istatistikgiler Dergisi: istatistik & Aktiierya
Journal of Statisticians: Statistics and Actuarial Sciences

IDIA 17,2024, 1, 1-13

Gelig/Received:02.08.2023, Kabul/Accepted: 28.02.2024

Aktuerya Dernegi

Arastirma Makalesi / Research Article

Risk evaluation of exchange rate portfolio based on
the copula-GARCH approach

Emre Yildirim Mehmet Ali Cengiz
Ankara Haci Bayram Veli University, Ondokuz Mayis University,
Continuing Education Application and Department of Statistics,
Research Center, Ankara, Turkey Samsun, Turkey
emre-Vildirim@th.EdU.tr macenqiz@omuledultr
ORCID No: 0000-0002-2816-7473 ORCID No: 0000-0002-1271-2588
Abstract

In this paper, risk estimation for the portfolio consisting of USD/TRY and JPY/TRY exchange rates is
performed via the copula-GARCH approach. For this purpose, risk estimation models are created by means
of alternative weighting techniques. The dependency between the related variables is modelled through
copulas since they provide a flexible method for modelling various dependency structures such as tail
dependency. It is aimed to obtain a better risk estimation model by combining the copula-GARCH
approach with several weighting techniques. It is decided that the dependency between USD/TRY and
JPY/TRY exchange rates is best modeled by Students' t copula among copulas tried in this study. The risk
estimation models produced by the copula-GARCH approach outperform classical methods. Finally, it is
concluded that the risk estimation model based on the copula-GARCH approach combined with the
minimum variance weights gives better results than other weighting techniques in terms of both the
performance of the risk measures and the backtesting outcomes.

Keywords: Copula approach, dependence modelling, exchange rate market, risk management, weighting
techniques.
Oz

Kopula-GARCH yaklasimiyla déviz kurlar: portfoyiiniin risk degerlendirmesi

Bu ¢aligmada, USD/TRY ve JPY/TRY déviz kurlarindan olusan portfoyiin kopula-GARCH yaklagimiyla
risk tahmini yapilmaktadir. Bu amagla, alternatif agirliklandirma teknikleri kullanilarak risk tahmin
modelleri olusturulmaktadir. Ilgili degiskenler arasindaki bagimlilik, kuyruk bagimlihgi gibi cesitli
bagimlilik yapilarinin modellemede esnek bir yontem sagladigi i¢in kopulalar araciligiyla
modellenmektedir. Kopula-GARCH yaklasimi ¢esitli agirliklandirma teknikleri ile birlestirilerek daha iyi
bir risk tahmin modeli elde edilmesi amaglanmaktadir. USD/TRY ve JPY/TRY déviz kurlari arasindaki
bagimhiligin ¢aligmada denenen kopulalar arasinda Student t kopula ile en iyi sekilde modellendigi
belirlenmigtir. Kopula-GARCH yaklagimu ile iretilen risk tahmin modellerinin klasik yontemlere gore
daha iyi performans gostermistir. Son olarak, minimum varyans agirliklari ile birlestirilen kopula-GARCH
yaklasimina dayali risk tahmin modelinin, hem risk 6l¢iimlerinin performanst hem de geriye doniik test
sonuglar agisindan diger agirliklandirma tekniklerine gore daha iyi sonuglar verdigi sonucuna varilmigtir.

Anahtar sézciikler: Kopula yaklasimi, bagimlilik modelleme, déviz kuru piyasasi, Yisk yonetimi,
agirliklandirma teknikleri.
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1. Introduction

Value at Risk (VaR) is a standard risk measure commonly used by financial institutions to determine
the risks of assets. In other words, VaR is defined as the maximum possible loss of a financial position
in a holding period and at a given confidence level. The estimation of VaR is not tough if any portfolio
consists of a financial asset. However, if a portfolio consists of more than one asset, estimating
accurately of VaR becomes difficult due to modelling the joint distribution functions of assets. There
are several VaR estimation methods in the literature such as historical simulation and variance
covariance. The second risk measure in the study is the expected shortfall (ES) which is called
Conditional Value at Risk. ES that is evaluated based on loss exceeding of VaR is a consistent risk
measure. In this paper, both VaR and ES estimation methods are generated by combining the copula-
GARCH (Generalized Autoregressive Conditional Heteroscedasticity) approach with alternative
weighting techniques. In traditional VaR estimation methods, the multivariate normal distribution is
assumed for the joint distribution function of assets. However, empirical studies claim that the
distribution of assets is asymmetrical and heavily tailed. Therefore, VVaR estimation methods based on
the assumption of multivariate normal distribution may give misleading results. The copula method is
used to tackle such the problem. Sklar’s theorem [1], which reveals the existence of copulas, introduces
that the n-dimensional joint distribution function can be decomposed into n-marginal distributions and
a copula that models the whole dependence structure between interested variables. This feature allows
the margins and the copula to be selected from different distribution families in constructing the joint
distribution function. Moreover, copulas are widely used in the financial area in particular since they are
invariant under nonlinear strictly increasing transformations. They can model various dependency
structures such as asymmetry and tail dependency.

In this paper, the VaR estimation for the portfolio consisting of USD/TRY and JPY/ TRY exchange
rates is performed via the copula-GARCH approach. First, ARMA-GARCH models are used to capture
the autocorrelation and heteroscedasticity of exchange rate returns. They can successfully model the
characteristics of financial variables such as asymmetry and volatility clustering. Secondly, the opula
method is employed to model the dependency structure between USD/TRY and JPY/TRY exchange
rates. Risk estimation methods based on the copula-GARCH approach with several weighting
techniques are constructed. After performing backtesting the out of sample data, the estimation
performances of traditional VaR methods with the copula-GARCH methods are compared using
alternative weighting techniques.

The rest of the paper is organized as follows. In section 2, related works are introduced. Section 3
presents the methodology used in the study. In section 4, experimental results are given and the main
findings are emphasized. In section 5, the results of the paper are discussed.

2. Literature review

Patton [2] models the dependency structure between the Deutsche Mark and the Japanese Yen against
the US dollar using the copula approach. He concluded that they are more correlated than appreciation
when related exchange rates depreciate against the US dollar. Aloui et al. [3] investigates the
dependency between crude oil and natural gas markets by the copula-GARCH method. The study
suggested that crude oil and natural gas markets tend to comovement when general markets rise, but the
tendency to comovemet in these markets decreases during decline of general markets. Yildirim and
Cengiz [4] discuss the dependency structure between exchange rate and gold prices by means of DCC
(Dynamic  Conditional ~ Correlation)-GARCH  (Generalized  Autoregressive  Conditional
Heteroscedasticity)-Copula. They concluded that the dependency among the related variables changes
over time and that Student-t copula outperforms other copula approaches in modelling the dependency.
Roberedo et al. [5] study the dependency structure between the Czech Republic, Hungary, Poland and
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Romania stock markets using elliptical and Archimedean copulas. Yildirim and Cengiz [6] analyse the
dependency between industry production and energy markets via stochastic copula approach and they
determined that the dependency between industry production and energy markets evolves over time.
Ignatieva and Triick [7] use the copula-GARCH approach to model the dependence between electricity
spot prices in regional markets in Australia. They estimated Value at Risk for a portfolio composing of
electricity spot prices. Lu et al. [8] estimate value at risk of an equal weighted portfolio consisting of
crude oil and natural gas futures prices via the copula-GARCH method. Wu et al. [9] model the
dependence between oil and exchange rates using the GARCH method based on the copula. Asset
allocation was performed through this method and they found that the GARCH model combined with
the Student t copula gives the best performance. Jin et al. [10] investigates the dependency structure
between crypto, exchange rate, commodity and stock market markets with the GARCH-EVT-Copula
approach. The related markets are analyzed separately before and after the Covid-19 outbreak. Before
and after the outbreak, there has been a significant change in the dependency between the interested
markets. Backtesting results suggest that the model offers accurate risk measures. Taleblou and Davoudi
[11] estimate VaR and ES using the DCC-GARCH-Copula approach for a portfolio of 10 industrial
indices on the Tehran stock exchange. They found that the DCC-GARCH model combined with
Student's t copula provides reasonable results. Bruhn and Ernst [12] create a portfolio consisting of
cryptocurrencies and estimate the risk measures of the portfolio via the GARCH-EVT-copula approach.
They suggest that a portfolio of just one cryptocurrency or many cryptocurrencies have extreme risk of
loss. He and Hamori [13] model the dependence between the oil market and the exchange rates of BRICS
countries using the copula-GARCH approach. They found negative dependence and significant tail
dependence between the related markets. Additionally, VaR and ES estimates are performed via the
copula-GARCH approach for the portfolio created from the relevant markets.

There are several contributions to this paper. The copula-GARCH method does not require normality
assumption and thus overcomes the limitations of conventional risk estimation methods. Moreover, it
can model marginals with skewed distributions as well as asymmetric dependence structure.
Additionally, this approach allows obtaining unknown multivariate distributions via a copula and
marginals from different distribution families. Finally, risk estimation models based on the copula-
GARCH method combined with alternative weighting techniques are constructed.

3. Methodology

3.1. ARMA-GARCH model

ARCH (Autoregressive Conditional Heteroscedasticity) model is introduced by Engle [14] to model
time-varying volatility in financial time series. This model assumes that conditional heteroscedasticity
is a linear combination of its lag errors. The shortcoming of the model requires a large number of
parameter estimates to model the volatility of financial variables. To overcome this difficulty, Bollerslev
[15] improved the GARCH model that is the generalized version of ARCH models. In this model,
volatility is assumed to consist of both its own lagged values and its own lagged errors. Moreover, it
does not require a large number of parameter estimates to model the volatilities of financial time series.
ARMA-GARCH models are used since the returns of financial time series exhibit both autocorrelation
and heteroscedasticity. These models are defined as in Eq. (1):

P q
Tt =#+Z<Pi7"t—i +Z‘9j€t—j + &
i=1 j=1

& = Ot (D
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Here, r, and o? represent the conditional mean variance of the returns at time t, in turn.
I, @; and 6; in the mean equation are constant, AR and MA parameters, respectively. In the variance
equation, w, ; and B; are constant, ARCH and GARCH parameters, respectively. There are
restictions for the parameters such as w > 0, a;, f; = 0 and X}, a; + X%_; B; < 1. In addition, 7, is

identically and independently distributed with zero mean and unit variance. Normal, Student t and
skewed Student t distribution introduced by Theodossiov [16] are assumed for , standardized residuals.

3.2.Copula approach

Modelling the dependency structure between variables is crucial in the risk estimation of the portfolio.
Since financial time series returns often exhibit asymmetry and kurtosis, modelling the dependency
between these series using symmetric tools gives misleading results. To cope with this issue, the copula
approach is proposed. Copulas gaining popularity especially in econometrics and finance can model
asymmetric and tail dependencies as well as symmetric dependency between financial variables.
Moreover, they do not require any assumptions to construct the joint distribution of the related financial
variables. Therefore, the copula is a flexible approach for modelling the dependency structure between
financial variables. According to Sklar's [1] theorem, any multivariate distribution function can be
decomposed into marginal distributions and a copula that reflects the whole dependency structure
between the relevant variables.

Let F, and (F;, ..., F,) be n-dimensional joint distribution function and the marginal distributions of the
variables, respectively. Then, there is an n-dimensional copula for all x in R™ and it is defined as follows.

F(xp, o, %n) = C(Fy(1), oo, By () (2)

Where, C is uniquely defined if (Fy,...,E,) are continuous. On the other hand, there is a
n-dimensional F distribution function if (F,, ..., E,) marginal distribution functions and C is a copula.
Any n-dimensional joint probability density function can be described with marginals and a copula as
follows:

OF (x4, .o, Xp)
0X1, o) Xp

f(xq, ) =

_0C(uy, ., uy) = OF (x;)
_ o D 3

duq, ..., d0x;

=c(Uq, .., Upy) X nfz(xl)
i=1

Here, ¢ represents the copula density function. Eq. (3) means that selections of a copula and marginals
do not depend on each other. Therefore, the copula approach enables to model the dependency flexibly.
The parameter estimations of the copula are performed by Inference for Margins (IFM) method.
For detailed information on theory of the copula, Nelsen [17] and Joe and Kurowicka [18] can be viewed.



E. Yildirim, M.A. Cengiz / Istatistikgiler Dergisi: istatistik & Aktiierya, 2024, , 1-13 5

3.3.Risk management

Risk estimation of financial assets is substantial for investors and financial institutions.
For this purpose, there are two main measures commonly used in literature: VaR and ES. These
measures refer to the maximum expected loss of the portfolio at a given level of confidence and over a
holding period under normal market conditions. The VaR and ES of a financial position over t time
period at a given p-probability are defined respectively as follows.

VaR,_, = inf{x|F(x) = 1 - p} %)
ES;_, = E(X|X > VaR) = M—&CK (5)

Here F;(x) and f(x) is the cumulative distribution function and probability density function of the
portfolio, respectively. F;(x) can also be described as the loss function at time | and p is a given
probability. As can be seen from Eq. (4) and Eq. (5), the selection of the distribution function plays
essential role for VaR and ES.

3.4.Copula-GARCH method

Autocorrelation and heteroskedasticity often exist in financial time series. Therefore, these series are
not independent and identically distributed. To overcome this problem, the ARMA-GARCH approach
can be used, thus obtaining independent and identically distributed series required for dependency
modeling. Various dependency structures, such as asymmetric and tail dependency, may exist between
new series. Therefore, flexible dependency modeling tools are needed, and copulas offer significant
advantages in this context. Thanks to the copulas, the dependency structures required for risk estimation
are obtained. Combining these two methods is called the copula-GARCH approach in the literature.
With this approach, estimations are performed for future periods and risk measures such as VaR and ES
are computed.

In this study, VaR and ES estimations of the portfolio are performed by means of the copula-GARCH

approach. VaR and ES estimations based on the copula-GARCH model are obtained via the steps in
Table 1.

Table 1. Algorithm for VaR and ES estimation based on the copula-GARCH approach

Step 1 | ARMA-GARCH models are estimated through fitted marginal distribution for each
financial asset return.

Step 2 | For the T + 1 time, one-step ahead conditional means and volatilities of returns are
forecasted.

Step 3 | N times data is simulated from the bivariate distribution modelled by the copula-GARCH
approach for T + 1 time and standardized (simulated) residuals are obtained by applying
inverse transformation function to (simulated) values.

Step 4 | The logarithmic return series of the assets are obtained using the conditional means and
volatilities forecasted in Step 2 and the standardized residuals produced in Step 3.

Step 5 | Step 3 and Step 4 are repeated for N times and then the logarithmic returns are multiplied
by the weighting vector and then sorted ascending. The 95% and 99% VaR and ES
estimates are calculated as follows.
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i. 95% VaR = N * (1 — 0.95) observation in sorted series.
ii. 99 % VaR = N * (1 — 0.99) observation in sorted series.

iii. 95 % ES = mean of the first N * (1 — 0.95) observations in sorted series.

iv. 99 % ES = mean of the first N x (1 — 0.99) observations in sorted series.

When VaR and ES are estimated by the copula-GARCH approach, the selection of N simulations is very
critical. The higher the N number, the more accurate the VaR and ES estimates. However, increasing
the number of simulations is time consuming. Therefore, 100000 simulation data proposed in the
literature are used in this paper.

3.4.1. Portfolio weighting techniques
Portfolio weighting is one of the most essential elements of portfolio selection problems. In this paper,

equal weighting, inverse volatility weighting and minimum variance weighting techniques are applied.
Let n be the number of assets in a portfolio and weighting techniques are summarized in Table 2.

Table 2. Portfolio weighting techniques

Weighting techniques Formula
Equal weighting 1
w; = —
n
Inverse volatility weighting 1/0.
Wis
i=1 /O'i
Minimum variance weighting w =minw’¥w
w
1Tw=1
w=0
c<O0

3.4.2. Evaluation of VaR estimation

Risk estimation performances of the portfolio can be evaluated by using out of sample data set. In this
sense, unconditional coverage test (KT) of Kupiec [19] and conditional coverage test (CT) of
Christoffersen [20] are backtesting methods commonly used in literature. The former is based on the
number of losses exceeding the VaR while the latter takes account of both the number of losses
exceeding VaR and the dependency between losses. In both test, acceptance of null hypothesis indicates
that proposed model is accurate. For more detailed information on these tests, Kupiec [19] and
Christoffersen [20] can be viewed. The methods mentioned above select appropriate model by
considering the frequency of losses exceeding the VaR and the independence of the losses. However,
the information contained in these losses is limited. The loss function introduced by Lopez [21] takes
into account the magnitude of the losses rather than the number of losses. Let L, be loss at t time. So,
the loss function of Lopez is defined as follows.

CL — {1 + (lLtl - VaRt)Z Lt < - VaRt (6)
t 0 L > —VaR;
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Here, C} is the loss function in t time. Backtesting is performed by meaning the loss functions and
estimated model with the lowest value is selected as the best fitted model.

¢l = %z ct )

It is noted that firstly fitted model should pass the statistical tests of Kupiec [19] and Christoffersen [20].
Then, the best model is determined by comparing candidate models with the help of the loss function.

4. Empirical application

In this section, the risk estimation of a portfolio consisting of USD/TRY and JPY/TRY exchange rates
is investigated. The data set consisting of 1402 daily closing prices ranges from January 1, 2015 to May
15, 2020. The data is extracted from Yahoo Finance database. For the analysis, exchange rates with
daily frequency are used due to some reasons. First, it is extremely challenging to make accurate risk
estimations because there are many fluctuations in daily price series. Secondly, there are various
dependency structures such as asymmetric and tail dependency among daily price series, and there is a
need to overcome such dependencies. It is aimed to indicate that the copula-GARCH approach is
available for modelling such data. This paper is carried out with R software and some R packages are
utilized for statistical tests. The price series of the USD/TRY and JPY/TRY exchange rates are displayed
in Fig 1.
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Figure 1. The price series of the USD/TRY and JPY/TRY exchange rates, respectively

In this paper, the log-returns from the original price series are analysed and they are calculated as given
in Eq. (8).

. =1In (%) (8)

Where, p; represents the price of a financial asset in t time. The data set is divided into two parts to
check the accuracy of the risk estimation: train sample and test sample. The train sample covers between
January 1, 2015 and December 31, 2018 and consists of 1042 observations. The test sample ranges from
January 1, 2019 to May 15, 2020, and comprise of 359 daily closing prices. The test sample equals to
approximately 25% of the full sample. While estimation model is constructed using the train sample,
performances of the estimated models are evaluated by means of test sample. Descriptive statistics for
return series are presented in Table 3.
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Table 3. Descriptive statistics for daily exchange rate returns

Full Sample Train Sample Test Sample
USD/TRY JPY/TRY USD/TRY JPY/TRY USD/TRY JPY/TRY
Mean 0.00077 0.00085 0.00078 0.00086 0.00074 0.00081
Std. Dev. 0.01050 0.01207 0.01110 0.01261 0.00867 0.01036
Skewness 1.96382 1.33120 2.23655 1.42049 0.11403 0.77600
Kurtosis 32.83721 19.54702 34.70541 20.80580 7.51758 7.44898
JB Stats 64044 22793 53384 19228 859.42 879.41
P-Value 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000

It is evident that the means of USD/TRY and JPY/TRY returns are positive. Besides, return of JPY/TRY
is higher than the return of USD/TRY and same result is valid for their volatilities. This confirms the
conclusion that assets with high return have high risk. On the other hand, the standard deviations of
returns are greater than their means and this indicates that the relevant exchange rates are highly volatile.
The skewness values are positive for both the exchange rates. This refers that there is a high probability
of observing large positive returns at related exchange rates. Moreover, the values of kurtosis show that
the exchange rates are distributed leptokurtic. These results imply that the return series are not normally
distributed. Jarque Bera statistics reject significantly the null hypothesis of unconditional normality for
both returns series at 1% significance level. All results seemed to be almost the same for both the train
sample and the test sample. Thus, the test sample can reflect the features of all data and more reasonable
results are produced.

Table 4. Stationary and autocorrelation results for daily exchange rate returns, respectively

ADF P-Value Ljung-Box Q P-Value Ljung-Box Q? P-Value
USD/TRY -28.4 0.00000 50.873 0.00000 285.63 0.00000
JPY/TRY -30.9 0.00000 19.309 0.00727 384.31 0.00000

Table 4 presents the stationary and autocorrelation test results of exchange rate returns. The ADF
(Augmented Dickey-Fuller) test rejects the null hypothesis of the non-stationary time series for both
return series at 1% level of significance. Stationary time series models can be used for the conditional
mean of USD/TRY and JPY/TRY exchange rates. Ljung-Box Q statistics for both returns series
demonstrate that there is an autocorrelation in these series. In this case, ARMA models can be employed
for modelling conditional means of the return series. Ljung-Box Q test is applied to squared return series
and it is determined that these series are dependent. Lagrange multiplier test demonstrates that there is
an ARCH effect in the return series. Therefore, ARMA-GARCH approach is needed for modelling the
return series of USD/TRY and JPY/TRY.
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Table 5: Parameter estimations for marginal distributions and statistical tests

USD/TRY: GARCH-ST JPY/TRY: GARCH-ST (Skewed)
Parameter Value SE P-Value Value SE P-Value
u 0.00033 0.00021 0.12096 0.00079 0.00030 0.00895
1 0.59244 0.01625 0.00000 1.31142 0.00143 0.00000
Q2 -0.99356 0.01172 0.00000 -0.99320 0.00525 0.00000
0, -0.58772 0.00359 0.00000 -1.32846 0.00181 0.00000
0, 1.00151 0.00199 0.00000 1.00159 0.00036 0.00000
W 0.00001 0.00001 0.42420 0.00000 0.00001 0.00000
a 0.13388 0.02302 0.00000 0.09866 0.01206 0.00000
By 0.81075 0.04617 0.00000 0.83502 0.02123 0.00000
v 5.32426 1.62294 0.00103 1.13123 0.04799 0.00000
£ / / / 5.35866 0.80896 0.00000

Statistics P-Value Statistics P-Value

Ljung Box Q 4.94874 0.66621 1.56861 0.97994

Engle test 8.24863 0.31122 9.45190 0.22187

In addition to the GARCH model, alternative GARCH models such as GIRGARCH, TGARCH and
NGARCH are tried. The best model is selected based on AIC and BIC criteria and it is evaluated whether
the estimated model is suitable via diagnostic tests. It is decided that ARMA (2,2) -GARCH (1,1)
Student t distribution and ARMA (2,2) -GARCH (1,1) skewed Student t distribution are convenient for
USD/TRY and JPY/TRY, respectively. Table 5 displays the parameter estimations and model
sufficiency for marginal models. For USD/TRY returns, all parameters except constant term in the
model are found to be significant at 1% significance level while all parameters of the model estimated
for JPY/TRY are significant at 1% significance level. For JPY/TRY, & skewness parameter is discovered
to be significant and this result shows that skewed Student t distribution is required for the exchange
rate. It is determined that the residuals obtained from estimated models do not demonstrate
autocorrelation and ARCH effects. Hence, estimated models are adequate for both USD/TRY and
JPY/TRY exchange rates. In other respects, the large estimations of (a; + £3;) parameters in GARCH
models mean that volatility is persistent. Standardized residuals obtained from ARMA-GARCH models
are transformed into uniform inputs needed for the copula via probability integral transform. The joint
distribution function of the portfolio is constructed based on the copula that can model the whole
dependency structure between the variables.

Table 6. Selection of the copula and parameter estimations

Model Parameter LogL AlIC BIC Upper tail Lower Tail
Normal 0.69 285.60 -569.21 -564.26 / /
Student t 0.70;3.22 325.06 -646.13 -636.23 0.436 0.436
Clayton 1.35 216.77 -431.53 -426.58 / 0.598
Gumbel 1.94 304.45 -606.90 -601.95 0.571 /
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Table 6 presents the estimations of parameters, which are the correlation coefficient for the Normal
copula and correlation coefficient as well as degree of freedom for the Student copula, and goodness of
fit for the copula models. It is deduced that Student t copula is the best fitted model since it has the
smallest values of AIC and BIC. Student t copula enables to model linear and symmetrical tail
dependency. Correlation coefficient and degree of freedom for Student t copula are estimated to be 0.70
and 3.22, respectively. Furthermore, estimation of tail dependency is obtained as 0.445. These results
reveal that dependence structure between USD/TRY and JPY/TRY returns demonstrate a reasonably

symmetrical and tail dependency.

The copula-GARCH method with historical simulation and variance-covariance approaches are
analysed using various weighting techniques. Risk estimation results of equally weighted, inverse
volatility weighted and minimum variance weighted portfolios are presented in Table 7,
Table 8 and Table 9, respectively.

Table 7. Backtesting of risk estimations for equally weighted portfolio

Estimation Methods

Copula-GARCH

Historical simulation

Variance-Covariance

Statistical tests

Rate of VaR exceeds at 95 % 0.03342 0.03064 0.02228
Rate of ES exceeds at 95 % 0.01114 0.01392 0.01392
KT at95 % 2.33880 3.26738 7.25712
p-value 0.12618 0.07066 0.00706
CT at95 % 3.02848 4.19812 9.23877
p-value 0.21997 0.12257 0.00985
Loss functions
Lopez at 95 % 0.19722 0.26909 0.55154
Statistical tests
Rate of VaR exceeds at 99 % 0.00557 0.01392 0.01392
Rate of ES exceeds at 99 % 0.00278 0.00278 0.00835
KT at99 % 0.84708 0.49845 0.49845
p-value 0.35737 0.48017 0.48017
CT at99 % 0.86955 4.33933 4.33933
p-value 0.64740 0.11421 0.11421
Loss functions
Lopez at 99 % 0.01408 0.01107 0.01107
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Table 8. Backtesting of risk estimations for inverse volatility weighted portfolio

Estimation Methods

Copula-GARCH

Historical simulation

Variance-Covariance

Statistical tests

Rate of VaR exceeds at 95 % 0.03342 0.03064 0.02228
Rate of ES exceeds at 95 % 0.01114 0.01392 0.01392
KT at95 % 2.33880 3.26738 7.25712
p-value 0.12618 0.07066 0.00706
CT at95 % 3.02848 4.19812 9.23877
p-value 0.21997 0.12257 0.00985
Loss functions
Lopez at 95 % 0.19722 0.26909 0.55154
Statistical tests
Rate of VaR exceeds at 99 % 0.00557 0.01114 0.01392
Rate of ES exceeds at 99 % 0.00278 0.00278 0.00835
KT at99 % 0.84708 0.04561 0.49845
p-value 0.35737 0.83088 0.48017
CT at99 % 0.86955 4.85736 4.33933
p-value 0.64740 0.08152 0.11421
Loss functions
Lopez at 99 % 0.01408 0.00093 0.01107

Table 9. Backtesting of risk estimations for minimum variance portfolio

Estimation Methods

Copula-GARCH

Historical simulation

Variance-Covariance
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Statistical tests

Rate of VaR exceeds at 95 % 0.03342 0.03342 0.02228
Rate of ES exceeds at 95 % 0.00835 0.01392 0.01392
KT at 95 % 2.33880 2.33880 7.25712
p-value 0.12618 0.12618 0.00706
CT at95 % 3.02848 3.02848 9.23877
p-value 0.21997 0.21997 0.00985
Loss functions
Lopez at 95 % 0.19722 0.19722 0.55154

Statistical tests

Rate of VaR exceeds at 99 % 0.00557 0.01114 0.01392
Rate of ES exceeds at 99 % 0.00000 0.00557 0.00835
KT at99 % 0.84708 0.04561 0.49845
p-value 0.35737 0.83088 0.48017
CT at99 % 0.86955 4.85736 4.33933
p-value 0.64740 0.08815 0.11421
Loss functions
Lopez at 99 % 0.01408 0.00093 0.01107

It is concluded that risk estimation models based on the copula-GARCH approach created with
alternative weighting techniques are more reasonable models at both 5% and 1% significance levels
in terms of Kupiec and Christoffersen tests. In comparison with rates of VaR and ES exceeding, it is
discovered that VaR and ES exceeding rates of models based on the copula-GARCH approach are
smaller than other approaches at 1% significance level while they are almost the same at 1% level of
significance. In addition, except of portfolios formed with minimum variance weights, values of the loss
function obtained from the copula-GARCH methods are smaller than other approaches at 5%
significance level even though they are close to each other at 1% significance level. All results reveal
that risk estimation models based on the copula-GARCH approach created by alternative weighting
techniques give better results. On the other hand, it is deduced that the risk estimation model based on
the copula-GARCH approach created with minimum variance weights outperforms those combined with
other weighting techniques.

5. Conclusion

In this paper, the risk estimation of the exchange rate portfolio consisting of USD/TRY and JPY/TRY
exchange rates is investigated using variance-covariance, historical simulation and the copula-GARCH
approach combined with alternative weighting techniques. The study consists of three stages. First,
ARMA-GARCH type models are used to model the marginals of USD/TRY and JPY/TRY exchange
rate returns. For the returns of USD/TRY and JPY/TRY, it is decided based on both information criteria
and diagnostic tests that the best fitted models are ARMA (2,2) -GARCH (1,1) with Student t
distribution and ARMA (2,2) -GARCH (1,1) with skewed Student t distribution, respectively.

In the second stage, the copula approach is used to model the dependency between related exchange
rates. The dependency between USD/TRY and JPY/TRY exchange rates is found out to be best
modelled via Student t copula depending on the information criteria. In the third stage, various risk
estimation models are created through several weighting techniques and they are compared by
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backtesting methods. It is concluded that the copula-GARCH approach is more reasonable model
compared to historical simulation and variance-covariance methods. Furthermore, risk estimation
models based on the copula-GARCH approach combined with minimum variance weights give better
results than those created with other weighting techniques. In this study, risk estimation models are
constructed for exchange rate markets. For future research, different markets such as stock and energy
can be studied by means of the copula-GARCH approach formed by alternative weighting techniques.
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Yasam ¢oziimlemesinde, tanimlanan bir olay ger¢eklesene kadar gegen siire incelenmektedir. Bireyin ya da incelenen birimin
baslangi¢ noktasindan son noktaya varincaya kadar gegirdigi siirede bagka durumlarin yasanmasi ve durumlar arasinda
gegislerin olmasi s6z konusudur. Cok durumlu yasam c¢oziimlemesi modelleri iki durumlu klasik yasam ¢oziimlemesi
modellerinin genisletilmis bigimidir. Literatiirde en ¢ok kullanilan ¢ok durumlu model, i¢ durumlu modeldir. Bu galisma ile
ti¢ durumlu model yapisi kisaca verilmis ve iki durumlu modelde gegis olasiligi ve standart hata tahminlerinde kullanilan
tahmin edici yaklagimi {i¢ durumlu modele uyarlanmustir. Gegis olasiliklarinin tahmin edilmesinde kullanilan Aalen-Johansen,
on diizgiinlestirilmis Aalen-Johansen, yasam verisi analizi, Landmark, 6n diizgiinlestirilmis Landmark, Landmark Aalen-
Johansen ve 6n diizgiinlestirilmis Landmark Aalen-Johansen tahmin edicilerine diizeltme yapilmis ve durumlar arasi biitiin
gecisler icin olasilik ve standart hata degerleri hesaplanmistir. Yontemlerin uygulanabilirligini gostermek ve karsilagtirmak
amactyla R programi Survidm paketinde yer alan kolon kanseri verileri ile ¢alisilmistir. Diizeltilmis tahmin edicilerin standart
hata degerleri daha diisiik elde edilmistir.

Anahtar sézciikler: Cok durumlu model, gegis olasiliklari, yagam ¢éziimlemesi.

Abstract
Estimation of the transition probabilities of multi-state models in survival analysis and an application

The time until an event occurs is examined in survival analysis. During the time from the starting point of an individual or a
unit under study to the endpoint, other events may occur, and transitions between states are possible. Multi-state survival
analysis models are an extension of the classical two-state survival analysis models. The most commonly used multi-state
model in the literature is the three-state model. In this study, the three-state model structure is briefly presented and the
predictive approach used for transition probabilities and standard error estimates in the two-state model is adapted to the three-
state model. Adjustments are made to Aalen-Johansen, presmoothed Aalen-Johansen, lifetime data analysis, Landmark,
presmoothed Landmark, Landmark Aalen-Johansen, and presmoothed Landmark Aalen-Johansen estimators used to estimate
transition probabilities and probabilities and standard error values for all transitions between states are calculated.To
demonstrate and compare the applicability of the methods, colon cancer data available in the R program Survidm package is
used. Adjusted estimators have provided lower standard error values.

Keywords: Multi-state model, transition probabilities, survival analysis.

'Bu ¢alisma, birinci yazarn, ikinci yazarin damigsmanlhiginda hazirladigi doktora tezinden iiretilmistir.
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1. Giris

Yasam ¢6ziimlemesinde, tanimlanan bir olay ger¢eklesene kadar gegen siire incelenmektedir. Genellikle
ilgilenilen olayin gerceklesmesine kadar gecen siire ile siirece iligskin baslangi¢ ve son durumu inceleyen
iki durumlu modeller tercih edilmektedir. Bir durumdan ya da bir ge¢isten daha fazla sayida gegis, olay
oldugu zaman ¢ok durumlu modeller kullanilmaktadir. Kalbfleisch ve Prentice’in [1], Cox ve Oakes’in
[2], Hamerle’in [3], Klein ve Moeschberger’in [4] ve Hougaard’in [5] ¢alismalar1 yasam ¢oziimlemesi
alanina 6nemli katkilar1 olan ve ¢ok durumlu modellerin genel teorisini ortaya koyan calismalardir.

Uygulamalarda her zaman iki durumlu yasam ¢éziimlemesi istenilen sonucu agiklayamayabilir. Bu tarz
uygulamalarda ¢ok durumlu modellerin yapisi, birden ¢ok durum ve zamana bagh verilerin
¢oziimlemesinin yapilmasina olanak saglamaktadir [6].

Cok durumlu modeller, kesikli durumlar ve olasi gegislerden olusan stokastik siire¢ modelleridir [7, 8].
Cok durumlu yasam ¢oziimlemesi modelleri iki durumlu klasik yasam ¢oéziimlemesi modellerinin
genigletilmis bicimidir. Cok durumlu modellerde son duruma gelinceye kadar ara durumlar sz
konusudur. Kullanilan yazilimlarin gelismesiyle birlikte Markov siireglerin yaninda Markov olmayan
stirecler konusunda da ¢aligmalar yapilmistir. Markov ve Markov olmayan ¢ok durumlu siiregler
hakkinda ilk ¢alismalar Cox [9], Lagakos [10], Aalen [11] tarafindan yapilmistir. Aalen ve Johansen
[12] homojen olmayan Markov zincirlerinde ge¢is matrisinin parametrik olmayan tahminlerinin elde
edilmesi hakkinda literatiire katkida bulunmuslardir.

Courgeau ve Lelievre [13], Andersen ve ark. [7], Blossfeld ve Rohwer [14], Commenges [15], Hougard
[16], Hougard [5], Andersen ve Keiding [17] ¢ok durumlu modellerin yapisi ve gelisimi ile ilgili
calismislardir. Moreira ve ark. [18] ti¢ durumlu modelde Aalen-Johansen tahmin edicisinin 6n
diizgiinlestirilmesini yapmislar ve sonuglar1 Aalen-Johansen tahmin edicisi ile kiyaslamiglardir.

Bu calismada gecis olasiliklarinin hesaplanmasi konusunda ii¢ durumlu modeller i¢in daha once
kullanilmayan alternatif bir yontem uygulanarak, her bir tahmin edici i¢in olasilik ve standart hata
tahminleri elde edilmistir. Ug¢ durumlu modelde kullanilan tahmin edicilere diizeltme yapilarak yeni
tahmin ediciler gelistirilmis ve sonuglar gecis olasilig1 ve standart hata tahminlerine gére literatiirde yer
alan diger tahmin edicilerle karsilastirilmistir. Caligmanin ikinci bolimiinde ¢ok durumlu modeller i¢in
temel tanim ve kavramlar verilmistir. Cok durumlu modellerin yapilar ve gecis olasiliklarini tahmin
etme yontemleri tanitilmigtir. Uglincii boliimde R programi Survidm paketinden alinan kolon kanseri
verileri igin farkli tahmin ediciler tizerinden gegis olasiliklar1 ve standart hatalari hesaplanarak, dnerilen
diizeltme yapilmistir. Her bir tahmin edici kendi i¢inde diizeltilmis hali ile karsilagtirilmigtir. Biitlin
tahmin ediciler ilizerinden gecis olasiliklarinin genel karsilastirmasi yapilarak oOnerilen diizeltilmis
tahmin edicinin uygulanabilirligi gosterilmistir. Calismanin son boliimde ise sonuglar hakkinda genel
degerlendirme yapilmistir.

2. Cok durumlu modeller

En basit ¢cok durumlu model baslangi¢c zamanindaki durumdan son duruma gegen, iki durumlu modeldir.
Model yapis1 Sekil 1°de verilmistir. Bu modelde birim t zaman sonra son durum 1°e geger [17,19]. iki
durumlu modeller, p=2 durumdan olusan ve sadece 0 durumundan 1 durumuna gegisle sonlanan
modellerdir. 0 durumundan 1 durumuna t zamaninda gegis yogunlugu hy, (t), tehlike fonksiyonu h(t)
olur ve biitlin t zamanlarmda hy(t) = 0 oldugu i¢in 1 durumu siireci sonlandiran basarisizlik
durumudur. 0 durumunda ilk dagilim (initial distribution) 1, (0) =1 dir ve siire¢ Markov siirecidir.
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0 h(t)

v

Baslangig Son
Sekil 1. iki durumlu model

Yasam coziimlemesi verisinde iki durumlu model i¢in 0 durumundan 1 durumuna gecisteki tehlike
fonksiyonu,

PeE<T<t4+At|T>t
h(t) = Aqmo( = T=9 (1)

ve yasam fonksiyonu,

S() =P(T=>t) =exp (— jth(u)du) (2)
0

seklindedir [20]. Burada h(.), 0 durumundan 1 durumuna gegis yogunlugu ya da gegcis riskidir.

Iki durumlu model i¢in Kaplan - Meier (KM) tahmin edicisi ile yasam fonksiyonu S(t) tahmin edilerek
gecis olasiliklart hesaplanmaktadir [21].

n biyiikligiinde bir orneklem i¢in tanimlanan olaym olma siireleri ¢; <t, <--- <t, seklinde
siralansin ve her bir tanimlanan olayin gerceklesme siirelerinde birden ¢ok tanimlanan olay oldugu
varsayilsin. n;j, t;’den once risk altindaki bireylerin sayisi, d;; t; aninda tanimlanan olayin meydana
geldigi bireylerin sayist olmak {izere yasam fonksiyonunun KM tahmin edicisi,

A n; — d; 3
S(t) = ng (3)
0
<t
seklinde tanimlanmaktadir [21, 22].

Cok durumlu modellerde ise durumlar arasinda birden ¢ok gecis s6z konusudur. Cok durumlu modeller
durumlar arasindaki gegis yogunluklarina yani tehlike fonksiyonlarina bagli olarak tanimlanmaktadir.

Cok durumlu siireg, sonlu durum uzayinda S={1, ..., p} stokastik bir siiregtir (X(t), t € T) ve sagdan
stireklidir (X(t+)=X(t)). Burada T=[0, t] ya da [0, T), T < +o0’dur. Siirecin baslangi¢ dagilimi1 ;(0) =
P(X(0) =1),i € S olmak tizere gegis olasiliklari,

Py(s,t) = P(X(t) =jIX(s) = 1, Xs-) (4)

bigimindedir. Burada i, j € S, s, t € T, s<t dir. Bu durumda ge¢is yogunluklari ise,

~ Pi(tt+ At) (5)
hiy(®) = Jim —— g —

bi¢imindedir. Birikimli gegis yogunlugu A;;(t) = ) Ot hj;(u)du bigimindedir.

Bir i durumu (i€S), biitiin t€T, j€S, j=i, h;;(t)=0 ise h durumu modelin son durumudur, h durumundan
diger durumlara tekrar doniis s6z konusu degildir, diger durumlar ise gegici durum olarak tanimlanir ve
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aralarinda gegis yapilabilir. Yani modeldeki son duruma gegisten sonra tekrar geriye doniis s6z konusu
degildir. m;(t) = P(X(t) = i) durum olasiliklari,

m(t) = Z W (0)P;(0, ) ©6)

jeS
seklinde tanimlanir.

Modellerin genel yapisi durumlara ve aralarindaki olas1 gecislere gore belirlenmektedir. Cok durumlu
modeldeki gecis yapilar1 diyagramlar kullanilarak ifade edilmektedir. Bu diyagramlarda kutular
durumlar ifade ederken, oklar ve yonleri ise durumlar arasindaki gegisleri gostermektedir [16]. Biitiin
durumlar numaralandirildiginda i’den j durumuna gegis “i — j” ile gosterilmektedir [6]. Durumlar gegis
durumu ya da yutucu son durum olabilir. Yutucu durum bir kere gegis yaptiktan sonra tekrar ¢ikilamayan
son durumdur (6liim).

Ug durumlu model hastalik-6liim modeli olarak da ifade edilmektedir. Sekil 2’de goriildiigii gibi
baslangi¢ (saglikl1) ve son durum (6liim) arasinda bir ge¢is durumu (hastalik niiksetmesi, hasta olunmasi
vb.) s6z konusudur.

h
Saglikls 01(1) Hastalik
0 o1
hg (t) : /hu ()
Oliim
2

Sekil 2. Hastalik-6liim modeli

Hastalik-6liim modelinde gegis olasiliklari,

t
Poo(s,t) = exp(—f (hoz(u) + hoq(u))du),

t
Poi(s1) = ( f Poo (5, u=) hoy (W)Pyy (u,£) du)

ve

t
P50 = ep(= [ () du)

(7)

bigiminde ifade edilir [17].

S(t) yasam fonksiyonu ve h(t) tehlike fonksiyonu olmak iizere, birikimli tehlike fonksiyonu H(t)=
A(t)=R(t)= [ h(s) ds seklindedir [23].

Bir i durumundan j, ..., k durumuna gecisin oldugu ¢ok durumlu modellerde i. durumda yasam

K
fonksiyonu S;(t) = e Zn=jAin seklindedir. Basit Markov modelinde gegis olasiliklarinin agik ifadesi,

Pj(s,t) = P(t zamaninda j durumunda/s zamaninda i durumunda)

(8)
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=PX(®) =j[X(s) =1)
seklindedir.

0,1, ..., k durumdan olusan bir Markov zinciri olsun. h;;(t) gecis yogunluklari, P;(s, t) gegis olasiliklart
olmak iizere gegis olasilik matrisi,

Poo(s,)  Poi(s,t) - Pok(s,t)
P(s,t) = Pro (5: t) Py (S. 19 P1k.("5; t)
PkO (S' t) Pkl (Sr t) Pkk (S' t)

seklindedir ve  P(st)=[[scuste(I + dA(u)) bigiminde de yazilabilir. Burada A(t)={A;(®)},
Aji (== Xj=i Ajj(t) den olusan birikimli gecis yogunlugu matrisidir [23].

Gegis olasiliklarinin tahmin edilmesinde kullanilan yontemler agsagida verilmistir:

2.1. Aalen-Johansen tahmin edicisi

Gegis olasiliklarinin tahmin edilmesinde farkli yontemler kullanilabilmesine ragmen literatiirde en ¢ok
tercih edilen tahmin edici Aalen-Johansen (AJ) tahmin edicisidir [12]. Bu tahmin edici KM tahmin
edicisinin matris formudur ve KM tahmin edicisinin Markov zincirlerine genisletilmis halidir. AJ tahmin
edicisi asagidaki gibidir:

P(s,t) = [scuse(l + AR (W)). (9)

Burada A(t) = {A;(D)}, Ay(t)=— Xz A(t) bigimindedir.

2.2. Yasam verisi analizi tahmin edicisi

Meira-Machado ve ark. [24] hastalik 6liim modelinde gegis olasiliklarinin hesaplanmasi i¢in KM
agirliklarindan yararlanarak ilk kez Markov olmayan bir tahmin edici gelistirmislerdir. Bu tahmin edici
de durdurulmus veri kosulu gerekliligi tizerinde bir degisiklik yapilarak yasam verisi analizi (Lifetime
Data Analysis - LIDA) tahmin edicisi gelistirilmistir [25].

p12(s,t) Ve py,(s,t) gecis olasiliklarinin tahmininde AJ’ye alternatif bir yaklagim gelistirilmistir.
p11(s,t) gecis olasiligmin yasam fonksiyonu S;o(s) klasik KM tahmin edicisi ile elde edilmektedir
ancak diger gecisler (Z°, T?) i¢in hesaplanmasi daha zor olan E [@((Z°, T?)] beklenen degerlerinin belli
dontistimleri ile elde edilir.

Yasam dagilimlarinin durdurma ve ilgili olaym gergeklesmesi iizerindeki varsayimi bazi durumlarda
bireyin takibinin zor olmasindan dolay:1 karsilanamamaktadir. Bu duruma karst de Una Alvarez ve
Meira-Machado [25] tarafindan tahmin edicilere diizeltme yapilmistir. LIDA tahmin edicileri olarak
ifade edilen bu tahmin ediciler asagida verilmistir:

So(s) — S () — E(Ys,t(zl T))

PP (5.0 = :
SO (S) (10)

~LIDA E(¥5:(ZT))
=1 —-——>—"-
P22 (st JOENS)

Burada yg¢(u,v) = I(s <u < t,v > t) ve ¥5(u,v) = I(u < s,v > t) bicimindedir.
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2.3. Isaretlenmis (landmark) tahmin ediciler

Gegis olasiliklarinin tahmininde kullanilan bir baska yontem isaretlenmis (landmark - LM) tahmin
edicilerdir. Isaretlenmis tahmin ediciler belirli bir zaman noktasinda isaretlenen zamanda bir durumdan
digerine gecme olasiligini tahmin etmek icin kullanilmaktadir. Isaretlenmis zaman noktasindaki
durumlara gére gruplandirma yapilarak sonraki duruma gegis olasiligi tahmin edilmektedir.

Alt orneklemeye dayali isaretleme olarak da adlandirilan bu yontem i durumunda goézlemlenen
bireylerin alt kiimesini dikkate almaktir. Tahminler veri alt kiimelerinden tiiretilen KM tahmin edicileri
arasindaki farklara dayanmaktadir [26].

s zamaninda birinci durumda smirlandirilmis pyj(s,t) (j=1,2,3) olsun. S; = {i: Z; > s} kiimesinde C
durdurma zamani Z’den bagimsizdir [25]. Z>s alt 6rnekleminde C (Z, T) ikilisinden bagimsiz oldugu
icin KM’ye dayali tahmin tutarli sonu¢ verir. Benzer sekilde s zamaninda ikinci durumda S, =
{i: Zi <s< Ti} sinirlandirilmis p,;(s, t) (=2,3), gegis olasiliklari olsun. Bu durumda gegis olasiliklart
icin LM tahmin edicileri asagida verilmistir [27]:

pM(s,t) = SP,
piM(s, 1) = SO (), (11)
pEM(s, 1) = SEI(o).

§(()S) birinci durumdaki S; alt orneklemlerinden hesaplanan KM tahmin edicisi, S® aym alt

6rneklemdeki toplam siiredeki KM tahmin edicisi ve SII(t), S, alt 6rneklemlerinden elde edilen toplam
stiredeki KM tahmin edicisidir.

Putter ve Spitoni [28] alt 6rneklemle ¢alisma fikrinden yola ¢ikarak AJ tahmin edicisine alternatif olarak
isaretlenmis AJ (LMAJ)) tahmin edicisini gelistirmislerdir. Alt 6rneklemeyi AJ tahmin edicisine
uyarlamis ve LMAJ tahmin edicisini gelistirmislerdir.

Simiilasyon ¢aligmalarinda LM ve LMAJ 1 benzer sonuglar gosterdigini ortaya koymuslardir. p11 (s, t),
P22 (s, t) Ve py3(s, t) gegis olasiliklart her iki tahmin edici i¢in de esdeger sonuglar vermistir. Bu tahmin
ediciler 6zellikle kiigiik 6rneklemlerde ve durdurulmus verinin fazla oldugu bazi durumlarda biiyiik
standart hatalara sahip olabilmektedirler. Bu durumun oniine gecebilmek icin 6n diizgiinlestirme
yapilabilir. LM ve LMAJ tahmin edicileri yerine on diizglinlestirilmis LM (PLM) ve 6n
diizgiinlestirilmis LMAJ (PLMAJ) tercih edilebilir [29].

2.4. On diizgiinlestirilmis tahmin ediciler

Gegis olasiliklarinin tahmininde kullanilan bir diger etkili yontem tahmin edicilerde diizeltme
yapilmasidir. Dikta [30] KM tahmin edicisinde durdurulmus verilerin yerine 6n diizgiinlestirilmis veri
tahmini yerlestirerek tahmin yapilmasini 6nermistir. Durdurulmus veriler igin diizgiinlestirilmis veriler
tahmin edilir ve durdurulmus veriler yerine iiretilen bu yeni veriler kullanilir.

On diizgiinlestirme islemi ile veri setinde durdurulmus veriler igin bir modifikasyon yapilarak tahmin
iiretilmektedir. Baglangic diizgiinlestirmesi lojistik gibi belli parametrik dagilim ailesine
dayandirilabilecegi gibi, parametrik olmayan iki degiskenli regresyon egrilerinden de elde
edilebilmektedir. Parametrik dagilim kullanilmasi durumunda yar1 parametrik bir tahmin edici elde
edilmektedir.

Markov olmayan modeller i¢in Amorim ve ark. [31] 6n diizgiinlestirilmis gecis olasiliklar1 igin bir
tahmin edici Onermistir. Moreira [23] hastalik 6lim modelinde AJ tahmin edicisi {izerinde on
diizgiinlestirme yapmis ve 6n diizgiinlestirilmis AJ (PAJ) tahmin edicisini gelistirmis, tahmin edicileri
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simiilasyon ile karsilastirmistir. Kiiglik 6rneklem biiyiikliiklerinde ve yiiksek oranda durdurulmus veri
varliginda 6n diizgiinlestirme igleminin iyi bir alternatif ¢6ziim oldugu ifade edilmistir.

On diizgiinlestirme ile tahmin edicide durdurulmus verilerin yerine 6n diizgiinlestirilmis tahminler
yerlestirilmektedir. Gegis olasiliginin 6n diizgilinlestirmis versiyonunda durdurulmus verilerin yerine
diizgiinlestirilmis  ikili regresyon (binary regression) fonksiyonu mg(z) = P(A;= 1|Z =2z)
yerlestirilir. Burada m(z) ikili regresyon fonksiyonunun bir tahmin edicisidir. On diizgiinlestirmenin
ana mantig1 her durdurulmus verinin yerine ikili regresyon/lojistik regresyon ile diizgiinlestirilmis bir
tahminini yapmak ve bu tahmin ile durdurulmus verinin yer degistirmesidir.

2.5. Diizeltilmis Qegis Olasiligi tahmin edicileri

Bu ¢alismada Zaman ve ark. [32] tarafindan iki durumlu modeller i¢in 6nerilen diizeltilmis olasilik ve
varyans tahmin edicileri {i¢ durumlu hastalik 6liim modelinde kullanilmig ve verilen tiim yontemlerde
durumlar aras1 gegisler i¢in olasilik (p11, P12, P13, P22 V€ P23) ve standart hata degerleri hesaplanmustir.
KM yasam fonksiyonu tizerinden daralan (shrunken) varyans tahmini yapilmasi konusunda Borkowf
[33] bir tahmin edici onermistir. Zaman ve ark. [32] iki durumlu modeller i¢in yasam fonksiyonu ve
varyansin hesaplanmasi i¢in daralan KM yasam fonksiyonundan yola ¢ikarak yasam olasiligi ve
varyansli i¢in agagidaki diizeltilmis tahmin edicileri 6nermislerdir:
1

~ 1\ A
Spiiz. (D) = (1 - \/—3) S(H + )

2 (12)
Var([Sp, (D] = (1 - \/iﬁ) var[S(®)].
Burada Greenwood formiiliiniin uygulanmasi ile dnerilen diizeltilmis varyans tahmin edicisi;
o (13)

Var (ou ) = G )2 (1~ ) Tt

seklinde ifade edilmektedir. Onerilen diizeltilmis tahmin edicinin 6zellikle dagilimin kuyruklarinda daha
iyi sonuglar verdigi gortlmiistiir [32].

Bu ¢aligmada ti¢ durumlu modeller i¢in kullanilan biitiin tahmin ediciler iizerinden diizeltme yapilmistir.
Diizeltilmis gecis olasiligi ve diizeltilmis standart hata tahminleri elde edilmistir. Yapilan diizeltmenin
etkinliginin incelenmesi igin elde edilen sonuglar iizerinden tahmin ediciler kendi iglerinde ve
birbirleriyle karsilastirtlmistir.

3. Uygulama

Yontemlerin uygulanabilirligini gdstermek amaciyla gegis olasiliklarinin ve standart hata tahminlerinin
elde edilmesi i¢in R program1 Survidm paketinde yer alan 929 kisiden olusan 3. evre kolon kanseri verisi
(colonIDM) kullanilmigtir [34]. Kolon kanseri olan kisiler ameliyat edilerek tedavi edilmis ve sonraki
stirec takip edilmistir. Modelin yapist Sekil 3’de verilmis olup, model saglikli (ameliyat sonras1 saglikl),
niiks (hasta) ve 6lii olmak {izere ti¢ durumlu bir hastalik 6liim modelidir. Gegisler 1’den 2’ye, 1’den 3’¢
ve 2°den 3’e seklinde gergeklesmektedir.
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P11 Paz
Saglikh e g:;:)
1 2
Pis ﬁs
Ol
3

Sekil 3. Kolon kanseri verisi model yapist

Sekil 3’de verilen model yapisinda,

P11; saglikli olan kisilerin ¢alisma boyunca saglikli olarak kalma olasiligini,
P12; saglikli olan kisilerin hastaliginin niiksetmesi olasiligini,

P13; saglikli olan kisilerin 6lmesi olasiligini,

P22 hastalig1 nitksetmis kisilerin niikste kalmasi olasiligini,

P23; hastalig1 nitkseden kisilerin 6lmesi olasiligini ifade etmektedir.

Gegis olasiligr ve standart hata tahminlerinde kullanilan ydntemlerin kisaltmalarinin agiklamalari
asagida verilmistir:

AJ; Aalen-Johansen,

PAJ; On diizgiinlestirilmis (Presmoothed) Aalen-Johansen,

LIDA; Yasam verisi analizi (Lifetime Data Analysis),

LM; Isaretlenmis (Landmark),

PLM; On diizgiinlestirilmis isaretlenmis (Presmoothed Landmark),

LMAJ; Isaretlenmis (Landmark) Aalen-Johansen,

PLMAJ; On diizgiinlestirilmis Isaretlenmis (Presmoothed Landmark) Aalen-Johansen.

Calismadaki 929 hastanin 468’inde (%50) kanser niiksetmis ve kanser niikseden hastalarin 414’ (%45)
Olmiistiir. 38 hasta (%4) ise niikks olmadan 6lmiistiir. Bu durumda calisma sonunda toplam 452 hasta
(%49) 6lmiistiir. Ayrica ¢aligma sonunda 423 kisi (%46) saglikli kalmis ve kanseri niikseden 54 kisi de
(%0.06) hayatta kalmistir (Cizelge 1).

Cizelge 1. Kolon kanseri verisinde durumlar aras1 gegis dagilimi

Son durum
flk durum | Saglikh | Niiks | Olii Toplam
Saghkh 423 468 | 38 929
Niiks 0 54 414 468

AlJ, PAJ, LIDA, LM, PLM, LMAJ ve PLMAJ tahmin edicileri {izerinden gecis olasiliklar1 ve standart
hata tahminleri R programinda Survidm paketinden yararlanilarak hesaplanmigtir. Biitiin tahmin
edicilere diizeltme yapilarak, sonuclar belli zaman noktalarinda karsilastirilmis ve hem diizeltilmis
tahmin edicinin etkinligi hem de en iyi sonucu veren tahmin edici arastirilmigtir. =0 ve $=365 zaman
noktalar secilerek hesaplamalar yapilmis ve grafikler ¢izilmistir. s=0 baslangi¢c zamaninda gézlemlerin
ilk durumda oldugu varsayildigi i¢in bu zaman noktasindaki ikinci durumdan iigiincli duruma gegis ve
ticlincii durumda kalma olasilik ve standart hata degerleri hesaplanmamustir.

Al, PAJ, LIDA, LM, PLM, LMAJ ve PLMAJ yontemleri i¢in hesaplanan gecis olasiliklar lizerinden
diizeltilmis tahmin edici yontemi ile gecis olasiliklar1 ve standart hatalara diizeltme yapilmis ve
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diizeltilmis tahmin edicilerin sonuclar1 karsilastirilmistir. Sekil 4’te verilen AJ tahmin edicisinin
sonuclarina bakildiginda AJ tahmin edicisinin diizeltilmis olasilik ve standart hata degerleri daha diisiik
elde edilmistir. Diger tahmin ediciler i¢in de diizeltilmis olasilik ve standart hata degerleri daha diisiik

bulunmustur.

1
A
09 (3

p11_Al
—p12_Al

pii(0,t)

p13_A)

====-Diizpll_AJ
~~-Duzpl2_Al

————— Diizpl3_Al

pl1_AJ

p12_Al

p13_AJ

p22_Al

—_—p23 A
B Diizp11_AJ

T mmea Dilzp12_Al

pii(365,1)

----- Diizp13_Al
e, Diizp22_AJ
0 ———=aDiizp23_AJ

Siire (glin)

Sekil 4. s=0 ve s=365 i¢in AJ ve diizeltilmis AJ tahmin edicilerinin olasilik ve standart hata grafigi

P11s P12, P13, P22 Ve pa3 gecis olasiliklar i¢in genel olarak en iyi tahmin ediciyi bulmak amaciyla

SHij{o,t)

SHii(365,1)

SHp11_AJ
SHp12_AJ

SHp13_AJ

————— DizSHpll_AJ
~~-DiizSHp12_AJ

77777 DiizSHp13_AJ

SHp11 A

SHp12 Al

SHp13_Al
SHp22_A

SHp23_Al
77777 DiizSHp11_Al
=== DiizSHp12_AJ
-----DiizsHp13_AJ

DiizSHp22_Al

g mm—— DiizSHp23_AJ

Siire (glin)

diizeltilmis AJ, PAJ, LIDA, LM, PLM, LMAJ ve PLMAJ tahmin edicileri karsilastirilmastir.

Sekil 5 incelendiginde p;; gegis olasiliginin en diistik standart hataya sahip diizeltilmis tahmin edicilerin

$s=0 i¢in Diiz_LIDA ve Diiz LMAJ, s=365 i¢in Diiz_LIDA oldugu goriilmektedir.
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Sekil 5. s=0 ve s=365 i¢in p;4 gecis olasiligi diizeltilmis tahmin edicilerin olasilik ve standart hata
grafigi

Sekil 6 incelendiginde p;, gecis olasiliginin en diisiik
edicilerinin s=0 i¢in Diz LMAJ ve Diz LM, s=365

goriilmektedir.
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Sekil 6. s=0 ve s=365 i¢in p;, gecis olasilig1 diizeltilmis tahmin edicilerin olasilik ve standart hata
grafigi
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Sekil 7 incelendiginde p;3 gecis olasiiginin en diisiik standart hataya sahip diizeltilmis tahmin
edicilerinin s=0 i¢in Diiz PAJ ve Diiz PLM, s=365 i¢cin Diiz LMAJ ve Diiz PLMAJ oldugu

goriilmektedir.
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Sekil 7. s=0 ve s=365 i¢in p;3 gecis olasilig1 diizeltilmis tahmin edicilerin olasilik ve standart hata
grafigi

Sekil 8 incelendiginde s=365 i¢in p,, gecis olasiliginin en diisiik standart hataya sahip tahmin edicinin

Diiz_PAJ oldugu goriilmektedir.
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Sekil 8. s=365 i¢in p,, gegis olasiligi diizeltilmis tahmin edicilerin olasilik ve standart hata grafigi

Sekil 9 incelendiginde s=365 igin p,3 gecis olasiliginin en diisiik standart hataya sahip tahmin
edicilerinin Diiz_ PAJ ve Diiz_ PLMAJ oldugu goriilmektedir.
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Sekil 9. s=365 i¢in p,3 gegis olasiligr diizeltilmis tahmin edicilerin olasilik ve standart hata grafigi

Kullanilmas1 6nerilen diizeltilmis tahmin ediciler daha diisiik standart hata degerlerine sahiptir. p;4, P12,
P13s P22 V€ P23 gecis olasiliklarina gore en diisiik standart hata degerlerine sahip diizeltilmis tahmin
ediciler Cizelge 2’de verilmistir.

Cizelge 2. Gegis olasiliklarina gore en iyi sonucu veren tahmin ediciler

Gegis Olasihg s=0 giin $=365 giin
Py Diiz LIDA/Diiz LMAJ Diiz LIDA
P12 Diiz LMAJ/ Diiz LM Diiz PAJ/ Diz LMAJ
P13 Diiz PLM/ Diiz PAJ Diiz LMAJ/ Diiz PLMAJ
P22 Diiz PAJ
P23 Diiz PLMAJ/ Diiz PAJ

AJ, PAJ, LIDA, LM, PLM, LMAJ ve PLMAJ tahmin edicilerinin olasilik ve standart hata degerleri
hesaplanmigtir. Bu tahmin ediciler iizerinden iki durumlu modeller i¢in Zaman ve ark. [32] tarafindan
Onerilen tahmin ediciden yararlanarak {i¢ durumlu hastalik-6liim modeli icin diizeltilmis tahmin
edicilerin kullanilmasi 6nerilmis ve pq41, P12, P13, P22 V€ P23 gecis olasiliklar igin en diigiik standart
hatay1 veren tahmin ediciler arastirilmustir. AJ, PAJ, LIDA, LM, PLM, LMAJ ve PLMAJ tahmin
edicilerine yapilan diizeltmeler sonucu standart hata degerleri daha diisiik elde edilmistir.

Elde edilen sonuglara gore diizeltilmis tahmin edicilerin bazi olasilik ve standart hata degerleri Cizelge
3’de verilmistir. Cizelge 2’de verilen sonuglara gore Cizelge 3°de s=0 ve s=365 baslangi¢ zamanlarina
gore yorumlar yapilmistir.

s=0 baslangi¢ zamaninda biitiin bireylerin birinci durumda oldugu kabul edilmektedir. Bu nedenle
sadece birinci durumdan ikinci ve {iglincli duruma gegis yapilabilir. s=0 i¢in bazi olasilik degerleri
asagida verilmistir:

P11 i¢in en iyi tahmin edici olan Diiz LMAJ degerlerinden, sifirinci giinde yasayan bir bireyin 365.
giinde (1 yil) yasiyor olma olasiligi 0.729 (SH=0.0134), altinc1 yilda (2197 giin) yasama olasilig1
0.447°dir (SH=0.0153).

P12 i¢in en iyi tahmin ediciler olan Diiz LMAJ ya da Diiz_ LM degerlerinden sifirinci giinde yasayan
bir bireyin bir y1l sonra hastaliginin niiksetme olasiligr 0.158 (SH=0.0109), altinc1 yilda hastaliginin
niiksetmesi olasilig1 0.065°dir (SH=0.0701).

P13 i¢in en iyi tahmin edici olan Diiz PLM degerlerinden sifirinci giinde yasayan bir bireyin bir yil
sonra 6lmesi olasiligr 0.081 (SH=0.00749), altinc1 yilda 6lmesi olasiligi 0.464°diir (SH=0.0145).

§=365 i¢in (birinci yildan sonraki gegcislerin) bazi olasilik degerleri asagida verilmistir:
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P11 i¢in en iyi tahmin edici olan Diiz LIDA degerlerinden birinci yilda yasayan bir bireyin bir y1l sonra
(t=730) yasama olasiligi 0.77 (SH=0.0125), ii¢ yil sonra (t=1455) yasama olasiligi 0.658’dir

(SH=0.0162).

P12 i¢in en iyi tahmin edici olan Diiz_ PAJ degerlerinden; birinci yilda yasayan bir bireyin bir yil sonra
hastaliginin niiksetmesi olasiligi 0.126 (SH=0.0110), ii¢ y1l sonra niiksetmesi olasiligi 0.086’dir

(SH=0.00894).

Cizelge 3. En iyi sonucu veren tahmin edicilerin bazi olasilik ve standart hata degerleri

P12 £ SHp;,

P13 £ SHpy3

P22 £ SHp;;

P23 £ SHpy3

0.158+1.17E-02

0.081+8.80E-03

0.158+1.12E-02

0.081+8.05E-03

0.152+1.13E-02

0.087+9.28E-03

0.158+1.09E-02

0.081+7.93E-03

0.158+1.28E-02

0.081+7.49E-03

0.158+1.09E-02

0.080+7.89E-03

0.158+1.12E-02

0.081+8.49E-03

0.065+7.86E-03

0.456+1.58E-02

0.065+7.83E-03

0.460+1.54E-02

0.032+8.64E-03

0.489+2.11E-02

0.063+7.64E-03

0.458+1.55E-02

0.060+7.99E-03

0.464+1.45E-02

0.065+7.01E-03

0.455+1.53E-02

0.065+7.40E-03

0.460+1.67E-02

0.126x1.11E-02

0.071+£7.93E-03

0.453+3.06E-02

0.514+3.06E-02

0.126+1.10E-02

0.072+7.41E-03

0.453+2.89E-02

0.514+2.76E-02

0.132+1.36E-02

0.065+1.00E-02

0.351+4.05E-02

0.617+£3.40E-02

0.143+1.11E-02

0.054+7.25E-03

0.375+3.47E-02

0.592+3.59E-02

0.142+1.34E-02

0.055+7.76E-03

0.375+£3.61E-02

0.592+3.66E-02

0.143£1.19E-02

0.054+7.24E-03

0.375+£3.47E-02

0.592+3.59E-02

0.143£1.20E-02

0.055+7.74E-03

0.375+4.22E-02

0.592+2.60E-02

0.086+9.29E-03

0.223£1.47E-02

0.129+1.60E-02

0.838+1.60E-02

0.086+8.94E-03

0.222+1.50E-02

0.130+1.57E-02

0.837+1.58E-02

0.064+1.05E-02

0.245+1.70E-02

0.065+2.20E-02

0.902+3.33E-02

0.091+9.74E-03

0.218+1.44E-02

0.102+1.93E-02

0.865+2.34E-02

0.094+1.03E-02

0.214+1.48E-02

0.102+2.09E-02

0.865+2.23E-02

0.091+£9.56E-03

0.218+1.43E-02

0.102+1.93E-02

0.865+2.34E-02

‘ P11 % SHpy
s=0, t=365 giin
Diiz_AJ 0.728+1.37E-02
Diiz_PAJ 0.728+1.38E-02
Diiz_LIDA | 0.728+1.54E-02
Diiz_LM 0.728+1.34E-02
Diiz_PLM 0.728+1.44E-02
Diiz LMAJ |0.729+1.34E-02
Diiz PLMAJ | 0.728+1.38E-02
s=0, t=2197 giin
Diiz_AJ 0.446+1.58E-02
Diiz_PAJ 0.442+1.62E-02
Diiz_LIDA | 0.446+1.62E-02
Diiz_ LM 0.446+1.54E-02
Diiz_PLM 0.442+1.78E-02
Diiz LMAJ |0.447+1.53E-02
Diiz_ PLMAJ | 0.442+1.54E-02
s=365, t=730 giin
Diiz_AJ 0.770+1.47E-02
Diiz_PAJ 0.770+1.44E-02
Diiz LIDA |0.770+1.25E-02
Diiz_LM 0.770+1.45E-02
Diiz_PLM 0.770+1.55E-02
Diiz LMAJ |0.770+1.45E-02
Diiz_ PLMAJ | 0.770+1.60E-02
s=365, t=1455 giin
Diiz_AJ 0.658+1.71E-02
Diiz_PAJ 0.659+1.78E-02
Diiz LIDA | 0.658+1.62E-02
Diiz_ LM 0.658+1.66E-02
Diiz_ PLM 0.659+1.84E-02
Diiz LMAJ |0.658+1.66E-02
Diiz_ PLMAJ | 0.659+1.87E-02

0.092+9.77E-03

0.216+1.43E-02

0.102+3.56E-02

0.865+1.62E-02

P13 i¢in en iyi tahmin edici olan Diiz_ LMAJ degerlerinden birinci yilda yagayan bir bireyin bir y1l sonra

Olmesi olasiligi 0.054 (SH=0.00724), ti¢ y1l sonra dlmesi olasiligr 0.218’dir (SH=0.0143).
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P22 i¢in en iyi tahmin edici olan Diiz_ PAJ degerlerinden birinci yilda hastaligi niikseden bir bireyin bir
yil sonra niiksetmis sekilde kalmasi olasiligi 0.453 (SH=0.0289), ii¢ yil sonra da niiksetmis sekilde
kalmas1 olasiligi 0.13’diir (SH=0.0157).

P23 i¢in en iyi tahmin edici olan Diiz PLMAJ ya da Diiz_PAJ degerlerinden birinci yilda hastalig
niikseden bir bireyin bir y1l sonra 6lmesi olasiligt 0.592 (SH=0.0260), i¢ y1l sonra dlmesi olasilig1
0.837’dir (SH=0.0158).

Tez galismasinda kolon kanseri verisi disinda kalp nakli, meme kanseri ve serviks kanseri verileri ile de
calisilmis ve benzer sonuglar elde edilmistir [35].

4. Sonug¢

Literatiirde cogunlukla iki durumlu (yastyor-6lii) calismalar mevcuttur. U¢ durumlu (saglikli-hasta-6lii)
calismalarla da Kkarsilasilmaktadir. Bu c¢alismalar hastalik-6liim modeli c¢alismalar1 olarak ifade
edilmektedir. Bu ¢alismada hastalik-6liim modellerinde kullanilan tahmin ediciler ele alinmistir. Cok
durumlu modellerde yasam fonksiyonlarinin ve standart hatalarin elde edilmesi genellikle Markov
varsayimi altinda yapilmaktir. Siirecin Markov olup olmamasindan bagimsiz olarak tahminlerin
yapilmasi i¢in kullanilan tahmin ediciler yazilim siireglerinin de ilerlemesi ile birlikte son yillarda
gelistirilmistir. Bu alandaki literatiir Markov modellere gore daha kisithidir.

Bu ¢alisma ile kolon kanseri verisi kullanilarak AJ, PAJ, LIDA, LM, PLM, LMAJ ve PLMAJ tahmin
edicileri ile gecis olasiliklar1 ve standart hatalar1 hesaplanmistir. Literatiirdeki ¢alismalarda bu tahmin
edicileri bir arada karsilastiran bir ¢alismaya rastlanmamustir. Iki durumlu modeller icin dnerilen tahmin
ediciden yararlanarak, ti¢ durumlu hastalik-61tim modeli igin literatiirde kullanilan bu yedi tahmin edici
iizerinden diizeltilmis tahmin edicilerin olasilik ve standart hata degerleri hesaplanmis ve p11, P12, P13.
P22 VE pa3 gecis olasiliklari i¢in en diisiik standart hatay1 veren tahmin ediciler arastirilmastir.

Kolon kanseri verisinde AJ, PAJ, LIDA, LM, PLM, LMAJ ve PLMAIJ tahmin edicilerine yapilan
diizeltmeler sonucu elde edilen Diiz_AJ, Diiz PAJ, Diiz_LIDA, Diiz_LM, Diiz PLM, Diiz LMAIJ ve
Diiz PLMAJ tahmin edicilerin standart hatalar1 daha diisiik elde edilmistir.

Diizeltilmis sonuglara gore en diisiik standart hataya sahip tahmin ediciler {izerinden gecis olasiliklar
ve standart hata degerleri incelenmistir. Baglangic zamaninda yani sifirinci giinde yasayan bir bireyin
birinci y1lda yasama olasilig1 0.729 (SH=0.0134), altinc1 y1lda yasama olasilig1 0.447°dir (SH=0.0153).
Baslangi¢c zamaninda yasayan bir bireyin birinci yilda 6lmesi olasiligi ¢cok diisiikken zaman ilerledikce
Olmesi olasiligi daha da artmaktadir. Birinci yilda kanseri niiksetmis bir bireyin bir yil sonra dlmesi
olasiligi 0.592 (SH=0.0260), li¢ y1l sonra 6lmesi olasilig1 ise 0.837°dir (SH=0.0158).
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