & S(0) + ) Z }k+1£1( (o
—ehe
Ly ~1(0) + )Z @ e L8, T ﬁzz(tkﬂ,lﬁﬂ),
(22)
p~2he
Rk+1 ~ R(0) + ) Z k+1£3(]> }) ( )63( k+1'Rk+1)'
“ehe
Vk+1 ~ V(o) + 2) Z k+1£4( V) + ( )£4(tk+1’Vk+1)’

where
— (k= )?1ea(ty, S(t)),

SP(ty.,,) ~ S(0) +

_ ) Z[<’<+1 e = (= )21La(t, 1)),
(23)

() ~ 1(0) +

RP(ty.,,) ~ R(0) + ) Z[(k +1-J)? = (k= ))?13(5, R(ty)),

_ )Z[(k+1 De = (k=1L (L, V(L))

VP(ty,,) ~ V(0) +

Sjp Iy Ry Vi (=1, .

Theorem 3 [39] Assumethat £4(t,S), £a(t,1), £3(t,R), L, (t, V) satisfy the Lipschitz condition and S
of the Predictor-Corrector method (22) and (23). Then, the proposed numerical scheme is conditionally stable.

Solution of the model by Kumar-Erturk (K-E) fractional numerical algorithm

,k + 1) are the solutions

Now we utilize one more method which is a very recent numerical method given by Kumar et al. in [42] to simulate nonlinear fractional-order

IVPs. The scheme is defined by the following theorem

Theorem 4 Recall the IVP (9a)-(9b). Let
Fv,Su(V) = £ ({tp — (1 =T +1)p@)i}5 S(tP = (t2 = vI(g +1)p%) %) )

with the assumption of Theorem 1 hold. Then, a solution of (9a)-(9b) is defined by
S(t) = S«(t?2p7¢/T (¢ +1)),

where S..(v) is a solution of classical differential equations

85O - 2y, 5.(v)),
dv

and
S* (0) = So.

(24)

(25)
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Proof Let us assume from Theorem 1 that S(t) is a solution of (9a)-(9b) which also satisfies (10). Let t° = t° — (t2 — vI'(o +1)p? )1/ ¢ Then
Eq. (10) can be re-written as

t2p~2[T(o+1) 1% 1.1
(0= 50 + | e ({1 = @2 = vr G mp2)E } 500 - (0 = v (o s)p2) ) ) dv
0
(26)
t2p~ [T (o+1)
=So+ J F(v,Su())dv.
0
Also, every solution of (24)-(25) is the solution of the VIE given below and vice versa.
S.(v) =S + [ (s, 5.()ds, 0.< v < a%p e[ 40). (27)
0
Since, 0 < t2p7¢/T (o +1) < a2p~2/T(o +1), the right-hand side of equation (26) is equal to S, (t2p~2/T'(o +1)). |

Now we derive the numerical solution of the considered model (7) based on the above methodology. Firstly, the corresponding classical
model is

ds. =b—S. — RS« + vV, + YR,

dv

ZI* = —dI, + BS«I. — ol — wl, — o,

d; (28)
* = —dR, + ol — YRy,

dv

dv, _

v - ol — vV..

If the solution of this system is (S«(v), I.(v), R«(v)), V«(v)), then the solution of the model is (S« (t2/T'(¢ +1)), L. (t2/T (0 +1)), R« (t8/T (o
+1)), Vi (t2/T (o +1))).

Remark 1 This method is one of the fast numerical methods as compared to other available methods to solve the fractional-order initial value
problems. The output processing time of the algorithm is very less,which means the scheme gives the outputs in a very short of time. Also, it is very
easy to code this algorithm via any software like, Mathematica, Maple or MATLAB.

6 Simulation results

Now we perform the analysis for the given cholera model (7) with the help of real parameter values given in Table 1. For the initial values
of all four classes of cholera model, we assume S(0) = 20000, 1(0) = 30, R(0) = 0 and V(0) = 1000000. In Figure 1, we plotted the graphs
of infectious class I(t) versus time variable t at various fractional order values along with the fixed values of extra parameter p = 0.75 by
using both (K-E and P-C) numerical methods. Where-from sub-figure 1a we can observe the variations in the infected individuals by K-E
method and from sub-figure 1b by using P-C method. We can see that the outputs of both methods are slightly different. In the case of K-E
method, as much as time increasing, the infectious population is converging to the lower values much faster than the case of P-C method.

I(t) I(t)

__o=1
_ p=0.95
=090

150000 150000 |

100000 [ 100000

50000 50000

20 40 60 80 100 20 40 60 80 100
(a) Output via K-E method (b) Output via modified P-C method

Figure 1. Dynamics of infectious class I(t) at fractional-order values o= 1, 0.95, 0.90.
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R(t) R(t)
1 %108
800000
800000
o=t 600000 o=t
600000 =095 __0=095
__0=090 __0=090
400000
400000
200000 200000
t t
20 40 60 80 100 20 40 60 80 100
(a) Output via K-E method (b) Output via modified P-C method

Figure 2. Dynamics of recovered class R(t) at fractional-order values o= 1, 0.95, 0.90.

V() Vi)
1 %108 __e=t 1 %108
_ 0=0095
_ =090
800000 800000
600000 600000
400000 400000
200000 200000
t t

20 40 60 80 100 20 40 60 80 100
(a) Output via K-E method (b) Output via modified P-C method

Figure 3. Dynamics of enviroment V(t) at fractional-order values o= 1, 0.95, 0.90.

In Figure 2, the graphs of recovered class R(t) versus time variable t at various fractional orders along with p = 0.75 by using both numerical
methods are given. From sub-figure 2a, we can see the variations in the recovered individuals by K-E method and from sub-figure 2b
by using P-C method. Again the outputs of both methods are slightly different. In the case of K-E method, the recovered population
is increasing much faster then the case of P-C method. Similarly, decrement in the environmental infection or the number of bacteria
concentrations V(t) can be observed from Figure 3 (sub-figure 3a via K-E method and sub-figure 3b via P-C method). For understanding
the role of extra parameter p, we plotted the group of Figures 4, 5, and 6. Here we notice that the variations caused by extra parameter p in
K-E method (sub-figures 4a, 5a, 6a) are totally reverse to the variations caused by p in P-C method (sub-figures 4b, 5b, 6b). It means that
both methods process the role of p in a different way, which makes their comparison more interesting.

I(t) I(t)

150000 |
100000

100000

50000 50000

20 40 60 80 100 20 40 60 80 100
(a) Output via K-E method (b) Output via modified P-C method

Figure 4. Variations caused by extra parameter p in class I(t) at fractional-order o= 0.95.
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R(t) R(1)
1 %108 1%108
=1
800000 —p 800000
_ p=095 .
__p=085 —P=
= 600000 __p=095
600000 p=0.75 _ p=085
_ p=075
400000 400000
200000 200000
t t
20 40 60 80 100 20 40 60 80 100
(a) Output via K-E method (b) Output via modified P-C method

Figure 5. Variations caused by extra parameter p in class R(t) at fractional-order o= 0.95.

V() V(L)

1x108
800000 800000
600000 600000
400000 400000

200000 200000

20 40 680 80 100 20 40 680 80 100
(a) Output via K-E method (b) Output via modified P-C method

Figure 6. Variations caused by extra parameter p in class V(t) at fractional-order o= 0.95.

From the above given graphical simulations, we can see that both methods perform well to simulate the dynamics of the given cholera
model. The outputs of both methods are slightly different which justify the importance of both schemes in this study. But when we compare
the processing speed of both methods then K-E method is very fast as compared to P-C scheme because it takes only 1/4th processing time
of the P-C method. The stability of the given P-C method is available as mentioned in Theorem 3 but the analysis related to the stability of
K-E method still needs to be studied.

7 Conclusion

In this research work, we have investigated a mathematical model of cholera disease in the sense of the generalised Liouville-Caputo
fractional derivative. We have proved the results for the existence of a unique solution. Numerical solutions to the considered model have
been derived with the help of two different methods and the importance of both schemes has been justified. A couple of figures are simulated
to explore the given cholera disease dynamics. The main aim of this work has been to explore the given disease dynamics as well as the
efficiency, accuracy, and differences of both numerical methods. In the future, the given model can be solved by using any other fractional
derivatives and the proposed schemes can be utilized to solve different types of non-linear fractional order models.
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