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ABSTRACT

Let G be a finite group. The trace formula for G, which is the trivial case of the Arthur trace formula, is well known with
many applications. In this note, we further consider a subgroup I" of G and a representation p : I' — GL(V,,) of " on a finite
dimensional C-vector space V,,, and compute the trace Tr(lndf-; (p)(f)) of the operator Indf-; o(f): Indlg(Vp) — Indlg V)
for any function f : G — C in two different ways. The expressions for Tr(lndlg (p)(f)) denoted by J(p, f) and
I(p, f) are the spectral side and the geometric side of the trace formula for Tr(lndlg (p)(f)), respectively. The identity
J(p, f) = Tr(lnd(F; (p)(f)) = I(p, f) is a generalization of the trace formula for the finite group G. This theory is then
applied to the “automorphic side” of the Macdonald correspondence for GL,, (F,); namely, to the “automorphic side”
of the local 0-dimensional Langlands correspondence for GL(n), where new identities are obtained for the e-factors of
representations of GL,, (F,).

Mathematics Subject Classification (2020): 20C15, 11F72

Keywords: Trace formula, finite group, Macdonald correspondence

1. INTRODUCTION

This short note which is the revised version of our colloquium talk notes that we delivered at Selcuk University, Konya in
2022, concerns the trivial case of the Arthur trace formula, namely the trace formula for finite groups. Let G be a finite
group. The trace formula for G is an identity involving characters of the finite group G, and although simple, this formula
is of central importance with deep applications in the theory of linear representations of G over C. For instance, using
the trace formula for G, it is well known that major theorems like the Frobenius reciprocity law (Example 6.1) and the
Plancherel formula (Example 6.2) for G follow directly.

In this note, we further consider a subgroup I' of G and a representation

p: T — GL(V,)

of I on a finite dimensional vector space V,, over C, and for any function f : G — C, we compute the trace Tr(Indlg (p)(f))
of the operator

Indfp(f) : Ind (V,,) — Ind (V)
which is defined by
(Indf (p) () (¢) = D, F(@IINAE (0)()1(9), ¥ € IndE (V,,)

geG

in two different ways. The first expression for Tr(Indff (p)(f)) denoted by J(p, f) involves multiplicities of irreducible
representations appearing in Indff(p) and called the spectral side of the trace formula for Tr(Indff (p)(f)). The second
expression I(p, f) for Tr(lndlg(p)( f)), which is called the geometric side of the trace formula for Tr(lndlg (P)(f)), is

Corresponding Author: K. 1. ikeda E-mail: kazimilhan.ikeda@bogazici.edu.tr
Submitted: 25.06.2024 o Last Revision Received: 12.12.2024 e Accepted: 17.12.2024

This article is licensed under a Creative Commons Attribution-NonCommercial 4.0 International License (CC BY-NC 4.0)

55



http://orcid.org/0000-0001-6349-3541

Istanbul Journal of Mathematics

constructed by the conjugacy classes of I" and G. The identity (Theorem 3.1 and Theorem 5.1)
J(p. £) = Te(IndF () (1) = 1(p. f)

that we derive and call the trace formula for G with respect to the subgroup I' and p : I' — GL(V,,) in this note, is
a generalization of the well known trace formula for the finite group G which corresponds to the case I' = (1) and
p =¥y : (1) = GL(C). In the remainder of this work, that is in Section 7, we apply this theory to the “automorphic side”
of the Macdonald correspondence for GL,,(F,); namely, to the “automorphic side” of the local 0-dimensional Langlands
correspondence for GL(n), where new identities are obtained for the e-factors of representations of GL,, (F,).

The main references that we follow closely in this work are Terras Terras (1999) and Yang Yang (2006). However, we
will deal with the trace formula for finite groups in full generality. The trace formula stated and proved in this note should
be considered “folklore", videlicet, well-known to researchers in the area, and seems only treated recently in the M.Sc.
thesis of Chasek Chasek (2023) and in a note of Lee Lee (2022). Therefore, the only contribution of this note is the last
section on the Macdonald correspondence for GL,,(F,), where the main references that we follow are Macdonald (1980);
Piatetski-Shapiro (1983); Silberger and Zink (2008); Ye and Zelingher (2021)

2. THE REPRESENTATION INDf (p) OF G ON INDE (V,)) OVER C INDUCED FROM p : I' — GL(V,) UP TO
G

To fix the very basic notation, let G be a finite group, I" a fixed subgroup of G of index (G : I') = ¢, and p : I' = GL(V,)
a representation of I" on a d-dimensional vector space V,, over C whose character is denoted by x,, : I' — C as usual. Set
Xp(1) = d, the dimension dimc(V,,) of V,, called the degree of p : I' — GL(V,,)). Introduce further the map

p:G — (GL(V,) U{0:V, - {0y,}})
by defining
~ p(x), xel; v
= eq.
p) {0, xeG-T, *

Recall that Piatetski-Shapiro (1983); Serre (1972), the C[G]-module Ind? (V,,) induced from the C[I']-module V,, is
defined by

Indf (Vp) = {¢: G =V, | ¢(yx) = p()(¢(x)), "x € G, "y € T},
which defines a representation
Ind¥ (p) : G — GL(Ind< (V,))
of the finite group G on the induced C-linear space Ind?(Vp) by
[Indf (p)(2)1() (x) = (xg), Yg € G, ¢ € IndFV,,"x € G,
called the representation induced from p : I' — GL(V,,) upto G.
Recall that Ind? (V,,) is an inner product space under the inner product
(o] @) :IndE(V,) x IndZ (V,) — C
on Ind? (V,,) defined by

L

(o1 1 g2y = > Mlpa(en]sy, [p1(2)]sy, Yo1,02 € Idf(V,),
i=1

which neither depends on a choice of a complete set of representatives Rr\g = {g1,- -+ ,&.} C G of the coset space I'\G
nor a choice of an ordered basis va ={v1,--+,vq} of V, over C (in particular, nor a choice of an ordered orthonormal
basis va ={ey, -+ ,eq} of V, over C), and

Ninag v,) = {‘pi'i};Z}:fffch;
is an orthonormal basis of Ind?(Vp) over C, where fori =1,---,tcandj=1,---,d
ij: G-V,
is defined by

gij(x) = p(xgi e, "x € G.
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The (G : T')dim(V,,) = td-dimensional representation Ind? (p) of G on Ind?(Vp) over C decomposes into the direct
sum

Ind?(p)= P m(ro.Indf (p))m, (1)
no€[n]eN(G)

of non-isomorphic irreducible representations 7, of G over C with m(n,, Ind? (p)) € Ny = NU {0}, where 1(G) denotes
the set of all isomorphism classes [7] of irreducible representations 7 of G over C.

3. THE TRACE FORMULA FOR G WITH RESPECT TO THE SUBGROUPI" AND p : I" — GL(V,)

Letr: G — GL(V;) be a representation of the finite group G on a d-dimensional vector space V; over C. For any function
f : G — C, there exists a C-linear operator

r(f): Vi - Ve
on V; defined by
(NG = ) F@r(@ M), v eV
geG

We can compute the trace Tr(r(f)) of the operator r(f) : V; — V; on V.
In this note, in particular, we are interested in computing the trace Tr(lndlq (p)(f)) of the linear operator Ind? (p)():
Ind?(Vp) — Ind?(Vp) on Ind?(Vp). Observe that, the operator

Indf (o) (f) = IndF (V,)) — Indf (V)
on the C-linear space Ind? (V,,) given by
(Indf () (M)(@) = D F(@)[INAF (p)()1(¢), “¢ € IndF (V)
geG
is defined explicitly by

(Indf (p) (NI ) = Y F(@IINF () ()1(9)(x) = Y fR)e(xg), Yo € INdZ (V,), Yx e G.

geG geG
Therefore changing the G-variables xg ~» y and partitioning G as G = | |;_, I'g;, the equalities

(Indf (p) (@) () = > F' W)

yeG

= Z Z f(x_l'ygi)QO(')’gi) V‘p € |ndlg(vp)’ Yy € G, )

i=1 yell
=2 FT e () (e(g0)
i=1 yel
follow immediately. Define now an Endc(V,,)-valued function
Ky :GxG — Endc(V,)
on G X G by

Kr(x,y) =Y f&'yy)p(y), "x,y€G.
yell

The operator Ind? (P)(f): Ind?(Vp) — Indlg(Vp) on Ind? (V,,) is then an “integral operator” on Indlg (V,,) with “kernel”
K¢ : G xG — Endc(V,), given by

(Indf (D) () () = Y Kr(x.e)(g(g), g endf(V,), "xeG. 3)

i=1
The trace formula for G with respect to the subgroup I and p : I' — GL(V,) is an identity that computes the trace
Tr(lndlq (p)(f)) of the operator Ind? (P)(f): Ind?(Vp) - Ind?(Vp) on |nd?(Vp) in two different ways:

“Spectral side” = Tr(lnd? (p)(f)) = “Geometric side”.

More precisely, the trace formula for the finite group G with respect to the subgroup I' and p : I' — GL(V,,) states the
following:
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Theorem 3.1. (Trace formula for finite groups — Version 1) For any function f : G — C, the trace Tr(lnd? (P)(f)) of
the operator

IndF () (f) : Indf (V) — Indf (V,,)
on the C-linear space Ind? (V,,) satisfies the identity
G
Jp.f)= >, mlre,dE (p)Tr(mo () = Tr(IndE (p) () = ) et D, F@yn =1, ),

7o €[] €M(G) ye{l'} |Fy| teG,\G
4)

where

— {T'} = a set consisting of all representatives for the conjugacy classes in T';

-Iy={6eT| 6~lys =y} fory € {T'};

- Gy={geGlglyg=y}forye{l}.
Here, J(p, [) and I(p, [) are called the spectral side and the geometric side of the trace formula for the finite group G
with respect to the subgroup I and p : I' — GL(V,,), respectively.

In the next section we sketch a proof of this theorem.

4. PROOF OF THE TRACE FORMULA FOR G WITH RESPECT TO THE SUBGROUP I' AND
p: = GL(V,)

To establish the spectral side J(p, f) of the trace formula for G with respect to the subgroup I' and p : I' — GL(V,,),
observe that the irreducible decomposition

IndZ(p) = 5 mro, Indf (07,
no €] el(G)

of the representation Ind? (p) of the finite group G on the vector space Ind?(Vp) over C induced from p : I' — GL(V,)
up to G, stated in (1) yields, for any function f : G — C, the decomposition

Indf(p)(f) = B mro, INGE (0)mo(f)

no €[ n]el(G)

of the operator Ind? (P)(f): Ind?(Vp) — Indg(Vp) on Ind?(Vp). Therefore, the trace Tr(lnd? (p)(f)) of Ind? ) :
IndZ (V,) — IndZ (V,,) is given by

Tr(Indf () (M) =Te[ P mlm,dZ(p)mo(f)|= D, m(ro, INdE (0)Tr(ro () = I (o, £),

noe[n]el(G) n, €[ n]el(G)

which is the spectral side of the formula stated in (4).
For the geometric side I(p, f) of the trace formula for G with respect to the subgroup I" and p : I' — GL(V,,), recall
that, by (3), the operator

IndZ () (f) : Indf (V,,) — Indf (V,,)
on the C-linear space Indlg (V,,) has an expression of the form
(Indf () (He)(x) = > Kr(x.g)(p(2)), e elndf(V,), "x e G.
i=1

On the other hand, the matrix representation [Ind? (P)(NHN € Ctdxud of the operator Ind? () (f): Ind?(vp) —

IndS (Vp)
Ind?(Vp) on Ind?(vp) with respect to the “lexicographically” ordered orthonormal basis Nlndf Wy = {@ij}i=1,-..,. of
, j=leld

Ind?(vp) is given by

Ind (o) (A)(en) o) {(INAE () (F)(@12) | @11} ... (IndZ(0)(f)(ew) | 11

. IdS () (N (i) L ei2)  (IGE ()N (1) | ¢12) - (INdE (D)) (gua) | 12
[Ind€ () (N nq e, =

nd€ (V)

(ind? (o) (N (@) [ 9a) (INGZPIA@0) [ @a) . (INdE () (i) | £1a)
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Therefore, the trace Tr(lnd? (p)(f)) of the operator Ind?(p) (f): Ind?(Vp) - Ind?(Vp) on Ind?(Vp) is given by

(¢,d)
Te(nd? () () = Y, (IOF (A () | g).
(s,1)=(1,1)
which is in explicit form given by
(¢,d)
Te(indf (o) (1) = Y (INdF(p)(N(gar) | ¢nr)

(s,t)=(1,1)

(¢,d) ¢

= DL D M), LNGE (D)) ) (i) v,
(s,t)=(1,1) ip=1
(¢,d) L

= > D> Mewlei)a,

(s,t)=(1,1) ip=1
(¢,d) ¢

= > D Miealalng

(s,0)=(1,1) ip=1

(¢,d) ¢ d

Y ZZ@st(gi(,)|e,~,,>2Zf(g;lygi)<p(7)<<ps,<g,->)|e,~o>.

(s,)=(1,1) io=1 jo=1 i=1 yel'

Z Kr(gi,-8i) (s (1))
i=1

Nv,

i=1 yell

> f(g;lygop(y)(%,(gi»l
Ny,

Note that, for s,i, = 1,--- ,1;t, jo=1,-+-,d

— p(gi,gsVer=e;, Tg, =Tgs ©ip=s;
es1(8i,) = p(gi, 85 er = )
OVP, ngo +lgs i #+s
and

1, i,=sand j, =t;
<90st(gi0) | ejo> =40, i,=sandj, #1;
0, i, #s.
Also, fory € Iy s,i,ip =1,-++ ,1;t,jo=1,-+- ,d,

= orom p(r8igs er = p(y)er, Tygi=Tgi=Tg; &i=s
P(1)(@s1(80)) = @5t (v8:) = P(78i85 er = 8 e ’ i=Tgi=Tgs i
Ov,, Iygi=Tg #lgsoi%s
and

-1 .
. FGive) (p(eilej,), Tygi=Tgi=Tgsei=s;

i i i))1ej,)= ¢ )
I8 ve) (PN (@5 (8) | €j,) {0’ Fyg; = Tg; % g, & i 5.

Therefore, forafixeds =1,--- ,tandafixedtr=1,--- ,d,

] d [}
(Ind? (o) (N ee) 1ow) = 20 " {puri) Tes) D" £lgi v80 (o) (i (8i)) 1 es,)

io=1 jo=1 i=1 yel'

=203 £ vg) (e (psi(2)) | er)

i=1 yell

=) F(85'789) (o) (s (85) | er)

yell
= > Flgstves) (per L er)
yell
proving that
(¢,d)

TH(IndZ () (M = Y, (Indf0)(New) o) = . D Flg5 780 (per ). (5)

(s,r)=(1,1) I<s<¢yel
1<t<d

Introduce:

— {T'} = a set consisting of all representatives y for the conjugacy classes Cg in T
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-Iy={6eTl| 6~ 1ys =y} fory e {T'};
- Gy={geG|glyg=y}forye (I}
Then the subgroup I' of G decomposes as
r= |_| C, = |_| {67'y6 | 6 € Rr,\r},
ye{T'} ye{l'}

where RF.,\F denotes any fixed complete set of representatives of I, \I'. Therefore, for s = 1,--- ,candt =1,--- ,d, the
following identities hold

D Fe e eerley = DT D7 flgr wgs) {p(wher | er)

vel ye{l'} weC,

151 -1 ©)
= D, DL &6 y080) (p(67 v0)er | er).
ye{T} 6€Rr\r
Now, substituting eq. (6) into eq. (5),
Tr(indZ () (N = > > D, fles'o7yse) (p(6~ yd)es | er)
Iss<tye{l'} 6€Rr,\r
1<t<d
= D0 D D, fe5'67 vog) (p(67 yd)er | er)
P o 27
=> > ( > f(g§15‘175gs)) ( > {p07 yo)er | er)),
ye{T} 6€Rr,\r \I<s<1 1<t<d
where for y € {I'} and 6 € R\,
D (e y0)es | er) =Trp(67'y6) = Trp(y) = xp (7).
1<t<d
Therefore,
Tr(Indf () () = D, xe D, D, Flgr'o7 yogy).
ye{l'} 6€Rp\r 1<s<1
Observe that, for y € {T'}, the group G has the following subgroups as seen in the Hasse diagram:
G
r G,
Ly
Each chain of subgroups
r,<r<aG
and
r,<G,<G
of G produces different partitions of G into cosets modulo Iy, as will be discussed in the next two observations.
Observation 4.1. For y € {T'}, the group G partitions into cosets modulo I'y, as
L
G=|| || nyez.
s=1 66Rry\r
where Rr,\r C I is any fixed complete set of representatives of the coset space 'y \I'.
Proof. We have already fixed a complete set of representatives Rr\g = {g1,---, 8.} € G of the coset space I'\G. So,

there is a decomposition of the group G into cosets moduloI"as G = | |;_, I'g;.
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There is also the decomposition of the subgroup I" of G into cosets modulo I',, as
r= || ne.
o€ Rry \r

Therefore the group G decomposes into cosets modulo Iy, as:

L
G=Tgiu---ulg,=( || Oyogiu-—u( || Tyoeg = || ryoes.
6e7€l—y\1— 6E’R1—7\1— s=1 6E‘R1—y\r

Observation 4.2. For y € {T'}, there is another partitioning of the group G into cosets modulo I, given by
G = U |_| I,yt,
tERGy\G yERFy\Gy

where R \¢ € G and Rr,\G, C Gy are any fixed complete set of representatives of the coset spaces G, \G and I')\G,,
respectively.

Proof. We have already fixed a complete system of representatives Rg,\G C G of the coset space Gy\G. So, there is a

decomposition of the group G into cosets modulo G, as G = || G,t.
IE'RGy\G
There is also the decomposition of the subgroup G, of G into cosets modulo I, as

Gy= || T
YERM\Gy
Therefore the group G decomposes into cosets modulo Iy as:
G= || Ge= || L] oyfe= | ] e
1eRG,\G teRGV\G yEﬂry\Gy teRGy\G yeRry\Gy

So by Observation 4.1,
Tr(Ind? (p) () = D, x>, D> Fles'67 yses)

ye{T'} 5€'RFY\I‘1SSSL
= > e Y fay,
ye{T'} xeRr,\G
and by Observation 4.2,
Te(IndZ (D) (M) = Y xp(¥) D, FO'yx)
ye{l'} xeRr\G
= > x> D fay
ye{l'} teRG,\G YERM\Gy
|Gy _
= > M= DL Fey =1, ),
1Ty
ve{l'} teRG\G

which is the geometric side of the formula stated in (4), completing the proof of Theorem 3.1.

5. TRACE FORMULA FOR G IN “ARTHUR FORM”

Finite groups are (locally) compact groups under the discrete topology. By compactness of G, there is a unique (left and
right invariant) Haar measure dugaar on G, which in this case is nothing but the counting measure d,ug"um on G. The same
holds true for the subgroup I' of G as well as the subgroups I'y and G, of I" and G, respectively, for y € {I'}. So the

invariant measures on the coset spaces I',\G, and G, \G, which are defined by the products a’,u]gaar = d/,t];jar x dytax
Y

H\Gy
and dlugaar = dﬂgiaf X dﬂgia\f G lorye {I'} are all uniquely defined and are the counting measures on I',\G, and G, \G,
respectively.

Therefore, in this setting, for y € {T'},

G
alg(y) =vol(I',\G,) = dygaar = d/lgoum = E 1= —| 7|.
2 v T, |
L\G, L\G, yeRFy\Gy Y
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Define the orbital integral O(y, f) of f : G — C over the conjugacy class Cy G ofy € {T'}in G by

d Haar d Count
o0 fi= [ v #gaar:/(;\c s y)dcm— RG]

GY\G /’l tEﬂG \G

So, the trace formula for G with respect to the subgroup I" and p : I' — GL(V,,) stated in (4) becomes:

Theorem 5.1. (Trace formula for finite groups — Arthur form) For any function f : G — C, the trace Tr(lndg ) ()
of the operator

Indf (p)(f) : IndE (V) — IndF (V,,)

on the C-linear space Indlg (V,,) satisfies the identity

Hp = Y mime,IndZ (p)Te(ro(£) =Tr(ndf (0)(N) = Y xoMal (O, f)=1(p. ), (7)

no €[ n]elM(G) ye{l'}
where

— {I'} = a set consisting of all representatives for the conjugacy classes in IT';

~Ty={6el |6 'ys=y}forye{T}

- Gy={geGlglyg=y}forye{l}.
Here, J(p, f) and I(p, [) are the spectral side and the geometric side of the trace formula for the finite group G with
respect to the subgroup I" and p : I — GL(V,,), respectively.

Theorem 5.1 is exactly the trace formula given in Arthur (Arthur 2005, eq (1.3)).

6. TEST FUNCTIONS F : G —» C

Clearly, the operator Indlg (p)(f) : Indlg(Vp) — Ind?(Vp) on the C-linear space Ind?(Vp) depends on the choice of
f : G — C. Therefore the trace formula for the finite group G with respect to the subgroup I"' and p : I' — GL(V,,),
namely, the spectral side J(p, f) and the geometric side I(p, f) of the formula corresponding to the trace Tr(lnd?(p) ()
of Ind? PN : Indlg(Vp) — Indlg(Vp) depend on the function f : G — C as well. The function f : G — C s called a
“test function” of the trace formula for G (with respect to the subgroup I"and p : I' — GL(V,,)), and choosing f : G — C
carefully, the trace identities for the operator Ind? (P)(f) : Ind? (Vo) — Ind? (V) on Ind? (V,,) yield extremely deep
results.
The first example is the Frobenius reciprocity law for the finite group G.

Example 6.1. (Frobenius reciprocity law for G) For any o, € [o] € [1(G),
<Ind19(p), 0'0>G = <p, ReS?(O'O)>F

Proof. For o, € [o] € [1(G), define a test function f, : G — Cby fr,(8) = X, (8) = X0, (g) for g € G. The spectral
side J(p, fo,) of the trace formula for the operator Ind? ) (fo,) : Indlg(Vp) — Ind?(Vp) on Ind?(Vp) is then given by

Jp.fo)= D, mlro, NGE (p)Tr(o(for,))

no €[ n]elM(G)

D mae,IndE (TR D fo, (9)70(2))

7o €[7]€M(G) geG

m(7o, 0T (0)) Y for, () Tr(mo(8))-

7o €[x]€N(G) geG

Now, by the orthogonality of irreducible characters of G, for 7, € [n] € [1(G),

G o =00,
Z foo (&) Tr(mo(g)) = Z Xo, (&) Xn,(8) = {l L mo=0

2¢G 2¢€G [ro] N [op] =@

Therefore, the spectral side J(p, fo,) of the trace formula for the operator Ind? () (fo,) : Ind?(Vp) — Ind?(Vp) on
Indg (V,) is

Jpifa)= Y, mrendf(0) 3 fo, (8)Te(xo(8)) = [Glm(cy. A (p)) = |G| (IndF (p). ) .

noe[n]el(G) geG
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that is,

|G|J(p o) = <|nd?(p),%>G

Next, computing the “|G|~! multiple” of the geometric side I(p, f., ) of the trace formula for the operator Ind? () (fo,) :
Ind (V,) — Ind& (V,)) on Ind (V,,),

1 1
Gl fo) =151 2, Xeaf NOW: fo)

ye{l'}

IR CC S YN G

ye{l'} teRG,\G

1
=G 24 Xe(wl(Ty\Gy)vel(Gy\G) X, (7)
ye{I'}
_ Z XoVX o, (¥)
ye{l} It

1
- > %, 0.

Il 24, 15

Observe that, for y € {I'}, the coset space I',\T" is in bijective correspondence with the conjugacy class G, Uofy € {T'}
in I under the bijection I'y\I' — C}, defined by I',,§ + x~'y¢ for all § € I'. Therefore, Ilrr | |C},1, and the following

identities

|G| 1(p. for,) = — |r| >

ye{l'}

IT’|

I, o (0 er, () = 2 OG0T, () = 1 3 (00T, (0) = (. Resf (0]

yef{T} o€l
follow at once, completing the proof of the Frobenius reciprocity law.
For the second example, define an inner product
(o] o):C[G] xC[G] »C
on the group algebra C[G] of G over C by
(f1h):=1GI Y f(g™)h(g), Y f.heCIG].

geG

The Fourier transform
Fr : C[G] — Endc (V)

on G coupled to a representation r : G — GL(V;) of G on a d-dimensional vector space V; over C is defined by

FoifoFif = F0 Y Y for@) =r(f). Yfeclal.
geG
It is well known and easy to derive that
T#h(r) = f(noh), Yf heC[G]. ©)

Here, for f,h € C[G], their convolution product f = h € C[G] is defined by (f * h)(x) = Xsei f(xg~Hh(g) for all

x€G.So (f*h)(1)=Xgeq (g7 )h(g).
Now, having set the stage, we can now state and prove the Plancherel formula for G in the following example.

Example 6.2. (Plancherel formula for G) For any two functions f,h : G — C,
(Fliy= > dTe(f(m) 0 h(mo)).

noe[n]el(G)

Proof. For any two functions f, h : G — C and for any 7, € [n] € [1(G), by (8) the identity f % h(r,) = f(no) o h(ry)
holds true. Therefore, the right-hand side of the Plancherel formula becomes

e, Tr(f(mo) o h(mo)) = > da, Te(Frh(no)) = ). dg,Tr(mo(f * h).
no€[n]elM(G) no€l[n]el(G) no €[] el(G)

Now, we consider the standard case of the trace formula for the finite group G; that is, the trace formula for G with respect
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to the subgroup I' = (1) and p = ¥r : I' — GL(C). Then, by (7), the spectral side J (¥ 1y, f * h) of the trace formula for
G with respect to the subgroup (1) and ¥y : (1) — GL(C) reads as

Joeay, fehy= DT m(me, G k) Te(ro (Fx ) = > do, Trl(mo (f + b)),

no€[n]€MN(G) no€ln]€M(G)

and the geometric side of (¥ 1y, f * 1) of the trace formula for G with respect to the subgroup (1) and ¥y : (1) — GL(C)
reduces to

1@ o) = Y Xy ()aG, (O £+ h) = [GI(f * (1) =G| Y £(s™)h(g) = (f | b,

ye{{D)} geG

completing the proof of the Plancherel formula for G.

Our third example needs some preliminaries. Hence deserves discussion in a new section.

7. THE “AUTOMORPHIC SIDE” OF THE MACDONALD CORRESPONDENCE FOR GLy (Fp)

Macdonald proved Macdonald (1980) an analogue of the local Langlands correspondence for GL,, (F) where F is a local
field with finite residue class field kr = F, for the finite group GL, (F,); namely, following the reformulation of Vogan
Vogan (2020), there exists a bijective correspondence

Mn(Fq) : Xn(WM]Fq) = n(GLn(Fq)) 9

between the set X, (WMg, ) of “isomorphism classes of complex n-dimensional admissible, that is Frob,, equivariant and
semisimple representations of the absolute Weil-Macdonald group WM, of F,;” and the set [(GL,,(F,)) of “isomorphism

classes of irreducible representations of GL,, (F,) over C” (but we can also assume over Qy, Q¢, ..) where g = p/ with p a
prime number and 0 < f € Z. Here, WMg,, is defined by WM, = (EiLn ]Fj;m) =< C* where the inverse limit l(inIF;m is with

m m

de/m

—— F;(md for all 0 < m, d € Z. The action of Frob, on
WM, is defined by the g-th power map and the multiplication by g on the components of WMg,_ , and the action of m ]F;m

m
on the additive group C* is defined via the canonical isomorphism l(ln ]Fj;m ~ Iy /P where F is alocal field with kp = F,,

respect to the connecting maps given by the norm maps Fz;m

and I, Pr are the inertia and the wild inertia subgroups of the Weil group Wr of F together with the homomorphism

Art .
|.|FoArtg : Wg A, px i Rﬁo, where Artr : Wr — F* is the local Artin reciprocity law of F. This correspondence

satisfies the “naturality” properties; that is, matching of corresponding local e-factors and corresponding local ¢- and
L-factors, and corresponding conductors. The bijection (9) is called the Macdonald correspondence for GL,, (F;), which
needs further discussion and postponed to a future study

In this note we are interested in I(GL,, (F,)), namely the “automorphic side” of the Macdonald correspondence (9) for
GL, (F,), and the main references that we follow closely are Carter (1993); Green (1955) and Macdonald (1980); Ye and
Zelingher (2021).

7.1. Parabolic induction and cuspidal representations of GL,, (F;)

To describe the “automorphic side” of the Macdonald correspondence (9) for GL,, (F,) precisely, let us fix :

- 9 ={j1, -, Jjs} an ordered partition of n; thatis, 0 < jj,---, js € Z such that the ordered sum j; + - - - + j; = n.
— P g the standard parabolic subgroup of GL,, (F,) with respect to the partition J defined by

GLj, (F,) X X X X
GL;,(F,) x X X
Pg:= Loox X ;

0 e
GLjs (Pq) nxn
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— M the Levi factor of P 4 by

[ GL/] (Fq)
Gsz (Fq) O
Mg = ’ ;
0
GLjS (]Fq) Inxn
— N4 the unipotent radical of P 4 by
1, x x x X
1, x x X
Ng:= X X
O X
1j5 nxn
Note that, M 4 acts on N ¢ by conjugation, and
Pj = MJ X NJ.

For1 <i < s,letn; : GLj, (F;) — GL(Vy,) be a representation of GL j, (F,) on a d;-dimensional vector space V, over
®l<i<s i

C. Then, the natural isomorphism Mg — [];<;<, GL j; (Fy) yields a representation M ¢ = [Ti<i<s GL i (Bg)
GL(),.;<, Vx,) of the Levi factor M g of P ¢ on the C-linear space X), ;. Vx;» Which in return defines via inflation to
Pgsa rep_re_sentation ®l<icsT; Py — GL(®1<i<s V) of P g on ®1<_l.<_s Vx, by letting the matrices in N 4 act as the
identity on (X), <i<s Vr;- Consider the representat_io_n o

GL, (Fy

MO0 :=|ndPJ

-~ GLy, (Fy)
(®1<i<s7) : GLa(F) — GL(Indg " (X) Vi)

1<i<s

of GL,(F,) on Ind%" (Fa) (®1 <i<s Vr;) constructed by this parabolic induction process. For 1 < n € Z, an irreducible
representation 7 : GL,(F,) — GL(V,) of GL,(F,) on a d-dimensional vector space V. over C is called cuspidal,
if it does not occur in any representation of GL,(F,) of the form 7y o 75, where 7y : GLj (F,) — GL(V,,) and
7y @ GLj,(Fy) — GL(Vy,) are both irreducible and 0 < jj, j» € Z such that j; + jo = n. For n = 1, all irreducible
representations of GL; (F,) = ]FZ; over C are by definition cuspidal. The “Philosophy of Cusp Forms” of Harish-Chandra
(for details Bump (2013)) states that the cuspidal representations of GL,, (F,) are the basic building blocks of all irreducible
representations of GL,, (F,,) in the sense that for 7, € [n] € IM(GL,(F,)), there exists an ordered partition J = {1, -, js}
of n and cuspidal representations xy,--- , 7, of GLj (Fy),---,GL;, (F,), respecively, such that 7, is an irreducible
constituent of 77y o - - - o . This completes the description of the set [1(GL,(F,)) of isomorphism classes of irreducible
representations of GL,, (F,) over C via the “Philosophy of Cusp Forms”.

7.2. {-functions (integrals) of GL, (F,)

For a representation 7 : GL, (F,) — GL(V,) of GL, (F,) on a d-dimensional vector space V, over C, denoting the set of
all n X n matrices over F; by M,,(F,), Macdonald attached a function

Z(e,7) : C[M,,(Fg)] — Endc(Vx)
defined by

Z@,m)=n(@) = Y O(gn(e), '®eCIM(F,),
g€GL, (F,)

called the {-function of the representation 7 : GL,,(F,;) — GL(V,) of GL,(F,) on V, over C (Macdonald 1980, Section
2).

Now, the trace formula for GL,, (F,) with respect to the parabolic subgroup P 4 of GL,,(F,) corresponding to an ordered
partition J of nand p : P 4 — GL(V,) computes the trace Tr(Z(®, IndS (Fa) (p))) of the operator Z(®, IngStn Fa) (p)):

Py Pg
IndS;" Fa) (Vp) — IndS;"(Fq) (V,,) on the C-linear space IndS;"(Fq) (V,,). More precisely, we have the following theorem,

which is essentially a reformulation of Theorem 5.1 in this setting.
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GLn (Fy

Theorem 7.1. For any function ® : M,,(F;) — C, the trace Tr(Z(®, Ind, )(p))) of the operator

GLn (Fy GL,l (Fy GL,, (Fy

Z(®, Ind3™ " (p)) < Ind3™ ) (v,) — IndS" ) (v,)

on the C-linear space IndS;”(]Fq) (V,,) satisfies the identity

GL, (Fq) GL,, (Fy)

GL, (F
m(mo, Ind " (D)) TH(Z(®, 70)) = THZ(®@, Inds " (p)) = 3" xp(ap." ™ )0y, @),
no€[n]eM(GL, (Fy)) y€{Pg}
where
- {P g} = a set consisting of all representatives for the conjugacy classes in P I
- Pg ={6€Pg|6'ys=y}forye{Pg};
— GL,(Fy)y = {g € GL.(F,) | ¢ 'yg =y} fory € {Pg}.

Furthermore, fory € {P s},

IGL,, (Fg), |
[Pl

GL (]F)

(y) =

and the orbital integral O(y, @) of ® : M,,(F,) — C over the conjugacy class Cs Ln () of v in GL,,(Fy) is given by

Oy, ®) = > e,

1€RGL, (Fg)y\GLn (Bq)

There is an important special case of Theorem 7.1. Let J; = {1,---,1} be the ordered partition of n given by
n—copies

—_—~—

1+---+1 = n. Then Ng becomes the subgroup of GL, (F,;) consisting of the upper traingular unipotent matrices in

GL, (F,). Now, define a 1-dimensional representation
9¢, . N:ﬁ g Cx
of N4, over C by

Oy : [xif] P Y +xs+ X)) [xu]1<l<n e Ng, (10)

i<n
j<n <js<n

where  : Fj — C* is a non-trivial additive character of F,. Set C = Vj,,. The representation

dGL 2 (Fy) GL, (Fg)

In (8y) : GL,(F,) —>GL(|nd (Veo,))

of GL,(F,) on the C-linear space Ind (Fq)

states:

(Ve,) is multiplicity free; that is, it has multiplicity one property, which

GL, (Fy)

- If 7, € [n] € (GL,(F,)) then m(ﬂo,lnd (6y)) < 1.

Now, 71, € [n] € [(GL,(Fy)) is said to have a Whittaker model if there exists a non-trivial additive character y : F; — C*
of Fy such that m(r,, IhdGL n(Fq )(0¢)) = 1. Moreover,
— If 7, is a cuspidal representation of GL,,(F,), then 7, has a Whittaker model.

The trace formula for GL, (F,) with respect to the subgroup N g of upper triangular unipotent matrices in GL,, (F,)

and 6, : Ng — C* given by (10) computes the trace Tr(Z(®D, IndGL"(F") (6y))) of the operator Z(®, Indsl;"(F") (8y)) :
T 1

In dGLn(Fq)(ng) |ndGL n(Fq) n(]F )

multiplicity one property of the representation Ind "(]F )(6 ) : GL (Fg) — GL(Ind
GL, (Fq)

(Ve, ) on the C-linear space Ind (Ve, ), which has a simpler form thanks to the

N )(Ve¢)) of GL,(F,) on the

C-linear space Ind (Ve,,), which follows as a corollary of Theorem 7.1.

GLn (Fg)

Corollary 7.2. For any function @ : M, (F,) — C, the trace Tr(Z(®, Ind (64))) of the operator

GLn (Fg)

GL, (Fy)

GLn (Fq)

Z(@, Indy " (6,)) : Indy " (V,) = Indg ) (v, )
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Ln (Fq

5 )(Vg ¢) satisfies the identity

. G
on the C-linear space Ind

GL,, (F, GLy, (F, GL,, (F,
m(r. Indy " ) (0,) Tr(Z(@, 7)) = TeZ(@. I3 @) = Y xa, (Day,” ™ (1)O(. @),
no€[n]€N(GL, (Fg)) v€{Ng }
> Tr(Z(®,75)) GLn (Fq)
no €[] €M(GL, (Fy)) ' " 7&(%ﬁ)HW(Y)aN$ T 0@
m(no,lndS;"(Fq)(9¢))=1
1

where

— {Ng } = aset consisting of all representatives for the conjugacy classes in N g;
- Ng, ={6eNg |67 'ys =y} fory e (Ng};
- GLn(Fq)y ={ge€ GLn(Fq) | g_lv’g =y}forye {Nj}

Furthermore, for y € {N 4},

aGLn(]Fq)(y) _ |GLn(Fq)y|
N INg, |

and the orbital integral O(y, ®) of ® : M,,(F;) — C over the conjugacy class CS LnEa) o v in GL,, (F,) is given by
O(y,®) = > ot yt).

te€RaL, (Fg)y\GLn (Fg)

7.3. e-factors of representations of GL,, (F,)

Let ¢ : ]F; — C* be a non-trivial additive character of F,. For x € M, (F,), let xu : M,,(F,) — M, (F,) be the additive
homomorphism defined by 1y : y > xy for all y € M, (F,). For x € M,,(F,;), we consider the Fourier transform

Fr. : C[Mu(Fg)] — Endc(Vr,)
on M, (F,) coupled to the representation ry : M, (F,) RGN M. (F,) x, F, Y C* of the additive group M,,(F,) on the
1-dimensional vector space Vy = C over C defined by
=~ = def _1
Fr, 1 @ F O = D(ry) = O(x) = My, (Eg) ™2 Z D(g)r(g) = rx(P), Yo e C[M,,(Fy)].
8<M, (Fg)
Let 7 : GL,(F,;) — GL(V,) be a representation of GL, (F,;) on a d-dimensional vector space V, over C. For each
® e C[M,(F,)], by Macdonald (Macdonald 1980, eq. (2.3)),
Z@,m= > ®@r@)= >  O(-x)W(ry;x),
8€GL, (Fq) xeM, (Fy)
where
1
Wm,wsx) = IMu (B2 D w(Tr(h))m(h), Yx € My(Fy). (11)
heGL, (Fy)

Now choosing x = 1 for x € M,,(F,;), Macdonald proved (Macdonald 1980, eq. (2.4)) that
W(x, s Dr(g) = n()W(m, 1), Vg € GL,(Fy).
Therefore, there exists a constant (7, 4) € C such that
W(n,y:1) = (z,¢)n(1).

The epsilon factor e(r, y) of the representation 7 : GL,, (F;) — GL(V,) of GL,(FF,) on the d-dimensional vector space
V. over C with respect to the choice of a non-trivial additive character  : Pg — C* is defined by

e(n,¢) = (4. 4),

where 7 : GL,(F;) — GL(V;) denotes the contragradient of 7 : GL, (F,) — GL(V,); that is, the representation of
GL,(F,) on the dual space V of V,; defined by #(g) = (g™ ").
Thus, it follows from (11) that

W) = My B > g(Tr()i(h) = e(r.g)i(1).

heGL, (R,)

67




Istanbul Journal of Mathematics

Therefore,
TrW(# 05 1) = My B2 D" w(Tr()Tr(E(R) = €, ) Tr(#(1)),
heGL, (Fy)
proving that
M (Fy)| 7 V
€(ru) = G hEGg(Fq)w(Trm))Xn(h), (12)

as Tr(#(1)) = dim(r).
Moreover, Ye and Zelingher studied the effect of the linear algebraic operations & and ® on [1(GL..(F,)) = L] MN(GL,(F,))
0<nez

to e-factors in Ye and Zelingher (2021). More precisely, for 7 € M(GL,, (F,)) and 7, € MN(GL,, (Pq)) there exist
1 By € N(GLy, 4, (Fy)) and 71 ® 1y € N(GL,y,, (Fy)), whose e-factor, and - and L-factors are known instead of
my B, and 1y ® 7, themselves, and it is proved Ye and Zelingher (2021) by Ye and Zelingher that

e(my B, Y) =e(m,¥)e(m, ). (13)
Now, combining (13) with the identity (12), for 7y € (GLp, (F,)) and > € MN(GL,, (F,)), we have

Mn] F _% ’ ’ an E _% 7 ’”
et ) = S EDE S e, ) S E S ) )

dim(r) 6, dim(m2) 4T e

1
My, (Fg) X My, (Fg)| 2 ( [h’ 0 ]) Koo
= N " lﬂ Tr | | Xten ’” .
dim(7r;)dim(m;) h’eGLZ,,I (Ey) 0 h 0 h

" €GLa, (Fq)

(14)

In case the representation 7 : GL,(F;) — GL(V,) has no 1-component; that is, 7 is not a constituent of p,_; o (1),
where p,,_; is the regular representation of GL,,_;(F,) over C and (1) is the trivial representation GL;(F,) — C*,
Macdonald further proved (Macdonald 1980, Proposition 2.7) that

1Z2(®, %) = e(m, ) Z(D, 7), (15)

where ’Z(&), 7t) is the transpose of Z((IS, 7). Applying Theorem 5.1, the trace formula for finite groups in Arthur form, to
the identity (15), the following identities follow immediately.

Theorem 7.3. Let p : Py — GL(V,) be a representation of the standard parabolic subgroup P g of GL,,(F,) with respect
to the partition J on the vector space V,, over C. Assume that the representation

Inds" " (p) : GLy (Fy) — GL(Indg "™ (v,,))

GLn (Fy GL,, (F,

'(0),0)

) (V,,)) with respect to the choice of a non-trlwal additive

)(V ) has no 1-component. The epsilon factor e(lnd
GL, (F,

of GL,(Fy) on the induced C-linear space Indg
of the representation Ind P, Ln (g )(p) GL,(Fy) — GL(lnd

character  : IFZ — C* has then the following descrlptzon

Tr(Z(®, 7))
——

GL,, (F, “ = GL, (F, =
m(mo. Indg ") (5)) Tr('Z(®, 7,)) S x0ap," " ()00, ®)
7o €[n]€MN(GL, (Fy)) _ E(IndGLn(]Fq)(p) v) = ve{Pg}
GL IF > GL IF s
m(m,, Indg " (0) T(Z(@, 7)) S xeap, " ()0, @)
HUE[K]EH(GL,,(]FQ)) ye{Pgs}

where

— {Pg} = a set consisting of all representatives for the conjugacy classes in P q;
- Pg ={6ePg |6 'ys=y}forye{Pg};
- GLn(Fq)y ={ge€ GLn(Fq) | g_l'yg =y} forye€ {P[f}

Furthermore, fory € {P g},
GL,, (]Fq)( ) |GLn (]Fq)y|
Pgl
and the orbital integral O(y, @) of ® : M,,(F,) — C over the conjugacy class CS’L" (Fq) of v in GL, () is given by

Oy, ®) = > oulyn

1E€RGLy (Fq)y\GLn (Fq)
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and the orbital integral O(7y, &)) of&) : M,.(Fy) — C over the conjugacy class CVGL"OF") of v in GL,,(Fy) is given by
O(y,®) = > ot yt)

t€RGL (Fg)y\GLn (Fg)

The identities given by Theorem 7.3 do not seem to appear in the literature and may have applications in the e-factor
analysis of representations of GL,, (F,) over C.
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ABSTRACT

We express backward shift operators on all Bergman-Besov spaces in terms of Bergman projections in one and several variables
including the Banach function spaces and the special Hilbert spaces such as Drury-Arveson and Dirichlet spaces. These operators
are adjoints of the shift operators and their definitions for the case p = 1 and proper Besov spaces require the use of nontrivial
imbeddings of the spaces into Lebesgue classes. Our results indicate that the backward shifts are compositions of imbeddings
into Lebesgue classes followed by multiplication operators by the conjugates of the coordinate variables followed by Bergman
projections on appropriate spaces. We apply our results to the wandering subspace property of invariant subspaces of the shift
operators on certain of our Hilbert spaces.

Mathematics Subject Classification (2020): Primary 47B34; Secondary 30H20, 30H25, 30H30 32A25, 32A36, 32A37, 46E15,
46E20, 46E22, 47A15, 47B32, 47B37

Keywords: Backward shift operator, Bergman projection, Wandering subspace property, Bergman-Besov space, Hardy space,
Dirichlet space, Drury-Arveson space

1. INTRODUCTION

Shift operators and their adjoints the backward shift operators have a central position in operator theory. Forward shift operators
on holomorphic function spaces have simple representations as operators of multiplication by the coordinate variables. This is
true also for the adjoint of the shift operator f(z) > zf(z) on the Hardy space H? on the unit disc. This operator is the backward
shift operator with the explicit formula

f(2) (zeD, feH>). 1)

Backward shift operators on other holomorphic function spaces such as the weighted Bergman spaces can be written in terms of
the Taylor series of the functions in the spaces, but simple explicit expressions in the spirit of (1) have been lacking until recently.

In Gu and Luo (2024), for weighted Bergman Hilbert spaces A2 on the unit disc with nonnegative integer weight parameter ,
explicit expressions akin to (1) have been obtained. In the same paper, another formula on the same spaces have been obtained
using the Bergman projections again with integer parameters.

It turns out that, by judicious use of dual representations, it is possible to extend the Bergman projection formulas considerably.
We obtain expressions for the backward shift operators on weighted Bergman and Bergman-Besov spaces Bf; on the unit disc and
the ball using Bergman projections. The spaces on which our formulas work include weighted Bergman spaces with non-integer
weight parameter ¢ > —1, Besov spaces which correspond to parameter values g < —1, Banach Bergman-Besov with parameters
1 < p < oo, the same spaces of holomorphic functions of several complex variables on the unit ball of CV, and in particular the
Drury-Arveson and Dirichlet spaces.

To place our results in context, we introduce some notation. Let B be the unit ball in C"V with respect to the norm |z| = /(z, z)
induced by the usual Hermitian inner product (w, z) = w1z + - - - + WyZn, which is the unit disc D for N = 1. Let H(B) denote
the space of all holomorphic functions on B, respectively.

We let v be the Lebesgue measure on B normalized so that v(B) = 1. For g € R, we also define on B the measures

dvg(z) = (1 - 1z1)? dv(z).

 F@ =10
Z
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These measures are finite for g > —1 and o-finite otherwise. For 0 < p < oo, we denote the Lebesgue classes with respect to v,
by LY, writing also LP = L{ .

The standard weighted Bergman spaces on B are Ag = Ls N H(B) for ¢ > —1 normed by || f|| AD = (kall L Equivalently, the
Bergman space Af; is imbedded isometrically in Lg by the inclusion map i. We again write AP = Ag for the unweighted Bergman
spaces.

Bergman spaces are generalized to two-parameter Besov spaces BZ for g < —1. We defer the precise definition of Besov spaces
to a later section; see Definition 2.1. It suffices now to note that the Besov space Bg is imbedded isometrically in the Lebesgue
space Lg with the same parameters p, g by a map that is a combination of a derivative of the function and the product of a power
of 1 — |z|?, where the order of the derivative and the power are the same. It is also true that an f € H(B) belongs to Bf; whenever
sufficiently high-order derivatives of f lie in a Bergman space.

We use the notation Bg for the full collection of Bergman-Besov spaces for g € R.Forallg € Rand 1 < p < oo, Bergman-Besov
projections Py exist from the Lebesgue class Lf]’ onto the Bergman-Besov space BZ for s satisfying a certain well-known inequality;
see Theorem 3.1.

The shift operator S on a holomorphic function space on the unit disc D is simply the operator of multiplication by the coordinate
variable z; so S(f)(z) = zf(z). When the space on which S acts matters, we attach the parameters of the space to S and write
SP B — BY.

For function spaces on the unit ball B, we have N coordinate variables zi, ..., zy and hence N shift operators; so S;(f)(z) =
zjf(z) for j =1,..., N. But we can also indicate the spaces on which the shifts act and write (Sg )j: BZ — Bg .

The adjoints (S7)* and (S ); of the shift operators on BY act on the dual spaces (B})* and are called the backward shift

operators. For 1 < p < oo, we have (B})* = B”, where p’ is the exponent conjugate to p, thatis, p’ = p/(p — 1). For p = 1, the
corresponding dual spaces are the weighted Bloch spaces B, , whose definitions are also deferred to a later section; see Definition
2.2. For the dual spaces, see Theorem 3.3.

The main purpose of this paper is to establish expressions for the backward shift operators on AZ and B{; in terms of Bergman
projections. We use the fact that the adjoint of a shift operator on a complex Lebesgue space is merely the operator of multiplication
by the conjugate of the coordinate variable used in the shift operator. Our formulas have the following form: We take a function
in Bg and imbed it in the associated Lebesgue space Lﬁ[’ as explained above, then we multiply the imbedded function by the
conjugate of the corresponding coordinate variable, and lastly we project back to the Bergman or Besov space by a suitable
Bergman projection.

Our main results in this direction are Theorems 4.2, 4.4, 6.2, and 6.4. They and their proofs occupy Sections 4 and 6. In Sections
2 and 3 following, we summarize all relevant information on the spaces we work on and the projections used in the theorems. In
Section 5, we show that the invariant subspaces of the backward shifts in certain Besov spaces on the disc have the wandering
subspace property.

2. PRELIMINARIES

In this section, we give the remaining notation and the necessary details on the function spaces. We use multi-index notation in

which @ = (@1, ..., a@y) is an N-tuple of nonnegative integers, || = a1 +- - -+an, ! =a;!---ay!, 0° = 1,and z? = itz
for z € C". A star ()* indicates adjoints for operators and duals for spaces. We show an integral inner product on a function space
Xby[-,-]x
The Pochhammer symbol (a)p, is defined by
_T(a+b)
(a)p = W

when a and a+b are off the pole set —N of the gamma function I'. This is a shifted rising factorial since (a)x = a(a+1) --- (a+k—1)
for positive integer k. In particular, (1), = k! and (a)g = 1. A very useful identity is

(@ n+m = (@)n(a+n)y 2
for n,m € N. Stirling formula gives
I'(c+a) a-b (a)c a-b (¢)a a-b
Tl pab, ~ca7b, ~c Rec — ), (3)
T(c+b) (b)e s ( )

where A ~ B means that |A/B| is bounded above and below by two strictly positive constants, that is, A = O(B) and B = O(A)
for all A, B of interest. For A = O(B), we also write A < B.
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For g € R and w, z € B, the Bergman-Besov kernels are

o (1 N
(1-(z, w>)‘+N+q Z . +q)k (zw)", g > —(1+N),

Kq(zw) = = k! (z, wk

2F1 (1L, 1 1«(N+q); (z, w)) = Z( (N+£]))

where ,F| € H(D) is the Gauss hypergeometric function. They are the reproducing kernels of Hilbert Bergman-Besov spaces.
Notice that

q < —(1+N),

1 ) 1
(z,w) 81- (z,w)’
These kernels are positive definite and sesquiholomorphic, and hence give rise to reproducing kernel Hilbert spaces of holomorphic
functions which are the Bergman-Besov Hilbert spaces 32 In particular, for g > —1, the Bé are weighted Bergman spaces A2,
32 is the Hardy space H?, B> < v is the Drury-Arveson space, and B? is the Dirichlet space. When N = 1, the Hardy and the
Drury-Arveson spaces coincide.

To define the Bergman-Besov spaces for p # 2, we proceed as follows. Let the coefficient of (z, w)* in the series expansion of
K, (z,w) be ci(q) for any g € R. Note that co(q) = 1, cx(g) > 0 for any &, and by (3),

ck(q) ~ kNt (k> o), )

K_(1+n)(z,w) =

—(1+N)

for every g. This explains the choice of the parameters of the hypergeometric function in K.
Let f € H(B) be given on B by its convergent homogeneous expansion f = Y, fi in which f; is a homogeneous polynomial
k=0

inzy,...,zy of degree k. For N = 1, f is simply the kth term in the Taylor seri_es of f € H(D). For any s, € R, we define the
radial fractional differential operator D, on H(B) by

- o cr(s+1)
Dif = > di(s,0)fx = ) —— fx. 3
sf 1;) K (s, 1) fi kzz(:) ) Tk &)
Note that dy(s, ) = 1 so that DL (1) = 1, dy (s, t) > 0 for any k, and

di(s,0) ~ k' (k— o),

for any s, by (4). So DY is a continuous operator on H(B) and is of order 7. In particular, D%z” = d|,(s,1)z” for any multi-index
v. More importantly,
p’=1, Dp“,D =D, and (D))"'=D!

N S+t S+t

for any s, ¢, u, where the inverse is two-sided. Thus any D%, maps H(B) onto itself. The coefficients di (s, ) are chosen in such a
way that

Dy Ky(z,w) = Kgur (2, ) (6)

for any ¢, t € R, where differentiation is performed in the holomorphic variable z.
Consider now the linear transformation 7’ defined for f € H(B) by

. 2
I f(2) = (1= 1219 D f(2).
When ¢ = 0, s is irrelevant and 9 is just the inclusion i.

Definition 2.1. For ¢ € R and 0 < p < oo, we define the Bergman-Besov space Bg to consist of all f € H(B) for which I.f
belongs to Lg for some s, ¢ satisfying

qg+pt>-—1. @)

It is well-known that under (7), Definition 2.1 is independent of s, ¢ and the norms || f|| B = 1L £1] Lp are all equivalent. For
p = 2, these norms are also equivalent to the norms obtained from the reproducing kernels. Explicitly,

||f||Bp /|D§f(Z)I”(1—IZI2)"+"’dV(Z) (q+pt>-1). ®)

When g > —1, we can take t = 0 in (7) and obtain the weighted Bergman spaces Ap Bp When g < -1, we call the spaces Bp
proper Besov spaces. For 0 < p < 1, what we call norms are actually quasinorms.
The Lebesgue class of all essentially bounded functions on B with respect to any v, is the same, so we denote them all by L.
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For a € R, we also define the weighted Lebesgue spaces £ to consist of all measurable ¢ defined on B for which (1 — |z|?)%¢(z)
belongs to £ normed by

llell £ = esssup (1 - [z)* |e(2)].
zeB

Definition 2.2. For a € R, we define the Bloch-Lipschitz space B to consist of all f € H(B) for which I f belongs to L% for
some s, ¢ satisfying

a+t>0. ©
It is well-known that under (9), Definition 2.2 is independent of s, and the norms || f||gs = [[I%fl| z are all equivalent.
Explicitly,
Ifllsy = sup DL f(I(1 =z (a+1>0). (10)
z€B

If @ > 0, we can take t = 0 in (9) and obtain the weighted Bloch spaces. When a < 0, these spaces are the holomorphic Lipschitz
spaces A_o = Bg. The usual Bloch space B = B* corresponds to & = 0. There is no mention of the little Bloch space in this

paper.

Remark 2.3. Definitions 2.1 and 2.2 imply that 7% imbeds Bﬁ,’ isometrically into Lf; if and only if (7) holds, and I’ imbeds 8%
isometrically into £, if and only if (9) holds. By (8) and (10), f € B’q) if and only if DL f € AP for g+ pr =0, and f € B if and
only if DL f € B® fora +1t = 0.

The reproducing property in the Bé is this: Given a g € R, there are ¢, 51, 52 € R such that for any f € B(ZI and z € B, we have

£ = [£(). Kg(z )] = Cq /B D, f(w)D! Ky (2 w) (1= w2 dv(w),

where [-,-] are the inner products associated to the norms in (8) and the C, are normalizing constants. For Bergman spaces,
g > —1 and naturally 7 = 0.

Proposition 2.4. (Kaptanoglu and Ureyen 2008, Proposition 3.1) (Kaptanoglu and Tiilii 2011, Proposition 2.1) For any p > 0

and q,@,s,t € R, the maps D', : Bl — BZ +pr and DL : B — BY,, are Banach space isomorphisms. They are also isometries

when the parameters of the imbeddings I in the norms of the spaces are chosen as s, u for the domain and as s + t,u — t for the
target space.

3. BERGMAN-BESOV PROJECTIONS
Bergman-Besov projections are the linear transformations P, defined for s € R and suitable ¢ by
Pop@ = [ KW dvw) (D)
B

Theorem 3.1. (Kaptanoglu 2005, Theorem 1.2) (Kaptanoglu and Tiilii 2011, Theorem 1.3) For1 < p < oo, the map Py : Ls - Bg
is bounded if and only if

g+1<p(s+1). an
Given an s satisfying (11), if t satisfies (7), then
N!
Pl f=——— 12
holds for f € Bé’. Further, Ps : L7 — B is bounded if and only if
a<s+1. (13)

Given an s satisfying (13), if t satisfies (9), then (12) holds for f € B, .
Remark 3.2. Note that 1 + s+ > 0 if either (7) and (11), or (9) and (13) hold, thus in all cases considered in Theorem 3.1.

The dual of a Banach (or Hilbert) space is the space of all bounded linear functionals on the space. For 1 < p < oo, the dual of
LY is LY under the pairing [-, -], where

le. v], :=/B<p$dvq. (14)

The dual of any L}I can be realized as any one of L, under the pairing [-, ‘]4+e-
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Theorem 3.3. (Kaptanoglu 2005, Remark 7.3) (Kaptanoglu and Tiilii 2011, Theorem 6.2) For 1 < p < oo, the dual space of Bf;
can be identified with Bg " under each of the pairings

1.8l = / If1 0 g dv, (15)

for s,t satisfying (11) and (7), that is, for every bounded linear functional ® on BE, there is a unique g € Bg/ such that
Of =[f,glgs:for fe Bg. The dual space of any B,ll can be identified with any B, under each of the pairings [ f, 8l g+a,s,: for
s, t satisfying (11) and (7) with p = 1, that is, for every bounded linear functional ® on B there is a unique g € By, such that
(I)f = [f’ g]q+a,s,tf0rf € Bcll

Equation (15) takes simpler forms for Bergman spaces for which g > —1 and we can take t = 0. For 1 < p < oo, we can also
take s = ¢, but for p = 1, we must have s > g. Then the pairings are

/B fgdvy  and / FLE g dvgua (16)

for 1 < p < ooand p = 1, respectively.

So we have two pairings (14) and (15) with one and three parameters to use without and with an 7, respectively.

Most useful is the Banach space adjoint of 7° : Bf; - Lg for I < p < oo under the conditions (7) and (11). We use Theorem
3.3.For 1 < p < oo, the adjoint is the operator (I)* : LY — B such that [I f,y], = [f, (I))*W]4.s.c for f € B and y € L,
where s satisfies (11). For p = 1, it is the operator (I%)* : L — B¢ such that [IL f,¢]gea = [f, (1)) W] gea,s, for f € B}Z and
veLs.

(I+s+1)n

N!
for any a € R, where s,t satisfy (11) and (7). Explicitly, for f € B and y € (L))",

_ (L+s+0)n -
'élgfde4+a = T Itf qua/gﬂ q+a+t¢’ qu+m

where a =0 for 1 < p < oo and a € R is arbitrary for p = 1.

(I+s+t)n

Theorem 3.4. Let g € R. For 1 < p < oo, we have (IL)* = Py, and for p = 1, we have (IL)* = N Pyia+t

This theorem says that the composition of an /-type operator following a P-type operator can be removed under certain integrals.

Proof. We give the proof only for 1 < p < oo; the proof for p = 1 follows the same lines and is omitted.

Let f € BN,y € LY ,and put F = D’ f. By Proposition 2.4, F € Bq+p,, but since g + pt > —1, actually F € Aq+p,, a Bergman
space which can be described Wlthout using any derivative. We have ¢ + pt + 1 < p(s +1t+ 1), so by Theorem 3.1, Py, maps
As +pe onto itself and Py, F = WF We compute by first writing the integrals explicitly, next differentiating under the

S+1N
integral sign using (6), then interchanging the order of integration by the Fubini theorem, and finally using the information about
F just stated. We obtain

[f, Pget]

q.5.t

- /]B (1 - 2P DL () (L= )

DI / U)K gar (2 W) (1 = [wP)2 dv(w) (1 = |22 dv(2)
=/aﬂﬁwww/vwmmmmu—wwwwwwwa
B B
=/uﬂmN“WE/meummuw#Wwwmww>
B B
=/u—MWWEEBAHnwmwm

/u—wm’ Trere PO Tt vy ()

NI
(I+s+t)n

) -/B mléf(w) Yy(w)dvg(w) = Iy, lﬁ

The proof is complete.

Theorem 3.4 takes simpler forms for Bergman spaces for which ¢ > —1 and we can take = 0. For 1 < p < oo, we can further

1+
take s = ¢ and then i* = (—Q)NPq, where i is the inclusion from AZ into LZ. For p = 1, we must have ¢ < s, and then
N!
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= (1 +S)N

N P, upon taking & = 0. The simpler explicit forms for f € Ag and ¢ € (Lé7 )* for general « are

/f@dvq ‘I)N/quwdvq (1<p <o), (17)

I o
/fwdvqm:( +S)N/fquaa Pgrath dvgra  (p=1). (1)

We need the following results when we compute the backward shifts explicitly on specific Bergman-Besov spaces. First, using
multi-index notation,

k!
@w)= > =W (19)
=k ¥’

Lemma 3.5. Let a, 8 be two multi-indices, |a| = n, and s > —1. Then

O’ l..fﬁ i a’
/z“zﬁu ~z2?)*dv(z) =4 Nla! _
B —, ff=qa.
(1 + S)N+n
Proof. This is (Alpay and Kaptanoglu 2001, Lemma 1).
Lemma 3.6. Let o, 8 be two multi-indices, n = |a|, m = |B|, and r, s € Rwithr +s > —1. Let J = Ps(z%Z° (1 = |z|*)"). Then

N'(1+N+8)y—m  a!

ap ' -(1+N
(a7t 9w @-pi° oz =N,
B N ((n—m)!)? al s
, < —(1+N),
(= N+ (L+ 7+ $)vem (@—B)! Fos-l+N)
for a > B, and J = 0 otherwise, where « > B means aj > B forall j =1,...,N.

Proof. In what follows, by Lemma 3.5, the only value of y that gives a nonzero integral is y = @ — 8 > 0, which also explains
why the integral is O for @ < .
For s > —(1 + N), by the way Bergman-Besov projections and kernels are defined, (19), and Lemma 3.5,

J=/Bw"Wﬁ(l—|w|2)”“Z (”N”)" Z zywydv(w)

k=0 vk 7
(I+N+5)n-m @ @ ris
= T e oot [P e v
_ U+ N+n-m _op N!a!
T @Al C U

For s < —(1 + N), similarly,

,B _ r+s
J= /B (1-|w) 2(1 (N+5))klz z7w7dv(w)

-m)!)? 1
= (1 (—(’(1N _:_n;); o (@-B)! Za_ﬁ‘/B |Wa|2(1 - |W|2)r+s dv(w)
__ ((n=m)))? 1 . Nual
TN+ Dm @B (T+r+5)nen
We use Lemma 3.6 only for m = 1.

4. BACKWARD SHIFT OPERATORS ON SPACES ON UNIT DISC

The spaces we work on have infinite families of equivalent norms. The pairings under which the dual spaces are realized depend
strongly on the particular norms used. Likewise, the adjoint operators take different forms depending on the pairings. For this
reason, for each type of space, we define the adjoints anew.

Throughout this section, N = 1. When (7) and (11) both hold, always s + ¢ > —1.

Definition 4.1. Forg > -1, let Sf; : AZ — Ag be the shift operator acting on a Bergman space. If 1 < p < oo, we define its adjoint
(S9)* Af;, — Af;l by [SP f, g]q =[f, (Sf;)*g]q, where f € A and g € Af;’. If p = 1, we define its adjoint (S})* : By — By
by [S;f, g]qm =[f. (Sﬁll)*g]q+a/,s,0’ where f € A}] and g € BY.
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Theorem 4.2. The adjoint of a Bergman shift operator is

($5)°8(2) = (14 5)Pyua(F8(2) = (14+5) [ %dw(w),

wheregeAp,a/ 0,ands=gqforl <p <oo,andg € By, @ € R, and s satisfies (11) for p = 1.

Proof. Let]l <p <ocoandg € Af; first. Definition 4.1 and (17) give
(57,6, = [ @F@ i = [ 1@ @ v
= (1+0) [ 1@ P Ge@) dvy(2) = [, 1+ 0P E )],

Then
(87)'8(2) = (1+q)Py(z8(z)) (1 <p < o).

Let p = 1 and g € B, next. Definition 4.1 and (18) give

[S4F. 8l oo = [ 27D 8@ dvad) = [ £ T 4002

= (145) / FO P (28(2)) dgea(2)
= [/, 1+ 9Pg4a(Z8(D)] gs0

Thus (S}])*g(z) = (1+5)Pgsa(z8(2)).

We keep @ when p = 1 for flexibility. But if we choose a = 0, then the only difference between the two cases in Theorem 4.2 is
whether the coefficientis 1 + g or 1 + s with s > g.

Definition 4.3. Let ¢ < —1 and ¢, s satisfy (7) and (11). Also let s > -2 for convenience. Let S : B — Bl be the

shift operator acting on a proper Besov space. If 1 < p < co, we define its adjoint (Sé7 ) B{;' — BS' by the identity

[sP £, g]q,s,t = [f. (Sg)*g]q’ﬁl’t, where f € Bl and g € Bl . If p = 1, we define its adjoint (S})* : By — By by
1 _ 1y* 1 )

(S0 8] gease = Lf+ (58] 1 gu1,» Where f € By and g € B

Theorem 4.4. The adjoint of a proper Besov shift operator is

. 2+s+1)?
(59)"g(z) = 2—+qu+rz+t( 2yl 8(2),

where g € Bgl anda =0for1 < p <oo,ge By anda € R for p =1, t, s satisfy (7) and (11), and s > =2 for convenience.
The explicit integral expression for Py o+, depends on whether g + @+t > -2org+a +1 < 2.

Proof. Let f € Bf; be given by its Taylor series f(z) = 25, frzk. Since s > =2 and s+ > —1 > =2, by (5) we have

o 2+ S+ ka1 , oy 2+S5+E < Q+s+1+0) 4 245+t
Dt‘ = - + = — DI
s(2f(2) ;) (2 + $)ka1 Jiz 2+ kZO 2+s+ 1y Szt = 2+s © wf (),
. 2+s+t
and hence I’ (zf(z)) = s zll,, f(2).

Letl <p<oandg € Bf; " first. Definition 4.3, the previous calculation, and Theorem 3.4 give

(857 8]0 = [ 1@ E G (2

2 +s
:/ +lf() +s+t_[qft g(Z)qu(Z)

2+s5+1 _
=(2+s+1) / S (@) qft+s+lpq+t (21" 8(2)) dvg (2)

(2+s+l)2

[f( )s Pyu(z qutﬂg(z))

q,s+1,t

The desired formula is obtained.
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Let p = 1 and g € B, next. Similar to the previous case, Definition 4.3, the above calculation, and Theorem 3.4 give

[SGf. 8] frasi= /D L(2f () 1™ 8(2) dvgra(2)

2485+t _ _,_
= [ 1@ T 8@ dviea )

(2+S+t)2 —q—a+s+1

= /Dlﬁﬂf(z) s laran

2+s+1)?

- [f(z), 2+

Pq+a+t (21;3;3+s8(2)) qu+a(Z)

——g—a+
Pq+a/+t (Zquag Sg(z))
q+a,s+1,t

The desired formula follows.

We check some well-known Hilbert spaces to see the differences between our formulas and the more commonly known ones.
Such differences are bound to happen since we base our formulas on integral inner products while many formulas in the literature
are based on the norms derived from reproducing kernels. Since all the spaces involved consist of holomorphic functions on D, it
is enough to check the results on g(z) = z" forn=0,1,2,.. ..

Remark 4.5. Let g > —1 and consider first the Bergman Hilbert spaces A%I. Here there must be no difference in the literature
among the backward shift operators since the reproducing kernels of Bergman spaces are derived from standard integral norms.
Theorem 4.2 and Lemma 3.6 give

(2+q)n-1
(1 + q)1+n

n-1 _ n n-1

2Nk Ny _ noy _ -
(87 (2") = (1+q)Py(2"2) = (1 + q) “Tigen’
which agrees with (Kaptanoglu 2014, (26)), as expected.

Remark 4.6. For the proper Besov spaces B(ZI with g < —1, there are two possibilities, g +¢ > =2 or g +t < -2. In the first
2+s+1),

possibility (¢ +1 > ~2). we have Dy (") = (o

gt 7" by (5). Then Theorem 4.4 and Lemma 3.6 give

Q+s5+1)2 Q+s+1),

SZ*n: P (1 - 2\—q+s _n
(5" (2" rs  Qiqi, g (2(1 = [2]7) 77 2")
Qs+ Qs+, QgD
245 (2+q+Dn (1+5+D)14n
2+s5+1)? 1 n nel
= z
2+s l+s+t1+g+t+n

Let s — oo since it can be as large as we wish; then essentially

(59" = 1

l+g+t+n

n-1

(20)

For ¢ = -1, we have B2 = H? for which essentially (S?,)*(z") = % 7"~ For H?, any small ¢ > 0 works. If we further let
n

t — 0%, we obtain (52 )*(z") — z"~!, which is what (1) says.

Remark 4.7. In the second possibility (g +¢ < —2) when g < —1, by (5) again, we have D

Then Theorem 4.4 and Lemma 3.6 give

Q+s+02 2+s5+1), (=(g+D))n

—g+s
q+t

Q45400 (<(@+0n ,

") =
n! n!

Pgu (1= |2 792"

2\*%/_n\ _
(Sq)"(=") = 2+ n! n!

_ (2+s+41)? 245+, (—(g+1))n

(n—=1)! n!

n—1

2+s ! nl (=4t (1454+0)1am
_Q+s+0? 1 —(l+qg+0D+n ,_,
245 l4s+t n '
As s — oo again, essentially
—(l+g+t)+n
(83)° () = “LELHDEN ot @1

-1+
For g = -2, Bz_2 is the Dirichlet space for which (Sz_z)*(z”) = Tn
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1
spite of this, if we further let r — 0%, we obtain (S%z)*(z”) — _tn "7, which is what (Kaptanoglu 2014, (26)) says, contrary
n

to intuition.

5. WANDERING SUBSPACE PROPERTY

In this section, we identify some shift operators acting on Bergman-Besov Hilbert spaces BZ whose invariant subspaces have the
wandering subspace property.

Let T be a left-invertible operator on a Hilbert space H and let E C H be a closed T-invariant subspace of H. We say E has the
wandering subspace property if E is the smallest closed T-invariant subspace including E © TE, where © indicates orthogonal
complement, that is, if £ = \/ T"(E © TE), where \/ indicates closed linear span.

n=0
In (Richter 1988, Theorem 1 and Corollary), it is shown that the invariant subspaces of the shift operator on the Besov Hilbert

spaces Bz with =2 < g < —1, that is, on those spaces between the Hardy Hilbert and Dirichlet spaces, have the wandering
subspace property. In (Aleman et al. 1996, Theorem 3.5), it is shown that the invariant subspaces of the shift operator on the
unweighted Bergman Hilbert space has the wandering subspace property. It should be noted that all results of this form are norm
(or inner product) dependent since the adjoint depends on it, except perhaps those on Bergman spaces in whose norms there
is universal agreement. In fact, in Gallardo-Gutiérrez et al. (2020) it is shown that by renorming, one can force the wandering
subspace property.

In (Shimorin 2001, Theorem 4.1), a very practical sufficient condition is given for the wandering subspace property in which
A < B means B — A is a positive operator.

Theorem 5.1. (Shimorin (2001)) If S is the shift operator on a space of holomorphic functions on D and SS* + (S*S)~! < 21,
then the invariant subspaces of S have the wandering subspace property.

Checking the hypothesis of this theorem is especially easy since both Sé(S[ZZ)* and (S[ZZ)*S(ZZ are diagonal operators on the
orthogonal basis {1,z, 7. ..} for all Bé. We also see that renorming does have an effect.

Theorem 5.2. For —1 < g < 0, the shift operator Sfl on the Bergman space Aé has the wandering subspace property.

1+
2 forn = 1, S2(S2)*(1) = 0, (82)"S2(z") = ———— 2", and

Proof. By Remark 4.5, we have 5621(5621)*(1") = Trot
q+n

5 l+g+n

+q+

((Sé)*Sé)_l(z") b Rl 7". Applying Theorem 5.1, Sfl(Sé)* + (Sfl)*S2 < 21 if and only if
1+n

2 2
ﬂSZ and " rqrn

<2.
1 l+g+n l+n —

The first inequality gives g < 0 and the second g > —1.

Theorem 5.3. For g < —1, the shift operator Sfl on the Besov space Bé using the adjoints from (Kaptanoglu 2014, (26)) has the
wandering subspace property if ¢ = —1, that is, for the Hardy space H* with the usual norm and adjoint.

Proof. For -2 < g < -1, (5621)*(2") = ﬁ 7"~ 1, which is identical to the adjoints in Theorem 5.2. So we have only ¢ = —1
q+n
from the proof of that theorem.
2nsm -1—-qg+n
For g < -2, (85)"(z") = ——

2 2\ * 2\x o2 . .
S5(85)" +(85)"Sg < 2I'if and only if

1+n
—q+n

z". Hence

_1-
2"~ Then 87 (87)"(z") = T 4T o and (571" =
n

1 -1- 1
— <2 and q+n+ +n
-q n —qg+n

< 2.

The first inequality gives ¢ < —1/2 and the second g > —1. Thus there is no ¢ < —2 with desired properties.

Theorem 5.4. For g < —1, the shift operator Sfl on the Besov space Bfl using the adjoints in Theorem 4.4 has the wandering
subspace property if t is chosen to obtain —1 < g+1 < 0.

Note that it is compulsory to have g + 2z > —1 by (7).

Proof. To make the formulas amenable to computation, we use the adjoints in Remarks 4.6 and 4.7 in their limiting form as
§ — 0o,

For ¢ +t > -2, by using (20) we have (Sé)*(z") = "

l+g+t+n

n—1 2 (Q2\%( N\ — n n
z"7. Then also S (Sy)"(z") = mz and
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24+qg+t+n
2y @2y -1 _ 2 (2« 2% Q2 : ;
((85)7S5) ™ (") = Tz”. Hence S, (S7)" + (S3)"S; < 21 if and only if
2+q+tSZ and n 2+q+t+n£2'
1 l+g+t+n 1+n

The first inequality gives g + ¢ < 0 and the second g + ¢ > —1. Thus for g < —1, if we choose ¢ with -1 < g +¢ < 0, then S?I on
B,ZZ has the wandering subspace property.

-1-qg-1t -1-qg-1t
For g + t+ < -2, by using (21) we have (Sfl)*(z") - -—4-i*n 7", Then also Sé(Sé)*(z") = q—+nz" and
n
) 1/ .n 1+n n . . . .
((S2)*82)7'(z") = mz - Hence 57 (87)* + (S7)*S; < 21 if and only if
1 -1-qg-1t 1
<2 and g-f+n + tn <
-q—t n —g—t+n

The first inequality gives ¢ +¢ > 1/2 and the second ¢ +¢ > —1, which contradict ¢ + ¢ < —2. So no ¢ and ¢ can be found with the
desired properties in this case.

Some other shift operators are checked in Gu and Luo (2024).

6. BACKWARD SHIFT OPERATORS ON SPACES ON UNIT BALL

Shift operators S;, j = 1,..., N, on holomorphic function spaces on the unit ball B in CV are investigated from many perspectives
in Kaptanoglu (2014). Here we concentrate only on their adjoints represented as Bergman-Besov projections. For readability, we
refrain from attaching the parameters g, p of the spaces to the shift operators since they are clear from the context. We also take
a = 0 when p = 1 again for simplicity.

Definition 6.1. For g > -1, let §; : Ag - Ag be a shift operators acting on a Bergman space, j = 1,...,N.If 1 < p < oo,
we define its adjoint 57 : Ag/ - Agl by [S;f. g]q = [f, S}g]q, where f € AL and g € Ag/. If p = 1, we define its adjoint
§3: 8% — B by [S,f, g]q = [f, S;‘.g]qys,o, where f € A} and g € B>.

Theorem 6.2. For j =1,..., N, the adjoint of the Bergman shift operator S is

1 1 W
S;g(z) = (-]'-V—f)N P‘I(ng(z)) = ( "];]f)N - (] _sz,i(;;l)+N+q dvq(w)’

wheregeAg/andszqforl<p<00,andg€B°°ands>qf0rp=1.

Proof. The proof is very similar to that of Theorem 4.2 and we omit it. The only thing that requires attention is that now we work
in CN with N > 1. The same are true for the proof of Theorem 6.4 below.

Definition 6.3. Let ¢ < —1 and ¢, s satisfy (7) and (11). Also let s > —(1 + N) for convenience. Let S : Bg - Bf; be a shift
operator acting on a proper Besov space, j = 1,...,N. If 1 < p < oo, we define its adjoint S’J“. : Bgl — BZ/ by the identity
[S;f, g]q st 2 S;g]q .1, Where f € By and g € Bgl. If p = 1, we define its adjoint S’ : 8% — B by the same identity,
where f € B:I and g € B®.

Theorem 6.4. For j =1,..., N, the adjoint of the proper Besov shift operator S; is

I+N+s+t +s+1)n
1+N+s N!

Sig(z) = Pyt (21,57 2(2)),

where g € Bg’ Jorl < p<co, geB®forp=1,t,ssatisfy (7) and (11), and s > —(1 + N) for convenience.

The explicit integral expression for P, depends on whether g +¢ > —(1+N)org+1¢ < —(1 +N).
Let’s evaluate the formulas in Theorems 6.2 and 6.4 on a monomial for all values of ¢ and see their actual effects on certain

standard reproducing kernel Hilbert spaces. In the Remarks below g(z) = z%, n = |a|, 8 =¢;,e; = (0,...,0,1,0...,0) with 1
!
in jth position, j = 1,..., N, and || = m = 1. Note that v @;.
(@=ep!

Remark 6.5. Let g > —1 and consider the Bergman Hilbert spaces Afl on B. Theorem 6.2, Lemma 3.6, and (2) give

(I+q)n
N!

which agrees with (Kaptanoglu 2014, (26)).

_ (I+g)ny N'(1+N+q)n-1 a! e a;
Pq(Z./Z ): Z S =7
N! (I+q@)N+n (@ —ej)! N+g+n

a—ej

Sj(Za) =
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(I+N+s+1),

—q+s z%) =
(I+N+g+1),

Remark 6.6. For the proper Besov spaces ij with g < -1, when ¢ +7 > -2, we have D _; 2% by (5).

Theorem 6.4, Lemma 3.6, and (2) give
1+N+s+t Q+s+t)y (1+N+s+1),
1+N+s N! (1+N+g+1t),

_ 1+N+s+t 2+s+t)y (1+N+s+t), N (1+N+g+t),-1

" 1+N+s N! (1+N+g+t), (1 +s+1)N4n

(14 N+s+1)? a;

T (+N+s)(1+s+1) N4gri+n~

(55)"(z*) Pgat (7 (1= |22

a—ej
e

a—ej

Let s — oo as before since it can be as large as we wish; then essentially
a;
SZ * Zn — J z
(5g)" (") N+g+t+n

(t—ej"

The cases ¢ = —1 and ¢ = —N pertain to the Hardy space H> and the Drury-Arveson space. We must have ¢ + 2¢ > 0 for this
formula to make sense by Definition 6.3. But again contrary to intuition, if we let # — 0+, we obtain the adjoint formulas in
(Kaptanoglu 2014, (26)) that are derived from the reproducing kernel norms.

Remark 6.7. For the proper Besov spaces B?I with ¢ < —1, when g + ¢ < -2, we have

(I+N+s+1), (1-=(N+qg+1)),
n! n! .

[e4

D" (z") =

by (5). Theorem 6.4, Lemma 3.6, and (2) give
1+N+s+t 2+s+t)y (1+N+s+1), (1-(N+g+1)),

8" = TNy~ n! o Pan (1127
1+N+s+t Q+s+t)y (1+N+s+1), 1-(N+qg+1)), N!'(n—-1)!(n-1)! e
T 14N+ N Y Y A= (N+qg+D)ms (L ts+0mm I
_ (1+N+s+0?* —(N+q+1)+n Cae;
T (+N+s)(1+s+1) n? / '

Let s — oo again; then essentially
—(N+q+t)+n

a-e;j
7 J .
n2

(53)"(Z") = j

The case ¢ = —(1 + N) pertains to the Dirichlet space. We must have g + 2¢ > 0 for this formula to make sense by Definition 6.3.
But again contrary to intuition, if we let # — 0+, we obtain the adjoint formulas in (Kaptanoglu 2014, (26)) that are derived from
the reproducing kernel norms.

Peer Review: Externally peer-reviewed.
Conflict of Interest: Author declared no conflict of interest.
Financial Disclosure: Author declared no financial support.

LIST OF AUTHOR ORCIDS
H. T. Kaptanoglu  https://orcid.org/0000-0002-8795-4426

REFERENCES

Aleman, A., Richter, S. and Sundberg, C., 1996, Beurling’s Theorem for the Bergman Space, Acta Math. 177, 275-310.

Alpay, D. and Kaptanoglu, H. T., 2001, Integral Formulas for a Sub-Hardy Hilbert Space on the Ball with Complete Nevanlinna-Pick Reproducing
Kernel, C. R. Acad. Sci. Paris Sér. I Math. 333, 285-290.

Gallardo-Gutiérrez, E. A., Partington, J. R. and Seco, D., 2020, On the Wandering Property in Dirichlet Spaces, Integral Equations Operator
Theory 92, 11 pp.

Gu, C. and Luo, S., 2024, Analytic Representations Backward Shifts on Weighted Bergman and Dirichlet Spaces, J. Math. Anal. Appl. 539,
#128502.

Kaptanoglu, H. T., 2005, Bergman Projections on Besov Spaces on Balls, Illinois J. Math. 49, 385-403.

Kaptanoglu, H. T., 2014, Aspects of Multivariable Operator Theory on Weighted Symmetric Fock Spaces, Commun. Contemp. Math. 16,
#1350034.



https://orcid.org/0000-0002-8795-4426

Kaptanoglu, Backward Shift Operators as Bergman Projections

Kaptanoglu, H. T. and Tiili, S., 2011, Weighted Bloch, Lipschitz, Zygmund, Bers, and Growth Spaces of the Ball: Bergman Projections and
Characterizations, Taiwanese J. Math. 15, 101-127.

Kaptanoglu, H. T. and Ureyen, A. E., 2008, Analytic Properties of Besov Spaces via Bergman Projections, Contemp. Math. 455, 169-182.

Richter, S., 1988, Invariant Subspaces of the Dirichlet Shift, J. Reine Angew. Math. 386, 205-220.

Shimorin, S., 2001, Wold-Type Decompositions and Wandering Subspaces for Operators Close to Isometries, J. Reine Angew. Math. 531,
147-189.




Istanbul Journal of Mathematics
ijmath 2 (2), 82-86, 2024
DOI: 10.26650/ijmath.2024.00018

RESEARCH ARTICLE

The nX-complementary generations of the group PSL(3,5)

A.B. M. Basheer!™ and T. T. Seretlo?

1School of Mathematical and Computer Sciences, University of Limpopo (Turfloop), P Bag X1106, Sovenga 0727, South Africa
2School of Mathematical and Statistical Sciences, PAA Focus Area, North-West University (Mahikeng), P. Bag X2046, Mmabatho 2790, South Africa

ABSTRACT

Let G be a finite non-abelian simple group and nX be a non-trivial conjugacy class of elements of order n in G. We say that G
is nX-complementary generated, if for every x € G, there exists an element y € nX such that G = (x, y) . In this paper we study
the nX-complementary generations for all the non-trivial conjugacy classes of the projective special linear group PSL(3,5). We
approach this kind of generation using the structure constant method. GAP [The GAP Group, GAP — Groups, Algorithms, and
Programming, Version 4.9.3; 2018. (http://www.gap-system.org)] is used frequently in our computations.

Mathematics Subject Classification (2020): 20C15, 20C40, 20D08

Keywords: Conjugacy classes, generation, nX-complementary generation, structure constant

1. INTRODUCTION

The problem of generation of finite groups has great interest and has many applications to groups and their representations. The
classification of finite simple groups is involved heavily and plays a pivotal role in most general results on the generation of finite
groups. The study of generating sets in finite groups has a rich history, with numerous applications. We are interested in three
kinds of generations of a finite simple group G, namely the (p, g, r)-generation, the nX-complementary generation and the ranks
of the non-trivial conjugacy classes of G.

Definition 1.1. A finite group G is called (/,m,n)-generated, if it is a quotient group of the triangle group T(l,m,n) =
(x,y,zlxl =ym =" =xyz=1).

In our work we generally restrict ourselves to the cases when /, m and n are primes and we use the notation (p, g, r)-generation
rather than (/, m, n)-generation.

Definition 1.2. Let G be a finite simple group and nX be a non-trivial conjugacy class of elements of G. We define the rank of
nX in G, denoted by rank(G : nX), to be the minimum number of elements in nX that generate G.

Definition 1.3. A finite group G is said to be nX-complementary generated, if for every x € G, there exists an element y € nX
such that G = (x, y) . The element y is called complementary.

In Woldar (1994), Woldar proved that every sporadic simple group G is pX-complementary generated where p is the largest
prime dividing the order of G. In Ganief (1997), Ganief conjectured that every finite simple group is nX-complementary generated
for some conjugacy class nX. In an attempt to further the theory on nX-complementary generation, he posed the problem:
Problem 1: Given a finite non-abelian simple group G, find all conjugacy classes nX of G such that G is nX-complementary
generated.

In Ganief (1997) Ganief gave a complete answer to Problem 1 for the following sporadic simple group: the Janko groups Ji,
Jo, J3, J4; the Higman-Sims group HS; the McLaughlin group McL; the Conway groups Co3, Co, and the Fischer group Fis,.
The previous results have been published by Ganief and Moori in a series of papers Ganief and Moori (1997, 1998), Ganief and
Moori (1998, 1999). Ashrafi in Ashrafi (2003, 2004) did the same for the sporadic groups He, Th, HN and O’ N. Also Darafsheh,
Ashrafi and Moghani established in Ashrafi et. al (2006); Darafsheh et. al. (2003, 2004), the nX-complementary generations for
the sporadic groups Fis3, Ru, Ly and Co;.

With nX being a non-trivial conjugacy class of the group G = PSL(3,5) as in the Atlas ATLAS (2024), the main result on the
nX-complementary generation of the projective special linear group PSL(3,5) can be summarized in the following theorem.
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Theorem 1.4. The group G = PSL(3,5) is nX-complementary generated for all the conjugacy classes of G except when
nX € {1A,2A,4A,4B,5A}.

The proof of Theorem 1.4 will be done through sequence of propositions and corollaries that will be established in Section 3.

The (p, q, r)-generations and the ranks of the conjugacy classes of the group PSL(3,5) have been determined by the authors
in Basheer and Seretlo (2019). We mainly used the structure constant method. In this paper we study the nX-complementary
generation for the non-trivial conjugacy classes of the group PSL(3,5). For the notation, description of the structure constant
method and known results, we follow precisely Basheer and Seretlo (2019); Basheer et. al. (2019); Basheer and Seretlo (2021,
2020); Basheer et. al. (2024).

2. THE PROJECTIVE SPECIAL LINEAR GROUP PSL(3,5)

The projective special linear group PSL(3, 5) is a simple group of order 372000 = 2 x 3 x 5% x 31. By the Atlas ATLAS (2024),
the group PSL(3,5) has exactly 30 conjugacy classes of its elements, of which 14 of these classes have elements of prime orders.
These are the classes 24, 3A, 5A,5B,31A, 31B,31C, 31D, 31E, 31F, 31G, 31H, 311 and 31J. Also PSL(3,5) has 5 conjugacy
classes of maximal subgroups, where representatives of these classes of maximal subgroups can be taken as follows:

Table 1.The maximal subgroups of G = PSL(3,5)

|H,]| [G: H]

H; =5%GL(5,2) 12000 31
H, =5%GL(5,2) 12000 31

H3 =S5 120 3100
Hy = 4%:8;3 96 3875
Hs =313 93 4000

Throughout this paper and unless otherwise stated, by G we always mean the projective special linear group PSL(3,5).

3. THE NX-COMPLEMENTARY GENERATIONS OF THE PSL(3,5)
The following lemma is very crucial in the determination of which conjugacy classes nX of G are nX-complementary generated.

Lemma 3.1. A group G is nX-complementary generated if and only if for every conjugacy class pY of G, p prime, there exists
a conjugacy class tpyZ, depending on pY, such that the group G is (pY,nX,tpyZ)-generated. Moreover; if G is a finite simple
group, then G is not a 2X-complementary generated, for any conjugacy class of involutions.

Proof. See Lemma 2.3.8 of Ganief Ganief (1997).

Remark 3.2. Lemma 3.1 gives us a necessary and sufficient condition to determine whether a group G is nX-complementary
generated or not. To check that the group G is nX-complementary generated, we need to check that G is (pY, nX, t,y Z)-generated
group for all the classes pY, where p is a prime number divides the order of G.

Remark 3.3. Recall that two involutions generate a dihedral group. Thus if G is a finite simple group and 2X is an involution
class of G, then G is not a 2X-complementary generated. To see this, suppose that G is a 2X-complementary generated group.
Then by Lemma 3.1, it follows that G is (2X, 2X, txZ)-generated, which means that G is a dihedral group, contradicting the fact
that G is a finite simple group. Therefore in the investigation on the classes of G whether they are nX-complementary generated
or not we start by those classes where elements are of order at least 3.

The following result also helps a lot in determining whether G is an nX-complementary generated with the information that G
is complementary generated by some conjugacy class sY and a power map of nX gives sY.

Lemma 3.4. If G is sY-complementary generated and (rX)" = sY, then G is r X-complementary generated.

Proof. Let rX and sY be non-trivial conjugacy classes of G such that (rX)" = sY for some positive integer n. Now assume that
G is not r X-complementary generated group. It follows that there exits an element x of prime order such that (x, y) < G for all
y € rX.Since x, y" € {x,y), it follows that (x, y") < (x,y) < G, for all y" € sY. We conclude that if G is not r X-complementary
generated, then it is also not sY-complementary generated. The contrapositive of this gives the result.
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It is clear that the group G = PSL(3,5) is neither 1 A- nor 2A-complementary generated. In the next proposition we show that
G is not 3A-complementary generated.

Proposition 3.5. The group G is 3A-complementary generated.

Proof. By Propositions 3.1, 3.7, 3.11 and 3.12 of Basheer and Seretlo (2019), the group G is (24,3A,31X)-, (3A,3A,5B)-,
(3A,5Y,31X)-and (34, 31X, 31X)-generated, forY € {A,B}and X € {A,B,C,D,E,F,G,H,I,J}. We know thatif G = (x, y),
then it is also (y, x) . Therefore G is (5Y,3A,31X)- and (31X, 3A, 31X)-generated. The result follows by Lemma 3.1.

Proposition 3.6. The group G is neither 4A- nor 4B-complementary generated.

Proof. Here we show that G is not (2A,4X,nZ)-generated for X € {A, B} and all the conjugacy classes of G. The direct
computations with GAP show that Ag(2A4,4X,nZ) = 0 for X € {A, B} and all the classes nZ of G except for the cases
(24,4X,4Y), (2A,4X,4C), (2A,4X,20Y), (2A,4A,24Z) and (2A,4B,24Y) for X,Y € {A,B}, X # Y and Z € {C, D}. Here
we have

Ac(2A,4X,4Y) = 49 <480=|Cs(g)|,g €4Y,Y € {A, B},

Ag(2A,4X,4C) = 9<16=|Cs(g)|, g € 4C,

AG(2A4,4X,8Y) = 6<24=|Cg(g)|,g €8Y.Y € {A, B},
AG(24,4X,20Y) = 4<20=|Cs(g)l,g €20Y,Y € {A, B},
AG(2A,4A,24Z) = 6<24=|Cs(g)l.g €24Z,Z € {C, D},
AG(24,4B,24Y) = 6<24=|Cs(g)|,g €24Y,Y € {A, B}.

It follows by Lemma 2.7 of Basheer and Seretlo (2020) that G is not generated by any of the previous 3-tuples. Therefore G is not
generated by (24,4X,nZ), X € {A, B} and all the classes nZ of G. This completes the proof that G is not 4X-complementary
generated for X € {A, B}.

Proposition 3.7. The group G is 4C-complementary generated.

Proof. Here we do some computations regarding the triples (pY,4C,31A) for all the primes p dividing the order of G. We firstly
prove that G is (2A,4C, 31A)-generated group. The direct computations with GAP show that Ag(2A,4C,31A) = 31. Now from
Table 1, we can see that only Hs = 31:3 is the maximal subgroup of G that contains elements of order 31. However it is clear that
Hs neither contains elements of order 2 nor of order 4. Thus in the computations of A’& (2A,4C,31A) there is no contribution from
any maximal subgroup of G. It follows that A’& (2A4,4C,31A) = Ag(2A,4C,31A) = 31 and thus G is (2A4,4C,31A)-generated
group. Next we show that G is (34, 4C, 31A)-generated group. The direct computations with GAP gives A (3A,4C,31A) = 961.
Again since Hs is the only maximal subgroup of G with elements of order 31, however it does not contain an element of
order 4. Therefore Ag;(3A,4C,31A) = Ag(3A,4C,31A) = 961 and consequently G is (3A,4C, 31A)-generated group. Similar
arguments show that G is (5X,4C,31A)-generated group for X € {A, B} (A;(5A,4C,31A) = AG(5A,4C,31A) = 31, while
A (5B,4C,31A) = Ag(5B,4C,31A) = 930). Finally using similar arguments we obtain for X € {A,B,C,D,E,F,G,H,I,J}
that A’&(31X, 4C,31A) = Ag(31X,4C,31A) = 806, establishing the generation of G by the triple (31X,4C,31A) for X in the
previous set. Now by applying Lemma 3.1 we deduce that G is 4C-complementary generated group.

Proposition 3.8. The group G is not 5A-complementary generated.

Proof. To show that G is not 5A-complementary generated, we prove that G is not (24, 5A, nZ)-generated for all the conjugacy
classes nZ of G. The direct computations with GAP reveal that Ag(24,5A,nZ) = 0 for all the classes nZ except when
nZ € {2A,10A,12A,12B,20A,20B}. Clearly the group G cannot be (2A,5A,2A)-generated as this violets the condition
% + % + % < 1 for the group to be (I, m, n)-generated. Now we have the following:

Ac(2A,5A,10A) 9<20=1|Cg(g)l,g € 104,

AG(2A,5A,12X) 6 <24 =|Cg(g)l.g € 12X,X € {A,B},

AGg(2A,5A,20X) = 5<20=|Cs(g)l,g €20X,X € {A, B}.

It follows by Lemma 2.7 of Basheer and Seretlo (2020) that G is not generated by any of the previous 3-tuples. Therefore G is not
generated by (2A4,5A,nZ) and all the classes nZ of G. Hence G is not 5A-complementary generated.

Proposition 3.9. The group G is 5B-complementary generated.

Proof. By Propositions 3.4, 3.11, 3.15 and 3.17 of Basheer and Seretlo (2019), the group G is (24,5B,31X)-, (3A,5B,31X)-
, (5Z,5B,31Y)- and (5B,31X,31Y)-generated, for Z € {A,B} and X,Y € {A,B,C,D,E,F,G,H, I,J}. We know that if
G = (x,y), then it is also (y, x) . Therefore G is (31X, 5B, 31Y)-generated for X and Y in the previous set. The result follows by
Lemma 3.1.
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Proposition 3.10. The group G is 6A-complementary generated.

Proof. The proof is similar to the one of Proposition 3.7. We show that G is (pY,6A,31A)-generated group for all pY €
{2A,3A,5A,5B,31X}, X € {A,B,C,D,E,F,G,H,1,J}. From Table 1, the only maximal subgroup that has elements of order
31 is Hs = 31:3. However it is clear that H5 does not contain an element of order 6. Thus there is no contribution from any
maximal subgroup of G in the computations of Ag; (pY, 6A,31A). Using GAP we obtain that

AG(2A4,6A,314) = AG(24,6A,31A) =31,

AL(3A,6A,314) = Ag(3A,6A,314) = 651,

AL (5A,6A,314)
AL (5B,6A,31A)
AL (31X,64,31A)

AG(54,64,314) = 31,
AG(5B,6A,314) = 620,
AG(31X,6A4,31A) = 496,

forall X € {A,B,C,D,E,F,G,H,1,J}. It follows that G is (pY,6A, 31A)-generated group for all pY € {2A4,3A,5A,5B,31X}
and X € {A,B,C,D,E,F,G, H,I,J}. By Lemma 3.1 we deduce that G is 6A-complementary generated.

Proposition 3.11. The group G is 12A- and 12B-complementary generated.

Proof. Since G has only one class of elements of order 6, it becomes obvious that the power maps (124)% = (12B)?> = 6A. By
Proposition 3.10 we have G is 6 A-complementary generated. It follows by Lemma 3.4 that G is also 12A- and 12B-complementary
generated group.

Proposition 3.12. The group G is 24X-complementary generated group for X € {A, B,C,D}.

Proof. The power maps of the classes of elements of order 24 as follows: (24A4)% = 124, (24B)? = 12A, (24C)? = 12B and
(24D)? = 12B. By Corollary 3.11, we know that G is 12A- and 12B-complementary generated. It follows by Lemma 3.4 that G
is 24X -complementary generated group for X € {A, B,C, D}.

Proposition 3.13. The group G is 8A- and 8 B-complementary generated.

Proof. The proof is similar to the one of Propositions 3.7 and 3.10. We show that G is (pY, 8X,31A)-generated group for all
pY € {2A,3A,5A,5B,31Z}, Z € {A,B,C,D,E,F,G,H,1,J} and X € {A, B}. From Table 1, the only maximal subgroup that
has elements of order 31 is Hs = 31:3. However it is clear that Hs does not contain an element of order 8. Thus there is no
contribution from any maximal subgroup of G in the computations of Ag; (pY, 8X,31A). Using GAP we obtain that

AL(2A,8X,31A)
AL (34,8X,31A)
AL (5A,8X,31A)
A% (5B,8X,31A)
AL (31Z,8X,314)

AG(24,8X,314) =31,
AG(34,8X,31A) = 651,
Ag(5A,8X,31A4) =31,
AG(5B,8X,314) = 620,
AG(31Z,8X,31A) = 496,

for all Z € {A,B,C,D,E,F,G,H,I,J} and X € {A, B}. It follows that G is (pY,8X,31A)-generated group for all pY €
{2A,3A,5A,5B,31Z} and Z € {A,B,C,D,E,F,G,H,1,J} and X € {A,B}. By Lemma 3.1 we deduce that G is 8X-
complementary generated group for X € {A, B}.

Proposition 3.14. The group G is 10A-complementary generated.

Proof. The proof is similar to the previous ones handling the cases 4C, 6A, 8A and 8B. We show that G is (pY, 104,31A)-
generated group for all pY € {2A,3A,5A,5B,31X} and X € {A,B,C,D,E,F,G,H,I,J}. From Table 1, the only maximal
subgroup that has elements of order 31 is Hs = 31:3. However it is clear that Hs does not contain an element of order 10. Thus
there is no contribution from any maximal subgroup of G in the computations of Ag; (pY, 10A,31A). Using GAP we obtain that

A5 (24,104,314) = AG(24,104,314) =31,
AL(3A,104,314) = AG(3A,104,314) =775,

AL (5A,104,314)
A5 (5B, 104,314)
AL (31X,104,31A)

AG(54,104,314) = 31,
AG(5B,10A,31A) = 774,
AG (31X, 10A,31A) = 620,

forall X € {A,B,C,D,E,F,G,H,1,J}. It follows that G is (pY,6A,31A)-generated group for all pY € {2A,3A,5A,5B,31X}
and X € {A,B,C,D,E,F,G, H,1,J}. By Lemma 3.1 we deduce that G is 6A-complementary generated.

Proposition 3.15. The group G is 20A-complementary generated.
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Proof. Since G has only one class of elements of order 10, it becomes obvious that the power map (204)? = 10A. By Proposition
3.14 we have G is 10A-complementary generated. It follows by Lemma 3.4 that G is also 20A-complementary generated group.

Proposition 3.16. The group G is 31X-complementary generated for X € {A,B,C,D,E,F,G,H, I,J}.

Proof. By Propositions 3.5, 3.12, 3.17 and 3.18 of Basheer and Seretlo (2019), the group G is (24, 31X, 31Y)-, (34,31X,31Y)-,
(5B,31X,31Y)-and (31X, 31Y,31Z)-generated, for X,Y € {A,B,C,D,E,F,G,H,I1,J}. AlsoforX,Y € {A,B,C,D,E,F,G,H,I1,J}
and X # Y, the group G is (54, 31X, 31Y)-generated. Therefore G is (pY, 31X, nZ)-generated for all the conjugacy classes pY of

G, where p is a prime divides the order of G. The result follows by Lemma 3.1.
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ABSTRACT

3

This paper presents a generalization of the sequence defined by the third-order recurrence relation V,,(a;, p;) = Zl pjVaj, n 24,
j=

p3 # 0 with initial terms V; = a;, where a; and p; j = 1,2, 3, are any non-zero real numbers. The generating function and Binet’s

formula are derived for this generalized tribonacci sequence. Classical second-order generalized Fibonacci sequences and other
existing sequences based on second-order recurrence relations are implicitly included in this analysis. These derived sequences
are discussed as special cases of the generalization. A pictorial representation is provided, illustrating the growth and variation of
tribonacci numbers for different initial terms a; and coefficients p ;. Additionally, the tribonacci constant is examined and visually
represented. It is observed that the constant is influenced solely by the coefficients p; of the recurrence relation and is unaffected
by the initial terms a;.
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1. INTRODUCTION

Tribonacci sequences are the generalization of the classical Fibonacci sequence, defined by a recurrence relation involving the sum
of the three preceding terms, where each term is the sum of the three preceding terms. The enigmatic tribonacci number sequences
with its captivating properties, has piqued the curiosity of mathematicians and researchers, opening doors to a world of intriguing
applications as it has attracted attention in various branches of physical sciences and its applications. Sequence terms in a recursive
relations are generated sequentially, the process of calculating any specific term is computationally intensive, as it necessitates
the calculation of all its predecessors. Alternatively, using the index form of a generating function or Binet’s formula provides
efficient methods for directly computing any term of a recursive sequence. Although extensive research has been conducted on
second-order Fibonacci sequences and their generalizations, the exploration of third-order recurrence relations, particularly in
the context of third-order Fibonacci-like sequences, has received comparatively less attention. A generalized tribonacci sequence,
{Vi}, is result of the recurrence relations with coefficients p; and arbitrary first three initial terms a ;. The concept of tribonacci
sequence mentioned and studied, first time by Feinberg M. Feinberg (1963), then number of generalizations of the Fibonacci
sequence have been considered and examined by many authors W. R. Spickerman (1982); T. Komatsu (2018); R. Frontczak (2018);
A. G. Shannon (1972); A. C. F. Bueno (2015); T. Komatsu and R. Li (2017); T. Koshy (2001); P. Y. Lin (1988); S. Pethe (1988);
Y. Soykan (2019); C. C. Yalavigi (1972). F. T. Howard (2001) extended and generalize the main result obtained by F. T. Howard
(1999) for tribonacci sequences. Generalization of Tribonacci sequences for quaternions studied by G. Cerda-Morales (2017). In
the literature. Generalized Tribonacci sequence has also been considered and studied by A. G. Shannon and A. F. Horadam (1972);
M. E. Waddill and L. Sacks (1967); T. Komatsu and R. Li (2017) and Y. Soykan, L. et al. (2020); A. Scott, T. et al. (1997).
This research aims to address by considering and exploring the properties, patterns, and potential applications of generalized
third-order Fibonacci sequences. In this article, generalized third-order recurrence relations with variable coefficients p; and
initial terms a; are taken to derive the generalized form of generating function and the Binet’s formula. Classical second-order
generalized Fibonacci sequences and other existing sequences based on second-order recurrence relations are implicitly included in
this analysis. These derived sequences are discussed as special cases of the generalization. A pictorial representation is provided,
illustrating the growth and variation of tribonacci numbers for different initial terms a; and coefficients p ;. Additionally, the
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Tribonacci constant is examined and visually represented. It is observed that the constant is influenced solely by the coefficients
p; of the recurrence relation and is unaffected by the initial terms a;.

Definition 1.1. We define the Generalized Tribonacci sequence {V,, } by the following linear recurrence relation:
Va(ai, az, az, p1,p2, p3) = p1Va-1 + p2Vp-2 + p3Vn-3, n 2 4, (1
with the initial conditions,a; = V;, a;, pj, j = 1,2, 3 are any non—zero real numbers.

The expression for {V,,} in (1) is holds true T. Koshy (2001) for every integer n > 4.
Terms of the Generalized Tribonacci Sequence The first few terms in the generalized form of the sequence defined in (1) are:

ap,aj,as,pias + paj + psay, (P% + Pz) az + (p1p2 + p3) ax + pi1p3ai,
{Vn} =
(p? +p3+ 2P1P2) as + (p?pz +py+ p1p3) ar + (p?ps +pzp3) ap+-

Tribonacci Sequences pictorial representations A few values Y. Soykan, I. et al. (2020) of Tribonacci sequences represented
in the following figure.

Figure 1.Tribonacci sequences progression and comparison

Special Cases

Remark 1.2. With initial conditions Vy = 0,V; = 1, V, = 1, and p; = pp = p3 = 1, recurrence relation (1) is known as the
generalized Lucas tribonacci sequence and is denoted by 7}, in F. T. Howard (1999). The first few terms of the sequence deduced
from the above generalization:

{Vatnso ={Tu} =10,1,1,2,4,7,13,24, 44,81, 149, 274, 504,927, 1705, 3136, - - - } .
This tribonacci number sequence is AO00073 on the OEIS, N. J. A. Sloane (1973).

Remark 1.3. If we substitute the initial conditions Vo = 3,V; =1, V, =3, and p; = p» = p3 = 1 in (1), it reduces to K,, sequence
which is explained in ?. The first few terms of the sequence K, are:

{Vatnso = {Kn} ={3,1,3,7,11,21,39,71, 131, 241,443, 815, 1499, 2757,5071,9327, - - - } .

This tribonacci number sequence is A001644 on the OEIS, N. J. A. Sloane (1973).
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2. GENERALIZED GENERATING FUNCTIONS

A generating function W. Watkins (1987) is a representation of a sequence as the coefficients of a power series in mathematics. By
analyzing the generating function, we can derive various properties of the generalized Tribonacci sequence, such as closed-form
expressions, asymptotic behavior, and generating function identities.

Theorem 2.1. (Generalized Generating Functions) The generalized generating function of the sequence defined in (1) is

f(x)

Ve = 1 - pix — pox? — pax’®’ @
where f(x) = Vo + (Vi = piVo) x + (Va = p1Vi — paVo) x2.
Proof. 1f V(x) is the generating function of V,, = p1V,,_1 + p2V,_2 + p3V,,_3, then we have
V(x) = ian" =Vo+Vix+Vox? +Vax> +--- (3)
n=0
Multiplying V(x) by pix, p2x? and p3x>, we have
p1xV(x) = p1Vox + p1Vix? + piVax® + piVaxt + -
pax?V(x) = paVox® + paVix® + paVox* + paVsx® + - . 4)
pax3V(x) = p3Vox® + paVix* + p3Vax® + paVax® + - -
Subtracting (3)- (4) and rearranging the above equations, we have
V(x) [1 = pix = pax? = p3x’| = f(x).
Solving for V(x), we obtain
Vix) = ke 5)

1 = pix — pox? — p3x3’

where f(x) = Vo + (Vi = p1Vo) x + (V2 — p1V| — p2Vp) x? is a polynomial.
Hence V(x) is the generating function of the sequence {V,,}.

Remark 2.2. If we substitute Vy = 3,V; = 1, V, = 3, and p; = p» = p3 = 1 in the result obtained in (5), it reduces to the
generating function

_ 42
V= 2 ),

l-x—-x%—x
which is the same as result, which is explained in M. Elia (2001); M. Catalani (2002).

Remark 2.3. If we substitute Vo =0,V; =1, V, = 1,and p; = p» = p3 = | in result of (5), it reduces to the generating function

X

V(x) = - 3 = K(x),

22—y
which is the same as result, which is explained in M. Elia (2001); M. Catalani (2002).

2.1. Even and odd terms Generating Functions of the Generalized Tribonacci Sequence

Theorem 2.4. [Even and odd terms Generating Functions] The generating functions of even Va,(x) and odd Vy,41(x) terms of
the Generalized Tribonacci Sequence (1) are:
Vo= [2p2+ pHVo = Va| x + [(p3 = p1p3)Vo + (p1p2 + p3)Vi — paVa| x2

Veven(x) =
even 1-— (P% +2p2)x — (2p1p3 — p%)x2 — p%xl’o

>

and
Vi + [Vops — (p? + p2)Vi + p1Va| x + [p3Va — p1p3Vi — pap3Vol x?
1= (p? +2p2)x — (2p1p3 — p3)x® — p2x3 '

M w functions and employing

Voda(x) =

Proof. From the definition of the even V,,(x) = and odd Vy,41(x) =
the Generalized generating function of the Tribonacci sequence (1) obtained in the Theorem (2.1) we have
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)

1 = pix — pax? — pax3’

where f(x) =V + (V] - p]Vo)x + (Vz -p1Vi - sz()) x2.
On simplification we obtained the Generalized Generating function of even and odd terms of Tribonacci sequence

Va(x) =

Vo= [2p2+ pPVo = Va| x + [(p3 = P1p3)Vo + (p1p2 + p3)Vi — paVa] X

Veven(x) =
even 1 - (P% + 2p2)x - (2P1P3 - Pg)xz - p§x3

; (6)

and
Vi + [Vops — (p? + p2)Vi + p1Va| x + [p3Va — p1p3Vi — pap3Vol x?
1 - (p}+2p2)x — (2p1p3 — p3)x? — p3x3 .

@)

Vodd ()C) =

2.2. Special cases of Even and odd terms Generating Functions

Remark 2.5. With initial conditions Vo = 0,V; =1, V, =1, and p; = p» = p3 = 1, the even and odd terms Generating Functions
of the generalized Lucas sequence 7;, T. Koshy (2001)) are deduced from the (6) and (7) generalized even and odd terms generating
functions as:
2
X+x
Veven ()C) =Teven ()C) = m,
and
1-x
1-3x—x2—x3"
Similarly with initial conditions Vo = 3,V; = 1, V, = 3, and p; = p» = p3 = 1 in (1), the even and odd terms Generating
Functions of the generalized Lucas sequence K,,. T. Koshy (2001)) are deduced from the (6) and (7) generalized even and odd
terms Generating Functions are:

Voaa(x) = Toaa(x) =

3—6x—x2
Von(x) = Keven(x) = T R
and

3+4x —x2

1-3x—x2-x3"

These even and odd terms of the Generating Functions of 7;, and K, are same as obtained by T. Komatsu (2018).

Voda(x) = Koaa(x) =

Theorem 2.6. (Generalized Binet’s formula for Tribonacci sequence) Generalized form of the Binet’s formula for the sequence
defined in (1) is

3 2 ) 2 : n+l
A1ad + Asaj + Ay (CXJA1+CXJA2+A3)P3&J

Vn(x)z a’f =
; l_[ (Qj—(l’i) J Jz_; a?p3—ajp1+2
1<i<3
i#]

Proof. Since V(x) is the generating function of the sequence {V,,}

f(x)

1 = pix — pax? — p3x3’

where f(x) = Vo + (Vi = p1Vo) x + (Va = p1Vi = paVo) x* .
Consider the partial fraction decomposition of the right-hand side of the generating function , we have

V(x) =

V( ) A1+A2x+A3x2 A1+A2x+A3x2
X) = = S
1=pix—pax? = psx® (1 —-a1x) (1 -ax) (1 -a3x)

where Ay = Vg, Ay = V| — p1Vo, A3 = Vo — p1 Vi — paVo and a;, i = 1,2, 3, are roots of the equation 1 — p1x — px? — p3x> = 0.
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On simplification we have

3 2 2 . n+l
Aad + Asaj + Ay 3 (CYjA1+CYJA2+A3) p3a

j
V,(x) = Z ot = Z . . 8)
J=1 1<i<3 V j=1 p3aj = @jpit 2

The above relation is the Generalized Binet’s formula for Tribonacci sequence

2.3. Special cases: Generalized Binet’s formula for Tribonacci sequence

Remark 2.7. Generalized form of the Binet’s formula (8) for the generalized sequence(1) can also be written as

+2 +2 +2 +2
ay’tt —ay ) a” —aj @
az—ay | (a1 —a3) (a2 —ap) a1 —a3 | (a3 —a2) (a2 —ay)
Vi = 2 2
+ ayt —af? a3
a—-ar | (a3 —a2) () —a3)

= zn: ("Z‘f a{aka;l_j_k)

7=0 \k=0

Remark 2.8. If we put V3 = 0, p3 = 0, in equation (1) then tribonacci sequences becomes the generalized classical Fibonacci
sequence, and the Binet’s formula (8) in this case reduces to

A] +A2x
Vi) = —— 22
1 —pix—pax
(a1A1 + A2) (a?) — (a2A1 +A2) (a;‘)
Vn(x) =
) — @) ’
A an+1 _ an+1 + A (o = o a/n+l _ a,n+1 a — ol
Vo(x) = 1(1 2 ) 2(1 2):A1 1 2 +A2(1 2)
] — Q) @] — Q3 @) — a2

where A; = Vy,A> = (Vi — p1Vo) and a;, i = 1,2 are roots of the equation 1 — pix — pox? = 0.

Remark 2.9. If we take V=0,V =1, V, =1, and p; = p» = p3 = 1, in the expression (8) this reduces to
Q?H N ag+1 N agl+l _
(1 —@) (a1 —a3) (m-a)(ax-a3) (a3-a))(az—a2)
. which is same, as obtained by R. Frontczak (2018).
WhenVy =3,V =1, V, =3, and p; = p» = p3 = 1, in the expression (8) this reduces to

Va (x) = T,

V(x) =al +a) +af =K,

where a;, i = 1,2, 3 are roots of the equation 1 —x —x2—x3=0. Thisisin agreement with W. R. Spickerman (1982); R. Frontczak
(2018). .

Theorem 2.10. If
_Jai ifl<n<3
" {Panl +p2Vpo+- -+ p3Va3ifn>3
then for n > 4, we have
Va=2p1Va-1 + (Pz - P12) Va-2+ (p3 = p1P2) Vn-3 — p1P3Vn-s.
Proof. Rewrite the recurrence relation (1) as
Vi =Pp1Va-1 + p2Va2 + p3Vy-3+0
=p1Va-1 + p2Va2 + p3Va-3 + (PIVn—l = P1*Vaoz = p1p2Va-3 — P1P3Vn—4)

=2p1Vuo1 + (m - P12) Via +(p3 = p1p2) Vuesz — p1p3Va-s
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* Vu=p1Vu-1 + p2Vu—2 + p3V,—3 by multipling p| and replacing n by (n — 1), we have

P1Vat = P12Vao2 = p1paVa-3 = p1p3Va-s

Vi =2p1Vy-1 + (Pz - P12) V-2 +(p3 = p1p2) Vu-3 = p1P3Vn-s.
Remark 2.11. On substituting p; = p» = p3 = 1,in the result of above Theorem (2.10) we have
V=2V 1+ (0) V2 +(0) V3= Vg
, this implies that
Vo =2V1 = Vus
. which is in agreement with F. T. Howard and C. Cooper (1970); M. E. Waddill and L. Sacks (1967).
Theorem 2.12. IfV, = p Vo1 + p2Vnoo + p3Vu_z, n > 3, f(x) =x> = p1x? — pox — p3 = 0,, then

. Vun(a1, a2, a3, p1, p2, p3)
lim
n—e Vy(ay,az,as, p1, p2, p3)
a, real root of f(x) =0, p; > 0, others roots are complex,

a (largest root), if all roots of f(x) =0 are real,
= 4 pi > 0, others roots are complex,
1.839, ifp; =1land a; (j = 1,2,3) are any real numbers,
1.618, if p3 =0, a3 =0, and pj, a;, (j = 1,2) are any real numbers.

Remark 2.13. Graphical representation of the theorem (2.12)for the polynomials
fx)=x3=x2-x=0,f(x)=x>-x2—x-1=0,and f(x) =x —x>-x-3=0.

Limit (Va+1/Vn) as n tends to infinity
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Figure 2.Tribonacci sequences progression and comparison
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3. IDENTITIES

Theorem 3.1. Ifn > m, then on employing the result of theorem (2.6)

3 Ala +A205 +A3 3 1a’ +A20’ +A3
_ J J n+m
ViViim = ;.
aj - CX, aj - a,‘)

J=1 1<1<3 J=1 1<1<3
i#] i#]

Proof. Using

3 A1(1§+Azalj+A3k
n
Vn(x)zz —— a’i.
— M (e —)
J= 1<i<3
%]

On simplifying the RHS, we obtain

2
3 A1a§+A2aj+A3 ot
VaViam = Vanem + Vi Vi — Z 1 (CK' _ a_) jn "
e '
i#]
3.1. Special cases:Identities
If we replace n by n — 1 and taking m = 1, in (3.1) then we obtain
2
5| Aras + Asay + A5 |
VetV = Vo1 + V1V —Z i (a'~—a~) aj" .
e '
i#]
If we take m = n then we get
2
3 A1a2+A2a~+A3
ViVon = V3 + Vi, Vi — Z l_J[ (a ) i a.) CK;".
e
i#]
If we take m = 0 in (3.1) then we get
2
5 3 A1a5+A2aj+A3 5
Va? = Van + VaVo = | a2
j=1 H (aj - ai)
1<i<3
i#]
2

3 Ala;+A2a’j +A3

V3 =V, 2V, = VoV + V2V = Vi Z @2V,
P H (CYJ' - a',-) N
J= 1<i<3
i#]
In general from (3.1), we have
2
3 A105+A2a'j + A3
VnVnm = Vimn+n + VnVnm—n - Z H (a. _ a,.) a,;_tm—n.
= ciss / '

i+j
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4. DISCUSSION AND CONCLUSION

This study investigates a generalized third-order recurrence relation. After defining the initial terms in general form, we present a
graphical representation in Figure 1 to illustrate the progression of Tribonacci numbers for various cases considered by previous
authors. Figure 2 depicts the ratio of consecutive terms as the number of terms approaches infinity. We observe that the Tribonacci
constant is solely influenced by the coeflicients p; of the recurrence relation and is unaffected by the terms a;.We derive the
generating function and Binet formula in their general forms. By applying these results, we show that many existing results
from previous studies emerge as special cases. Future research could delve deeper into this generalized third-order sequence,
extending the analysis to explore additional properties and applications. Employing alternative approaches, such as matrix
methods, combinatorial arguments, or number theory, may lead to the discovery of new identities and theorems.
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ABSTRACT

In statistical modeling, regression analysis is a set of statistical processes for estimating the relationships between a dependent
variable and one or more independent variables. Although there are various methods for estimating parameters, the most popular is
the Ordinary Least Squares (OLS) method. However, in the presence of multicollinearity and outliers, the OLS estimator may give
inaccurate values and also misleading inference results. There are many modified biased robust estimators for the simultaneous
occurrence of outliers and multicollinearity in the data. In this paper, a new estimator called the Liu-Ratio Estimator (LRE), which
can be used as an alternative to the Least Squares Ratio (LSR) estimator and the Ridge Ratio estimator (RRE), is proposed to
mitigate the effect of y-direction outliers and multicollinearity in the data. The performance of the proposed estimator is examined
in two Monte Carlo simulation studies in the presence of multicollinearity and y-direction outliers. According to the simulation
results, LRE is a strong alternative to LSR and RRE in the presence of multicollinearity and y-direction outliers in the data.

Mathematics Subject Classification (2020): 62J05,62J07

Keywords: Least Squares Ratio Estimator, Liu Estimator, Multicollinearity, Ridge Estimator.

1. INTRODUCTION

Regression analysis is a statistical technique for investigating and modeling the relationship between variables. Applications for
regression models are numerous and occur in almost every field, including engineering, the physical and chemical sciences,
economics, management, life and biological sciences, and social sciences. The classical linear regression model assumes a relation
of the form:

p
vi=Bo+ ) By +ei i=12n (M
j=1

where 7 is the number of observations, x;; j = 1,2, ..., p are the independent variables for observation 7, y; the observed response
variable, the g; is the error term for the observation i and §; are the coefficients to be estimated, representing the relationship
between each independent variable and the dependent variable.

The most popular way of estimating S is to minimize the Ordinary Least Squares (OLS) criterion. Unfortunately, the well-
known problem of multicollinearity in regression analysis due to high correlation between independent variables affects the OLS
estimator. As a result of multicollinearity between explanatory variables, the variance of OLS becomes so large that estimates
become unstable (Montgomery et al. 2001). Many biased estimators have been proposed for the multicollinearity problem, but the
Ridge Estimator (RE) proposed by Hoerl and Kennard (1970) and the Liu Estimator (LE) proposed by Liu (1993) are some of the
most widely used estimators.

In addition, there are many situations where the distribution of errors is nonnormal. In the case of nonnormal distributions,
particularly heavy-tailed distributions, the OLS estimator no longer has the desirable properties. These heavy-tailed distributions
tend to generate outliers, which may have an improper effect on the OLS estimates (Montgomery et al. 2001). Numerous robust
estimating techniques, including the M-estimator, the least squares median estimator, the least truncated sum of squares estimator,
the S-estimator, and the MM-estimator, have been presented to generate parameter estimates in the presence of outliers (Rousseeuw
and Leroy 1987), (Maronna et al. 2006). However, while robust estimators are robust techniques for obtaining parameter estimates
that are not affected by outliers, some unstable estimates may still be obtained due to the presence of multicollinearity between
variables. Therefore, to mitigate the effects of both outliers and multicollinearity to some extent is to use biased-robust estimators.

Corresponding Author: K. U. Akay E-mail: kulas @istanbul.edu.tr
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For example, various modifications of RE and LE, which are used for the multicollinearity problem, are widely used to address
both outliers and multicollinearity (Silvapulle 1991), (Arslan and Billor 2000), (Maronna 2011), (Kan et al. 2013), (Jadhav and
Kashid 2016), (Ertas et al. 2017), (Filzmoser and Kurnaz 2018).

Recently, Akbilgic and Akinci (2009) proposed the Least Squares Ratio (LSR) as an alternative for OLS in order to estimate the
beta parameter vector in the presence of y-direction outliers. On the other hand, Jadhav and Kashid (2018) developed an estimator
called the Ridge Ratio Estimator (RRE) as an alternative to RE and LSR in the presence of outliers and multicollinearity in the
data. Therefore, one of the objectives of this paper is to propose a new estimator as an alternative to LSR and RRE to overcome
the simultaneous occurrence of outliers and multicollinearity in the data, based on the fact that LE is always an alternative to RE
as known from the multicollinearity problem. Another objective is to investigate the performance of the proposed estimator with
respect to LSR and RRE through extensive simulation studies.

The organization of the paper is as follows: The main ideas underlying the proposed estimator are highlighted in Section 2. In
Section 3, two separate Monte Carlo simulation studies are conducted to evaluate the performance of the proposed estimator with
respect to LSR and RRE. In Section 4, the performance of the proposed estimator is evaluated against that of other estimators on
artificial data. Finally, the conclusions of the study are presented in Section 5.

2. ANEW ROBUST LIU RATIO ESTIMATOR

For the regression model given by (1), OLS minimizes the sum of squares of the distances between the observed value y;

and the fitted value $; where i = 1,2,...,n. As an alternative to OLS, LSR method starts with the same goal y; = ¥;, or

yi— 3 =0, i = 1,2,...,n as in OLS. Note that the OLS approach satisfies this aim by finding the regression parameters
Yi

minimizing the sum of (y; — $:)* . However, LSR proceeds by dividing through by y; and so = 1 is obtained under an

assumption of y; # 0 where i = 1,2, ..., n (Akbilgic and Akinci 2009). Hence, it is obvious that, equations % — 1 =0 and thus
S ‘;9 £ = 0 where i = 1,2,...,n are obtained by basic mathematical operations. As a result, the LSR estimator is obtained by
minimizing the objective function as follows:
n y y 2 n Xi s 2
. i =i . 5 Xij
min —_ or min 1-8 —) 2)

B Z} ( Vi ) B Zl ( ! yi
where §; = Bo + Z;’:I B ixij, i =1,2,...,n. Taking the partial derivatives of (2) with respect to the 8 components and setting
them equal to zero, Akbilgic and Akinci (2009) defined the LSR estimator as follows:

56

where X /Y matrix is obtained by dividing the values x;; by y;, and X /Y 2 is computed by dividing the values x; i by yl? where
j=12,...,p.
On the other hand, Jadhav and Kashid (2018) developed an estimator called RRE as an alternative to RE and LSR. Note that
RRE using RE and LSR estimator is proposed to tackle the problem of outliers and multicollinearity. For the parameters S in
-1

Equation (1), the RRE is defined as:
, X\ (X X\
BRRE = ((?) (?)+k1) (ﬁ) Y, k>0, 4)
where k is a biasing parameter.
Let us state that the LSR and RRE given by (3) and (4) are obtained by minimization of the objective function given below:

S(B) = (1-XB) (1-XP) +kB'S 5)
where 1 is the n X 1 dimensional matrix of 1s, X is obtained by dividing the values x;; by y; for j = 1, ..., p and the parameter
k > 0 controls the amount of shrinkage. Note that minimization of the objective function given by (5) with respect to the parameter
vector (3 yields the LSR estimator given by (3) when k = 0 and the RRE given by (4) when k > 0.

As an alternative to the objective function (5), which yields the LSR and RRE given by (3) and (4), consider the following
penalized objective function:

BLSR =

’

S(B)=(1-Xp) (1-Xp) +(dfLsr = B) (dfLsk —B). 0<d<1 ©)
where 37sg is the LSR estimator given in (3) and X is obtained by dividing the values x;; by y; for j = 1,..., p. When S () in
(6) is differentiated with respect to 3, the following equation is obtained:

oS A
35 =-2X'+2X'XB - 2dfrsr +2B = 0. )
B
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Solving the system given in (7) with respect to 5 defines the Liu Ratio Estimator (LRE) as follows:
BLRE = (K'K*‘I)_l (X' +dBLsr), 0<d<l, (8)

where d is a biasing parameter. If the estimator (8) is restated in the structure of (3) or (4), LRE is obtained as follows:

w3

where X /Y matrix is obtained by dividing the values x;; by y;, and X /Y 2 is computed by dividing the values x; i by y% where
j=12,...,p

1 ’
X A
((ﬁ) Y+d,8LSR) , 0<d<1 9

3. THE MONTE CARLO SIMULATION STUDIES

In this section, the performance of LRE is compared with other existing estimators, OLS, RE, LE, LSR and RRE using two
different Monte Carlo simulation designs. In the first design, we investigated the effects of sample size (n), the degree of the
collinearity (p), the number of the explanatory variables (p) and the variance (0'2) on the performances of the considered
estimators. In the second simulation design, we examined LSR, RRE and LRE performances for each of n, p, p and o2 values
at certain values of k and d. For both simulation designs, we generate the explanatory variables by the following McDonald and
Galarneau (1975) as

12
xiJ-:(l—pz) Wij+ pltipet, i=12,n, j=12..p (10)

where u;; are independent standard normal pseudo-random numbers. p is specified so that the correlation between any two
variables is given by p?. These variables are standardized such that X’X is a correlation matrix. Investigations are conducted on
three distinct sets of correlations that correspond to p = 0.8, 0.9 and 0.95. The response variable is generated by

yl:ﬁ0+ﬁ1x1i+,82x2i+...+ﬂpxpi+8i, i=1,2,...,n (11)

where g; ~ N (0, 0'2) and By is equal to zero. The values of o2 are 1, 5, and 10 for various comparisons of the error term. For
each set of explanatory variables, the parameter vector 8 is chosen as the normalized eigenvector corresponding to the largest
eigenvalue of X’X so that 8/8 = 1. The sample sizes n are 50, 100 and 200. The number of explanatory variables is chosen as
p =4, 8,and 12.

We examine the effects of y-direction outliers on the estimators by considering three different cases such as no outlier, one
outlier and two outliers. When there is no outlier, dependent variables are taken into consideration as in Equation (11). In the
case of one outlier, the n observation is changed as y (n) = 500. For two outlier case, y (1) = 500 and y (n) = 500 altered
observations are used.

In order to estimate the biasing parameters in the simulation, based on the studies of Kibria (2003) and Qasim et al. (2020), the
biasing parameters for RE, LE, RRE, and LRE are taken as follows:

62
RE: kRE — OoLS where 62 Y 1(yl YOLS(I))
OLS — n-p-1
p+l p+]
(H ﬁOLS(I))
2 -2
BOLs(j)_‘TOLs

LE: chE = max | 0, min where A; is the jth eigenvalues of X'X, j = 1,2,...,p + 1.

)
[en A
OLS 2
max( Py )+max (,BOLS )

2~ o7 2 P4 ()’i_)A’LSR('))z
RRE: krrp = —258—— where 67 , = ==———22
1 LSR n-p-1
l—lp+] p+l
Bisri)”
52 ~2
Pisr)~FLsr

LRE: chRE = max | 0, min — where A; is the jth eigenvalues of X'X, j =1,2,...,p + 1.
max(%%max(ﬁismn)
As a measure of performance we use the estimated Mean Squared Error (MSE) between the estimated parameters in the /-th

repetition, (), and the true parameters j3:
1 <l sl
MSE=— '~ H,B—,B(l)H (12)
mE P

where p is the number of explanatory variables. The simulation experiment is replicated m = 2000 times by generating new
pseudo-random numbers. The R programming language was used to carry out the calculations. The results are given in Tables 1-3
where the lowest estimated MSE values in each row are indicated by bold.

In all 81 scenarios in Tables 1-3, the LSR, RRE and LRE outperformed other estimators according to criterion (12). With the

97




Istanbul Journal of Mathematics

Table 1.The estimated MSE values of the considered estimators for the model when p =2

[ No outlier [ One outlier [ Two outliers
o> n p OLS RE LE LSR RRE LRE OLS RE LE LSR RRE LRE OLS RE LE RRE
I 50 08 3.874 1.731 0.836 1.104 1.008 1.043 66639.985  33649.654 10840.251 I.115 1.011 1.045 47482.474 13934.638 6376.756 1.119 1.012
5 50 0.8 18.756 7.000 3.602 1.796 1.243 1.229 6675555  33738.42 10868.439 1.393 266 1.242 47585.798 13989.384 6389.664 1.906 1.27
10 50 0.8 39.375 14.953 8.504 2.547 1.466 1.324 66525.692 33542.163 T10818.309 2.753 1.53 1.345 47403.547 13909.209 6374.627 2.781 1.534
I 50 09 8.586 3.144 1.367 1.33 1.072 1.102 10400.479 275513 271.375 1.340 1.076 1.104 335131.132 160914.664 89564.179 1.392 1.088
5 50 09 42251 14.49 7.867 3.02 1.605 1.443 10412.218 279.069 271.616 3.058 1.61T 1.444 335134314 160891.027 _ 89610.788 3.364 1.699
10 50 0.9 81.964 27.041 14.999 4.822 2.097 1.629 10387.775 283.39 273.565 4.875 2.116 1.637 334751.036 160565.563 89372.943 5.368 2.259
1 50095 14.332 4.986 2313 1.565 1.159 1.178 110682.31 22309.457 16422.522 1.595 1.167 1.181 25303.971 310.034 239.406 1.619 1.175
5 50095 72727 25.501 15.425 4.03 1.88 1.614 110530.006 22269.075 16397.836 4.228 1.94 1.646  25272.394 313.56 245.276 4.375 1.981
. . . . . A . . . . . 203 25391.9 321.936 253.227 7.340 2.865
1 100 0.8 3.34 1471 0.720 1.036 0.996 1.02 10198.92 2144.602 984.346 1.038 0.996 1.021 480.3635 3.225 85.917 1.042 0.998
5 100 0.8 17474 6.768 3.864 1.396 1.121 1.169 10203.427  2151.653 999.082 1.404 1.123 1.171 496.307 3.431 87.961 1.421 1.127
10 100 0.8 34438  12.756 7.631 1.771 1.233 10251.047  2176.151  1018.585 1.795 1.237 1.228 505.923 3.628 89.693 1.818 1.243
1 100 0.9 4.788 1.916 0.851 1.062 1.003 1.035 6251.16 362.017 264.557 1.063 1.003 1.036 1603.233 83.091 659.89 1.065 1.004
5 100 0.9 23743 8.541 4.500 1.432 1.109 1.147 6287.381 372.356 270.937 1.442 1.113 1.151 1625.594 85.726 662.281 1.449 1.114
10 100 0.9 49.678 17.979 9.756 2.015 1.312 1.281 6314.094 384.904 279.665 2.021 1.31 1.28 1644.439 87.799 661.543 2.045 1.319
1 100 0.95 T13.699 4.709 2.265 1.262 1.058 1.104 16134.448 1079.382 504.879 1.264 1.059 1.104 3786.59 659.29 1599.82 1.272 1.062
5 100095 71713 23493 14264 2.583 1.463 1.378 16206.988 1099.17 516.107 2.598 1.462 1.378 3838.046 669.735 1598714 2.615 1.470
10 100 0.95 129.272 412317 247767 3.997 1.865 1.656 16270.935 1124.121 529.387 4.054 1.879 1.663 3910.352 688.784 1606.804 4.083 1.886
T 200 0.8 3.846 1.639 0.774 1.01 0.993 1.006 7926.647  1957.891 1343.945 1.010 0.993 1.006 5383.217 563.529 526.902 1.010 0.993
5200 0.8 18.474 6.78 3.755 1.203 1.062 1.114 7965.217  1981.025  1363.837 1.206 1.064 1.115 5415.279 572.7762 529.15 1.207 1.063
10 200 0.8 39446 14.739 8.691 1.406 1.125 1.176 798594 1998333 1381.326 1.420 1.130 1.18 5435.076 581.752 530.902 1.419 1.129
1 200 0.9 5.757 2.24 0.964 1.04 1.003 1.029 1723.361 483.201 632.332 1.040 1.003 1.029 14523.593  4669.841 2203.649 1.040 1.002
5200 0.9 29.047 10.274 5.329 1.276 1.072 1.124 1741.125 488.224 633.732 1.279 1.073 1.125 14504736 4667.649 2204.356 1.285 1.076
10 200 0.9 56.529 19381 10.749 1.645 1.185 1.219 T771.988 495.737 634.393 1.651 1.188 1.221 14577.619  4691.152 2204.976 1.652 1.189
1 200 095 10419 3.527 1.636 1.096 1.018 1.058  40589.394 15480.793  8489.903 1.099 1.02 1.06  38599.933  8068.549 3190.09 1.099 1.020
5200095 54636 17.793 10.267 1.58 1.154 1.197  40580. . . . . . 27718 3204.612 1.604 1.164
. . . . . 3 2.297 1.376
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Table 3.The estimated MSE values of the considered estimators for the model when p = 8

No outlier [ One outlier [ Two outliers |
o n_p OLS RE LE LSR RRE LRE OLS RE LE LSR RRE LRE OLS RE LE
I 50 0.8  2T.089 5.793 1.509 3.755

00.6
0.452

0 8] 35. 4
13927 39762.681 94 29.249 6.814

. §83.06 . 738 . 42939.8 058. 4749.194 179 .
10 50 0.9 360.535 95.785 11.446 46.145 10.312 1.931 242981.461 55032333 4748.732 49.155 10.892 7 121686.567 . .
I 50095 102571  27.969 0.664 15.941 4.263 2.131  479567.128 101864.307  2984.616 16.385 4.331 2.119 1142542861 252811.176 5952.728 16.856 4.397 2.111

5 50095 506.765 134.981 3.114 66.258 14.882 1.

; ; 8010 132.843 28202
35500390 6622481 3204372 2375 1.248

. . . . . 7977
10 .8 218515 59.876  14.193 14.36 3.682 . . . . . .
T 100 09 41298  11.274 1.090 3.62 1.504 1.911 56569.198 7152557 1800411 3.655 1.509 1.014  128857.612 _ 20803.63 4113.459 3.706 1.520 1.921
5 100 0.9 203455 54211 5.328 13.419 3.55 2.167 56732487  7193.956  1804.164 13.66 3.612 2.167 129042961 20856.726  4118.128 13.878 3.645 2.165
0 9 060 6883.60 4.10 809.09 6.3 .864 854.859 4119.76
1 100 0.95 76929  20.342 0.703 6.198 2.035 2.106  126025.455 13035.134 727.896 6.276 2.049 2.107 190278.589 T7611.911 1537.059 6.358 2.064 2111
5 100 0.95 387.956  103.51 3.498 25.797 6.187 2.092 126070.222  13050.755 730.481 .
10 100 0.95 799.35 213.639 7.16 49.689 10. . . . . . . . . . . B
1 200 0.8 21.895 6.134 1.463 1.654 T.IIT 1.444 10012.152 843329 870.751 1.656 TIIT 1.445  28849.262  3309.752 2082.147 1.661 LI12 1.447
5 200 0.8 108.547  29.233 7.085 4.42 1.683 2.031 10084.569 857.11 875.245 4.440 1.688 2.033  28875.314  3316.304 2084.089 4.459 1.690 2.035
10 200 0.8 220.731  60.855 14441 7.742 2.390 2.203 10186.622 8771.7142 881.913 7.773 2.394 2203 29050.204  3361.629 2095.271 7.812 2.398 2.201
1 200 0.9 35310 9.526 1.098 2.132 1.215 1.638 16948.57  1290.932 625.896 2.139 1.217 1.640  127540.396  38822.079 3355.094 2.150 1.218 1.643
5 200 0.9 180.90T 48881 5.537 6.55 2.130 2.148 17079.771 1316.061 630.099 6.584 2.141 2.149  127685.158 38866.985 3359.624 6.691 2.170 2.153
10 200 0.9 364599  98. . . . . . . . . 3365.18
T 200 095 80.118 21452 0.692 3.538 1.510 1.952 95780. . . . .
5 200 0.95 398392  106.157 3.443 13.267 3.517 2091 96094.469 20689.105 679.066 . 3.526
10 200 0.95 806.223 215.746 6.852 25.588 6.081 2.094 96396.4 6.776 414 . 6.
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inclusion of the y-direction outliers, the performance of the commonly used OLS, RE and LE is quite poor. On the other hand,
LSR, RRE and LRE exhibited different behaviors in different scenarios. The following observations can be obtained from Tables
1-3:

1. When the number of outliers is gradually increased along with the number of variables in the model by keeping p, n, and o>
constant, an increase in the estimated MSE values of all estimators is observed.

2. When 7, p and 0% are held constant, we observe that the estimated MSE values of LSR generally increase as the correlation
between variables is increased, while the estimated MSE values of RRE and LRE remain almost constant. On the other hand,
when the correlation between the variables and the outliers in the data are increased, the estimated MSE values of the LSR and
RRE estimators increase. On the other hand, for p = 8, the estimated MSE value of LRE decreases when the model variance is
large.

3. When n, p and p are kept constant and the variance o is increased, the MSE values of the LSR, RRE and LRE estimators
generally increase. When the model variance increases with the number of outliers, the estimated MSE values of the LSR and
RRE increase. On the contrary, for p = 8, the estimated MSE values of LRE decrease at high correlation and small sample size.

4. When p, p and o2 are kept constant and the number of observations in the model is increased, a decrease is observed in the
estimated MSE values of all estimators. When the number of outliers and the number of variables in the model are increased, a
decrease is observed in the estimated MSE values of the LSR and RRE. On the other hand, the estimated MSE values of the LRE
for p = 8 show an increase at high correlation and large variance values.

As aresult, we can conclude that the estimated MSE values for LSR, RRE and LRE for variables such as n, p, p , and o2 with the
change in the number of outliers are considerably lower than OLS, RE and LE.

In the second simulation scheme, we investigate the performance of LSR, RRE and LRE in the presence of y-direction outliers
for each n, p, p, and 0. The purpose of this simulation is to investigate the performance of LSR, RRE and LRE with respect
to MSE values given in (12) with various values of the biasing parameter k and d and the presence of outliers in the y-direction.
The biasing parameters k and d are not estimated in the second simulation scheme. Only the MSE values obtained by increasing
k and d values in the range [0, 1] by 0.1 are compared. We only consider the cases p = 0.8, 0.95, n = 50, 200, and p = 2, 8,
and 02 = 1, 10. Depending on these 7, p, p, and o2 values, the explanatory variables are generated according to equation (10).
Similar to the previous simulation scheme, we examine the effects of outliers in the y-direction on the estimators considering three
different cases: no outliers, one outlier and two outliers. For every values of k and d, the simulation is run 2000 times. The results
are collectively presented graphically in Figures 1-6.

Figures 1-6 clearly show the effects of varying the biasing parameter k and d between 0 and 1 on the estimated MSE values of the
estimators. According to the figures, we can obtain the following results depending on each(n, p, p, 0'2).

1) The LSR estimator showed an increase in the estimated MSE values in the presence of none, one and two outliers in the
y-direction, but generally showed a stable behavior.

2) Although the MSE values estimated for RRE decreased with increasing values of the biasing parameter k, it did not affect the
MSE values estimated from the outliers in the y-direction.

3) Although the MSE values estimated for LRE increased with increasing values of the biasing parameter d, it did not affect the
MSE values estimated from the outliers in the y-direction.

As a result, no dramatic change is observed in the MSE values estimated by comparing LSR, RRE and LSR among themselves as
OLS, RE and LE. On the other hand, for large values of the biasing parameter k, RRE and for small values of the biasing parameter
d, LRE stand out due to their performance.

4. AN EMPIRICAL APPLICATION

In this section, we created an experimental dataset to study the performance of LSR, RRE and LRE. To do this, we created a
dataset using Equation (10) with n = 100,p = 4 and p = 0.95. We used set.seed(4) in the R Program. Using equation (11) to
create the response variable with o> = 5. Modified observations y (1) = 500 and y (1) = 500 were used to create two outliers. In
this case, the eigenvalues of the X’ X matrix were calculated as 100.000, 3.738, 0.106, 0.092, and 0.064. The condition number
is approximately 39.410, therefore the matrix X is moderate ill-conditioned. The eigenvalues of the X’ X matrix were calculated
as 164.869, 5.437, 0.122, 0.077, and 0.060. The condition number is approximately 52.593, therefore the matrix X is moderate
ill-conditioned. The numerical results are summarized in Table 4.

From Table 4, it can be observed that the estimated MSE values of LSR, RRE, and LRE give smaller values compared to OLS,
RE, and LE. As a result, RRE and LRE outperform LSR in the presence of multicollinearity and y-direction outliers. It also seems
that LRE can be a strong alternative to RRE.
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Figure 1.The estimated MSE values of LSR, RRE and LRE as a function k and d where p = 2 with no outlier
Table 4.The estimated parameter values and the estimated MSE values of the estimators
Bo b1 B2 B3 Bs  MSE (B)
BoLs 11.0549 59.8429  455.3388 26.2779 -451.0035  83022.074
BrE (IGRE = 0.7087) 109771  14.8855  67.4696  22.2895 -30.0934  1255.141
BLe (JLE = 0) 10.9454 14598 532606  20.1941 -18.1441 777.143
BLSR 0.1297 6.8485 -4.443 -5.1036 1.8292 19.359
BrrE (lERRE = 0.2234) 0.1239  1.2467 1202 -1.4109  0.6017 1.224

BLrRE (JLRE=0) 0.1253  0.2183 0439 -0.5042  0.0808 0.253
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Figure 4.The estimated MSE values of LSR, RRE and LRE as a function k and d where p = 8 with one outlier
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Figure 5.The estimated MSE values of LSR, RRE and LRE as a function k and d where p = 2 with two outliers
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Figure 6.The estimated MSE values of LSR, RRE and LRE as a function k and d where p = 8 with two outliers
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5. CONCLUSION

In this article, we proposed a new estimator named the LRE as an alternative to LSR and RRE in the presence of multicollinearity
and y-direction outliers. Two separate Monte Carlo simulation study are conducted to examine the performance of LRE. In the
first simulation study, we compared the considered estimators together with the estimates of the biasing parameters k and d. When
the y-direction outliers are taken into account, the performance of OLS, RE and LE is considerably poor, while the performance
of LSR, RRE and LRE is more stable. In the second simulation study, the performance of LSR, RRE and LRE are analyzed by
choosing k and d values as fixed and equally spaced. According to the simulation results, LRE performs better for small values
of d and RRE performs better for large values of k. According to the simulation results and the analysis of synthetic data, we
recommend LRE as an alternative to RRE in the presence of y-direction outliers and multicollinearity between variables.
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