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ABSTRACT. In this study, Lorentzian plane homothetic multiplicative calculus
kinematics is discussed. Lorentzian plane homothetic multiplicative calculus
movement, the pole points of a point X relative to the moving and fixed plane
are discussed. In this motion, the velocities and accelerations of a point X are
obtained. In this motion, the relations between the velocities and accelerations
of a point X are obtained. In addition, new theorems and results are given.

1. INTRODUCTION

Using different arithmetic operations based on classical analysis alternative anal-
ysis have also been described. In 1887, the Volterra type of analysis was determined
by [1]. Since this new approach is based on multiplication, this analysis is called
multiplicative analysis (also called multiplicative analysis). In recent years, studies
have been carried out by revealing some areas for the application of this analysis
12, 3, 4].

After the definition of Volterra analysis, some new studies were conducted by
Michael Grossman and Robert Katz between 1967 and 1970. As a result of the stud-
ies, new analysis called geometric analysis, bigeometric analysis and anageometric
analysis were defined. Some basic definitions and concepts regarding this new analy-
sis, also called non-Newtonian analysis, are given [5]. There are also studies in which
non-Newtonian analysis is applied. Among these analysis, Dick Stanley’s geometric
analysis was referred to as multiplicative analysis [6]. Later, in 2008, studies were
conducted in which the basic concepts of multiplicative analysis were defined and
some of its applications were discussed [7]. The aim of this article is to examine
one-parameter lorentzian homothetic multiplicative analysis plane kinematics us-
ing matrices. Selahattin Aslan, Murat Bekar and Yusuf Yayl defined multiplicative
quaternions and achieved some results using quaternions [8]. Semra Kaya Nurkan,
Ibrahim Giirgil and Murat Kemal Karacan are given in geometric calculus, vec-
tors and their properties, matrix, determinant, vector product and Gram—Schmidt
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in geometric space [9]. Hasan ES gave plane kinematics in multiplicative calculus
[10]. The aim of this article is to examine one-parameter Lorentzian homothetic
multiplicative calculus plane kinematics using matrices.

2. BASIC CONCEPTS

In [28], the set of the multiplicative calculus real numbers R(G) are determined
as
R(G) = {exp(m) = €™ : m € R}.
Then (R(G),®,®) is a field with multiplicative calculus( geometric) zero 1 and
multiplicative calculus (geometric) identy e.
The relations between the basic multiplicative operations and ordinary arith-
metic operations can be given for all m,n € R(G) as

mon=mn,

m
mon=—,
n

men = mlnn — nlnm’

1
m@n=axmn, n#*l,

el 1
\/ﬁ :e(lnm)27

1

m_lc — elogm7

G
= |m|G ,

m2c =mem= mlnm,

m@e=m
m®e1l=m,
m , m>1,
Im|¢ = 1, m=1,
m~t . m<1,

Additionally, for each e™, e™ € R(G), the multiplicative addition and multiplicative
multiplication operations can be given as follows

em @ en — 6m+n
and thus we can write
em ®en — emn em @en — eern
) )
Mot =" M e =en,
% emG = eV,
Positive geometric real numbers and negative geometric real numbers are defined
as
RY(G) ={m € R(G) : m > 1}
and
RT(G)={meR(G):0<m < 1},
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respectively [8, 9, 10, 28].
The sentence R?(G) is defined as follows
R?(G) = {5° = (e°*,e%2) : €™, e*2 € R(G)} C R?

SO @Zo _ (681,652) o (6Z1,622)
= (e®t @ e, e’ @ e*?)

— (651+21 , e$2+22)

and the multiplicative scalar multiplication as
6C ®So _ EC ® (651,652)
=(e°®e e’ ®e®?)
— (605176082)7
where e¢ € R(G), s°, 2° € R%(G).

Definition 2.1. The relationship between the multiplicative derivative and the
classical derivative is determine as

B () = em AN

[11, 12, 13, 17, 20, 25].

Definition 2.2. The multiplicative distance defined by [13, 25]. This allows to
define the multiplicative distance d®(m,n) between m,n € R*(G) as

G
d%(m,n) = ‘m’
n

11, 12, 13, 25].
Definition 2.3. The relationship between trigonometry and multiplicative trigonom-
etry is determine as singw = e*1% cos,w = €% tan,w = e'ANY = zizg [5, 6,

11, 12, 13, 14, 15, 30].

Definition 2.4. An 222 multiplicative matrix is defined by

where ef11, eF12 ek ck22 ¢ R(G). Let K and M be two multiplicative matrices
and K ® M = N be the multiplication of these matrices, where

ek11imii+kizman ek11m12+k12m22
N =

ek21m11+k22"m1 ek21m12+k22"m2

Definition 2.5. 2z2 type identity matrix in multiplicative calculus is

z:[fi]

If matrix D is a 222 type matrix and DT ® D = D ® DT = I, then D is called a
multiplicative orthogonal matrix.
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3. PLANE KINEMATICS IN LORENTZIAN HOMOTHETIC
MULTIPLICATIVE CALCULUS

Definition 3.1. The dot product in R?(G) is determined as in the equation 3.1
(31) <m’n>g — emlnl—mznz,

where (m,nﬁ is the dot product in the multiplicative Lorentz sense and m =
(m1,mz), n = (n1,n2) € R*G).

Definition 3.2. The norm of a multiplicative vector m = (my, ms) is

G
G G m2—m2
(3.2) lm||] =/ (m,m); =eV™™m2,

Definition 3.3. The multiplicative unit circle S*(G) in R?(G) can be defined as
(3.3) SH@) = {m = (m1,mz) € R*(G) : (m,m>g = e}

= (coshy w, sinhy w) = (eCOSh‘“, eSinh“’) )

Definition 3.4. Let m = (e™,e™2) and n = (e™,e"?) be unit vectors in R*(G).
Then the equation

coshgw sinhgw em || e™
(3.4) { sinhgw coshyw Bl ema | T ene
represents a rotation in R?(G) of the multiplicative vector m by a multiplicative
angle w € R in positive direction around the origin O = (1,1) of the Cartesian
coordinate system of R?(G). We will call this rotation as multiplicative planar
rotation. After this rotation multiplicative vector m turns to the multiplicative
coshyw sinhgw

. is a rotation matrix in
sinhyw coshyw

vector n as given [8]. Where A(w) =
multiplicative plane.
Definition 3.5. The Lorentzian homothetic multiplicative plane equation of mo-
tion in R?(G) is determine as,
(3.5) y1 =2 ® (h®coshyw) By ® (h@sinhyw) & ¢1

Yo = ® (h ®sinhyw) @y ® (h® coshyw) ® ¢z
If w,c1, and ¢y are given by the functions of time parameter ¢, then this motion is
called as a one-parameter Lorentzian homothetic multiplicative motion.
Definition 3.6. The equation of a one-parameter Lorentzian homothetic multi-
plicative motion in R?(G) is defined by
(3.6) Y(t) = B(t) ® X(t) ® C(t)

e¥1 er1 el
Vel | x-[@ ] e-[G]

where Y and X are the position vectors of the same point R, respectively, for the
multiplicative fixed and multiplicative moving systems, and C' is the multiplicative
translation vector.

If we take the multiplicative derivative of the 3.6 equation with respect to the
parameter ¢t. In that case the equation of

(3.7) Y*"=B"XeBeX"aC"
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is obtained. Here, V, = Y* is called the absolute speed of the motion, V,, = B® X*
is determine the relative speed of the motion, and Vy = B* ® X ® C* is defined the
sliding speed of the motion.

We represent movements in the Eé plane as ifé 2 ; One of which is Lorentzian
homothetic multiplicative fixed plane L)~ and the other one is a Lorentzian ho-
mothetic multiplicative moving plane Lj;¢ that moves relative to the fixed plane.

If the matrices B and C are functions of a parameter ¢, this motion is called
a one-parameter Lorentzian homothetic multiplicative motion and is denoted by

B, = f}”c. By taking the derivatives with respect to t in 3.7, we get
MC

(3.8) Y* =B X (B*®@X*)®Bo X" ¢ C*,

(3.9) by =b, ®b. Dby
where the velocities
(3.10) b, =Y* by =B* @ X ®C* b, =B® X" and b, = e’ ® (B* ® X*)

are called multiplicative absolute acceleration, multiplicative sliding acceleration,
multiplicative relative acceleration and multiplicative Coriolis accelerations, respec-
tively.

Definition 3.7. Let X be a point in the plane Lj;c. The speed of this point X
while drawing its orbit in the plane Ly;¢ is called relative speed. And this speed
is defined by V..

Definition 3.8. The relationship between the speeds of motion Bj is defined as
(3.11) Vo=ViaV,

If X is a fixed point in plane Lj;c of motion By, V, is zero in the multiplicative
sense. Therefore V, = V5.
The expression V, = Vy @ V. is called the law of velocities in the motion B;.

Theorem 3.9. In lorentzian homothetic multiplicative motion, the absolute velocity
vector is equal to the sum of the sliding velocity vector and the relative velocity
vectors. So it is

V, = Vf ®V,.

4. POLES OF ROTATING AND ORBIT IN LORENTZIAN
HOMOTHETIC MULTIPLICATIVE CALCULUS

Definition 4.1. In the sense of multiplicative calculus, the points where Vy =1
are both Ly and L}, fixed points. These points are called pole points of the
movement.

Theorem 4.2. In a motion By whose angular velocity is not zero (in the sense of
multiplicative calculus), there is a single point that remains constant in both Lyic
and L'y, at each time t.

Proof. V. = 1 because point X is fixed at Lj;c. and since the same point X is
fixed at L}, Vy = 1. For such points the equation V; =1 gives

(4.1) B*oXelC' =1,
and
(4.2) X=elaB)""™eC"
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where (B*)™ """ is the multiplacative inverse of B*. Since
B h ecosh w esinh w B eh cosh w eh sinh w o eC1
=e' ® esinh w ecosh w - eh sinh w eh cosh w ) - ec2 )

h' cosh w+hw’ sinh w eh' sinh w+hw’ cosh w :| l: ec'1 :|
Cc* =
)

B*:[e -

eh' sinh w+hw’ cosh w eh’ cosh w+hw’ sinh w
N2 2 .

we get det®(B*) = ") (h')" Thus B* is regular and

1 |: eh' cosh w+hw’ sinh w —h' sinh w—hw’ cosh w :|

K\M—INV __(h2 (o' )2 €
(B ) =e (") & efh' sinh w—hw’ cosh w eh/ cosh w+hw’ sinh w

Therefore, the equation of Vy = 1 has only one X solution. This point X is the
pole point of L. Accordingly, from 4.2 equation the result

1 e—(:'1 (k' cosh w+hw’ sinh w)+ch (k' sinh w+hw’ cosh w)
(43) X=P=et*- () [ ]

ec’1 (k' sinh w+hw' cosh w)—ch(h’ cosh w+hw’ sinh w)

- 1 . 6(7c'1h'+c'2w'h) costhr(fc'lhw'Jrc'zh')sinhw
(44) =e (k) ® |: 6(c’lho./fc;h')cosh v+(cih' —chhw') sinh w :l
is reached.
The pole point in the multiplicative fixed plane is
(4.5) PP=BePa&C
setting these values in their planes and calculating we have
, 1 efcllh'h+hzc'2w' eC1
— N2 _(hw!)2
(46) Pl = TP 0 | i g [e@}

—ch h/ htn?chw!

TeNT-(enz T4
e
(4.7) = h2c./1w/—h/hc/2
e T (ran? ¢
or as a vector
It 2.7 ., PRV N AN
—cih'h+h“chw h%ciw’'—h"hcy
(4.8) P = | e NZ=(ha”)2 +Cl’e 2= (ha')2 +c2

O

Here we assume that multiplicative w*(¢) # 1 for all ¢. That is, multiplicative
angular velocity is not 1. In this case there exists a unique pole point in each of
the moving and fixed planes of each moment t.

Corollary 4.1. If w(t) = t, then equation 4.3 will be obtained as
1 e(—cih/+cyh) coshw+(cih—cyh’) sinhw
X=P=cwr2-i g { ]

e(cll h—chh') coshw+(a’h’—b"h) sinh w

Corollary 4.2. For w(t) =t and h(t) = 1, then equation 4.3 will be obtained as

(&
e—¢1 coshw+c coshw

x-p-|

¢} sinhw—c), coshw :|
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Corollary 4.3. Let w(t) = ¢, then equation 4.8 will be obtained as
—chh hth3cl h2ch —h'hely
P = (6 (212 +C1’e HZTnz tez )

Corollary 4.4. For w(t) =t and h(t) = 1, then equation 4.8 will be obtained as
P = (e—c’2+c17e—c’1+62) ]

Definition 4.3. The point P = (p1,p2) is called multiplicative instantaneous rota-
tion center or the pole at moment t of the one parameter motion By = Lys¢ / L’MC

Theorem 4.4. The length of wvector Vy is
2
G k' 2
WS = oo (4 (5) - @2 1P,
Proof. The pole point in multiplicative moving plane Y = B ® X @ C implies that
(4.9) X=B)"""e (e H)e0)),
Vi=B"@XaC"and B* X C" =1

that leads toX = P = ¢~ @ (B*)™ " @ C*. Now let us find pole points in
multiplicative fixed plane. Then we have from equation

Y=BXaoC.
Y'=P=B® (3*1 ® (B*)™ "™ @ C*) & C’) , Hence, we get
C*=B"®[B)" " (CaeP))

we substitute this values in the equation Vy = B* @ X ® C* we have V; = B* ®

(B)™ ™ @ P'Y. Now let us calculate the value of B* @ (B)™ " ® P'Y, where
P'Y = (e¥r~P1, e¥27P2) then

e 6%(?!1*171)*&/(92*?2)
= ew’(y1,p1)+%(y2,p2)
or as a vector
(4.10) Vi = (e%’(ylfm)er/(w*Pz)’ew/(ylfpl)JrhT'/(yz*Pz)) .

then,

G R 2 72 /
IVill7 = exp o) — @) IPYI,

O

Corollary 4.5. If the scalar matrix h is constant, then the length of the sliding
velocity vector is

G
(4.11) IVillz = exp (J2[ [P'Y] ) -

Corollary 4.6. The speed that occurs when drawing the curve (P) at point Lys¢
at X is called V,.. At the same time, V is the speed that occurs when drawing the
(P)’ curve of this point in the plane L’,. These velocities are equal to each other
at time t.
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Proof. Since Vy = 1, it is concluded from expression V, = V; @V, that V, = V,.. O

Definition 4.5. The vector V, is called multiplicative absolute acceleration vector
with respect to the plane L of the point X and is denoted by b,. Since V, = Y™*
then b, =V =Y** .

Definition 4.6. Let X € Lyc be a fixed point in motion By = Ly /L)ye -
Multiplicative acceleration vector of X with respect to Ly is called multiplicative
sliding acceleration vector. This multiplicative sliding acceleration vector is denoted
by bf.

Since acceleration of the multiplicative sliding acceleration X is a fixed point of
Lyc, then by = Vi = B*™ @ C**.

5. ACCELERATIONS AND UNION OF ACCELERATIONS IN LORENTZIAN
HOMOTHETIC MULTIPLICATIVE CALCULUS

Definition 5.1. We know that point X is multiplicative relative velocity vector V.
to Lyse. The vector b, obtained by taking the derivative of V. is called multiplica-
tive relative acceleration vector of X in plane Lj;c. This multiplicative relative
acceleration vector is represented by b,. Considering point X as a moving point in
plane Lj;c, matrix B is taken as constant

Theorem 5.2. There is the following relationship between by, b., b. and by
bo = by @ b ® by
Here b, = (e ® (B* ® X*) is called multiplicative Corilois acceleration.

Corollary 5.1. Let X be a point in the plane Ly . If point X is fixed at Lyc,
then b, = by.

Proof. Note that
Vo=B"®X®BoX"&C",
Differentiating the both sides we have
Vi=B*"@Xoe®(B*®X*)d B X o CH,
since the point X is constant its derivative is 1. Hence
b, =V
=B"@XeC™
= by.
|

Theorem 5.3. The result of the multiplicative inner product of vectors b, and V.
18

(5.1) (b, W)g = exp (2hK/ (2)% — 21?).
Proof.
V,=B® X",
be=¢e>® (B*® X*),
So it is obvious that
(be, Vi) = exp (2nh ()% — 2}?) .
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d

Corollary 5.2. If the h value is taken as constant in 5.1 equation, then the Coriolis
acceleration b. is perpendicular to the relative velocity vector V,. at each instant
moment ?.

6. THE ACCELERATION POLES OF THE MOTIONS

The solution of the equation Vi = B*™ ® X & C** gives us multiplicative
acceleration pole of multiplicative motion.Vy = B*™ @ X & C** implies X =
e ! @ (B*)""™ @ C**. Now calculating the matrices e~! @ (B**)
C**, and setting these in X = P, = e~ @ (B**)™ " @ C**, we obtain

m—inv

and

6% (c'l' (—r cosh w+z sinhw)—cy (r sinh w+z cosh w))
(61) X=h= 6%(c'1'(rsinhw+z cosw)+cy (—r coshw+z sinhw)) ’

where (B**)™ "™ is the multiplicative inverse of B**. Here P is called multi-
plicative pole curve in multiplicative moving plane. If multiplicative pole curve in
multiplicative fixed plane is denoted by P we get

(6.2) Pl=BoP &C

Hence

r_
(63) P1 - e%(hzci’—hrcé’)ﬁ—w

6% (—hrc’ll —hzc/zl)-i-cl ‘|

where 7 = " + h(w')?, z = 20w + ho', T = r? — 22

Corollary 6.1. If w(t) = ¢, then equation 6.1 will be obtained as
(6.4)

1
¢ TR =G E

X =P =

(0'1' (=(h"+h) coshw+2h’ sinhw)—cy ((h"'+h) sinh w+2h' cos w))
ey ((h"+h) sinh w+2h’ cosh w)+cf (— (k"' +h) cosh w+2h’ sinh w))

1
¢ T =iy (

Corollary 6.2. If w(t) =t and h(t) = 1, then equation 6.1 will be obtained as

7 s
e—¢1 coshw+tey sinhw

(65) X =P = ec’l/ sinhw—c} coshw
Corollary 6.3. If w(t) = t, then equation 6.3 will be obtained as
(6.6)

1
P! = ( ewmmz=aon?

(h(h"+h)c{ —2hh'cy ) +c1
1 — )

¢ Ty =gy (~2hh'ed - (h”+h>c/2/)+02>

Corollary 6.4. If w(t) =t and h(t) = 1, then equation 6.3,will be obtained as
(6.7) Pl = (emeite omdive ),

7. CONCLUSIONS

In multiplicative Lorentz multiplicative homothetic motions, velocities in plane
motion, the relationship between velocities, pole points, and pole curves are given.
Additionally, multiplicative Lorentz accelerations and multiplicative Lorentz accel-
eration combinations have been found.
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ABSTRACT. Let F' denote the free Leibniz algebra, which is generated by the
set X = {x1,...,xn} over the field K with characteristic 0. Let R be an ideal
of F'. This investigation begins by obtaining a specific matrix representation
for the I A-automorphisms of the Leibniz algebra F/R’. Following this, we
establish a necessary condition for an I A-endomorphism of F//R’ to qualify as
an I A-automorphism. This method is explicitly based on Dieudonné determi-
nant.

1. INTRODUCTION

Consider the Leibniz algebra F', the free algebra of finite rank n over a field K.
Let R be an ideal of F, and denote by R’ the commutator subalgebra of R. The
Leibniz algebra F'/R’ of rank n is defined in the usual way.

In their work [2], Bahturin and Nabiev established an explicit matrix represen-
tation for automorphisms of a Lie algebra L /R’ that are congruent modulo R/R’,
where L is a free Lie algebra of rank n and R is an ideal of L. Shpilrain, in [9], pro-
vided a necessary condition for the invertibility of a matrix over the integral group
ring of a free group, utilizing a non-commutative determinant. Initially given for
free Lie algebras in [3], this condition was based on a non-commutative determinant.

Furthermore, in [14], the author and Ekici gave a criterion grounded in the
Dieudonné determinant with some applications. Recently, [11] addressed the com-
putation of valuations of Dieudonné determinants of matrices over discrete valuation
skew fields, exploring two applications stemming from this problem.

Leibniz algebras, serving as potential non-(anti)commutative extensions of Lie
algebras, were thoroughly examined in terms of homological algebra by Loday and
Pirashvili in [7]. Numerous findings in Leibniz algebras highlight their close re-
lationship with Lie algebras, prompting attempts to extend specific combinatorial
results from varieties of Lie algebras to their Leibniz counterparts.
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In [8], Mikhalev and Umirbaev derived significant results regarding subalgebras
of free Leibniz algebras. The author investigated the automorphisms of free Leibniz
algebras with rank two in the work documented in [12]. Additionally, Papistas and
Drensky, in their work [5] in 2005, examined automorphisms within the domain of
a free left nilpotent Leibniz algebra with finite rank. Meanwhile, free metabelian
Leibniz algebras were characterized in the reference [6].

On another note, explicit matrix forms for I A-automorphisms of free metabelian
Leibniz algebras were established for rank 3 in [15] and for rank 7 in [16]. A recent
study by the author in [13] contributed a necessary and sufficient condition for a
set of n elements in F//R’ to function as a generating set.

This study initially derives a matrix representation for the I A-automorphisms
of the Leibniz algebra F/R’', employing similar techniques as presented in [?].
Subsequently, we provide a necessary condition for the invertibility of a matrix
belonging to UL(F/R’). This condition establishes a means for identifying non-
automorphisms within the Leibniz algebra F/R’. Notably, our approach is ex-
plicitly grounded in a non-commutative determinant: the Dieudonné determinant.
Furthermore, we present several applications of this methodology.

2. PRELIMINARIES

Loday and Pirashvili described free Leibniz algebras in [7]. Consider the Leibniz
algebra F' generated freely by a set {z1,...,z,} over a field K of characteristic 0.
Let Ann(F) represent the ideal of F' generated by elements {[z,z] : x € F'}. The
algebra Fr;,. = F/Ann(F) is identified as a Lie algebra. The notation Aut(F’) refers
to the automorphism group of F', while I Aut(F') designates the I A-automorphisms
of F'. These automorphisms induce the identity mapping on the quotient algebra
F/F’, where F’ is the commutator ideal of F. Let R be a subalgebra of F, and
designate R’ as the derived subalgebra of R. The paper [7] introduces the univer-
sal enveloping algebra for the Leibniz algebra F. Denote by UL(F’), the universal
enveloping algebra of F, i.e., the free associative algebra with the generating set
{r1, ey Tny 11y oy ln }, where I; =1, and r; = r,, the universal operators of left and
right multiplication on x;. These elements satisfy the following relations

(ra; + 1z )lz; =0
Denoted by A, the kernel of the homomorphism ¢ : UL(F') — K defined by &(r,,) =
0, e(ly,) =0 for i = 1,2,...,n, that is augmentation ideal of UL(F'). That is also
an U L(F)-module generated by ry,,l,,, where i = 1,2, ...,n. We represent the mth
associative power of A as A™. Denoted by Ag, the ideal of UL(F') is defined as
the kernel of the natural homomorphism og : UL(F) — UL(F/R).

Let @ represent the image of a € F'/R under the natural homomorphism F/R —
(F/R)Lic. Utilizing this homomorphism, we establish the mapping

“UL(F/R) - U((F/R)Lie)
where U((F/R) Lie) denotes the universal enveloping algebra of (F//R) ;.. Through-
out the subsequent discussion, we define the Lie algebra (F/R)r,. alongside its
corresponding subalgebra in U((F/R)r;.). This results in 7, = Z and lp = —7. It
is evident that the kernel of the homomorphism™is generated by r, + I, x € F/R.
This kernel is denoted as A 4,/ ). According to the reference [7], the mapping

6 : U((F/R)Lic) — UL(F/R)
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is defined as §(z) = r,. Notably, due to the equality c@ =71, = T, we establish
the identification of the algebra U((F/R)Lie) with its corresponding subalgebra in
UL(F/R).

3. AUTOMORPHISMS OF F'/R’

Consider the abelian Leibniz algebra R/R’' that is freely generated by a set
{a1,a9,...,a,} as a free K-module. Let F/R be a Leibniz algebra over K, func-
tioning as a free K-module. The wreath product of Leibniz algebras R/R’ and
F/R is defined in a standard manner, akin to the case of Lie algebras [10]. Denoted
as W = (R/R')wr(F/R), it takes the form W = F/R @ Ip g/, where it is the
semidirect sum of F'/R and the free F'/R-module Ip,p with the free generating
set {a1,az,...,a,}. Furthermore, R/R’ is not only a module on F/R but also a
UL(F/R)-module, where the module action is given by

uxr, = [u,v]

uxl, = [v,u

foruwe R/R',v e F/R and ry,l, € UL(F/R). Let T represent x + R’ € F/R', and
T denote z + R € F/R.

The proof of the following theorem is identical to the one presented in the case
of Lie algebras, as detailed in [10].

Theorem 3.1. The mapping T; — T; + a; , j € {1,2,...,n} extends to a
monomorphism u: F/R' — (R/R)wr(F/R).

Let AutW represent the automorphism group of W. Consider a subgroup of
AutW denoted as AutW. The elements of AutW are characterized by their in-
variance of I /p and F/R. In other words, if a € AutW, then the automorphism
a: W — W satisfies a(Ig/r) C Ig/p and o(F'/R) C F/R.

The subsequent theorem analogies the embedding concept in Lie algebras, ini-
tially established by Bahturin and Nabiyev in [?]. The same arguments are em-
ployed to prove this theorem in the case of Leibniz algebras.

Theorem 3.2. An embedding denoted by 9 : Aut(F/R') — Aut((R/R")wr(F/R))
exists, such that if a € Aut(F/R') preserves R/R', and & = 9(«), then au = pa,
where p represents the embedding defined in Theorem 1.

The proof of the theorem at hand mirrors the demonstration employed by Bah-
turin and Nabiyev in establishing their result for Lie Algebras [?]. The author and
Tas Adiyaman have already given similar proofs in [15, 16] to obtain the explicit
matrix form of IA-automorphisms of the free metabelian Leibniz algebras, and the
theorem is a generalization of the corresponding result in [16].

Theorem 3.3. Let F/R' be a Leibniz algebra of finite rank. Let G be the group
of invertible matrices of the form E + AQ, where E is the identity matriz, A =
[akj),, s @5 @ fix matriz, Q = [qji,, ., s an arbitrary matriz both with coefficients
in UL(F/R),1<i,k<n,1<j<m. Then [Aut(F/R') 2 G.
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4. THE DIEUDONNE DETERMINANT

Every invertible square matrix belonging to U((F/R)Lic) can be expressed as
a multiplication of elementary and diagonal matrices, as detailed in [3]. In this
context, elementary matrices differ from the identity matrix by, at most, a single
element outside the diagonal. Consider an algebra

(UL(F)/AR)/(A™[AR),m > 2.

Denote by H,, the image of this algebra under the homomorphism = and take the
multiplicative group H, of all invertible elements of H,,. Since

(a+u+zz)(a*1—a*2u+. . .+(—1)m71a7mum71+5;) = 1+Ax modulo A/m/\AR,
we have
(a+u+Ap) '=a'—a2u+ ..+ (-1)" ' ™" + Ax modulo Aﬁ/zz-?,.
Therefore, the invertible elements in H,, can be expressed as
a+u+ Z; + AﬂR

with v € A and 0 # a € K. Next, consider the commutator subgroup [H},, H} ]

within the group H},. This subgroup is generated, modulo A™/Apg, by elements
characterized by the following expression

(1-u+Ap)1—w+Ar)(1l—u+Ar)'(1—w+Ag)?

Here, u and w belong to the set A. Let S, be the subsemigroup of UL(F)/Agr
generated by all such elements. For a matrix A belonging to the general linear
group GL,(H,,) over H,,, its Dieudonné determinant is defined by exploiting the
property that every invertible matrix over H,, can be diagonalized. For any arbi-
trary permutation o € Sy, we link it with the permutation matrix P(o) = (J;,0(;)).
where J represents the Kronecker symbol.

For every invertible matrix A over a skew field, a decomposition A can be ex-
pressed as A = TDP(o)V known as the Bruhat Normal Form, where

1 % x 1 . 0
T= e % |, D=diag(ay,....an), V=1 % . . |,
0 1 * ok 1

o is a permutation, P(c) is the permutation matrix corresponding to o. The
matrices D and o are unique with these properties (refer to [4]). The Dieudonné
determinant of A is given by

D, (A) = w(sgn(o)ay...ap),
where 7 is the canonical mapping H, — H} /[HY H}].

Theorem 4.1. Consider R as an ideal and F/R' as a finitely generated Leibniz al-

gebra. Let M € GL,(UL(F)/AR) and det,,(M) represent any preimage of Dm(M\)
in UL(F) /AR, where Ar C A™ for m > 2. Then, for any arbitrary m,

dety, (M) = (a +1u)rg,, modulo (A™ /AR + Asnn(r/R))

where a € K\ {0},u € AR, Gm € S
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Proof. Let M € GLy, (UL(F)/AR). Since M is invertible over U(F)/Ag, then
M, the image of M under the homomorphism™: UL(F/R) — U((F/R)Lic), is an
invertible matrix over U L( )/AR and it can be written as M = E.D, where E is
the product of elementary matrices and

D = diag(ar + Z}, as + ZE, ooy Gy + Z;)
where 0 # a; € K by [14]. Given that the sole invertible elements within U (F Lie)

are the elements belonging to the field K, the invertible elements within U L(F' ) /AR
can be expressed as

ai +Z;7a2+ﬁa"'7an+2-;
where the elements ay,...,a, are constrained to lie within the field K. Consider
the algebra H,, = (UL(F)/ARr)/(A™/AR). The image of M over H,, remains

invertible. Consequently, the Dieudonné determinant of M can be expressed as
follows

Dy (M) = a1.a5...an + Ag + (A™/AR).
This representation implies that the Dieudonné determinant of M can be further
written as a + v + w, where a = a1 - as...a, € K, u € Ag, and w € A™/Apg.
Consider the algebra H,,, = (UL(F)/AR)/(A™/AR). The image of M over H,, is
also invertible. Therefore, the Dieudonné determinant of M takes the form

Dy (M) = ay.as...an + Ag + (A™/AR).
This implies that the Dieudonné determinant of M can be expressed as

a+u+w
where a = aj.as . S an eK,ue ZB w E AWR. An arbitrary preimage detm(]\/i)
of Dy, (A) in UL( )/AR is equal to
(a4 uw)gm modulo(Am//KR),

where, a = aj.as...a,, u € Z}, gm € Spm. Through the homomorphism § :

U((F/R)Lic) — UL(F/R) defined as §(z) = ry, for & € (F/R)Lie, it is clear

that any preimage det,, (M) of det,,(M) in UL(F)/Apg can be expressed as
(a+ry)rg,, modulo (A™/AR + Aapn(r/R)),

where A, (p/r) is an ideal of UL(F/R) generated by the element r, + [, for

v e F/R. O

Now we have

Theorem 4.2. Let ¢ be an element of IAut(F/R'). Consider 1) as the restricted
automorphism of ¢ to Ir g, as defined in Theorem 3.2. Denote by M the matriz

corresponding to v, and let det,,(M) represent an arbitrary preimage of Dm(Z\/Z)
in UL(F)/Ag. It holds

dety, (M) = (1 + Tu)rgm mod (Am/AR + AAnn(F/R))

where u € ZE and gm € Sy for any m > 2.
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Proof. Given an IA-automorphism ¢ of F/R'. By the equality uy = Yp from
Theorem 3.2 and the definition of the AutW, there exists an automorphism zﬂ/;
restricted to Ir,p with an invertible corresponding matrix M over UL(F')/Ag.
Through the homomorphism

“UL(F/R) — U((F/R)Lie),
M is also invertible over UL@A R, expressed as
M = E.D,

where E is the product of elementary matrices and D = diag(l—l—ﬁ}, 1—&—5;7 w1+
Apg). Consequently, this implies

Dm(]\//.f) = (14 w)gm modulo AWR

where, u € Z; and ¢, € Sy;,. Thus, according to Theorem 4.1, the arbitrary
preimage of det,,(M) in UL(F)/AR is given by

(14 74)rg,, modulo (A™/ARr + Asnn(r/R))-
O

Remark 4.3. Theorem 4.2 establishes a necessary condition for an I A-endomorphism
of F/R' to qualify as an I A—automorphism. This condition provides a means to
identify the non-invertibility of a square matrix M over UL(F)/Ag. The process
involves computing detm (M), initiating from m = 1, and proceeding until the
condition outlined in the Theorem 4.2 is contradicted.

Example 4.4. Let R = v,,(F), m-th term of the lower central series of F', for
m > 4 and v be the endomorphism of F'/~,,(F)’ defined as

Y 1 Ty — Ty + [T1, T2 + ([T, (T2, T3], 74
T; = T + w1 £ 1

where w; € v, (F). Through the verification of Theorem 3.3, it is determined that

the restriction of 1 to Ir,p/ is associated with the matrix M of the form

1 + Tﬁ Tﬁ + rﬁlfrﬁ lglﬁ?”ﬁ . 0
U1 1+ ugo U923 Uy
Uu31 U332 1+ us3 U3n
Un1 Un2 Un3 ee 14 upy,

where u;; € A3. Let M be invertible in UL(F)/A.,, (r). Then, M is also invertible
and which is of the form

1+Z‘:2 :1—$3l‘1£4 ToX1T4q ... 0
U1 1+ a2 U23 Uy
U1 U3 T+uzzs ... sy
Un1 Upo Up3 ee 14+ uy,
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—_—

Since A, (py C A? for m > 4, consider Hy = U(F)/A,, (p)/A3/A,, (7). The

image of elements of M in Hj determines

1475 77 O 0
0 1 0 0
0 0 1 0
0 0 0 .. 1

Then, we obtain

o~

D(M) = 1+ 73 modulo (&, () + A%/, (r).
Therefore,
dety(M) =1+ r=+ Ay (r) + A /A ) + Dann(r/m)-
By Theorem 4.2,

L+ A () F A A+ Dapniryry = 18, (1) A% /A o+ Dann(ry )

Ym
HenceLit follows that r— € A, (r) + A3/AW(F> + A pnn(r/r)- This is impossible,
thus, ¥ cannot be an automorphism.
Example 4.5. Let R = F’, and consider the endomorphism ¢ on F/R’ defined by
the following mappings

Y 1 T = T+ ([T, T2), T3]+ wa,
T = T +wi,i £ 1

where w; € F”,i =1,--- ,n. The associated matrix M is given in the form
L+resrestun res +u u13 - Uin
u21 1+ U922 Uu23 U2n
u3y U32 T+uss .. Usp )
Un1 Un?2 Un3 I Unn |

where w;; € A3. Let M be invertible in UL(F)/Ar~. Hence, M is

1 +Z2T3 + U5 —T123 + U1z u13 Ui,
U1 1+ w99 U923 Un
U31 U32 1+us3 ... U3n
Un1 Un2 Un3 o Tt Upg i

Since, Apn C A3, take Hy = UL(F)/A,, /AS/A,. M in Hs is

I

1+2525 —7723 0 ... O
0 1 0 .. 0
0 0 1 ... 0
0 0 0 ... 1

Then, we obtain

det3(M) =1+r=r=+A_, + A*/A_, + A sun(r/R)-

To T3 F
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By Theorem 4.2
Ltrer=+ A, + A% /A, + Aspnrry = L+ A,, + A% /A 4+ Appn(r/r)-
This yiNelds rests= € AL, + A%/A L, + Aspn(r/r). However, this is impossible.
Thus, 9 and 1 are not automorphisms.
Example 4.6. Given an endomorphism v of F/F" defined as
¢ T = T+ [T, T + [T, T, T
Ty = Ti + [T, T + w0 # 1

Its associated matrix M is

0 1+T§+lﬁ+'fﬁ 0 0
0 0 1+Tﬁ+lﬁ+7‘ﬁ 0
0 0 0 o Itr=+l=+rs=
Then, M is
1 — X1 0 0 0
0 1+77 0 0
0 0 1+71 .. 0
0 0 0 I S T
Since, Apw C A2, consider Hy = U(F)/A,, /A2JA_, . M in Hy is
1 0 0 0
0 1+7 0 0
0 0 1+71 . 0
0 0 0 o 147

Then,
D3(M) =1+ nF5 + ... + (T7)"modulo (A, + A2/A_,).
Hence, we obtain

dety(M) =1+ nr=+ ..+ (r=)" + A, + A% /A, + A pnn(r/r)-

jold

By Theorem 4.2, we can express the equation as follows

I+nrs=t..+(rs=)"+A,, +A% /A L + A ppnp Ry = 1+A

jald

+AP/A L+ pnn(F/R)-

F//
This yields nrs=+ ... + (rs=)" € A, + A?/A_,, + Apnnr/r) and consequently,
nrs € A, + AQ/AF/, + Aann(r/r)- However, this is impossible. Therefore, 9 is
not an automorphism.

CONCLUSION

This study initially derives a matrix representation of the IA-automorphisms
on the Leibniz algebra F/R’. Following this, we set forth a prerequisite for an
I A-endomorphism of F//R’ to qualify as an I A-automorphism. In this criterion, we
identify the non-invertibility of a square matrix M over UL(F)/Ag. This approach
explicitly relies on the Dieudonn’e determinant.
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ABSTRACT. In this manuscript, the eigenvalues and eigenfunctions of the two-
point fuzzy boundary value problem (FBVP) are analyzed under the concept of
interactivity between the fuzzy numbers found in the boundary conditions. A
fuzzy solution is provided for this problem via sup-J extension, which can be
seen as a generalization of Zadeh’s extension principle. Finally, an example is
presented in order to compare the given features.

1. INTRODUCTION

In this paper, the FBVP is considered

(1.1) '+ Xu=0, telab]
which satisfies the conditions

(1.2) 17 (a) =" @20’ (a) =0
(1.3) by (b) =" bott’ (b) =0

where 61,62,/51,32 non-negative triangular fuzzy numbers, A > 0, at least one of the
numbers a; and a@y and at least one of the numbers 31 and 32 are nonzero and —" is
Hukuhara difference.

Fuzzy differential equation (FDE) is utilized to model problems in science and
engineering.In most of the problems there are uncertain structural parameters. In-
stead, many researchers have modeled these uncertain structural parameters as fuzzy
numbers in this area [4,10]. This occurs a fuzzy boundary value problem with fuzzy
boundary conditions.

The studies of two-point FBVP have been made with the Hukuhara derivative
[11,14] and generalized Hukuhara derivative [6, 15, 22,27-29]. But in some cases

Date: Received: 2023-10-12; Accepted: 2024-07-29 1.
Key words and phrases. Fuzzy eigenfunction, Zadeh’s extension principle, Sup-J extension prin-
ciple, Interactive fuzzy numbers.
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the fuzzy solutions with Hukuhara derivative suffer from certain disadvantages since
the diameter of the solutions is unbounded as time increases [13,14] and the fuzzy
solutions with generalized Hukuhara derivative have some not interval solutions which
are associated with the existence of switch points [20]. Moreover, Gasilov et al. argued
that the solutions obtained with the method of Khastan and Nieto [15] are difficult
to interpret because the solutions of the four different problems may not reflect the
nature of the studied phenomenon [9].

Another approach to solving FBVP has been proposed, including the Zadeh’s ex-
tension principle [1,17]. For a boundary value problem, the associated crisp problem
is solved and in the solution, the fuzzy boundary value is substituted instead of the
real constant. Then the arithmetic operations are regarded as operations on fuzzy
numbers [16].

Recently, several authors have used the concept of interactivity to study fuzzy
differential equations (FDEs) [5,25]. The relation of interactivity between two fuzzy
numbers arises in the presence of a joint possibility distribution J for them. In this
case, the solution is obtained in terms of the sup— J extension principle of the solution
of an associated classical BVP. Moreover, this proposed approach always produces
a proper fuzzy solution, in contrast to other methods presented in the literature
[14,15,23]. This means that its a— cuts are proper intervals. Moreover, the fuzzy
solution obtained by this approach always has a smaller or equal to the solution via
Zadeh’s extension [12,17].

This paper analyses FBVP with fuzzy boundary values given by interactive fuzzy
values. The fuzzy solution is obtained using the sup — J extension principle [5]. In
order to illustrate the utility of this sup — J proposal, the solution of a second order
FBVP is presented.

2. PRELIMINARIES

2.1. Solution for a crisp boundary value problem. Let the fuzzy problem (1.1-
1.3) be considered as a crisp problem.

Then we shall make use of solutions of (1.1) defined by initial conditions instead
of boundary conditions in a manner similar to Titchmarsh’s method [24].

Lemma 2.1. ( [2{]) For any XA > 0 the equation
u' +Xu=0, tE€la,b]
has a unique solution uw = u (t, \) satisfying the initial conditions
u(a) = as, v (a) = a; (oru(b)=by, u (b)="0b).
For each t € [a,b], u(t,\) is an entire function of A

Two solutions @, (t) and U () of the equation (1.1) are defined as follows. Let
D, (t) = @ (t,\) be the solution of equation (1.1) on [a,b], which satisfies the initial
conditions

@1) (wion)= ()
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and Uy (t) = ¥ (t,A) be the solution of equation (1.1) on [a,b], which satisfies the
initial conditions

8- ()

Let us consider the following linear and homogeneous differential equation with
(2.1) and (2.2) initial conditions, where a1, ag, b1,bs € R, given by

P+ \D =0
(23) { q)(a) = as, q)/ (a) =a
and

1 —
(2.4) { U A\ =0

U (b) = by, U’ (b) = by.

First, let’s search for the solution of the problem in (2.3) with the help of the
algorithm created by Sanchez et al. [19]. Then a solution is found for the problem
(2.4) by doing similar operations.

Firstly, the general solution of (2.3) is given
(2.5) (1) = C1P1(t) + CaPa(1),
where @1, ®5 are linearly independent solutions of the homogeneous differential equa-
tion which is given as in (2.3).

The scalar coefficients C; and Cy are determined from the initial values a; and
—ai:

Dy(a)(a1) + Py(a)as ®1(a)(a1) + i (a)as
Dy (a)®5(a) — Po(a)®)(a) D1 (a)®y(a) — ©2(a)®)(a)

Thus, from (2.5), the general solution of (2.3) is given by
(2.6) D, (t) = arma(t) + aama(t),
where mq(t) and ma(t) are defined for ®4(a)®5(a) — P2(a)P)(a) # 0 as follows [9]:
Po(a) Py (t) — P1(a)P2(t) ®5(a)®1(t) — ®1(a)Pa(t)
D1 (a)®@h(a) — ©2(a)®)(a)’ D1 (a)®@h(a) — ©2(a)®)(a)
Similarly, the general solution of (2.4) is given by
(28) Uy ( ) = b1m3(t) + b2m4(t),
where mg3(t) and my4(t) are defined for ®;(b)®5(b) — Po(b)P}(b) # 0 as follows

BaOA(D) = QBB | B = B (DR
D1 (b)@5(b) — 2(b) P (D)’ D1 (0)05(b) — P2(b)P1 (D)
Then this solutions ®y(¢t) and ¥ (¢) are put in the Wronskians function
(2.10) w(N) = Wi (8,0 ) = By (1) W) (1) — B} (1) U (1
which are independent of ¢ € [a,b]. For each fixed ¢ these functions and derivatives

are entire in A [24].

Lemma 2.2. ( [24] If X = X\g is an eigenvalue, then ® (t, Ng) and VU (¢, \o) are linearly
dependent and eigenfunctions corresponding to this eigenvalue .

Cr= and Cop = —

(2.7) mi(t) = and mo(t) =

(2.9) ma(t) =
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Theorem 2.3. ( [24]) The eigenvalues of the problem (1.1-1.3) are the zeros of the
function w (X).

In Section 3, equations (2.6) and (2.8) will be used to define the fuzzy solution of
the second order two point boundary values problem with fuzzy boundary values.

Before the approach applied to solve an FBV problem is introduced, it is necessary
first to review some concepts of fuzzy sets theory.

2.2. Basic concepts of fuzzy sets.

Definition 2.4. ( [18]) Let E be a universal set. A fuzzy subset A of E is given by
its membership function p 3 : E'— [0, 1], where p 7 (t) represents the degree to which

t € F belongs to A. We denote the class of the fuzzy subsets of E by the sembol

Definition 2.5. ( [16]) The a— cut of a fuzzy set A C Edenoted by [2} , is defined
as [E} = {x e E: g(t) > a}, Va € (0,1]. If E is also topological space, then the 0—

~ ~10 =
cut is defined as the closure of the support of A ,that is, {A} = {;v eE:A(t) > 0}.

The 1— cut of a fuzzy subset A is also called as core of A and denoted by {/ﬂ =

core (A\)

Definition 2.6. ( [21]) A fuzzy subset @ on R is called a fuzzy real number (fuzzy
interval), whose a— cut set is denoted by [u]?, i.e., [u]® = {z : u (t) > 0}, if it satisfies
two axioms:

i. There exists r € R such that u (r) =1,

ii. For all 0 < a < 1, there exist real numbers —oo < u, < ul < 400 such that
[@]” is equal to the closed interval [u_,u}].

) (03

The set of all fuzzy real numbers (fuzzy intervals) is denoted by R . Fi (R), the
family of fuzzy sets of R whose a— cuts are nonempty compact convex subsets of
R. If u € Rp and u(¢t) = 0 whenever ¢t < 0, then @ is called a non-negative fuzzy
real number and R; denotes the set of all non-negative fuzzy real numbers. For all
7 € R} and each « € (0, 1], real number u, is positive.

Definition 2.7. ( [7]) An arbitrary fuzzy number @ in the parametric form is repre-
sented by an ordered pair of functions [u,ul], 0 < o < 1, which satisfy the following
requirements

i. uy, is bounded non-decreasing left continuous function on (0, 1] and right- con-
tinuous for a« =0,

ii. ul is bounded non- increasing left continuous function on (0,1] and right-
continuous for a =0,

i uy <ul,0<a<l.

Definition 2.8. ([2,10]) A fuzzy number A is said to be triangular if the parametric
representation of its a— cut is of the form for all « € [0, 1]
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qa 30 ~
[A} =[(m—a})a+a;,(m—al)a+ al], where [A} = [a;,at] and core (A) =
mA triangular fuzzy number is denoted by the triple (ay;m;al).

Zadeh’s extension principle is a mathematical method to extend classical functions
to deal with fuzzy sets as input arguments [26]. For multiple fuzzy variables as
arguments, Zadeh’s extension principle is defined as follows.

Definition 2.9. ( [1]) Let f: X7 x X3 — Z a classical function and let A€ F(X)
for i = 1,2. The Zadeh’s extension f of f, applied to (Al,Ag) is the fuzzy set f
(Al, Ag) of Z, whose membership function is defined by

L in{A;(z), A. L if f1 ,
(A1, A2)(2) = (wl,zig—l(z)mm{ v Aeea)} 1L #2
0 Jif fT ) =2

where f71(2) = {(z1,22) € X1 x Xo: f(z1,32) =2} .

We can apply Zadeh’s extension principle to define the standard arithmetic for

fuzzy numbers [26] . Let [u]® = [u,,u}] and [0]* = [v,,v}]. For all a € [0,1] and
A € R | we have

[wev] = [u*+P]" ={z+y:zeluye ]},

Aoal® = Xo[*={\:ze[u]*}.

Theorem 2.10. ( [2]) Let X andY be topological spaces, f : X — Y be a continuous
function and Aa fuzzy subset of X So for all a € [0, 1], we have

= ([4]).

As a consequence of Theorem 2.10, it is obtained that f (ﬁ) is a fuzzy number
whenever the function f : X — Y be a continuous function and Aisa fuzzy number.

The concept of interactivity between fuzzy numbers is based on the notion of joint
possibility distributions [5} More precisely, a fuzzy subset J of R™ is called a joint
possibility distribution of Al, - A, € Ry if

gl(xl) = sup J(x1,..,2,),
2;€R,j#i

for all z; € R and for all ¢ = 1,...,n . Moreover, the fuzzy numbers fAll, ,ﬁn are
said to be non-interactive if their joint possibility distribution is given by and for all
i =1,...,n. Moreover, the fuzzy numbers 21, . A\n are said to be non-interactive if
their joint possibility distribution is given by

(2.11) J- (@1, ey ) = min{ Ay (z1), ..., Ap(zp)},V(@1, ... 2n) € R

Otherwise, the fuzzy numbers 21, ,A\n are said to be interactive . Next, the
notion of sup — J extension principle proposed by Carlsson et al. is presented [5].
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Definition 2.11. ( [5]) Let Al, . ﬁ € Rp and f : R,, — R. Given a joint possibility
distribution J of Al, An , the sup — J extension of f at (Al, ey Ay) s the fuzzy
set f( ) = fJ(Al, .

., A;,) of R whose membership function is given by
f(wl,...,a:”):z

for all z € R, where f~(2) = {(21, ..., wp) : f((z1, .y z0)) = 2}

Remark 2.12. 1f A\l,...7;1\n € Rp are non-interactive that is, if the corresponding
joint possibility distribution J is defined as in (2.11), then the sup — J extension
prln@lple corresponds to the Zadeh’s extension prln(:lple of a function f : R" — R
at (Al, A n) € R%. In this case, the symbol f(Al, ey A\n) is used simply instead of

~

f](A\l, ..., Ap,) to denote the Zadeh’s extension of f at (Al, Ay ).
The next corollary is an immediate consequence of Theorem 2.10

Corollary 2.13. ( [5]) Let Ay,...,A, € Rp and let f : R* — R be a continuous
function. If J is a joint possibility distribution of the fuzzy numbers Ay, ..., A,,, then
we have

£ A)] = £ (1)
for all @ € [0,1] .

The usual arithmetic operations of addition, subtraction, multiplication, and divi-
sion for fuzzy numbers are defined Definition 2.14. Other forms of arithmetic opera-
tions between fuzzy numbers can be established using the notion of sup — J extension
principle. Next, an arithmetic defined for the class of the linearly correlated (or
completely correlated) fuzzy numbers is presented [1].

Definition 2.14. ( [3,5]) Two fuzzy numbers A and B are linearly correlated if there
exists ¢, € R, ¢ # 0, such that [B]* = ¢[A]* + r for each « € [0,1] or, equivalently,
if A and B are interactive with respect to Jp given cutwise by

[Jolo = {(zq+7r: 2z € [A]“}.
In this case, we may simply write B = gA + r is written.

If A and B are linearly interactive fuzzy numbers [B]* = ¢[A]* + r, with [4]* =

[a;,a] and [B]* = [b;,b}], then the addition (+) subtraction (—) are given bye
b, +ag,bf +at] if q>0,

(212) B+ A" =(q+1)[A]*+r=<¢ [l +ay, by +af] if —-1<¢<0,
by +at, b +ay] if q<-1,
by —ag,bg —a3] if qg>1,

(213) [B—r A" =(q—-1D[A]*+r=<¢ [bf —al,b, —aj] if 0<g<1,
[b;_a:’bg_ ag] if q<0,

for all @ € [0;1] [3].
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Definition 2.15. ( [23]) Let u € F and for a € [0,1], [a]* = [u,,
is defined as follows:

P =<t ug,ul] = 0" [ug,ulb] = [~ug, —ul] .

wt]. Then —"[a]®

(e Cz

(e OL )’ [0

3. SOLUTION METHOD OF THE FBVP

In this section we concern with the fuzzy initial value problems obtalned by re-
placing the initial values ay, as and by, by with fuzzy numbers a;, ay and bl7 b2 in
Equations (2.3) and (2.4). More precisely, let us consider the following FIVPs:

O+ AD =0
(3.1) { ®(a) = Gy, D' (a) =G
and

T AT =0
(32) Lvosn v

where @1 = (a10, @1, a11), @2 = (a20, a2, a21), b1 = (b1o,b1,b11) ;b2 = (bag, b2, b21) €
Rp, A is crisp number and A = p?, p > 0.

We present two different methods such as sup-J and Zadeh extension principle to
solve the FIVPs (3.1) and (3.2).

Let ®(.;a1,a2) and W(.; by, bs) be the deterministic solution of the associated IVPs
of equations (3.1) and (3.2), given in (2.6) and (2.8), where a1, az, b1, by are the initial
conditions. Let’s first consider solution ® and then similarly we get solution W. Let U

be an open subset of R? such that ([51]0 X [52]0) C U. For each t, let be the operator
St : U — R ,given by
St (@g) = D (¢, Do)

and J = Jp be a joint possibility distribution of @;,a2 € Rr. The fuzzy solution of
(3.1) via sup — J extension principle is given by

Dy (t) =S, (a1,as).
If S; is a continuous function, then by Corollary 2.13 , we have ( [19]):
®y(t) = [(S), @, a2)]" = (S) ([J])
{Si(z0z+1) 2 € [@]" = [(a2);  (@2)f] }
my () z+ma (t) (qz +7) : 2 € [a2]”
=m0 +ame (1) [(a2); » (a2) ] + rma (1)

(3.3)

for all « € [0, 1].
If the initial conditions are non interactive fuzzy numbers, we can use Zadeh’s
extension principle to obtain a solution given by

b)) = [Si@.a)] =S (@l x @l
- {st (a1,a2) : z € [a2]" = |(a2), . (az)ﬂ}
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for all ¢ € [tg, T]. If S; is a continuous function, then by Corollary 2.13, we have:
Gaey) =[S (@n.a)]
= izt a e @) = () (@)f] e € @l = (@) (@]}
= mu(®) [(a2)7 s (@) ] +ma ) () (a)]]

for all a € [0, 1].

Theorem 3.1. ( [8]) Let ® (t) and ®; (t) be the Zadeh and linear linear interactive
solutions to the FIVP, respectively. Thus, ®; (t) C @ (t) for all t € R.

Similarly, we get W (t) and W (t) be the Zadeh and linear interactive solutions to
the FIVP, respectively.

The above theorem reveals that the linear interactive solution is contained in
Zadeh’s fuzzy solution. In fact, this result holds for every joint possibility distri-
bution J, such that J C J, [8].

Since A is crisp (non-fuzzy) we substitute classical cases of the obtained fuzzy
solutions @y (t) = ® (£, A) and Uy (£) = ¥ (¢, A) in (2.10). So we get the Wronskian
function as follows

(3.5) W) = W (8, W3) = By (1) Wh () — @) (£) U (2).

Definition 3.2. ( [11]) Let [@ (¢, \)]” = [u; (t,\),ul (¢, \)] be a solution of the fuzzy
differential equation 1.1 where o € [0,1]. If the fuzzy differential equation 1.1 has
the nontrivial solutions such that uy (¢,\) # 0 and u} (¢, \) # 0, then the A = X\g is
eigenvalue of (1.1)

Theorem 3.3. ( [11]) The roots of equations (3.5) coincide with the eigenvalues of
the fuzzy boundary value problem (1.1-1.3).

The next section presents an example of FBVP with interactive and non-interactive
boundary values.

4. EXAMPLE

Consider the two point fuzzy boundary value problem

(4.1) '+ Xu = 0
(4.2) 2u(0)+1u' (0) = 0
(4.3) du(1)+3u'(1) = 0

where 1= (0,1,2), 2 =(1,2,3), 3=(2,3,4), 4 = (3,4,5)and XA = p2, p > 0.
From (4.1-4.3) problem and Definition 2.15, we get two FIVPs involving a crisp
differential equation (4.1) with fuzzy initial values as follows:

(44) o +p2q) — 0, ) (O) — /1\, P’ (O) — _h/2\
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FIGURE 1. The function W (\) = (3p + %) sin (p) + (2) cos (p)

and
(4.5) VPP =0, T(1)=3, ¥ (1)=-"4

We shall define two solutions ®y (t) and Wy () of the equations (4.4) and (4.5). The
linearly independent classical solution the homogeneous ODE of (4.4) are given

Oy (x) = cos(pt), and Po(x) = sin(pt).

Thus, we have from 2.7

my(t) = — and ma(t) = cos(pt)

First the solution obtained from the Zadeh’s extension principle (3.4) is provided,
which is given by

(4.6) [imnriz m(t) [, 2 — a] + ma(t) [a+ 1,3 — a

—]% sin (pt) [e, 2 — o] + cos (pt) [ + 1,3 — @

for all « € [0,1] and ¢ € [0, 3.5].

~

Analogically W (¢, A) is obtained as follows
o~ (03
(4@[@@&} = mi(t)]a+2,4—a]+mat)[a+3,5—q]
1
= —;)sin(pt—p) [@+2,4—a]+cos(pt—p)[a+3,5—q]

for all « € [0,1] and ¢ € [0, 3.5].



94 TAHIR CEYLAN

These ® (t,A) and ¥ (£,\) have unique solution [24]. Then putting the classical
cases of (4.6) and (4.7) in equation (3.5), Wronskian function is obtained as

(4.8) w(p) = (Sp + i) sin (p) + (2) cos (p) .

From Theorem 3.3 , the eigenvalues of the fuzzy problem (4.1)-(4.3) are zeros the
functions w(A) in (4.8).

If the values satisfying the equation (4.8) compute with Matlab Program, then
eigenvalues of fuzzy problem are obtained in Table 1. as follows:
Pn An
n=1|29709 | 8.8262
n =2 | 6.1827 | 38.2257

n= 9.3557 | 87.5291
n=4112.514 | 156.6
n =~ nmw (n)?

Table 1. Eigenvalues of the fuzzy problem

The first five eigenvalues are found numerically and then the approximation of the
remaining eigenvalues will be used. From Figure 1 It can be seen that the graphs
intersect at infinitely many point p, = nm (n = 1,2,3...), where the error in this
approximation approaches zero as n — oco. Given this estimate, Matlab program can
be used to compute p,, more accurately.

From the equations (4.6) and (4.7)

(4.9) [6 (t, An)} T Uoin sin (put) [, 2 — a] + cos (pat) [+ 1,3 — a]

and
~ «a 1

(4.10) {\II (t, )\n)} = sin (ppt — pp) (@ + 2,4 — a]+cos (ppt — pp) [ + 3,5 — a]
are eigenfunctions associated with A, = (p,)°.

In particular, p; = 2.9709 is selected in Table 1 and substituted this value respec-
tively in (4.9) and (4.10).

First the solutions obtained from the Zadeh’s extension principle 3.4 are provided
,which are given by

(AP (tp0)] " = a6 002 = o]+ ma (tp1) [+ 1,3 — o
1.
= ~Zg7g9 50 (2.9709¢) [, 2 — ] 4 cos (2.9709¢) [ + 1,3 — &
and
|:(I}(t7p1):| = (t,p1)[a+2,4—a]+m2 (tapl)[a+375_a]
1 .
(4.12) = ~3g709 50 (2.9709t — 2.9709) [ + 2,4 — a

+ cos (2.9709¢ — 2.9709) [o + 3,5 — ]
for all a € [0,1] and for all ¢ € [0, 3.5].
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I I I I I I I
0 0.5 1 1.5 2 25 3 35

FIGURE 2. The gray-scale lines varying from white to black represent
the a—cuts of the fuzzy solution (4.11 ) via sup — J extension princi-
ple, where their endpoints for varying from 0 to 1. Black dashed lines
represent the O-cut of the fuzzy solution (4.13) via Zadeh extension
principle of o

Then, it is assumed that 1, 2 and 3, 4 are 1inearly interactive, then there exists
(¢,r) such that B = gA + r with (¢ = 1, r = 1 for 1,2 and 3,4 linearly interactive
numbers). In this case the solutions <I> and ‘l/ obtained from the sup — j extension
principle by means of 3.3 whose a— cut is given by

~ «
[‘bj (t,Pl)] = (ma(t,p1) +qma (t,p1)) [, 2 — o] +rmy (£, p1)
1
1 = |- in (2. . —
(4.13) ( 59759 S (2.9709t) + ¢ cos (2 9709t)> [, 2 — o
+7 cos (2.9709¢)
and
(G (tp0)] " = (ma (tp1) + ama (1) 0,2 = o] + 73 (£ 1)
.
(4.14) = ~5g7g9 iR (2.9709t — 2.9709) [ + 2,4 — ¢

+ cos (2.9709t — 2.9709) [a + 3,5 — o

for all & € [0,1] and for all ¢ € [0, 3.5]. Fig. 2 and Fig. 3 illustrate the fuzzy solutions
(4.13) and (4.14) of this FBVP for the cases where the boundary values are interactive
as well as non-interactive.

Note that the solution via sup-J extension principle is contained in the solution via
Zadeh’s extension principle, corroborating the statement provided in [12].
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w(t)

FIGURE 3. The gray-scale lines varying from white to black represent
the a—cuts of the fuzzy solution (4.12 ) via sup — J extension princi-
ple, where their endpoints for varying from 0 to 1. Black dashed lines
represent the 0-cut of the fuzzy solution (4.14) via Zadeh’s extension

principle of T

5. CONCLUSION

This manuscript studies linear ordinary differential equations with two point bound-
ary values given by interactive fuzzy numbers. The solution is obtained by means of
the sup — J and Zadeh’s extension principle from the deterministic solutions of the
associated BVP. The boundary values are non-interactive fuzzy numbers, then the
fuzzy solution is given via Zadeh’s extension principle.

We study linear two point FBVP with boundary values given by interactive and
non-interactive fuzzy numbers. We show that the interactive fuzzy solution is con-
tained in the non-interactive fuzzy solution by Fig.2 and Fig. 3. So it can be con-
cluded that the fuzzy interactive solution with uncertain boundary conditions (with a
membership degree given by their a-cuts) that is closer to the classical deterministic
solution.

The approach via H-derivative or gH-derivative for two-point FBVP is equivalent
to the study some systems of classical differential equations, which can result in an
additional study of switching points. In contrast to this approach, the fuzzy solutions
obtained by means of the extension principle are always well defined and do not require
the analysis of the existence of switching points. Moreover from Zadeh’s extension
principle, the sign of the solution is not considered itself and the signs of its first and
second derivatives.
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ABSTRACT. The aim of this study is to redesign the space curve and its Frenet
framework, which are extremely important in terms of differential geometry, by
using conformable derivative arguments. In this context, conformable counter-
parts of basic geometric concepts such as angle, vector, line, plane and sphere
have been obtained. The advantages of the conformable derivative over the
classical (Newton) derivative are mentioned. Finally, new concepts produced
by conformable derivative are supported with the help of examples and figures.

1. INTRODUCTION

Perhaps the most interesting and well representative field of study of differential
geometry is the theory of curves. Examination of the local properties of the curves
yields different and important results. This theory has very different applications
in linear and nonlinear differential equations and physics. Frenet equations are at
the forefront of the most widely used and natural structure of the theory of curves.
These equations have a very elite status in geometry and have many different uses.
These formulas were first used in 1847 and discovered and published by Frenet J.F.
Unaware of him, Serret J.A. calculated the same formulas in 1851. For this reason,
these formulas are called the Frenet-Serret formulas by giving the names of both
today. In this way, many new curve concepts have joined the geometry family with
the help of Frenet-Serret vectors. The best examples of this are Bertrand curve
pair, Mannheim curve pair and Involute-Evolute curve pair. In addition, Bishop,
Darboux and Sabban frames in Euclidean and Minkowski spaces are different ap-
proaches to describing the motion of the curve. With the help of these approaches,
many studies are carried out for the properties or characterization of curves in
3-dimensional Euclidean and Minkowski spaces according to Frenet, Bishop and
Darboux frame [1, 2, 3].
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Classical analysis, a mathematical theory widely used today, was discovered by
Leibniz G. and Newton I. in the second half of the 17th century, based on the
concepts of derivative and integral, and are also referred to as Newtonian analy-
sis. Over time, alternative analyses to Newton analysis are tried to be produced.
Fractional analysis can be considered as the most important of these. Fractional
analyses, which is first mentioned in Leibniz’s letter to L’Hospital in 1695, aim
to expand integer order derivatives to fractional orders. This theory, which is not
widely accepted at first, are gained a place in every field today. The most impor-
tant reason for this is the assumption that fractional analyzes have some advantages
over Newtonian analysis. It is a fact that fractional analysis gives more numerical
results than Newtonian analysis, especially in the solutions of some special differen-
tial equations [4, 5, 6, 7]. In this context, fractional analysis are become extremely
popular and as a result, many types of fractional analysis are emerged. In general,
fractional derivatives are grouped under two headings: global fractional derivative
and local fractional derivative. The most important of the global fractional deriva-
tives are Riemann-Liouville, Caputo, Griinwald-Letnikov, Wely, Riesz [8, 9, 10, 11].
The most important of the local fractional derivatives are proven themselves today
as conformable, M-derivative and V-derivative [12, 13, 14, 15]. Global and local
fractional derivatives have a big distinction within themselves. The most important
difference between them is that global derivatives do not satisfy Leibniz and the
chain rule as in the classical derivative, while local fractional derivatives do not have
such a disadvantage. In addition, in global fractional derivatives, the derivative of
the constant is not zero except for the Caputo derivative, but this is not the case
in local derivatives. This situation is made local derivatives more indispensable in
some matters.

The theory of curves and surfaces can be defined as the study of the motion of
a point in a space with the help of linear algebra and calculus. Moreover, Leib-
niz and the chain rule are two indispensable elements when making calculations
in differential geometry. For this reason, if fractional analysis is to be applied in
differential geometry, the most appropriate one is local fractional derivatives. Frac-
tional calculus has been used effectively in the field of differential geometry for the
last decade, as it has proven itself in every field. This adventure was first started
when Yajima T. and Kamasaki K. examined the Caputo fractional derivative of
surfaces [16]. Additionally, Yajima T. et al. succeeded in creating the Frenet frame
using fractional calculus [17]. Lazopoulos K.A. and Lazopoulos A.K. are made frac-
tional calculations on manifolds [18]. Evren M.E. explained that local fractional
derivatives are more useful and advantageous than global fractional derivatives in
differential geometry [19]. Has A. et al obtained some advantages of the conformable
derivative in terms of geometry compared to the classical derivative [20]. Gozutok
and colleagues created the Frenet frame using conformable derivatives [21]. Fol-
lowing these developments, the use of fractional analysis in differential geometry
has increased tremendously and many studies have been carried out on this subject
(22, 23, 24, 25, 26, 27, 28, 29, 30].

In this study, the basic geometric properties of the curves were reconstructed
using compatible derivative arguments. In the first stage, the main concepts of
angle, vector, line, plane and sphere, which are geometric concepts, were redesigned
with the help of conformable calculus. In addition, the orthogonal and orthonormal
systems, which can be considered the basis of vectors, have been redefined in a
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similar way. Afterwards, with these of the conformable concepts obtained, the
conformable space curve and the conformable Frenet framework at any point of it
were created. In the final, examples were given and enriched with figures to make
the subject more fluent.

2. PRELIMINARIES

Khalil R. et al. are introduced a new derivative called the conformable fractional
derivative of order « of the function f, which is defined as [12]:

Da(f)(s) = tim LD = 1)

e—0 IS

where f :[0,00) = R and 0 < a < 1. The relationship between the conformable
derivative and the classical derivative, where f'(s) = df(s)/ds, is obtained as fol-
lows:

d
%f(s)

We say with the next theorem that the conformable derivative satisfies some
properties such as linearity, Leibniz’s rule and chain rule, as in the conventional
derivative.

Daf(s) =5

Theorem 2.1. Let f:[0,00) = R and 0 < a < 1. The following are provided as
functions f,g are a-differentiable functions. For all a,b,p, \ € R [12],

(1) Dalaf +bg)(s) = aDaf(s) +bDag(s),
alsP) =psP™,
(A) =0,

D

D, (A

Da(£9)(s) = £(5)Dag(s) + g(s)Da f(s),
D 5)(5) _ Q(S)Daf(S)—f(S)Dag(S);

[e%

(
al 7(5)
Do(go f)(s) = f¥1(s)Daf(s)Dag(f(s)).

The conformable integral was defined by Khalil R. et al. as the inverse operator
of the conformable derivative operator. Accordingly, the conformable integral of
the a—differentiable function f and for [t, s], is as follows [12]

IO

Sl—a

I f(s) =T ("7 f) =
In addition, f being a conformable differentiable function is given below for ¢ > 0

DoIo[f(s)] = f(s)

The derivative limit of vector-valued functions has also been investigated by
means of conformal analysis. We give this in the following theorem.

Theorem 2.2. Let the function f be a function with n variables and each compo-
nent is conformable differentiable. Then the conformable derivative of the function
f s [32]

Daf(fl(s)a fn(s)a fn(s)) = f(Dafl(S)a Dafm(s)a 33) Dafn(s))'
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3. SOME CONCEPTS OF CONFORMABLE DIFFERENTIAL GEOMETRY

In this section, the most basic concepts of geometry will be reconstructed with
conformable arguments.
Notation: Along the study, expressions that are equal to 1 when a — 1 will be
denoted as 1, and expressions that are equal to 0 when o — 1 will be denoted
as 0,. In addition, in order to avoid confusion between classical and conformable
concepts, C, will be left in charge of conformable concepts.

Remark 3.1 (A geometric approach to conformable derivative). The geo-
metric interpretation of the conformable derivative is based on the notion of fractal
geometry. In fractal geometry, objects exhibit self-similarity at different scales. The
conformable derivative captures this self-similar behavior of a function by consider-
ing its local fractional variations. Geometrically, it can be understood as analyzing
the ”zooming in” behavior of the function at that point, similar to the classical de-
rivative capturing the local linear behavior. Overall, the geometric interpretation
of the conformable derivative relates to the self-similarity and scaling properties
of functions, enabling us to understand their behavior at different levels of detail
and resolution. More specifically, the conformable derivative can be explained as a
measure of how much a straight line and plane bend to form a curve and a surface.
Figure 3 shows how a line is curved with the conformable calculus effect.

There are no Euclidean lines in the C,—(conformable) space, this only happens
when o — is 1. We present this in Figure 3. This situation leads us to define a new
angle in C,— space. Because we cannot measure the angle between the classical
angle and the lines in C,— space. This new angle is called the C,— angle, and it
measures the angle between the C,—lines.

Let ||Ju|| = 1, and v are C,—unit vector that is, they are vectors of the form
|[u]] = 1, and ||v|]] = 1,. Then, the a—conformable radian measure of C,—angle
between u and v is defined by

0, = arccos ((u,v}) .
[[alllv]|

It is also said that u and v are C,—orthogonal when the following condition is
proved,

(u,v) = 0,.
When x=1, C,— space has a different structure than Euclidean space, so the concept
of C,— orthogonality will differ from. For example, let’s consider the vectors u =
(st 1 — q, S%Q) and v = (18—004’504,2 — 2a) in Co— space. Since (u,v) = 0,,
vectors u and v are C,—orthogonal. We showed this in Figure 1.

As in Euclidean space, in C,—space the vector u x v is C,—orthogonal to the
vectors u and v. For example, if u = (s17%, 1 —q, g%a) and v = (1‘;",56‘, 2—2a),
uxv=(202—-4a—s?*"14+2 208t "> — 251> — *+ %7 —a?57 4+ 2087 — 57V 4 5)
is obtained. It is also seen that (u x v,u) = 0, and (u x v,v) = 0,. We showed
this in Figure 2.
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FI1GURE 1. C,—orthogonal vectors.

FI1GURE 2. C,—orthogonal system.

Definition 3.2. C,—line ! with a direction v through the point P, = ((p1)a; (P2)a)
is a subset of E? is defined as

I={X €E*>: X = P, +vof(t)}

where f(t) = [t'7%dt, vo = ((v1)as (v2)a) and Py is the point whose coordinates
contain a.

Example 3.3. Let consider the s — x(s) = (s, [ s'~*ds), Co—line passing through
the point P = (0,0) and whose direction is v = (s*~%, s179).
In Fig. (3) we present the graph of the C,—line for different o values.

Definition 3.4. C,—plane T' passing through a point Py, = ((p1)a, (P2)as (P3)a)
and C,—orthogonal to v is a subset of E? defined by (see Fig. 4)
I={XecE?: (X —P,,vy) =04}

where X = (I8x1, [0, I%23), Vo = ((V1)as (V2)a, (v3)a) and P, is the point whose
coordinates contain o.

Example 3.5. Let X be a representation point of the C,—plane that contains the
point P = (0,0,0) and whose normal is v = (2!7%, =372 0). If X representative
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v

4 —_—a—1
—a=0.9
—a=0.7
—a=0.5
—a=0.3
2 —a=0.1

F1GURE 3. C,—lines.

point is chosen as follows
x1(s) = /xl_o‘dx,
xa(s) = /yl‘“dy,

x3(s) = 0

we get the C,,—plane. In Fig. (4) we present the graph of the C,,—plane for different
« values.

FI1GURE 4. C,—plane for different « values.

Definition 3.6. C,—sphere with radius r, and centered Cy, = ((20)a, (¥0)as (20)a)
is a subset of E? defined by (see Fig. 5)

S2(Coyra) = {X €B? || X — Col| = 70}
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where X = (I8x1,I%x9, I%x3). It should be noted here that the r, and C, values
are not constant values. That is, the center and radius of the C,,—sphere change for
each value of a. We shall denote by S2 the C,—sphere with radius 1, and centered
at Co, = (0n, 0nr, 00r)-

Example 3.7. Let S2(C,,7,) be a C,—sphere in R? parameterized by . If the
coordinate functions of ¢ is chosen as follows,

fi(u,v) = —//v”‘_lua_lsinucosvdudv
fa(u,v) = //vafluaflsinusin’ududv

fa(u,v) = /uo‘_lcosudu

we get the Cq—sphere as ¢(u,v) = (f1(u,v), fa(u,v), f3(u,v)). In Fig. (5), we
present the graph of the C,—sphere for different o values.

F1cURE 5. C,—sphere for different o values.

4. C,—PARAMETRIZED CURVES AND THEIR C,—FRAME

Given that a 3-dimensional vector valued function to the C,— space as follow
(4.1) x : ICR-E?
(4.2) s = x(s) = (x1(8),x2(8),x3(5))
We call x that satisfies the following equation C,—naturally parameterized curve.
| Dax(s)]| = 5=
where D,x(s) = (Dax1(8), Daxa(s), Dax3(s)). Also, when Dgx(s) # 04, X is

called a C,—regular curve and D,x(s) x D2x(s) # 0, x is called a C,—biregular
curve in C,—space for each s € I.
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We named the triple apparatus {E1, s, E3}, defined as follows, as the C,—frame
vectors at point s € I of C,—naturally parameterized curve x:

DaEl (8)
(4.3) Ei(s) = Dax(8), FEa2(s) = ————+%, FE3(s) = E1(s) x Ey(s).
[DaEr(s)
The E;, Fs and FEj3 trio are called the C, tangent, principle normal and binormal
at the point s € I of x, respectively. Moreover, the vectors of the C,—frame Fj,

F5 and Ej are C,—orthogonal and C,—orthonormal.

Theorem 4.1. The conformable derivative change of the C,—frame at point s € 1
of the Co,—naturally parameterized x curve is as follows

DaEl 0 Ka 0 El
(4.4) DoBs| = |~ka 0 7| |E
DaEg 0 —Ta 0 E3
Proof. Considering Eq. (4.3), as follows
(4.5) B, = s'7°T,
1— 12« 22«
(4.6) By = (- a)s T+ i N
\/(1 — )2s2—4a | gi—dag? \/(1 — )2s2—4a | gi—dag?
3—3a
(4.7) B3 = 5

B
\/(1 — a)2s2—4a | gi-dag?
Differentiating of both sides of the above first equation a-th order conformable
derivative as for s, we obtain

(4.8) DoBr = (1-a)s' 72T + " 2*kN.
and
(4.9) [DoEr]l = /(1 — a)2s2 4o  gi—dag2,
Let’s consider the k, = || D F1]| equation here and use this equation in Eqgs. (4.5),
(4.6) and (4.7), we get
(410) El — SlfaT,

1— 12« 22«
(4.11) B, = QDT SRR,

Ko Re

3—-3a

(4.12) B, - g,
Ka

Since the triple {E1, Eo, F3} is C,—orthogonal basis in E3 the following equation
exist

(4.13) DoE) = anEr + a12E2 + ai3Es.
On the other hand, let’s consider the definition of k, and Eq. (4.3)
Dy Ey = ko B2

is obtained. Considering this equation in Eq. (4.13), we can be write as
a12 = Rg-

Now, counsidering Eqgs. (4.9), (4.10) and (4.11) by taking advantage of the scalar
product of Eq. (4.13) with Eq, we get

(DoEr, Er) = a11(E1, Ev) + a12(E1, Es) + a13(E1, Es),
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1— 2—3a
(1 —a)s? 3% = a118272% + Ha(ai)s.
Ko
So we get the following result as
aj]p = 0.
Anologously, considering Eqgs. (4.7) and (4.8), by taking advantage of the scalar
product of Eq. (4.13) with E3, we get

a1z = 0.
The other part of the theorem is proved similarly. [

Conclusion 1. There is a relationship between the conformable derivative and
the classical (Newton) derivative. When a — 1 is selected in the Conformable
derivative, it is possible to return to the classical derivative results. Similarly, since
the C,—frame is obtained by conformable derivative, when o — 1 is selected, the
Co—frame turns into a classical Frenet frame. For this reason, a curve can be
examined and compared both in C,—space and Euclidean space.

Conclusion 2. The conformable derivative has some advantages over the classical
derivative in terms of geometric meaning. The most important of these advan-
tages is that conformable derivatives can be defined at points where the classical
derivative is not defined. Thus, at points where tangents cannot be created with
the classical derivative, alternative tangents can be created with the help of con-
formable derivative. For example, the derivative of the function f(z) = 21/7 is not
defined at x = 0. Then it is impossible to create a tangent at x = 0. However,
if the conformable derivative is applied by selecting a = % in the function f(z),
D, f(x) = 0. In other words, while a classical tangent cannot be mentioned at
the point x = 0, a conformable tangent can be mentioned. The most important
element of the Frenet frame is the tangent vector. Because other Frenet vectors
can be obtained depending on the tangent vector. Thus, at points where the Frenet
frame cannot be created, the curve can be examined by creating a C,—frame.

Example 4.2. Let x : I C R = E3 be a C,—naturally parametrized curve in R3
parameterized by

x(s) = (25%, 5%, sg).
1

The classical derivative of x and the conformable derivative for a« = = are as follows

2
57,25k, 260
72 72 3
3 5
(4.15) D%x(s) = (1,23,282).

where 2/(s) and D%x(s) are the classical tangent and C,—tangent of x(s), respec-
tively. Considering Eqs. (4.14) and (4.14), while x’(0) is undefined for s=0, D1x(0))
is defined. We show this situation in Figure 6.

(4.14) X'(s)

Moreover, as mentioned in Conclusion 1, while a Frenet frame cannot be obtained
at points where there is no derivative of a curve, a C,—frame can be established at
the same point.

Theorem 4.3. Let x = x(s) be Co,—naturally parametrized curve in the Euclidean
3—space where s measures its Co,—arc length. When a — 1, its curvature and
torsion are ko — K and T, — T, respectively.
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FIGURE 6. Classical tangent and C,—tangent of the curve x(s).
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FIGURE 7. Frenet frame and C,—frame of the curve x(s) at s = 0.

Proof. Let x = x(s) be a regular C,—curve x. Here let’s consider the definition of
ko and Eq. (4.9), we have

4.16 Ko = 8170[ 1 — )25 2 4 g2—202,
(4.16)

Also considering the definition of 7, and Eqs. (4.11), (4.12) we get
5—5a .2
(4.17) Ta = Er,

2
Ko

Here is seen, while a — 1, ko, — « and 7o, — 7. [l

Example 4.4. Let 2 : I C R — E® be a C,—naturally parametrized curve in R?
parameterized by

3 3 . 4
z(s) = ( -coss, —sins, —s|.
) 5 )
From Egs. (4.5), (4.6) and (4.7), we get
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_Q.l—a | l—« 11—«
E, = < 3 sins, 25— cos s, 45 ),
—3(1—a)s' 2% sins—3s2"2%cos s 3(1—a)s' 7% coss—3s2"2%sins 4(l—a)s! T2
Ey =
2 5Ka ) SKa ) S5Ka ’

o 45373a . _4837304 35373&
Eg—(i&ia sin s, —5——cos s, 5 — ).

In addition, the C,—curvature and torsion of the C,—curve x is calculated as in
Egs. (4.16) and (4.17) as follows

11—
5 V25(1 — a)2s— 2 4 9522,
368373a
125(1 — )25~ 22 4 455220
For different values of a the graphs of the curvature k., and torsion 7, with
fractional-order as in following Fig. 8 and Fig. 9.

S

Ra

Ta

FIGURE 8. C,—curvatures, K.

FIGURE 9. C,—torsion, 7.

Example 4.5. Let x : I C R — E? be a C,—naturally parametrized curve in E3
parameterized by

x(s) = (=22 [ s*7!(sin 255 + sin 9s)ds, 22 [ 5@~ 1(cos 255 — cos 9s)ds, —2 [ s !sin17sds).

In Fig. (10) we present the graph of the C,—naturally parametrized curve for
different « values
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a=0.9 a=0.7

a=0.5 a=0.3 a=0.1

F1cUre 10. C,—naturally parameterized curve for different o values.

5. CONCLUSION

In this study, we want to bring a new perspective to some problems that cannot
be solved in Euclidean space, with the help of conformable derivatives. Alternatives
have been created for some concepts that cannot be defined in Euclidean space with
the help of conformable derivatives and have now become examinabla. In addition,
one of the most attractive features of this situation is that new concepts can be
compared with their classical forms since the return to Euclidean space is achieved
at a — 1.
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ABSTRACT. For a coloring set B C Zy, by considering the Fox m-coloring of
any knot K and using the knot semigroup Kg, we show that the set B is
actually the same with the set C in the alternating sum semigroup AS(Zy,, C).
Then, by adapting some results on Fox n-colorings to AS(Zn, B), we obtain
some new results over this semigroup. In addition, we present the existence of
different homomorphisms (or different isomorphisms in some cases) between
the semigroups Kg and AS(Zy, B), and then obtained the number of homo-
morphisms is in fact a knot invariant. Moreover, for different knots K1 and
K2, we establish one can obtain a homomorphism or an isomorphism from the
different knot semigroups Ké and Kg to the same alternating sum semigroup
AS(Zn, B).

1. INTRODUCTION

It is known that the knots are equalivance classes of topological inclusions from
S! to S? under ambient isotopes which these isotopes give the smooth deformations
between two knots. We may refer the classical book [8] for the details in knot
theory. In here, we will mainly give our interest to Torus knots and Pretzel links
during the construction of our theories.

As indicated in [7], the fundamental quandle of a knot was defined in a similar
manner to the fundamental group of a knot, which made quandles are important
tools in knot theory. The number of homomorphisms from the fundamental quandle
to a fixed finite quandle has an interpretation as colorings of knot diagrams by
quandle elements, and has been widely used as a knot invariant. Furthermore
involutary quandles are defined on a single binary operation ([10]). In detail, they
are the algebraic way to represent the Reidemeister movements ([1]) and so they are
important to obtain new knot invariants and also important to investigate knots.
On the other hand, Fox n-colorings are actually the best known involutary quandles.
These colorings will be briefly indicated in coming next subsection, and also one
part of the main result will be constructed the base on this subject (see Theorem
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Key words and phrases. Knots, Quandle, Alternating sum semigroups, Knot semigroups,
Homomorphisms.
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2.1 in below). In fact the other whole main theorems (which are about Pretzel links
and Torus knots) given in this paper can be thought as consequences of Theorem
2.1.

CA1C 10 101

P b )2 DY P P.

FIGURE 1.

Let P(p1,p2, -+ ,pn) be an n-Pretzel link S® in where p; € Z represents the
number of half twists (or, we can call it as regions) as depicted in Figure 1. If
n = 3, then it is called a classical pretzel link P(p,q,r). If n is odd, then an
n-Pretzel link P(p1,ps,...,pn) is a knot if and only if none of two p;’s are even.
If n is even, then P(p1,pa,...,pn) is a knot if and only if only one of the p;’s is
even. Generally the number of even p;’s is the number of components unless p;’s
are all odd. On the other hand, Torus knots are identified by the number of times
the strand wraps around the torus meridionally and longitudinally. We speak of a
Torus knot T}, ,, where p and g are relatively prime; when p and g are not relatively
prime, we obtain a link of two or more components ([15]).

=

Let K be an oriented knot (or link) with n crossings. Label those crossings
by 1,2,--- ,n and label the n arcs by aj,as, - ,a,. Construct an n X n matrix
M such that each row r corresponds to the crossing labeled by again r and each
column s corresponds to the arc labeled by again s. Suppose that at crossing r the
over-passing arc is labeled a;, that the arc a; ends at crossing r, and that the arc
ay, begins at crossing r. Suppose also that ¢, j and k are mutually distinct. Assume
also that crossing r is positive. Then, for a real number ¢, the entries will be the
formed as M(r,i) = 1 —t, M(r,j) = —1 and M(r,k) = t. When crossing r is
negative, then M (r,i) =1—1t, M(r,j) =t, M(r, k) = —1 and other elements of M
are zero.

The Alexander matrix A is defined as to be the matrix obtained from the matrix
M by deleting row n and column n. It is also known that the Alexander polynomial
Ak(t) of a knot K is the determinant of it’s Alexander matrix (see, for instance,
[2, 11]), and the Alexander polynomial at ¢ = —1 (and then taking absolute value)
defines the determinant of a knot K. We recall that the Alexander polynomial is
the first invariant polynomial defined on knots. The invariant property of these
polynomials of the knots that belongs to the same equivalence classes are the same.
We note that while the Alexander polynomials of a Torus T}, (cf. [15]) and a

Longitude

Meridian
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Pretzel link P(p,q,r) (cf. [19]) are
(1= 1)(t - 1)

(t) = @-Dei=) and

1
Appar(®) == [pg+pr+qr)t -2+t +(t+2+t71)],

4
respectively, the determinants of them are calculated by
(11) ATp,2(_1) =p and AP(p,q,?")(_]') = Dp9q +p7"+qr,

and respectively.

1.1. Quandles and Fox n-Coloring. For any set @, by defining two binary op-
erations z >y and x>~ 1 y which satisfy (z>y)>~!y = x, one can obtain a quandle
over Q. If only (z>y) >y = = holds, then it is named as involutory quandle. On
the other hand, the other important quandle is the named as Alexander quandle
which consists of a quandle with a left action given by a>b = ta + (1 — ¢)b. The
importance of Alexander quandle comes from the fact that it is another way the
computation of Alexander polynomials. On the other hand, if we take t = —1 in an
Alexander quandle, then we get the dihedral quandle. The dihedral quandles are
placed into knot colorings (in some sources, authors use the term Fox mn-coloring).
We may refer, for instance, [4, 5, 6, 7, 9, 10, 14] for more details on quandles, color-
ings and some other well known types. In this paper, we will apply Fox n-coloring
to the knots in terms of dihedral quandles by following the fact that they are knot
invariant and very useful for the characterization of a knot.

At this point let us briefly indicate the meaning of Fox n-coloring. For a knot
K and a diagram D of K, let A be the set of arcs in D. Now let us matching (not
necessarily one to one) the elements of A by the elements of Z,. Also, for each
matching, let us consider the equivalence

(1.2) a>b=c=—a+2b(mod n) such that n > 2

such that a and ¢ represent the numerical values in Z, for the bottom arcs, re-
spectively, while b represents the numerical value in Z,, for the upper arc. After
all, if whole equivalences satisfy up to Z, then we say that the knot K is named
as Fox n-colorable (or shortly n-colorable). The subject Fox n-coloring is actually
correspondent to the involutory quandle ([10]). In here, we strongly note that since
the matrix obtained by deleting the last row and column of the coefficient matrix
of n-coloring equations and the matrix obtained by replacing ¢ = —1 in Alexander
matrix of K are the same, we get that the positive integer n is the determinant of
K itself (in other words n = Ak (—1)) or it is a positive integer that divides this
determinant (in other words n | Ag(—1)).

Now let us denote the number of colorings of K in terms of the quandle @ by
Colg(K). Then we have the following lemma.

Lemma 1.1 ([7]). The quandle @ distinguishes knots K and K’ if Colg(K) #
Colg(K").

1.2. Semigroups Kg and AS(G, B). Recently, it has been defined a new semi-
group under the name of knot semigroups and denoted by Kg (cf. [18]). The
elements of Kg are the arcs of the knot K and the relations are every crossings on
K. In fact for a single crossing as in Figure 2, we have two relations ry = yz and
zy = yx, where x,y and z are the generators.
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z

S
/

x Y
FIGURE 2. Two relations 2y = yz and zy = yx obtained from a single crossing

There are some immediate examples that can be given. Firstly, since the un-
knot (or, equivalently, a circle), notated by 01, contains a unique arc without any
crossing, then the knot semigroup of unknot is actually a free semigroup with a
single generator which can be expressed as Kg(,) = (x; ). Second example can be
given on torus knots T}, ,, where p and ¢ are relatively prime; when p and ¢ are not
relatively prime we obtain a link of two or more components. By taking ¢ = 2, we
obtain the torus knot semigroups

KSTPQ = < ap, a1, a2, "'7a/p71 ; o1 = aiaz, ajaz = azas, - -- , a/p72a/p71 = a/pfla07
aglp—1 = Ap—1Qp—2, Gp—10p—2 = Ap—20p—3,
(13) s, G201 = 109 > .
The diagram for the torus knot semigroup
KST3’2 = <$,y,Z XY =Yz, Y =Yr, Yyr = rz, 2xr =Y, T2 = 2Y, Yz = Z$>

is drawn in Figure 3.

FIGURE 3. The diagram of the knot semigroup KsT, , and its presentation

In the following, we will give our attention to important terminologies, namely
alternating sum and alternating sum semigroups, for the knot semigroups. The
details and some properties on them can be found in [18].

Definition 1.2 ([18]). Let G be a group as the form of either Z,, or Z, and let
B C G. For any positive word bybabs - - - b € BT, the alternating sum of this word
is the value of the expression

by — by +b3--- (—1)k+1bk

that is calculated in G. Further, any such two words u,v € BT are in relation ~ if
and only if the length of u is equal to the length of v and the alternating sum of u
is equal to the alternating sum of v.

Moreover since the relation ~ is a congruence on the set BT, we then get a factor
semigroup Bt/ ~. Let us denote it shortly by AS(G, B) and call it an alternating
sum semigroup.



SOME COLORING RESULTS ON SPECIAL SEMIGROUPS OBTAINED FROM PARTICULAR KNOII3

Another version of the alternating sum semigroup has also been defined in [18]
under the name of strong alternating sum semigroups which will not be needed in
this paper.

Since one of our main aim is to obtain a homomorphism (or an isomorphism in
some special cases) between knot semigroups and alternating sum semigroups, in
the following we will give some fundamental facts about it.

Suppose that AT /k is a knot semigroup, where A is the set of arcs and « is the
cancellative congruence on the free semigroup A+ induced by the defining relations
of the knot semigroup. Also similarly as above, let ~ be a congruence on B*, where
B is an alphabet of the same size as A. To obtain an isomorphism between AT /x
and BT/ ~, the following lemma is useful.

Lemma 1.3 ([18]). Let us consider a bijection ¢ : A — B that in fact induces an
isomorphism ¢ : AT — Bt. Consider a congruence x on A% and a congruence ~
on BT such that for each u,v € A%, if ukv then ¢(u) ~ ¢(v). Then ¢ induces not
only a mapping but also a homomorphism v : AY /k — BT/ ~. Additionally let us
suppose that there exists a subset, namely set of canonical words, of BT such that
in each class of ~ there is exactly one canonical word and at least one word of each
class of k is mapped by ¢ to a canonical word. Then 1 is actually an isomorphism.

By considering Lemma 1.3, it has been proved the following theory in [18].

Proposition 1 ([18]). The knot semigroup Ksr, , of the torus knot diagram T}, »
(where p is odd) is isomorphic to the alternating sum semigroup AS(Z,,Z,).

In this paper, it will be detailed this isomorphism defined in Proposition 1 up to
decomposition of p. More clearly, we will say that the set B is changed depends on
the value of p or the label corresponding an arc on the diagram of the torus. (See
Theorem 2.12, Corollary 3 below).

2. MAIN RESULTS

Under this section, we will present our main theorems to reach the aim of this
paper.

2.1. Connection Fox n-Coloring and Alternating Sum Semigroup. In this
first result section, by comparing the Fox n-Coloring which is used for coloring of
knots and the alternating sum semigroup, we will get the number of homomorphism
from first to second, and also solve a conjecture given in [18, Conjecture 24]. In
fact our approximation solve a more general case.

Theorem 2.1. Let C be a set for using n-coloring of the knot K. Then there
exists a homomorphism' from the knot semigroup Kg of K to the alternating sum
semigroup AS(G,C), where the set G is actually Z,, that is used for n-coloring. In
fact the reverse part is also valid.

Proof. By the meaning of Fox n-coloring, each arc in the knot was matched with
an element of Z,, and the values obtained after each matching had to be satisfied
Equation (1.2) which was written for each crossing of the knot. On the other hand,
the relations of the knot semigroup Kg are the relations of the form zy = yz and

IWe should note that when we define such a homomorphism, we assume that the numerical
value of each arc in the knot diagram and the values of these arcs in the semigroup AS(Zy,C)
are equal.
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zy = yx that were written for each crossing. It is easy to see that if we carry these
relations to any alternating sum semigroup AS(G,C) such that C C G, then they
become the form of x —y =y — z and z — y = y — x since the subset C' contains
the relations that satisfy the equations x —y =y — 2, z —y =y — « in AS(G,C).
Now let us rewrite the equation given in (1.2) as ¢—b = b—a(mod n), and let us
renamed the values a,b and c as z,y and z, respectively. Also take G = Z,,. Then
the elements used in Fox n-coloring and the elements of B become same. According

to the above replacements and equations, since t—y =y—z = —(2—y) = —(y—x),
it will enough to obtain the values that satisfy the equation either x —y =y — z or
z—Yy=yY—2x. (I

Example 2.2. For a Torus knot T3, since the determinant Az, ,(—1) = 3 by
Equation (1.1), the knot T3 2 can be colored in terms of G = Z3. Further, since the
number of colors is 9, it can be defined 9 different homomorphisms from Kgr, , to
AS(Z3,C). Additionally the total number of the set C' using the coloring of T5 o is
4 which are defined as

C:{0}7 C:{l}v CZ{2}a 02{0’172}

By considering these sets, the 9 homomorphisms defined from Kgr, , to AS(Z3,C)
are as presented in Table 2.2. We strictly note that 6 of among these 9 homomor-
phisms are actually isomorphisms. As a result of this, one can easily say that the
homomorphisms defined from Kgr,, to AS(Zs3,C) are not unique.

Homomorphism
O1 | P2 | P3| Q| D5 | P6 | P7 | Ps | P9
-fé x|0 [1 (2 |0 |O |1 |1 |2 |2
GE’ ylO0O (1 |2 |1 |2 |0 |2 |0 |1
Sz |0 |1 2 (2 |1 2 |0 |1 JO
==

The first consequence of Theorem 2.1 is the following.

Corollary 1. For the value t in the homomorph semigroup AS(Z., B) of Kg, we
have either t = Ag(—1) ort| Ag(—1).

Proof. According to Theorem 2.1, the knot K can be colored in terms of the subset
B in the semigroup AS(Z:, B). However it is well known that to a knot K be
colored by modulo n, the value n must satisfy n = Ag(—1) or n | Ag(—1). Thus
it is seen that ¢ = n or ¢ | n which implies that t = Ag(—1) or t | Ag(—1). O

Depends on the above corollary, if a knot K can be colored by modulo ¢ then it
can be colored by modulo kt as well. In fact the importance of this theory for us is
the values of ¢ which satisfies t < Ag(—1).

The following lemma is important for the characterization of a knot.

Proposition 2 ([3]). If a knot can be colored by modulo n > 2, then it cannot be
deformed to an unknotted curve.

Now by considering Corollary 1 and Proposition 2 together, one can decide
whether a knot can be deformed to an unknot via homomorphisms.
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Corollary 2. If there exists a homomorphism from the knot semigroup Kg of a
knot K to any alternating sum semigroup AS(G, B), then K cannot be deformed to
an unknot. In here, Ks and AS(G, B) are different than Kg,) and N, respectively.

Proof. Assume that such a homomorphism exists with the certain rule of not every
element of Kg mapped to a single element in AS(G, B). Under this rule, since the
images of all values are same then the knot is colored by a unique color obviously.
On the other hand, by Theorem 2.1, the subset B can be used for Fox n-coloring
as well. Then, by Proposition 2, K cannot be unknot, as required.

Note that, since Kg(o,) is actually an unknot (circle), the homomorphism Kgo,) —
N obviously cannot imply a deformation as required.

In [18, Conjecture 24], it has been recently stated that a knot diagram has the
knot semigroup isomorphic to N if and only if it is a diagram of the trivial knot. In
the following, by considering a splittable knot, we present a more effective situation.

Lemma 2.3 ([16]). If a link is splittable then it can be colored by modulo n > 2.

Therefore we have the following result which has a direct proof by Lemma 2.3
and Theorem 2.1.

Theorem 2.4. Suppose K is a splittable knot. Then one can define a non-trivial
homomorphism from the knot semigroup Kg to the alternating sum semigroup
AS(Z,, B).

2.2. Results on the links P(u,m,1), P(—u,—u,—u) and T, . In this section,
by obtaining knot semigroups of some special Pretzel and Torus links, we will
formulate how one can establish the elements of the alternating sum semigroups
AS(G, B) that are homomorph of the knot semigroups of these links. Moreover,
depends on these formulas, we will give another formulate concerning about the
number of homomorphisms from the knot semigroups of these links to the related
semigroups AS(G, B).

Unless stated otherwise throughout this section n,m,p € ZT.

First of all, we should note that the diagram of the Pretzel link P(u, ug,u3) can
be drawn as in Figure 4 according to the famous book [12]. Thus, by considering
the crossing as indicated in Section 1.2 over the diagram in Figure 4, we obtain the
following lemma. In fact the proof of it will be omitted since it is basically based
on the idea in Section 1.2.

Lemma 2.5. The knot semigroup for the Pretzel link P(u1,us2,us) is defined as

Ksp(uyus,us) = (A5 R), where A = {ag,a1,a2," -+, Guy yustus—1} and the relation
set R s
(2.1)
From regions uy : Qg +10yq = Qyyy Aoy —1 = *** = Q100 ,
g1 = G102 = Ay —10y; = Qyq Quq+1
From regions ua : Auy Quy+2 = Quy+20u;+3 = *° = A0Qu;+us+1
Qyy +us+140 = A0Ayq4uy = * " = Qg 430y +2 = Ay 420y,
From regions us : Qg +201 +1 = Ay +10yq+ug+2 = *°° = Qyq+us+101

A10u;+us+1 = Quitus+10u;+ustuz—1 = " = Quy+10yu; +2 -
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uy +1 u, +2

a,u] MA u]+u2 +2

P(Ul, 2’ )

FIGURE 4. The diagram for the Pretzel link P(u1,us,us).

Although Lemma 2.5 will not be directly needed in our theories, it will be used
as an adaption to the cases P(u,m,1) and P(—u, —u,—u) in below. By replacing
the link P(u1,usg,us) to the link P(u,m, 1), the first related result is obtained as
in the following.

Theorem 2.6. The knot semigroup Kgp(u,m,1) of the Pretzel Link P(u,m,1) is
homomorphic to the semigroup AS(Z., B), where

(2.2)

B={zo+rk; r=0,1,2,-- ju+1}U{xo+[s(u+1)—1]k; s=2,3,4,--- ,m}

such that xo, k € Z; are arbitrary elements and
(2.3) either t=(m+1)(u+1)—1 or t|(m+1)(u+1)—1.

Remark 2.7. The set B in (2.2) is the same set with C' in Fox n-coloring (used
in Theorem 2.1), and the number ¢ in (2.3) is giving the number n in the Fox
n-colorings. These correspondents are also valid for Theorems 2.9 and 2.12.

Proof. By Lemma 2.5, it is clear that the generating set is given as A = {ag, a1, as, . . .

On the other hand, by considering the diagram in Figure 5 and then replacing the
equations in (2.1) to the case P(u,m,1), the relation set R can be obtained as in

Eq. (2.4) below.
/\ /\m 4

. u+m

KK

FIGURE 5. Diagram for the Pretzel link P(n,m, 1).

) au-i—'m}-
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From the region w : Ayt-1Qy, = AyQy—1 =+ -+ = Q100 ,
apa] = a1a2 = = Qyu—-10y = Gy Ay+1
(2 4) From the region m : Ay Qg2 = Ay 420y 43 = *** = Aytm0@0 = AQAy41
Qy+100 = A0Qy+m = * = Ay420qy ,
From the region 1 : Ay 4-2Qy 41 = Qy4+107 ,

Qy4-10y4+2 = A1Ay41 -

Let us match each a; with an element z; € Z,. Now, by the diagram in Figure
5, if we translate a general relation a;a; = aja) (where 4, j and k are the elements
of the set {ag, a1, - ,ay4+1}) to the alternating sum, then we clearly get

mi—xj:xj—xk.

Thus, if we apply same translation to the first row of “From the region u” in Eq.
(2.4), then we get

(2.5)

To simplify of the calculation, let us equalize the equation in (2.5) to an arbitrary
value k € Z;. After that, by assuming the initial value as x¢y = xg, we have

(2.6) 1 =x0+k, z2=x0+2k, ---, Zyt1 = o+ (u+1)k.

Similarly as in (2.5), by applying the alternating sum to the first row of “From
the region m” in Eq. (2.4) and by the last term

(2.7)
of Eq. (2.6), we clearly have

Ty4l =Ty =Ty — Ty—1 =" =T1 —T0-

Ty = xgtuk,

o — Tyt1 = —(u+ 1)k

Ty — Typo = Tyto — Tuts =+ = o — Typ1 = —(w+ k.

In the last equality, let us think each difference pairs separately as in Eq. (2.7). In
that case, we obtain the following systematical equations.

Ty — Tyyo = —(u+ Dk =

Typo — Tyys = —(u+ 1k =

=
Tytm—1 — Tu+m = —(u+ Dk =
(2.8) =
(29) Zyim—z0=—(u+1)k =

Ty =To+2[(u+1)—1]k

by the equality in (2.7)

2o+ 2[(u+1) =1k —2zy13=—(u+1)k
Tyrs =x0+3[(u+1)—1]k

by iteratively using of the equality in (2.7)

Tytm = Tutm—1 + (u+ 1)k =

Tytm =To +m[(u+1)—1]k

by iteratively using of the equality in (2.7)
Tytm = To — (u+ 1)k.

Now, by equalizing the values of the term x,.,, in Egs. (2.8) and (2.9), we

obtain

(2.10)

(mu+m+u)k =0 orequivalently (mu+m +u)k =0 (mod )
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In here, the congruence (mu+m+u)k = 0 (mod t) gives the correctness of equations
in (2.3), as required.

At this point we should note that one can also take t = k or ¢ | k to be held
the congruency in (2.10). So this will also give that since all z;’s are equal to each
other, the equations for alternating sum semigroup still hold. However, since such
these solutions will imply infinite number of homomorphisms, we only consider the
cases t = Ag(—1) or t | Ag(—1).

To end up the proof, let us express how can one define a homomorphism as
required in theorem. For the semigroups Kgp(ym,1) = AT /x and AS(Z;,B) =
Bt/ ~, where A = {ag,a1,0az,...,au+m} (which is the set of arcs), B is as in the
expression of theorem, k is the set of relations as given in (2.4) and ~ is the set
of relations correspond to the relations in (2.4) which we have already obtained in
above. Now, since for each a; (0 < i < u + m) we obtain a different corresponds
value x; up to choosing of xq, k and ¢, this will imply that we have a finite number
of different functions ¢; : A — B with the rule a; — z;. Thus, by Lemma 1.3,
there must exists a unique homomorphism from A*/k to Bt/ ~ for each of these
different functions. In fact the number of such these different homomorphisms is
defined in Theorem 2.16 below.

Hence the result. d

Example 2.8. For P(u,m,1), if one choose 9 =0, k = 1 and t = (m+1)(u+1)—1,
then the number of elements in sets A and B become equal. Therefore we have a
one-to-one matching between each a; and x; which implies that we obtain not only
a homomorphism from Kgp(y m 1) to AS(Z¢, B) but also an isomorphism. In here,
the set B is defined as

{0,1,2, -+ Ju,u+1,2(u+1)—1,3u+1)—1,--- ,mu+1)—1}.

By applying a quite similar progress as in the case of P(u,m,1), we can obtain
similar results for the Pretzel link P(—u, —u, —u) and the Torus knot Tp2. In the
following, by omitting the proofs but considering Lemma 1.3, we will indicate the
existence of homomorphisms from the knot semigroup Kgp(—y,—u,—u) to AS(Z¢, B)
as in the coming result which is another version of Theorem 2.6. We first note
that, by [12], the diagram of the Pretzel link P(—u, —u, —u) is drawn as in Figure
6, and so as a consequence of Lemma 2.5 one can easily obtain the generating set
A = {ag,a1,as,...,a3,—1} while the set of relations R as defined in Eq. (2.11)
below.

(2.11)
From the first region —u : Ay t-10qy = QquQyy—1 = *+* = Q100 ,
Apa1 = Q102 = =+ = Qy—10y = Oyly+1,
From the second region —u : Ay t-20qy 11 = Gyp10y+3 = **° = A2y A2y+1 = A2y 1102,
A202y+1 = A2y+102y = *** = Qyu4+30yu+1 = Gy4+10y+2,
From the third region —u : Aoy Ay 2 = Q1202912 = *** = A3y —100 = AQA2y 41 5
A2y+100 = A0A3y—1 = "+ = A2y 420y 42 = Ay 420y -

Thus the other main result of this paper is the following.
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a, a
utl u+2

XX
“w/N /N /)

FIGURE 6. Diagram for the Pretzel link P(—u, —u, —u).

Theorem 2.9. We always have a finite number of homomorphisms from Kgp(—y,—u,—u)
to the alternating sum semigroup AS(Z, B), where

B={xzo+rk; r=0,1,--- ,u+1}U{zo+ (u+28)k; s=1,2,--- ,u—1}
such that zg, k are arbitrary elements of Z; and either t = 3u or t | 3u.

On the other hand the existence of isomorphism is defined as follows.
Theorem 2.10. For only u = 1, there exists Kgp(—y,—u,—u) = AS(Zs, B).

Proof. If uw = 1, then the diagram and knots of the P(—1,—1,—1) are the same
with the diagram and knots of Torus knot 735. So, by Proposition 1, we have
Ksr,, = AS(Z3,Z3). On the other hand, if u # 1, then the number of arcs in the
diagram of P(—u,—u,—u) is 3u (which gives the cardinality of the generating set
A) and so the number of elements in the set B is (u+2)+(u—1) = 2u+1. However,
for all w > 1, since it is always true that 3u > 2u + 1, we obtain the number of arcs
in P(—u, —u, —u) is greater than the number of elements of B which implies that
it cannot be defined an isomorphism. O

It is known that tricolorability (i.e. Fox n-coloring when w = 3) is an invariant
under Reidemeister moves (cf. [1]). Since invariant property is an important tool
in every branch of mathematics, it is good enough to study tricolorability for our
cases. In fact, by the condition ¢ = 3u or ¢ | 3u in Theorem 2.9, it is not hard to
see that ¢ can be choosed as 3. That means there exists a homomorphism from the
semigroup Kgp(—y,—u,—u) t0 AS(Z3, B). Therefore we have the following result.

Theorem 2.11. All Pretzel links P(—u, —u,—u) are tricolorability.

Now let us give our attention to the Torus knot. In the remaining part of this
section, we will adapt the theories on P(u,m,1) and P(—u,—u, —u) to the Torus
knot T}, 2. Recall that the case p = 3 in Torus knot gives P(—1,—1,—1) and so
there is nothing to do since we have already obtained previously. Therefore in the
following result the case p = 3 coincides with Theorems 2.9, 2.10 and 2.11.

Theorem 2.12. Consider the Torus knot T, » (where p and 2 are relatively prime)
as defined in (1.3). Then we have a homomorphism from the Torus knot semigroup
Ksr, , to the alternating sum semigroup AS(Z¢, B), where

B:{£C0+’l"k; r:07172a"'7p71}a
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xo, k € Z¢ and either t | Ag, ,(—1) ort = A, ,(—=1) such that Ag, ,(—1) = p by
(1.1).

Proof. In the proof, we will actually follow a similar way as in the proof of Theorem
2.6. Now if we translate the relations defined in (1.3) to the relations of AS(Z;, B),
then we have

(2.12) To—T1=T] — T, X1 —Tg =Tg — X3, ,Tp—2 — Tp—1 = Tp_1 — X0 -
By rearranging and then equalizing a constant k, we also get
o — L1 21‘1—1‘22132—1‘3:"':Jip_z—iﬁp_l:xp_l—xo:k‘,
which can be clearly written as
1 =x0+ k,xo =20 +2k, - ,xp_1 =0+ (p— 1)k,

In (2.12), as the general term, let us take x,_o — 2,1 = p—1 — 2o = k and then
replace the z; values all the related places. So

ro+(p—2)k—(ro+(p—-1Dk)=z0+(p—-1Dk—20=—-k=(p— 1)k
= pk =0 (mod ¢).

Therefore, by this last congruence, we must have ¢ | port = p, where p = Aq, ,(—1).

The set of arcs (or equivalently the generating set) is defined as A = { ag, a1, az," - -

while the set of x; values is given by B ={ag+7k; r=0,1,2,....,p — 1 }. Hence,
by applying Lemma 1.3, we reached that there exists a homomorphism from K7, ,
to AS(Zy, B), as required. O

Example 2.13. In Theorem 2.12, if we choose 79 =0, k =1 and t = A, ,(—1) =
p, then the set B is given by {0,1,2,---p —2,p — 1}. Therefore the number of arcs
in Torus knot T}, 2 and the cardinality of B are both p, and so there is a one-to-one
correspondence between each arc in A and each element in B. So, by Lemma 1.3,
we obtain an isomorphism Kgr, , = AS(Z,, B).

Remark 2.14. We strictly note that a similar situation in Example 2.13 (which
is an example of Theorem 2.12) was given as a result in the paper [18, Theorem
3] by considered with only a unique isomorphism. Nevertheless, Example 2.13
actually shows that different choices for arbitrary zg, k and p will imply different
isomorphisms between Kgr,, and AS(Z,, B).

The situation depicted in Example 2.13 and Remark 2.14 can be summarized
with the following theorem.

Theorem 2.15. To define an isomorphisms between Ksr, , and AS(Zy, B), it must
be held k £0, ktp and t = p.

Proof. Without loss of the generality, let us investigate the cases as k = 0, k | p
and t # p, respectively.

o Let £ = 0. If we write 0 instead of k in the set B in Theorem 2.12,
then we have B = {zo}. But, in this case, whole elements of T, » map
to a single element in the homomorphism from Kgr,, to AS(Z, B) which
clearly breaks down the isomorphism.

e Assume k | p. Let us reconsider the set B in Theorem 2.12. By the
assumption, for any r; 0 (0 < i < p—1), we get r;k = 0 (mod p). But,
since this will imply that 29+0k = z¢+7;k (as the meaning of congruence
classes), we cannot reach the isomorphism.

sap—1}
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e Suppose t < p and t | p. Remember that the set B in Theorem 2.12 was
obtained by considered the equivalence over modulo t = p. However, when
we take it as ¢t < p and ¢ | p, clearly the cardinality ¢ of B will be definitely
less than p. On the other hand, the number of arcs in the knot diagram
(or equivalently, the number of generators in the knot semigroup) is still
p. This means that we cannot define an isomorphism between Ksr, , and
AS(Zy, B) since the cardinality of B is less than p.

As a result of these above facts, we say that to define an isomorphism from K ST,
to AS(Z, B) (or vice versa), all conditions in theorem must be satisfied. O

Finally, we can bring together Theorems 2.6, 2.9 and 2.12 in a common point as
in the following.

Theorem 2.16. For simplicity, let N denotes one of P(u,m,1), P(—u, —u, —u)
or Tpo. Then the number of homomorphisms from each of the knot semigroups
Kgpn to the alternating sum semigroup AS(Zy, B) is

x—1
>t
i=1
such that t; | Ax(—1) and x is the number of t;’s that divides t.

Proof. In Theorems 2.6, 2.9 and 2.12, we established that if one wants to define
a homomorphism from one of the knot semigroups of P(u,m,1), P(—u, —u,—u)
ve Tpo to the alternating sum semigroup AS(Z, B), then the value ¢ must be
satisfied ¢ | Ap(—1) or t = Apr(—1), and additionally, for each of these theorems,
we presented the related B set while ¢ = Apr(—1). Remember that the elements
xo, k € Z; were chosen arbitrarily in these B sets. It easy to verify that each of xg
and t can be chosen t different ways from Z; which imply that the values of xy and
t can be totally chosen as t? different options. On the other hand, since we obtain
different B sets up to for each different choices of zo and k, we get t? different
homomorphisms that can be defined on these B sets.

For t = Apr(—1), now let us consider the ¢; | ¢ values and say x to the number of
such t;’s. In here we must consider 1 does not count in y since Fox n-colorings start
always from n > 2 (by Lemma 2.3 or more generally Equation (1.2)) and so ¢; # 1.
Let B; denotes a congruence class of the elements in B depends on the value t;.
According to Theorems 2.6, 2.9 and 2.12, one can define a homomorphism from the
knot semigroup to the semigroup AS(Zi,, B;) in which xg, k € Z;,. With the same
idea as in the above paragraph, ;2 different choices can be applied to 2o and k in
Zs,, and since each of those gives a new homomorphism, we get total ¢;% different
homomorphisms for each ¢; from the knot semigroup to the semigroup AS(Z,, B).
Hence, since this situation can be seen for all ¢; | ¢, we say that the total number

x—1
of homomorphisms is Zt?, as required. O
i=1

Remember that the number of colorings of a knot K in terms of the quandle @
was denoted by Colg(K). By considering Lemma 1.1, we can give the following
result as a consequence of Theorems 2.1 and 2.16.
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Theorem 2.17. )
x—
Colg(N)=> ;.
i=1

One may also present the following particular corollary as a consequence of
Theorems 2.1, 2.12 and 2.16.

Corollary 3. For a prime p, there are total p*> homomorphisms and p* — p iso-
morphisms from Ksr, , to AS(Zy, B).

3. CONCLUSION

In this study, the homomorphism relations between the nodal semigroups and
the alternative total semigroups of some pretzel chains and torus chains are in-
vestigated and the number of homomorphisms and isomorphisms in some special
cases are given.
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ABSTRACT. In a recent paper (CF. [1]), we have introduced the definitions
and studied the essential properties of the generalized topological operators
g-Dery, g-Cody : £ () — £ (Q) (9-T,-derived and g-T-coderived oper-
ators) in a generalized topological space T4 = (Q, %) (J5-space). Mainly,
we have shown that (g-Derg,g-Cody) : & (Q) x Z(2) — Z(Q) x Z(Q)
is a pair of both dual and monotone g-T4-operators that is (@,Q), (U,n)-
preserving, and (<, 2)-preserving relative to g-T;-(open, closed) sets. We have
also shown that (g—Derg,g—Codg) 2 xP(Q) — Z(QxP2(Q)is a
pair of weaker and stronger g-Tq4-operators. In this paper, we define by trans-
6th 35)

finite recursion on the class of successor ordinals the -iterates g-Der

g—Codgé) : 2(Q) — 2(Q) (g—‘Igé)—derived and g—‘l'g&)—coderived operators)
of g-Dery, g-Cody : Z () — £ (Q), respectively, and study their basic prop-
erties in a Jg-space. Moreover, we establish the necessary and sufficient condi-
tions for (g-Deréé),g-Codgé)) 2 ()P (Q) — Z(Q)xZ () to be a pair of
g-Tg-derived and g-T4-coderived operators in Ty. Finally, we diagram various
relationships amongst dergé), g—Dergé), Codgé), g—Codgé) 1 2(Q) — 2(Q)
and present a nice application to support the overall study.

)

1. INTRODUCTION

Axiomatically, a generalized derived operator (g-%,-derived operator) in an or-
dinary (a = o) or generalized (a = g) topological space T4 = (2, T4) (Ta-space)
g-Der,: Z(Q) — Z(Q)

o > g-Der, (Fa) satisfying the following

is a set-valued map

g-Tq-derived operator axioms:
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Key words and phrases.  Generalized topological space (Jy-space), generalized sets (g-Tq-
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def
— Axpg 1 (g-Der,) < g-Der, (@) =@
def
- AXDE,2 (g'Dera) — g'Deru (%g) = G'Dera(‘%ﬂ n G'Opa ({5}))
— Axpg 3 (g-Der,) &L g-Der, o g-Der, (%) € %o U g-Der, (Za)
def
— Axpg4 (g-Der,) < g-Der, (Zou %)= |  g-Dery (%)
Ua=Rq,Sa
for any ({f},%a,yu) € Xoers Z(Q) such that {} c g-Der, (%) [1, 2, 3, 4, 5,
6, 7, 8, 9]. A generalized coderived operator (g-%,-coderived operator) in the -

g-Cod,: 2(Q) — Z(Q)
Fa +— g-Cod, (S4)

space ¥, is a set-valued map satisfying the

following g-%,-coderived operator axioms:
~ Axcp. (g-Cod,) <5 g-Cod, (Q) = Q
— Axop 2 (g-Cody) <5 g-Cody (%) = g-Cody (% U {C})
— Axcps (g-Cod, ) <55 g-Cod, 0 g-Cod,, (%) 2 % n g-Cod,, (%)
— Axcpa (g-Cod,) <55 g-Cod,, (% n %) = . Q | wCody (44)

for any ({C} ,02/,1,“//,1) €Xaerz Z () [1, 2,3, 4,5, 6, 7,8, 9]. Alternative axiomatic
descriptions for g-%,-derived and g-%,-coderived operators in Z,-spaces can be
found in the paper of Lei and Zhang [10].
If (fa,g—Opea) € Z(Q) x {g-Der,,g-Cod,} be arbitrarily given, then S factors
g-Ope,: 2(Q2) — Z(Q)

o g-Ope, (F2) yields:

7% 53« g—OpeEfB) (+a) = g-Ope, o -+ 0g-Ope, (F4) o anlg 9-Ope, ()

(g-Derl? g-Cod?): 2 (Q) — 2(Q)
Fa — (g—DerﬁB),g—Codgﬁ)) (S)
(g—Dera,g—Coda) D 2(Q) — 2(Q)
Sy —> (g—Dera,g—Coda) (%)
(fa,g—Opea) e Z(Q) x {g-Der,, g-Cod, }, it holds that:

[(38 € 28)(9-Opel? (Fa) = 2) ] v [(VB € 20) (8-Opel” (74) # 2)]
If g—Opegﬁ) (%) = @ for some 3 € Z?, then B is a type of density measure of .7, to

achieve emptiness (if this is ever achieved). But if SN et M a-0pel? (S) + 2,
BEL}

Thus, is the gt

order of and, for any pair

then A is a type of limit order of .#,, in which case the g-T,-operators g—Opeﬁl),
g-Opel?, ...: 2(Q) — 2 (Q) can again be applied on 5’0‘(‘”) e Z(Q), yield-

a
ing g—Openg) (), g—OpegMZ) (Ha), -... Viewing 6 =0, 1, 2, ... as successor
ordinals while § = X as limit ordinal, the foregoing descriptions surprisingly intro-
duce by transfinite recursion on the class of successor ordinals the definitions of
g—Dergfs)7 g—Codg‘S) 2 2(Q) — 2(Q)

the 6tP-iterat
€0 e Sy > g-Der® (A), g-Cod® (A)
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( g—Sgé)—derived and g—‘Igé)—coderived operators) of the g-T,-derived and g-T,-
. g-Der,, g-Cod,: £ (Q) — Z(Q)

coderived operators S g-Der, (Fa), g-Cod, (F),
respectively, in a Z;-space.

In a Jy-space T4 = (Q, J), by virtue of Axpg 1 (g—Codg)7 ..., AXpE 4 (g—Codg)
and Axcp 1 (g—Codg), ..., Axcpa (g—Codg), generalized characterizations of Jj :
Z(Q) — Z(Q) in the Jy-space Ty can be realized by specifying either the
g-Der;: 2(Q) — 2(Q)

Sy g-Dery (7)
g-Cody: Z2(Q) — Z(Q)
Sy > g-Cod, (),
g—Deré‘S), g—Codé‘s) D Z(Q) — 2(Q) are
Ty > gDerl?) (F), g-Cod? (F)
also themselves g-Tj-derived and g-Ty-coderived operators in the 7;-space Ty, then
similar roles can be played, thereby realizing other generalized characterizations of
Ty P () — Z(Q) in Ty.

Although the literature of J;-spaces contains a wealth of information on the
study of different types of T4, g-T4-operators in Jy-spaces [2, 3, 4, 5, 6, 7, 8, 9, 11,
12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22], including the study of g-Tt")-derived and
g—Tgé)—coderived operators in J,-spaces [23, 24, 25, 26, 27], it does, unfortunately,

g-T4-derived operator or the g-% -coderived

operator respectively [1]. Moreover, if the

st iterates

not contain a study of any g—Tgé)—derived and g—léé)—coderived operators in -
spaces.

In investigating the convergence of Fourier series, Cantor [23, 24] has intro-
dergr: Z(R) — Z(R)

Sy > deryr (L)
sidered its iteration, thereby introducing the notion of ordinal and then the def-
der?: P (R) — 2 (R) . ,

olR (5) in R for some ordinal 6. Later on,
Yy +——der

o|R (yo)

duced and considered in R. He has also con-

inition of

der,: 2(Q2) — 2Z(Q)
S > dery (S)
vestigated some of its properties as well as the properties of its 6*"-order iterate
derl: 2(Q) — 2(Q)
o derg‘s) (S%)
point of view similar to Rutt [25], Tucker [26] has presented a theorem concern-

Rutt [25] has introduced a weaker form of and in-

from a sequential point of view. Adopting a

ing the period of periodic sequences of T,-derived sets with respect to the ‘Zgé)—
derl: 2(Q) — 2(Q)

Sy —> derl® (7))

erties in a 7;-space. Noticing that, for a large class of real .7,r-spaces of the type
) derfjﬂi : Z(R) — Z(R)

TR = (R %‘R), the T,g-derived operator 7 s derﬁ‘fﬂi (%)

self realizes an ordinary characterization of Z,g : & (R) — & (R) in the F,r-

space Tor, Higgs [27] has given characterizations of .7, g-spaces for which the sthe
dergfﬂg . PR) — Z(R)

Sy > derl)) (S)

derived operator and has studied other prop-

it-

iterate is a T, p-derived operator. He has also
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considered the unfortunate extent to which ¢*i-iteration fails to relate well to sev-
eral 7, g-concepts and defined the limit s iterate of the ‘ngﬂi—derived operator in
SU'R'

Having introduced the definitions and then investigated the properties of a new
type of g-T -derived and g-% -coderived operators in Tg-spaces [1], it may be an-
other good research investigation to introduce the definitions and then investigate
the properties of the §*"-order derivative g-Tg-derived and g-T4-coderived opera-
tors defined by transfinite recursion on the class of successor ordinals in J;-spaces.
Such inquiry is what we endeavor to undertake in the present paper.

Hereafter, the paper is structured as thus: In § 2, the preliminary and main
concepts are described in §§ 2.1 and §§ 2.2, respectively. The main results are
reported in § 3. In § 4, the various relationships amongst the T, g-%,-derived and
Ta, 9-F,-coderived operators in a J-space are diagrammed in §§ 4.1, and a nice
application supporting the overall study is presented in §§ 4.2. Finally, the work is
concluded in § 5.

2. THEORY

2.1. Preliminary Concepts. The standard reference for 7,-space notations and
notions is the Ph.D. Thesis of Khodabocus, M. I. [9], whereas that for T,, g-T,-
derived and %, g-%,-coderived operators notations and preliminary concepts in
T,-spaces is our recent paper on the subject matter [1] (CF. [2, 3, 4, 5, 6, 7, §]).
The notation T, = (Q,.7,) designates a topological structure called 7,-space
on which no separation axioms are assumed unless otherwise mentioned [7, 8, 9.
The relation (aq,9,...) R x o x - is made a rule to mean a3 R, as R o,

. where R =€, ¢, o, .... Accordingly, (I%,}) = ([0,n],[1,n]) c Z x Z} and
(ISO,I;) = ([[0, wﬂ,[[l,wﬂ) ~ 70 x Z* are pairs of finite and infinite index sets,

respectively, [8, 9]. For any J;-space ¥4 = (2, J4), the relations I' c Q, 04 € Ty,
Ho € ~Ty € Ao Co(Ha) € Tu) and F, © T, state that T, Oy, He and 7,
are a Q-subset, Ty-open set, Ty-closed set and T,-set, respectively [8, 9]. The T,-
intg, clg: Z(Q) — Z(Q)

Sy —intg (L), clg (F)
T a-closure operators, respectively [8, 9]. Let the class of all possible pairs of compo-
sitions of these T4-operators in T, be Ly [Q] e {opq., = (0Pq,.~0Dg, ) : v eI},
where

operators are the T, -interior and

<opa’y tVE Ig) <inta, clq ointy, intg ocly, clgoint, ocla>
<—|0pa’l, T VE Ig) = <clc17 intgocly, clgointy, intgoclyo inta)

Then, %, c ¥, is called a g-%,-set if and only if it holds that

21 (F[(€ e Fa) A ((Facopa(Ga)) v (Fa2-0p, (Ha)))]

for some (O, #q,0D,) € Tax—Tyx Ly []. In this way, the derived class g—V—S[Tu] =
U g—V—E[‘Ea] collects all g-T,-sets of category v € I3 (g-v-Tq-sets), whereas
Ee{O,K}
g-S[Tal = U g-v-S[Ta] = U g-v-E[T]= U ¢E[T]
vell (v,E)eIx{O,K} Ee{O,K}
(2.2)
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collects all g-T,-sets irrespective of their categories in T, [8, 9]. In particular,
S[%a] = U gv-E[T]= |J E[Z.] collects all Ty-sets in T, [8, 9].
(v,E)e{0}x{0,K} Ee{O,K}

Definition 2.1 (g-v-%,-Interior, g-v-T4-Closure Operators [2, 3]). In a J,-space
To = (9, Z,), the one-valued maps

(2.3) g-Int, , : Z(Q) — Z(Q)
S0 > U Oq
OacCyll opsq) [F0]
(2.4) g-Cl,,: Z(Q) — 2(Q)
o — N Ha
HaeCyl k) [a]

def su def
where CgJ v-o[za] [a] {04 € gv-0[T.] : O € S} and CQ_E_K[%] [Fa] =

{Ji/ € g-v- K[‘I ] P Ha 2 S } are called g-v-%,-interior and g-v-T,-closure opera-
def{glntw: veld} and g-C[T def{gClw.
vell } are the classes of all g-%,-interior and g-%,-closure operators, respectively.

tors, respectively. Then, g-1[T,

Definition 2.2 (g-v-%,-Vector Operator [2, 3]). In a Jy-space T4 = (2, T,), the
two-valued map
(2.5) gle, , : Z (N x2(Q) — Z(Q)xZ(Q)

(‘@a?ya) — (g'Intuu(‘%a)’g'Cluu(yﬂ))

is called a g-v-%4-vector operator. Then, g-IC[T {g Iey, = (g—Intu7u,g—Cla7,,) :
ve 13} is the class of all g-T4-vector operators.

Remark 2.3 (T4-Vector Operator [1]). For each v e I3, g-lc, , =icq def (inta,clu) if
ic,: Z()xZ(Q) —PZ2(Q)xP2(Q)

(%o, o) +— (inta (Za) . cla (Fa))
is a T,-vector operator in a Jy-space Ty = (Q, T4).

based on O [T, ]xK[T,]. Then,

Definition 2.4 (Complement g-%,-Operator [2, 3]). Let T, = (2, T,) be a F;-
space. Then, the one-valued map
(2.6) 9-Opy %, 7 Q) — 2(Q)
o —  C(H)
%q

where Cg, : & (2) — £ (Q) denotes the relative complement of its operand with
respect to Zq € g-S [T4], is called a natural complement g-T,-operator on & (Q).

For the sake of clarity, g-Op, 5. = 8-Op, whenever Z, = €, and g-Op, 4,
Op, %, whenever %, € S[%,] in which case, the term natural complement Tg-
operator is employed and it stand for Op, 5 : 2 (2) — 2 ().

Definition 2.5 (g-v-T,-Derived, g-v-To-Coderived Operators [1]). Let g-Int, ,,
g-Cl,, + Z(2) — Z(Q), respectively, denote the g-v-Ts-interior and g-v-T,-
closure operators and, g-Op, : & () — & (1) denote the absolute complement
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g-Tq-operator in a J-space Ty = (2, 7). Then, the one-valued maps
(27)  gDer,,: 2(Q) — 2(%)

Fo > {€eTa: £eg-Cly,(Fane-Op, ({6)))})
(2.8)  g-Cod,,: Z(Q) — Z(Q)

Fo > {CeTa: Cegnty, (Sau{C))}

on Z () ranging in & () are called, respectively, a g-T,-derived operator of
category v and a g-%,-coderived operator of category v. The classes g-DE[T,] et

{g—Dera’V Ve Ig} and g-CD [ def {g Cod,, : ve Ig} are called, respectively,
the class of all g-%,-derived operators and the class of all g-T4-coderived operators.

Remark 2.6 (g-%4-Derived, g-%4-Coderived Sets [1]). In a Jy-space T,, suppose
(g—DerCl (&S4),9-Cod, (¢ ,5”(1)) denotes a pair (£,() € T4 x T, of g-T,-derived and
g-Tq-coderived points of ., € 2 (), then (g-Der, (.#;) , g-Cod, (5”,1)) denotes the
pair of g-%,-derived and g-%,-coderived sets of %, in T, where

g-Der, (¢ {gDeru(§Y) 565}

2.9
29 g-Cod, (f ) W g-Cod, (¢ ) £ €Ty}

denote the pair of g-T,-derived and g-%,-coderived sets of .7y in %,.

Definition 2.7 (g-T,-Vector Operator [1]). Let T4 = (2, 7,) be a Fy-space. Then,
an operator of the type

(210)  g-De,,  Xaez 2(Q) — X 2(Q)

*
ael]

(%av yﬂ) — (g'Deru,V (‘%)ﬂ) 7g'COdu,V (yﬂ))

on Xaerx & (§2) ranging in Xoerxr & () is called a g-Tq-vector operator of category

v and, g-DC[T dEf {g De, , = (g—Dera,V,g—CodW,) P Ve 13} is called the class of
all such g-%, Vector operators.

Remark 2.8 (Ta-Vector Operator [1]). For any v € I3, g-Dc, ,, = dcq def (dera,codu)
de,: ZZ(Q)xZ2(Q) — Z(Q)xL2(Q)

(Ra,Ss) — (derq (%a) ,codq (Sa))
is a T,-vector operator in a J-space Ty = (Q, To).

if based on (clg, intg). Then,

Accordingly,
¢-DC[T,] " {g-Dc,, = (g-Der,,g-Cod,, ) :ve I3}
(2.11) c {g—DerW, P ve 13} {g Cod, , :ve 13} def g-DE[T,4] x g-CD [T,]

Then, g-DC[%,] denotes the class of all g-T,-vector operators in the T -space T, =
(22, Z4); 9-DE[T,] denotes the class of all g-T-derived operators while g-CD [T,]
denotes the class of all g-T,-coderived operators in the Z,-space T, = (2, 7).



134 M. I. KHODABOCUS, N. -UL. -H. SOOKIA, AND R. D. SOMANAH

2.2. Main Concepts. The main concepts underlying the §*"-order derivative g-Ty-
derived and g-%T4-coderived operators defined by transfinite recursion on the class
of successor ordinals in Jg-spaces, a € {0, g}, are now presented.

For any (ng—Opeg) e Z(0)x {g—Derg, g—Codg}, consider the description:

0« g-0pel” (F) E Ouern 5-Opey (F4)
1 PN g—Opegl) (Z) def

= an[? g_opeg (‘yg)
2 > g-Opel? () “ Ouers 8-Ope, (S)

B-1 « g-Ope{f™ ()« Oaers_, 8-Opeg ()
B« g0pel? (F) = Oqerg 9-0pey (F%)

where anlg g_Opeg (yg) A yg; next, an[? g_opeg (‘Sﬂg) N g_Opeg (yg) and
Oaerg 8-0Opeg () «<— g-Ope, 0 g-Ope, (#); more generally,

anfg g_Opeg (yg) > g_Opeg Og_opeg O+ 0 g'Opeg (yg)

B factors g-Ope,. Thus, g—Der‘(JO), g—Derle), g—Derff), ce g—DeréB)7 Lt P2(Q) —
P (Q) are the 01, 15, 20d - gth " order derivative g-T4-derived operators
of g-Dery : 7 (Q) — Z(Q); g—CodéO), g—Codél), g—Codéﬁ)7 e g—Codgﬁ), R
P (Q) — P2 (Q) are the 0", 15t 20d g order derivative g-T -coderived
operators of g-Cody : Z (2) — & (2). Then, for any pair (fg,g—Opeg) e Z(Q)x
{g—Dcrg,g—Codg}, it holds that:

[(38 € 12)(5-Ope{? (#) = 2)] v [(VB € 12 ) (8-Opel” (7;) * 2)]

Suppose the statement preceding v hold, then the number of iterations of the g-Tg4-
operator g-Ope, : & (2) — & (Q) required to achieve emptiness (if this is ever
achieved) is a type of density measure of .7 € & (). But if the statement following
v holds, then Ygo‘) def N g—Opegﬁ) (%) # @. Therefore, the g-Tj-operators
Belz,

g—Opeél), g—OpeéQ)7 R g—Opeé’B), 2 P() — Z(Q) can again be applied on
yg(w) e Z(Q), yielding g—Opeg)‘H) (), g—OpeéAﬁ) () - g—OpeéMﬁ) (%),
..., with g-Ope, € {g—Derg7g-Codg}.

In view of the above descriptions, 1, 2, ..., £, ... may be viewed as successor
ordinals while X\ as limit ordinal and, despite the absence of a predecessor ordinal,
0 may, for conveniency, be included in the class of successor ordinals. To define the
notion of ordinal, the concepts of everywhere-ordered set, similarity and order-type
in chronological order have first to be defined. The definition of the first concept
(everywhere-ordered set) follows.

Definition 2.9 (Everywhere-Ordered Set). An ”everywhere-ordered set” is an or-
dered structure of the type

(2.13) w7, & (g an, 0, )
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in which % c 4l is an "underlying set” and,

(2.14) <t W xW — WE{axB: (a,B)eW x W}
(,8) — axp

is a ”2-ary rule” satisfying these ”everywhere-ordering relation axioms:”

fAX1($)g(Vaem])[a£oz<—>a:a]
- Axp () €5 (V (@, 8) e 20?)[(a < B) A (B @) — o= ]

— Axy (<) €5 (V (0, 8,7) e W) [(a < B) A (B<7) — a <7]

— Axy (<) <5 (VO < W[V L5 (Bo, B, Bas ) — Bo < Br < Ba <]

The above definition requires some few explanations. By Ax; (x), Axs (x) and
<: W xW —W

(0,8) —axf
transitive, respectively; by Ax4 (x) is meant that any ordered structure U = (¥, <)
derived from 20 = (#,<) has a first element (i.e., By € U € ). Moreover, the
following statement holds true:

(2.15) (V(a,p) ewxW)[(axp)v(B=a)v(B<a)]

Thus, given («, ) € 20 x 20 then, either o preceeds 5 (i.e., a < B), « is of the same
order as (8 (i.e., = a) or a succeeds 3 (i.e., < «). The remark below is presented
in order to avoid any danger of confusing the notations of underlying (not ordered)
and everywhere-ordered sets.

Axs (x) are meant that is reflexive, antisymmetric and

Remark 2.10 (Everywhere-Ordered Set). Instead of such plain sets notations as
aeW, (a,8) € W x#, ... which, in actual fact, are improper, the ordered sets
notations « € 2, («,B) € W x W, ... are employed solely to stress that a, 3, ...
are elements of their ordered set 20, not of the underlying set # of the ordered set
2. Indeed, in the present context, it does not hold that (g, a1, as,...,q,,...) #
{ao,01,a2,...,04,...}, though it does hold that {a: a e} ={a: ae¥}.

For each % e {V , W'}, set Wy, = {a <9 B: (a,B) € Wy x V/og,}. Then, the
second concept (similarity) may be defined as thus.

Definition 2.11 (Similarity). The everywhere-ordered sets U = (¥,<y) and 20 =

Ky Vx¥ — Wy Sy WxW — Wy
W <y ), where v and
( 71/) (aaﬂ) '_)a$"f/ﬂ (aaﬂ) —a<y Ba
respectively, are said to be ”similar,” written U ~ 20, if and only if there is an
”order isomorphism” ¢ : ¥ = 27 relating the elements «g, a1, ag, ... of Y to the
elements Ay, B1, B2, ... of 2 as:
def
V=(V,<y) <> (g, a1, g, ...)
(2.16) 2 I ©
def
W= (W,<w) < (Bo, b1, B2, ---)
From this definition, given 2) = (#,<%) <— (Yo, Y1, 725 --+» Yo -..) With

(D,%,7) € {(V,7,a),(W,#,8)} and ¢ : V=W, then ag <y a1 — o <y B,

® ®
oy Sy ag — B Sy Ba, oo, oy Sy @y —> By Sy a,, .... For any
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(0,20,9) € Xudg{mb =(#,,<,): ve I;‘o}, the relations U ~ U, U ~» W «— W~ Y
and (B~ W) A (W»9QY) — (V~9) hold. Therefore, the relation of similarity
~ 1 (0,20) — U ~ W is reflexive, symmetrical and transitive.

The definition of the third concept (order-type) may be stated as thus.

Definition 2.12 (Order-Type). An operator of the type
(2.17) OTyp : 2 —> OTyp (W) ¥ 7,

assigning to any everywhere-ordered set 20 = (#, <4 ) a uniquely determined sym-
bol 7y is called the "order-type” of 20, provided that if U = (¥,<y) be any

other everywhere-ordered set together with its uniquely determined order-type

OTyp (V) def Ty, the following statement holds:

(2.18) Va2 <« Ty =Ty.

Clearly, the manner of proceeding from the relation of similarity to the concept
of order-type is exactly the same as that from the relation of equivalence to the
concept of cardinal number. For, given any U = (¥,<y) and 20 = (#',<y ), then
Y~ W «— OTyp(Y) = OTyp (W) is analogous to ¥ ~ # «— card(¥) =
card (#).

Remark 2.13. By U » Q <«— 7Ty = Ty is meant that a uniquely determined
symbol actually is assigned not to a single set but to a class of everywhere-ordered
sets which are similar to each other.

Granted the definitions of the concepts of everywhere-ordered set, similarity and
order-type, the definition of the concept of ordinal may be stated as thus.

Definition 2.14 (Ordinal). The order-type OTyp (20) = 7y of an everywhere-

ordered set 20 = (#,<y ) is called ”ordinal,” written ord (20) 40 5. Moreover:

— 1. dy is called a ”predecessor ordinal” if and only if there exists no ordinal
ord (20) such that dy = ord (20) + 1.

— 1II. dy is called a "successor ordinal” if and only if there exists an ordinal
ord (20) such that dy = ord (20) + 1.

— II. dy is called a ”limit ordinal,” denoted as d def Ay, if and only if it
has no immediate predecessor.

Let the symbols 0, d, and A\ (instead of the symbols Oy, dy, and Ay ) stand
for predecessor ordinal, successor ordinal and limit ordinal, respectively. Then,
the definitions of the notions of ordered derivative g-T4-derived and g-T4-coderived
operators of g-Der, g-Cod, : & (Q) — & (Q2), respectively, may well be stated as
thus.

Definition 2.15 (§*"-Tterations: g-v-T4-Derived, g-v-Ty-Coderived Operators).
Let g-Dery ,, g-Cod,, : &Z(2) — & (Q), respectively, be a g-Tg-derived and
a g-Tq4-coderived operators of category v in a Jg-space Ty = (2,.7;). Then:
— 1. The 76" -iterate of g-Dery , : Z(Q) — Z(2)” is a set-valued map
g-Deré‘?Z 1Sy e P () — g—Dergi), (+#4) defined by transfinite recursion on

the class of successor ordinals as,

— 1 gDl (7)) 7,
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— 1L g—Dergg (%) & g-Dery , (S)

— 1IL g—Derg‘?:jl) () &L g-Derg , OQ‘DQTSL)/ (%)

def
— IV. g-Dergj\g () — (sﬂ)\g—Deréi), ()

— II. The ”¢6*h-iterate of g-Cod, , : Z () — Z(Q2)” is a set-valued map
g—Codé‘fZ Sy e () — g—Codé‘fZ (#,) defined by transfinite recursion

on the class of successor ordinals as,

1 g-CodQ) () & 7,

-~ g-Cod() (7)) &5 g-Cod,, ()
— 1L g-Codel) () &L g-Cod, , Og-COdgi)/ (%)
~ v g-Cod) (F) <5 () g-Cod) (F)
d<A
In the following remark, the concepts of g-Ty-derived and g-T4-coderived sets of
category v and order & (g—z/—‘Ig;)-derived, g—y—‘Zgé)-coderived sets) are presented.

Remark 2.16 (g—u—‘Iéé)-Dem'ved, g—u—‘IéS)-Coderwed sets). Suppose (%’y%&@) €
Xaerz & () such that %éé) = g—Derg‘?Z () for some ordinal 4, then %éé) may
be called a g-%,-derived set of y of category v and order §. Likewise, given
(%g(é), /AK: Xaerz & () such that %9(6) = g—Cong (75) for some ordinal 4, then
%g(é) may be called a g-T4-coderived set of ¥y of category v and order §. Hence,
any {£} € 2 () such that (£ € %éé) eZ2(Q))n (¢ %56”) e 2 (Q)) may be called
a g-Ty-derived unit set of Zy of category v and order §, and any {C} € & (Q) such
that (¢ e A 2 (D) (¢¢ w{ € 2 (92)) may be called a g-Ty-coderived
unit set of U, of category v and order 0.

Evidently, the use of dery, g-Der,,, der : & (Q) — & (Q) instead of g-Der , :
Z () — Z(Q) introduce the notions of Ty-derived set of Sy of order 6, g-%-
derived set of Sy of category v and order ¢, and T-derived set of Sy of order 6,
respectively; the use of docg, g-Cod,,, cod : & (Q) — & (Q) instead of g-Cod, ,
Z(Q) — Z(Q) introduce the notions of Ty-coderived set of 7y of order ¢, g-%-
coderived set of #y of category v and order 0, and T-coderived set of 4y of order
§, respectively.

Of the notations T, = (2,.7,) and T = (£2,.7), either the first will be used
instead of the second, or both will be used interchangeably.

3. MAIN RESULTS

In this section, the basic properties of the g—Tgé)—derived and g—Tff)—coderived
operators g—Derg‘S), g—Codé‘s) : P () — F(Q), respectively, are studied in J-
spaces.

In a Jy-space, every g-T -derived set is contained in all the preceding g-%,-
derived sets and, every g-%4-coderived set contains all the preceding g-%4-coderived
sets. The theorem follows.

Theorem 3.1. Let g-Dery, g-Cod, : Z(Q2) — Z(Q) be a g-Ty-derived and a
g-%4-coderived operators, respectively, and let Sy € &2 (Q) be arbitrary in a Tg-
space Ty = (Q, Ty). Then:
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— 1. g-Der{""V () cg-Derl” (F)  (¥5: 1<5<A)
— 11 g-Cod{’™M (F) 2 g-Cod() (F)  (V6: 1<8<)

Proof. Let g-Dery, g-Cody : & (Q) — Z(Q) be a g-Ty-derived and a g-T4-
coderived operators, respectively, and let .75 € &2 () be arbitrary in a J;-space
Ty =(9Q, 7). Then:

— I. Introduce B = {0,1} as Boolean domain and introduce the Boolean-valued
propositional formula

B>P () <5 gDerl™V () cgDerl® (F) (V6: 1<5<N)

Then, to prove ITEM I., it only suffices to prove that,
(Vo: 1<5<N)[(PQ)=1)Aa(P(0)=1 — P(5+1)=1)]
— CASE 1. Let 1=4¢. Since g-Cl; (-/5) 2 g-Der, (), it follows that
g-Dery: g-Der, () — {£eTy: eg-Cly(g-Dery (S)na-Op, ({€1))}
c {€eTy: LegClog-Cl (S)}
— {ﬁefg  §eg-Cly (yg)}
— {£eTy: £egCly(Fng-Op, ({¢)))}
— gDer, (7)
Thus, g-Deryog-Dery (#;) € g-Dery (7). But, g-Der, (&) «— g—Derél) (%)

and g—Derff) () < g-Derjog-Der, (#;). Thus, g—DeJrfz2> (S) c g—Dergl) (),
implying P (1) = 1. The base case therefore holds.

— CASE 11. Let 1 < § < X\ and assume that the inductive hypothesis P (§) = 1
holds true. Then, g—Deré‘SH) (S) < g—Deré‘s) (%) and consequently, it results that
g-Der, og—Derg‘Hl) () € g-Der, og—Deréé) (). But, for each ne {6,6 + 1},

g-Der, og—Dergn) () — g—Derél) og-Derg") (S5) — g—Derg’”l) (%)

Hence, g—DerS(‘SH)“) () € g—Deré‘Hl) (%), implying P (6 + 1) = 1. The inductive
case therefore holds.
Since P (§) =1 for all § such that 1 <d < A, it follows that

g-Der( (#) <  g-Dergog-Der() (7)
(9)
> g—Derg(éﬂ g-Dery (yg))
<A

¢ g-Der, og—Deré‘s) () <— g—Derg‘SH) (%)
= g—Deré‘s) (Z)
for all § such that 1 < 4§ < A, from which P (\) =1 follows.

— II. Introduce the Boolean-valued propositional formula

B>Q(5) <& g-Cod(*V (F)29-Cod® () (¥6: 1<5<))
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Then, to prove ITEM I1., it only suffices to prove that,
(Vo: 1<0<M)[(Q0)=1)A(Q(6) =1 — Q(6+1)=1)]
— CASE 1. Let 1=46. Since g-Int, (#5) € g-Cod, (-#;), it results that
g-Cod,: g-Cody (F) +— {CeTy: (eglnty(g-Cod,y (F) u{C})}
2 {(eT,y: CeglIntyoglnt, (F)}
«—> {C €Tg: (eg-Inty (yg)}
<« {C € ‘Ig : €€ g-Intg(Yg u {C})}
< g-Cod, ()
Thus, g-Cod, o g-Cod, (%) 2 g-Cod, (7). But, g-Cody (#) < g-Cod" (F)
and g—Codff) (#) < 9-Codjog-Dery (). Thus, the relation g—Codff) (S) 2
g—Codgl) () holds true, implying Q (1) = 1. The base case therefore holds.

— CaASE 1I. Let 1 < § < X and assume that the inductive hypothesis Q (¢) =1
holds true. Then, g—Codé‘”l) (S) 2 g—Codgé) (#,) and consequently, it results that

g-Cod, og—Codg‘Hl) (#4) 2 9-Cod, og—Codé‘S) (). But, for each € {6,6 + 1},
g-Cody 0 g-Cod{” (#) <= g-Cod{V 0 g-Cod" (F) «— g-Cod{"™V (F,)
Hence, g—Cod;(J(‘Hl)”) () 2 g—Codg‘Hl) (), implying Q (6 +1) = 1. The induc-

tive case therefore holds.
Since Q(d) =1 for all § such that 1 <§ < A, it follows that

g-CodMV (A) <« g-Codyog-Cod() (7,)
— g—Codg(ﬂ g-Cod” (yg))
S=<A

> g-Cod,og-Cod?) (F) < g-Cod{"*V (7,)
2 g-Cod{? (F,)
for all § such that 1 <4 < A, from which Q (\) =1 follows. The proof of the theorem
is complete. ([l

The corollary stated below is an immediate consequence of the above theorem.

Corollary 3.2. Let g-Dery, g-Cod, : & (Q) — Z(Q) be a g-T4-derived and a
g-%4-coderived operators, respectively, and let Sy € &2 () be arbitrary in a Tg-
space Tg = (2, Fy). Then:

— L g—Derg‘s) (Fg) € g-Dery (F) (Vo: 1<)
— 11 g-Cod) (#,) 2g-Cody (F) (¥8: 1x8<])

In a Jy-space, just as g-Dery : & (2) — & (1) is coarser (or, smaller, weaker)
than derg : Z(Q) — Z(Q) (or, dery : Z(Q) — P (Q) is finer (or, larger,
stronger) than g-Der; : & (Q) — 22 (Q)) [1], so is g—Deré‘s) :Z2(Q) — 2(Q)
coarser (or, smaller, weaker) than derg‘s) : 2(Q) — 2(Q) (or, derg‘s) P (Q) —
P (Q) finer (or, larger, stronger) than g—Deréé) : P (Q) — Z(Q)); likewise, just
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as g-Cody : Z(Q) — Z(Q) is finer (or, larger, stronger) than codg : & (2) —
Z(Q) or, codg : Z () — Z(Q) is coarser (or, smaller, weaker) than g-Cod, :
P () — Z(Q) [1], so is g—Codé‘s) 1 P2 () — Z(Q) finer (or, larger, stronger)
than codg‘s) 2 (Q) — Z(Q) (or, codé‘s) : P (Q) — P (Q) coarser (or, smaller,
weaker) than g—Codéé) 1 P (Q) — Z(Q)). Accordingly, the proposition follows.
Proposition 1. If g-Dc; € g-DC[%,] be a given pair of g-Ty-operators g-Derg,
g-Cod, : Z(Q) — Z(Q) and dc, € DC[T,] be a given pair of Ts-operators
derg, codg : £ (Q) — £ (), and let S € & () be arbitrary in a J-space
Ty =(9Q,.7,), then:

— 1 g-Derl? (F) cder?) (F) (V8 1x8<))

— 11 g-Codl? (F) 2c0d( (A)  (V5: 1x8<])
Proof. Let Ty = (2, 7;) be a Fy-space. Suppose g-Dc; € g-DC[T,] and dc, €
DC[T,] be given and .75 € & () be arbitrary. Then:

— I. Introduce B = {0,1} as Boolean domain and introduce the Boolean-valued
propositional formula

B> P () &L g-Deré‘s) () < deré’s) () (Vo: 1<d<])

Then, to prove ITEM 1., it only suffices to prove that,
(Vo: 1<0<N)[(P(1)=1)aA(P(6)=1 — P(5+1)=1)]

—~ Case 1. Let 1 =46. Then, g-Der, (%) € derg (/) holds true, implying
P (1) = 1. The base case therefore holds.

— CASE 1I. Let 1 <0 < A and assume that the inductive hypothesis P (6) =1
holds true. Then, g—Deré‘S) (F) < derg‘s) (%) and consequently, it follows that

g—Derg‘Hl) (#) <« g-Der, og-Dergﬁ) ()
c  g-Dergo deré‘;) (Z%)

derg Oderé‘s) () — deré‘SH) ()

N

Hence, g—Derg‘Hl) (S) < derg‘;”) (%), implying P (§ + 1) = 1. The inductive case
therefore holds.
Since P (§) =1 for all § such that 1 <d < A, it follows that

g—Derng) (#) <« gDerg og-Derg/\) ()

€ dergo derg’\) ()

s derg( N deré‘s) (Yg))
O<A

dery Oderé‘s) () — dergp’l) (%)
c derl” ()
for all § such that 1 < 4§ < A, from which P (\) =1 follows.

N
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— II. Introduce B = {0, 1} as Boolean domain and introduce the Boolean-valued
propositional formula

B>Q(5) <5 g-Cod{) (F)2c0d® (#) (¥6: 1<5<))

Then, to prove ITEM I1., it only suffices to prove that,
(Vé: 1<6<A)[(Q(1)=1)A(Q(6)=1 — P(6+1)=1)]

— CasE 1. Let 1 = 4. Then, g-Cody () 2 codg (-#;) holds true, implying
Q (1) =1. The base case therefore holds.

— CaSE 1I. Let 1 < § < X and assume that the inductive hypothesis Q (¢) =1
holds true. Then, g—Codg‘” (H) 2 codg‘” (%) and consequently, it follows that

g-Cod™) (#) <> g-Codgyog-Cod(”) (F,)
2 g-Codgo codé‘s) (%)
codg ocodgé) (Sy) «— codgnl) (%)

1G]

Hence, g—Codé‘Hl) (H) 2 codg‘;”) (#5), implying Q (6 + 1) = 1. The inductive case
therefore holds.
Since Q (6) =1 for all ¢ such that 1 <d < A, it follows that
g-CodMV () «—> g-Cod,og-CodM ()

2 codgo codé’\) ()

> codg( N codé‘s) (5”9))
o<

codg o codf;s) (S) — codé‘”l) ()
= codéé) ()

18}

for all § such that 1 < ¢ < A, from which Q(\) = 1 follows. The proof of the
proposition is complete. ([l

For any ¢ such that 1 <6 < A, g—Derg‘;) P (Q) — P () is coarser (or, smaller,
weaker) than dery : & (Q) — £ (Q) or, derg : Z(Q) — F(Q) is finer (or,
larger, stronger) than g—Deré‘s) P (Q) — Z(Q); g—Codé‘s) 2 (Q) — Z(Q)
is finer (or, larger, stronger) than codg : & (Q) — £ (Q) or, codg : Z (2) —
P (Q) is coarser (or, smaller, weaker) than g—Codg‘;) P (Q) — Z(Q). Accord-
ingly, the following corollary is an immediate consequence of the above proposition.

Corollary 3.3. If g-Dc, € g-DC[T,] be a given pair of g-T4-operators g-Der,
g-Cody : Z(Q) — Z(Q) and dc, € DC[Ty] be a given pair of Ty-operators
derg, codg : Z () — £ (Q), and let Sy € P (Q) be arbitrary in a Ty-space
Ty =(Q,T), then:

~ L g—Derg‘s) () Sderg (S) (Vo: 1<d<])

— 11 g-Cod (F) 2cody (F)  (V8: 1<5<))
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For any 6 such that 1 < § < A, the notions of §*"-order Ty, 9-FTg-derived set opera-
tors can be interrelated among themselves and presented §**-order Ty, 9-T4-derived
set operators finness-coarseness diagrams; similarly, the notions of §*"-order T,
g-T4-coderived set operators can be interrelated among themselves and presented
S™M_order Ty, 9-Fg-coderived set operators finness-coarseness diagrams. A further
corollary follows.

Corollary 3.4. If g-Dcy € g-DC [Tq4] be a given pair of g-Tg-operators g-Der,
g-Cody : Z () — Z(Q) and dcy € DC[T,] be a given pair of Ty-operators derg,
codg: Z(Q) — Z(Q) in a Ty-space T4 = (Q, Ty), then:

— L. For any Z4 € 2 (Q),

g—Derga) (%y) € g-Dery (%y) —— g—Derg‘s) (%) < dery (%4)

(3.1) ‘\ T

derl?) (%) c dery (%) (V8: 1x8<))

— 1. For any S5e & (Q),

g-Cod? (F) 2 g-Cod, (F) +———— g-Cod{? (F) 2 cody (F;)

(3.2) \ l

codgzﬁ) (Fg) 2codg () (Vo: 1<6<A)

For any & such that 1 < 6 < A, the §*-order g-Ty-derived set operator is @-
grounded (alternatively, @-preserving); the §*'-order g-Tg-coderived set operator
is Q-grounded (alternatively, Q-preserving). These are embodied in the following
theorem.

Theorem 3.5. Let g-Dery, g-Cod, : £ (Q2) — Z(Q) be a g-Ty-derived and a
g-T4-coderived operators, respectively, in a strong Ty-space Ty = (Q, Ty). Then:

~ 1L gDl (@) =2 (V5: 1<5<))
— 11 g-Cod? () =Q  (V6: 1x5<A)
Proof. Let g-Dery, g-Cod; : & () — () be a g-Ty-derived and a g-Ty-

coderived operators, respectively, in a strong Jg-space Tg = (2, F). Then:

— I. Introduce B = {0,1} as Boolean domain and introduce the Boolean-valued
propositional formula

B> P (4) & g-Dergé)(Q):Q (Vé: 1x0<A)

Then, to prove ITEM 1., it only suffices to prove that,
(Vo: 1<5<N)[(P(Q)=1)a(P(0)=1 — P(6+1)=1)]

— CASEL Let1=46. Then, g—Derél) (@) < g-Dery (@) = @. Thus, g—Dergl) (@) =
@, implying P (1) = 1. The base case therefore holds.
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— CASE 1I. Let 1 < § < A and assume that the inductive hypothesis P (6) =1
holds true. Then, g—Deré‘S) (@) = @ and consequently, it follows that

g—DerE‘(s“) (@) < g-Der, og-Deré‘s) (@) < g-Der, (@) =@

Hence, g—Derg‘Hl) (@) = @, implying P(d+1) = 1. The inductive case therefore
holds.
Since P (§) =1 for all § such that 1 <4 < A, it follows that

g—Derg)‘H) (@) <= g-Der, og—Derg)‘) (2)

> g—Derg(ﬂ g—Deré‘s) (Q)) «— g-Der, (@) =2
o<
for all § such that 1 < 4§ < A, from which P (\) =1 follows.

— II. Introduce B = {0, 1} as Boolean domain and introduce the Boolean-valued
propositional formula

B>Q(5) <5 g-Cod? (2)=Q (V5: 1x5<))

Then, to prove ITEM I1., it only suffices to prove that,
(Vo: 1<5<N)[(Q()=1)A(Q(6) =1 — Q(6+1)=1)]
— CasEL Let 1=4. Then, g-Cod{" (Q) «— g-Cod, (22) = Q. Thus, g-Cod{" (Q) =
Q, implying Q (1) = 1. The base case therefore holds.

— CASE 1I. Let 1 < § < X and assume that the inductive hypothesis Q (¢) =1
holds true. Then, g—Codg‘s) (2) = Q and consequently, it follows that

g-Cod{?* (Q) «— g-Cod, 0 g-Cod{? () «— g-Cod, () = Q

Hence, g—Codé‘Hl) (2) = Q, implying Q(d+1) = 1. The inductive case therefore
holds.
Since Q (6) =1 for all ¢ such that 1 <4d < A, it follows that

(A+1) (@]
g-Codg™™ (2) <« g-Cod, o g-Cody™ (€2)
— g—Codg(ﬂ g-Cod{? (Q)) > g-Cod, (Q) = Q
o<

for all § such that 1 <4 < A, from which Q (\) =1 follows. The proof of the theorem
is complete. ([

For any & such that 1 < § < A, the §""-order g-Tg-derived set operator is uU-
additive (alternatively, u-distributive); the s*™_order g-T4-coderived set operator is
Nn-additive (alternatively, n-distributive). The theorem follows.

Theorem 3.6. Let g-Dery, g-Cod, : Z(Q2) — Z(Q) be a g-Ty-derived and a
g-%-coderived operators, respectively, and let (%#y, %) € Xaer; & () be arbitrary
in a Jg-space Ty = (Q, Ty). Then:

- I g—Der(gé) (Zsu.75) = U g—Dergé) (#g) (Yo: 1<xd<))

o=%4,7g
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~ 1L g-CodD (Zen F) = () g-Codl? (#y) (V6: 1<8<))
Wo=Rg, s
Proof. Let g-Dery, g-Cod, : & (Q) — Z(Q) be a g-Ty-derived and a g-T4-
coderived operators, respectively, and let (%Zy,-7;3) € Xqae ? () be arbitrary in a
Tg-space Ty = (2, 7). Then:

— I. Introduce B = {0,1} as Boolean domain and introduce the Boolean-valued
propositional formula
def (9) - (9) .
B>P(0) <= gDery”’ (Zyu.7y)= U gDery’ (#) (Vo:1<6<))
Wo=Rg,Sg
Then, to prove ITEM 1., it only suffices to prove that,
(Vo: 1<5<N)[(PQ)=1)A(P(0)=1 — P(5+1)=1)]

—~Casg 1. Let 1 =4. Then, g-Dery (Zu-%5)= |J  g-Dery (#4) holds true,
Wo=Rg, s
implying P (1) = 1. The base case therefore holds.

— CASE 1. Let 1 <6 < X and assume that the inductive hypothesis P (4) = 1
holds true. Then, g—Derff) (%0 S5) = U g—Dergg) (#3) and consequently,
Wo=Rg:s
it follows that
g-Der’™V (%30 F) <« g-Derjog-Derl”) (%, U.7)
- (8)
- ever( Y e )
Wo=Rgr s

= U  gDergo g—Dergé) (#y)

Wo=Rg, S
> U g-Derg‘Hl) (#)
Wo=Rg, T
Hence, g—Derg‘S“) (Zgu Sy) = » LﬂJ P g—Der§6+1) (#4), implying P (6+1) = 1.
[ RE

The inductive case therefore holds.
Since P (§) =1 for all § such that 1< 4§ < A, it follows that P (\) = 1 states that

p(wﬂ g—Der$><%>) S (mg-Derg‘”%))

Ry, Wy=Ry, S s \0<A
and it is evident that any element in ﬂ( N g—Derg‘s) (%)) is contained
S AW g=R g, S

in (ﬂ g-Deré‘S) (%)) Thus, in order to prove that any element in
Wo=Rg, S \3<\

N (ﬂ g-Dergé) (%)) is also in ﬂ( N g—Deré‘s) (%)), let it be sup-

Wo=Rg,S g \O<\ O<A\W =R y,S

posed that £ e N (ﬂ g-Deréf) (%)) such that, for some (a,8) < (A A)
Wo=T g, S5 \3<X
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where a < 3, say, the statement £ € () ( N g—Derg‘S) (Wg)) holds true. Then,
Wo=Rg, 5y \0=01,3

§€Ny,-m,,7, g—Derga) (#,) and therefore & € ﬂ( N g—Derf;s) (7//9)), imply-
SANH =Ty, S

ing P (A) =1 holds.

— II. Introduce B = {0, 1} as Boolean domain and introduce the Boolean-valued

propositional formula
B>Q(5) <& g-Cod (ZnF)= (N o-Cod (#4) (V6:1<5<))
Wo=Rg,s

Then, to prove ITEM I1., it only suffices to prove that,
(Vo: 1<5<A)[(Q(1)=1)A(Q(6) =1 — Q(6+1)=1)]

— CaASE I. Let 1 =4. Then, g-Cody (#Z;n.%5) = () ¢-Cody (#;) holds
Wy=Rg, 5
true, implying Q (1) = 1. The base case therefore holds.

— CaSE 1I. Let 1 < § < X and assume that the inductive hypothesis Q (¢) =1
holds true. Then, g—Codé‘s) (Zgn )= ) g—Codé‘s) (#4) and consequently,
Wo=R g,
it follows that
g-Cod"™) (#yn Fy) <> g-Codyog-Cod()) (%, n.7,)
= g-COdg( N g-Cod (%))

Wo=R g,

= M g-Codgog-Cod? (#4)

W=y, Sy
<~ m g—COdgé-H) (%)
W=y Ty
Hence, g—Codé‘”l) (Zyn Sy) = . Q P g—Codff”) (#4), implying Q(6+1) = 1.
9=%g,7g

The inductive case therefore holds.
Since Q (&) =1 for all § such that 1< 4§ < A, it follows that Q (\) = 1 states that

Q(%ﬂ g-@odgﬁ%)) — N (mg-cwgﬁ%))

Ry, S Wo=Tg, 5 \3<A
and it is evident that any element in ﬂ( N g—CodE“s) (%)) is contained
SAH =247,

in ) (ﬂ g-Codg‘s) (%)) Thus, in order to prove that any element in
Woa=Rg, Sy \5<)

N (ﬂ g—Codg‘s) (%)) is also in ﬂ( N g—Codgs) (%)), let it be sup-
Wo=Rg,S g \O<\ O<A\W =Ry,

posed that ¢ € N (ﬂ g—Codéé) (%)) such that, for some (a,8) < (A, N)
Wo=TRg g \6<)
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where a < 3, say, the statement ¢ ¢ N ( N g—Codf}‘s) (%)) holds true.
Wo=Ry, Sy \=a,8

Then, ¢ ¢ N g—Codé") (#5) and therefore, it follows that the statement
Wo=Rg, s

¢e

6<A(Wg%g,5ﬂg
the theorem is complete. O

g—Codé‘S) (%)) holds, implying Q (A) = 1 holds. The proof of

The corollary stated below is an immediate consequence of the above theorem.
Corollary 3.7. If g-Dcy € g-DC [Tq4] be a given pair of g-Tg-operators g-Derg,
g-Cod, : Z(Q) — Z(Q), de, € DC[T,] be a given pair of Tq-operators derg,
codg : Z(Q) — Z(Q), and (Zy,%y) € Xaerz & () be arbitrary in a Jy-space
Ty =(Q,T), then:

L gDl (Zu S e U ded (H) (v 1x5<))

o=%4,7g
~11. g-Cod!? (%gmyg)gw Q . cod(” (#y) (¥6: 18 <)
g=HFg,7g

For any (d,n) such that 1 <0 <7 < A, g—Derén) P (Q) — Z(Q) is coarser
(or, smaller, weaker) than g—Deré‘s) : Z2(Q) — Z(Q) or, g—Derg‘s) : Z2(Q) —
P (Q) is finer (or, larger, stronger) than g—Derg’) P () — P (Q); g—Codg") :
Z(Q) — FZ(Q) is finer (or, larger, stronger) than g—Cod;‘s) :2(Q) — Z2(Q)
or, g—Codéé) P (Q) — P(Q) is coarser (or, smaller, weaker) than g—Codgn) :
Z(Q) — Z(Q). Accordingly, the proposition follows.

Proposition 2. Let g-Dery, g-Cod, : 2 (Q2) — 22 (2) be a g-T4-derived and
a g-Tg-coderived operators, respectively, and let .75 € & (Q2) be arbitrary in a
Tg-space Tg = (Q, F;). Then:

~ 1. g—Derg’) (F) < g—Derg‘S) (Z) (Y(@.m): 1sd<n<])

— 11 g-Cod{” () 2g-Cod(? (F)  (V(6,m): 1x6<n<])

Proof. Let g-Dery, g-Cody : & (Q) — Z(Q) be a g-Ty-derived and a g-T-
coderived operators, respectively, and let #; € &2 (Q) be arbitrary in a Jg-space
Ty =(9Q, 7). Then:

— 1. Set n = § + ¢, where 1 < ¢, introduce B = {0,1} as Boolean domain and
introduce the Boolean-valued propositional formula

B>P(e) P g—Deré‘”E) () < g—Deré‘s) () (Ve: 1xeg)

Then, to prove ITEM 1., it only suffices to prove that,
(Ve: 1<e)[(P(1)=1)A(P(e)=1 — P(e+1)=1)]

— CASE 1. Let 1 =¢. Then, g—Derng) (S) c g—Derff) (), implying P (1) = 1.
The base case therefore holds.
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— CaASE 1. Let 1 < ¢ and assume that the inductive hypothesis P (¢) = 1
holds true. Then, g—Deré‘sJ’E) (S) < g—Deré‘s) (%) and consequently, it results
that g-Der, og—Deré‘Hs) () € g-Der, og-Deréé) (). But,

g-Der, og—Derg‘;”) (S5) g—Derg‘sJ’(“l)) ()
c g—Dergog—Derg‘s) (Z)
— gD’V (A) c g-Der) (A)
Hence, g—Der}g‘H(“l)) () ¢ g—Derg‘s) (%), implying P (¢ +1) = 1. The inductive

case therefore holds.
Since P (§) =1 for all § such that 1 <4 <n <}, it follows that

g—Derf{\J’l) () <« g-Der, og—Derg)‘) ()
PEEN g—Derg( ﬂ)\g—Derg’) (5”9))
/r](
g-Der, o g—Derg") (Z)
> g—Derg"“) () < g—DergS”) (%)
c g-Der{” (S) € g-Der” (A)

[al

for all § such that 1 <d <n < A, from which P (\) =1 follows.

— II. Set n = § + ¢, where 1 < ¢, introduce B = {0,1} as Boolean domain and
introduce the Boolean-valued propositional formula

B>Q(e) <5 g-Cod{™* (F)2g-Cod? (F) (Ve: 1x¢)
Then, to prove ITEM I1., it only suffices to prove that,
(Ve: 15e)[(Q(1)=1)A(Q(e) =1 — Q(e+1)=1)]

~ CASEL Let 1 =¢. Then, g-Cod{’*" (#;) 2 g-Cod!? (#), implying Q (1) = 1.
The base case therefore holds.

— CASE 11. Let 1 <& and assume that the inductive hypothesis Q (g) = 1 holds
true. Then, g—Codé‘Hg) (H) 2 g—Codg‘S) () and consequently, it results that

g-Codg 0 g-Cod{"**) (#,) 2 g-Cod,y 0 g-Cod'?) (). But,
g-Codyog-Codl™*® () < g-Cod{ ) (A
2 g-Cod, og—COdgé) ()
—  g-Cod{*M () 2 g-Cod(? (F)

Hence, g—Codé‘H(“l)) (S) 2 g—Codgé) (), implying Q (¢ + 1) = 1. The inductive
case therefore holds.
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Since Q (6) =1 for all § such that 1 <4 <n <}, it follows that

g-CodMV (F) < g-Cod,og-CodM ()
—> g—Codg(ﬂ g-Cod{” (yg))
n<A

> g-Cod,og-Cod{” (7,)
—  g-Cod"™V (F) 2g-Cod* ()
2g-Cod? () 2 g-Cod” ()

for all § such that 1 < <n < A, from which Q(A) =1 follows. The proof of the
proposition is complete. (I

The corollary stated below is an immediate consequence of the above proposition.
Corollary 3.8. If g-Dc, € g-DC [Tq4] be a given pair of g-Tg-operators g-Derg,
g-Cody : Z(Q) — Z(Q) and dc, € DC[Ty] be a given pair of Ty-operators
derg, codg : Z(Q) — Z(Q), and let Sy € P (Q) be arbitrary in a Ty-space
Ty =(9Q,.9,), then:

~ L g-Derl” () cderl (F)  (V(6,m): 1xd<n<A)

— 11 g-Cod(? (F) 2cod( (F)  (V(8,m): 1<8<n<])

For any (6,m) such that 1 < § < n < A\, the ((5+n)th-0rder g-Tg-derived set
operator is equivalent to the composition of the §*"-order and the n'"-order of the
g-T4-derived set operator; likewise, the (0 + n)th—order g-T4-coderived set operator
is equivalent to the composition of the §*'-order and the n'"-order of the 9-Tq-
coderived set operator. The proposition follows.

Proposition 3. Let g-Dery, g-Cod, : 2 (Q2) — Z(2) be a g-Ty-derived and
a g-T4-coderived operators, respectively, and let .%; € & (Q) be arbitrary in a
Tg-space Tg = (Q, F;). Then:

— 1. g-Der’* () = g-Der{? og-Der(” () (Y (6.m): (1,1) < (8,7))
— 1L g-Cod{* (F) = g-Cod{? 0g-Cod(” (F) (V(4,7) = (1,1) <
(6,m))

where (6,7) < (A, A).

Proof. Let g-Derg, g-Cod; : & () — () be a g-Ty-derived and a g-Ty-
coderived operators, respectively, and let .75 € &2 () be arbitrary in a J;-space
Ty =(9Q, 7). Then:

— I. Introduce B = {0,1} as Boolean domain and introduce the Boolean-valued
propositional formula

B>P(4,7n) &L g—Derg‘H") () = g—Dergé) og—Deré”) (%)
(V@m: (L) =6 <(\N)
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Then, to prove ITEM 1., it only suffices to prove that,
(V@) (L)< (d,m) <(AN)
[(P(1,1)=1)A(P(6,n)=1 — P(0+1,n+1)=1)]

— CASE I. Let (1,1) = (6,n). Then,
g—Dergz) () «— g—DeréHl) () = g—Derél) og—Derél) (S) — g—Dergz) ()
implying P (1,1) = 1. The base case therefore holds.

— CaSE 1I. Let (1,1) < (4,17) < (A, A) and assume that the inductive hypoth-
esis P (d,17) = 1 holds true. Then, g—Deré‘H") (H) = g—Derg‘s) og—Dergn) (S) and
consequently, g-Dergg) o g—Derg‘S”’) () = g-Derf) o g—Dergé) o g—Deré”) (). But,
g—DeréQ) Og-Deré‘H") () — g_Deré(5+1)+(77+l)) (F,) and,

g-Derff) o g-Derg‘;) o g—Deré") ()

!

g—Derff) o g—Derg‘%l) o g—Derél) o g—Dergn) ()

!

g—Deré’”l) o g—Derfjn”) (%)

Hence, it follows that g-Derg(§+1)+("+l)) () = g-Derffﬂ) og-Derg”“) (), imply-
ing P(6+1,7+1) =1. The inductive case therefore holds.
Suppose P (4,7) =1 holds for all (4,7n) such that (1,1) < (d,7) < (\,A). Then,

N g—Dergém) () = N g—Derg‘S) og-Derén) ()
S+n<A+A S+n<A+A

g—Derg)‘”‘) (%)
from which P (A, \) =1 follows.

g-DeréA) o g—Derg)‘) ()

— II. Introduce B = {0, 1} as Boolean domain and introduce the Boolean-valued
propositional formula

B> Q(5,7) <5 g-Cod® (7,) = g-Cod(? 0 g-Cod(? (.7)
(Y(&m): (1,1)<(6,7) <(A\N))
Then, to prove ITEM I1., it only suffices to prove that,
(V(&m): (L1)<(8m) < (A\N))
[(Q,D=1)A(QWn) =1 — QU+1,n+1)=1)]
— CASE I. Let (1,1) = (d,n). Then,

g-Cod?) (F) < g-Cod{"*V (F) = g-Cod(V 0 g-Cod ) () < g-Cod{? (F)
implying Q (1,1) = 1. The base case therefore holds.
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— CaASE 11. Let (1,1) < (4,1) < (A, A) and assume that the inductive hypothesis
Q(4,n) =1 holds true. Then, g—CodééJ'") () = g—Codé‘s) og—Codé") (#3) and con-
sequently, g-CodéZ) og-Codé‘sm) () = g—CodéQ) og—Codéé) og—Codg’) (75). But,
g-Cod{? 0 g-CodP*™ (F) < g-Cod{(**D* (1)) (.7} and,

2 5 7
g—Codé ) og—Cod; ) og-Codg » ()

!

g-CodéQ) og-Codgs_l) og—Codél) Og-COdén) (%)

!

5
g—Codé +1) og—Codéml) (%)

Hence, it follows that g—Codg(MlH("”)) () = g—Codg‘Hl) og—Codgml) (), im-
plying Q (6 + 1,7+ 1) = 1. The inductive case therefore holds.
Suppose Q (d,n) =1 holds for all (4,n) such that (1,1) < (d,17) < (A, A). Then,

N ¢Cod{™ (F) = N §Codog-Cod(? ()
S+n<A+A G+n<A+A

g-CodMN (F) = g-Cod{V 0g-CodM (H)

from which Q (A, A\) =1 follows. The proof of the proposition is complete. a

The corollary stated below is an immediate consequence of the above proposition.
Corollary 3.9. If g-Dc; € g-DC[T,] be a given pair of g-T4-operators g-Der,
g-Cody : Z(Q) — Z(Q) and dc, € DC[Ty] be a given pair of Ty-operators
derg, codg : Z () — Z(Q), and let Sy € P (Q) be arbitrary in a Ty-space
Ty =(9Q,9,), then:

— 1. g-Der™* (F) c derl? oder(” (F) (¥ (8,7): (1,1) < (6,7))

~ 11 g-Cod{* (F) 2 c0d ocod( (F) (¥ (8,7): (1,1) < (6,7))
where (6,m) < (A, \).
For any (8,7) such that (1,1) < (6,7) < (A, \), the 6n*P-order g-T,-derived set
operator is equivalent to the n'"-order of the §'M-order of the g-Ty-derived set
operator; likewise, the én'"-order g-T4-coderived set operator is equivalent to the

n'M-order of the §*"-order of the g-T4-coderived set operator. Accordingly, the
following proposition presents itself.

Proposition 4. Let g-Dery, g-Cod, : #(Q) — Z(2) be a g-Ty-derived and
a g-Tg-coderived operators, respectively, and let .7y € & (2) be arbitrary in a
Tg-space Ty = (2, 7). Then:

— 1. gDl (F) = (g-Der®) ™ (F) (V(Gm): (1,1) < (6,1) < (A, N))

11 g-Cod® (F) = (5-Cod )™ (7) (v (6,m) ¢ (1,1) < (5,m) < (A, N))



PART IV. g-T43-DERIVED AND g-%T4-CODERIVED OPERATORS IN Z,-SPACES 151

Proof. Let g-Dery, g-Cod; : & () — () be a g-Ty-derived and a g-Ty-
coderived operators, respectively, and let .5 € &7 () be arbitrary in a J;-space
Ty =(Q,T). Then:

— I. Introduce B = {0,1} as Boolean domain and introduce the Boolean-valued
propositional formula

def (m
B> P (1) <> g-Der(’ (F) = (¢-Derl?)™” (F)  (¥n: 1<)
Then, to prove ITEM 1., it only suffices to prove that,
(Vn: 1xn<A)[(P(1)=1)A(P(n)=1 — P(n+1)=1)]
— CASE I. Let 1 =n. Then,
x (1)

g—Deré‘s) () — g—Deré‘s D () = (g-Deré‘s)) () — g—Deré‘s) ()

implying P (1) = 1. The base case therefore holds.

— CASE 11. Let 1 <7 < X and assume that the inductive hypothesis P () = 1
holds true. Then, g—DerEf”) () = (g-Derg‘s))(n) () and consequently, it re-
sults that g—Deré‘S) og—Deréf") (H) = g—Derg;) O(Q—Dergs))(n) (%)- But, the rela-
tion g—Deré”) og—Derg‘S”) () — g-Deré‘;("H)) (-#5) holds true and on the other
hand, the relation g—DerEf) O(Q—Derg‘s))(n) () — (g—Deré‘s))(nH) () also holds

true. Hence, it follows that g—Deré‘s("H)) () = (g—Dergé))(ml) (), implying
P(n+1)=1. The inductive case therefore holds.
Suppose P (d,7) =1 holds for all (4,7n) such that (1,1) < (d,17) < (A, A). Then,

N ( M g-Dexle (%)) N ( M (o-Der®)” m))

S<A\n<A S<A\n<A

(Y]
Qg—Derff’\) () Q\(g—Deré‘s)) (%)

x )
g-Der™V (A) = (g-DerlV)™ ()
from which P (A, A) = 1 follows.

— II. Introduce B = {0, 1} as Boolean domain and introduce the Boolean-valued
propositional formula

def (m
B>Q(n) <> g-Cod{" (F) = (5-Cod{V)"™ (F) (¥n: 1<n<))
Then, to prove ITEM I1., it only suffices to prove that,

(Vn: 1<p<A)[(QMM)=1)A(Q(n) =1 — Q(n+1)=1)]
— CASE 1. Let 1 =7. Then,

X 1
g-Cod(®) (.7) < g-Cod PV () = (g-Cod D)V (#) < g-Cod® (7)
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implying Q (1) = 1. The base case therefore holds.

— CAsE 1I. Let 1 <7 < A and assume that the inductive hypothesis Q(n) = 1
holds true. Then, g-Codé‘sn) () = (g-Codé‘s))(n) () and consequently, it re-
sults that g—Codé‘S)og-Codgg") () = g-Codgg)o(g—Codé‘s))(n) (5”9)). But, the
relation g—Codé”) og—Codg‘S”) (S) — g—Codé‘s(“l)) () holds true and on the
other hand, the relation g—Codg‘s) O(Q—Codé‘s))(n) (F)) < (g—Codgé))(ml) (%)
also holds true. Hence, it follows that g—Codgs("H)) () = (g—Codgé))(ml) (+%),

implying Q (7 + 1) = 1. The inductive case therefore holds.
Suppose Q (d,17) =1 holds for all (4,n) such that (1,1) < (§,17) < (A, \). Then,

N ( Necodd™ () - N ( M (g-Cod ) (yg))

G<A\n<A S<A\n=<A

%))
5(1 g-Cod () 6(1 (5-CodP)™ (F,)

g-Cod{™™ ()

N
(-CodgV)™ ()
from which Q (A, \) =1 follows. The proof of the proposition is complete. O
An immediate consequence of the above proposition is the following corollary.

Corollary 3.10. If g-Dcy € g-DC [T4] be a given pair of g-T4-operators g-Derg,
g-Cod, : Z(Q) — Z(Q) and dcy € DC[Ty] be a given pair of Ty-operators
derg, codg : Z(Q) — Z(Q), and let Sy € P (Q) be arbitrary in a Ty-space
T =(Q,.7,), then:

— 1. g-Derl® () € (der®) ™ (#) (Y (6m): (1,1) < (6,m) < (A A))
— 11 g-Codl™ (7) 2 (cod) ™ (7)) (Y (G,m) ¢ (1,1) < (6,m) < (A N)

For any ¢ such that 1 < < A, the union of a Tj-set and its g-Ty-derived set
includes the image of the Ty-set under the s*_order g-Ty-derived set operator
composition with itself; the intersection of a Tg-set and its g-T4-coderived set is
included in the image of the T4-set under the st_order g-T4-coderived set operator
composition with itself. These are embodied in the following theorem.

Theorem 3.11. Let g-Dery, g-Cod, : & () — £ (Q2) be a g-Ty-derived and a
g-T4-coderived operators, respectively, and let Sy € &2 (Q) be arbitrary in a Tg-
space Ty = (Q, Ty). Then:

-1 g—Derg‘s) og—Derf) () € Sgug-Dery (F) (Yo: 156<])
—11. g-Cod) 0 g-Codl?) (F) 2 Sy ng-Cody (F) (V6: 15 <)

Proof. Let g-Dery, g-Cody : Z(Q) — Z(Q) be a g-Ty-derived and a g-T-
coderived operators, respectively, and let .75 € &2 (Q2) be arbitrary in a J;-space



PART IV. g-T4-DERIVED AND g-T,-CODERIVED OPERATORS IN Z,-SPACES 153
Ty =(9,.7,). Then:

— I. Introduce B = {0,1} as Boolean domain and introduce the Boolean-valued
propositional formula

B>P () 2f g-Dergs) og—Deréé) (Fy) € FSgug-Dery (F) (Vo: 1x5<))

Then, to prove ITEM 1., it only suffices to prove that,
(Vo: 1<5<N)[(PQ)=1)A(P(0)=1 — P(5+1)=1)]

— CaAsE 1. Let 1=0. Then, g-Derg og-Der, (-75) € /3 U g-Der, (-#;) holds true,
implying P (1) = 1. The base case therefore holds.

— CaASE 1I. Let 1 < § < X and assume that the inductive hypothesis P (4) =1
holds true. Then, g—Deré‘s) og—Deré‘S) (A) € Sy ug-Dery (F) and consequently,
it follows that g—Deréz) og—Deréé) og—Deré‘S) () < g—DeréZ)(yg u g-Der, (Yg)).
But, g—Derff) og—Deré‘S) og—Derff) (Sy) — g—Derff“) og—Derg‘;“) () and, on the
other hand, the relation g—DeréZ)(Yg u g-Der, (5’9)) c g—Derg(<7g u g-Der, (5”9)) c
Sy U g-Dery () also holds true. Hence, g—Derg‘Hl) og-Derg‘Hl) () € Sy u
g-Der, (74), implying P (6 + 1) = 1. The inductive case therefore holds.

Suppose P (§) = 1 holds for all § such that 1 <4 < A. Then,

g—DeréMl) o g—Derg)‘”) (S5) g-Derg) o g—Derg’\) og—DeréA) (Z)

«— g—Deréz) o g—Deré’HA) ()

> g—Derg)( N g—Deré‘H&) (Yg))
S+O<A+A

N

g-Deréz) o g—Dergéﬂs) (%)
> g-Deré‘”l) og—Deré‘S“) (%%)
g-Deré‘s) o g—Derg‘s) (S5) € Sy ug-Dery ()

N

from which P (X) =1 follows.

— II. Introduce B = {0, 1} as Boolean domain and introduce the Boolean-valued
propositional formula

B>Q(5) <% g-Cod? 0g-Cod(? (F) 2.7 ng-Cod, () (¥6: 1<5<A)

Then, to prove ITEM I1., it only suffices to prove that,
(Vo: 1<0<M)[(Q(1)=1)A(Q(6) =1 — Q(6+1)=1)]

— Case 1. Let 1 =0. Then, g-Cod,og-Cod, (#) 2 S, n g-Cod, () holds
true, implying Q (1) = 1. The base case therefore holds.

— CASE 1I. Let 1 < § < X and assume that the inductive hypothesis Q (¢) =1
holds true. Then, g—Codg‘s) og—Codé‘s) (#4) 2 S5 ng-Cody () and consequently,
it follows that g-Cod'? o g-Cod{? o g-Cod(") (#;) 2 g-Cod?) (. n g-Cod, (7).
But, g—CodéQ) og—Codé‘S) og—Codé‘S) (S) — g—Codé‘S”) og—Codé‘S“) (#3) and, on
the other hand, g—CodEf)(<?g ng-Cod, (%)) 2 g-Cod,(F ng-Cod, (-F)) 2 F N
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g-Cod,y (F,). Hence, g-Cod{’™" o g-Cod{"*" (#) 2 7, n g-Cod, (7,), implying
Q(d+1) =1. The inductive case therefore holds.
Suppose Q () = 1 holds for all § such that 1 <4 < A. Then,
g-COdE[)\+1) o g—COdgAH) () — g-COdf) o g-COdg)\) og-COdg)‘) ()
> g—CodéQ) og—CodéM’\) (%)

— g—Codéz)( N g—Codééﬂs) (Yg))
S+I<A+A

¢ g-Cod{P 0g-Cod{* (F,)
—  g-Cod{’™M 0g-Cod{*) ()
> g-Cod{’ og-Cod? (H)
2 Syng-Cody ()
from which Q (\) =1 follows. The proof of the theorem is complete. d

The following corollary is an immediate consequence of the above theorem.

Corollary 3.12. If g-Dc, € g-DC[T,] be a given pair of g-Tq-operators g-Der,
g-Cod, : Z(Q) — Z(Q) and dcy € DC[T,] be a given pair of Ty-operators
derg, codg : Z(Q) — Z(Q), and let Sy € P (Q) be arbitrary in a Ty-space
Ty =(Q,.7,), then:

-1 g—Derg‘s) og—Derg‘S) (F) € Fyuderg (F) (Vo: 1<)

~ 11 g-Cod) 0 g-Cod{? (F) 2 Sy ncody ()  (¥8: 156<))

For any ¢ such 1 <6 < A, the image of a ‘T4-set under the sth-order g-Tg-derived
operator is equivalent to the image of the relative complement of any g-T4-derived
unit set in the Ty-set under the sth-order g-%4-derived operator; the image of the
T g-set under the §*_order g-Tg-coderived operator is equivalent to the image of
the union of the T4-set and any g-T4-coderived unit set under the d*_order g-Ty-
coderived operator. The theorem follows.

Theorem 3.13. Let g-Dery, g-Cod, : & () — £ () be a g-Ty-derived and a
g-%4-coderived operators, respectively, and let ({f} , yg) € Xoer; & () be arbitrary
in a Ty-space Ty =(Q,T). Then:

— L g—Derg‘s) (S) = g—Deré‘s)(fg ng-Op, ({&})) (¥o: 1x46<))
— 11 g-Cod("(.F) = g-Cod{? (Fu{€}) (V6: 1<d<))

Proof. Let g-Dery, g-Cod; : & () — () be a g-Ty-derived and a g-Ty-
coderived operators, respectively, and let ({5},Yg) € Xoery & (2) be arbitrary
in a J-space Ty =(Q, 7). Then:

— 1. Introduce B = {0,1} as Boolean domain and introduce the Boolean-valued
propositional formula

def
B>P(8) <> gDerl” () =gDerl)(Fng-Op,({€})) (¥8: 1xd<N)
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Then, to prove ITEM 1., it only suffices to prove that,
(Vo: 1<5<N)[(PQ)=1)A(P(0)=1 — P(5+1)=1)]

— CaSE 1. Let 1=0. Then, g-Der, () = g—Delrg(ﬁﬂgl ng-Op, ({£})) holds true,
implying P (1) = 1. The base case therefore holds.

— CASE 1. Let 1 <6 < A and assume that the inductive hypothesis P (4) =1
holds true. Then, g—Deré‘s) (S) = g—Deré‘;)(<7g n g-Op, ({f})) and consequently,
it follows that g-Der, og—Derg‘s) () = g-Der, og—Derg‘;) (Yg n g-Op, ({f})) But,
g—Dergog-Derg‘s) () — g-Derg‘S”) (#,) and, on the other hand, the relation
g-Der, og—Derg‘s)(yg n g-Op, ({¢})) «— g—Deré‘Hl)QS”g n g-Op, ({¢})) also holds
true. Hence, g—Derg‘s”) () = g—Derg5+1)(ngg—Opg ({¢})), implying P (6 + 1) = 1.
The inductive case therefore holds.

Suppose P (§) = 1 holds for all § such that 1 <4 < A. Then,

Q g-Derl” (A) = Q g-Der{) (7, ng-Op, ({€}))

gDV (7)) = g-Derd) (7 ng-Opy ({€)))
from which P (A) =1 follows.

— II. Introduce B = {0, 1} as Boolean domain and introduce the Boolean-valued
propositional formula

B>Q(5) <& g-Cod?(A) = g-CodP (S u{c}) (V6: 1x5<A)

Then, to prove ITEM I1., it only suffices to prove that,
(Vo: 1<6<A)[(Q(1)=1)A(Q(6) =1 — Q(6+1)=1)]

— CASEI. Let 1=0. Then, g—Codg(YQ) = g-Cod, (ygu{ﬁ}) holds true, implying
Q (1) =1. The base case therefore holds.

— CaSE 1I. Let 1 < § < X and assume that the inductive hypothesis Q (¢) =1
holds true. Then, g—Codé‘”(fﬂg) = g—CodEf”(YQ U {5}) and consequently, it follows
that g-Cody o g-Cod{" (#;) = g-Cod 0 g-Cod”) (#; U {¢}). But on the one hand,
g-Cod, og—Codg‘s)(Yg) > g—Codg‘”l)(yg) and, on the other hand, the relation
g-Cod, og—Codé‘”(?g u{¢}) «— g—Codg‘Hl)(yg U {¢}) also holds true. Hence,
g—Codg‘sH)(YQ) = g—CodE{Hl)(fﬂg U {f}), implying Q (§ + 1) = 1. The inductive case
therefore holds.

Suppose Q (d) = 1 holds for all ¢ such that 1 <4 < A. Then,

5(1 g-Cod (A,) 6(1 g-Cod (S u{€})

g-Cod™M () g-CodM(F u{e})
from which Q (A) =1 follows. The proof of the theorem is complete. [
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The corollary stated below is an immediate consequence of the above theorem.
Corollary 3.14. If g-Dc, € g-DC [T4] be a given pair of g-%4-operators g-Derg,
g-Cody : Z(Q) — Z(Q) and dc, € DC[Ty] be a given pair of Ty-operators
derg, codg : Z(Q) — Z(Q), and let ({f},yg) € Xoery Z (Q) be arbitrary in a
Ty-space Ty = (2, Ty), then:

~ L g—Derg‘s) (S) < derg‘s)(yg ng-Op, ({€})) (¥o: 1x6<A)

~ 11 g-CodP(F) 2cod(P (Fuie)) (V6: 1xd<N)

Our research objective concerning the definitions and the essential properties
of the concepts of 6*-order derivative g-Ty-derived and g-T4-coderived operators
defined by transfinite recursion on the class of successor ordinals in Z3-spaces is now
complete. Of the notions of the §*P-iterates of the g-Tg-derived and g-T4-coderived
operators in ;-spaces, we conclude the present section with two corollaries and
two axiomatic definitions derived from these two corollaries.

The first corollary stated below gives the necessary and sufficient condition for
a 6*M-order g-T4-derived operator to be a g-T4-derived operator.

Corollary 3.15. A necessary and sufficient condition for the 6" -iterate g—Derg‘;) :
S € P (Q) — g-Derg‘s) () of g-Dery : £ () — Z(Q) to be a g-Ty-derived
operator in a strong Ty-space Ty = (Q, Ty) is that, for every ({f},%g,yg) €
Xaer; P (), it satisfies:

~ L gDl (@)= (V5: 1<5<))

— 1. g-Der?) (#,) = g-Der) (%, ng-Opy ({€}))  (V6: 1<5<))

— 1IL. g—Derg‘s) og—Derg‘s) (%y) € Ryug-Dery (%y) (Vo: 1x5<))

—wv. gDerl” (ZguFy) = U eDerl? (%) (V5: 1<6<))

0=%4,7g

The second corollary stated below gives the necessary and sufficient condition
for a ¢*M-order g-T4-coderived operator to be a g-T4-coderived operator.

Corollary 3.16. A necessary and sufficient condition for the 6" -iterate g-Codé‘s) :
S e P () — g-Codg;) () of g-Cod : Z (Q) — Z(Q) to be a g-Ty-coderived
operator in a Ty-space Ty = (2, Ty) is that, for every ({5} Ry, fg) € Xoer; & (),
it satisfies:

— 1L g-Cod{” () = (Vd: 1x8<))

— 11 g-Cod!? (%) = cod( (%5 u{€}) (V6: 1<5<))

— 1IL g—Codé‘s) og—Codg‘S) (#y) 2 Zyng-Cody (%) (Vo: 156<A)

~ v, g-CodP) (Zyn F) = () g-CodD (%) (V6: 1<5<))

0=Zg,%s

Hence, in a strong Jy-space, for the st-iterate of a set-valued map g-Der, :
Z(Q) — Z () on & (Q) ranging in & () to be characterized as a g-T-derived
operator it must necessarily and sufficiently satisfy a list of derived set g-% ;-derived
operator conditions (ITEMS 1.-1v. of COR. 3.15), and similarly, for the §*®-iterate
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of a set-valued map g-Der; : & (Q) — £ (2) on & (Q) ranging in & (2) to
be characterized as a g-Ty-coderived operator it must necessarily and sufficiently
satisfy a list of derived set g-T-coderived operator conditions (ITEMS V.—VIIL. of
Cor. 3.16).

Evidently, ITEMS 1., 11., 111. and 1v. of COR. 3.15 state that the §*P-iterate
of the g-Ty-derived operator g-Dery : & (Q2) — & (Q2) is @-grounded (alterna-
tively, @-preserving), &-invariant (alternatively, &-unaffected), g-Clg-intensive and
U-additive (alternatively, u-distributive), respectively. On the other hand, ITEMS
I, 1., . and 1v. of COR. 3.16 state that the §*P-iterate of the g-T4-coderived
operator g-Cody : Z(Q2) — £ (Q) is Q-grounded (alternatively, Q-preserving),
C-invariant (alternatively, ¢-unaffected), g-Int,-extensive and n-additive (alterna-
tively, n-distributive), respectively.

Viewing the §*"-order derived set g-%;-derived operator conditions (ITEMS 1.—
1v. of COR. 3.15 above) as §**-order g-%4-derived operator azioms, the axiomatic
definition of the concept of a §*"-order g-T4-derived operator, then, can be defined
as a 6'-order set-valued map g—Deré‘s) : Z2(Q) — Z(Q) on £ (Q) ranging in
2 (Q) satistying a list of §*"-order g-Ty-derived operator axioms. The axiomatic
definition of the concept of a §*"-order g-%4-derived operator in strong J-spaces
follows.

Definition 3.17 (Aziomatic Definition: g-T4-Derived Operator). The §*P-iterate
g—Derg‘” Sy e () — g—Deré‘s) (Sy) of g-Dery : Z(Q) — Z(Q) is called
a " g-T4-derived operator of 6™ order” on & (f2) ranging in & (Q) for some or-
dinal 5 such that 1 < § < X if and only if, for any ({f} 3?975”) € Xaerz 7 (Q)
such that {{} c g-Dery (%), it satisfies each ”g-Tg-derived operator axiom” in

AX[g—DE(‘;) [Tq]; ] def {AXDE V(g—Der(5)) T Ve Ij{} where the mapping Axpg,, :
g¢-DE® [T,] — B B {0,1}, v e I}, is defined as thus:

— AXDEyl(g—Der(‘S)) &L g- Der(‘s) (2)=02

— Axpg 2(9 Der(‘s) LN g- Der(‘s) (%y) = 9- Der([s) (% n g-Op, ({f}))

— Axpg s(g- Der(‘;)) & g- Der )og- Der(‘s) (%4) € %y v g-Dery (%)

— Axpg 4(9 Der &L g- Der(‘s) (%407 = U g—Deré‘s) (%y)

U=,

Similarly, viewing the ¢*"-order derived set g-T4-coderived operator conditions
(ITEMS 1.-1V. of COR. 3.16 above) as 6*"-order g-T4-coderived operator azioms,
the axiomatic definition of the concept of a 6*"-order g-T4-coderived operator, then,
can be defined as a §*"-order set-valued map g—Codg‘s) P2 (Q) — Z(2)on Z(Q)
ranging in & (1) satistying a list of g-%-coderived operator azioms. The axiomatic
definition of the concept of a §*"-order g-%4-coderived operator in Jy-spaces follows.

Definition 3.18 (Aziomatic Definition: g-%,-Coderived Operator). The 6*P-iterate
g-Cod?) : Fy € 2(Q) — g-Cod) (F,) of g-Cod, : P (Q) — P () is called
a " g-Tg-coderived operator of 6™ order” on & (2) ranging in & () for some or-
dinal 6 such that 1 < § < A if and only if, for any ({5} %g,y) € Xaer; 7 ()
such that {{} c g-Cod, (%), it satisfies each ”g-Ty-derived operator axiom” in
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AX[g CcDW [g (Tql; ] {AXCD V(g Cod(‘s)) P Ve Ij{} where the mapping Axcp , :
g-CD@ [T,] — B {0,1}, v e I}, is defined as thus:
~ Axcp,i(g-Cod?) &5 g-Cod? (2) = ©

— Axcp 2(g-Cod(”) <> g-Cod(”) (#,) = g-Cod ) (%, L {€})

— Axcp 3

~ Axcop (g-Cod() &5

(
( ) &5
(-Cod(?) &% g-Cod(? 0 g-Cod() (%) 2 %y 1 g-Cod,, ()
( ) —

g-Cod?) (Zyn F) = () -Cod (%)
Uy=R g,

On the essential properties of the §*"-order derivative g-Ty-derived and g-Tg-
coderived operators defined by transfinite recursion on the class of successor ordinals
in J-spaces, the discussion of the present section terminates here.

4. DISCUSSION

4.1. Categorical and Ordinal Classifications. In the present section, based on
the notions of coarseness (or, smallness, weakness), or alternatively, finness (or,

largeness, strongness), the various relationships amongst the Tff), g—u—‘Sg‘S)—derived
and Eg‘s) , g—u—fﬁé)—coderived operators

der( g- Der(é)

{Cod(a) 4-Co d(6) s 2Q) —2(9)

4.1 a a,v

(4.1) v der? (A4), g-Derld) (S2)
‘ codg‘” (), g—Codffl), ()

are established in Z,-spaces (a € {0,g}) with respect to their category v € I3 and
their ordinal § € [o] = {0 : 1< < A}, taking into account the required properties of
the corresponding ¥, g-%,-derived and ¥, g-T,-coderived operators established
in Z;-spaces (a € {0,g}) in a recent paper [1].

For illustrative purposes, the discussion will be furnished by (fgé), g—igf))

a=o,g
derived operators and (Sg‘s), g—igé))a:mg—coderived operators diagrams. For clarity,
the notations T = (£, .7), der, g-Der, cod, g-Cod, ..., der’®, g-Der®, cod®,
g—Cod(é), ... will be considered instead of T, = (2, ), der,, g-Der,, cod,, g-Cod,,

. derﬁ,‘;), g—Derf,‘S), codf,‘s), g—Codf,‘s), ..., respectively, or both will be considered
interchangeably.

In a Jy-space Ty = (Q, 7)) 2 (2, ;) = Ty, the so-called (Ta, g—‘Za)azuﬁg—coderived
sets diagram [See [1]: DiaG. (4.1), §§ 4.1, p. 213.]

cod (L) c cod (L) c cod (L) =) cod (L)

I I I I
g-Cody (#5) ¢ ¢Cody (S) < g-Codg(Fy) 2 g-Cody ()
I In In I
g-Codg o () € g-Codgy () < g-Codgs(F,) 2 g-Cody, ()
U U U U
codg () ¢ codg(F) € codg(F) 2 codg ()
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as well as the so-called (‘Iu,g—‘Za)azo g—dem’ved sets diagram [See [1]: Diac. (4.2),
§§ 4.1, p. 214.]

der (%) =) der () 2 der (%) c der ()

U U U U
g-Derg (#) 2 gDer (F) 2 gDerg(F) ¢ g-Dery ()
u U u U
g-Dery o (#5) 2 g-Derg,(F) 2 gDergs(F) < g-Dery, ()
In N In In
derg () 2 derg () 2 derg(Sy) € derg (H)

Let it be granted some pair (v,u) € IS x I of categories and some pair of or-

g-Cod{") 5 g-Cod(’)
dinals (d,n) € [o] x [0]. Suppose the relations ' s stand for
g—Der(") z g Der( )

a, v~
g—Codg‘SL z g—CodffV)
or equivalently, 5’ y stand
g—DerL )5 g-Derl(,”)

ayp
g-Der( () 2 ¢- Der(é) (L)
g-Cod{®) (S%) 2 g-cod<’7> (Fa)
{g Der( ) L (Fa) Co- Der(”) (L),
Then, g- Cod(">, g- Der(5) Z(Q) — P2(Q) are coarser (or, smaller, weaker)
than g- Cod(‘s) g- Der(") Z(Q) — Z(Q) or, g- Cod(‘s) g- Der(") Z2(Q) —
P () are finer (or, larger, stronger) than g-Cod(™| g- Der(‘s) Z(Q) — Z(Q);
g—Codg‘i)L, g- Der(") P (Q) — P (Q) are finer (or, larger, stronger) than g- Cod(”)
.9 Der(‘s) & (Q) — 2 (Q) or, g- Cod(") - Der(‘s) P (Q) — P (Q) are coarser
(or, smaller, weaker) than g- Cod( L 0 Der(") :@(Q) — Z(Q).
In view of the above descrlptlons for any pair (d,7) € [o] x [o], the following

{g—Cod(") (F) € g-Cod®) (F)

respectively, in a Jy-space T, = (Q, T).

(‘E&a),g ‘3(6)) o g—coderz’ved operators diagram, which is to be read horizontally,
from left to right and vertically, from top to bottom, presents itself:

cod™ 5 cod™ 5 cod™  z  cod™

A A A A
g—Cod(()n) 3 g-CodY') N g—Codgn) z g—Codén)

Y 2y v Y
g—Cod(()‘s) 3 g-Codgé) 3 g-Codgﬁ) z g—Codéé)

(4.2) A A A A
g—Codf}f()) 3 g-Codgi 3 g-Codg‘g z g—Codé‘g

A A A A
g-Cod) 5 g-Codl) 5 g-Cod) z g-Cod\

v 2y 2y oy

codf;’) 3 codfz") 3 codg") z codg")
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On the other hand, for any pair (4,1) € [o] x [o], the following (Tgf),g—fg&))a:o .

derived operators diagram, which is to be read horizontally, from left to right and
vertically, from top to bottom, also presents itself:

der(™

z der™  z  der™ 5 der™
% % % v
g—Dergn) z g—DerY') z g—Derz(,)") 3 g—Derg')
A A A A
g—Deréé) z g—Dergé) z g—Dergé) 3 g—Deré‘s)
(4.3) % % % v
g-DerS& z g—Derg)? z g—Derg?), 3 g—Deré‘g
% % % v
g-Deré’B z g—Deré?l) z g-Derg’g 3 g—Deréi’Q)
A A A A
derg”) b derén) b deré”) 3 derg”) )

The relationships amongst the ‘535), g—y—‘I‘(f)-derived operators derl(f), g—Derg‘fZ :

Z(Q) — Z(Q) and the Tg‘s), g—u—@ﬁé)-coderived operators codgfs)7 g—Codgi), :
P (Q) — P (), respectively, are, therefore, established in Z;-spaces (a € {0,g})
with respect to their category v € I and their ordinal 6 € [o].

4.2. A Nice Application. It is the intent of the present section to present a nice
application, highlighting some essential properties of the Tg&), g—l/—Tsé)—derived op-
erators deré‘s), g—Derg‘B : 2 (Q) — Z(Q) and ‘Zé‘s), g—l/—TEf)—coderived operators
codé‘s), g—Codg‘?l), : Z(Q) — P (Q), respectively, in a Jy-space with respect to
their category v € I and their ordinal d € [o].

In considering the same J3-space upon which a nice application was presented
in a recent paper [1, §§ 4.2], namely the J;-space T4 = (2, J;) based on the 7-point
set ) = {gu Ve 17*}, and the latter topologized by the choice:

'%(Q) = {®7 {51}7 {51753765}7 {51763754765757}}
= {ﬁg,la ﬁg,% ﬁg,3, ﬁg,él}
_"% (Q) = {Qv {62753754755766767}7 {62754756757}7 {52)56}}

{%,1, Hy2, Hy3, %,4}

with %g = {51752354}7 yg = %g U {57}, Uy = {53755356757}7 and 7/9 = %g N {53}7
it was shown through calculations [See [1]: Sys. oF Eqs (4.11), §§ 4.2, p. 216.]
that the g-Ty-derived operation of g-Dery , : & (2) — & (2) on the Ty-sets %y,
Sy © Ty, and the g-Ty-coderived operation of g-Cod, , : & (2) — & () on the
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Ty-sets Uy, Vg € Ty, for all v e I3, result in:
g_Derg,V (%) :%,4 V(I/,%) € {0’2} x {‘%gayg}
gDery , (Hg) = Ogn ¥ (1, W3) € (1,3} x (%, 74}
9-Cody, (%) = Oas Y (%) € 0,2} x (%, ¥4}
g-Cod, , (%) = A1 Y (1, %) € {1,3} x{%, 74}
implying
g-Dery o (#;) 2 g-Dery 1 (#5) 2 g-Dery 5 (#;) € g-Der, 5 (#5)
g-Cod, (%) < g-Cod, 4 (%) g-Cod, 5 (%) 2 g-Cod, 5 (%)
for each Wy e {Zy, 73} and %y € {Uy, Y3} [See [1]: Sys. oF Eqs (4.13), §§ 4.2, p.
216.]. It was also shown through calculations [See [1]: Sys. oF EQs (4.12), §§ 4.2,
p. 216.] that the T,-derived operation of dery : & (Q) — & (Q) on the Ty-sets

Ry, Sg ¢ T4, and the Ty-coderived operation of codg : 2 () — £ () on the
Tg-sets Uy, Vg ¢ T4 result in:

derg (W) = Hoo YWy € (B, 7}
{COdg (%) =Ogq2 VU e{U 74}
implying
g-Dery, (W) Sderg (W) Y (v, %) € I3 x { %y, Sy}
{g-COdg,A%)zcodg(%) V(1. 3) € 19 {2, %)
in the J-space T4 [See [1]: Sys. oF Eqs (4.14), §§ 4.2, p. 216.].
Consider again the Ty-sets Z, = {fl, {2,54}, Sy =HKgU {57}, Uy = {fg, 55,56,57},
and Y5 = U N {53}. Then, for any § € [o], the g—u—féé)—derived operation of
g—Derg‘?l), 1 Z(Q) — Z () on the Ty-sets Zy, Sy ¢ T4, and the g—V—Té‘s)—coderived

operation of g—Codé‘?IZ 1 P (Q) — 2 () on the Ty-sets %, Vg c Ty, for all ve I,

produce the following results:
§Derl) (W) = Hoa Y (1, 74) € {0.2) x (B, 7o)
gDerl) (#g) = Ogn V(1 #y) € {13} x (g, 4}
§-Cod) (%) = Gga ¥ (1, %) € {0,2) x (%, %y)
§-Cod) (%) = Har ¥ (1, %) € (1,3} x (%, ¥y)

(4.4)

Likewise, for any ¢ € [o], the ‘Zg‘s)—derived operation of deré‘s) P (Q) — 2 (Q) on
the Ty-sets #Zy, S5 ¢ Ty, and the ‘Iff)—coderived operation of codg‘s) : 2(Q) —
2P (Q) on the Ty-sets %, Y5 © Ty, for all v e I, also produce the following results:

{deré‘” (W) = Hye YWy e{y, Sy}
cod? (%) = Op2 Y% € {U, 14}
By virtue of Sys. oF EQs (4.4), it follows that

(46) g'Derg\zB (%) = Q\Q'Dergz (%) =gV (Ua%) € {153} X {‘%g?yg}

(4.5)
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Again, by virtue of Sys. or EqQs (4. 4), it also follows that

g-Der) (#) (Q\gDer VW)@ (1, W) € {0,2) x {Zy,-Z)

g-Cod() (%) = Q g-CodD) () 22 Y (1, %) € IS x { Uy, V)

(4.7)
der{M (#4) =N derl” (#) + @ YV (v, W) € I x {Ry, Sy}

I<A
cod{M (%) :Qcodff) (W) 22 Y (1, %) eI x {U, ¥y}

Hence, for any 6 € [o], it results that the following results hold true for each % €
{%y, Sy} and % € {?/g,”I/ }:

(4.8) gDer ) (#y) 2 gDer ) (#y) 2 gDer ) (W) < gDer(5)(%)
4.8
g-Codé‘fé (%) € g-Cod") (%) € g-Cod ?) (%) 2 g-Cod'®) (%)

For any 6 € [o], the (3,%)-relations g- Der( ) z g Der(‘s) z g Der(é) 39 Der(é) and

g- Cod(63 39 Cod(5 39 Cod(é) z g Cod(5 are thus verified. Clearly, for any 5 € o],
the followmg results also hold true:

{g-nerg?z (Wo) cder?) (Wg) ¥ (v, W) € I x { Ry, S}

(4.9)
g-Cod’) (%) 2 cod(” (W) V (v, ) € 19 x { Uy, ¥y}

Thus, the (3, 2)-relations g-Der(’) = der ) and g—Codé‘fl), < codff)7 for all v € IY, are
also verified.

The presentation of this nice application, highlighting some essential properties
of the ‘5(5), g-v- T( )_derived operators der(‘;), g- Der(‘s) Z(Q) — £ (Q) and ‘5(5)
g—u—fg )-coderlved operators codé‘s)7 g—Cod;‘?Z P (Q) — F(Q), respectively, in
a Jy-space with respect to their category v € I and their ordinal § € [o] are,
therefore, accomplished and ends here.

If the presentation be explored a step further, other interesting properties can
be deduced from the study of other essential properties of Téé), g—V—Tgé)—derived

operators and Eéé), g—y—‘Eé‘s)—coderived operators in J;-spaces.

5. CONCLUSION

In a recent paper [1], we introduced the definitions and studied the essential prop-
erties of the g-¥ -derived and g-T ;-coderived operators g-Derg, g-Cod : & Q) —
2 (), respectively, in Jy-spaces. Mainly, we showed that (g-Derg,g-Cody) :
Z(Q)x Z(Q) — Z(Q) x Z(Q) is a pair of both dual and monotone g-%T4-
operators that is (@,Q), (u,n)-preserving, and (&,2)-preserving relative to g-% ;-
(open, closed) sets [See [1]: Cors 3.15 & 3.16, §§ 2.2, p. 198.]. We also showed
that (g—Derg,g—Codg) (D x P Q) — 2(Q) x Z(Q) is a pair of weaker and
stronger g-Ty-operators [See [1]: THM. 3.1, §§ 2.2, p. 187.]. In the present paper,
we have introduced by transfinite recursion on the class of successor ordinals the
definitions and investigated the essential of the g—‘Zgé)—derived and g—féé)—coderived
operators g—Deré‘s)7 g—Codé‘s) 1 P (Q) — P (Q), respectively, in Fy-spaces [See §
3: THMS 3.1-3.13; Cors 3.2-3.16; Props 1-4; DErs 3.17 & 3.18].
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The following three statements sum up the outstanding facts resulting from the
investigation of the essential of the g—Séé)—derived and g-Téé)—coderived operators
g—Dergé), g-Codg‘s) 1 P (Q) — P (), respectively, in Fy-spaces:

— 1. For any . € Z(Q), (g—Deré‘s) (7)) is a monotone decreasing

d¢[o]
sequence of g-ng)—derived sets while <g—Codf3‘s) (Yg)> 5e[o] is a monotone

increasing sequence of g—Tgs)—derived sets in a Jg-space Ty [See § 3: THM.
3.1 & Cor. 3.2].

— 1. The g—féé)—derived operator g—Deré‘s) : Z(Q) — Z2(Q) is weaker
than the Sé‘s)—derived operator deré‘s) P (Q) — Z(Q) while the g—Té‘s)—
coderived operator g—Codé‘;) P (Q) — 2 (Q) is stronger than the T,(f)—

coderived operator codg‘s) P2 (Q) — Z(Q) in a Tg-space Ty [See § 3:
Prop. 1; CoRs 3.3 & 3.4].

— 111. For any ({f} ,g—Intg,g—Clg) e Z(Q) x g-IC[T,], the g—Té‘s)—derived
operator g—Derf}‘S) : Z(Q) — Z(Q) is @-grounded (alternatively, @-
preserving), {-invariant (alternatively, &-unaffected), g-Clg-intensive and
U-additive (alternatively, u-distributive) [See § 3: COR. 3.15: ITEMS I.—
1v.] while the g—igé)—coderived operator g—Codgé) 1 2(Q) — 2(9)
is Q-grounded (alternatively, Q-preserving), {-invariant (alternatively, &-
unaffected), g-Int,-extensive and n-additive (alternatively, n-distributive)
[See § 3: COR. 3.16: ITEMS 1.-1v.] in a J-space Ty.

Hence, it follows that the study of the g—Tga)-derived and g—igé)—coderived oper-
g-Derl”, g-Cod): 2(Q) — 2(Q)

Sy > gDer) (F), g-Codl” (7)
space Ty = (Q,7;) has resulted in several advantages. Indeed, it has resulted in

ators in a -

axiomatic definitions of these g-Tgé)—coderived operators in the Jy-space Ty [See §
3: DEFs 3.17 & 3.18]. The g—Té‘;)-derived and g—Tgs)-coderived structures @ff) et
(Q, g—Dergé)) and 6,(35) def (Q, g—Codél‘s))7 then, are both themselves J3-spaces which
may well be called %ﬁiér, ﬂg(i()) q-spaces, respectively. Accordingly, if Cantor [23, 24]
der?: 2 (R) — 2 (R)

o|R *

Sy — dergfﬂi (%)
in his investigations of the convergence of Fourier series in R, then the study of con-
(3) (&)

v &g

vergence in any of the ﬂg(glr, fg(ic)) q-Spaces Dg , respectively, might be made

another subject of inquiry. The discovery of properties in this direction would defi-
nitely bring some benefits to the field of Mathematical Analysis, and the discussion
of this paper ends here.

had also considered the ‘Igfﬂg—derived operator
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