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Regression and Deep Learning Methods for Landslide 
Susceptibility Mapping in Tokat Province on the North 
Anatolian Fault Zone (Turkey)* 
 
 
Ayhan BAŞALAN1* 
Gökhan DEMİR2 
 
 
ABSTRACT 

In the current investigation, a Geographic Information System (GIS) and machine learning-
based software were employed to generate and compare landslide susceptibility maps 
(LSMs) for the city center of Tokat, which is situated within the North Anatolian Fault Zone 
(NAFZ) in the Central Black Sea Region of Turkey, covering an area of approximately 2003 
km2. 294 landslides were identified within the study area, with 258 (70%) randomly selected 
for modeling and the remaining 36 (30%) used for model validation. Three distinct 
methodologies were used to generate LSMs, namely Frequency Ratio (FR), Logistic 
Regression (LR), and Deep Learning (DL), using nine parameters, including slope, aspect, 
curvature, elevation, lithology, rainfall, distance to fault, distance to road, and distance to 
stream. The susceptibility maps produced in this study were categorized into five classes 
based on the level of susceptibility, ranging from very low to very high. This study used the 
area under receiver operating characteristic curve (AUC-ROC), overall accuracy, and 
precision methods to validate the results of the generated LSMs and compare and evaluate 
the performance. DL outperformed all validation methods compared to the others. Finally, it 
is concluded that the generated LSMs will assist decision-makers in mitigating the damage 
caused by landslides in the study area. 

Keywords: Landslide susceptibility, GIS, NAFZ, frequency ratio, logistic regression, deep 
learning, Turkey. 
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1. INTRODUCTION 

The Earth is a living and dynamic inorganic entity akin to the living organisms that inhabit 
it. This dynamism of the Earth manifests itself in the form of natural events such as 
earthquakes, volcanic activity, tsunamis, floods, and landslides. Among these natural events, 
earthquakes are the most prevalent. It is well-established that landslides often occur as a result 
of earthquakes. In addition, landslides can be triggered by other natural processes, such as 
floods, intense and sudden rainfall, sudden changes in temperature, and human disruption of 
the natural equilibrium. Landslides significantly threaten life and property in regions 
characterized by steep topography and high precipitation [1, 2]. Landslides, a ubiquitous 
phenomenon worldwide, significantly impact the environment and economy in Turkey, 
particularly in densely populated residential areas, resulting in the loss of life and property. 
The recurrence and escalation of landslides into natural disasters in Turkey can be attributed 
to a combination of geological, climatic, and geographical factors and inadequate land 
management practices. In particular, the Eastern Black Sea region experiences intense 
landslides with devastating consequences [3]. Given the destructive nature of landslides, 
identifying and mapping landslide-prone areas is crucial for preventing losses. To this end, 
various studies, including the production of landslide hazard, risk, and susceptibility maps, 
have been conducted by researchers to identify and mitigate the potential consequences of 
landslides [4, 5, 6, 7, 8, 9]. Landslide hazard maps are cartographic representations that assess 
the probability of landslide occurrence in a specific location, accounting for spatial, temporal, 
and size-related factors. According to scholars, a practical landslide hazard map should 
encompass a comprehensive inventory assessment, a thorough analysis of the factors that 
lead to and trigger landslides, their spatial distribution, and information on their probability, 
nature, and magnitude [5, 10]. In addition, landslide risk maps comprise assessments of 
probable losses and destruction and financial and ecological consequences. To create 
accurate landslide hazard maps, it is necessary to have detailed information on the population, 
settlement, and economic conditions of the region. The production of such maps requires the 
expertise of experts from both social and natural sciences, as well as a multidisciplinary 
approach to planning and research [3, 11]. In addition, sensitivity maps are necessary for 
creating hazard and risk maps [12, 13]. LSMs are thematic representations that classify the 
relative susceptibility of areas to landslides in the future, considering factors that are believed 
to play a role in landslide formation in a specific location. In LSMs, research areas are 
typically divided into five classes of susceptibility, ranging from very low to very high [14, 
15, 16]. In recent years, the study of landslide susceptibility has gained significance because 
it serves as a means of minimizing the damage caused by landslides and providing guidance 
for land-use planning [5, 17]. Advances in GIS, remote sensing techniques, computer 
technology, and software have enabled the storage and statistical analysis of large amounts 
of data, leading to increased use of artificial intelligence and non-empirical statistical 
methods in landslide susceptibility assessments. These studies are precious for disaster 
prevention and mitigation [18, 19]. Furthermore, the prevalence of these studies has increased 
in recent years because of technological advancements, which suggests a higher level of 
sophistication in this field. This study aimed to generate and contrast high-resolution LSMs 
of Tokat province, which is located in the North Anatolian Fault Zone (NAFZ), by employing 
FR, LR, and DL techniques in a GIS environment. The absence of previous research on 
landslide susceptibility mapping in the provincial center of Tokat and the area's location 
within the NAFZ provided the impetus for this study to be conducted in the region. 
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2. STUDY AREA 

The Turkish province of Tokat is geographically situated within the Central Black Sea 
Region on the NAFZ, a seismically active zone that is notorious for frequently generating 
devastating earthquakes. The population of the central district of Tokat, which includes 12 
districts, including the city center, was recorded as 204.907 in 2022 [20]. The topography of 
the provincial capital is characterized by cliffs and hills in the east-west direction and 
mountains and hills with gentle slopes in the north direction. The district center of the 
province, which spans an area of approximately 2003 km2, is located between 36°25' and 
37°00' east longitude and 39°55' and 40°35' north latitude (Figure 1). Tokat is a transitional 
climate between the Black Sea and Central Anatolian steppe. While the northern regions of 
the study area exhibit the characteristics of the Black Sea climate, the southern regions 
display the characteristics of the Central Anatolian Steppe. The elevation of the study area 
above sea level ranged between 585 m and 2079 m, and the maximum slope value was 
recorded as 80.3°. The Yeşilırmak River traverses the study area, and landslides in the region 
can be induced by factors such as unanticipated earthquakes, anthropogenic activities, 
changes in groundwater level, or a combination of these factors. Field observations have 
shown that landslides predominantly occur in thick, weathered topsoil areas. 

 
Figure 1 - Location map of the study area 

 

3. MATERIALS AND METHODS 

The process of assessing landslide susceptibility is highly dependent on the compilation of 
reliable and relevant data and parameters related to landslides in the study area. Thus, any 
errors or deficiencies in the data and parameters used can significantly affect the accuracy of 
the resultant LSMs [13, 21]. Several techniques have been developed in recent years to create 
landslide susceptibility and hazard maps using statistical models and GIS tools. Some studies 
have used statistical models such as logistic regression, bivariate and multivariate analysis, 
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and probabilistic models such as frequency ratio and weight of evidence. In addition, other 
approaches, including analytical hierarchy process, index of entropy model, certainty factor 
model, artificial neural network model, spatial multicriteria decision analysis approach, fuzzy 
logic and neuro-fuzzy, deep learning, decision-tree methods, and support vector machine 
model have been applied for landslide susceptibility mapping [22, 23, 24, 25, 26, 27]. 
Previous research on landslide susceptibility mapping was reviewed as part of this study to 
inform the selection of relevant data and parameters [19, 24]. This review comprehensively 
discusses the data, parameters, and methodologies integral to creating LSMs [28, 29, 30]. 
The present study adopted a combined approach incorporating the widely used FR and LR 
statistical techniques and the DL machine learning algorithm to produce LSMs. A schematic 
representation of the methodology used in this study is shown in Figure 2. This flowchart 
shows the sequence of procedures and processes used throughout the study. 

 
Figure 2 - Workflow chart of the study  

 

3.1. Landslide Inventory  

Landslide inventory maps represent the location of landslides, typically containing details on 
the type, date, and location of landslides [24]. These maps are crucial for creating accurate 
inventory, landslide, hazard, and risk maps. Compiling a comprehensive landslide inventory 
is essential in evaluating previous landslide assessment maps [31]. Various sources, such as 
literature, field studies, digital maps, aerial photographs, and satellite images, can be used to 
gather information for the landslide inventory. In the present research, a combination of field 
investigations (Figure 3a, 3b, 3c, and 3d), aerial photographs (Figure 3e, 3f, and 3g), and 
printed and digital maps developed by the Mineral Research and Exploration Department 
were employed to  acquire the  landslide inventory for the study region [32]. Because of the  
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Figure 3 - Images of some landslides in the study area: a, b, c, and d images, e, f, and g aerial 

images (arrows show the direction of movement of landslides) 
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collection of historical landslide data, interpretation of remote sensing images, and field 
survey, 294 landslides were identified within the study area (Figure 4). According to the data, 
these 294 landslide areas comprise 482.649 pixels (12.5 m x 12.5 m) and cover approximately 
3.76% of the study area. Approximately 70% of the landslide areas (314.019 pixels) were 
used for analysis in the applications, whereas the remaining 30% (141.630 pixels) were used 
to test the performance of the generated landslide susceptibility models. The landslides 
allocated for analysis and performance testing were chosen at random. 

 
Figure 4 - Landslide inventory map of the study area 

 

3.2. Data Preparation  

Determining factors affecting landslides is mainly driven by their significance to the 
incidence of landslides in a particular region and the accessibility of related data [17, 33]. 
The factors chosen for GIS-based research should be operational, comprehensive, irregular, 
measurable, and non-redundant [15, 34, 35]. This study produced nine data layers based on 
a review of relevant literature and field investigations to identify the significant factors 
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influencing landslide occurrences within the study area. The generated data layers included 
slope, aspect, curvature, elevation, rainfall, lithology, distance to faults, distance to roads, 
and distance to streams (Figure 5). The slope is one of the most critical parameters in forming 
landslides because of its high level of influence and ease of mapping [36, 37, 38]. Researchers 
often use slope as a parameter for generating LSMs. The slope is defined as the angle of 
inclination of a surface relative to the horizontal plane, expressed in degrees [39]. Alterations 
in the slope and the destabilization of materials on a slope are considered the most 
fundamental factors leading to landslides [7]. Nine distinct slope categories ranging from 0° 
to 80.3° were established for the study area, and it was observed that most slopes fell within 
the 0° to 30° range (Figure 5a). The parameter aspect holds significant importance in 
landslide susceptibility research, as it denotes the orientation of the land surface and can be 
characterized by the direction of the tangent plane at any given location on the surface [40, 
41]. In the study area, the values of the aspect were segregated into nine distinct directional 
categories. The study area had the most significant percentage of area facing the east 
direction, 12.68%, and the most minor area facing the north direction, 9.76% (Figure 5b). 
Curvature, defined as the rate at which the angle or direction of the land slope changes in a 
particular, is found to reach high and wide-range values in narrow areas [34]. The map 
depicting the curvature of the study area was categorized into three classes: flat, concave, and 
convex. A significant proportion of the study area was classified as concave (34.47%), 
followed by convex (33.77%), and flat (31.76%) (Figure 5c). Elevation, another commonly 
used parameter in landslide susceptibility studies [16, 42, 43], was found to vary between 
575 m and 2079 m in the study area. It has been observed that landslides occur at almost all 
elevation values but with a higher concentration between 755 m and 1410 m (Figure 5d). 
Rainfall is widely recognized as a trigger for landslides on slopes [44, 45]. The annual 
average rainfall values in the study area vary between 765 and 1115 mm. It has been observed 
that landslides occur at almost all rainfall values, with a higher concentration observed 
between 765 mm and 899 mm (Figure 5e). The lithology parameter, which refers to the 
physical properties of rock units such as color, texture, and grain size, is commonly used in 
landslide susceptibility studies [46, 47, 48]. In this study area, lithology classes were divided 
into eight different classes, and landslides were observed in all units except the alluvial unit. 
It was also observed that most landslide areas were concentrated in the Tokat metamorphics 
(Pztm) and Haydaroğlu formation (Teh) (Figure 5f). In the landslide susceptibility analysis, 
the distance from faults is a crucial parameter. This is because such proximity may result in 
rock fragmentation, adversely impacting slope stability [49, 50]. Structural elements can 
weaken the surrounding materials and increase the likelihood of landslides. Similarly, 
proximity to roads is also considered a significant factor in landslide susceptibility analysis, 
as they can cause loss of heel support or additional load on sensitive slopes [23, 51, 52, 53, 
54]. The degree of saturation of slopes, which is determined by the distance between slopes 
and streams, is a critical factor in landslides [33]. Therefore, the distance to faults, roads, and 
streams are deemed significant parameters in evaluating landslide susceptibility and are 
commonly referred to as stream density, distance to the drainage network, and drainage 
density [55]. Buffer analysis created maps for these parameters at 100 m intervals. According 
to the obtained data, it has been observed that landslide areas are concentrated in areas farther 
than 900 meters away from the three parameters mentioned above (Figure 5g, 5h, and 5i). 
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Figure 5 - Landslide conditioning factors: (a) slope, (b) aspect, (c) curvature, (d) elevation, 

(e) rainfall, (f) lithology, (g) distance to faults, (h) distance to roads and (i) distance to 
streams 
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3.3. Landslide Susceptibility Assessment Methods 

This study employed FR, LR, and DL methods for landslide susceptibility assessment. 

 

3.3.1. Frequency Ratio Method 

The FR method, which computes the observation frequency of parameter sublayers within 
landslide zones, facilitates the objective weighting of parameter maps and their respective 
sublayers while estimating areas prone to landslide susceptibility. Using the FR method, the 
sublayers of parameter maps within the study area can be correlated with the sublayers of 
actual landslide areas. This approach relies on a probability model that evaluates the 
likelihood of a particular event occurring [56, 57, 58, 59]. The following is the formula for 
this method (Eq. 1); FR = ୍ , (1) 

PLO refers to the percentage of each substrate affecting landslides in the formula, and PIF 
refers to the percentage of each substrate causing landslides in the parameter map. The 
parameter maps were assigned weights based on the FR determined using the above formula 
[60, 61]. 

The summation of the frequency ratio values belonging to each factor category was used to 
calculate the landslide susceptibility index (LSI), as expressed in equation 2; 

 LSI = ∑ FR,୬୧ୀଵ            (2) 

Because of reclassifying the LSI map using the equal interval methodology in GIS, the study 
region was partitioned into five susceptibility categories: very low, low, moderate, high, and 
very high. Weighted parameter maps were generated by assigning lower values to areas with 
lower landslide susceptibility and higher values to regions with higher susceptibility. These 
maps were then combined to produce an LSM. To determine the final state of the LSM, these 
values were grouped into classes of equal intervals [62]. 

 

3.3.2. Logistic Regression Method 

Regression analysis is a statistical method that involves explaining or understanding a 
variable based on one or more other variables. The variable being explained is referred to as 
the dependent or response variable, while the different variables used to predict or explain 
the response are known as independent variables or predictors. LR is a statistical technique 
that researchers and statisticians extensively employ for analyzing binary and proportional 
response data [63]. In the production of LSMs, LR, a multiple logistic regression method, is 
commonly used [64]. LR permits the development of a multivariate regression model that 
establishes a relationship between a dependent variable and multiple independent variables. 
The dependent variable can be binary, whereas the independent variables may assume 
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interval, binary, or categorical forms [65, 66]. When performing the LR analysis, the 
numerical values of the dependent variable should be 0 or 1. The LR coefficients obtained 
from the analysis can be used to generate independent variables. The relationship between 
the data in the LR analysis is expressed by the formula provided below [23, 66, 67]; p = ଵ(ଵାୣష) = ୣଵା ୣ       (3) 

In the formula, the symbol 'p' represents the probability of a landslide occurrence, which 
assumes the form of an S-shaped curve ranging from 0 to 1. This probability is estimated 
using LR; z = β + βଵxଵ + βଶxଶ + ⋯ + β୬          (4) 

and the equation, as mentioned above, yields the value of 'z'. In this equation, β0 represents 
the model constant value, β1, β2, …, βn represent the coefficients of the independent 
variables, and x1, x2 …, xn are the independent variables. The equation's dependent variable 
'z' corresponds to the landslide condition. The model reveals a landslide (1) and no landslide 
(0) on the independent variables of the landslide. 

 

3.3.3. Deep Learning Method 

DL is a subfield of machine learning that leverages multi-layered data representations, 
commonly using artificial neural networks, to attain cutting-edge performance in tasks such 
as image classification, object detection, speech recognition, and document classification 
[68]. DL incorporates self-learning artificial neural networks, called deep learning neural 
networks (DNNs) or stacked artificial neural networks [69], to process and analyze data 
through multiple layers. The depth of these networks, represented by the number of hidden 
layers, distinguishes DNNs from other types of neural networks, such as multi-layer 
perceptron networks. The complexity of DNNs is characterized by the intricate patterns in 
which information flows throughout the network, as evidenced by the increasing number of 
hidden layers and nodes in more advanced architectures. Despite this complexity, the 
fundamental concept of DNNs remains unchanged. Deep neural networks (DNNs) possess a 
unique characteristic known as feature hierarchy, a hierarchical structure of increasing 
complexity and abstraction. This feature enables DNNs to handle vast, high-dimensional 
datasets with billions of parameters passing through nonlinear functions. As a result, unlike 
traditional machine learning algorithms, DNNs can perform automatic feature extraction 
without human intervention. Given that feature extraction is a task that can take years for 
data scientist teams to accomplish, DNNs provide a means to circumvent the bottleneck of 
limited expertise and enhance the capabilities of small data science teams, which inherently 
do not scale. Over time, various types of neural networks have been developed, such as 
convolutional neural networks (CNNs) and recurrent neural networks (RNNs), which are 
thought to emulate the human visual system and interpret sequential data. Despite their 
complexity, these networks can be considered variations of the same concept, as evidenced 
by the fact that all types of neural networks can use the same learning algorithms, such as 
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gradient descent using backpropagation [70, 71, 72]. The present research uses the obtained 
data to employ a deep neural network (DNN) architecture for text classification. 

 

3.3.3.1. Deep neural Networks (DNN) 

The networks used in this system are similar to the human brain's neurons (Figure 6). When 
a stimulus is presented, the networks undergo a process. The networks can be connected and 
signed or unconnected and unsigned but are generally organized into layers. To perform a 
task, the network system must process data through the layers between the input and output. 
The depth of the network, or the number of layers required for processing, increases with the 
complexity of the task. A deep neural network is beneficial when it is necessary to replace 
human labor with autonomous processes without compromising efficiency. These types of 
networks have several real-world applications across various fields [70, 71, 72, 73]. 

 
Figure 6 - DL architecture 

 

4. RESULTS 

4.1. Results of the Frequency Ratio Method  

The frequency ratio value represents the degree of association between the incidence of 
landslides and the factors under consideration. After creating maps for all the analyzed 
parameters, the FR formula was used to determine the FR values for the sublayers of each 
parameter. The data obtained for the sublayers are tabulated in Table 1 and presented visually.  

 

Table 1 - Frequency ratio analysis of landslide conditioning factors 

            Parameters Pixel Number of 
Total Areas 

Ratio  
(% PIF) 

Pixel Number of 
Landslide Areas

Ratio 
(% PLO) 

FR 
% (PLO/PIF) 

Slope (°) 
0-5 1.783.389 13,89 16.991 4,98 0,359 

5-10 2.104.818 16,40 51.534 15,11 0,921 
10-15 1.941.286 15,12 59.845 17,55 1,161 
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15-20 2.161.598 16,84 66.239 19,42 1,153 
20-25 1.834.237 14,29 56.117 16,46 1,152 
25-30 1.371.765 10,69 41.253 12,1 1,132 
30-35 9483.59 7,39 28.170 8,26 1,118 
35-40 524.359 4,08 15.804 4,63 1,135 

>40 167.209 1,30 5.065 1,49 1,146 
  Aspect 

Flat 1.508.203 11,75 31.152 9,13 0,777 
North 1.252.408 9,76 36.161 10,60 1,086 

Northeast 1.274.841 9,93 37.461 10,99 1,107 
East 1.627.760 12,68 47.100 13,81 1,089 

Southeast 1.535.651 11,96 43.477 12,75 1,066 
South 1.434.310 11,17 37.957 11,13 0,996 

Southwest 1.325.321 10,32 33.118 9,71 0,941 
West 1.533.674 11,95 39.712 11,65 0,975 

Northwest 1.344.852 10,48 34.880 10,23 0,976 
Curvature 

Concave 2.637.812 20,55 74.056 21,72 1,057 
Flat 7.529.587 58,66 192.899 56,57 0,964 

Convex 2.669.621 20,80 74.064 21,72 1,044 
Elevation (m) 

585-755 1.181.322 9,20 27.549 8,08 0,878 
755-925 1.080.062 8,41 72.923 21,38 2,542 

925-1080 1.161.953 9,05 76.338 22,39 2,474 
1080-1205 2.168.970 16,90 52.517 15,40 0,911 
1205-1310 2.038.691 15,88 35.687 10,46 0,659 
1310-1410 1.702.050 13,26 34.597 10,15 0,765 
1410-1535 1.494.245 11,64 18.123 5,31 0,456 
1535-1665 1.423.232 11,09 13.219 3,88 0,350 
1665-2079 586.495 4,57 10.066 2,95 0,646 

Rainfall (mm) 
765-832 1.634.940 12,74 55.027 16,14 1,267 
832-899 1.769.073 13,78 121.075 35,50 2,576 
899-956 4.109.114 32,01 86.352 25,32 0,791 

956-1008 2.782.311 21,67 46.057 13,51 0,623 
1008-1115 2.541.582 19,80 32.508 9,53 0,481 

Lithology 
Qal 1.295.659 10,09 0 0 0 
Teh 715.302 5,57 64.139 18,81 3,377 

Tmplb 936.363 7,29 12.689 3,72 0,510 
Qym 215.382 1,68 602 0,18 0,107 
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The study area exhibits high occurrences of landslides in slope classes between 5° and 25°. 
Lower slope classes are generally expected to have lower landslide frequencies because of 
reduced shear stresses. The gentle slopes of the study area may be susceptible to landslides 

Kb 69.8017 5,44 18.741 5,50 1,011 
Ka 3.172.178 24,71 81.432 23,88 0,966 

Pztm 5.420.494 42,23 153.683 45,07 1,067 
Pzt 383.625 2,99 9.733 2,85 0,953 

Distance to faults (m) 
0-100 436.276 3,40 21.707 6,37 1,874 

100-200 441.502 3,44 20.452 6,00 1,744 
200-300 445.504 3,47 18.736 5,49 1,582 
300-400 440.711 3,43 17.660 5,18 1,510 
400-500 416.917 3,25 15.148 4,44 1,366 
500-600 390.348 3,04 13.681 4,01 1,319 
600-700 372.137 2,90 12.708 3,73 1,286 
700-800 359.890 2,80 12.458 3,65 1,304 
800-900 350.501 2,73 13.034 3,82 1,399 

>900 9.183.234 71,54 195.434 57,31 0,801 
Distance to roads (m) 

0-100 731.747 5,70 22.022 6,46 1,133 
100-200 658.299 5,13 19.442 5,70 1,111 
200-300 618.216 4,82 18.064 5,30 1,100 
300-400 586.494 4,57 17.033 4,99 1,092 
400-500 559.658 4,36 17.782 5,21 1,195 
500-600 534.901 4,17 17.492 5,13 1,230 
600-700 508.530 3,96 17.055 5,00 1,263 
700-800 485981 3,79 15.917 4,67 1,232 
800-900 465.282 3,62 13.976 4,10 1,133 

>900 7.687.912 59,89 182.236 53,44 0,892 
Distance to streams (m) 

0-100 195.815 1,53 931 0,27 0,176 
100-200 189.891 1,48 1.458 0,43 0,291 
200-300 185.427 1,44 2.090 0,61 0,424 
300-400 180.924 1,41 2.444 0,72 0,511 
400-500 177.600 1,38 2.676 0,78 0,565 
500-600 176.103 1,37 2.498 0,73 0,533 
600-700 175.520 1,37 2.689 0,79 0,577 
700-800 175.228 1,37 3.010 0,88 0,642 
800-900 175.167 1,36 3.252 0,95 0,699 

>900 11.205.345 87,29 31.9971 93,83 1,075 
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because of the rapid melting of snow. An analysis of the slope aspect reveals that slopes 
facing east and southeast are particularly vulnerable to frequent landslides. Flat areas 
experience high landslide frequencies in terms of curvature, while the intensity of landslides 
is highest between 755 and 1080 m elevation, followed by 1205 to 1410 m elevation. 
Precipitation falling in the 832-956 mm range is associated with high landslide intensity. The 
evaluation of distances to faults, rivers, and roads indicates that distances exceeding 900 m 
significantly correlate with landslide occurrence. After the computation of FR values, the 
parameter maps underwent reclassification within the GIS software using its corresponding 
modules. This results in the generation of updated classified parameter maps. The Raster 
Calculator process was used to create a novel LSM. After its creation, the map, as mentioned 
above, was subjected to a reclassification process, ultimately resulting in developing a new 
map representing landslide susceptibility in the study area using the FR method (Figure 7). 
The LSM generated using the FR method categorized 26.40% of the study area as having a 
very low susceptibility to landslides. 

 
Figure 7 - Landslide susceptibility map produced by FR method 
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The remaining area is classified into five categories: very low, low, medium, high, and very 
high susceptibility. The low, medium, and high susceptibility categories cover 23.92%, 
20.72%, and 16.93% of the study area, respectively. The very high susceptibility category 
comprises 12.03% of the total study area. 

 

4.2. Results of the Logistic Regression Method 

The present study employed the LR method as a secondary approach to generate LSMs. The 
LR method uses pre-existing parameter maps to create such maps. To develop the LSM via 
the LR method, the data of landslides and parameters obtained through the FR method were 
transformed into "TXT (ASCII)" format using GIS software modules. The converted data 
were transferred to the relevant GIS software for LR analysis and then back to raster format. 
Parameter data and landslide data were standardized in the range 0-1 using the "FUZZY" 
module and introduced into the GIS software. The data were then analyzed using the 
"LOGISTICREG" module in the GIS software to generate an LR equation and statistical 
data. The LR equation and related data are presented in Table 2. Table 2 displays the pseudo-
R2 value, which indicates the model's goodness of fit concerning the dataset in the logit model 
[74]. A pseudo R2 value greater than 0.2 is considered a satisfactory match. Table 3 shows 
the LR equation that includes the regression coefficient and individual coefficients for each 
parameter to generate LSMs using the LR method. 

 

Table 2 - Coefficients in the LR equation 

Variables Regression Coefficients 

Regression Coefficient 3,8577 
Aspect 3,9821 

Curvature 1,5355 
Distance to fault 0,5618 
Distance to road 1,9804 

Distance to stream -0,2214 
Elevation -3,5103 
Lithology -1,2303 

Rainfall -0,1821 
Slope 0,3579 

 

Table 3 - Statistical summaries of the LR method 

Statistics Value  
Total number of pixels 12.837.020 

-2logL0 297.093,9400 
-2log (possible) 162.258,7882 
Goodness of fit 1.086.878,7391 

Pseudo R2 0,4538 
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The coefficients were aggregated using relevant modules in other GIS software to apply to 
previously generated parameters. The Raster Calculator was employed to create a fresh LSM, 
which was reclassified to obtain the final LSM of the study area using the LR method (Figure 
8). The LSM generated using the LR method was categorized into five classes: very low, 
low, moderate, high, and very high susceptibility, similar to the FR method. The resultant 
LSM obtained through the LR method revealed that 28.06% of the study area was categorized 
as having very low susceptibility, 24.46% as having low susceptibility, 22.07% as having 
moderate susceptibility, 16.56% as having high susceptibility, and 8.85% as having very high 
susceptibility. 

 
Figure 8 - Landslide susceptibility map produced by LR method  

 

4.3. Results of Deep Learning Method 

Within the scope of this study, an LSM of the study area was generated using the DNN 
algorithm, a DL architecture, in the final phase employing the DL method (Figure 6). The 
open-source ML software Weka 3.9.5 was used to execute the algorithm. The landslide and 
parameter  map data  that were  employed to create LSMs through  the FR and LR  methods  
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Table 4 - Classification of landslides with the colors obtained for the parameters and the 
numbers assigned for analysis 

PARAMETERS FEATURES OF PARAMETERS 

Slope (°) 

0-5 5-10 10-15 15-20 20-25 25-30 30-35 35-40 >40  
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were also used in the DL method. To generate the LSM using the DL method, the landslide 
and parameter map data developed in the CBS software were initially transformed into the 
"TXT" format using relevant modules. The converted "TXT" data consists of a total of 
12.837.020 pixels with a size of 12.5 m x 12.5 m, starting from the upper left corner of the 
study area and ending in the lower right corner for each parameter, including the selected 
70% landslides for the application. The data were then processed in SPSS statistical software 
to create a dataset with each parameter's "TXT" data in a single column to be transferred to 
Weka for analysis. For each subparameter, numeric values ranging from 1 to 10 and class 
values of "1" if there is a landslide and "0" if there is no landslide were assigned to create the 
dataset (Table 4). 

 

Table 5 - Classifier functions organized in the Dl4jMlpClassifier submodule 

No   Parameters   Functions 
1   layer specification   1 weka.dl4j.layers.Layer 
2   Preview zoo model layer specification in GUI   False 
3   number of epochs   10 
4   instance integrator   Default 
5   network configuration   Neural Net Configuration 
6   set the iteration listener   Epoc Listener 
7   zooModel   Custom Net 
8   attribute normalization   Normalize training data 
9   data queue size   0 
10   resume   False 
11   Preserve filesystem cache   False 
12   batchSize   100 
13   debug   False 
14   doNotCheckCapalities   False 
15   numDecimalPlaces   2 
16   seed   1 

 

Table 6 - Summary of DL analysis data 

Summary 
Correctly Classified Examples    12.323.846 % 96.0024 

Average Absolute Error    0.0727  
Mean Square Root of Errors    0.1942  

Relative Absolute Error    % 94,7029  
Relative Root Square Error    % 99,129  

Total Number of Samples    12.837.020  
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The edited dataset was then transferred to Weka software to perform the DL analysis. The 
classifier functions of the Dl4jMlpClassifier sub-module were edited before DL analysis 
(Table 5). The software then produced the landslide susceptibility data in "TXT" format using 
the DL method (Table 6). The collected data underwent further processing using SPSS 
software before being imported into GIS software to produce an updated LSM. This newly 
generated map was subsequently subjected to reclassification procedures using the DL 
method, which divided its five distinct categories: very low, low, moderate, high, and very 
high susceptibility (Figure 9).  

 
Figure 9 - Landslide susceptibility map produced by LR method  

 

As depicted in Figure 9, the resulting susceptibility map revealed that 28.19% of the total 
area under study was categorized as very low susceptibility. In comparison, 34.24% was 
classified as low susceptibility, 20.07% as moderate susceptibility, 9.98% as high 
susceptibility, and 7.53% as very high susceptibility. 

 

 



Comparative Analysis of Frequency Ratio, Logistic Regression and Deep Learning … 

20 

4.4. Performance Evaluation Methods  

It has been claimed that a landslide susceptibility map (LSM) without validation lacks 
scientific validity, and validation's necessity in evaluating model performance has been 
underlined [75]. This study used the area under the receiver operating characteristic curve 
(AUC-ROC), overall accuracy, and precision to validate the results and compare the 
performance of three different methods. The performance evaluation data detailed in Table 
7 are derived from the components of the confusion matrix. In Table 7, true positive (TP) and 
true negative (TN) indicates the number of pixels correctly classified as landslide and non-
landslide, respectively, while false positive (FP) and false negative (FN) indicates the number 
of pixels incorrectly classified as landslide and non-landslide, respectively [76].  
 

Table 7 - Performance assessment metrics 

Metrics Equation 

ROC (AUC) 

True Positive Rate (𝑇𝑃𝑅) = ்்ାிே 
 

False Positive Rate (𝐹𝑃𝑅) = ிிା்ே 
 

Overall Accuracy  
(OA %) OA= 

்ା்ே்ା்ேାிାிே 

Precision Precision= 
்்ାி 

 
The ROC curve depicts the false positive rate (FPR) on the X-axis and the actual positive 
rate (TPR) on the Y-axis, illustrating the trade-off between these two rates [77]. The area 
under the ROC curve (AUC) is a metric for evaluating the model's predictive performance 
[78]. ROC curve method is based on the creation of curves on a graph through the tabulation 
of sensitivities and specificities for various values of a continuous test measure [79]. The 
values obtained from the tabulation are plotted on a coordinate plane with sensitivity (the 
actual positive rate) depicted on the y-axis and specificity (the false positive rate) on the x-
axis to represent the ROC curve graphically. The AUC metric, the most commonly used 
performance evaluation metric in landslide susceptibility mapping studies, was employed in 
this study. Figure 7 presents the ROC curves and AUC values of the models. As illustrated 
in Figure 7, the DL method achieved the highest AUC value (0.858), followed by the FR 
(0.803) and LR (0.783) methods. Consistent with other evaluation criteria, LR lagged behind 
the different methods in terms of AUC (Figure 10). 

Overall accuracy (OA) reflects the likelihood that a test will accurately classify an individual, 
calculated as the sum of true positives (TP) and true negatives (TN) divided by the total 
number of individuals tested. OA is the weighted average of sensitivity and specificity [80] 
Utilizing the performance matrix aids in determining the reliability of the classifier under 
evaluation. Model evaluation metrics were used during both the training and validation 
phases. When assessing overall accuracy (OA), it was found that the method with the lowest 
accuracy in both phases was logistic LR. DL demonstrated higher accuracy During the 
training and validation phases than the other methods. 
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Figure 10 - ROC curves of the methods 

 

Precision, also known as positive predictive value, is the proportion of actual positive 
instances among all instances identified as positive (Table 8), [81]. 

 

Table 8 - The performance of the methods applied in this study during the training and 
validation phase 

Phase Metrics FR LR DL 

Training 
Accuracy (%) 81,060 80,025 84,368 

Precision 0,783 0,772 0,815 

Validation 
Accuracy (%) 80,329 78,811 82,340 

Precision 0,772 0,759 0,793 

 

When the performance of the generated LSMs was evaluated, it was observed that the DL 
method exhibited superior sensitivity compared to the other methods. However, it is well 
acknowledged that the efficacy of these methods may vary depending on the specific 
characteristics of the study area and the conditioning factors employed. 

 

5. CONCLUSIONS  

This study applied the FR, LR, and DL methods, which are recognized as the most prevalent 
techniques for generating landslide susceptibility maps (LSMs), and assessed their 
performances. LSMs were categorized into five distinct landslide susceptibility levels. The 
overall accuracy, precision, and AUC-ROC metrics were employed to evaluate the validity 
of the generated LSMs. Across all three metric assessments, the DL method consistently 
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exhibited the highest performance, followed by FR and LR, respectively. Consequently, it 
was observed that LSMs produced by all three methods yielded satisfactory and effective 
results. 

The outcome of the FR analysis illustrates that the category of very high susceptibility 
exhibits the most significant occurrence of landslides in all three maps, with subsequent 
classes in order of decreasing frequency being the high, moderate, low, and very low 
susceptibility categories. This demonstrates that the FR method effectively categorizes the 
study area into various landslide susceptibility classes by considering prior landslide 
occurrences. This implies that the method can consider previous landslide events when 
classifying the study area. 

Furthermore, the DL method can specifically identify the features of the data through the 
model. For instance, in a classification problem, the features obtained manually through 
various methods are less likely to accurately depict the data model than the features identified 
by the DL method. Prior studies have indicated that the DL technique produces more accurate 
outcomes than other methodologies. Based on this knowledge, the outcomes of the present 
investigation, which were inferred from the calculated OA, precision and AUC values, imply 
that the LSM created by the DL approach demonstrates superior effectiveness compared to 
the maps generated by the FR and LR methods. 

In conclusion, a comprehensive evaluation suggests that the generation of LSMs, their 
application in future engineering studies, and the identification of new settlements are crucial 
to mitigate or eliminate the detrimental effects of landslides. Additionally, developing new 
LSMs using various techniques and incorporating additional parameters in the map-
generation process can aid in advancing scientific knowledge and the economic development 
of the region and country under study. 
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ABSTRACT 

Nonlinear analyses of masonry structures are frequently used in both engineering practice 
and academic studies. Due to the dominant nonlinear behaviour of masonry structures, 
complex and extensive finite element models are required to obtain accurate analysis results. 
While masonry walls are usually modelled using fine-meshed shells or solid elements in such 
structures, high computing power in modelling, analyzing, and post-processing results is 
necessary for the analyses of large structures. In recent years, the equivalent frame method, 
as a solution to this problem has been developed and presented in the literature. In this study, 
the equivalent frame method is used in a masonry structure modelling, and the axial force-
bending relationship is represented by force-based fiber elements. The multi-linear load-
deformation relationship reflects the shear behaviour of the walls. Within the scope of the 
study, an existing masonry school building is modelled using the equivalent frame elements 
with OpenSees software. Seismic performance analyses are done considering the existing 
and retrofitted states of the structure, and the results are discussed in a comparative manner. 

Keywords: Equivalent frame model, masonry structures, OpenSees, seismic performance 
analysis, retrofit. 

 

1. INTRODUCTION 

There are many techniques in the field of structural engineering that facilitate the analysis 
and understanding of existing masonry structures. Modelling the masonry elements with shell 
(plate), solid or frame members are among the finite element modelling methods used in the 
analysis of masonry structures. Engineers can gain crucial insights into the behaviour of 
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masonry buildings, aiding in the assessment of their structural integrity, retrofitting 
strategies, and overall safety by utilizing these methods. Equivalent Frame Modelling (EFM) 
and Solid Finite Element Modelling (SFEM) are two valuable methods that are frequently 
used in the current practice. These techniques enable engineers to simulate and evaluate the 
structural response of masonry buildings, providing precision in the assessment of their 
stability, strength, and overall performance. 

EFM is a simplified approach that represents a masonry structure as an equivalent system of 
interconnected beams and columns which allows the approximation of the complex masonry 
system behaviour with a more manageable frame model, making it easier to analyze and 
understand the structural response. Bending moments, shear forces, and axial forces can be 
obtained from the interconnected beams and columns directly within the prescribed 
methodology. These internal forces and moments can further be used in identifying shear 
stresses, strains, and shear deformations. If fiber-based cross-sections are employed, stresses, 
strains and deformations can be obtained directly. EFM provides valuable insights into the 
load distribution, internal forces, and deformations of the structure and requires less computer 
power in terms of solution time by employing well-established principles of structural 
mechanics. It is particularly useful for preliminary assessments, predetermination of 
retrofitting strategies, and analyzing the global behaviour of masonry buildings under 
different loading conditions. 

On the other hand, SFEM offers a more detailed and comprehensive approach to studying 
masonry structures. SFEM involves discretizing the structure into numerous solid finite 
elements, which are interconnected to simulate the behaviour of the entire system. Each 
element represents a small portion of the masonry, considering its material properties, 
geometry, and boundary conditions. SFEM allows for a more accurate analysis of stress 
distribution, strain concentrations, and failure mechanisms within the masonry elements by 
numerically solving the governing equations of structural mechanics. This method is 
particularly useful for investigating local phenomena, such as cracking, localized damage, 
and interaction between masonry units. 

Both EFM and SFEM have their unique advantages and limitations when used in the analysis 
of existing masonry structures. EFM offers simplicity and efficiency in capturing the overall 
behaviour of the structure, making it suitable for preliminary assessments and initial design 
considerations with requiring considerably less computer power and solution time. Besides, 
SFEM provides a more detailed and realistic representation of the masonry behaviour, 
enabling the evaluation of the complex phenomena and assessment of the structural 
performance under various loading scenarios. However, it should be noted that SFEM 
requires more computational resources and expertise in numerical analysis. 

There are many studies in the literature on the validation and application of these modelling 
techniques. Moreover, these methods are used on actual masonry buildings in some case 
studies with various analysis software. Some of these works are explained in this section for 
a better understanding of this study. Degli Abbati et al. [1] investigated the reliability of 
equivalent frame models (EFMs) by analyzing a 2-story masonry building, inspired by 
Pizzoli's town hall in Italy. EFMs were calibrated elastically using ambient vibration test 
results and then validated in the nonlinear range by simulating the dynamic response during 
the mainshocks of the 2016/2017 Central Italy earthquake. Camata et al. [2] presented a 
comparison between finite element models and EFMs for the analysis of seven two-story 
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masonry walls with asymmetric arrangements of openings using the Scientific Toolkit for 
OpenSees (STKO) and the OpenSees framework. They found good agreement in the 
numerical comparisons between the EFMs and finite element models for irregular walls. 
However, discrepancies are raised for walls with mixed compression-shear damage 
mechanisms, as the simplified frame model tends to prioritize one behaviour over the other. 
Cattari et al. [3] conducted the seismic analysis of masonry structures by comparing two 
modelling techniques: Continuum Constitutive Laws Models (CCLM) belonging to Finite 
Element (FE) models and Equivalent Frame (EF) models. They discussed the calibration of 
constitutive laws for single panels and validated the simplifications made in EF models using 
a 2D regular Unreinforced Masonry (URM) wall. In their work, the use of CCLM provided 
accurate results but came with computational challenges and required extensive input data. 
Besides, EF models offered computational efficiency and required fewer mechanical 
parameters. Cattari et al. [4] also investigated the reliability of four existing rules for the a 
priori identification of pier geometry in the equivalent frame (EF) idealization of 
unreinforced masonry walls, focusing on irregular walls with different height openings at the 
same storey or small openings. The findings of their study provided practical 
recommendations for EF wall idealization, indicating that some existing rules work well, 
while others require precautions or modifications in specific cases. They suggested 
neglecting small openings in the EF idealization process. D'Altri et al. [5] provided a 
comprehensive review of existing modelling strategies for masonry structures and introduced 
a novel classification of these strategies. They categorized those into four main categories as 
block-based, continuum, geometry-based and macroelement models. Each category is 
thoroughly reviewed, and the future challenges in the computational analysis of masonry 
structures are discussed in their work. Gunes et al. [6] focused on the seismic assessment of 
a reconstructed historic ruined mosque located in a castle. Their study comprises four stages: 
on-site examinations, laboratory tests, reconstruction process, and seismic performance 
analyses. The presented methodology and findings in their study provide valuable 
information for the literature on reconstructing the structural integrity of deteriorated historic 
structures. Gunes et al. [7] also presented a seismic performance evaluation methodology and 
retrofitting proposal for masonry-infilled reinforced concrete (RC) buildings using nonlinear 
analyses. The methodology is illustrated using a case study of a university building 
constructed in the 1940s., which is significant for seismic analysis of masonry-infilled RC 
dual system buildings, both before and after retrofitting. Lagomarsino et al. [8] emphasized 
that the equivalent frame approach is an attractive modelling strategy as it enables the 
analysis of complete 3D buildings with reasonable computational effort, aligning with 
practical engineering needs and recommendations in national and international codes. They 
discussed the implementation of the equivalent frame model in the TREMURI program, 
which is used for nonlinear seismic analysis of masonry buildings. Liberatore and Addessi 
[9] discussed the equivalent frame model used for assessing in-plane mechanisms of masonry 
walls by employing a 2-node force-based finite element with a linear elastic element, two 
flexural hinges, and a shear link with elastic-perfectly plastic behaviour. For reflecting the 
lumped plasticity, a return algorithm based on the Haar-Kármán principle and the gradient 
projection method is used, which ensure good convergence properties and optimal 
characteristics of the solution. Marano et al. [10] conducted quasi-static nonlinear analyses 
on two masonry buildings by discretization of walls to an equivalent frame using a macro-
element (force-based beam-column element with fiber-based cross-section discretization and 
a shear hinge at the mid-span) that combines the bending and in-plane shear responses. The 
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analyzed buildings in their study represent examples of unreinforced and reinforced masonry 
from the Italian heritage, including a strategically monitored building damaged during the 
seismic events in Central Italy in 2016. Marino et al. [11] analyzed two unreinforced masonry 
buildings that were damaged during the Canterbury earthquake sequence in 2010/2011 using 
static and dynamic nonlinear analyses based on the equivalent frame approach. This 
approach's seismic response predictions are compared to observed building damage and time-
history records from the earthquake sequence. They concluded that the equivalent frame 
method accurately predicts the seismic response of the clay brick URM buildings, providing 
valuable evidence for its use in the professional structural engineering community. Nicola et 
al. [12] provided a comprehensive review of nonlinear modelling techniques for analyzing 
the structural behaviour of masonry infills and their interaction with frame structures under 
in-plane loads. They discussed micro, meso, and macro approaches in detail where the macro 
approach combines frame elements with equivalent struts for the infill panel and is popular 
due to its simplicity and computational efficiency. Petracca et al. [13] proposed a continuous 
micro-model for analyzing masonry walls based on damage mechanics and compared this 
model with two existing discrete micro-models that use nonlinear interfaces for mortar joints 
and continuum elements for units. They analyzed critical aspects such as predicting failure 
load, collapse mechanism, computational efficiency, and the 2D plane-stress assumption in 
their work, which contributes to the understanding and comparison of different micro-
modelling approaches for masonry analysis. Raka et al. [14] presented a model for seismic 
analysis of masonry structures based on the equivalent frame idealization, which builds upon 
previous research on force-based frame elements and considers axial, bending, and shear 
deformations using the Timoshenko beam theory. In their work, the shear panel response is 
set by incorporating a phenomenological cyclic section law, which is coupled with a fiber-
section model that considers axial and bending responses. They concluded that the proposed 
panel model is computationally efficient, numerically stable, and suitable for analyzing 
multi-floor buildings with regular openings and box-like behaviour under seismic loads. 
Requena-Garcia-Cruz et al. [15] compared different equivalent frame (EF) modelling 
approaches for unreinforced masonry (URM) buildings with OpenSees software. They 
analyzed the Benchmark cases from the literature to test the reliability of the alternative 
approaches and compared results with a commonly used software in engineering practice. 
They emphasized that OpenSees can accurately analyze masonry structures with the EF 
approach, opening possibilities for further research on challenging phenomena like soil-
foundation-structure interaction. Roca et al. [16] introduced an efficient method for assessing 
large historical masonry buildings which effectively models the complex geometries and 
nonlinear material behaviour by treating the load-bearing walls as equivalent frame systems 
composed of one-dimensional elements that incorporate biaxial constitutive equations to 
capture the nonlinear response of the material. The method they presented provides accurate 
predictions of the structural response and failure condition with computational efficiency 
which can be used to analyze real historical constructions and simulate repair and restoration 
operations. Shabani and Kioumarsi [17] developed a new macroelement, called the double 
modified MVLEM (DM-MVLEM) element, based on the multiple vertical line element 
method (MVLEM) in the OpenSees software platform for the computational analysis of 
unreinforced masonry (URM) buildings. The DM-MVLEM captures axial-flexural 
interaction with reduced computational effort compared to finite element models. They 
conducted experimental validation and comparisons with existing EFM methods (Unified 
Method and Composite Spring Method) to demonstrate the DM-MVLEM's ability in the 
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prediction of damage patterns and simulation of nonlinear behaviour in URM walls, 
including spandrels. Siano et al. [18] examined the application of the Equivalent-Frame 
Method (EFM) in modelling existing unreinforced masonry (URM) buildings. They 
conducted a comparative study with the more accurate Finite Element Method (FEM) in the 
linear domain by analyzing regular and irregular geometrical configurations to measure the 
modelling accuracy of EFM. Siano et al. [19] also investigated the accuracy of the Equivalent 
Frame Method (EFM) in modelling the seismic nonlinear behaviour of unreinforced masonry 
(URM) buildings. They examined two variations of the EFM approach, including a fiber 
discretized beam element and a traditional beam element with lumped plasticity and tested 
the models using static nonlinear analyses under equivalent loading and boundary conditions 
with the evaluation based on a comparative simulation of a two-storey URM wall experiment. 
Vanin et al. [20] proposed a new three-dimensional macroelement for modelling the dynamic 
in-plane and out-of-plane behaviour of masonry panels in unreinforced masonry buildings 
which is implemented in the OpenSees software and validated with experimental results from 
shear-compression and free vibration tests of masonry panels. This macroelement extends a 
previously developed approach to incorporate both in-plane and out-of-plane behaviour, 
including second-order geometrical effects and a coupled shear/flexural response. 

This study involves modelling an existing masonry structure using the equivalent frame 
elements within the OpenSees software. A comprehensive analysis is conducted to compare 
the effectiveness of strengthening using existing and retrofitted models of the building. The 
primary focus is on the application of the EFM and the results obtained for the specific case 
study. The study aims to demonstrate the practical use of EFM in analyzing and retrofitting 
masonry structures rather than providing a validation of the EFM method. 

 

2. DESCRIPTION OF THE STRUCTURE 

The structure analyzed within the scope of this study is the Gazi Mustafa Kemal Primary 
School building located in Karatay, Konya. The history, plan dimensions, geometric 
properties, materials, and structural system of this building are presented in the following 
sub-sections. 

 

2.1. Historical Background 

Gazi Mustafa Kemal Primary School is located in the Şems-i Tebrizi Neighborhood, the 
historical city center of Karatay district, Konya province. One side of the building is adjacent 
to Alaeddin Boulevard Street, and the building is situated in proximity to Dar-ül Muallimat 
School in the northern direction. The Cultural and Natural Heritage Preservation Board 
registered the building on November 13, 1982. The map and facet views of the building are 
given in Figure 1. 

The Gazi Mustafa Kemal Primary School project is one of the standard designs drawn by 
Mukbil Kemal Taş, the architect of Gazi and Latife Schools in Ankara. Konya Governor İzzet 
Bey deemed the location of the Kazanli Medrese, situated in the vicinity of Alaeddin Hill, 
suitable for constructing the school. The construction was initiated by the German company 
Lenc (Leno) in 1926, and the structure was opened for education in 1927 (Figure 2). 



Earthquake Performance Analysis of a Masonry School Building's Retrofitted State by … 

34 

 
Figure 1 - (a) Map, (b) Facet views of Gazi Mustafa Kemal Primary School Building [21] 

 

 
Figure 2 - Archive photos of Gazi Mustafa Kemal Primary School [22] 

 

The building has undergone several functional and name changes over the years. After Gazi 
Mustafa Kemal Primary School moved to a larger building, it was used as Gazi Mustafa 
Kemal Anatolian Hospitality and Tourism Vocational High School from 1998 to 2006. In 
2006, the Hospitality and Tourism Vocational High School relocated to a new building, and 
the structure was used as the Karatay District National Education Directorate and Public 
Education Center until 2015 [22]. The structure was restored by Konya Metropolitan 
Municipality within the scope of the Mevlana Culture Valley Urban Regeneration and 
Transformation Project in 2018. The building is now in the service of the Konya Technical 
University Continuing Education Application and Research Centre Directorate. 

 

2.2. Geometric and Material Properties 

The structure follows a common type of story plans for educational buildings during the First 
National Architecture Period of Türkiye, as it is one of the standard designs prepared by 
Mukbil Kemal Taş for the Ministry of Education. It has a symmetrical rectangular plan (14.5 
m x 36.3 m) and an I-shaped corridor scheme, positioned along the north-south axis. The 
corridor scheme connected to the external facade, has windows that provide natural lighting. 
The stairs providing vertical circulation are located on the symmetry axis, directly opposite 
the main entrance. The central part of the building consists of the entrance and core, with 
corridors and spaces arranged around them. The building has two floors above the basement 

(a) (b) 
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floor as the ground and first floors. Floor heights are 2.9, 3.9 and 4.5 m from basement to 
first floors, respectively. 

 

 
Figure 3 - (a) Basement and (b) first-floor plan drawings of the building [22] 

 

 
Figure 4 - Elevation drawing of the building [22] 

 

(a) 

(b) 
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Gazi Mustafa Kemal Primary School is constructed using the masonry construction 
technique, with reinforced concrete slabs. Cut stones are used in the walls with varying 
thicknesses from 60 cm to 80 cm with approximately 70 cm wall thickness average. The 
stones of the arches used around the windows and doors on the facades are extended from 
the wall surface, preserving their original form and providing a dynamic appearance to the 
facade. Example floor plans and elevation drawings of the structure are presented in Figure 
3 and Figure 4. 

 

3. METHODOLOGY 

The details of the equivalent frame method and the prepared finite element model are 
presented in the following sections. 

 

3.1. Equivalent Frame Method and Software  

The method specified by Lagomarsino et al. [8] is adopted for the formation of the equivalent 
frame model. In the relevant model, the structural elements of the masonry structure are 
idealized as wall (vertical) and spandrel beam (horizontal) elements, while the intermediate 
regions between them are modelled as rigid zones with linear-elastic rigid elements. Figure 
5 presents the schematic representation of the relevant modelling technique. In our modelling 
approach, the assumptions and methodologies presented in the relevant literature, particularly 
Lagomarsino et al. [8], are thoroughly examined, providing a fundamental framework for our 
methodology. The objective of mitigating potential limitations related to our model 
assumptions is pursued by incorporating established principles and methodologies. However, 
the necessity of additional validation to bolster the credibility of our numerical model is 
acknowledged. Further validation methods will be explored in future research, including 
comparing our model predictions with experimental data and benchmarking against 
alternative modelling approaches to achieve this. 

 
Figure 5 - Schematic representation of the equivalent frame modelling 
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An open-source structural analysis platform, OpenSees [23], is used in this study. The finite 
element model of the structure is prepared using Midas Gen [24] software and the prepared 
model is converted to the OpenSees' data type through object-oriented software developed 
by the authors. The analysis results are post-processed using the Scientific ToolKit for 
OpenSees, STKO [25]. 

In masonry structural elements, the axial force-bending behaviour is coupled and 
implemented through force-based elements and fiber sections. The DamageTC1D material 
model [13] is used, which considers strength degradation in compression and tension states 
based on fracture energy in fiber sections. The concept of "damage index" is defined within 
the range of 0 to 1, considering failure criteria for the relevant material. A value of 0 
represents a material state with no strength loss, while a value of 1 represents a completely 
damaged material that has lost its strength. 

In vertical elements, shear deformations are considered using a multi-linear shear 
deformation-shear force relationship. The total shear capacity, Vt, of the vertical elements is 
obtained as follows [26]: 

𝑉௧ = 𝐵 ∙ 𝑡 ೠଵ.ହ ට1 + ఙೠ (1) 

In this equation, B represents the wall length, t is the wall thickness, ftu is the tensile strength, 
and σ is the vertical stress. The axial force acting on the members may vary throughout the 
analysis. Within the current capabilities, it is not possible to account for the effect of this 
variability on shear behaviour. Thus, the axial force on members has been considered 
constant, which is used in calculating the shear capacity of members. The vertical stresses 
due to the resulting axial forces are obtained from the vertical load analysis. The shear 
behaviour is determined based on this stress and remains unchanged throughout the analysis, 
which is defined using the ModIMKPinching [27] material model. 

The material properties of the Textile Reinforced Mortar (TRM) elements used for 
retrofitting are represented by elastoplastic materials. The retrofitting elements are modelled 
by including additional fiber elements on the inner and outer faces of the piers and spandrels. 
While the focus of our study was primarily on axial and shear behaviours at the cross-section 
level, a kinematic analysis incorporating well-known failure modes for masonry walls is not 
conducted. This aspect will be addressed in our future endeavors. 

 

3.2. Finite Element Model 

The 3D analysis model prepared in accordance with the previously described method is 
shown in Figure 6. The material and soil property values recommended in TBEC-2018 [28] 
are relied upon due to the lack of available material and soil test data for this specific 
structure. 

Since there is no available data of any specific study determining the mechanical material 
properties of the structure, the material properties are determined using the data provided for 
cut stones in TBEC-2018 [28]. Some of the material properties are given in Table 1. 



Earthquake Performance Analysis of a Masonry School Building's Retrofitted State by … 

38 

 

 
Figure 6 - (a) Frame, (b) extruded views of the 3D analysis model 

 

Table 1 - Masonry material properties 

Material Property Symbol Value 
Block unit compressive strength fb 10.00 MPa 
Mortar compressive strength fm 2.50 MPa 
Characteristic compressive strength fk 3.00 MPa 
Initial shear strength fvko 0.10 MPa 
Tensile strength ft 0.15 MPa 

 

The stress-strain relationships for the obtained DamageTC1D material model are shown in 
Figure 7. 

(a) 

(b) 
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Figure 7 - (a) Compressive, (b) tensile behaviour of DamageTC1D material model 

 

The force-deformation curves for shear behaviour vary for each element due to the geometry, 
material properties, and axial load affecting the element. In Figure 8, an example force-
deformation curve is presented for a wall with 6.3 m length, 0.7 m thickness and 210 kN axial 
compression. The axial behaviour is defined using fiber sections, while shear behaviour is 
established based on the shear force-shear deformation relationships generated at the cross-
section level. These two behaviours are combined for a single section using the "Section 
Aggregator" feature. However, it's important to note that the shear behaviour within 
OpenSees does not consider the influence of changes in axial load on shear strength. 
Therefore, the relationships pertaining to shear deformation are calculated based on the axial 
forces obtained from the initial gravity analysis (including self-weight, dead and live loads) 
and remain constant throughout the analysis. 

 
Figure 8 - An example force-deformation relationship for shear behaviour 

 

(a) (b) 
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Carbon fiber polymer grids with a cross-sectional area of 56 mm²/m are employed for the 
purpose of Textile Reinforced Mortar (TRM) retrofitting. The grids exhibit a tensile strength 
of 4900 MPa, an ultimate strain of 2%, and an elastic modulus of 245000 MPa. The mortar 
used for TRM retrofitting possesses a compressive strength of 15 MPa and a tensile strength 
of 2 MPa. A double-layered TRM application is implemented by applying TRM layers on 
both sides of all walls, with a layer thickness of 10 mm. The application of double-layered 
TRM on opposing sides of walls results in a total TRM thickness of 20 mm on each wall 
surface, thereby increasing the overall wall thickness by approximately 40 mm. In the finite 
element modelling of TRMs, additional two-layer fiber elements of 10 mm thickness have 
been added to both sides of each layer of the fiber sections. While the tensile strengths of 
these elements have been selected to be equivalent to the strength of the TRM grid element 
utilized, the compressive strengths are equalized to the compressive strength of the mortar 
used. Fiber elements of wall cross-sections in the finite element modelling of TRMs are 
presented in Figure 9. 

 
Figure 9 - Fiber elements of wall cross-sections in the finite element modelling of TRMs 

(not to scale) 

 

Since the structure is a school building, the "Collapse Prevention" performance level 
according to GMERHB-2016 [29] is selected as the target performance level, specifically for 
the DD-1 seismic design level (earthquake with a 2% probability of being exceeded in 50 
years). The soil class is assumed to be "ZC" because there is not any available specific study 
on the soil properties of the site. Table 2 summarizes the seismic parameters of the structure. 

 

Table 2 - Seismic parameters of the structure 

Parameter Symbol Value 
Short period spectral acceleration coefficient Ss 0.686 
1.0 sec period spectral acceleration coefficient S1 0.148 
Short period site coefficient Fs 1.230 
1.0 sec period site coefficient F1 1.500 
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Performance points are determined according to the criteria outlined in TBEC-2018 [28]. The 
relative lateral drift of the walls should not exceed 1% and the strains of the materials can 
exceed the strain limits by a maximum of 1.2 times for structures to satisfy the "Collapse 
Prevention" performance level as defined in GMERHB-2016 [29]. Since the structure has 
reinforced concrete slabs, a rigid diaphragm assumption is made for the floor slabs. Pinned 
boundary conditions are assumed at the base supports of unreinforced masonry walls due to 
the potential for significant stress imbalances resulting from uncertainty regarding whether 
the walls are fully embedded in the base. The mortar's low tensile strength compared to the 
masonry's compressive strength means that only very small strains are needed to induce 
"failure" in the mortar, particularly in the absence of reinforcement to help balance. This 
approach is accepted in the study of Aviram et al. [30]. Nonlinear static pushover analysis is 
performed in two stages: in the first stage, the structure is analyzed under gravity loads, and 
in the second stage, a horizontal pushover analysis is conducted in two orthogonal (x+ and 
y+) earthquake directions. 

 

4. RESULTS AND DISCUSSION 

The analysis results of the existing and retrofitted states of the structure are presented and 
discussed in detail in the following sections. Specific elements throughout the structure are 
selected, and their deformation and drift values are compared with the limit values specified 
in the regulation for historical structures GMERHB-2016 [29]. Furthermore, due to the 
utilization of the damage model in the study, damage indices for the selected elements are 
compared between the non-retrofitted and retrofitted states to observe changes in the damage 
incurred by the elements on a cross-sectional basis. 

 

4.1. Existing State Results  

Following the vertical (gravity) loading analysis, pushover analyses are performed for the 
application of horizontal seismic effects in both orthogonal directions. The displacement 
contours obtained from the horizontal pushover analyses are presented in Figure 10. 

The damage indexes for fiber elements are provided for two different walls in Figure 11. 
Widespread tensile damage is observed in both vertical and horizontal elements throughout 
the structure with tensile damage indexes reaching a value of 1.0. Additionally, it is noted 
that damage indexes related to compressive stresses remain below the value of 0.24, 
indicating slight damage due to compressive stresses. 

The seismic capacity diagrams for both directions are shown in Figure 12. Top displacement 
- base shear diagrams obtained from the pushover analyses for the existing state of the 
structure are presented in the next section (Figure 13). 

The structural assessment is made at the performance point of the structure. It is observed 
that the behaviour of the masonry walls on the first floor is dominated by shear deformations. 
When the structural behaviour in the upper floors is examined, it is seen that the damages 
due to tensile stresses in the walls arise along with decreasing axial forces, and bending 
behaviour becomes more prominent, especially in walls with a low length-to-height ratio. 
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Figure 10 - Deformation magnitude contours of (a) x+ direction (b) y+ direction  

(units in m) 

 

In Figure 15, the shear force-shear deformation relationship is given for an example wall. 
Although the wall has not reached its ultimate shear force capacity, the elastic limit is reached 
at the structural performance level. Although the relative drifts of walls meet the requirement 

(a) 

(b) 
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of 1% relative drift criteria, many elements, especially spandrels, fail to satisfy the strain limit 
conditions at the performance point for the existing state of the structure. 

 

 
Figure 11 - Example damage indexes of two example walls for (a) tension, and  

(b) compression in the existing state 

 

4.2. Retrofitted State Results 

The seismic capacity diagrams for existing and retrofitted states for both directions are shown 
in Figure 12. The top displacement - base shear curves obtained from the pushover analyses 
for the retrofitted state of the structure are presented and compared with the curves of the 
existing state in Figure 13. In the x+ direction, the performance point of the structure is 
decreased from 22 mm to 13 mm. The base shear value corresponding to the performance 
point of the existing state is 4900 kN, which is increased to 6900 kN in the retrofitted state. 
In the y+ direction, the performance point of the structure is decreased from 24 mm in the 
existing state to 22 mm in the retrofitted state. The base shear value corresponding to the 
performance point in the existing state is 6050 kN, which is increased to 7250 kN in the 
retrofitted state. As seen from the top displacement - base shear diagrams, there has been a 
significant increase in the lateral load capacity of the structure. While the building's initial 
stiffness seems higher in the x direction compared to the y direction, the holes on the walls 
are more predominant on the structural behaviour in the x direction. Four main walls in y 
direction have no significant openings. Thus, retrofitting directly affects the initial stiffness 
and results in an increase in the x direction. This discrepancy in the distribution of openings 
leads to a lesser increase in stiffness in the y direction following the retrofitting process, 
resulting in the observed behaviour of the curves. The rapid onset of nonlinear behaviour is 
attributed to the relatively low strength of the masonry walls. It is believed that nonlinearity 
begins early in the analysis due to this factor. 

(a) 

(b) 
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Figure 12 - Modal capacity diagrams for (a) x+, and (b) y+ directions  

for the existing and retrofitted states of the structure 

 

 
Figure 13 - Comparison of top displacement – base shear diagrams for 

(a) x+, and (b) y+ directions 

 

In Figure 14, the fiber damage indexes in the retrofitted state for the two example walls 
previously provided in Figure 11 are presented. Due to the high tensile strength of the TRM 
elements, the tensile capacities of the walls subjected to bending are significantly increased 
in many cases, and in some walls, tensile damages are completely prevented. The 
compressive damage indexes are also reduced to much lower levels, such as 0.10, from the 
initial values of 0.24. 

The shear force - shear deformation relationships for an example wall (with 6.3 m length and 
0.7 m thickness) in the existing and retrofitted states are shown in Figure 15. The wall shear 
deformations exceeded the elastic limit significantly in the existing state, reaching a value of 
0.002. In the retrofitted state, the shear deformations slightly exceeded the elastic limit, 
reducing to a value of 0.0011. 
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Figure 14 – Example damage indexes of two example walls for (a) tension, and  

(b) compression in the retrofitted state 

 

 
Figure 15 - Shear force – shear deformation diagrams comparison for an example wall 

 

The retrofitted state of the structure satisfies both the drift and strain limit criteria for the 
target performance level. This indicates that the retrofitting measures are successful in 
improving the structural behaviour and meeting the required performance objectives. 

(b) 

(a) 
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5. CONCLUSION 

The reliability of the equivalent frame method for masonry structures has been discussed in 
various studies, which requires less computing power in structural analysis with respect to 
solutions with solid and plane elements. In this study, the seismic performance analysis of an 
existing masonry structure and its retrofitted state is performed using the equivalent frame 
method. The primary focus of this study is on the application of the Equivalent Frame Method 
(EFM) and the results obtained from the specific case study, rather than on the validation of 
the EFM itself. The objective is to demonstrate the practical utility of EFM in the analysis 
and retrofitting of masonry structures. 

Modelling, discretization, and the significant nonlinear behaviour of masonry structures 
make the determination of seismic performance quite challenging. In this context, the use of 
the equivalent frame model for masonry structures that can be modelled only through vertical 
and horizontal frame elements is presented as an alternative to plane and solid element 
models. A retrofitting study is conducted using this method, and the results are evaluated. 

Textile-reinforced mortar retrofitting elements are applied on both the vertical (walls) and 
horizontal (spandrel beams) elements from their inner and outer faces. The seismic 
performance of the structure is significantly improved in the retrofitted model. It is observed 
that the tensile force capacities of elements with tensile damage are significantly increased. 
Similarly, the compressive damage indexes of masonry elements are significantly reduced. 
Moreover, the shear deformations in the existing state are reduced by almost half. It is 
concluded that the structure, which could not achieve the target performance level in the 
existing state, can achieve it in the case of retrofitting with the proposed method. Modelling 
masonry walls in such structures typically requires fine-meshed shells or solid elements, 
necessitating significant computing power for modelling, analysis, and post-processing of 
results and higher solution time, particularly in the analysis of large structures. Since the 
modelling was done only by frame elements in EFM, the analyses performed in this study 
indicate that the equivalent frame method has the potential to provide a streamlined 
modelling and analysis process and a faster solution for both existing and retrofitted states of 
these structures. 

The application of the equivalent frame model in seismic analysis of masonry structures is 
addressed in our study by presenting a detailed analysis of a modelling and analysis approach 
for both existing and retrofitted states, thereby extending the understanding of the capabilities 
and limitations of this method. The challenges associated with modelling masonry structures, 
particularly regarding computational efficiency and accuracy, are addressed using the 
equivalent frame model. The use of this model in capturing the seismic behaviour of masonry 
structures is demonstrated, showcasing the method's potential as a viable alternative to 
traditional solid and plane element models. Additionally, the benefits of using the equivalent 
frame model for retrofitting studies, which include the modelling of fiber TRM layers are 
highlighted in our study, as it enables a streamlined approach to assess the seismic 
performance of retrofitted structures. Overall, the presented methodology in this study shows 
the alternative modelling and analysis steps that may be followed, paving the way for further 
advancements in applying the equivalent frame model in seismic analysis and retrofitting of 
masonry structures. 
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A parametric study considering various earthquake and retrofitting levels for the forthcoming 
research as a natural extension of the current work, as well as the comparison using a different 
finite element modelling method, is highly valued by the authors. Furthermore, 
comprehensive time-history analyses with the most up-to-date seismic records from recent 
Maraş earthquakes is recommended by the authors as future work. 
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ABSTRACT 

This paper presents a mixed finite element (MFE) formulation for studying the linear static 
behavior of both thin and relatively thick laminated composite cylindrical and spherical 
shells. The method employs the Higher Order Shear Deformation Theory to account for 
cross-section warping due to transverse shear stress. It ensures the stationarity of the system's 
functional using the Hellinger-Reissner principle. Finite element discretization is 
accomplished with four-noded quadrilateral two-dimensional elements. The MFE 
formulation offers the advantage of directly obtaining displacements and stress resultants at 
the nodes. Comparison and convergence analyses are performed considering various shear 
functions, boundary conditions, and geometrical configurations. 

Keywords: Higher order shear deformation theory, laminated composite shell, Hellinger-
Reissner principle, mixed finite element method, static analysis. 

 

1. INTRODUCTION 

Laminated composite shells, as fundamental thin-walled structural elements, find frequent 
applications in various industries owing to their inherent advantages. These shells are 
typically composed of different material layers and play a pivotal role in sectors such as 
construction, aviation, automotive, and marine industries. The history of laminated 
composite shells dates back to the mid-20th century when researchers began combining 
diverse materials to attain superior performance characteristics. This includes achieving a 
high strength-to-weight ratio, robust resistance to corrosion, fatigue, and impact, enhanced 
design flexibility, improved energy efficiency etc. Load-bearing capacity, damage initiation, 
and failure load are crucial considerations in the design of composite materials. Thus, 
ensuring structural integrity necessitates a comprehensive mechanical analysis. Although 
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experimental analyses may be considered as an option for mechanical investigations, due to 
practical constraints, whether financial or physical, the feasibility of conducting experimental 
analyses is often limited. Theoretical approaches stand out for the assessment of structural 
systems as they provide a comprehensive environment regarding various scenarios. 
Numerous studies in the literature explore the effectiveness of the theories developed for the 
mechanical analyses of laminated structures and try to improve their accuracy further. 
Several prominent theories in structural analysis include Classical Lamination Theory (CLT), 
First-Order Shear Deformation Theory (FSDT), Higher-Order Shear Deformation Theory 
(HSDT), and Zigzag Theories (ZZ) [1,2].  

Reddy and Chandrashekhara [3] employed FSDT to create a finite element for analyzing 
geometrically non-linear transient responses of laminated composite spherical and cylindrical 
shells. Hossain et al. [4] examined numerical analysis of laminated spherical shells applying 
FSDT. Asadi and Qatu [5] examined static response of thick laminated composite cylindrical 
shells using two First Order Shear Deformation Theories (FSDTs), with results compared to 
existing literature and 3D analysis for validation. Khdeir [6] obtained exact solutions for the 
free vibration and static deflection of cross-ply laminated cylindrical panels and circular 
cylindrical shells using deep FSDT. Mousavi and Aghdam [7] applied the differential 
cubature method and FSDT to analyze the bending of laminated cylindrical panels with 
various boundary conditions and loads.  

Sobhaniaragh et al. [8] employed the thermal response of nanocomposite cylindrical shells 
reinforced by aggregated Carbon Nanotubes adopting Reddy’s Third-Order Shear 
Deformation Theory (TSDT). Reddy and Liu [9] presented a pioneering study that carried 
out the static and dynamic analysis of laminated composite spherical and cylindrical shells 
using HSDT. Sayyad and Ghugal [10] and Mantari et al. [11] obtained analytical solutions 
for static analyses of laminated spherical shells based on HSDT. Kumar et al. [12] 
investigated static behavior of laminated composite spherical, cylindrical, conical and hyper 
shells based on FEM and HSDT. Giunta et al. [13] implemented Carrera’s Unified 
Formulation (CUF) for laminated spherical shells. Asadi et al. [14], Ton-that et al. [15] and 
Zuo et al. [16] used different theories in the static and dynamic analysis of laminated 
composite shells. Yaghoubshahi et al. [17] applied HSDT to analyze laminated shells, 
resulting in a system of 31 differential equations solved numerically for various shell 
configurations, with results validated against ANSYS software. Groh and Weaver [18] 
addressed static inconsistencies in certain HSDTs applied to beams, plates, and cylindrical 
shells with clamped boundaries, highlighting inaccuracies in vanishing Kirchhoff rotation 
conditions and proposing improved formulations to correct these shortfalls. Bhaskar and 
Varadan [19] implemented HSDT for analyzing laminated anisotropic cylindrical shells of 
revolution, based on realistic in-plane displacement approximations, validated against 3D 
elasticity results, and applied to an isoparametric FEM. Doan et al. [20] explored stress 
concentration in cylinder laminated shells due to force and structural variations based on 
Quasi-3D HSDT. Viola et al. [21] presented static behavior of doubly-curved laminated 
composite shells and panels using a 2D HSDT and Generalized Differential Quadrature 
(GDQ) technique. Pinto Correia et al. [22] presented an isoparametric FE for static, dynamic 
and buckling analyses of laminated conical shell panels based on HSDT. It supports static 
analysis, eigenvalue problems, and demonstrates with illustrative examples. Tornabene et al. 
[23] investigated the recovery of through-the-thickness transverse strains and stresses in 
functionally graded doubly-curved sandwich shell structures applying HSDT and CUF.  
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Yasin and Kapuria [24] employed the ZZ to analyze the static and dynamic behavior of 
singly- and doubly-curved composite and sandwich shallow shells. Gupta and Pradyumna 
[25] worked also on ZZ for the bending analysis of variable stiffness laminated spherical, 
cylindrical and hyperboloid shells. Examples of various studies dealing with different aspects 
of shell analysis are given next.  

Kulikov and Plotnikova [26] extended Sampling Surfaces (SaS) method to cylindrical and 
spherical laminated composite shells to solve 3D elasticity problems accurately by using 
strategically placed SaS. Qatu and Algothani [27] employed a consistent set of equations to 
derive exact solutions for isotropic and laminated composite plates and cylindrical shallow 
shells. They applied the Ritz method and finite elements to compare the static behavior. 
Karatas and Yukseler [28] presented the snap-through buckling behavior of rigid vinyl 
polyethylene shallow spherical shells subjected to static ring loads using finite difference and 
the Newton-Raphson Method. Sofiyev et al. [29] investigated the torsional stability of non-
homogeneous orthotropic composite cylindrical shells within an elastic medium.  

Some recent studies on the laminated shell analysis include Yadav et al. [30], where the 
authors analyzed the dynamic instability and nonlinear vibrations of fluid-filled laminated 
composite cylindrical shells under harmonic axial loading, considering skew modes and 
using HSDT. Ray [31] provided three-dimensional exact solutions for the static analysis of 
spherical, paraboloid and hyperboloid antisymmetric angle-ply composite shells. Alam et al. 
[32] introduced a modified higher-order zigzag theory for the static analysis of laminated 
cylindrical and spherical composite/sandwich shells. Arumugam et al. [33] formulated the 
vibration and damping characteristics of reinforced laminated composite cylindrical 
sandwich shells adopting HSDT and FE. Within the realm of FE formulations, mixed 
methodologies have been utilized in numerous investigations on structures in existing 
literature, and a few of these is provided below.  

Ozutok and Madenci [34] combined the mixed finite element method (MFEM) with HSDT 
for static analysis of laminated composite beams. Kutlu et al. [35–37] and Aribas et al. [38–
40] have illustrated the benefits of MFEM-derived formulations while precisely predicting 
stress resultants and components in diverse structural configurations. Kutlu and Omurtag [41] 
applied a MFE formulation based on the Hellinger-Reissner principle for the static behavior 
of elliptic plates under large deflection conditions. Omurtag and Akoz [42] introduced a 
computational procedure and a mixed finite element (ORTH036) for orthotropic cylindrical 
shells. 

In this study, the mixed finite element formulation for laminated composite beams based on 
HSDT is extended, as originally derived by Bab and Kutlu [43,44], to perform static analyses 
on laminated spherical and cylindrical shells. For the higher order terms, shear functions 
suggested by Touratier [45], Reddy [46], Reissner [47] and Nguyen Xuan et al. [48] are 
conducted. The Hellinger-Reissner principle is employed to describe the energy expression 
of the spherical shell and reduced for the cylindrical shell. In the displacement field, three 
displacement and two rotation terms are taken into account. The generated mixed finite 
element functional contains quantities in terms of displacements and stress resultants. During 
the generation of finite element system equations, quadrilateral four-node elements are 
described with bi-linear shape functions. By solving the finite element equations, 
displacement and rotation components, as well as force and moment type quantities, are 
obtained directly at the nodes. In this way, strain measurements are calculated using 
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compliance matrices without using derivatives at the nodes. Convergence analyses are 
performed by increasing the element density in the meshes. Comparison analyses are carried 
out with static solutions in the literature. Several solutions are presented in various 
lamination, loading and boundary conditions to show the effectiveness of the proposed 
numerical procedure on the analyses of laminated composite shell structures. 

 
2. FIELD EQUATIONS AND NUMERICAL FORMULATION 

Considering the higher order shear effect, the displacement field of the laminated composite 
spherical shell (Figure 1a) can be described as follows: 
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Here, * ( , , )u x y z  and * ( , , )v x y z  denote axial displacement field and * ( , , )w x y z  denotes the 
transverse displacement field of the shell. ( , )u x y  and ( , )v x y are the axial displacements and 

( , )w x y  is the deflection of the shell at its mid-surface where x  and y  are curvilinear 
orthogonal coordinates defined at the mid-surface of the shell. z  is the coordinate in the 
direction of shell thickness (Figure 1b). Also, ( , )x x y  describes the rotation of the section 
about the y -axis and ( , )y x y  describes the rotation of the section about the x -axis. xR
and yR  are the radii of curvatures of the spherical shell. When the formulation is reduced to 
the cylindrical shell, xR    is imposed, therefore in Equation (1) only y  represent the 
curvilinear  coordinate, x  reduces to a straight  coordinate axis. In addition, ( )f z  is called 
the shear  function  that  configures  stress  and  strain  distribution  along  the  thickness  of  

 
Table 1 - Shear functions used in this study 
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the structure. Type of those functions can be noticed as polynomial, exponential or 
trigonometrical. In the current study, some of those functions used in analyses can be found 
in Table 1 where h refers to the section thickness: 

 (a) 

(b) 

Figure 1 - a) Spherical shell coordinate system b) Cylindrical shell coordinate system  
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In an orthogonal curvilinear coordinate system, the engineering shear strain and linear normal 
components are expressed as follows [49]: 
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and ( 1,2)a   represent the square root of the surface metric tensor ( , ( , 1, 2)g    ), see 
Equation (4).  

. ,g g g a g       (4) 

In Equation (4), 1g and 2g represent the tangent lines of the 1  and 2  axes, respectively. 

The conversion of Reddy’s [49] notation in the Equation (2) to the notation here is: 
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As a sum of above equations, the linear strain components are expressed by Equation (6).  
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The relationship between strain measures and stress resultants is expressed over sectional 
compliance terms in explicit form as shown in Equation (7). 
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Details about the calculation of the sectional compliance terms ( , , , , , , )sij ij ij ij ij ij ijA B D E F H A        
can be found in the laminated composite plate section of Bab [50]. The linear equilibrium 
equations for the spherical shell are as described below: 
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The boundary conditions for the spherical shell can be obtained as follows: 
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 (9) 

According to the Hellinger-Reissner principle, the stationarity condition of the functional of 
a mechanical problem can be written as in Equation (10). 

     ˆd d d 0
T T T T

HR V V
V V


             u σ σ σ uε ε σ σ ε q u t u  (10) 

In Equation (10), the first integral corresponds to the weak form of the compatibility 
conditions of the strain field ( )ε , while the second integral expresses the weak form of the 
equilibrium equations under external load q under volume integral V . The last integral 
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shows the work done by the stresses ( t̂ ) at the boundaries ( ) . As a result of using Equations 
(7) and (8) in Equation (10) and applying integration by parts to eliminate the doubly-
differentiated terms, the final form of the functional becomes as follows: 
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Two-dimensional four-node quadrilateral elements (Figure 2) with associated bi-linear shape 
functions are employed in finite element discretization. The interpolation of field variables 
occurs through local coordinates, denoted   and   , within the master element, where 
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1 1     and 1 1   . The computation involves numerical integrals over a 
transformation eT from the master element domain   to the element domain e . The 
expression for the shape function family is provided by: 

  1
4( , ) 1 1 , (1,..., 4)i i i i         (12) 

 
Figure 2 - Discretization of the shell domain (a) Master element in local coordinates (b) 

Shell domain in global coordinates 

 

The resulting finite element system of equations of the laminated composite spherical shell 
can be represented in matrix form as follows: 

KX = F  (13) 

In Equation (13), K denotes the system matrix, F corresponds to the external force vector 
and X is the vector that contains the unknowns. 

Ti i i i i i i i i i i i fi fi fi i i
x y xx yy xy xx yy xy xx yy xy yz xzu v w N N N M M M M M M Q Q    X  (14) 

When the system equation is solved, both displacement and stress resultant variables can be 
obtained directly at the nodes without any necessity for any post-processing step. 

 

3. NUMERICAL RESULTS 

The mixed finite element formulation proposed for laminated composite spherical and 
cylindrical shells is named MHST (Mixed Higher-Order Shell Theory), and a series of 
numerical examples are discussed to demonstrate its performance and effectiveness in stress 
resultants and displacement calculations under static loading, and the results are evaluated. 
The solutions are produced through a Fortran-based program developed by the authors. By 
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making comparisons with Khdeir et al. [51], who analytically solved Higher Order Shear 
Theory (HSDT), First Order Theory (FSDT) and Classical Theory (CST), Asadi et al. [14], 
who made FSDT and 3D finite element analysis solutions, analytical HSDT solutions of 
Sayyad and Ghugal [10] and Mantari et al. [11], CUF by Giunta et al. [13] and numerical 
FSDT solution of Hossain et al. [4] in the literature; the accuracy of the formulation and the 
developed program is tested. Various element meshes as 8 8en   ,16 16 , 20 20 and
26 26 were used in the examples. Afterwards, solutions for different loading and support 
conditions were presented. There are two types of materials (Material A and B) used in the 
examples. The engineering constants of those materials can be seen in Table 2: 

 

Table 2 - Sample materials and mechanical properties 

Engineering Constants Materials 

A  B  

E1 132379340029 [Pa] 25[GPa] 
E2 10755821377 [Pa] 1[GPa] 
E3 10755821377 [Pa] 1[GPa] 
υ12 0.24 0.25 
υ13 0.24 0.25 
υ23 0.49 0.25 
G12 5653700980.4 [Pa] 0.5[GPa] 
G13 5653700980.4 [Pa]  0.5[GPa] 
G23 3605958064.3 [Pa] 0.2[GPa] 

 

3.1. [0/90/0] Cylindrical Shell with Various Boundary Conditions under Sinusoidal  
       Load  

A symmetrically laminated cylindrical shell is analyzed using the proposed mixed finite 
element formulation and its results are compared with the literature. The shell is under the 
influence of transverse load of function 0( , ) sin( / ) sin( / )p x y p x a y b   distributed over its 
outer surface (see Figure 1b). Here a  and b are the arc-lengths of the shell in the x and y  
axes directions, respectively (see Figure 3). The curvature in the cylindrical shell is on the y
axis, so xR   . The cross section is defined with the [0/90/0] material orientation, and each 
layer of equal thickness is considered to be formed with material A. The / 10a h    value 
is considered as the shell length-thickness ratio.  

In Table 3, the SSSS boundary condition (BC) indicates that all four edges of the shell are 
simply supported. According to SCSC boundary condition, the two edges of the shell in the 
x -axis direction are simply supported, while the other two edges in the y -axis direction are 
clamped. In order to evaluate the results presented in Table 3 in a general structure, the 
following non-dimensionalization process is carried out: 
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                   (a)                            (b)                                 (c) 

Figure 3 - The geometry of the cylindrical shells for (a) R/a=5 (b) R/b=10 (c) R/a=50 

 

2 3
2

4
0

10 ( /2, / 2)E h w a bw
p a

  (15) 

 

Table 3 - Convergence of laminated symmetrical cylindrical shell deflection under 
sinusoidal loading 

BC’S /R a
 

MHST (Touratier) 
Khdeir 
et al. 

HSDT 

HSDT – MHST  percent Difference 

  8 8  16 16  20 20 26 26  8 8  16 16  20 20  26 26  

SSSS 

5 0.9354 0.9543 0.9561 0.9563 0.9524 1.78 -0.20 -0.39 -0.41 

10 0.9473 0.9668 0.9687 0.9689 0.9644 1.77 -0.25 -0.44 -0.47 
50 0.9512 0.9708 0.9728 0.9730 0.9683 1.77 -0.26 -0.46 -0.48 

SCSC 
5 0.4178 0.4200 0.4388 0.4407 0.4495 7.05 6.56 2.39 1.95 
10 0.4203 0.4346 0.4415 0.4435 0.4523 7.08 3.91 2.39 1.95 
50 0.4211 0.4395 0.4424 0.4444 0.4532 7.09 3.01 2.39 1.95 
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Table 4 - Deflection of the SSSS symmetrical cylindrical shell for several shear functions 
under sinusoidal loading 

Formulation 
Shear  

Function 
/R a  

MHST-HSDT  percent 
Difference 

5 10 50 5 10 50 

MHST 
(Present) 

 
20 20

 

Reissner 0.9546 0.9671 0.9711 -0.23 -0.27 -0.29 

Reddy 0.9546 0.9671 0.9711 -0.23 -0.27 -0.29 

Nguyen 0.9573 0.9699 0.9740 -0.51 -0.57 -0.58 

  HSDT 0.9524 0.9644 0.9683    
Khdeir et al. FSDT 0.9432 0.9550 0.9588    

  CST 0.7615 0.7694 0.7720    

 
Table 5 - Deflection of the SCSC symmetrical cylindrical shell applying several shear 

functions under sinusoidal loading 

Formulation 
Shear  

Function 
/R a  

MHST-HSDT  percent 
Difference 

5 10 50 5 10 50 

MHST  
(Present) 

 
26 26

 

Reissner 0.4400 0.4427 0.4436 2.12 2.12 2.12 

Reddy 0.4400 0.4427 0.4436 2.12 2.12 2.12 

Nguyen 0.4391 0.4418 0.4427 2.32 2.32 2.32 

  HSDT 0.4495 0.4523 0.4424    
Khdeir et al. FSDT 0.4357 0.4382 0.4391    

  CST 0.2047 0.2053 0.2055    
 
As can be seen in Table 3, the deflection values of the proposed numerical solution method 
(MHST) with the shear function of Touratier align very well with the Higher Order Theory 
(HSDT) results of the compared analytical method [51]. The results show consistent 
convergence behavior to an asymptotic value for both simply supported (SSSS) and mixed 
supported (SCSC) cases, however SSSS case demonstrates faster convergence behavior than 
SCSC (see Figures 4 and 5). The largest differences with the analytical results are seen in 
mixed supported case. That is why a finer mesh of 26 26  is applied. When the radius of the 
cylindrical shell increases, the percentage difference increases for the simply supported case, 
while it remains constant in the mixed supported case for the finer meshes ( 20 20 and
26 26 ). In Table 4, the deflection values of the SSSS symmetrical cylindrical shells (
20 20 ) applying several shear functions under sinusoidal loading, are compared with 
Khdeir et al.’s analytical HSDT results. The percent differences of all the shear functions 
increase as the radius increases. The maximum MHST-HSDT  percent difference (0.58) can 
be found in Nguyen Xuan et al.'s [48] shear function for the maximum radius. Therefore, 
20 20 provides compatible results with the reference solution. In Table 5, the deflection 
values of the SCSC symmetrical cylindrical shells ( 26 26 ) applying several shear functions 
under sinusoidal loading, are compared with analytical results. Table 5 showed that both 
Reddy's [46] and Reissner's [47] shear functions produced uniform results (2.12 percent 
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difference from Khdeir et al. results), whereas the utilization of Nguyen Xuan et al.'s [48] 
shear function produced 2.32 percent difference for the same comparison parameter. 

 
Figure 4 - The convergence behavior for the SSSS case 

 

 
Figure 5 - The convergence behavior for the SCSC case 

 

3.2. [0/90/0] Simply Supported Cylindrical Shell under Uniform Load  

Uniformly 0( )p x p  loaded simply supported cylindrical shells with [0/90/0] layouts are 
discussed in this section. In Table 6, MHST solutions in terms of the displacement, normal 
force, and moment values at the midpoint of the shell formed with material B are presented. 
The results obtained with the element meshes of 8 8 , 16 16 and 20 20  for various 
thickness ratios ( / 10, 20a h   ) (see Figure 6) are compared with the FSDT and ANSYS 
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3D finite element solutions of Asadi et al. [14]. The non-dimensionalization of the values 
given in Table 6 is as follows: 

3 3 3 3
2

4 2 3
0 0 0

10 ( /2, / 2) 10 ( /2, / 2) 10 ( /2, / 2), ,E h w a b M a b N a bw M N
p a p a p a

    (16) 

Table 6 - Deflection and stress resultants in a uniformly loaded cylindrical shell 

/a h
 

/a R
 

Theory w  
xxM  yyM

 
xxN  yyN  3D-MHST Difference ( percent) 

        w  xxM  
yyM  

xxN  yyN  

 
20 

 
0.5 

8 8  6.2771 104.04 7.41 587.56 576.78 1.57 2.15 4.05 1.43 0.01 

 16 16  6.2533 102.76 7.35 583.04 573.50 1.94 0.89 4.72 2.18 0.58 

 20 20  6.2477 102.55 7.35 582.54 572.92 2.03 0.68 4.72 2.27 0.68 

 FSDT 6.1282 103.42 6.96 571.68 559.67      
20 3D 6.3773 101.85 7.72 596.06 576.85      

  
1 
 

8 8  3.9190 64.18 3.36 737.56 723.53 0.29 3.08 13.8 0.08 0.62 

 16 16  3.8617 62.77 3.33 723.96 713.41 1.74 0.83 12.7 1.92 0.79 

 20 20  3.8551 62.600 3.33 722.75 712.23 1.91 0.55 12.8 2.08 0.95 

 FSDT 3.8314 63.908 2.71 718.62 708.66      
 3D 3.9303 62.260 2.95 738.14 719.09      

 
 
 

10 

 
0.5 

8 8  10.147 114.89 12.5 237.62 223.68 4.82 2.08 10.0 4.87 0.52 

16 16  10.123 113.46 12.6 236.09 221.92 5.05 0.81 9.20 5.48 0.27 

20 20  10.116 113.26 12.5 235.94 221.69 5.11 0.63 9.27 5.54 0.37 

FSDT 9.5092 115.46 11.3 222.26 202.12      
3D 10.661 112.55 13.9 249.78 222.52      

 
1 
 

8 8  8.2035 92.73 9.44 385.00 360.39 5.05 1.52 1.21 5.01 0.69 

16 16  8.1411 91.13 9.51 380.49 356.33 5.77 0.23 0.48 6.12 1.81 

20 20  8.1319 90.930 9.50 380.08 355.86 5.88 0.45 0.57 6.22 1.94 

FSDT 7.8418 95.117 7.94 367.19 335.23      
3D 8.6399 91.340 9.56 405.29 362.88      

 

Table 6 shows that the results obtained from the current formulation (MHST) are highly 
compatible with the 3D solution. MHST results also exhibit a consistent convergence 
behavior depending on the increasing number of elements. It can be pointed out that when 
the shell becomes thinner, the differences (3D-MHST) in deflection values decrease. Among 
the stress resultants, the highest correlation is observed between xxM  values, whereas the 
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least correlation exists between yyM  values. This is an expected result because the shell 

curvature lies on the y -axis. Considering all comparison results, all predictions (except yyM  

at / 20a h   and / 1a R  ) of MHST are in a better agreement with 3D solution compared 
to the predictions of the FSDT. 

 

         (a)                            (b)                        (c)                                 (d)            

Figure 6 - The geometry of the cylindrical shells for (a) R/a=1 and a/h=10 (b) R/a=1 and 
a/h=20 (c) R/a=2 and a/h=10 (d) R/a=2 and a/h=20 

 

 
Figure 7 - Shear force distribution along the x  -axis ( 0.5y  ) in a simply supported 

symmetrical laminated cylindrical shell under uniform load (material B) 

 

By exploiting the advantage of mixed finite element formulation, stress resultants are directly 
obtained at the nodes of the shell structures and presented in Figures 7-9. Figure 7 shows the 
shear force distribution in a uniformly loaded and simply supported laminated composite 
cylindrical shell discretized with 20 20  elements. The shear force becomes zero at the 
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symmetry axis as expected and takes varying values depending on the thickness ratio and 
radius of curvature. With increasing radius of curvature yR , the shell behaves more like a 
plate so the absolute value of the shear force increases. Additionally, with increasing 
thickness, the shear force becomes more effective and has greater absolute values as can be 
easily followed in Figure 7. 

 
Figure 8 - Moment distribution along the x -axis ( 0.5y  ) in a simply supported 

symmetrical laminated cylindrical shell under uniform load (material B) 

 

 
Figure 9 - Higher order moment distribution along the x -axis ( 0.5y  ) in a simply 
supported symmetrical laminated cylindrical shell under uniform load (material B) 

 

In the same shell problem, the moment distribution for different thickness ratios is given in 
Figure 8. In this distribution, dimensionless moment values for all thickness ratios 
demonstrate similar behavior to the shear force values given in Figure 7. The highest moment 
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value is obtained in the shell with the least curvature and the greatest thickness, while the 
lowest moment value is obtained in the thinnest shell structure with the highest curvature. 

Higher-order moment distributions for the same shell with different thickness ratios are 
presented in Figure 9. High-order moment values along the shell's length are considerably 
lower than the normal moment values, but their distribution concerning thickness and radius 
is similar to that of the normal moment. 

In Figures 10 and 11, dimensionless moment and shear force distributions for 10 =  and 
1R   are given for the entire domain. Since the curvature of the cylindrical shell is on the y

-axis, the difference between xxM  and yyM  in Figure 10 and the difference between xzQ  

and yzQ  in Figure 11 can be easily seen. 

 
                            (a)                                     (b)                                      (c) 

Figure 10 - Moment distribution on the x y  axes for the symmetrical simply supported 
laminated cylindrical shell ( 10 = and 1R  ) under uniform load, respectively (a) xxM  

distribution (b) yyM  distribution (c) xyM  distribution 

 

       
(a)                                                              (b) 

Figure 11 - Shear force distribution on the x y  axes for the symmetrical simply supported 
laminated cylindrical shell ( 10= and 1)R   under uniform load, respectively (a) xzQ

distribution (b) yzQ  distribution 
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3.3. [0/90/0] Simply Supported Spherical Shell under Sinusoidal Load  
In this part, simply supported symmetrically laminated [0/90/0] spherical shells are statically 
investigated applying sinusoidal load ( 0( , ) sin( / )sin( / )p x y p x a y b  ). The spherical shell 
geometries are selected as 10 =  and 100 =  and the material is chosen as B (Table 2). 

/R a  ratio is defined as 5, 10 and 100. The finest element mesh ( 20 20 )is employed for 
the all deflection results. Reddy’s and Touratier’s shear functions are selected for the current 
analyses. The solutions are compared with PSDT (parabolic shear deformation theory which 
corresponds Reddy’s shear function) and TSDT (trigonometric shear deformation theory 
which corresponds Touratier’s shear function) conducted by Sayyad and Ghugal [10] , 
analytical HSDT of Mantari et al. [11], CUF of Giunta et al. [13] and numerical FSDT 
solution of Hossain et al. [4].  

 

Table 7 - Deflection values for simply supported sinusoidally loaded spherical shell 

/a h  
/R a  MHST 20 20  Sayyad and Ghugal Mantari et 

al. 
Giunta et al. Hossain et al. 

Reddy Touratier PSDT TSDT    

10 

5 0.6745 0.6794 0.6769 0.6819 0.6964 0.7312 0.6600 

10 0.7006 0.7060 0.7032 0.7086 0.7244 0.7497 0.6702 
100 0.7097 0.7152 0.7124 0.7179 0.7341 - 0.6699 

100 
5 0.1031 0.1031 0.1032 0.1032 0.1032 0.1036 0.1035 
10 0.2405 0.2405 0.2410 0.2410 0.2413 0.2416 0.2415 
100 0.4291 0.4292 0.4307 0.4307 0.4318 - 0.4303 

 

It can be concluded from Table 7 that current formulation’s deflection values are match well 
all referenced solutions. The most consistent results can be mentioned as MHST(Reddy)-
PSDT and MHST(Touratier)-TSDT. This is a predictable solution due to the utilization of 
the same shear functions.  

 

3.4. [0/90/0] Simply Supported Spherical Shell under Uniform Load  
In this section, the problem specified in Section 3.3 is solved under uniform loading 
condition. The spherical shell thickness ratio is selected as 10 = . / 20R a= and / 50R a=  

ratios are considered to examine different geometric configurations. In Table 8, the results 
are compared with Sayyad and Ghugal and the percent differences are specified for 
MHST(Reddy)-PSDT and MHST(Touratier)-TSDT. The percentage differences in both 
comparisons are almost identical. A slight difference is observed when the /R a  ratio is 
increased from 20 to 100.  

 

 



Yonca BAB, Akif KUTLU 

69 

Table 8 - Deflection values for simply supported uniformly loaded spherical shell 

/a h  /R a  
MHST 20 x 20  Sayyad and Ghugal  Percent Differences 

Reddy Touratier PSDT TSDT Reddy-PSDT Touratier-TSDT 

10 

5 1.0344 1.0422 1.0333 1.0411 0.11 0.11 

10 1.0763 1.0848 1.0752 1.0837 0.10 0.10 
20 1.0872 1.0959 1.0862 1.0949 0.10 0.09 
50 1.0904 1.0991 1.0894 1.0980 0.09 0.10 
100 1.0908 1.0995 1.0898 1.0985 0.09 0.89 

 

4. CONCLUSION 

In this study, the displacement and stress resultant distributions of laminated composite 
spherical and cylindrical shells under different boundary and loading conditions are 
examined. For this purpose, a mixed finite element method is adopted based on the Higher 
Order Shear Theory. Four different shear functions are considered for the Higher Order 
Theory. Finite element equations obtained using the Hellinger-Reissner variational principle 
are discretized using two-dimensional four-node elements with 0C continuity. As an 
advantage of the mixed finite element method, force and moment components, as well as 
displacement type field variables can be calculated directly at the nodes. Convergence and 
comparison analyses are performed on the problems discussed and it was observed that the 
results are in good agreement with the reference analytical, numerical and 3D solutions. In 
addition, taking into account different thickness and depth characteristics of the cylindrical 
composite shell; shear force, moment and higher order moment values are compared. It has 
been observed that the results obtained for the current formulation are highly compatible with 
many advanced finite element solutions featured in the literature and sometimes produce 
better results, especially in moment calculations. It is thought that the proposed formulation 
offers the opportunity to be developed for many types of analysis in the future and adapted 
to various problems. 
 
Symbols 

HR  : First variation of the functional 

a  : Shell length 
b  : Shell width 

uε  : Strain vector in terms of displacement components 
σε  : Strain vector in terms of the stress components 
σσ  : Stress vector 

  : Variational operator 

t̂  : Traction vector 
  : Boundary of the structure 
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1 2 3, ,E E E  : Young’s moduli 

ijv  : Poison’s ratio 

G  : Shear moduli ( 23,31,12  ) 

( )f z  : Shear functions 

h  : Thickness 
z  : Any coordinate along the thickness 

( )x x  : Shear rotation about y axis 

( )y x  : Shear rotation about y axis 

ii  : In-plane stress components 

ij  : Transverse shear stress components 

iiN  : In-plane force resultant of stress components  

iiM  : Resultant moment of stress components  
f

iiM  : Resultant higher order moment of stress components  

ijQ  : Resultants of transverse shear stress components  
ue  : Strain measures in terms of kinematical variables 

E  : Section stiffness matrix 
Pe  : Strain measures in terms of stress resultants 

F  : External force vector 

K  : System matrix 

p  : Applied load vector 

P  : Stress resultants 
X  : Unknown vector 
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ABSTRACT 

Classical design procedures are less advantageous than performance-based seismic design 
(PBSD) of buildings, which is included in existing standards such as ASCE 41-23 for new 
buildings or retrofitting. PBSD requires accurate assessment of building seismic responses. 
Such assessments can be done using either faster nonlinear static procedures (NSPs) or more 
time-intensive nonlinear time-history analyses (NTHAs). However, the reliability of NSPs 
can be questionable, as shown by previous research. Practitioners need to conduct further 
investigations to determine safety margins and the applicability scope of these methods. This 
is especially important for irregular buildings and near-fault zones. This problem is 
investigated in this paper by first using 1250 single-degree-of-freedom (SDOF) systems to 
evaluate the ASCE 41-23’s coefficient method and performing 25000 NTHAs for near- and 
far-fault records. Second, the responses obtained from two alternative approaches, the modal 
pushover analysis (MPA) and FEMA 440’s capacity spectrum method (CSM), are compared 
with NTHA responses for buildings with significant higher-mode effects. American 
standards are used to design 96 3D symmetric and asymmetric steel moment-resisting frame 
(MRF) buildings with different characteristics such as lateral, lateral-torsional, and torsional 
modes of vibration dominance as well as different stability conditions, which are considered 
in this paper. The MPA and CSM are compared with NTHAs in this paper. The results show 
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that the ASCE 41-23’s coefficient method is unreliable for near-fault zones and that the MPA 
and CSM are unreliable for seismic evaluation of buildings with dominant lateral-torsional 
modes of vibration or significant P-Δ effects. The results also revealed that MPA is a 
conservative approach for seismic evaluation of torsionally dominant buildings while CSM 
is not. 

Keywords: Nonlinear static procedure, modal pushover analysis, capacity spectrum method, 
performance-based seismic design, irregular buildings, near-fault earthquakes. 

 

1. INTRODUCTION  

Regarding the high computational costs of performing NTHA, especially for design purposes 
where the analysis-design cycle has to be recursively repeated until the designer reaches the 
desired design, NTHAs are not widely used by designers in the everyday design of buildings. 
There have been notable attempts (see [1,2]) to bring the NTHA-based design of buildings 
to a computationally affordable level, but the computational costs of these problems are still 
a challenge, even with today’s modern computers. The computational cost is not the only 
challenge for engineers, as the expertise required for modelling and designing buildings 
based on NTHAs also discourages the designers from undertaking such an approach. Thus, 
in present-day circumstances, NSPs are, in fact, a valuable substitute for NTHA, and are 
being prescribed by many guidelines including [3-5] to enable designers to adopt the PBSD 
approach for evaluation and retrofitting of existing buildings as well as designing new ones. 
The literature contains serious critiques of the accuracy of such approaches and more research 
is therefore required to determine the applicability scope of NSPs. A brief overview of the 
problem is therefore given here. 

The project initiated by the Federal Emergency Management Agency (FEMA) in 1984 to 
address the seismic risk of existing buildings marked the beginning of PBSD in building 
codes and standards. The project resulted in the FEMA 273 [6] report, which established 
quantitative acceptance criteria for four performance levels: Operational (OP), Immediate 
Occupancy (IO), Life Safety (LS), and Collapse Prevention (CP). FEMA 273 [6] introduced 
the fundamental concepts that were adopted by subsequent guidelines such as FEMA 356 [3] 
and FEMA 440 [4]. The NSP coefficients proposed in FEMA 356 [3] have been continuously 
revised and enhanced in later guidelines such as FEMA 440 [4]. This method also forms the 
basis of the codified coefficient method in recent seismic building standards such as 
ASCE/SEI 41-23 [5]. There are also many other NSPs, including adaptive and multi-mode 
approaches, available in the literature other than the aforementioned codified procedures. 
Some of them comprise the N2 method [7,8], the MPA [9,10], the upper-bound pushover 
analysis (UBPA) [11], the adaptive modal combination (AMC) procedure [12], the adaptive 
capacity spectrum method (ACSM) [13], the consecutive modal pushover (CMP) [14], the 
generalized pushover analysis (GPA) procedure [15], and the normalized multi-mode 
nonlinear static (NMP) procedure [16].  

Kalkan and Kunnath [17] evaluated four NSPs, namely MPA, UBPA, AMC, and FEMA 356 
NSP methods, for seismic evaluation of buildings using NTHAs with different ground 
motions, and found that the AMC procedure was the most consistent and accurate. Similarly, 
Bento et al. [18] assessed four NSPs, namely FEMA 440’s CSM, N2, MPA, and ACSM 
procedures, for seismic assessment of plan-irregular reinforced concrete (RC) buildings using 
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a full-scale experimental frame and NTHAs, and found that the ACSM performed better than 
the others in predicting both global and local responses. By considering sixteen 2D frames, 
Pinho et al. [19] compared five NSPs, namely CSM, N2, MPA, AMC, and ACSM 
procedures, for seismic assessment of building frames with nonlinear dynamic analysis 
results, and found that MPA and ACSM performed slightly better than the others. However, 
Fragiadakis et al. [20] demonstrated that the accuracy of NSPs depends on the building 
characteristics, the level of inelastic demand and engineering demand parameters. 
Allahvirdizadeh and Gholipour [21] argued that pushover methods have considerable flaws 
in identifying critical plastic regions. This problem becomes more severe at higher 
performance levels (i.e., higher nonlinearities). Moreover, Gonzalez-Drigo et al. [22] showed 
that using NSPs in damage state studies can lead to unconservative estimates. Marino et al. 
[23] investigated the near-collapse in-plane global response of unreinforced masonry 
buildings and showed that the European and Italian NSPs did not yield conservative results. 
Ruggieri and Uva [24] assessed the new NSP in the Italian building code by examining some 
low-rise RC buildings and inferred that it might produce more accurate results, but it also 
might yield non-conservative results in contrast to the conventional NSP, and therefore, it 
requires further validation with NTHA. Daei and Poursha [25] evaluated various NSPs, such 
as MPA, force-based adaptive pushover, displacement-based adaptive pushover, etc., for 
estimating the seismic demands of RC buildings and compared them with NTHA. They 
demonstrated that the accuracy of NSPs varies with the structure’s height and the ground 
motion type. They also revealed that none of the NSPs had a significant advantage over the 
others and recommended further research and improvements of NSPs. 

Some researchers have tried to adopt NSPs for approximating the structural capacity instead 
of using sophisticated incremental dynamic analysis (IDA). Ferraioli [26] investigated the 
dynamic increase factor (DIF) for NSP of RC frame buildings against progressive collapse 
due to sudden column loss. It was found that the DIF depended on the building properties, 
the location of the removed column, the catenary action of the floor slab, and the plastic 
dissipation capacity. Ke et al. [27] developed a multi-stage-based NSP based on the energy 
balance concept and a trilinear kinematic model to estimate the seismic demands of steel 
MRFs equipped with steel slit walls and compared its performance with NTHA responses. 
They concluded that the multi-stage-based NSP was able to produce satisfactory and 
conservative estimates of the peak seismic demands of the considered steel MRFs and that 
the seismic demand was significantly influenced by the multi-yielding stages of the system. 
Couto et al. [28] assessed old RC buildings in Lisbon using the N2 method and investigated 
how aging, smooth rebar, and corrosion affected seismic capacity and fragility. Wang et al. 
[29] proposed a deformation-based pushover analysis (DPA) method for evaluating the 
transverse seismic performance of tall inverted Y-shaped pylons in kilometer-span cable-
stayed bridges. They applied the DPA to a case study of Sutong Bridge and compared it with 
other methods such as IDA, conventional NSP, and MPA. They concluded that DPA was 
efficient and convenient for the preliminary seismic design of inverted Y-shaped bridge 
pylons.  

In addition to the individual application of NSPs and NTHAs, some studies have used them 
in combination to reduce the computational costs of the problem. For instance, Mokarram 
and Banan [2] proposed an effective adaptive surrogate multi-objective optimization model 
called surrogate FC-MOPSO in which optimal automated PBSD of buildings could be 
performed by simultaneous utilization of NSP and NTHAs such that the final designs were 
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based on NTHAs. They showed that up to 92% reduction in the required NTHAs could be 
achieved using their proposed model. Rossetto et al. [30] compared different methods for 
analyzing building responses under sequential earthquake and tsunami demands. They used 
a 10-storey RC structure as a case study. They found that a dynamic earthquake analysis 
followed by a variable depth pushover tsunami analysis was the best alternative to full 
dynamic analyses.  

The frequency spectrum of seismic ground motions, which varies significantly between near-
field and far-field events, influences the structural response of buildings. For instance, 
Bhandari et al. [31] assessed the seismic risk of a base-isolated building under near- and far-
field earthquakes and found that the PGV∶PGA ratio of near-field earthquakes affected the 
damage probability. Mokarram et al. [32] demonstrated that the maximum displacement ratio 
in ASCE/SEI 41-17’s coefficient method can yield unconservative results for near-fault sites. 
Bilgin and Hysenlliu [33] have also shown that response of the masonry buildings under 
near-field and far-field earthquakes is remarkably different. Caution must be exercised when 
using NSPs in near-fault zones since they can yield unconservative solutions (see [34,35]). 

About the criticisms pointed out in this section, it becomes evident that the NSPs, although 
widely used by practitioners for performing PBSDs, still have questionable reliability. 
Furthermore, a significant amount of research on the NSPs has been dedicated to evaluating 
the seismic vulnerability of regular buildings. Therefore, as confirmed by the review article 
by Asıkoğlu et al. [36], it is essential to examine their reliability regarding the impact of 
building irregularity on seismic behavior. This problem is even more magnified by noting 
that many failures have occurred due to asymmetry and irregularity in structures, during past 
earthquakes Das et al. [37]. Near-fault earthquakes also pose another concern as stated earlier. 
Thus, in this paper, ASCE/SEI 41-23’s [5] coefficient method is evaluated first as the most 
practical code-based single-mode NSP for near- and far-fault earthquakes. Secondly, the 
accuracy of two alternative NSPs, namely FEMA 440’s [4] CSM and MPA [9,10], for 
seismic assessments of symmetric and irregular steel MRF buildings with various 
characteristics is evaluated. As Najam [38] asserts, MPA method is the most well-known 
multi-mode NSP in the literature that incorporates the effects of higher modes contributions 
in system’s response. Hassan and Reyes [39] also deduced that MPA is a strong candidate 
for approximating the inelastic seismic demands for the RC MRFs without dampers, instead 
of using the more complex NTHA. 

 
2. NONLINEAR SYSTEMS MODELLING 

The modified Ibarra-Krawinkler (IK) hysteresis model, proposed by Lignos and Krawinkler 
[40], in conjunction with the concentrated plastic hinge (CPH) model developed by Zareian 
and Medina [41], is utilized within the OpenSees [42] library for numerical simulation 
purposes of SDOF systems. The modified IK model [40], which is based on moment-rotation 
curves, aligns very well with FEMA documents and ASCE/SEI 41-23 [5] procedures for 
nonlinear analysis. This makes it highly adaptable for performing NTHA and NSP with a 
range of structural materials [40,43,44]. It effectively captures the response to cyclic loading, 
including strength and stiffness degradation in steel structures [40]. 
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Rayleigh damping is commonly employed in dynamic analysis and is expressed by Eq. (1). 𝐂 = 𝑎𝐊 + 𝑎ଵ𝐌 (1) 

where K and M denote initial stiffness and mass of the structure, respectively. 𝑎 and 𝑎ଵ are 
stiffness-proportional and mass-proportional constants, respectively. However, initial 
stiffness-based Rayleigh damping can result in overestimated damping forces during 
NTHAs. More precise predictions of inelastic response can be obtained using tangent 
stiffness proportional damping [45,46], although this approach necessitates continuous 
updating of damping coefficients in the nonlinear problem. The CPH model, as proposed by 
Zareian and Medina [41], involves attaching nonlinear springs to the ends of the original six 
degrees of freedom (DOF) beam element. This creates an equivalent elastic beam element 
with end nonlinear rotational springs, resulting in eight DOFs. By assigning the stiffness-
proportional damping coefficient to the linear beam element (Fig. 1), the model prevents 
excessively large damping forces that can occur due to system softening in the nonlinear 
phase. Zareian and Medina [41] demonstrated that this method yields results consistent with 
those obtained using tangent stiffness methods. When combined with the modified IK 
material model, the CPH model [41] suggests effectiveness for PBSD of steel MRFs [47]. In 
case ASCE/SEI 41-23 [5] moment-rotational behaviors are adopted for nonlinear springs, the 
P-M interactional effects in 2D models can be accounted for since the moment-rotational 
behaviors are a function of the axial force in the element. 

In this study, a 5% damping ratio is applied to define the design spectrum. However, for the 
execution of NTHA in compliance with ASCE/SEI 41-23 [5], a 3% damping ratio is utilized 
to establish the Rayleigh damping coefficients. 

 

Fig. 1 - Representation of the ordinary nonlinear beam element and its equivalent model 
comprised of an elastic beam element with nonlinear springs at both ends [41]. 

 

3. EVALUATION OF ASCE/SEI 41-23’S [5] COEFFICIENT METHOD THROUGH  
    SDOF SYSTEMS 

The ASCE/SEI 41-23’s [5] coefficient method is a single-mode NSP, which, as per 
ASCE/SEI 41-23 [5], is permitted to be used under two conditions: (1) the ratio of the elastic 
strength demand to yield strength (i.e., 𝜇ୱ୲୰ୣ୬୲୦) must be smaller than the maximum strength 
ratio (i.e., 𝜇୫ୟ୶) of the system, and (2) the effects of higher modes must not be significant. 
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In this section, an investigation will be conducted to determine whether the method is reliable 
for near-fault sites. The reliability of ASCE/SEI 41-23’s [5] coefficient method will be 
examined by considering 1250 SDOF systems. The coefficient method responses of the 
SDOF systems are then evaluated using ten near-fault and ten far-fault earthquake records 
which entails performing 25000 NTHAs.  

ASCE/SEI 41-23’s [5] coefficient method imposes lateral loads on the multi-degrees-of-
freedom (MDOF) system that follow the vertical distribution of the fundamental mode shape 
of the structure in the direction of analysis. Then, a pushover analysis is performed to 
determine the force-displacement curve of the structure (i.e., base shear versus control node 
displacement). The force-displacement curve is used to generate an idealized force-
displacement curve according to the procedure in ASCE/SEI 41-23 [5]. Finally, the target 
displacement, 𝛿௧, of the control node, which represents the system displacement demand for 
a given hazard level, is computed from Eqs. (2) to (7). 𝛿௧ = 𝐶𝐶ଵ𝐶ଶ𝑆 ் మସగ మ 𝑔 (2) 

𝐶 = 𝜙ଵ, ∑ థ,భಿ∑ థ,మభಿ  (3) 

𝐶ଵ = 1 + ఓ౩౪౨ౝ౪ ்మ  (4) 

𝐶ଶ = 1 + ଵ଼ ቀఓ౩౪౨ౝ౪ିଵ் ቁଶ
 (5) 

𝜇ୱ୲୰ୣ୬୲୦ = ௌೌ/ௐ 𝐶 (6) 

Te = TiඥKi/Ke (7) 

Here, C0 is a modification factor that relates the spectral displacement of an equivalent SDOF 
system to the roof displacement of the building MDOF system and is equal to unity for an 
SDOF system. C1 is the maximum displacement ratio coefficient, which is a modification 
factor that relates the expected maximum inelastic displacements to the displacements 
computed for linear elastic response. C2 accounts for the effect of pinched hysteresis shape, 
cyclic stiffness degradation, and strength deterioration on the maximum displacement 
response. 𝑚, 𝜙ଵ,, 𝜙, denote the mass at level i, the ordinate of the first mode shape at the 
roof (control node), and the ordinate of mode shape i at level n of the building, respectively. 
W, a, g, 𝑇, and Cm respectively represent, the effective seismic weight, the site class factor, 
the gravitational acceleration, the effective fundamental period of the building in the direction 
of interest, and the effective mass factor which is equal to unity for an SDOF system. Ti, Ki 
and Ke are the elastic fundamental period, elastic lateral stiffness, and effective lateral 
stiffness of the system, respectively. Sa is the spectral acceleration at the effective 
fundamental period and damping ratio of the building in the direction of interest.  

According to Eq. (1), ASCE/SEI 41-23’s [5] coefficient method depends on the design 
response spectrum of the chosen site. In this section, a site located in Northridge, California 
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(34°14’17.9"N, 118°31’59.8"W) with Class D soil is considered. The 5% damped design 
spectrum for this site, as specified in ASCE/SEI 41-23 [5], is employed for the BSE-2N 
hazard level in this study. Earthquake records for each SDOF system were scaled to align 
with the design spectrum, in accordance with ASCE 7-22's [48] amplitude scaling method. 
A period range from 0.2𝑇 to 1.5𝑇 was selected for this scaling process. Coefficient method 
evaluations are also derived from the same design spectrum. Newmark average acceleration 
method is adopted for conducting nonlinear time-history analyses. In addition, a Rayleigh 
damping ratio of 3% was applied for nonlinear time-history analyses, as per the ASCE/SEI 
41-23 [5] provisions for NTHA. 

To evaluate the reliability of the coefficient method, SDOF systems with various fundamental 
periods and force-displacement behaviors are considered. The mass of each SDOF system 
was adjusted to achieve a fundamental period of 0.1, 0.2, …, or 2.5 sec. Additionally, 50 
different values of effective yield strength, Vy, ranging from 155 kN to 4700 kN were used 
for the SDOF systems. Therefore, a total of 1250 SDOF systems were obtained. For each of 
these SDOF systems, a nonlinear material behavior should also be defined. Hence, a recursive 
analysis was performed to adjust the yield stress of the material such that the evenly 
distributed values of effective yield strengths could be obtained. Moreover, the recursive 
analysis included identifying matching W-sections. Specifically, a W-section was assigned 
to each yield stress such that if the W-section were used in a 3.66 m (12 ft) high cantilever 
column with a concentrated mass at its top, and the column were analyzed using the 
ASCE/SEI 41-23 [5] coefficient method, the system would yield the required fundamental 
period and effective yield strength corresponding to one of the 1250 SDOF systems. Once 
the W-section with its specific yield stress is identified, the nonlinear material behavior of 
the SDOF system, based on ASCE/SEI 41-23 [5], is also established. This is because, in the 
recursive analysis, the moment-rotation behavior of the W-sections is derived from 
ASCE/SEI 41-23 [5] and assigned to the nonlinear spring at the base of the column, as 
described in Section 2. For instance, it was found that if a W 12×120 section is assigned to 
an SDOF column with a concentrated 141.15 kg mass at the top and an elastic element, and 
the backbone curve of this section with 𝐹௬ = 186.16 MPa is assigned to the nonlinear spring 
at the base, performing the ASCE/SEI 41-23 [5] coefficient method would result in 𝑉௬ =154.93 kN and 𝑇 = 0.101 sec, which matches one of the considered SDOF systems (i.e., 
with 𝑉௬ = 154 kN and 𝑇 = 0.1 sec). Therefore, the backbone curves obtained from the 
ASCE/SEI 41-23  [5] tables for a W 12×120 section with 𝐹௬ = 186.16 MPa in steel moment-
resisting frames are used for this specific SDOF system. 

The nonlinear time-history response of each system was evaluated according to the 
ASCE/SEI 41-23’s [5] nonlinear dynamic procedure (NDP) under ten far-fault (Table 1) and 
ten near-fault (Table 2) ground motion records. Near-fault and far-fault records adopted in 
this study are those that have distances to the fault rupture (i.e., Rrup in Tables 1 and 2) that 
are less than and greater than ten kilometers, respectively. All records were recommended by 
FEMA 440 [4] for Class D soils. The average system responses under near-fault or far-fault 
ground motion records were used to assess the performance of the SDOF systems. 
Furthermore, for each fundamental period, the system responses were averaged over the 
responses of fifty SDOF systems with different shear yield strengths but the same 
fundamental period. 
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Figs. 2(a) and (b) show the base shear demands obtained from the 1250 considered SDOF 
systems for far-fault and near-fault records, respectively.  

Fig. 3 compares the relative errors of coefficient method estimations with NTHA responses. 
It reveals that the base shear demands from the coefficient method can be unreliable for near-
fault sites, with errors up to 30%. For far-fault regions and structures with small fundamental 
periods (i.e., low-rise structures), the coefficient method provides conservative estimations 
of base shear demand of the system with errors that can reach 15%. Fig. 3 also suggests that 
the coefficient method can be a non-conservative method for medium to high-rise buildings 
in far-fault regions. 

 

 
(a) (b) 

Fig. 2 - Normalized base shear demands from ASCE/SEI 41-23’s [5] NSP (i.e., the 
coefficient method) and NDP for (a) far-fault, and (b) near-fault sites. 

 

 
Fig. 3 - Relative error of ASCE/SEI 41-23’s [5] coefficient method with respect to the 

NDP in predicting base shear demands for far-fault and near-fault sites 
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4. EVALUATION OF CSM AND MPA PROCEDURES FOR IRREGULAR  
    BUILDINGS 

In this section, it is examined whether FEMA 440’s [4] CSM and MPA [9,10] procedures 
can be safely applied for seismic design and evaluation of irregular buildings. 96 3D 
buildings, of which 12 are symmetrical and the remaining 84 are unsymmetrical will be 
considered. The 84 unsymmetrical models are generated by modifying the first 12 
symmetrical buildings to create 36 buildings with plan asymmetry and 48 buildings with 
different stability statuses.  

 
4.1. Procedure 

The 12 symmetrical buildings consist of 6 five-story and 6 ten-story buildings with either 5 
m (Fig. 4(a)) or 10 m (Fig. 4(b)) bay spans. The buildings were designed to meet the 
requirements of ANSI/AISC 360-22 [49] and following the equivalent lateral force method 
and the load combinations of ASCE/SEI 7-22 [48] in three different categories: (1) ordinary 
steel MRFs, (2) special MRFs, and (3) designed for gravity loads only. The list of these 12 
basic models is given in Table 3. It is noted the response modification factor (R-factor) for 
ordinary and special steel MRFs are equal to 3.5, and 8 as per ASCE/SEI 7-22 [48], 
respectively. Story heights in all models are equal to 3.6 m. 

The dead load of the floors was taken equal to 4.1 kN/m2 and an additional evenly distributed 
dead load of 1.5 kN/m2 was applied to the floors to account for the loads of building 
partitions. The live load on building floors and the roofs were respectively taken equal to 2 
kN/m2 and 1.5 kN/m2. The density, modulus of elasticity, yield, and ultimate strength of steel 
material were assumed to be 7850 kg/m3, 200 GPa, 240 MPa, and 360 MPa, respectively. 
The configurations for the 12 basic building designs are given in Table A1 and Figs. A1, A2, 
A3, A4 and A5 of Appendix 1. 

Force-based fiber elements in OpenSees [42], utilizing the Gauss-Lobatto integration method 
with five integration points, are employed in this section. For detailed discussions on the 
preference for force-based elements over displacement-based elements, refer to [50,51]. The 
Steel02 material in OpenSees [42] is used to model the uniaxial elasto-plastic behavior of the 
fibers. To ensure a more robust numerical analysis, a small strain hardening value of 1% was 
also incorporated. The 40-fiber discretization scheme, as discussed by Kostic and Filippou 
[52], was adopted. Kostic and Filippou [52] noted that even a 24-fiber scheme would achieve 
remarkable accuracy for I-shaped steel sections. In fiber element-based evaluation of the 
buildings the effects of rigid end zones are not accounted for. 
The 36 buildings with asymmetrical plans were created by changing the mass distribution of 
12 symmetrical buildings in three different ways. A part of the floor on the north-west panel 
was removed, and subsequently added some additional masses to points B2, B3, C2, and C3 
of the plans of the basic buildings given in Fig. 4. This resulted in 36 buildings with three 
types of plan asymmetry, as explained below. Type 1 buildings have 9 times the removed 
mass added to each point B2, B3, C2 and C3. Type 2 buildings have 1.5 times the removed 
mass added to each point A1, A4, D1 and D4 and 2 times the removed mass added to each 
point where frames A, B, C, D intersect with frames 1 and 2. Type 3 buildings have 9 times 
the removed mass added to each point A1, A4, D1 and D4. The extra masses on the frames 
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were also adjusted so that the center of mass and the center of rigidity are 15% of the plan’s 
dimension apart. Fig. 5 serves as an example, depicting the modification of model M1’s plan. 
This alteration involves excising the shaded region from the plan and augmenting the mass 
at each of the four designated locations by a factor of nine, as shown in Fig. 5. To shift the 
building’s center of mass by 2.7 meters (equivalent to 15% of the plan’s dimensions) away 
from its center of rigidity, the masses placed on the frames along axes 2 and 3 are adjusted  

    

(a) (b) 

Fig. 4 - The two basic plans used for generating 96 symmetric and asymmetric five- and 
ten-story buildings with (a) 6 m bay spans, and (b) 10 m bay spans. 

 

 

Fig. 5 - Model M1’s plan modified to generate its corresponding Type 1 asymmetric 
building (i.e., model M13). 
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by factors of 0.1 and 1.9, respectively. Figs. 6 (a), (b), and (c) show the vibrational modes of 
three 5-story buildings with plan asymmetry, which were obtained by modifying model M1 
of Table 3. The number of modes in these figures corresponds to the number of modes that 
achieved 90% mass participation. As an example, Table 4 lists the periods and effective mass 
participation factors for the initial modes of vibration in Type 1, Type 2, and Type 3 buildings 
(models M13, M25, and M36, respectively). It is ensured that the modes included in Table 4 
provide at least 90% mass participation  

Ultimately, buildings exhibiting different stability conditions were derived from eight of the 
basic symmetric buildings listed in Table 3 (i.e., models M1, M2, M4, M5, M7, M8, M10, 
and M11). To achieve this, the moments of inertia of the columns were changed in the north-
south direction so that stability coefficients of 0.1 and 0.2 could be obtained. This was done 
for the first story, middle story, and top story of the 12 buildings. As a result, a suite of 
8×2×3=48 buildings with different stability coefficients, as listed in Table 5, were generated. 
The sections of the columns that were modified due to stability conditions are detailed in 
Table A2 within Appendix 1. The stability coefficient is obtained from Eq. (8) as per 
ASCE/SEI 7-22 [48]. 𝜃 = ೣ /ೞೣೣ /ೣ (8) 

where Px is the total vertical design load at and above level x, Vx/Δxe is the story stiffness at 
level x calculated as the ratio of the seismic design shear, Vx, divided by the corresponding 
elastic story drift, Δxe, and hsx is the story height below level x. The selected value of 𝜃 = 0.1 
in this study is critical because the ASCE/SEI 7-22 [48] standard states that P-Δ effects on 
story shears and moments, the resulting member forces and moments, and the story drift 
induced by these effects can be ignored when the stability coefficient is equal to or less than 
0.10. Furthermore, according to the ASCE/SEI 7-22 [48] standard, if 𝜃 > 𝜃௫, the building 
is potentially unstable and must be redesigned. Since 𝜃௫ cannot exceed 0.25, 𝜃 = 0.2 was 
chosen to represent buildings with high stability problems. The stability coefficient in Eq. 
(8), which represents the impact of gravitational forces on stability, is linked to the building’s 
story stiffness, represented by the story stiffness ratio 𝑉௫/𝛥௫. By adjusting the columns’ 
moments of inertia, this coefficient can be manipulated to highlight stability concerns at 
various building levels. Although this coefficient can be calculated for each story, this study 
demonstrates stability issues at the lower, middle, and upper stories of the building. 
Evidently, the stability issues included in the buildings of this section are explicitly accounted 
for in NTHA evaluations. Thus, NTHA analyses can be considered as the reference method 
to which FEMA 440’s [4] CSM, MPA [9,10] methods can be compared. 
Based on the discussions in Section 2, the 96 buildings described in this section were 
modelled using OpenSees [42]. Then, the seismic responses of the buildings were evaluated 
using FEMA 440’s [4] CSM, MPA [9,10], and the rigorous NTHA method. The NTHA was 
performed for the buildings using 14 horizontal records, scaled to the considered design 
spectrum, from the first seven earthquakes in Table 1. It is noted that each earthquake in 
Table 1 represents two horizontal records for a 3D building. A brief description of FEMA 
440’s [4] CSM and MPA [9,10] procedures is given below. 
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Table 3 - List of the first 12 basic symmetric models. 

Model No. R-factor Bays 
span (m) 

Number of  
stories 

M1 3.5 
6 

5 

M2 8.0 
M3 N/A* 

M4 3.5 
10 M5 8.0 

M6 N/A* 

M7 3.5 
6 

10 

M8 8.0 
M9 N/A* 

M10 3.5 
10 M11 8.0 

M12 N/A* 

*Not applicable because the model was designed for gravitational loads only. 

 

Table 4 - Period and effective mass participation factors of three 5-story buildings with 
plan asymmetries of (a) Type 1 (model M13), (b) Type 2 (model M25), and (c) Type 3 

(model M37). 

Model The mode of vibration Period (sec) 
Mass participation factor (%) 
X-direction Y-direction 

M13 

1 1.00 0.00 79.12 
2 0.95 73.23 0.00 
3 0.33 0.00 12.27 
4 0.32 0.75 0.00 
5 0.26 14.35 0.00 

Sum: 88.33 91.39 

M25 

1 1.07 39.15 0.00 
2 1.00 0.00 79.34 
3 0.78 35.48 0.00 
4 0.33 0.00 12.21 
5 0.31 6.05 0.00 
6 0.22 8.42 0.00 

Sum: 89.10 91.55 

M36 

1 1.38 10.12 0.00 
2 1.00 0.00 79.40 
3 0.86 64.44 0.00 
4 0.40 1.53 0.00 
5 0.33 0.00 12.16 
6 0.24 12.14 0.00 

Sum: 88.23 91.56 
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Table 5 - List of the 48 buildings with stability issues. 

Model No.  
R-factor Bays 

span (m) 
Number of 

stories Location of stability issue 𝜃 = 0.1 𝜃 = 0.2  
M49 M73  3.5 

6 
5 

First story 

M50 M74  8.0 
M51 M75  3.5 

10 
M52 M76  8.0 
M53 M77  3.5 

6 
10 

M54 M78  8.0 

M55 M79  3.5 
10 

M56 M80  8.0 
M57 M81  3.5 

6 
5 

Middle story 

M58 M82  8.0 
M59 M83  3.5 

10 
M60 M84  8.0 

M61 M85  3.5 
6 

10 
M62 M86  8.0 
M63 M87  3.5 

10 
M64 M88  8.0 
M65 M89  3.5 

6 
5 

Top story 

M66 M90  8.0 
M67 M91  3.5 

10 
M68 M92  8.0 
M69 M93  3.5 

6 
10 

M70 M94  8.0 
M71 M95  3.5 

10 
M72 M96  8.0 

 

FEMA 440’s [4] CSM is a way of estimating the maximum inelastic deformation of a 
nonlinear structure under earthquake ground motion. It involves converting the force-
deformation relationship of the structure and the seismic demand into acceleration-
displacement response spectrum (ADRS) format, which plots acceleration versus 
displacement as depicted in Fig. 7. The method then finds an equivalent linear system that 
has a larger period and damping than the original nonlinear system. The equivalent period 
and damping depend on the displacement, the post-yield stiffness, and the hysteretic behavior 
of the structure. The method uses an iterative process to find the intersection of the capacity 
curve and the reduced demand curve, which is called the performance point as depicted in 
Fig. 8. The method also imposes limits on the equivalent damping to account for strength and 
stiffness degradation. The method uses different parameters and formulas for different types 
of structures, such as reinforced concrete buildings. 

The MPA [9,10] method is a way of estimating the seismic demands for a multistorey 
building. It involves computing the linear elastic modes and frequencies of the building and 
performing a nonlinear static analysis for each mode using a force distribution that depends 
on the mode shape. In this method, the pushover curve in the dominant direction of motion 
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is converted to an idealized force-deformation (Fsn/Ln –Dn) relation for the nth  mode for an 
equivalent SDOF system. The SDOF system is idealized as a bilinear curve with a post-yield 
stiffness that may be negative due to P-Δ effects. The peak deformation of the SDOF system 
is computed from a nonlinear response history analysis, an inelastic design spectrum, or an 
elastic design spectrum with empirical equations. The peak roof displacement associated with 
each mode is obtained by multiplying the peak deformation by the mode shape value at the 
roof. The peak responses due to gravity and lateral loads are extracted from the pushover 
database. The dynamic response due to each mode is calculated by subtracting the gravity 
response from the combined response. The total response is determined by combining the 
modal responses using the CQC rule. 

 (a) 

 (b) 

 (c) 

Fig. 6 - Vibrational modes of three 5-story buildings with plan asymmetries of (a) Type 1 
(model M13), (b) Type 2 (model M25), and (c) Type 3 (model M37). 
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Fig. 7 - Schematic of ADRS showing effective period and damping parameters of 

equivalent linear system, along with a capacity curve [4]. 

 
Fig. 8 - Determination of estimated maximum displacement using direct iteration [4]. 

 

4.2. Discussion of Results 

The relative errors of inter-story drift ratios and base shears, evaluated using Eq. (9), obtained 
from CSM and MPA approaches for the 12 symmetric buildings with respect to the NTHA 
evaluations are given in Table 6.  𝑒 = ோಲೝೣೌିோಿಹಲோಿಹಲ  (9) 

where e represents the relative error, 𝑅ே்ு denotes the target NTHA response of the system 
(such as drifts and base shears) averaged across seven earthquake records. 𝑅௫௧ 
refers to the corresponding system response estimated using either the CSM or MPA 
methods. Consequently, negative errors indicate unconservative approximations, while 
positive errors suggest conservative approximations. Moreover, correlation values and 
medians of relative errors of the data obtained from analyzing the 96 considered buildings 
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are reported in Table 7. Since almost all errors are positive, it can be concluded that both 
methods can be regarded as conservative for symmetric buildings. The results of Table 6 
along with the median errors and correlation values given in Table 7 suggest that both CSM 
and MPA give conservatively correlated approximations of the responses of symmetric 
buildings. It was also observed that CSM and MPA could overestimate base shears up to 42% 
and 21% for symmetric buildings, respectively. The overestimation for inter-story drifts 
could be up to 104% and 96% in worst cases, respectively.  

Fig. 9 depicts the base shear relative errors of CSM and MPA procedures with respect to 
NTHA evaluations corresponding to the 36 asymmetric buildings. The three types of 
buildings (i.e., Type 1, 2, and 3) are also categorized in this figure. Type 1 buildings were 
intended to represent asymmetric buildings in which the lateral modes of vibrations are 
dominant while Type 2 and 3 were intended to represent asymmetric buildings in which 
lateral-torsional, and torsional modes of vibrations are dominant, respectively. Fig. 9 reveals 
that although CSM and MPA may yield errors up to 32% and 42% in base shear estimations, 
respectively, the results lie on the conservative side and are thus safe to use. A similar 
conclusion can also be drawn from Fig. 10 for inter-story drift responses. Moreover, Table 7 
confirms that the base shear responses obtained from CSM and MPA procedures for the 36 
asymmetric buildings are highly correlated with those obtained from the NTHAs and thus 
the results given in Fig. 9 are meaningful. Hence, it may be concluded that both CSM and 
MPA can be used for conservative seismic evaluation of asymmetric buildings in which 
lateral modes of vibration are dominant but, regarding the error fluctuations of Figs. 9 and 
10 as well as medians of Table 5, it cannot be prescribed which one performs better. Finally, 
although both methods are conservative for Type 1 buildings, it must be noted that, according 
to Fig. 9, CSM and MPA might overestimate the base shear up to 31% and 42%, respectively. 
For inter-story drifts, according to Fig. 10, the overestimations can be up to 90% and 114%, 
respectively. 

For Type 2 buildings, however, Fig. 9 reveals that the base shear responses of CSM and MPA 
in the X-direction of the buildings were on the unconservative side with relative errors up to 
-36% and -30% for these methods, respectively. Furthermore, Fig. 10 shows that MPA 
estimations for inter-story drift ratios were on the conservative side in most cases. According 
to Table 7, the median of relative errors corresponding to inter-story drifts obtained from 
MPA was equal to 22% and 39% for X- and Y-directions, respectively. CSM procedure, 
however, was totally unreliable and unconservative for estimating the inter-story drift-ratios 
of such buildings because Fig. 10 shows that the responses in one direction of the buildings 
(i.e., X-direction) were always between -50% and -66% with a median of relative errors, 
according to Table 7, equal to -59% for that direction. The correlation plot for the inter-story 
drift ratios of the CSM method in the X-direction is given in Fig. 13 (a), which evidently 
confirms this conclusion. Hence, it could be concluded that firstly, CSM was unconservative 
and thus unreliable for seismic demand evaluations of buildings in which lateral-torsional 
modes of vibrations are dominant, and secondly, due to the incorporation of higher modes 
effects, MPA gave conservative solutions for the evaluation of displacement demands of such 
buildings but it was still unreliable for estimating the global response (including both 
displacement and force demands) of Type 2 buildings.  

Regarding Type 3 buildings, Fig. 9 reveals that base shear approximations obtained from 
CSM and MPA were conservative for most buildings with at most -23% relative error in 
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unconservative cases. The medians of relative errors in Table 7 also support this conclusion. 
Regarding inter-story drift ratios, however, Fig. 10 demonstrates that MPA gave conservative 
approximations while CSM totally underestimated inter-story drift ratios with unconservative 
errors ranging from -37% to -59%. This conclusion can also be confirmed by the median 
errors in Table 7 and the correlation plot given in Fig. 13 (a). Thus, it can be concluded that 
MPA can be regarded as a conservative tool for seismic evaluations of asymmetric buildings 
in which torsional modes of vibration are dominant while the CSM should be considered an 
unreliable method. However, it is added that, according to Figs. 9 and 10, MPA can 
overestimate base shear and inter-story drifts up to 20% and 112%, respectively. 

Figs. 11 and 12 illustrate the relative errors of the base shear and inter-story drift ratios of the 
48 buildings with different stability coefficients, respectively. The stability coefficients were 
considered as a code-based indicator of the effects of geometric nonlinearity (i.e., P-Δ effects) 
on the seismic response of buildings. By investigating Figs. 11 and 12 along with Table 7, 
which shows high correlations between the results of the approximation techniques and those 
from NTHA, it can be concluded that the stability issue has an inverse impact on the 
reliability of CSM and MPA procedures. In other words, in buildings where P-Δ effects are 
insignificant (i.e., 𝜃 ≤ 1), both CSM and MPA approximations are relatively reliable (with 
up to -40% errors on the unconservative side and the medians of the errors ranging from -
1.3% to 29%), though it must be emphasized that, in this case, CSM can overestimate base 
shears and inter-story drifts up to 23% and 26%, while these values for MPA are 35% and 
46%, respectively. For buildings where P-Δ effects are significant (i.e., 𝜃 > 1), however, 
both CSM and MPA procedures are unreliable since they yield unconservative 
approximations with errors up to more than -50% and medians of the errors ranging from -
17% to 8%. As an example, the correlation plot for the Y-direction inter-story drift ratios of 
the CSM approximations is given in Fig. 13(b), where it can be evidently observed that the 
method yields unconservative solutions for most of the cases.  
 

Table 6 - Relative errors of CSM and MPA responses vs. NTHA evaluations for the 12 
symmetric buildings in Y-dir. 

Model No. 
 Average inter-story drifts relative error (%)  Base shear relative error (%) 

 CSM MPA  CSM MPA 

M1  11.45 13.23  2.98 5.12 
M2  16.34 19.34  0.45 8.65 
M3  95.76 103.56  12.23 18.23 
M4  13.94 21.76  4.53 5.97 
M5  4.78 6.44  7.95 9.34 
M6  66.65 89.52  17.45 43.21 
M7  10.56 25.19  13.29 7.45 
M8  32.09 51.36  17.25 10.56 
M9  46.70 35.38  -3.98 7.75 
M10  37.28 31.34  7.90 6.43 
M11  34.68 60.23  13.87 11.87 
M12  18.14 13.38  13.98 20.13 
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Fig. 9 - Base shear relative errors of CSM and MPA vs. NTHA for the 36 asymmetric 

buildings. 

 

 
Fig. 10 - Inter-story drift relative errors of CSM and MPA vs. NTHA for the 36 asymmetric 

buildings. 

 
The impact of stability issue location can be explored using Figs. 11 and 12. Significant P-Δ 
effects (θ > 1) lead to a trend. This trend shows in both figures. As stability issues move to 
higher stories, errors in estimations grow. These errors lean towards unconservative results 
for both CSM and MPA methods. When P-Δ effects are minor (θ < 1), the trend persists. 
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However, there’s a distinction. The MPA method shows more unconservative errors than 
CSM. This is especially true when the stability issue is at the top story. 

 
Fig. 11 - Base shear relative errors of CSM and MPA vs. NTHA for the 48 buildings with 

different stability conditions. 

 

 
Fig. 12 - Inter-story drift ratio relative errors of CSM and MPA vs. NTHA for the 48 

buildings with different stability conditions. 
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 (a) 

 (b) 

Fig. 13 - Correlation between CSM approximations and NTHA of inter-story drift ratios for 
(a) the X-dir responses of the 36 asymmetric buildings, and (b) the Y-dir responses of the 

48 buildings with different stability conditions. 

 

5. SUMMARY AND CONCLUSIONS 

ASCE/SEI 41-23’s [5] coefficient method is a viable codified tool for practitioners to perform 
the PBSD of buildings. It is true that, compared to linear procedures, the coefficient method 
can better describe the performance of a structure. However, it is not precise and it does not 
have the ability to capture the changes in dynamic response as the structure loses stiffness. 
Also, it cannot handle higher mode effects for multi degree of freedom systems. ASCE/SEI 
41-23 [5] restricts the application of the method for two situations: (1) if the effects of higher 
modes are not negligible (e.g., in irregular buildings), and (2) if the building experiences 
severe stiffness degradation. In this paper, 1250 SDOF systems were considered to compare 
their responses from the coefficient method for near- and far-fault sites with the responses 
obtained from ASCE/SEI 41-23 [5] NDP procedure. It was shown that the method is 
unreliable for near-fault zones. The errors of base-shear evaluations can be non-conservative 
by up to 40%. Regarding far-fault zones, it was demonstrated that the method was 
conservative for systems with small fundamental periods and non-conservative for those with 
higher fundamental periods (i.e., mid- to high-rise buildings). Hence, it is concluded that 
further limitations on the applicability of ASCE/SEI 41-23’s [5] coefficient method is 
needed. 
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Furthermore, for systems with significantly higher mode contributions, the applicability of 
two approaches, FEMA 440’s [4] CSM and MPA [9,10], was investigated. 96 3D buildings 
were considered, including 12 symmetrical buildings, 36 irregular buildings and 48 buildings 
with different stability conditions (i.e., stability coefficients of 0.1 or 0.2). The 36 buildings 
consisted of three types of buildings in which lateral, lateral-torsional, or torsional modes of 
vibrations were dominant.  

Comparing the responses of the 12 symmetric buildings analyzed using the CSM and MPA 
procedures to those analyzed with NTHAs, it was shown that the median of the errors ranged 
from 2% to 29%. Both methods were found to be conservative and reliable for the seismic 
evaluation of symmetric buildings.  

The results demonstrated that both CSM and MPA could conservatively be used for 
approximating the response of irregular buildings in which the lateral modes of vibration 
were dominant. However, for irregular buildings in which the combination of lateral-
torsional modes of vibration was dominant both methods underestimated the responses, 
resulting in non-conservative errors of up to -66% and -30%, respectively. It was also 
observed that MPA could yield relatively conservative solutions for the inter-story drift 
approximations but could not give satisfactory approximations of the base shear of such 
buildings. The MPA approach could conservatively predict the response of irregular 
buildings in which torsional modes of vibrations were more dominant but the CSM 
substantially underestimated the response with non-conservative errors ranging from -37% 
to -59%.  

Finally, regarding the 48 buildings with different stability conditions, it was concluded that 
if the impact of P-Δ effects on system responses are negligible (i.e., 𝜃 ≤ 1), both CSM and 
MPA approximations are relatively conservative, but if the impact of P-Δ effects on system 
responses is significant (i.e., 𝜃 > 1), both CSM and MPA procedures non-conservatively 
underestimate the building responses. The results also suggest that when the stability issue 
of the building is shifted to upper stories, response estimations obtained from both methods 
tend to lean toward the unconservative side.  
It could be emphasized that although CSM and MPA can be conservatively adopted in some 
cases as discussed in preceding paragraphs, it was shown that the overestimation errors could 
be very large such that it undermines the applications of these methods from the economical 
viewpoint. Thus, it is recommended that at least the final design be cross-checked using 
NTHAs. 

 

Symbols 𝑎  Site class factor 𝑎  Constant stiffness coefficient  𝑎ଵ  Constant mass coefficient  
C0  Spectral displacement modification factor 
C1  Maximum displacement ratio coefficient 
C2  Hysteresis modification factor 
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Cm  Effective mass factor 𝐹௨  Ultimate stress 𝐹௬  Yield stress 𝑔  Gravitational acceleration ℎ௦௫  Story height below level x 
K  Initial stiffness matrix 
Ke  Effective lateral stiffness 
Ki  Elastic lateral stiffness 𝐊௧  Tangential stiffness matrix 
M   Mass matrix 𝑚  Mass at the ith story of the building 𝑃௫  Vertical design load at and above level x 𝑅  Joyner-Boore distance 𝑅௨  Closest distance to the fault rupture 
Sa  Spectral response acceleration 𝑇  Effective fundamental period  
Ti  Elastic fundamental period 𝑉௦  Average shear wave velocity 𝑉௫  Seismic design shear 𝑊  Effective seismic weight 𝛽  Damping ratio 𝛿௧  Target displacement Δ௫  Elastic story drift below level x 𝜃  Stability coefficient  𝜇  Ductility 𝜇ୱ୲୰ୣ୬୲୦  Elastic strength demand to yield strength ratio 𝜙ଵ,  Ordinate of the first mode shape at the roof 𝜙,  Ordinate of mode shape i at level n of the building 
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Appendix 1 

 

    
(a) (b) 

Fig. A1 - Grouping of the beams of the basic 5-story buildings: (a) 1st and 2nd stories, and 
(b) 3rd, 4th, and 5th stories. 

 

 

    
(a) (b) 

Fig. A2 - Grouping of the columns of the basic 5-story buildings: (a) axis 1, and 4, and (b) 
axis 2, and 3. 

 

 



V. MOKARRAM, M. R. BANAN, M. R. BANAN, A. KHEYRI 

105 

 

 

    
(a) (b) 

Fig. A3 - Grouping of the beams of the basic 10-story buildings: (a) 1st, 2nd, and 3rd 
stories, and (b) 4th, and 5th stories. 

 

 

    
(a) (b) 

Fig. A4 - Grouping of the beams of the basic 10-story buildings: (a) 6th, and 7th stories, 
and (b) 8th, 9th, and 10th stories. 
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(a) (b) 

Fig. A5 - Grouping of the columns of the basic 10-story buildings: (a) axis 1, and 4, and 
(b) axis 2, and 3. 
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ABSTRACT 

Because the flowrate over an ungated ogee spillway depends on the net head of the water 
conveyed in the approach channel and because the energy losses depend on the flowrate, 
computation of the spillway discharge for a given gross head of water in the reservoir entering 
the approach channel necessitates a trial-and-error procedure. For the given information of 
(a) the elevations of the lake water surface and of the spillway apex, (b) the energy loss 
coefficient at the entrance, the side wall inclination, the length, and the roughness coefficient 
of the trapezoidal approach channel, an iterative method for computing the discharge over an 
ungated ogee spillway is presented. Next, for the given information of (a) the (volume) ↔ 
(water surface elevation) relationship of the reservoir, (b) the spillway apex elevation, (c) the 
maximum allowed lake water surface elevation, and (d) the design flood hydrograph, an 
iterative method for computing simultaneously both the length of the ungated ogee spillway 
and the outflow hydrograph such that the maximum water surface elevation reached during 
routing of the design flood hydrograph becomes equal to the maximum allowed elevation is 
presented. Matching of the maximum water surface elevation reached in the reservoir while 
routing of the design flood hydrograph to the pre-specified maximum lake elevation requires 
a trial-and-error procedure of reservoir routing computations over many different-length 
spillways. The iterative method presented in this study which is executed in a single run of 
the coded computer program is a short-cut alternative to the long approach. The developed 
method is applied to Catalan Dam, which is one of the large dams in Türkiye from reservoir 
capacity, flood attenuation, and hydroelectricity production aspects, as a case study. The 
length of an ungated spillway is computed by the method presented here as an alternative to 
that of the existing radial-gated spillway. The reservoir routing computations done using the 
given design flood hydrograph produced fairly close maximum lake water surface elevations 
and the outflow hydrographs for ungated and gated spillways, 
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Note: 

- This paper was received on January 28, 2024 and accepted for publication by the Editorial Board on 
July 24, 2024. 

- Discussions on this paper will be accepted by March 31, 2025. 
 https://doi.org/10.18400/tjce.1427060 
 
1 Erciyes University, Department of Civil Engineering, Kayseri, Türkiye 

thaktan@erciyes.edu.tr - https://orcid.org/0000-0002-8111-4557 



Determination of Ungated Ogee Spillway Length so as to Pass … Technical Note 
 

110 

1. INTRODUCTION 

The book Design of Small Dams [1] is a commonly used classical reference for design of 
dams; Yedigöze and Bayramhacılı Dams are just two of such cases [2, 3]. The method for 
computing the discharge passing over an ogee profile ungated (free flow) spillway for a given 
gross head over the spillway crest is described in detail with a couple of examples in that 
book. The spillway height is determined based on topographic conditions of the spillway site 
and on the experience of the designer. Conventionally, the design flood is the probable 
maximum flood for earth-fill dams. It may be a smaller magnitude flood like that having an 
average return period of 10,000 years [4]. The flood spillway will rout the design flood from 
the reservoir such that the maximum water surface elevation reached in the surcharge storage 
is below the dam crest elevation by a predetermined freeboard. The maximum water surface 
elevation in the lake is a critical value calculated by the economic cost incurred by inundation 
of the areas upstream of the dam. The dead storage is computed by the volume of sediment 
expected to settle behind the dam over a service life of about 100 years. The needed volume 
of the active storage above the dead storage is determined by a simulation operation model 
based on the projected yield from the dam, which can be as high as 90 % of the long-term 
average inflow, either in monthly or daily time steps over a critical dry period of 3 or 4 years.  

There have been a few theoretical and experimental studies about the hydraulics of flow over 
free flow ogee spillways [e.g., 5, 6, 7, 8, 9, 10, 11, 12, 13]. Savage and Johnson [5] performed 
an experimental study with 10 different free flow conditions ranging from 7 % up to 120 % 
of the design head over an ogee-crested spillway model having a length of 1.83 m and a 
height of 0.80 m constructed with Plexiglas molded so as to conform to the exact shape of 
the designed ogee profile. And, they [5] concluded that there was reasonably good agreement 
among (1) the experimentally observed flowrates, (2) theoretically obtained flowrates from 
the FLOW-3D package program, and (3) the flowrates computed using the pertinent design 
charts from the book: Design of Small Dams. Chatilla and Tabbara [6] applied the ADINA-
F software package which employes the free surface flow over an ogee spillway by k-ε 
turbulent flow model to a few experimentally observed flows created in a long flume with 
glass side walls in their hydraulics laboratory and reported good agreement between the 
experimental and computational flowrates and the surface profiles. Alhashimi [7] performed 
experiments on the laboratory model of the ungated ogee spillway of Mandali Dam in Iraq 
and compared the experimental results with the theoretical values given by the FLUENT 
software package which modeled the spillway flow by k-ε turbulent flow, and found that the 
computational and experimental values differed by 3.7 % and 7.4 %. Goharrizi and 
Moghadam [8] analyzed the data obtained from experiments with various different heads and 
flowrates on a spillway model made of Plexiglas in the hydraulics laboratory. They also 
computed the relevant flow parameters by the ANSYS CFX software package applying the 
k-ε turbulent flow model and they concluded that both the experimental and theoretical values 
were close to each other and also the relevant charts in Design of Small Dams yielded close 
values to the experimentally observed ones. Salmasi and Abraham [9] performed 
experiments on a 22 cm high ogee spillway model in a 10 m long and 25 cm wide glass 
channel in the Hydraulics Laboratory of Tabriz University with various configurations of 
flowrates and heads, and they found that the main spillway discharge coefficient was a 
function of P/He (where, P is the spillway height and He is the net head over the spillway 
crest) similar to the main chart for this coefficient in Design of Small Dams, and their 
experimentally determined magnitudes for the discharge coefficient were close to those in 
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the relevant chart in Design of Small Dams. Kocaer and Yarar [10] performed experiments 
in a laboratory on an ogee spillway model with various flowrates and heads and compared 
the magnitudes of the experimentally measured quantities with those given by two software 
packages of ANSYS-Fluent and OpenFOAM using two different turbulence models, namely, 
k-ε and k-, and concluded that these detailed finite-element models yielded close values to 
the experimentally observed ones. Fadafan and Kermani [11] applied the Moving Particle 
Semi-implicit (MPS) method, which is basically solution of partial differential equations of 
continuity and momentum with the help of some analytical arrangements, along with the 
software package FLOW-3D to the experimentally observed flows over a spillway model 
and they indicated that their MPS approach gave results close to both the experimental values 
and those given by FLOW-3D. Yildiz et al [12] performed experiments on a 7 cm high ogee 
spillway model in a laboratory flume of 7.5 cm width with various heads and flowrates, and 
they applied an adaptive neuro-fuzzy inference system (ANFIS) model along with the 
software package FLOW-3D to the flows over the spillway and they concluded that both the 
ANFIS and FLOW-3D models yielded values close to the experimentally observed ones. 
Yildiz et al [12] also concluded that the relevant charts in Design of Small Dams gave values 
close to the experimentally observed values. Kumcu et al [13] after having performed detailed 
experimental studies on the 1/50 scale ogee spillway model of Kavşak Dam on Seyhan River 
in Türkiye in the Hydraulics Model Laboratory of the Research and Quality Control 
Department of the General Directorate of State Water Works concluded that for the free flow 
case the experimentally determined stage ↔ discharge relationship covering all magnitudes 
of flowrates up to the maximum design discharge was very close to the theoretically 
computed relationship using the relevant charts in Design of Small Dams. Although spillways 
other than ogee-crested ones such as labyrinth weirs are designed and constructed for some 
dams as mentioned by Daneshfaraz et al [14], ogee spillways, still, are more frequently used.  

Quite a few experimental and theoretical studies related to flow over ungated ogee spillway 
are summarized above. Some of those studies used one of the popular finite-element software 
packages simulating the spillway flow by thousands of meshes. Naturally, they are 
respectable but mostly academic studies. Usage of the mentioned software packages requires 
special training and most of design engineers do not know how to use them. And yet, some 
of those studies indicated that the relevant design charts in the book: Design of Small Dams 
gave close values to the experimentally observed flows. The objective of our study is 
computation of both the length of the ungated ogee spillway and the outflow hydrograph 
from that spillway simultaneously for given four peculiarities: (1) the incoming design flood 
hydrograph, (2) the spillway apex elevation, (3) the maximum allowed elevation of the 
surcharge storage, (4) the (valley volume) ↔ (water surface elevation) relationship of the 
reservoir. The developed method and the computer program executing it presents both the 
length of the designed spillway and the outflow hydrograph of the incoming design flood 
routed over the reservoir simultaneously such that the maximum water surface elevation 
reached equals the maximum allowed surcharge storage elevation. The difference between 
the approaches of the aforementioned studies and the work presented here is what makes it 
novel.  
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2. METHOD  

2.1. Review of Discharge from Ungated Ogee Spillway by Design of Small Dams  

Figure 9-23 in the Spillways chapter of Design of Small Dams presents the discharge 
coefficient, C0, versus the term P/H0, where P is the height of spillway and H0 is the design 
head (including the velocity head) over the spillway apex elevation [1]. Figures 9-24, 9-25, 
and 9-27 give the charts for correction coefficients accounting for the effects of a water head 
different from the design head, inclination of the upstream face of the spillway, and the apron 
effect caused by the supercritical flow at the downstream toe of the spillway, respectively 
[1]. In Design of Small Dams and in some other relevant publications [1, 15], the equation 
below is given for the discharge passing over an ungated (free flow) ogee profile spillway.  

Q = Cnet∙Le∙He
1.5 (1) 

Here, Q is the spillway discharge in ft3/s, Cnet is the net discharge coefficient, He is the total 
head (including the velocity head) at the downstream end of the approach channel with 
respect to the spillway apex elevation in ft, and Le is the effective spillway length in ft, which 
equals the net spillway length excluding the widths of the piers if any minus a correction 
value due to the contraction effect by the piers and the approach abutments. Equation (1) is 
not dimensionally homogeneous, and Cnet has the units of ft0.5∙s–1. Therefore, when equation 
(1) is used in metric system, Cnet of the foot-pound-second system must be divided by 
1.811309 which is equal to (3.28084)0.5.  

Mostly there is a fairly long chute channel having a rather steep slope conveying the spilled 
discharge down to the energy dissipating structure. Rarely for some small dams, there is not 
a chute channel and the spilled flow discharges directly into a stilling basin. For such small 
structures usually a drowned hydraulic jump occurs at the downstream face of the spillway 
and a correction factor depicted by Figure 9-28 of Design of Small Dams is needed. As seen 
in this figure however, even for cases of small submergence the effect on discharge is 
negligible. Hence, for spillways having steep chute channels, the net discharge coefficient, 
Cnet, of equation (1) is computed by  

Cnet = C0∙CHe/Ho∙Cincl∙Caprn (2) 

Here, C0 is the major discharge coefficient for ogee spillways having vertical upstream faces 
and it depends on the ratio of (height of the ogee spillway)/(design head), P/H0. The second 
coefficient, CHe/Ho, gives the correction factor for any head, He, other than the design head, 
H0. The third coefficient, Cincl, gives the correction factor for the inclination of the upstream 
face of the spillway. The fourth coefficient, Caprn, gives the correction factor for the apron 
effect of the supercritical flow at downstream toe of the spillway, which is determined as a 
function of the ratio: (flow depth + velocity head at downstream end)/He. The overall ranges 
of the three correction coefficients vary in the intervals of: 0.8 < CHe/Ho < 1.08, 0.99 < Cincl < 
1.04, 0.77 < Caprn < 1.00 [1]. The major coefficient, C0, and the correction factor, Cincl, have 
fixed values for a particular spillway structure for any head, He. The other two correction 
factors, CHe/Ho and Caprn, take on different magnitudes for every different head, He, and 
therefore, the net discharge coefficient, Cnet, also assumes different magnitudes for different 
He’s.  
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2.2. Spillway Discharge under a Given Head 

If the head loss due to entrance into the approach channel and the friction loss along the 
channel were neglected, then He in equation (1) would be: He = (lake water surface elevation 
at that instant) – (spillway apex elevation). Accurately however, He should be computed by  

He = WSE − SAE − (hlentrance + hlfriction)  (3) 

Here, WSE is the lake water surface elevation at that moment, SAE is the spillway apex 
elevation, hlentrance is the head loss incurred during entrance into the approach channel, and 
hlfriction is the total friction loss from the beginning to the end of the approach channel. hlentrance 
is computed as a fraction of the velocity head in the channel by  

hlentrance = Centr∙[Q2 / (Aapprch
2∙2g)] (4) 

where, Centr is the entrance loss coefficient, recommended range is between 0.1 and 0.3 [1], 
Aapprch is the cross-sectional area of the approach channel while conveying the spilled 
discharge Q, and g is the acceleration of gravity. hlfriction is computed with the help of the 
Manning equation by  

hlfriction = Lapprch∙(Q∙n∙Papprch
2/3 / Aapprch

5/3)2 (5) 

Here, Lapprch is the length of the approach channel, Papprch and Aapprch are the wetted perimeter 
and the flow area in the channel, and n is the Manning roughness coefficient of the channel. 
Equation (5) in this form is valid in metric system of units, and n should be replaced by 
(1.49)∙n if it is to be used in foot-pound-second system.  

If the approach channel is not short and if its abutments have dull shapes, the head losses, 
hlentrance and hlfriction, will assume non-negligible magnitudes. Usually, their sum is of the order 
of a couple of decimeters at most. In the realistic case of accounting for the approach channel 
head losses, because Q depends on He by equation (1), while He is related to Q according to 
equations (3), (4), and (5), computation of the spillway discharge at any lake water surface 
elevation necessitates a trial-and-error procedure. The iterative numerical algorithm as a 
practical alternative put forth in this study is summarized in the following.  

(i) Assume (hlentrance + hlfriction) = 0 and compute an initial estimate for He denoting it by He1.  

(ii) Inserting He,1 for He, compute an initial estimate for the spillway discharge, Q, by 
equations (3), (2), and (1), executing them in this order.  

(iii) With Q computed at previous step, compute hlentrance and hlfriction by equations (4) and (5).  

(iv) Inserting the magnitudes of hlentrance and hlfriction in equation (3) compute the improved 
magnitude for He,i denoting it by He,i+1.  

(v) Compute the absolute relative difference between He,i+1 and He,i by:  

ARD = │( He,i+1 − He,i ) / He,i+1│.  

(vi) If ARD ≤ 1∙10–6, then He,i+1 = He,i and the spillway discharge at that lake water surface 
elevation equals the magnitude of Q computed at step (ii), and the iterations stop here.  
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(vii) If RD > 1∙10–6, then set i = i+1, He,i = He,I+1 (assign the improved head at the last iteration 
as the new estimate of the next iteration) and go to step (ii) above and repeat the iterations.  

This algorithm converges in two or three iterations and Q under that WSE is hence computed.  

 

2.3. Spillway Length for Given Design Flood Hydrograph and Spillway Design Head 

Determination of the length of the free flow spillway such that when the design inflow 
hydrograph is routed over the reservoir, the maximum water surface elevation reached in the 
reservoir be close to a pre-specified maximum allowed elevation requires a trial-and-error 
approach involving a few reservoir routing computations with many different-length 
spillways [e.g., 1, 15]. In this study, we propose a numerical approach which eliminates this 
long method of trials. Our method simultaneously determines (a) the length of that free flow 
spillway such that the maximum water surface elevation reached in the reservoir is equal to 
the pre-specified maximum allowed elevation and (b) the outflow hydrograph resulting from 
routing of the incoming design flood hydrograph. In the following, the method devised in 
this study is explained.  

The dead storage and the active storage capacity of the reservoir of a dam are computed by 
the known methods. The apex elevation of the ungated flood spillway equals the elevation of 
the top of full active storage. The maximum allowed water surface elevation to occur during 
passage of the design flood from the reservoir is determined beforehand independently from 
reservoir routing computations based on comprehensive economic analyses to maximize the 
financial difference of benefits on account of water releases from the active storage and costs 
due to the inundated upstream areas. And, the spillway design head, H0, is computed by  

H0 = MWSE − SAE  (6) 

Here, MWSE is the maximum allowed lake water surface elevation, SAE is the spillway apex 
elevation. Next, the length of the spillway whose design head is H0 is computed by an 
iterative procedure. The initial estimate of the spillway length is made by equation (1) 
assuming the maximum discharge of the outflow hydrograph, which is the same as the 
maximum spillway discharge, equals 70 % of the peak of the incoming design flood 
hydrograph. The spillway length which makes the spillway discharge equal to the peak of the 
outflow hydrograph under the design head of H0 is computed by a recursive algorithm. At 
the last one of the iterations, the outflow hydrograph is also determined along with the correct 
spillway length.  

The shape of the downstream face of an ogee spillway with a design head of H0 closely 
resembles the lower surface of the nappe of the freely shooting flow over a sharp-crested 
weir [1, 15]. Hence, the water flowing over the ogee profile spillway is not carried by its 
downstream part and the efficiency of spillage becomes almost as high as that of the free 
flow over the sharp-edge spillway of the same height. If it were not a free jet but rather an 
open channel flow carried by the downstream part of the spillway, the discharge in that case 
would be smaller than the free jet due to wall friction losses. Because it is almost a freely 
shooting nappe the hydrostatic pressure of the spilled water on the bottom of the downstream 
face of the spillway is close to zero. For a flowrate smaller than the design discharge, the 
nappe profile of the spilling water is shorter than that of the design discharge, and the 
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downstream face of the spillway begins acting like a channel causing a reduction in the 
discharge coefficient C0 hence in Cnet. In this case, the pressure on the downstream face is 
positive, and the spilling water does not have a tendency to separate from the crest curve, 
which is an advantage actually along with the disadvantage of reduction in Cnet. According 
to Figure 9-24 of Design of Small Dams, the highest drop in Cnet is CHe/Ho = 0.80. In other 
words, alleviation of the possibility of cavitation damage versus a reduction in discharge 
efficiency of at most 20 % actually is an advantage rather than a disadvantage. Again, 
according to the same figure, for heads greater than the design head (He>H0) the discharge 
efficiency increases as much as 8 %. This is because the spilling jet shoots farther away under 
a head greater than the design head and the suction induced by the negative pressure incites 
a higher flow. This slight increase in discharge efficiency may seem to be advantageous; but, 
along with it cavitation damage to the concrete material of the spillway may take place. 
Therefore, in this study, the maximum discharge over the spillway is not allowed to exceed 
the design discharge, and the head forming at the maximum spillway discharge during routing 
of the design flood hydrograph is taken equal to the spillway design head, H0.  

The volume of the valley upstream from the dam between the maximum allowed water 
surface elevation and the top of full active pool is known as the surcharge storage. The ratio 
of the surcharge storage to the total volume of the design flood hydrograph is directly 
effective on abating the peak of the outflow hydrograph. The surcharge storage for dams 
whose service objectives do not include flood damage reduction is usually small, and the 
peak of the outflow hydrograph becomes close to the peak of the inflow hydrograph of the 
design flood. In this study, the peak of the outflow hydrograph is made equal to the discharge 
of the spillway occurring under the design head, and this condition is satisfied by an iterative 
method, which is summarized in the following step by step.  

(1) At the arrival of the design flood to the reservoir, the lake water surface elevation equals 
the spillway apex elevation (WSE = SAE). First, the incremental time step, Δt, is chosen. For 
dams having large reservoirs, Δt may be taken as 1 hour, and small or large for any dams, it 
could be chosen as small as 0.2 hr or even 0.1 hr. The ordinates of the design flood 
hydrograph at Δt time steps throughout its time base should be computed and stored in a file 
beforehand. And, the length (Lapprch) and the Manning roughness coefficient (n) of the 
approach channel are determined considering the area upstream from the spillway and the 
channel material.   

(2) The spillway design head, H0, is determined by equation (6).  

(3) The spillway height with respect to the bottom of the approach channel can be taken as  

P ≈ (0.5)∙H0 (7) 

This yields a reasonable value for P (spillway height) because, as seen in Figure 9-23 of 
Design of Small Dams, the major spillway discharge coefficient, C0, rapidly drops down to 
very low values for spillways whose heights are smaller than half of the design head. Yet, 
equation (7) is not a strict rule, and another value for P dictated by the topography of the area 
where the spillway is situated may be taken.  

(4) The angle of inclination of the upstream face of the spillway is determined. Recently, an 
inclination of 45° ~ 33° with the vertical is commonplace [e.g. 2, 3].  
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(5) The elevation difference between the upstream and downstream toes of the spillway is 
determined, basically by topographic factors. This value is usually of the order of 1 m ~ 3 m. 

(6) The initial estimate for the peak of the outflow hydrograph, Qpoutf, is made as:  

Qpoutf = (0.7)∙Qpinf.  (8) 

Here, Qpinf is the peak of the design flood hydrograph. And, the initial estimate of the design 
spillway discharge, Qdesign, is made as:  

Qdesign = Qpoutf1.  (9) 

(7) Assigning He = H0 , the coefficients: C0, Cincl, and Caprn are taken from Figures 9-23, 9-
25, and 9-27 of Design of Small Dams [1], and Cnet is computed by equation (2).  

(8) The effective spillway length is computed by equation (10) below, which is another form 
of equation (1)  

Le =  Qdesign / (Cnet∙H0
1.5)  (10) 

(9) The net spillway length, L, is computed by adding the contraction effects of the piers and 
of the approach abutments to Le. 

(10) The width of the approach channel is equal to the gross spillway length (b = L).  

(11) In routing computations, the spilled discharge at the end of each Δt time step is computed 
by an iterative numerical method. The algorithm used here and in some other studies [e.g. 
16] is briefly summarized in the following. The initial estimate for the spillway discharge at 
the end of any Δt time step is made by extrapolation using the second-degree polynomial 
passing through discharges at the ends of the three preceding Δt’s. Beginning with this initial 
estimate, by two or three iterations, the lake water surface elevation and the spillway 
discharge at the end of that Δt is computed to six significant digits. At each iteration, the 
discharge passing over the ogee spillway is computed by the recursive method summarized 
in subsection: 2.2. Spillway Discharge under a Given Head.  

(12) When the routing computations at Δt time steps all over the time base of the design flood 
hydrograph are completed, the peak of the outflow hydrograph, Qpoutf, is determined by 
finding its maximum ordinate. If the absolute relative difference between Qpoutf and the 
previous design spillway discharge, Qdesign, is not smaller than 1∙10–6, then the new spillway 
design discharge is taken as Qdesign = Qpoutf , the computations are sent back to the 8th step 
above, and the iterations between the 8th and 12th steps are repeated until convergence to six 
significant digits is achieved. Ultimately, the length of the ogee spillway computed at the 9th 
step is the searched length of the spillway such that (a) its design discharge is equal to the 
peak of the outflow hydrograph routed by it, (b) the maximum lake water surface elevation 
is equal to the pre-specified value, MWSE, and (c) the outflow hydrograph computed at the 
11th step of the last iteration is the final outflow hydrograph. A computer program is coded 
performing this iterative procedure. The program can be rerun with a spillway height different 
from the one at the 3rd step.  
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3. AN EXAMPLE: SPILLWAYS OF CATALAN DAM ON SEYHAN RIVER  

3.1. Length of Ungated Spillway  

Catalan Dam exists on a cross-section of Seyhan River in the Mediterranean Region of 
Anatolia. This dam serves for both energy production and flood abatement. The capacities of 
its active storage and surcharge storage are 990 hm3 and 590 hm3. Its flood spillway is a 
radial-gated ogee spillway having a net length of 66 meters with six gates [17]. The data of 
Catalan Dam about (a) its flood spillway, (b) the probable maximum flood (PMF), which has 
a peak flowrate of 10,055 m3/s, (c) the maximum allowed water surface elevation of the 
surcharge storage, which is 126.5 m, (d) the top elevation of the full active storage, which is 
118.6 m, and (e) the (reservoir volume, hm3)↔(water surface elevation, m) relationship are 
taken from its final project documents (Sheets HD-001, HD-002, HD-003 in [17]). The 
numerical details of the routing of the PMF through the flood spillway are not given in the 
final project, except for a table of 5-step operation of releases from the existing radial-gated 
ogee spillway (HD-003 in [17]). The operation steps given in that table are rewritten here in 
Table 1.  

 
Table 1 - Discharges to be released during routing of the PMF from Catalan Dam given in 

Sheet HD-003 in [17] 

Range of water surface 
elevation (WSE) (m) 

Spillway discharge to be 
released (m3/s) 

118.60 < WSE ≤ 125.15 1200 
125.15 < WSE ≤ 125.30 2500 
125.30 < WSE ≤ 125.45 4000 
125.45 < WSE ≤ 125.60 6000 
125.60 < WSE ≤ 126.50 6500 

 
Next, using the developed computer program, the length of the alternative ungated ogee 
spillway is computed. The flowrates of the PMF are taken from its final project at 4 hour 
steps, and the intermediate discharges at time steps of 0.2 hour are computed by third-degree 
polynomials fitted to every four sequential values surrounding the interpolated value and 
typed in the input data file. Although the initial estimate for the design discharge of the 
spillway is equal to (0.7)×10,055, which is 7038 m3/s, the final spillway design discharge 
turns out to be: Qdesign = 6629 m3/s, and the length of the ungated ogee spillway is computed 
to be 141 m. The water surface elevation at the arrival of the design flood hydrograph, which 
is the PMF for this dam, is 118.6 m and the spillway design head is 8.0 m. The maximum 
water surface elevation reached during routing of the PMF from the reservoir with the design 
spillway of length of 141 m turns out to be 126.46 m.  

 

3.2. Outflow Hydrographs from Ungated Spillway and from Radial-Gated Spillway 

Along with the design of the ungated ogee spillway alternative to the existing radial-gated 
ogee spillway for Catalan Dam, the 15-stage operation model put forth by Haktanir et al [16]  
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Figure 1 - Hydrographs of the incoming PMF and of the outflows (1) by the ungated ogee 

spillway and (2) by the existing radial-gated ogee spillway by the 15-stage operation model 
for Catalan Dam 

 

 
Figure 2 - Variations of the lake water surface elevations during routing of the PMF (1) by 

the ungated ogee spillway and (2) by the existing radial-gated ogee spillway by the 15-
stage operation model for Catalan Dam 
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has been applied to Catalan Dam for routing of its PMF, also. The hydrographs of the PMF 
and of the outflows by the alternative ungated spillway and by the existing radial-gated 
spillway operated by the 15-stage operation model for Catalan Dam are given in Figure 1. 
The variations of the lake water surface elevation by routing of the PMF both by the ungated 
spillway and by the 15-stage operation model over the time base of the PMF are given in 
Figure 2. Coincidentally, routings of the PMF both by the ungated spillway and by the 
existing radial-gated spillway by the 15-stage operation model turn out to be fairly close to 
each other. The peaks of the outflow hydrographs by the ungated spillway and by the existing 
radial-gated spillway operated by the 15-stage operation model are 6629 m3/s and 6315 m3/s, 
and the maximum lake water surface elevations are 126.46 m and 126.48 m, respectively. In 
sheet HD-003 in its final project [17], these values are given as 6500 m3/s and 126.44 m. We 
have not been able to superpose the outflow hydrograph to form by the operation policy 
mentioned in the final project of Catalan Dam (Table 1) in Figure 1 because the relevant 
quantitative data are not given in the final project sheets [17].  

 

4. CONCLUSION AND DISCUSSION  

Using the charts for the spillway discharge coefficients in the Spillways chapter of the book: 
Design of Small Dams [1], a new iterative method is developed to determine the length of the 
ungated ogee spillway such that the maximum lake elevation reached during routing of the 
design flood hydrograph becomes equal to the pre-specified maximum allowed water surface 
elevation. This method simplifies the conventional trial-and-error procedure for computation 
of the spillway length because it yields both the spillway length and the outflow hydrograph 
in a single run of the coded computer program.  

As for the limitations of the proposed methods, the correction factor for the negative effect 
of a possible submergence due to a drowned hydraulic jump for those cases where a chute 
channel downstream of the spillway does not exist and the hydraulic jump of the spilled water 
forms right at the toe of the spillway is missing for the spillway discharge of an ogee spillway 
of given length. Symbolizing this coefficient by Csubmrgnc, actually Csubmrgnc should be the fifth 
coefficient next to Caprn in equation (2). Figure 9-28 of the book: Design of Small Dams [1] 
gives the chart for Csubmrgnc. Lack of this factor from equation (2) should not be a serious 
drawback of the proposed method because most of the dams in Türkiye have long chute 
channels between the toe of the spillway and the energy dissipating structure and hence 
Csubmrgnc = 1.0 for most dams, anyway. Yet, for slight submergences Csubmrgnc = 1.0 also. In 
short, missing of Csubmrgnc in equation (2) should not be a worrisome issue. However, it should 
be kept in mind that for small dams having no chute channels the first method presented here 
may yield slightly greater magnitudes for ogee spillway discharge.  

It is a known fact that because of the existence of the gates, the apex elevation of a gated 
spillway is much lower than the top of the full active storage (maximum operation elevation 
for water supply purposes), and hence when the gates are opened and begun to be operated 
the net head over the spillway crest is already very high and in parallel with that the discharge 
of the spilled water also becomes a high value. Therefore, gated spillways discharge high 
magnitudes of flowrates because of high net heads, and consequently they need smaller 
lengths for higher discharges. The apex elevation of a free flow (ungated) spillway however 
must necessarily be equal to the top of the full active storage. The developed method and the 
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computer program executing it can be used to compare the financial costs of the ungated 
spillway and of the radial-gated spillway. For dams whose surcharge storages are fairly large, 
the length of the ungated spillway may not be too long. Hence, the total cost of the ungated 
spillway may become smaller than that of the shorter radial-gated spillway, because the sum 
of the costs of the concrete spillway unit, the steel gates, the motors, the hoisting mechanisms, 
the trunnion pins, and the anchorages and the support piers of the trunnions may outweigh 
the total cost of the ungated spillway. Besides, the operation and maintenance cost of a radial-
gated spillway will also be much greater than that of an ungated spillway. A third advantage 
of the ungated spillway is that it does not require finding an optimum operation rule of gate 
openings during floods of any magnitudes.  

The developed approach is applied to Catalan Dam on Seyhan River in Türkiye which yields 
accurate and reasonable results.  
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Seismic Assessment of Electrical Equipment in Power 
Substations: A Case Study for Circuit Breakers† 
 
 
Discussion by Eray BARAN* 
 
 
ABSTRACT 

Remarks are provided on the paper “Seismic assessment of electrical equipment in power 
substations: a case study for circuit breakers” by Kaatsız et al. on how allowable stresses are 
determined for steel framing members forming the support structure as well as the connection 
elements used in various parts of electrical devices. 

Keywords: Seismic assessment, electrical equipment, seismic qualification. 

 

INTRODUCTION 

In their paper [1], the authors present a case study on seismic assessment of electrical 
equipment according to the new Turkish regulation. There are two issues in the paper that 
need further discussion. The first issue relates to the structural capacity of steel members that 
make up the device’s support structure, while the second one concerns the capacity of 
connection elements, i.e., bolts and anchor rods. The subject paper is intended to serve as a 
guide for those who will use the new national code for seismic qualification assessment of 
electrical equipment. Therefore, it is crucial to clarify the issues related to the methods 
employed in the paper to ensure that such assessments are performed correctly.  

 

CAPACITY OF STEEL MEMBERS 

The paper adopts an approach where the stresses generated in various parts of the device 
under seismic and other applicable load effects are compared to the stress limits of the 
respective materials. While this approach is generally consistent with the allowable stress 
design method, it is crucial to understand how the allowable stress limits are determined. The 
authors seem to use the yield strength, reduced by a safety factor, as the allowable stress. 
Although this approach is correct for strength limit states associated with material yielding, 
it does not represent the actual strength of members in cases where other strength limit states 
are more critical. Therefore, it may lead to unsafe decisions regarding the seismic 
qualification of the device under evaluation. In the paper, the allowable stress for the steel 
members that make up the device’s support structure are determined by dividing the material 
yield strength by a safety factor of 1.67, by referring to the Turkish Steel Design Code [2]. 
With the assumptions that these members are subjected to only axial load and have bolted 
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connections at their ends, other applicable strength limit states that could determine the load 
capacity of such members are buckling, net section fracture, block shear, bearing, and tear 
out [2,3]. If there are additional bending moments present in members and/or if the members 
have welded connections at their ends, a different set of strength limit states would apply. In 
such cases, capacity corresponding to each limit state should be calculated for each steel 
member in the support structure. The smallest of these capacities, combined with the correct 
safety factor, should be used as the capacity of each member in seismic qualification 
assessment of the device. 

Procedures to determine the capacity of steel structural members are provided in the Turkish 
Steel Design Code [2]. Chapter 7 relates to axial tensile capacity, Chapter 8 relates to axial 
compressive capacity, Chapter 9 relates to bending moment capacity, and Chapter 11 relates 
to the interaction between axial force and bending moment. For tensile members nominal 
axial force capacity corresponding to the limit state of net section fracture is determined with 
Eqn. 1. Nominal axial force capacity of compression members is determined with Eqn. 2. In 
these equations, Fu is tensile strength of steel, Ae is effective net section area, Fcr is critical 
buckling stress, and Ag is gross cross sectional area. 𝑇 = 𝐹௨ ∙ 𝐴 (1) 𝑃 = 𝐹 ∙ 𝐴 (2) 

For members under combined axial force and bending moment, interaction between these 
effects should be considered by using Eqn. 3. In this equation Fca is the axial stress capacity 
determined according to Eqn. 1 for tensile axial force and Eqn. 2 for compressive axial force, 
Fcbw and Fcbz represent, respectively the strong axis and weak axis bending stress 
capacities. Nominal bending moment capacity of members with a single angle cross section 
is taken as the smaller of the capacities from Eqns. 4-6. In these equations, My is yield 
moment capacity and Mcr is elastic lateral torsional capacity.  ቚೝೌிೌ + ೝ್ೢி್ೢ + ೝ್ி್ቚ ≤ 1.0 (3) 

𝑀 = 1.5𝑀௬ (4) 

𝑀 = 1.92 − 1.17ට ெெೝ൨ 𝑀௬ (5) 

𝑀 = 0.92 − 0.17ට ெெೝ൨ 𝑀 (6) 

 

CAPACITY OF STEEL CONNECTION ELEMENTS 

The second issue that needs to be addressed concerns the allowable stress of connection 
elements, i.e., bolts and anchor rods. In the paper allowable stress values for these elements 
are determined by dividing the material yield strength by a safety factor of 2.0. However, as 
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stated in current steel design codes [2,3], material yielding is not considered a strength limit 
state for these elements; instead, their capacities should be determined based on the fracture 
limit state. Furthermore, for the type of electrical equipment studied in the paper, significant 
shear forces usually develop in connection elements, in addition to tensile axial force. In such 
cases, evaluating the structural safety of these elements considering only tensile forces would 
lead to unsafe conclusions. The correct approach to determine the safety of connection 
elements should account for the interaction between shear and tensile axial forces and 
consider the fracture limit state under both effects.  

Structural capacity calculation of steel connection elements and connected parts is outlined 
in Chapter 13 of the Turkish Steel Design Code [2]. Accordingly, nominal tensile and shear 
force capacities for bolts and anchor rods are determined with Eqns. 7 and 8, respectively. In 
the presence of combined tension and shear force, interaction defined by Eqn. 9 should be 
utilized. In these equations, Fnt is nominal tensile strength, Fnv is nominal shear strength, frt 
and frv are, respectively tensile and shear stresses on the bolt, Ab is unthreaded cross-
sectional area, and Ω is factor of safety, which has a value of 2. 𝑅௧ = 𝐹௧ ∙ 𝐴 (7) 𝑅௩ = 𝐹௩ ∙ 𝐴 (8) 

Ω∙ೝி + Ω∙ೝೡிೡ ≤ 1.3 (9) 

Block shear, bearing and tear out are other connection related strength limit states that should 
be taken into account when determining the axial force capacity of steel members. Nominal 
block shear capacity is determined with Eqn. 10, where Agv, Anv and Ant are respectively 
gross shear area, net shear area and net tension area, Ubs is shear lag coefficient. Capacity 
corresponding to bearing and tear out around bolt holes is determined with Eqn. 11. In this 
equation, lc is clear distance in the direction of force between two holes or between a hole 
and edge of the member, t is thickness of the member, d is dolt diameter. 𝑅 = 0.6𝐹௨ ∙ 𝐴௩ + 𝑈௦ ∙ 𝐹௨ ∙ 𝐴௧ ≤ 0.6𝐹௬ ∙ 𝐴௩ + 𝑈௦ ∙ 𝐹௨ ∙ 𝐴௧   (10) 𝑅 = 1.2𝑙 ∙ 𝑡 ∙ 𝐹௨ ≤ 2.4𝑑 ∙ 𝑡 ∙ 𝐹௨   (11) 
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ABSTRACT 

This reply provides clarification following comments by Eray Baran on our recent paper in 
Turkish Journal of Civil Engineering, 49-68 [2024] titled as “Seismic Assessment of 
Electrical Equipment in Power Substations: A Case Study for Circuit Breakers”. 

Keywords: Seismic assessment, electrical equipment, power station, circuit breaker, seismic 
qualification. 

 

1. INTRODUCTION 

First, the authors of the article would like to thank Dr. Eray Baran for his comments on the 
paper titled “Seismic Assessment of Electrical Equipment in Power Substations: A Case 
Study for Circuit Breakers” [1]. 

Baran [2] stated that there are two issues in the paper that need further discussion. The first 
issue relates to the structural capacity of steel members that make up the device’s support 
structure, while the second concerns the capacity of connection elements, i.e., bolts and 
anchor rods. The next two sections in the paper are devoted to responding to the issues raised 
by the author. The last section gives the final remarks. We hope that the replies clarify the 
issues related to the methods employed in the paper, ensure that such assessments are 
performed correctly, and serve as an additional guide for those who will use the new national 
code for the seismic qualification assessment of electrical equipment [3]. 

The scope of our paper [1] is primarily focused on calculations performed for the seismic 
qualification of the high-voltage hardware itself rather than the structural system. To maintain 
focus and brevity, we concentrated our discussion on the stress demands of these critical 
components. It should be noted that the seismic qualification study was performed for all the 
subcomponents of the circuit breakers presented in the paper by considering the failure modes 
for steel members and anchors. In this reply, the discussion is expanded to include these 
calculations to address the issues raised by Baran [2]. 

 

2. CAPACITY OF STEEL MEMBERS 

In response to the statements in Kaatsız et al. [1], Baran [2] stated that, although employing 
the yield strength reduced by a safety factor as the allowable stress is correct for strength 
limit states associated with material yielding, it does not represent the actual strength of 
members in cases where other strength limit states are more critical. Therefore, this approach 
may lead to unsafe decisions regarding the seismic qualification of the device under 
evaluation. Other applicable strength limit states that can determine the load capacity of such 
members have been listed as buckling, net section fracture, block shear, bearing, and tear-
out. The author defines the appropriate procedure as follows: First, the capacity 
corresponding to each limit state should be calculated for each steel member in the support 
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structure. Then, the smallest of these capacities, combined with the correct safety factor, 
should be used as the capacity of each member in the seismic qualification assessment of the 
device. 

As discussed, the capacity checks for the steel members constituting the support structure 
were performed during the seismic qualification study; however, the obtained results were 
omitted from the paper [1] for reasons previously explained. For explanatory purposes, we 
present the results for the 1-pole circuit breaker. The allowable tensile strength and the 
computed maximum tensile load demands on the steel members constituting the support 
structure are provided in Table 1. 

 

Table 1 - Comparison of allowable tensile strength and maximum loads of steel members in 
the support structure 

Steel Member Allowable Tensile Strength (kN) Maximum Tensile Load (kN) 
80x80x8 mm 171.7 141.8 
65x65x5 mm 60.0 27.1 

60x8 mm 31.1 9.6 
 

Similarly, maximum compressive load demands on these members are compared with their 
corresponding capacities in Table 2. It was determined that inelastic buckling behavior is 
expected for the steel sections given in Table 2 due to the relatively short spans of the support 
structure. It should be noted that 60x8 mm steel members exhibit negligible compressive load 
demands; hence, allowable compressive load comparisons were not performed for these 
members. The compressive load demands were determined to be well under the calculated 
allowable capacities. 

 

Table 2 - Comparison of allowable compressive strength and maximum loads of steel 
members in the support structure 

Steel Member Allowable Compressive Load 
Capacity (kN) 

Maximum Compressive Load 
(kN) 

80x80x8 mm 159.8 132.7 
65x65x5 mm 168.6 52.1 

 

The combined effects of axial load and bending moment demands calculated according to 
the Turkish Steel Design Code [4] were also computed, and their interaction was evaluated 
as discussed by Baran [2]. The results are presented in Table 3 for the most critical angle 
sections of the steel support structures (80x80x8 mm), where the bending moment demands 
are greatest. The tensile load and compression load effects were considered separately. 
Consequently, the investigated members are determined to be safe under the combined 
interaction of axial loads and bending moments. 



Seismic Assessment of Electrical Equipment in Power Substations: … Discussion 
 

128 

Table 3 - Evaluation for the effects of combined axial load and bending moment (≤1.0) on 
80x80x8 mm angle section steel members in the support structure  

Steel Member For Tensile Axial Force For Compressive Axial Force 
80x80x8 mm 0.8 0.9 

 

The force demands presented in Tables 1–3 were calculated by considering the most critical 
load demands determined according to the load combinations utilized in our paper [1]. They 
represent the combined effect of seismic, service, and dead loads acting on the hardware. It 
can be deduced that the structural members of the steel support are safe when analyzed using 
the allowable stress design approach, as detailed in contemporary steel design codes [4, 5]. 
This conclusion is expected in light of the results detailed in our study such that the highest 
stress demands are observed in the terminal regions of high voltage hardware due to the 
cantilever behavior of the whole system under seismic action [1]. The steel support structures 
experience lower strain compared to the porcelain equipment.  

 

3. CAPACITY OF STEEL CONNECTION ELEMENTS 

The second issue raised by the author that needs to be addressed relates to the allowable stress 
of connection elements, i.e., bolts and anchor rods. Dr. Baran states that material yielding is 
not considered a strength limit state for steel connection elements; instead, their capacities 
should be determined based on the fracture limit state, as stated in current steel design codes 
[4, 5]. Furthermore, for the type of electrical equipment studied in the paper, significant shear 
forces usually develop in connection elements, in addition to tensile axial forces. The author 
adds that, in such cases, evaluating the structural safety of these elements while considering 
only tensile forces could lead to unsafe conclusions. Hence, the author proposes the correct 
approach to determine the safety of connection elements as accounting for the interaction 
between shear and tensile axial forces and considering the fracture limit state under both 
effects. 

The bolts connecting the sections in the steel support structure are of the M16-8.8 type. Shear 
forces predominantly act on the connections within the support structure due to the response 
characteristics of the system under the applied loads. Therefore, shear capacities for the bolts 
and block shear capacities for the bolted connections in the support structure were checked, 
and the results are given in Tables 4-5. As shown in the comparison of demands and shear 
force capacities, the bolted connections of the support structure are determined to be safe 
under the considered loading. 

The circuit breaker hardware (porcelain isolator) is attached to the steel support structure via 
a connection plate secured by four M24-8.8 type bolts at its four edges, as detailed in our 
paper [1]. The circuit breaker mechanism and the porcelain isolator hardware are connected 
to each other and deform as a cantilever structure under the considered loading. As a result, 
axial and shear forces develop in the M24-8.8 bolts due to bending moment demands at the 
base of the hardware. The resulting loads and the corresponding capacities for these bolts are 
compared in Table 6. The computed coefficient representing the interaction between these 
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loads [2] is also provided in Table 6. Based on the results, the seismic performance of the 
connection bolts is determined to be satisfactory. 

 

Table 4 - Capacity evaluation of M16-8.8 connection bolts in the support structure 

Connection  Allowable Shear 
Capacity (kN) 

Maximum Shear 
Load (kN) 

Between 80x80x8 mm and 65x65x5 mm 
steel members 144.8 52.1 

Between 80x80x8 mm and 60x8 mm 
steel members 36.2 20.9 

 

Table 5 - Evolution of block shear capacity of M16-8.8 connection bolts in the support 
structure 

Connected Steel Member Rn (kN) Maximum Load (kN)
80x80x8mm 109.6 10.0 
65x65x5 mm 29.2 27.0 

 

Table 6 - Capacity evaluation of M24-8.8 bolts in the isolator connection plate 

Connection  Rnt (kN) Rnv (kN) frt (kN) frv (kN) Check (≤1.3) 
Isolator connection plate 271.4 162.9 5.91 74.4 0.96 

 

We consider that the capacity checks presented in Tables 4-6 are expected to be satisfied for 
a structure that is designed through a structural design by considering the contemporary steel 
design codes and associated seismic load requirements. The failure modes for connections 
and bolts are checked for possible failure modes and the resulting bolt dimensions are 
determined accordingly during the design phase of the high voltage hardware. Therefore, the 
satisfactory performance in terms of seismic qualification requirements is within the 
expectations of the authors.  

 

4. FINAL REMARKS 

Following the discussions in the previous sections, we would like to conclude that the seismic 
performance of the circuit breakers inspected in the scope of our study is satisfactory in light 
of the issues raised in the discussion paper [2]. It should also be noted that structural 
components, such as steel sections or connections of high-voltage equipment, are designed 
by utilizing contemporary steel design codes under the combined action of several load cases, 
such as dead, service, wind, and seismic action. Therefore, it is reasonable to expect that these 
components will easily satisfy the seismic qualification criteria. The same conclusion may 
not apply to high-voltage hardware, such as porcelain insulators or circuit breaker 
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mechanisms, as they are designed and manufactured for electromechanical requirements 
rather than load cases such as seismic action. Hence, evaluating the stress demands on this 
hardware under seismic loads may deserv a priority over regular capacity checks for 
structural steel components from seismic qualification perspective. Otherwise, this may shift 
the focus away from the critical components while performing a seismic qualification study. 

We acknowledge that the allowable capacity controls stated in the discussion paper [2] should 
indeed be performed for structural components of high-voltage equipment. We also consider 
that the main focus of a seismic qualification study, from an academic point of view, is the 
investigation of the stress demands on high-voltage components under the considered seismic 
actions. In light of this perspective, the main objective of our paper [1] was to document a 
systematic approach, as outlined in TEC-PS [3], to compute and compare the seismicity 
induced stress demands on electromechanical hardware with allowable capacities within the 
limited length of the manuscript. We would like to extend our thanks again to the author of 
the discussion paper [2] for giving us the opportunity to provide further results from our study 
and clarify specific points about our research. 
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